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Abstract

We study empirical scaling laws for language model performance on the cross-entropy
loss. The loss scales as a power-law with model size, dataset size, and the amount of
compute used for training, with some trends spanning more than seven orders of mag-
nitude. Other architectural details such as network width or depth have minimal effects
within a wide range. Larger models are significantly more sample-efficient, such that
optimally compute-efficient training involves training very large models on a rela-
tively modest amount of data and stopping significantly before convergence.

Contents

2
[2° Background and Methods| 5
[3  Empirical Results and Basic Power Laws| 6
[4  Charting the Infinite Data Limit and Overfitting| 8
[5  Scaling Laws with Model Size and Training Time| 10
[6  Optimal Allocation of the Compute Budget] 12
15

Appendices 16

A" Summary of Power Laws| 16
(B Empirical Model of Compute-Efficient Frontier| 16
[C  Supplemental Figures| 18

*The original paper is located at https://arxiv.org/abs/2001.08361, This version has been modified by LuYF-
Lemon-love <luyanfeng_nlp@qq. com> for personal study.



7 4.2

—— L=(D/5.4-1013)7009 | 5.6 —— L =(N/8.8-1013)-0.076

3.9

4.8
: 4.0
S
*g 33 3.2
3
3.0
2.4
L = (Cmin/2.3 - 108)~0:050
2 . . . . 2.7 . , . . .
io® 1077 10 10-3 10°! 10! 108 10° 108 107 10°
Compute Dataset Size Parameters
PF-days, non-embedding tokens non-embedding

Figure 1 Language modeling performance improves smoothly as we increase the model size, datasetset
size, and amount of compute used for training. For optimal performance all three factors must be scaled
up in tandem. Empirical performance has a power-law relationship with each individual factor when not
bottlenecked by the other two.

1 Introduction

1.1 Summary

Our key findings for Transformer language models are are as follows:

Performance depends strongly on scale, weakly on model shape: Model performance depends most
strongly on scale, which consists of three factors: the number of model parameters N (excluding embed-
dings), the size of the dataset D, and the amount of compute C' used for training. Within reasonable limits,
performance depends very weakly on other architectural hyperparameters such as depth vs. width. (Section

3)

Smooth power laws: Performance has a power-law relationship with each of the three scale factors
N, D, C when not bottlenecked by the other two, with trends spanning more than six orders of magnitude

(see Figure[T). (Section[3)

Universality of overfitting: Performance improves predictably as long as we scale up N and D in tandem,
but enters a regime of diminishing returns if either N or D is held fixed while the other increases. The
performance penalty depends predictably on the ratio N7 /D, meaning that every time we increase
the model size 8x, we only need to increase the data by roughly 5x to avoid a penalty. (Section

Universality of training: Training curves follow predictable power-laws whose parameters are roughly
independent of the model size. By extrapolating the early part of a training curve, we can roughly predict the
loss that would be achieved if we trained for much longer. (Section

Transfer improves with test performance: When we evaluate models on text with a different distribution
than they were trained on, the results are strongly correlated to those on the training validation set with
a roughly constant offset in the loss — in other words, transfer to a different distribution incurs a constant
penalty but otherwise improves roughly in line with performance on the training set. (Section[3.2.T)

Sample efficiency: Large models are more sample-efficient than small models, reaching the same level
of performance with fewer optimization steps (Figure and using fewer data points (Figure .

Convergence is inefficient: When working within a fixed compute budget C but without any other restric-
tions on the model size N or available data D, we attain optimal performance by training very large models
and stopping significantly short of convergence (see Figure . Maximally compute-efficient training would
therefore be far more sample efficient than one might expect based on training small models to convergence,
with data requirements growing very slowly as D ~ C°27 with training compute. (Section
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Figure 2 We show a series of language model training runs, with models ranging in size from 103 to 10°
parameters (excluding embeddings).
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Figure 3 Left: The early-stopped test loss L(INV, D) varies predictably with the dataset size D and model
size N according to Equation (1.5). Right: After an initial transient period, learning curves for all model
sizes N can be fit with Equation , which is parameterized in terms of Sp,i,, the number of steps when
training at large batch size (details in Section[5.1).
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Figure 4 As more compute becomes available, we can choose how much to allocate towards training larger
models, using larger batches, and training for more steps. We illustrate this for a billion-fold increase in
compute. For optimally compute-efficient training, most of the increase should go towards increased model
size. A relatively small increase in data is needed to avoid reuse. Of the increase in data, most can be used to
increase parallelism through larger batch sizes, with only a very small increase in serial training time required.



Optimal batch size: The ideal batch size for training these models is roughly a power of the loss only.

