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ABSTRACT. We are concerned with a phase-space probability distribution which is known as Husimi
Q-function of a density operator with respect to a set of coherent states |k.,B,r,m) attached to an
mth hyperbolic Landau level and labeled by points z of an open disk of radius R, where B > 0
is proportional to a magnetic field strength. For a density operator representing a projector on a
Fock state |j) we obtain the @; distribution and discuss some of its basic properties such as its
characteristic function and its main statistical parameters. We achieve the same program for the
thermal density operator (mixed states) of the isotonic oscillator for which we establish a lower bound
for the associated thermodynamical potential. We recover most of the results of the Euclidean setting
(flat case) as the parameter R goes to infinity by making appeal to asymptotic formulas involving
orthogonal polynomials and special functions. As a tool, we establish a summation formula for the
special Kampé de Fériet function [ 322.

1. INTRODUCTION

Coherent states (CS) are an overcomplete family of normalized ket vectors |¢), ¢ € X, in a Hilbert
space ‘H corresponding to a specific quantum model and provide H with the following resolution of
the identity

1H=/m«wmo. (1.1)
X

Here, X represents the phase-space domain and du (¢) the associated integration measure on X.
These CS have long been known for the harmonic oscillator, whose properties have been used as
a model for more quantum systems [1]. In a such system of states the density operator p for an
arbitrary (pure or mixed) state can be represented by the classical Husimi Q-function [2]:

Qp(C) = (L[ P[C) - (1.2)
In particular, for a pure state of the form p = |@) (¢| where |p) € H is an arbitrary vector, the
@-function can also be expressed as

Qleyal(€) = N ™ W [l (O (1.3)

in terms of the associated coherent state transform W defined from H into a specific L? subspace
of X. Here, N; is a factor ensuring the normalization condition (¢ |¢) = 1. For a general density
operator p, the function @,(¢) is normalized, since

1=wm:/%@wm. (1.4)
X

As @) is introduced in a way that guarantees it to be non negative, then it allows the representation
of quantum states by a probability distribution in the phase space X. It provides, equivalently to
the Glauber-Surdashan or Wigner representations, a basis for a formal equivalence between the
quantum and classical descriptions of optical coherence [3].
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In this paper, we are concerned with the Husimi function of a density operator with respect to
a set of generalized CS (GCS) |, p.rm) belonging to the Hilbert space L? (R;), labeled by points
z € Dp = {¢ €C,[(] < R}, R > 0 and attached to a higher mth hyperbolic Landau level in the
presence of a magnetic field whose strength is proportional to B > 0. We first introduce GCS via
a group theoretical method by displacing an mth Laguerre function by mean of a square integrable
irreducible unitary representation of the affine group. These GCS are then used to obtain the Husimi

distribution, Qg-B’R’m), for a projector operator p; = [j) (j| on a Fock state |j), which is known as
a pure state. For this distribution we write down the characteristic function from which we derive

the main value and the variance. As in the Euclidean setting [4] this distribution may be useful for

B,R,m)

tackling the hyperbolic version of Ginibre-type processes [5]. Next, from Qg- we deduce the

(B7R7m)
B

Husimi function Q for the thermal density operator (heat semi-group) pg of the Hamiltonian

of the isotonic oscillator. Since QE-B’R’m)
Berezin-Lieb inequality [6] (with a specific choice of a convex function) to obtain a lower bound for
the thermodynamical potential associated with this Hamiltonian. We also establish a formula for

the characteristic function of Q(BB’R’m)

may be also viewed as a lower symbol for pz we apply a

, from which we derive the mean and the variance parameters.
Finally, we recover most of the results [4] of the flat case as the radius parameter R goes to infinity.
As a tool we establish a summation formula for the special Kampé de Fériet function Fy2i2.

The paper is organized as follows. In Section 2, we recall some notations and facts about orthog-
onal polynomials and special functions we will be using. In section 3, we discuss the construction
of GCS labeled by elements of the affine group as well as their relationship to hyperbolic Landau
levels. Section 4 deals with the Q-representation for a pure state as well as the corresponding char-
acteristic function and the main statistical parameters. The same task is acheived in Section 5 for
the the thermal density operator of the isotonic oscillator. For the latter one, we also give a lower
bound for the thermodynamical potential. In Section 6, we establish a summation formula for the
Kampé de Fériet function f 32, Section 7 is devoted to some concluding remarks. Proofs of our
results are detailed in appendices.

2. SOME NOTATIONS AND DEFINITIONS

This section collects the basic notations and definitions of special functions and orthogonal poly-
nomials used in the rest of the paper. The reader may proceed to Section 3 and refer back here as
necessary. For more details on the theory of these functions we refer to [7-11].

1. For a € C, the shifted factorial or Pochhammer symbol is defined by
(a)p =ala+1)...(a+k—1), keN (2.1)
where by convention (a)g = 1. When a = —n with n € N* = N — {0},
Dt 0<k<n
—n)g = (n—k)t> 7 =" ="" 2.2
(= { A 2:2)
2. For a € C and k € N, the binomial coefficient is defined by

a ala—1)...(a—k+1 —1)¥(—a
(1) - o= ) _ Do 03

3. For z € C, the gamma function is defined by

I'(z) = /t'z_le_tdt, Rez > 0. (2.4)
0
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Note that I'(n + 1) = nlif n € N, and

(a+ k)
- 2.
(@) =~ (25)
ifae C\Z_.
4. For a,b € C such that Rea,Reb > 0, the beta function is defined by
1
_ _ [(a)T'(b)
o a—1 _ \b—1 —
Bla,b) = /t (-0t = (2.6)
0

5. For ay,...,ap, € C and ¢1,...,¢, € C\ Z_, the generalized hypergeometric function is defined
by the series

i, ... @ = () (ap)y 2"
r < 5 eeey Up Z> — \NUJR - ATPIR (2.7)
P 01,---,Cq‘ ,; (c1)k - (cq)r KV
which terminates whenever at least one of the p parameters a; equals —1, -2, —3,.... It converges

for |z] < oo if p < qor for |z] < 1if p= ¢+ 1 and it diverges for all z # 0 if p > ¢+ 1. Special cases
of this function are the Gauss hypergeometric function of 1(aéb|z), the confluent hypergeometric
function 1£1(%]2) and the binomial series 1F o( *|z). The later one reduces to (1 — 2)~® if |z| < 1.
6. For a € R, the series .
+00 1, \a+2
Z) _ (_Z) 7
— E'l'(a+k+1)

is called the modified Bessel function of the first kind and order a.
7. The Jacobi polynomial of parameters a and b is defined by

Pl () = 27 Zn: (” Z “) (Z f Z) (z+ 1)z —1)"* a,b> -1 (2.9)

k=0

zeC (2.8)

and can be expressed in terms of the terminating of 1-sum as

Fb+n+1) (z—1\" —n,—(a+n)|x+1
P (z) = ’ . 2.1
e TN (D) < 2 > 2F1< b+1  |z—1 (2.10)
8. The Laguerre polynomial of parameter a is defined by
n k
(@) () = S (kT4 _
LY (z) kZ:O( 1) <n_k >l (2.11)
and can be expressed in terms of the terminating 1/ 1-sum as
—n n!
= —— (). 2.12
1F1<a+1x> o, @ (2.12)

9. Foray,...,ap,b1,...,bq,c1,...,c, € Cand oy, ..., 0, 81,5 By V15 -+ > Y € C\Z_, the Kampé
de Fériet function in two variables is defined by the series

k
b b +oo H az 7”+8H 7” (Cz)s s
.-k ai...ap;01...0¢5C1...Ck, i—=1 i—1 Ty
[ <a1 az?ﬁl Bq_% . x,y>: Y= e Rt (2.13)
P Ml Mmes Tl In ,s=0 o
" H(ai)r+8H(5i)T’H(’Yi)s
=1 =1 =1

where for convergence, p+qg <l+m+1,p+k <l+n+1, |z| <ooand |y| < co. A special case is
the Humbert series

b — oo kI
@1 <a,cb‘w72> F%(1)8<a b, 'wjz) — Z Mw z . ”LU’ <17 ’Z‘ < 00 (214)

. 1!’
¢ o (Q)grr KN
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o, <a;b‘w,0> — ol (a;b(w> (2.15)

3. GENERALIZED COHERENT STATES (GCS)

wich reduces to

for z = 0.