(Section[5.1)

1.2 Summary of Scaling Laws

The test loss of a Transformer trained to autoregressively model language can be predicted using a power-law
when performance is limited by only either the number of non-embedding parameters V, the dataset size D,
or the optimally allocated compute budget Cy,i, (see Figure :

1. For models with a limited number of parameters, trained to convergence on sufficiently large
datasets:

L(N) = (N;/N)*™; ay ~0.076, N~ 8.8 x 10" (non-embedding parameters)  (1.1)
2. For large models trained with a limited dataset with early stopping:
L(D) = (D./D)*?; ap ~0.095, D, ~ 5.4 x 103 (tokens) (1.2)

3. When training with a limited amount of compute, a sufficiently large dataset, an optimally-sized
model, and a sufficiently small batch size:

L(Ciin) = (C™/Copin) *© ;a2 ~ 0050, ™™ ~ 3.1 x 10° (PF-days) (1.3)

They depend very weakly on model shape and other Transformer hyperparameters (depth, width, number of
self-attention heads), with specific numerical values associated with the Webtext2 training set [RWC'19].
The power laws an, ap, « ’nm specify the degree of performance improvement expected as we scale
up N, D, or Cin; for example, doubling the number of parameters yields a loss that is smaller by a
factor 2=~ = (0.95. The precise numerical values of N, C™ and D, depend on the vocabulary size and
tokenization and hence do not have a fundamental meaning.

The critical batch size, which determines the speed/efficiency tradeoff for data parallelism ([MKAT18]), also
roughly obeys a power law in L:

B,

Bt (L) = Tijos’

B, ~2-108 tokens, ap ~ 0.21 (1.4)

Equation (1.1) and (1.2) together suggest that as we increase the model size, we should increase the dataset

51ze subhnearly accordlng to D ox Nab ~ NO™ In fact, we find that there is a single equation combining
and (1.2) that governs the simultaneous dependence on N and D and governs the degree of overfitting:

N.\“> D,
L(N7D): [(N) D+6

with fits pictured on the left in ﬁgure

ap

(1.5)

When training a given model for a finite number of parameter update steps .S in the infinite data limit, after
an initial transient period, the learning curves can he accurately fit by (see the right of ﬁgure

Nc an Sc as
9= (%) + (s) “

where S, ~ 2.1 x 10? and ag ~ 0.76, and S (S )-is-the-minimum possible number of optimization steps
(parameter updates) estimated using Equation (5.4)).

When training within a fixed compute budget C, but with no other constraints, Equation leads to the
prediction that the optimal model size IV, optimal batch-size-B,-optimal number of steps .S, and dataset size
D should grow as

N o ¢o8"/on B gt lon g oot/ D=B.S (1.7)
with

a@m =1/ (1/as +1/ap + 1/ay) (1.8)

which closely matches the empirically optimal results N oc C%73 _B-xC024 and S o« C%03. As the
computational budget C increases, it should be spent primarily on larger models, without dramatic
increases in training time or dataset size (see FigureEI).



1.3 Notation

We use the following notation:

* L —the cross entropy loss in nats.
* N — the number of model parameters, excluding all vocabulary and positional embeddings

* C' = 6NBS - an estimate of the total non-embedding training compute, where B is the batch size,
and S is the number of training steps (ie parameter updates). We quote numerical values in PF-days,
where one PF-day = 101® x 24 x 3600 = 8.64 x 10'Y floating point operations.

e D — the dataset size in tokens

e Bt — the critical batch size [MKAT18], defined and discussed in Section Training at the
critical batch size provides a roughly optimal compromise between time and compute efficiency.

¢ Chin — an estimate of the minimum amount of non-embedding compute to reach a given value of
the loss. This is the training compute that would be used if the model were trained at a batch
size much less than the critical batch size.

* Shin — an estimate of the minimal number of training steps needed to reach a given value of the
loss. This is also the number of training steps that would be used if the model were trained at
a batch size much greater than the critical batch size.

2 Background and Methods

We train language models on WebText2, an extended version of the WebText [RWCT 19| dataset, tokenized
using byte-pair encoding [SHB15] with a vocabulary size nyocab = 50257. We optimize the autoregres-
sive log-likelihood (i.e. cross-entropy loss) averaged over a 1024-token context, which is also our principal
performance metric. We primarily train decoder-only [LSP*18|[RNSST8] Transformer [VSPT 17| models.

2.1 Parameter and Compute Scaling of Transformers

We parameterize the Transformer architecture using hyperparameters njaye; (number of layers), diodel (di-
mension of the residual stream), dg (dimension of the intermediate feed-forward layer), dat, (dimension of
the attention output), and npeaqs (number of attention heads per layer). We include n.¢, tokens in the input
context, with n.iy = 1024 except where otherwise noted.