3.1. GCS labeled by elements of the affine group. We recall that the affine group is the set
G =R x R, endowed with group law (z,v).(2',y') = (z + y2’,yy'). G is a locally compact group
with the left Haar measure du (z,y) = y~2dxdy. We shall consider one of the two inequivalent
infinite dimensional irreducible unitary representations of the affine group G, denoted 7, realized
on the Hilbert space H = L? (R*,£71d¢) as

Ty (2,9) [¢] (§) = e2™p (yE), p€ H, EERT. (3.1)
This representation is square integrable since it is easy to find a vector ¢, € H such that the function
(z,y) = (74 (2,y) [¢o]  d) belongs to L? (G, dp). This condition can also be expressed by saying
that the self-adjoint operator 6 : H — H defined as § [p] (§) = 5_%@ (&) gives

[torme @)l frs @.0) loa) 2 i (@0) = o) (o) SE al) (32
G
for all 11,14, p1, 9 € H. The operator ¢ is unbounded because G is not unimodular [12].
Now, as in [13], for B > 0 and m = 0,1,...,|B — 1/2| where |a| denotes the greatest integer
not exceeding a, we consider a set of CS labeled by elements (z,y) € G, which were obtained by
acting, via the representation operator 7 (z,y), on the admissible vector

1
'eB—-—m)\ 2 g, _1 —m)—
O (€) = <%> ghTmeTa LB () (33)
where L& (.) denotes the Laguerre polynomial defined in Eq.(2.11). Precisely,
|T(x,y),B,m> =Ty (xa y) [(bB,m] (34)
and satisfy the resolution of the identity operator
1y = CBm / d:u' (.Z', y) |T(x,y),B,m> <T(m,y),B,m| (35)
G

where cp p, := 2(B —m) — 1 and the Dirac’s bra-ket notation |®)(®| means the rank-one operator
¢ — (P, P)y. P with &, ¢ € H. In the &-coordinate, wavefunctions of the states in Eq.(3.4) read

I'(2B —m)

) et e @) es0. o)

<£| 7_(:(:,y),B,m> = <

For m = 0, the states 7, p o coincide with the well known affine coherent states [14]. These affine
states are closely related to analytic wavelets [15].

To describe the connection of these GCS with hyperbolic Landau levels we may first identify the
affine group with the Poincaré upper half-plane H? = G . Then, with vectors in Eq.(3.4) one can
associate, as usual ([16, p.188]), the CS transform By, : H — L? (H?, dup) defined by [13]:

—+00

/ o B ()6 de (3.7)

0

=

B8] (z,y) = (cBm)

whose range is the eigenspace of the Schrodinger operator (in suitable units and up to an additive
constant) describing the dynamics of a charged particle moving on H? under the action of a magnetic
field of strength proportional to B

Ap =y* (07 + 82) — 2iByd,, (3.8)
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associated with the eigenvalue €5 = (B—m) (1 — B+m), m=0,1,...,|B— §|. That is, By[H] =
{<I> € L? (H2, d,u) JApf = eﬁf}. The operator Ap is also known as B-weight Maass operator [17—
20] which is an elliptic densely defined operator on the Hilbert space L?(H?,du), with a unique
self-adjoint realization also denoted by Apg. Its spectrum consists of two parts: a continuous part
[1/4,+00], corresponding to scattering states and the finite number of eigenvalues €2 each one
with infinite degeneracy called hyperbolic Landau levels [13]. Finally, the reproducing kernel of the

Hilbert space B,,[H] can be obtained from the overlapping function (7., B,m,7¢,B,m)x between two
CS as

B _ o =g\ " fcmw\® , o —mo—m = 2B 43uS¢ »
m (0, ¢) = apm m <w—_z> 2F 1 2B —m) |w—Z‘2 ) (3.9)

% and of 1 being the Gauss hypergeometric function.

w, ¢ € H? where aBm =

The finite number of the levels of infinite degeneracy increases with the strength of the magnetic
field, a property. In [21] the first bounds on the size of the fundamental region, which correspond
to a ‘cell” (Pauli exclusion principle allows only one electron per cell), have been obtained. Note
that [22] improves this estimate, so that, given a bounded region A C H? in a hyperbolic Landau
level, assuming the Pauli exclusion principle, it is possible to use these discrete states to count the

number of particles distributed on such A.

3.2. GCS labeled by points of the disk. We can also write a version of the GCS in Eq.(3.4)
as states labeled by points z of the unit disk D = {z € C, |z| < 1} by using the inverse Cayley
transform C~! : D — G given by

¢t (z):( 9 57 1_|Z|2>. (3.10)

STz -2

We precisely define GCS in L2(R., & 1d€) by setting

_\ B
o= (122) 7 (€6)) (0] (311)

Direct calculations lead to their wave functions in £-coordinates as

B m! 11— z]zm  \Bem E14+ 2\ (cBm) 1—2z2z
€l0em) =y oy (1~ 2997 e (<575 ) ) (6255 )

(3.12)
By Eq.(3.12) we recover the CS in ([23, Eq.(4.4)]) (up to (—1)™) where v should be taken as our
B and we may view Eq.(3.11) as the analog of “displacing the vacuum” (D(z)|0)) way in the
construction of canonical CS for the harmonic oscillator. When m = 0, the wavefunction of GCS
in Eq.(3.12) reduces to

(€l kzB0) = Ft2B) <((11__Z;)25>B exp (—g i J_r j) , >0 (3.13)

and coincides with those constructed by Molanar et al ([24, Eq.(2.2)]) for the Morse potential by an
algebraic way based on supersymetry and shape invariance properties where the shape parameter
may be taken as our B > 0. The GCS in Eq.(3.13) where first introduced by Nieto et al [25] as
generalized minimal uncertainty states for the Hamiltonian of Morse potential [26].