We use NV to denote the model size, which we define as the number of non-embedding parameters
N = 2dm0delnlayer (2dattn + dff)

= 12nayerdaoder With the standard  dagen = dit /4 = dinodel 2.1

where we have excluded biases and other sub-leading terms. Our models also have 7yocab@model parameters
in an embedding matrix, and use n.ixdmodel parameters for positional embeddings, but we do not include
these when discussing the ‘model size’ N; we will see that this produces significantly cleaner scaling laws.

Evaluating a forward pass of the Transformer involves roughly
Cforward ~ 2N + 2nlayernctxdmodel (22)

add-multiply operations, where the factor of two comes from the multiply-accumulate operation used in
matrix multiplication. A more detailed per-operation parameter and compute count is included in Table[T]

For contexts and models with dyodel > 7etx/12, the context-dependent computational cost per token is a
relatively small fraction of the total compute. Since we primarily study models where dpodel > Netx/12,
we do not include context-dependent terms in our training compute estimate. Accounting for the backwards
pass (approximately twice the compute as the forwards pass), we then define the estimated non-embedding
compute as C' ~ 6N floating point operators per training token.

2.2 Training Procedures

Unless otherwise noted, we train models with the Adam optimizer [KB14] for a fixed 2.5 x 10° steps with
a batch size of 512 sequences of 1024 tokens. Due to memory constraints, our largest models (more than
1B parameters) were trained with Adafactor [SS18]. We found that results at convergence were largely
independent of learning rate schedule. Unless otherwise noted, all training runs included in our data used a
learning rate schedule with a 3000 step linear warmup followed by a cosine decay to zero.



Operation ‘ Parameters FLOPs per Token

Embed (Nyocab + Metx) dmodel 4d model

Attention: QKV Nlayer@model 3dattn 2Nlayerdmodel 3dattn
Attention: Mask — 2MayerNeixdattn
Attention: Project Nlayer attnmodel 2N1ayerdattndembd
Feedforward Nayer 2dmodeldit 2Nayer2dmodel At
De-embed — 2dmodelMvocab

Total (Non-Embedding) N = Qdmodelnlayer (Qdattn + dff) ‘ Cforward =2N + inayernctxdattn

Table 1 Parameter counts and compute (forward pass) estimates for a Transformer model. Sub-leading
terms such as nonlinearities, biases, and layer normalization are omitted.

2.3 Datasets

We train our models on an extended version of the WebText dataset described in [RWCT 19| The original
WebText dataset was a web scrape of outbound links from Reddit through December 2017 which received at
least 3 karma. In the second version, WebText2, we added outbound Reddit links from the period of January
to October 2018, also with a minimum of 3 karma. The karma threshold served as a heuristic for whether
people found the link interesting or useful. The text of the new links was extracted with the Newspaper3k
python library. In total, the dataset consists of 20.3M documents containing 96 GB of text and 1.62 x 10*°
words (as defined by wc). We then apply the reversible tokenizer described in [RWCT19], which yields
2.29 x 1019 tokens. We reserve 6.6 x 10° of these tokens for use as a test set, and we also test on similarly-
prepared samples of Books Corpus |[ZKZ 15|, Common Crawl [Foul, English Wikipedia, and a collection
of publicly-available Internet Books.

3 Empirical Results and Basic Power Laws

To characterize language model scaling we train a wide variety of models, varying a number of factors
including:

* Model size (ranging in size from 768 to 1.5 billion non-embedding parameters)

* Dataset size (ranging from 22 million to 23 billion tokens)

* Shape (including depth, width, attention heads, and feed-forward dimension)

* Context length (1024 for most runs, though we also experiment with shorter contexts)

« Batch size (2! for most runs, but we also vary it to measure the critical batch size)

3.1 Approximate Transformer Shape and Hyperparameter Independence

Transformer performance depends very weakly on the shape parameters niayer, heads, and dg when we hold
the total non-embedding parameter count N fixed. The results are shown in Figure

3.2 Performance with Non-Embedding Parameter Count N

As shown in Figure we find a steady trend with non-embedding parameter count /N, which can be fit to the
first term of Equation , so that
NN
L(N) = () 3.1

N

To observe these trends it is crucial to study performance as a function of V; if we instead use the total
parameter count (including the embedding parameters) the trend is somewhat obscured (see Figure @) This
suggests that the embedding matrix can be made smaller without impacting performance, as has been seen in
recent work [LCGT19].
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Figure 5 Performance depends very mildly on model shape when the total number of non-embedding
parameters [V is held fixed. The loss varies only a few percent over a wide range of shapes. Small differences
in parameter counts are compensated for by using the fit to L(V) as a baseline. Aspect ratio in particular can
vary by a factor of 40 while only slightly impacting performance; an (niayer, dmodel) = (6,4288) reaches a
loss within 3% of the (48, 1600) model used in [RWC*19].
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Figure 6 Left: When we include embedding parameters, performance appears to depend strongly on the
number of layers in addition to the number of parameters. Right: When we exclude embedding parameters,
the performance of models with different depths converge to a single trend. Only models with fewer than 2
layers or with extreme depth-to-width ratios deviate significantly from the trend.

Although these models have been trained on the WebText2 dataset, their test loss on a variety of other datasets
is also a power-law in /N with nearly identical power, as shown in Figure

3.2.1 Generalization Among Data Distributions

We have also tested our models on a set of additional text data distributions. The test loss on these datasets as a
function of model size is shown in Figure|7} in all cases the models were trained only on the WebText2 dataset.
We see that the loss on these other data distributions improves smoothly with model size, in direct
parallel with the improvement on WebText2. We find that generalization depends almost exclusively on the
in-distribution validation loss, and does not depend on the duration of training or proximity to convergence.
We also observe no dependence on model depth (see Figure.

3.3 Performance with Dataset Size and Compute
We display empirical trends for the test loss as a function of dataset size D (in tokens) and training compute
C in Figure

We stopped training once the test loss ceased to decrease. We see that the resulting test losses can be fit with

simple power-law
D"
L(D) =~ (D) 3.2)

in the dataset size. The data and fit appear in Figure

The total amount of non-embedding compute used during training can be estimated as C' = 6N BS, where
B is the batch size, S is the number of parameter updates, and the factor of 6 accounts for the forward and
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Figure 7 Left: Generalization performance to other data distributions improves smoothly with model size,
with only a small and very slowly growing offset from the WebText2 training distribution. Right: Gener-
alization performance depends only on training distribution performance, and not on the phase of training.
We compare generalization of converged models (points) to that of a single large model (dashed curves) as it
trains.
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Figure 8 We show evaluations on a series of datasets for models with approximately 1.5 Billion parameters.
We observe no effect of depth on generalization; generalization performance depends primarily on training
distribution performance. The 12-layer model overfit the Internet Books dataset and we show the early-
stopped performance; we have not seen this surprising result in other experiments.

backward passes. Thus for a given value of C' we can scan over all models with various NV to find the model

with the best performance on step S = %. Note that in these results the batch size B remains fixed for all

models, which means that these empirical results are not truly optimal.

The result appears as the heavy black line on the left-hand plot in Figure It can be fit with

C.\ "
L(C) ~ <C) (3.3)

4 Charting the Infinite Data Limit and Overfitting

4.1 Results

We regularize all our models with 10% dropout, and by tracking test loss and stopping once it is no longer
decreasing. The results are displayed in Figure@ including a fit to the four parameters an, ap, N¢, D, in

Equation (T.5):
To chart the borderlands of the infinite data limit, we can directly study the extent of overfitting. For all but

the largest models, we see no sign of overfitting when training with the full 22B token WebText2 dataset,
so we can take it as representative of ) = oco. Thus we can compare finite D to the infinite data limit by
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Figure 9 The early-stopped test loss L(N, D) depends predictably on the dataset size D and model size N
according to Equation . Left: For large D, performance is a straight power law in V. For a smaller fixed
D, performance stops improving as N increases and the model begins to overfit. (The reverse is also true,

see Figure|3|) Right: The extent of overfitting depends predominantly on the ratio N o /D, as predicted in
equation (4.2). The line is our fit to that equation.

Parameter an ap N, D,

| Value [ 0.076 | 0.103 | 6.4 % 10 | 1.8 x 10'3 |
Table 2 Fits to L(N, D)

defining

L(N,D)

— -1 4.1
L(N, ) @1
and studying it as a function of N, D. In fact, we see empirically that 6 L depends only a specific combination
of N and D, as shown in Figure[T0] This follows from the scaling law of Equation {T.5), which implies

@ N ap
N\e<ep D,
SL ~ (1 + <N> D) -1 4.2)

Note that at large D this formula also has a series expansion in powers of 1/D.

SL(N,D)

We estimate that the variation in the loss with different random seeds is roughly 0.02, which means that to
avoid overfitting when training to within that threshold of convergence we require

D > (5 x 10%) N7 (4.3)
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Figure 10 Left: We characterize the step on which early stopping occurs, as a function of the extent of
overfitting. The red line indicates a lower bound for early stopping that is derived in Section Right:
We display train and test loss for a series of 300M parameter models trained on different sized dataset sub-
samples. The test loss typically follows that of a run done with unrestricted data until diverging. Note that the
degree of overfitting (as compared to the infinite data limit) is significantly overestimated by Liest — Ltrain
(denoted by a black bar for each run).
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Figure 11 The critical batch size B, follows a power law in the loss as performance increase, and does
not depend directly on the model size. We find that the critical batch size approximately doubles for every
13% decrease in loss. Be,; is measured empirically from the data shown in Figure but it is also roughly
predicted by the gradient noise scale, as in [MKAT18]].