Moreover, the GCS in Eq.(3.12) may slightly be modified in order to perform them as vectors of
L?(R,d¢) labeled by points of the disk Dg := {z € C, |z| < R} as

(€1smm) 1= 2 €l 57 (3.1
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for every fixed m = 0,1,2,. LBR2 — 1] provided that 2BR? > 1. These new states obey the
normalization condition </€Z B,R,m» Fz,B Rm> L2(Ry de) = = 1 and satisfy the resolution of the identity
operator as

2w, ae) = / |K2,8,Rm) (FzB,Rml ditg pm(2), (3.15)
Dgr
with respect to the measure
(2(BR? —m) — 1)
TR? (1- % )2
dp(z) being the Lebesgue measure on the unit disk D. Recalling that the GCS |k, g gm) originate

from Eq.(3.11) according to a group theoretical approach [27], it becomes natural to seek for a
number states expansion [28] for them. Indeed, we can show that they decompose as

du(z), (3.16)

dpg pm(2) ==

|%2,B,R,m> (NB R, m Z /VB A m |j B,R,m (317)

where

Npsom (2) 1= 7Y 2(BR? —m) — 1) (1 — 22R72) *P% (3.18)

and the wavefunctions of the number states |j) 5 p,,, are given by

2

1
. 25! 2 —m)—1 & 2—m)—
(€15 Rm = <r<2<332‘7_ T j)) G T LEPETIE), ce Ry, (319)

form an orthonormal basis in L?(R, d¢). The coefficients
1y (2(BR% —m) — 1) (m A )ITQ2(BR2 —m) + mV j)\ 2
7r (mV )HIT(2(BR?2 —m) +mAj)
(1) rzzNalmedl o (mejl 2(BR2—m)—1) 22%
g @) R e

are in fact orthonormalized functions of the Hilbert space L? (]D R, R72 ( o )2BR 2 d,u(z)) . Here

m A j:=min{m,j} and mV j := max{m,j}. The key ingredient in proving Eq.(3.17) is the use of
the generating formula ([10, p.137]):

= —n, . _ \\b-1-a . .
gA"2F1<1+z‘t>Lg)(az) ((11_:\\)_1_7»\) xp<1_/§\>1F1 <1f—a‘(1—/\)(/1\—t/\+t)\)>
(3.21)

2y (2)

where the parameters a > 0 and |A| < min{1,|1 —¢/~1}.
We may note in passing that for R = 1, the GCS |k p1m) in Eq.(3.17) can be considered as a

class of generalized negative binomial states [29] and the above functions VB’I’m(z) constitute, in
fact, an orthonormal basis for the eigenspace

Epm (D) = { felr? (D, (1 22)2B72 d,u(z))  Apf=0pm f} (3.22)
of the B-weight Maass-Laplacian

2
Ap =—4(1-22) ((1 — 2%) afaz - 2BE%> (3.23)

associated with eigenvalues o, = 4m (2B —m — 1). Additionally, the mapping
1
2

Wam ] (2) = NB,1m (2))2 (¢ ’EZ,B,l,m>L2(R+,d§) (3.24)
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is a unitary isomorphism from L*(R.,d¢) onto the Hilbert space Ep , (D) whose reproducing ker-
nel can be obtained from the overlapping function (K; B 1.m, Kw,B,1,m) L2(R. ,d¢) between two GCS.
Explicitly,

- o) -z \"
Kpm (z,w) =771 (2(B —m) — 1) (1 — zw) " >" <(1_ZE)(1_W)>

« pl02(B=m)-1) <2(1 —2z)(1 —wa) B 1>
|1 — zw|

(3.25)

for z,w € D.

4. HUsIMI'S Q-FUNCTION FOR A PURE STATE

By using Eq.(3.17) to Eq.(3.20), one can write according to Eq.(1.2), the Husimi function of the
pure state
P = 1i)B.Rm BRm, (4.1)
as
QP ™(2) = (Re.p. || Fe.B,Ram)s 2 € D (4.2)

Explicitly,

B,R,m B,R,m 22\ 2BR2=m) ;27\ [m—] (jm—jl,2(BR?—m)—1) 222\’
Q) =7 (1 55) (=) (2% m (43)

where
BRrm _ (MAHTR(BR?—m)+mVj)

J " (mVH)ITQ2(BR2 —m)+mAj)
for every fixed m = 0,1,...,| BR? — %J provided that 2BR? > 1. Doing so enables us, by letting

R — o0, to recover the (radial) Husimi’s Q-function for a pure state associated with an mth
Euclidean Landau level ([4, p.5]):

(4.4)

T

. N _ . . 2
Qg.m)’ EUChd(\/ 2Bz) = %6_2322 (2B22)|m_]| (Lgbnxj_]l)@BzE)) ,m=0,1,2,..., z € C,
(4.5)

see Appendix A for the proof. We also note that the characteristic function for the random variable

X having Qg-m)’ Fulid a5 its density function reads ([4, p.6]):

mAj .
. —(m-+17 m .
dy(u) = (1 —iu) D Z </<;> <2> (iu)?*, ueR (4.6)
k=0
e ' o
L‘H)' (1 — du) =31 < m, '7‘1 n u2>
m!j! —m —

and was involved by Shirai while discussing Ginibre-type processes [5]. Like the Euclidean setting,
one can check that the Husimi function given by Eq.(4.3) is a probability distribution on the phase
space Dg. That is,

/ QPR () dpg () = 1 (4.7)
Dgr

where dup g, (2) is given by Eq.(3.16). Using polar coordinates z = re? r € [0,R), 6 € [0,27)
and setting

QPN = R (2BR? —m) — 1) (1 - AR™2) 2P (), (4.8)
with A = 72, then Eq.(4.7) ensures
RZ
/ QP (N = 1. (4.9)
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For m = 0, the density function in Eq.(4.8) reduces to

QB,R,O()\) B R_2 F(ZBR2 -1 ‘|‘] + 1) - i (2BR2-1)-1 i (j+1)—1 (4 10)
J N F(2BR? —1)I'(j + 1) R? R? '

which coincides (up to a scale factor 1/R?) with the Beta distribution Be(j + 1,2BR? — 1) whose
characteristic function is known to be given by the confluent hypergeometric series as

- i+l
Ppe(u) =1h1 (2332 +j

If for R = 1 we denote by %5%) the random variable having A +— Df’l’m()\) as its density function

z‘uR2> : (4.11)

then %g) would play the role of the hyperbolic analog of the continuous random variable denoted
by SZ’b in Shirai’s paper [5] and

7‘2
(1) 2\ B,1m — \m,B/ 2
Pr (aem <r ) _/Qj (€)de = A5 (r?) (4.12)
0
would provide a probabilistic representation of eigenvalues /\;-n’B(r2) = ||7;-B’1m"b11gr||2 of the re-

stricted operator (Kp,m(z,w))p to the disk D, C D of radius r < 1, where Kp, (z,w) de-
fined in Eq.(3.25) is the projection operator onto the mth hyperbolic Landau eigenspace g, (D)
in Eq.(3.22). Furthermore, the operator (Kpm (2,w))p may be unitarly intertwined via the
Bargmann-type transform Wg,, in Eq.(3.24) to be acting on the quantum (or signals) Hilbert
space L?(R4,d€) as a localization operator “a la Daubechies”[30] of the indicator function 1p, of
the disk D,..

For these reasons, it would be useful to investigate properties of the random variable f{gf ) having
Q}B’R’m()\) as its density function by first writing down its characteristic function which is defined,
as usual, by the Fourier-type integral transform ([31, p.22]):

R2
b (1) = / QB EM (AN u e R, (4.13)

m

0

Straightforward calculations (see Appendix B) lead to the expression

B,R Ry B,R (—z’uRz)k
k=0
Dim—jl+k+1) m—jl+k+1 I
“TEBR—m)+m—j+20) " 2BR2 = m) + |m — 4| + 2 | iR (4.14)

where
2(m A DM = j1 4 1))2gmaj) (2(BR? = m) + [m — j|)amnj))?
(mAGHN2((2(BR% —m) + |m — jl)mns)?