More generally, this relation shows that dataset size may grow sub-linearly in model size while avoiding
overfitting.

5 Scaling Laws with Model Size and Training Time

5.1 Adjustment for Training at B..;;(L)

A simple empirical theory for the batch size dependence of training was developed in [MKAT18] (see also
ISLAT18L|ZLNT19]). It was argued that there is a critical batch size B, for training; for B up to Bt
the batch size can be increased with very minimal degradation in compute-efficiency, whereas for B > Bt
increases in B result in diminishing returns. To utilize both training time and compute as effectively as
possible, it is best to train with a batch size B ~ B,. Training at B > B, minimizes the number of
training steps, while B < B,j; minimizes the use of compute.

More specifically, it was demonstrated that for a wide variety of neural network tasks, the number of training
steps S and the number of data examples processed E = B.S satisfy the simple relation

S E
(Smin — 1) (Emin — 1) =1 6.1

when training to any fixed value of the loss L. Here Sy, is the minimum number of steps necessary to reach
L, while E;, is the minimum number of data examples that must be processed.

This relation defines the critical batch size
Emin

Bcrit (L) S

(5.2)

mal time/compute tradeoff, requiring 2.5 ,,;,, training steps and processing £ = 2F,,;,, data examples.

In Figurewe have plotted the critical batch size and gradient noise scale as a function of training loss for
two different models. We see that B.,i;(L) is independent of model size, and only depends on the loss L.
The critical batch size can be fit with a power-law in the loss

B,

Bcrit(L> ~ Ll/TB

(5.3)

where B, ~ 2 x 108 and ap ~ 0.21.

10
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Figure 12 When we hold either total compute or number of training steps fixed, performance follows
L(N,S) from Equation (5.6). Each value of compute budget has an associated optimal model size that
maximizes performance. Mediocre fits at small .S are unsurprising, as the power-law equation for the learning
curves breaks down very early in training.

We will use Be,it(L) to estimate the relation between the number of training steps S while training at batch
size B = 219 tokens and the number of training steps while fraining at B >> B, This is simply

S

Swin(9) = 15 7B

(minimum steps, at B > Beyit) (5.4)
for any given target value L for the loss. This also defines a critical value of the compute needed to train to L
with a model of size IV if we were to train at B < Beit(L). This is

- ¢
= 1+ B/Bau(L)

where C' = 6N B.S estimates the (non-embedding) compute used at batch size B.

Chnin(C) (minimum compute, at B < Beyit) (5.5)

5.2 Results for L(N, Sy,i,) and Performance with Model Size and Compute

Now we will use Spi, defined in Equation (5.4)) to obtain a simple and universal fit for the dependence of the
loss on model size and training time in the infinite data limit. We will fit the stable, Adam-optimized training
runs using Equation (1.6), repeated here for convenience:

L(N, Smin) = (]]VV) + <sz ) (5.6)

for the loss. We include all training steps after the warmup period of the learning rate schedule, and find a fit
to the data with the parameters:

Parameter | oy ag N, S,

Value | 0.077 [ 0.76 | 6.5 % 105 | 2.1 x 10° |
Table3 Fits to L(N, S)

With these parameters, we obtain the learning curve fits in Figure

The data and fits can be visualized in a different and more interesting way, as shown in Figure There we
study the test loss as a function of model size while fixing either the total non-embedding compute C' used
in training, or the number of steps S. For the fits we use Equation and along with the parameters

above and Equation .

5.3 Lower Bound on Early Stopping Step

The results for L(N, Spin) can be used to derive a lower-bound (and rough estimate) of the step at which
early stopping should occur when training is data limited. It is motivated by the idea that finite and infinite D

11
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Figure 13 When adjusting performance to simulate training far below the critical batch size, we find a
somewhat altered power law for L(Cly,in) when compared with the fully empirical results. The conspicuous
lump at 10~5 PF-days marks the transition from 1-layer to 2-layer networks; we exclude 1-layer networks
in the power-law fits. It is the L(Cy,,) trend that we expect to provide a reliable extrapolation for larger
compute.

learning curves for a given model will be very similar until we reach Sy ~ Sstop. Thus overfitting should
be proportional to the correction from simply ending training at Ssop. This will underestimate Ssop, because
in reality the test loss will decrease more slowly when we have a finite D, and therefore we will require more
training steps to reach the optimal test loss at finite D. This line of reasoning leads to the inequality

Sutop(N, D) 2 S
[L(N, D) — L(N, 00

(5.7)

where L(N, c0) is the converged loss, evaluated with infinite available data. This inequality and its compari-
son to the empirical data is displayed in Figure

6 Optimal Allocation of the Compute Budget

6.1 Optimal Performance and Allocations

Let us first study the loss as a function of the optimally allocated compute from Equation (5.5). The result is
plotted in Figure along with a power-law fit. We see that as compared to the compute plot of Figure the
new fit with C\y;, 1s somewhat improved.