(—D*2BR?* —m) + |m — j| — Di(2k + 2(BR?> — m) + |m — j| — 1)
(2(m A j) = k)(Im = j| + Dr(2(BR? — m) + [m — j| = Dagnnj)+h+1

B,Rm __
Cix =

% F2:2:2 _2(m/\j) +k7_2(BR2 _m) -—m _j +1- k; —m, _j; —m, _j
L 2(m A g),—m — j;—2(BR?> —m) —m —j+1;-2(BR> —m) —m —j +1

1, 1) .
(4.15)
Here, F 353 denotes the Kampé de Fériet function of two variables defined by Eq.(2.13). For m = 0,

Eq.(4.14) reduces to Eq.(4.11) as expected.
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Now, by having <;53€(R) (u), we immediately derive the main statistical parameters which are the

R)

mean value and the variance of .’{5,1 . Namely, we obtain the following formulas

(R)y _ B.Rm g2 (Im — | + 1)T( (BR*=m)) [ prm (2 2(BR? —m) — 1)C5™
E(X,") =7 R ((BR2—m)—|—|m—j|+1)<j’0 (2(BR? —m)+|m —j|+1)
(1.16)
" (I | +2)I0(2(BR? —m))
ar (x@® BRm m-—1J -—m .
Var (%07) = R'r T((BR? —m) + [m—j| +2) (4.17)
<CB’Rvm_2<( (BR® —m) - 1))Cj;"™" (2(BR* —m) —1)(2(BR* —m))C/;™" >
70 (2(BR2—=m)+|m—j|+2) (2(BR?—m)+|m—j|+2)(2(BR? —m) + |m — j| + 3)

[32 s (I — |+ DIPQBR —m) ( prm (2(BR? —m) — )C" ]2
T; I'(2(BR2 —m)+|m—j|+1) QBRZ—m)+|m—j|+1)

For the proofs of Eq.(4.16) and Eq.(4.17) see Appendix D. In particular, for m = 0 the above
formulas reduce to

(®)Y) _ (J+DR? (R) (j+1)(2BR? — 1)R*
E (X =——"— Var(X 4.18

( 0 ) 2BR? +j’ ri*o) = (2BR% 4+ j)2(2BR2? +j + 1)’ (4.18)
which are (up to a scale factor 1/R?) the mean value and variance of the Beta distribution
Be (j +1,2BR? — 1). Finally, we establish (see Appendix C) the following limit

(mAj+1) MAJ . . 2k
Py (u) = (1 — %) J > <7Z> <‘;> (%) ,u<2B (4.19)

k=0
as R — 400, which turn out to be (up to a scale factor 1/2B) the characteristic function in the
corresponding Euclidean setting in Eq.(4.6).

Remark 4.1. Note that Qf’R’m( ) vanishes at the origin (0, 0), the points of the circle of radius R

and the points z such that that R? — 2 |z| are zeros of the Jacobi polynomials P(Im 31, 2(B=m)= 1)(-).

(mAg)

Denoting by x; ,1 <4 < m A j the ordered consecutive zeros of this polynomlal the zeros of

B,R,
Q™

on the number of zeros of the Husimi density and their location in connection with properties of
harmonic and anaharmonic oscillators can be found in [32], particularly [4] in the Euclidean setting.

(z) are then located on the concentric circles of radius r; = \/ <R2 mA] ) /2. A discussion

5. HusiMI’S Q-FUNCTION FOR MIXED STATES

5.1. A Hamiltonian operator for the GCS. Recall that the functions ({|j)p g, in the ex-
pansion (3.17) of the GCS |k, B rm) were given by the normalized Laguerre functions (3.19) in
L?(Ry,d¢). Moreover, one may use the Rodriguez formula for the Laguerre polynomial to show
that these functions can also be obtained by a j-fold application of the first order differential oper-
ator

Am:i(f—mfi—l/z eq @

n="7 d§>, T = BR?, (5.1)

on the ground state

2

2 2 2 1
<£|0>B,R,m = <F(2(BR2 — m))) 62(BR _m)_§€_%7 6 S R-i—v (52)
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as follows
17)B,Rm = (Ar.m)” 10) B Rm- (5.3)
The formal adjoint operator of A, ,, in L?(Ry,d¢) is given by
1 T—m—1/2
A, = (LTom 12 g——> 5.4
’ V2 < 3 d§ 54

Therefore we may associate to GCS |k, g r,m) the Hamiltonian operator

m = AL pArm +2(1 —m). (5.5)
Explicitly,
1d>  @Q20r-m)-1%*-1/4 1,
—— — 5.6
2 d¢? - 262 T3¢ (5.6)
which appears in the literature under many names such as isotonic oscillator [33,34], Gol’dman-

Krivchenkov Hamiltonian [35], pseudoharmonic oscillator [36] or Laguerre operator [37], see also
([38, p.171]). The spectrum of H;,, in L?(R4,d¢) is purely discrete and given by the eigenvalues

nj=Jj+4(r—m)—1 (5.7)

Tsm s T

The latter ones, together with their associated eigenfunctions |j)p rm can be used to define the
heat semigroup associated with H ,, through the discret spectral resolution

“+oo

e ] = > e (F1 )b - D g | € LP(RS). (5.8)
j=0

It is also well known that by using the Hille-Hardy formula ([39, p.242]), this semigroup has the
integral representation

e~Hrm £ / WE™ (v, p) £ (p) dp (5.9)

where
2@6_5 1 1+e 28 2rpe~ P
B,m o 2 2
Wy (r,p) = T o) P (—5 (r* 4+ p%) o ) lewr-m-n | 1.7 ) (5.10)
Here I, (-) denotes the modified Bessel function defined in Eq.(2.8).

5.2. Husimi’s function. The standard statistical mechanics starts using the Gibb’s canonical
distribution, whose thermal density operator is represented by

. I 35
Py = e pH (5.11)

where Z = T'r (e‘ﬁH ) is the partition function, H is the Hamiltonian of the system, § = 1/(kT)

the inverse temperature T’ and k the Boltzmann constant (k = 1). In our context, H = H; ,, the
isotonic oscillator and pg is the associated normalized heat operator. The Husimi distribution is
defined as the expectation value of the density operator pg in the set of states |K2,B,Rm) as

QE’R’m(z) = <%Z,B,R,m’/p\5’%z,B,R,m>7 z € Dp. (5.12)
By using Eq.(5.8), the R.H.S of Eq.(5.12) takes the form
o 1
QF ™) = 5 Yo e QP ()] (5.13)

J=0
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where Qf’R’m is the Husimi function for the pure state |j) (j| given by Eq.(4.3), where |j) = |7) B,Rm.-
Replacing the 7n; by their expressions j + 4(BR? —m) — 1 and using direct calculations, we obtain
the partition function as

1 2
7 — —(4(BR?—m)-1)8 14
1_eB° (5.14)
such that
[ @™ s () = 1. (5.15)
Dgr
Therefore,
“+00 .
m — -3\’ m
QE’R’ (2) = (1 —e B) Z (e B) [Qf’R’ (z)} . (5.16)
j=0

Next, if we make the last sum look like the moment generating function of the generalized negative
binomial distribution ([40, p.6]), then we get

_ 22 N\2BR? /(:z By (1 _ z2,-B)\"
Qg’Rm(z)=<1—e_B) <1i_zzR2—5> <(R2 Al )>

e (1-#)

R
_ 25\2
« p2(BR2=m)=1,0) (1 I 27 (1- )
( .