Given L(Clyip), it is natural to ask for the optimal model size N (C\,;,) that provides the minimal loss
with a given quantity of training compute. The optimal model size is shown in Figure We observe that
N (Cmin) can be fit very well with a power-law

N<Cmin) X (Cmin)0.73~ (6])
In Figure[T5] we show the effect of training models of sub-optimal sizes (see Appendix[B.3).
By definition Ciin = 6N Beyit.S, and so we can use N (Chipn) to extract further results. In particular, since

prior fits show B L=%8 and L « C-2:%, we can conclude that By o< C9:24. This leads us to conclude

min min

that the optimal number of steps will only grow very slowly with compute, as
Smin X (Cmin)o'ogy (62)

matching the empirical results in Figure In fact the measured exponent is sufficiently small that our results
may even be consistent with an exponent of zero.

Thus we conclude that as we scale up language modeling with an optimal allocation of computation,
we should predominantly increase the model size N, while simultaneously scaling up the batch size via
B « B, with negligible increase in the number of serial steps.

12
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Figure 14 Left: Each value of the compute budget Cy,;,, has an associated optimal model size V. Optimal
model size grows very rapidly with Cy,;y, increasing by 5x for each 10x increase in compute. The number
of data examples processed makes up the remainder of the increase, growing relatively modestly by only 2x.
Right: The batch-adjusted number of optimization steps also grows very slowly, if at all, meaning that most
of the growth in data examples processed can be used for increased batch sizes.
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Figure 15 Left: Given a fixed compute budget, a particular model size is optimal, though somewhat larger
or smaller models can be trained with minimal additional compute. Right: Models larger than the compute-
efficient size require fewer steps to train, allowing for potentially faster training if sufficient additional paral-
lelism is possible. Note that this equation should not be trusted for very large models, as it is only valid in the
power-law region of the learning curve, after initial transient effects.

6.2 Predictions from L(N, Spin)
For the loss as a function of training compute, we predict that

Cmin > O‘gin
c
Cmin

L(Cpin) = ( (6.3)

where T
alit = ~ 0.054 6.4
= 1/0&5+1/O¢B+1/(1N ©4

in excellent agreement with the exponent of Figure We also predict that

N(Cmin) X (Cmin)agin/aN ~ (CVmin)O'71 (65)
which also matches the scaling of Figure[T4]to within a few percent.

6.3 Contradictions and a Conjecture

We observe no signs of deviation from straight power-law trends at large values of compute, data, or model
size. Our trends must eventually level off, though, since natural language has non-zero entropy.

Indeed, the trends for compute-efficient training described in this section already contain an apparent contra-
diction. At scales several orders of magnitude above those documented here, the performance predicted by
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Figure 16 Far beyond the model sizes we study empirically, we find a contradiction between our equations
for L(Chyin) and L(D) due to the slow growth of data needed for compute-efficient training. The intersection
marks the point before which we expect our predictions to break down. The location of this point is highly
sensitive to the precise exponents from our power-law fits.

the L(Chnin) scaling law decreases below what should be possible given the slow growth in training data with
compute. This implies that our scaling laws must break down before this point, but we conjecture that the
intersection point has a deeper meaning: it provides an estimate of the point at which Transformer language
models reach maximal performance.

Since the amount of data used by compute-efficient training grows slowly with the compute budget, the
performance predicted by L(Cypin) eventually hits a lower bound set by the L(D) power law (see Figure.
Let us work this out in more detail.

To keep overfitting under control, the results of Sectionimply that we should scale the dataset size as

D o NO™ o ¢0:54 (6.6)

min

where we have used the compute-efficient NV (Cyi, ) from Figure
Let us compare this to the data requirements of compute-efficient training. If we train at the critical batch
size (i.e. C' = 2C\,;n) and never re-use data during training, we find that data usage grows with compute as
_ 2Cfmin

6N (Cmin)
This is the maximum rate at which the dataset size can productively grow with compute, since it means that
we are only training for a single epoch. But it grows the dataset much more slowly than in Equation .

It appears to imply that compute-efficient training will eventually run into a problem with overfitting, even if
the training process never re-uses any data!