F-e?) (- 7e)

(5.17)

By letting R — oo we prove (see Appendix E) that QBB’R’m(z) — qm(|V2Bz|?, 3) where
am(|V2Bz)?,8) = (1 - €_B> exp <—2|\/ 2Bz|*(1 — E_B)> e Pmr0) (—4|\/ 2Bz|? sinh? §> (5.18)

is the Husimi function for mixed states of the flat case ([4, p.7]) as expected. Now, setting

QN = R (2(BR? —m) —1) (1 - AR™2) T2 Q5™ (), (5.19)
with A = 2z, Eq.(5.15) gives
R2
/ Q7N = 1. (5.20)
0

Then, we denote by 2)57? ) the random variable having A — Qg’R’m(A) as its density function for

which it would be useful to investigate some properties by starting by its characteristic function
which is defined, as usual, by

R2
Dy (1) = / QB (A, u e R. (5.21)
0

Straightforward calculations (see Appendix F) lead to the expression

by (1) —(2(BR? = m) — 1)(1 — )8 i <2BR2 ; _— 1> (7:) <(1;_%[3)2>k

k=0 (5.22)

k+1,2BR?
1,2BR? -2k —1)® ’ =B _juR?
B(k+1,2BR kE—1) 1< oBR2 | | zuR)

where B(-,-) is the beta function and ®; is the Humbert series defined in Eq.(2.14).
Now, by having (bQD(R) (u), we immediately derive (see Appendix G for the proof) the mean value
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and the variance of @ﬁf ) that are given respectively by

E(9W)) = R*2(BR? —m) = 1)(e™ — 1)e™™" ’Z”: <2BR2 e 1> <7:> <(1—6_%6)2>k

k=0
k+2,2BR? | _ /3)

k+22BR?> -2k —1
Blk +2,2BR )2F1<23R2—k+1€

(5.23)

and
Var(PU) = R*(2(BR? —m) —1)(1 — e P)e™™?

9BR? —m — 1\ (m) [(1—eP)2\" ) k+3,2BR? | _,
( A ><k><7€_5 )B(k:+3,2BR—2k—1)2F1<23R2_k+2e>

QBR2 —m) — 1)(1 — e=F)e—m? é <ZBR2 ; m— 1) <7Z> (#)k

2
k+2,2BR? _B> ]

X
i:

%,

2_ —
XB(/ﬁ—l—Q,QBR 2k — 1)af 1 <QBR2—/<:—|—16

(5.24)
We also establish (see Appendix H) the following limit

1—e P 1—e B ue=B\"
¢@£§>(u)—>1(_6_5_)i_u ( — n , u< 2B (5.25)
2B 2B

as R — 400, which turn out to be (up to a scale factor %) the characteristic function in the
Euclidean setting [4, p.8] as expected.

Remark 5.1. For ¢,,(]v2Bz|?,3) in Eq.(5.18), we may set A\ = 2B2Z and use a duality to define
a non negative integer-valued random variable V) g by
Pr(hg) =a¢n (N B), m=0,1,2,.., (5.26)

to recover the Laguerre probability distribution with parameters (A, 3) which can be presented
as follows. Let T' = 1/kf represents in suitable units (k = 1), the absolute temperature and

-1
Np = <e% — 1) the average number of photons associated with the thermal noisy state, then
the photon count probability distribution for a mixed light reads ([41]):
e () % (wr)
m(\, )= ——""——¢e — Ly | —————= |- 5.27
am (A, B) T G s Ne(+ N7 (5.27)
B,R,m

Finally, we can use the obtained Q-function Qﬁ to get a lower bound for the thermody-
namical potential associated with the Hamiltonian H; ,,, 7 = BR?. This potential reads

05" := %Tr (1og (1 + e—ﬁ(Hﬂm—m)) (5.28)

where 7 is the chemical potential. Putting e = 7, the form of the potential in Eq.(5.28) suggests
us to consider the function

(= de(¢) = —log(1 + €(). (5.29)
So that we can rewrite Eq.(5.28) as

BO5" = Tr (¢E <e—ﬁHTvm)) : (5.30)
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B,R,m

Applying the Berezin-Lieb inequality [6] for the lower symbol Q5 of the operator e #Hr.m ag

defined by Eq.(5.12), we obtain that

/[¢ 0 Q5 ™) (2)dpp g (2) < Tr( (e Hrm)). (5.31)

Dgr
Making use of Eq.(5.29) and replacing the R.H.S of Eq.(5.31) by B@g’" as in Eq.(5.30), we get an
inequality that holds for every m = 0,1,..., LBR2 -1/ 2J. Therefore, we consider the maximum
with respect to the integer m of the quantity in the L.H.S of Eq.(5.31) as

ma ! / lo ! d (z)| < @B (5.32)
X — _ .
meZyn[0,BR2—1/2] | B & 1+ QB Bm ) HB,Rm - 7B
Dgr

for every 3 > 0.

6. A FORMULA FOR A SPECIAL KAMPE DE FERIET FUNCTION
In this section we establish summation formula for the Kampé de Fériet function f 323, wich will
be limit in Eq.(4.5) (see appendix C).

Proposition 6.1. Let n € N*. For all real x > 0 or x < —2v/2, the equality

n a+b—c
L2 [ —n+kja,bjc—a,c—0b k n x * a,b| 142z
1,1 =(1 —_— ™
kZ:O<k>F200< n,c—;— 12" =(1+x) 1+ 2F 1 ¢ [T+
(6.1)
holds true. It also holds true for x € C if max{a,b} € Z_ and max{c —a,c —b} € Z_.
Proof. We denote
& —-n+k;a,b;c—a,c—b
5= <k> FL2z < abie 1, 1> o (6.2)
k=0 y &y Ty
for n € N*. Using the definition of 7" ik ., in Eq. (2 13) we obtain
(a)s(b)s(c — a): < > 3
S, = —n+ k)sptx 6.3
S%O (=1)s+1(C)s+t S't' Z - (63)
Since (—n + k)s+t = 0 if s +¢ > n — k, the second sum in the R.H.S of Eq.(6.3) terminates as
n n—s—t
n n—s—t s
5 () nt Bt = e ("7 T e = b 0)
k=0 k=0
when (—n)y, = (—1)Fk!(}) for 0 < k < n, n € N*. Therefore, Eq.(6.3) takes the form
(a)s(b)s(c —a)(c—b) 1 1\
Sp=(1 " — 6.5
(1) Z (C) s+t sit! \1+ =z (6:5)
s,t>0
wich also reads
(c—a)s(c—b)s a,b | 1 1 1\’
Sn=(1 " — . 6.6
(1+2) ; (c)s 2ha c+s|l4+z) st \1+uz (6.6)

Using the Euler transformation ([10, p.33]):

of 1 (“;b|z> — (1 z) by, <c - “;C N b|z> - Jarg(1 - 2)| <, (6.7)
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Eq.(6.6) becomes
T c—a—b
5, =4y (12

1+=z
Xz(c—a)s(c—b)s x ® . c—a+s,c—b+s| 1 (6.:8)
~ sl(e)s 1+z2) 21 c+s 1+z)’
Next, by applying the generating formula ([42, p.348]):
@) (b a+kb+k a,b
3 @Oy ) =or1 (Pt ry) bty <1, (69)
El(c)g c+k c
k>0
fora=c—a,b=c—0b,t= ﬁ and y = H%, the sum S;, can be written in a closed form as
c—a—b
x c—a,c—b| 142
Sn = (1 " — ’ — . 6.10
oo (cs) (T R 610

where the conditions [t|, |y[, |t + y| < 1 translate into z €] — oo, —2v/2[U]0, +0o[. Note that if
max{a,b} € Z_ and max{c —a,c — b} € Z_, the convergence conditions |¢|, |y|, |t + y| < 1 are not
necessary for applying the formula in Eq.(6.9) since both series in L.H.S and R.H.S of Eq.(6.8) will
be finite sums. Then the resulting Eq.(6.10) holds true for all z € C in this case. This completes
the proof. O

7. CONCLUDING REMARKS

We have been dealing with the Husimi Q-function of a density operator with respect to a set
of coherent states attached to higher hyperbolic Landau levels and labeled by points of an open
disk of radius R (phase space). For both a pure state representing a projector on a Fock state
and the thermal density operator (mixed states) for the Hamiltonian of the isotonic oscillator, we
explicitly have established formulas for the Q-function and we have written down the corresponding
characteristic function from which the mean statistical parameters have been derived. We also have
obtained a lower bound for a thermodynamical potential associated with the Hamiltonian under
consideration. Most of the results of the Euclidean setting (flat case) as R — oo have been recovered,
by making use of asymptotic formulas involving special functions and orthogonal polynomials. In
particular, and as tool, we obtained a summation formula for the Kampé de Fériet function f 132
The obtained results may be useful for tackling the hyperbolic version of Ginibre-type processes [5].
They also can be exploited in the quantization procedure or localization operators ” A la Daubechies”
[30]. Finally, these Q-functions will be used to determine Wehrl entropies and discuss some related
questions in our forthcoming paper.

APPENDIX A. PROOF OF EQ.(4.5)
By the asymptotic expansion for the ratio of the Gamma functions ([10, p.24)):
7% i gi = %8 (1 s Lo 5)(;‘; =D .o (z_2)> (A.1)
|z| = o0, |arg(z)| < m—¢, 0 <e <, one obtains that
L(2(BR* —m)+mV j)
I'(2(BR? —m) +mA j)

~ (2BR*)I™ Il as R — oc. (A.2)
Next, using the well known approximation ([43, p.196]):

(14—%)” ~ e’ asn — o0 (A.3)
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we find that
2(BR?—m) 9\ 2BR? 9\ —2m
|2 _ 2B|z| || —2B|z|?
( iz =11 SBR? 1 J2 ~e as R — oo. (A4)
By another side, we use the limiting formula ([39, p.247]):
2
L@ (z) = lim P <1 - —x> (A.5)
b—oo b
to show that )
m 2(BR?— 1 2|z m
plr Il 2B =) <1 1’122‘ > LI 2Bz [?) as R — cc. (A.6)
Finally by Eq.(A.2), Eq.(A.4) and Eq.(A.6) we arrive at
BRm, . (MAJ _opppe Im—3j| (7 (Im—j) 2\ ?
Q; (2) ~ v ) e (2B2) (LmA] (2B|z| )) as R — oo. (A7)
The expression in the R.H.S of Eq.(A.7) is ng)’ Eucnd( 2Bz) as denoted in Eq.(4.5). O

APPENDIX B. PrROOF OF EQ.(4.14)
We start by recalling the characteristic function as defined in Eq.(4.13) by

RZ
(Zﬁng) (u) = /emAQjB’R’m (N) dA. (B.1)
0
By Eq.(4.8) it can also be written as
Gxim (u) = (2(BR* —m) — 1) T g (B.2)
where T]-B’R7m is given in Eq.(4.4) and
! iuR?x 2 —m)— m—j m—j|,2(BR?>—m)—1 2
IR::A I (1 PR (il (P Al 2B (1)) g (B.3)

Next, we introduce the notations b = 2(BR? —m) — 1, a = |m — j| and | = m A j with the variable
change v = 2x — 1 in order to rewrite Iy as

1 1 a b—1 iuR>
IRZW _l(v—i-l) (I1—-v)’""e 2

For the square of the Jacobi polynomial in the last integral we may use the following Clebsh-Gordan
type linearization formula ([44, p.611]):

2
(v+1) (PZ(a’b)(—v)> dv. (B.4)

i+j
Pi()\’&)( P(H’Y ZC P 75 (B5)

where the coefficients
(i + ) a+D)igj A+ 0+ Doi(p+7+ D)gj (=)™ Fa+ B+ 1),k +a+5+1)
A+ S+ 1)i(p+y+1); (i+j— k) (a+Drla+ B+ 1)irjrhe
« FE22 ( —(itg) Ak —a—Bf-1=(i+))—k—i,-A—i—j—p—j )
o —(+7),—a—(+7);—2i—A=6-2j —p—vy

are chosen with parameters A =y =a, 6 =~ =b and ¢ = j = [. Therefore, I reads

Cr =

(B.6)

+1
1 a — lzu 2 v e
Ip = WZ%(—D’“/@H) (1= v)' e B0 pE) () gy (B.7)
= 21
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with
2D (a + Dy ((a+b+ 1)) (—D)**a+ B+ 12k +a+ B+ 1)

Ch. =
@b 2 @Rt Dilo B+ Dk B8)
w 222 2+k,—a—0—-1=-2l—k—-l,—a—1l;—-1,—a—1 |1 1
2:1:1 —2l,—a—2l;-2l—a—b;—2l—a—0 )
Now, the integral in Eq.(B.7) can be computed by applying the formula (see [45, p.572]):
v r -1)"
/ (z + w) ™ Hw — z)Pe PE+w) Pép’”)(g)dw = #(2&))'””1%;) +n+1)
Cw w n!
1 L(y+rs)
L o 1 . —oT " s7 B.
<X Slo st Do () (B.9)

s>0
w,r, Ry > 0,Rp > —1 for parameters: w = 1,y =a+1 = m—j|l+1,p=8=>b—-1 =
2(BR?> —m) —2,p = —iuR?/2,r = 1,0 = a = v—1 = |m — j|,n = k. Summarizing the above
calculations, Eq.(B.2) reads

2(mAj)

Gpm (1) = (2(BR® —m) — 1) 71" Z CBRm )kF(2(BR2—m)—1+k)
B.10
Zl (|m_J|+8+k+1) (Z-uR2)s+k ( )
= sIT(2(BR%2 —m) + |m — j| + s + 2k)
where
OB Rm _ 2(m AN (m = j + 1)) 20mnz) (2(BR? = m) + [m — j])agnnj))?
ik (mAHN2((2(BR2 —m) + [m — j[)maj)?

(=D 2BR?* —m) + |m — j| — Di(2k + 2(BR? —m) + |m — j| — 1)
(2(m A j) = R)M(Im = j| + De(2(BR? —m) + [m = j| = Dagnnj)+h+1

—2(m A j)+k,—2(BR?> —m) —m —j+1—k;—m,—j;—m,—j
—2(m A J), —m — j;—2(BR® —m) —m — j + 1;~2(BR? —m) —m - j + 1

=N
S

2:
><F2:

1, 1)

(B.11)
Finally, the series over s in the R.H.S of Eq.(B.10) can also be written in terms of a 1f j-series.
This ends the proof. O
ApPENDIX C. PROOF OF EQ.(4.19)
First, we note that by using the asymptotic expansion Eq.(A.1)
(m A Jj)!

(mV j)!

[(2(BR? —m)—1+k) N 1
I'(2(BR? —m) +|m — j| +s+2k)  (2BR2)1tIm—il+s+k
Next, we make us of the approximation formula which derive from Eq.(A.1)

rBROBR? —m) — 1) ~ [2BRY)MITE as R oo (©-1)

and

as R — oc. (C.2)

(2)q = 2° <1 + % +0 (z_2)> s |zl = o0, farg(zx)| <m—e, 0<e<m (C.3)
to obtain
BRm _ (2mAg) (m—jl+ Dagmag) (—1)*
G = Gn ) @mAg) — Blm — 71+ D 4y

XF2:2:2 < _2(m A j) + k7 _2BR27 —m, _jv —m, _j

2:1:1 —2(m A j),—m — j; —2BR?; —2BR?