D(Chin) ~ (4 x 1010 tokens) (Cnin/PF-Day)®-26 6.7)

According to Figure[1] we expect that when we are bottlenecked by the dataset size (ie by overfitting), the
loss should scale as L(D) oc D~9995 This implies that the loss would scale with compute as L(D(Chin))
C~993 once we are data-limited. Once in, we have a contradiction, as this will eventually intersect with

our prediction for L(Ciyin) from Figure|13| where we found a scaling L(Cinin) o< C;,0:%%°

The intersection point of L(D(Clyin)) and L(Chyin) occurs at
C* ~ 10* PF-Days N* ~ 10'? parameters, D* ~ 10'2 tokens, L* ~ 1.7 nats/token (6.8)

though the numerical values are highly uncertain, varying by an order or magnitude in either direction de-
pending on the precise values of the exponents from the power-law fits. The most obvious interpretation is
that our scaling laws break down at or before we reach this point, which is still many orders of magnitude
away in both compute and model size.

One might also conjecture that this intersection point has a deeper meaning. If we cannot increase the model
size beyond N* without qualitatively different data requirements, perhaps this means that once we reach

~in and N*, we have extracted all of the reliable information available in natural language data. In this
interpretation, L* would provide a rough estimate for the entropy-per-token of natural language. In this
scenario, we would expect the loss trend to level off at or before L*.
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7 Discussion

We have observed consistent scalings of language model log-likelihood loss with non-embedding parameter
count N, dataset size D, and optimized training computation Ch,,, as encapsulated in Equations and
(1.6). Conversely, we find very weak dependence on many architectural and optimization hyperparameters.
Since scalings with NV, D, C\,;,, are power-laws, there are diminishing returns with increasing scale.

Our results strongly suggest that larger models will continue to perform better, and will also be much more
sample efficient than has been previously appreciated. Big models may be more important than big data.
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Appendices

A Summary of Power Laws

For easier reference, we provide a summary below of the key trends described throughout the paper.

Parameters ‘ Data ‘ Compute | Batch Size ‘ Equation

N o0 00 Fixed L(N) = (N./N)*~
00 D | Early Stop Fixed L (D)= (D./D)*"
Optimal 00 C Fixed L(C) = (C./C)™° (naive)
Nopt Dopt Cvmin B < Bcrit L (Cmin) = (Cénin/cmin)argm
3 = —
N D | EarlyStop | Fixed | L(N,D)= |(&e)" 4 L=
a as
N 00 S steps B L(N,S) = (5)™" + (75,,“,,5(%,}3))
Table 4

The empirical fitted values for these trends are:

Power Law Scale (tokenization-dependent)

any =0.076 | N. = 8.8 x 10'3 params (non-embed)
ap = 0.095 D, = 5.4 x 103 tokens

ac = 0.057 C. = 1.6 x 107 PF-days

a@n = 0.050 | Cm = 3.1 x 10® PF-days

ap =021 B, = 2.1 x 108 tokens

ag =0.76 S. = 2.1 x 103 steps

Table 5

The optimal parameters for compute efficient training are given by:

Compute-Efficient Value Power Law | Scale

Nopt = Ne : CpN

min

pn = 0.73 N, =1.3-10° params

B < Berit = 75:5 = B.CYZ | pp =024 | B =2.0-10° tokens

min

Smin = Se - CP%_ (lower bound) | ps = 0.03 | S, = 5.4- 103 steps

min

Dopt = D, - CP2 (1 epoch) pp =027 | D, =2-10'" tokens

min

Table 6

B Empirical Model of Compute-Efficient Frontier

B.1 Efficient Training

L(Neg (C),C) = (1 + aN) L (Nefr, 00),

(B.1)

which implies that for compute-efficient training, we should train to a fixed percentage (;—1;’ ~ 10% above
the converged loss. Next, let’s determine how the optimal loss depends on the compute budget. Eliminating
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N yields a power-law dependence of performance on compute:

C.\“°
L = = B.2
= (%) ®2)
where we defined
ac=1/1/as+ 1/ap + 1/ay) ~ 0.052 (B.3)
1/as+1/an 1/as
C. = 6N,B.S, (1 + OW) (O“S) . (B.4)
ag N
Similarly, we can eliminate L to find N (C):
N (C) C\e/on an )N
== 1+ — B.
Nc (Cc) * ag ( 5)
and
Cc an —1/an C ac/ag
= 14+ = — B.
5(C) 6N.B, ( + 045) C. (B.6)

B.2 Comparison to Inefficient

Typically, researchers train models until they appear to be close to convergence. In this section, we compare
the efficient training procedure described above to this more typical setup. We define a the convergence factor
f as the percent deviation from the converged loss:

L(N,C)= (14 f)L(N,00). (B.7)
For compute-efficient training we have f = an/ags ~ 10% from the previous section, but researchers
typically use a much smaller value. Here, we choose f' = 2% as an estimate. For a fixed value of the loss,

we predict:
]]\\;f/ - (11;{,)1/(” ~ 2.7 (B.8)
5; = (E:;)UQS ~0.13 (B.9)
g; = ]]VV; 5; ~ 0.35 (B.10)

So that compute-efficient training uses 7.7x fewer parameter updates, 2.7x more parameters, and 65 %
less compute to reach the same loss.

B.3 Suboptimal Model Sizes

We can solve A.1 to find an expression for the amount of compute needed to reach a given value of the loss
L with a model of size N:

any\ —1/as
o= (om0 ) (- (%)) B

Using A.6 and A.9, we can eliminate L in favor of Neg (L), the model size which reaches L most efficiently.
From there, we find an expression for the excess compute needed as a consequence of using a suboptimal

model size: 1/

an —l/as

CNNew) _ N [ as (((New . (B.12)
C(NeﬁaNeff) Nesr anN N

The result is shown in Figure Models between 0.6x and 2.2x the optimal size can be used with only a
20% increase in compute budget. Using a smaller model is useful when accounting for the cost inference. A
larger model can be trained the the same level of performance in fewer steps, allowing for more parallelism
and faster training if sufficient harware is available (see Figure[I5):

N, N, Neg ) *¥\ 17

SN, New) :[1+O‘S<1—< H) )} : (B.13)
S (Neﬁa Neff) N

A 2.2x larger model requires 45% fewer steps at a cost of 20% more training compute.

17



Batch Size Scan - 3M Params Batch Size Scan - 85M Params

Lot ] 10 10
< 1010 < 1010
2 8 2 8
8 10°] 2 8 2
<] Q S Q
& 108 4 6 j & 10% 6 :1
@ 3 g 4
g 1071 B9 &=
$ S
= 106 4 = 1061 4

10> 10°  10*  10° 100 102 10® 10* 10°
Step Step

Figure 17 These figures demonstrate fits to Equation for a large number of values of the loss L, and
for two different Transformer model sizes. These fits were used to measure Be;; (L) for Figure
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Figure 18 The number of minimum serial steps needed to reach any fixed value of the test loss decreases
precipitously with model size. Sample efficiency (show here for training far below the critical batch size)
improves greatly as well, improving by a factor of almost 100 when comparing the smallest possible model
to a very large one.

C Supplemental Figures

C.1 Context Dependence

Fixing model size, it appears that the loss scales as a power-law as a function of position 7" in the context,
see Figure It provides some suggestion for the potential benefits (or lack thereof) from training on larger
contexts. Not only do larger models converge to better performance at ' = 1024, but they also improve
more quickly at early tokens, suggesting that larger models are more efficient at detecting patterns with less

Per-token Loss (774M Params) 10°
8 -—- 4.0+43.2-T7°% 10 ‘
» 7 —=- 3.4+4.0-T79%
@ ——- 2.9445.T06 0
S S 27449-T00 108§ w 84 102 3
+ 61 2.4+5.1-T7061 g 8 g
& 23454708 s A =
o o =]
25 . S » 6 Q
g 107 A~ o ~
S s F 101 2
=44 ° =
5 s 41
A g
3 106
24 . . . 100
100 10! 102 10° 10! 10® 10°
Token Index Step

Figure 19 This figure provides information about the performance per token as a function of model size
and training time. Left: Loss per token as a function of its position 7" in the 1024-token context. Loss scales
predictably as a power-law in 7T'. Right: Test loss per token as a function of training step.
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Figure 20 In addition to the averaged loss, individual tokens within the 1024-token context also improve
smoothly as model size increases. Training runs with shorter context nx = 8 (dashed lines) perform better
on early tokens, since they can allocate all of their capacity to them.
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Figure 21 We test a variety of learning rate schedules including cosine decay, linear decay, as well as other
faster/slower decays schedules on a 3 million parameter model, shown on the left. For these experiments we
do not decay to zero, since we find that this tends to give a fixed improvement close to the end of training.
We find that, as long as the learning rate is not too small and does not decay too quickly, performance does
not depend strongly on learning rate. Run-to-run variation is at the level of 0.05 in the loss, so averaging
multiple runs is necessary to validate performance changes smaller than this level.

contextual information. In the right-hand plot we show how per-token performance varies for a fixed model
as a function of the training step. The model begins by learning short-range information, and only learns
longer-range correlations later in training.

C.2 Learning Rate Schedules and Error Analysis

We found that larger models require a smaller learning rate to prevent divergence, while smaller models can
tolerate a larger learning rate. To implement this, the following rule of thumb was used for most runs:

LR(N) ~ 0.003239 + —0.0001395 log(N) (C.1)
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