1,1) as R — oo
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From the definition of F %" in Eq.(2.13), we may rewrite Eq.(C.4) as

cBRm o (2mAj)) (Im = j1 + Dagmap (=1)"

o~ - - : C.5
o (m 73)D2 20m A 5) — Bl (m — 71 + D €9
xF 33 —2(m A §), —m — ji—: — 1,1) as R — oo.
Using equations Eq.(C.1), Eq.(C.2) and Eq.(C.5) we get, after simplification, that
A\ 2(mAj) .
(m +j)! 2mAG)\ 120 ((—2(m A J) + ki —m, —j; —m, —j
~ 7 0 1,1
a0 = g 2 U ) g cm e |
« (e kZ(|m—j|+k+1) GE) o R w (C.6)
2B) = sl '
The infinite sum in Eq.(C.6) reduces to
i iu\° ju \ Tmoal—kL B C
ZS(\m Gl 4k + 1) <2B> _<1—ﬁ> , u<2B. (C.7)
s>0
Then for u < 2B, Eq.(C.6) becomes
(m +4)! ju \ Tmalt
~ 1 _
¢x55)( ) m'j' 2B
2(mAj) (C8)

(M AG) 122 (—2m A G) + by —m, —j; —m, —] iu
X 0 1,1 S
Z ( >F2‘0'0 —2(mAj),—m —j;—; — ' 2B —iu) ’
as R — oc. Applaylng Proposition 6.1 for parameters n =2(m A j),a=—-m,b=—j,c=—-m—j
and = = 55—, Eq.(C.8) reduces to

_(m+j)! ju \ T —m, —j u \2
¢9€£f) (U)—Tj, 1_ﬁ 2F 1 i 1+<ﬁ> , u<2B (C.9)

as R — oo for mAj > 0. Then, we recover the announced limiting formula in Eq.(4.19) for mAj > 0
using the connexion formula in Eq.(4.6). Now for m A j = 0, we get directly

mVj+1 R ju | TMVIED
= 1—— 2B 1
P (1) 1F1<2(BR2—m)+m\/jZUR> ( 2B> , U< (C.10)
as R — oo, that coincides to Eq.(4.19) putting m A j = 0. This completes the proof. ]

APPENDIX D. PROOF OF EQs.(4.16)-(4.17)

Let us write the characteristic function o (®) (u) as

2(mAj)

o B,R;m 2\s+k

bp (W) = 3 D 05" (R
k=0 s>0
2(mAj)

_ B,Rm 2\s B,R,m 2\s+1 B,Rm 2\s+k

= 25303 (iuR*) 25]13 (tuR*)*™" + Z Zéjks (iuR?) (D.1)
s>0 s>0 k=2 s>0

where

~DET@2(BR?2 —m) — 1+ k)T (m —j| +s+k+1)
§ERm BB (pR2 ) )R
Ty (A m) =D T(2(BR% —m) + |m — j| + s + 2k)

(D.2)

Jskys m,j
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TBf and C’BRm

Drpim) (w) reads

being given respectively by Eq.(4.4) and Eq.(4.15). Then, the first derivative of

d m m ,m
e () = (S5 + 0T GR2) + Y 0T s (iR (iuR?)

0,s
du s>2 ’
2(mAy) (D3)
+ Y OHE s+ )R (IR Y Y 65 (s + k) (iR?) (iuR?) TR
s>1 k=2 s>0
The mean value of %,(ff ) is then given by
d
R ._ @ B.Rm | sB.Rm\ p2
E (xm ) x| (5J Jam oI ) R2. (D.4)
where )
— 7|+ 1)'F(2(BR —m)) B.R
5B,R,m _ B,R (|m ]| B,R,m D.
i1 = Tmi D(BR2 —m) + |m — j| + 1) (D-5)
and ( ‘ )
B,Rm B.r (Im —j| + DIP(2(BR” —m)) 2 B,Rm
AL P 2(BR” — —nHC. D.
7,1,0 Tm,] F(2(BR2 o m) 4 ’m —j‘ i 2)( ( R m) )C],l ( 6)
This completes the proof of Eq.(4.16). For m = 0, it is clear that k£ = 0 and CfO’R’O = 1. Then
i +1)!IT(2BR?) (j+1)R?
E (x®) = B:RO U 2 _ _ D.
(27) =% TRBRE1j+1) "  2BRZ+ (D7)
Now, for the variance, we search for the second derivative of ¢..(r) (u). We rewrite Eq.(D.3) as
4 (u) = (53 Jom 58, Rm) (iR?) + (5B’Rvm + 6B Em 55 Rm) 2(iR?)(iuR?)
du Pxtm (u 5,0,1 3,1,0 3,0,2 1,1 5,2,0
+ Z(SfoRsm (iR?)(iuR?)*~! + Z 5;31}?” (s + 1)(iR?)(iuR?)®
s>3 §>2
2(mAj)
+ Z 5;32}%37” s+ 2)(iR?)(iuR?)** + Z Z (5;3;%3"1 s+ k)(iR%)(iuR?)* k-1,
s>1 k=3 s>0
(D.8)
Then,
> B.Rm | <B.Rm , B.Rm B,Rm , s
du2¢9€55)( u) = (‘%02 +5y1 1 +5]20 > R2 +Z(5g03 (s —1) (ZRZ)Z(WR2) ?
s>3
+ 3 6 s(s + 1) (iR (iuR?) T+ 67 (s + 1)(s + 2)(iR?)? (iuR?)®
s>2 s>1
2(mAj)
+ 3D M s+ k — 1) (s + k)(iR?)? (iuR?) T,
k=3 >0
(D.9)

(R)

The evaluation at © = 0 with the mean value gives the variance of X;;,” as

Var (¥0) =~ gatam @) | —E (D)7 = (07557 + 07557 + 7" ) 2R — B (x(0)
u=0
(D.10)
Replacing
sBRm _ _BR (Im =4l +2)'T(2(BR* —m)) B Rrm (D11)

302 = Tmi P(BRZ —m) + |m — j| +2) 40
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B,Rm B.r (Im — j| +2)!IT'(2(BR* — m))

§oAm — _ DI 2(BR? —m) — 1)C 5™ D.12
il Tl TRBRE—m) + [m— 1+ 3) X m) — DG (D-12)
and
Brm _ _Br(m—jl+2)T(2(BR* —m)+1) 2 B,Rm
B.Rm B 2BR? —m) — 1)CBP D.1
520 = T T Q(BRE —m) 1 m | +4) 2 BE mm) =103 (D-13)

by theirs expressions into Eq.(D.10) gives the announced formula in Eq.(4.17). Like above, we find
form =0

. . 2
(R) B.ro (J +2)'T(2BR?) (B RO\ pa B.ro (J +DIT2BR?) ,
\% X = . . R* — ;
C”"( 0 ) "i T@BR?+j+2) ( 30 ) "I T@BR*+j+1) ’
(j+1)(2BR?> —1)R*
(2BR? + j)?2(2BR%? + j + 1)
This ends the proof. O

(D.14)

ApPENDIX E. PROOF OF EQ.(5.24)
With the approximation Eq.(A.3) we find

1— 2 2R 9B2z \ 2BF’ 2Bzze P —2BR
R? ~ _ —

RZ

as R — oo. Direct calculation gives

<(% : e(_ﬁ) (32;2%6_5)) =~ (=1)™e™P™ as R — oo, (E.2)
- R?

and
2

pRBRZ=m)-10) 1 | 2¢77 (1 - %25)_
" Ge e ") (- e )

) ~ (—1)mP,§$’2BR2) (1), as R — o0 (E.3)
that becomes

2B (1 — 22 2
pRBRZ-m)-10) [, =C (1 7 ), ~ (=1)" LY ( —8Bzzsinh? 5 , as R — oo
g () -7 " ’

(E.4)
by using the limiting formula Eq.(A.5). Then, it follow from Eq.(E.1), Eq.(E.2) and Eq.(E.4) that

Q?’R’m(z) ~ (1 — e_B> exp (—2B22(1 — 6_6)) e—ﬁ’”LSﬁ) <—BBZZ sinh? g) , as R—oco. (E.5)

Comparing Eq.(E.5) to [4, Eq.(3.14)], we recover the limiting formula QBB’R’m(z) — qm(|V2Bz|?, B)
as R — oo. O

ApPPENDIX F. PROOF OF EQ.(5.28)

Identify a = 2(BR*> —m) — 1 and ¢ = e¢™? and set z = 2. Then, the characteristic function
reads from Eq.(5.21) as

e = )
0

(.,0) 2¢(1 — )2 dx
* <1+(w—§)(1—x§)>(1—w)2'
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By using the Jacobi polynomial definition in Eq.(2.9) one obtains the contraction

() e (1557 ) - 5 (1) () ()

Then, Eq.(F.1) becomes after reorganization

a(l =
Py (1) = (Cgyerami

k=0
(F.3)
Thanks to the formula ([46, p.328]):
/a;T_l(a — )’ N 4 2)PePodex = B(r, B)z Pa” P 1D, [ - ap (F.4)
) T + /8 Z?

0

where a, R7, RS > 0;|arg(l + a/z)| < w. It application on the integral at the R.H.S of Eq.(F.3)
fora=1,2=—-¢Y17=k+1,=a+2m—2k, p=a+2m+1and p = —iuR? gives after

simplification

m k

- " m+a\ (m\ [(1-¢€)32
Doy (1) = 1 = £)¢ Z( N ><k>( z
k=0 (F.5)
kE+1 2 1
B(k+1,a+2m—2k)<1>1< thatimt ,—iuR2>.

Replacing a and & by their expressions ends the proof. O

ApPPENDIX G. PROOF OF EQs.(5.29)-(5.30)
Due to the definition of the Humbert series in Eq.(2.14), it derivative reads

0 a,b _a a+1,b
&CI)1< . ‘w,z) —E<I>1< e+l w,z). (G.1)

Then, the derivative of QSQJ( r (u) in Eq.(F.5) is given by

d(i(bﬁﬁf)( ) = a(l—&)Em(—iR?) i<m+a>< ><(1_££)2>k

k=0

k+2,a+2m+1
B(k+2,a+2m—2/<;)<1>1< +aot+omy

,—z’uR2> : (G.2)

The evaluation at u = 0 taking into account the formula Eq.(2.15) gives the mean value of @ﬁf ) as

E(@ﬁf)) = —Z'%qb () (u) .

— a(e-NEnR2Y (m,;““) (73) <(1 _55)2>k

k=0
k+2,a4+2m+1

2 2m — 2 .

Blk+2,0a+2m k>2F1< a+2m —k+2 ‘£>

(G.3)
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For the variance, we search for the second derivative of %J(R) (u) that reads from Eq.(G.1) and
Eq.(G.2) as

£ g = —o0-0en S (1) (1) (452)

k=0
k+3,a+2m+1 R
B(k+3,a+2m—2k)<1>1< S (g,-mz). (G.4)
The evaluation at u = 0 taking into account the formula Eq.(2.15) gives
42 Tt (m) (1 —6)2\"
R — —a(l - m p4
vt |, = oo (") () ()
k+3,a+2m+1
2m — 2 . .
B(k+3,a+2m k)2F1<a—|—2m—k7—|—3 f) (G.5)
The variance of 2)57? ) that is defined by
d? 2
(R)) . _ 2 _ (R)
Var (D) ==~y () - (E (D)) (G.6)
reads then as
Var (Q_j%?) =
m k
C pvem ot m+a\ (m\ [(1—¢)? B k+3,a+2m+1)\
a(l —€)¢ szzo< N ><k>< z Blk+3,a+2m =2k (© 5 e
m k
+a (m) [ (1—¢)? k+2,a+2m+1
1-eemr2S (™ 2,0+ 2m — 2
a(l — &) Rl§< L ><k>< : B(k+2,a 4 2m — 2k)2f 1 ot 2m— k42 3
(G.7)
This ends the proof replacing o and £ by their expressions. O

AprPENDIX H. PrOOF OF EQ.(5.31)
By using the formula Eq.(A.1), we obtain

2BR* —m — 1 9 I'(2BR? —m) T(2BR? -2k —1) 1
( k )B<k+ L2BR" -2k —1) = I(2BR2—m —k) T(2BR?2—k)  2BR2 (H.1)
as R — +oo, that yields
2 _ oy —
(2(BR? —m) — 1) <QBR . " 1> B(k+1,2BR? — 2k —1)~1, as R — oc. (H.2)

Next, by the definition of ®; in Eq.(2.14) and the use of the approximation formula Eq.(C.3) we
obtain after simplification

k+1,2BR2 = e=0 (L)t
P ’ B _iuR?)| ~ § : k+1), 2 . H.
1( 9OBR? —k |€ WR) st:o( + 1) 4t T as R — oo (H.3)

By the use of the fact (a)p4m = (a)n(a + 1), the series at the R.H.S of Eq.(H.3) becomes

R ) R e (35
Z(lﬁ—i-l)s_;_tT | = (k+1), 5 > (k+1+s) :

s,t=0 ’ s=0 Tt=0

(H.4)
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Identifying the series (over t) at the R.H.S of Eq.(H.4) as a 1 F o, it follow for v < 2B

+o0 e_sﬁ (%)t 00 e_sg i —k—1-—s
2kt Dewe—m2m = ) (k+ 1 (1_ ﬁ)

s,t=0 s=0

. —k—1 +oo iu\—1_-—0B1s
- <1—%> Z(mm[“_ﬁ) i (H.5)

s=0

that becomes identifying twice {F o as

+00 —sp ( iu )t —k—1 —k—1
€ 5B U U
Dop——-2B2 = (1-— 1—(1——)"'e”
sgo(kJr St 23> < (1-25)

Then, Eq.(H.3) becomes

k+1,2BR?| _, I A
@1<23R2—k“e ,—iuR* )~ (1—e” — — , as R — o0 (H.7)

for u < 2B. Thus, from Eq.(H.2) and Eq.(H.7), QSQJ(R) (u) has as limit when R — oo

Byt (1) 2 (1 — )™ f: <7Z> <(1_6_%B)2>k (1 _eh ;—Z>_k_l, w<2B  (I8)

that reads successively

k
—e—F)2
1—e e ™ I (m ok
Poy () = —(1 —B) — Z <k> 1o _ i e_; T
’ —¢ 7T 2B ko —¢ " T
—By - 1?2\ "
(1—e B)e 'mﬁ L+ (ee,ﬁ)'
l—eh -2 l—ef -2
. m
(1—eh) 1—eP - e b
W 1_6_6_23i_u , u<2B. (H.9)
2B 2B
This ends the proof by comparing Eq.(H.9) with ([4, Eq.(3.24)]). O
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