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Abstract
Survival prediction is a branch of survival analysis concerned with estimating when
an event will occur, often from data in which some event times are censored. This
thesis addresses four challenges in developing and applying such models: quantify-
ing predictive uncertainty, predicting multiple events, evaluating predictions under
censoring, and extending survival prediction beyond mortality. To quantify uncer-
tainty in individual time-to-event outcomes, we develop BaySurv, a probabilistic
survival modeling framework, and evaluate variants trained using variational infer-
ence, Monte Carlo dropout, and spectral-normalized neural Gaussian processes. To
predict multiple related outcomes, we introduce MENSA, a single model that can
predict the time to multiple competing or co-occurring events. Its trajectory-based
likelihood term uses information about the temporal ordering of events. MENSA
is competitive with strong deep learning and tree-based baselines across four multi-
event benchmark datasets. We also apply multi-event survival analysis to functional
decline in patients with amyotrophic lateral sclerosis (ALS). For model evaluation,
we present a position paper showing how commonly used metrics can be misaligned
with the intended prediction objective, particularly when ranking measures are used
to assess time-to-event or probability predictions. We then introduce a copula-based
Brier score that reduces evaluation bias when event and censoring times are depen-
dent. Finally, we apply survival methods to predict fall risk in home care clients, and
to predict the onset of degradation in ball bearings. Together, these contributions ad-
vance survival prediction for precision medicine by making individual predictions
more informative, extending them to multiple outcomes, and strengthening how
they are evaluated. The applications show that the same principles can also address
time-to-event problems beyond healthcare.
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Resumé
Overlevelsesprædiktion er en gren af overlevelsesanalyse, der beskæftiger sig med
at estimere, hvornår en hændelse vil indtræffe, ofte ud fra data, hvor nogle hæn-
delsestider er censurerede. Denne afhandling adresserer fire udfordringer i ud-
viklingen og anvendelsen af sådanne modeller: kvantificering af prædiktiv usikker-
hed, prædiktion af flere hændelser, evaluering af prædiktioner under censurering
samt udvidelse af overlevelsesprædiktion ud over dødelighed. For at kvantificere
usikkerheden i individuelle tid-til-hændelse-udfald udvikler vi BaySurv, et proba-
bilistisk framework til overlevelsesmodellering, og evaluerer varianter trænet med
variationel inferens, Monte Carlo-dropout og spektralnormaliserede neurale Gaus-
siske processer. For at prædiktere flere relaterede udfald introducerer vi MENSA, en
enkelt model, der kan prædiktere tiden til flere konkurrerende eller samtidigt forek-
ommende hændelser. Modellens trajektoriebaserede likelihood-led udnytter infor-
mation om hændelsernes tidsmæssige rækkefølge. MENSA er konkurrencedygtig
med stærke deep learning- og træbaserede referencemodeller på tværs af fire bench-
markdatasæt med flere hændelser. Vi anvender desuden overlevelsesanalyse med
flere hændelser på funktionstab hos patienter med amyotrofisk lateral sklerose (ALS).
Inden for modelevaluering præsenterer vi en positionsartikel, der viser, hvordan al-
mindeligt anvendte evalueringsmål kan være uforenelige med det tilsigtede prædik-
tionsformål, især når rangeringsmål bruges til at vurdere prædiktioner af tid til hæn-
delse eller sandsynligheder. Dernæst introducerer vi en copula-baseret Brier-score,
der reducerer evalueringsbias, når hændelses- og censureringstider er afhængige.
Endelig anvender vi overlevelsesmetoder til at prædiktere faldrisiko hos modtagere
af hjemmepleje og til at prædiktere begyndende nedbrydning i kuglelejer. Samlet
set styrker disse bidrag overlevelsesprædiktion inden for præcisionsmedicin ved at
gøre individuelle prædiktioner mere informative, udvide dem til flere udfald og
styrke måden, de evalueres på. Anvendelserne viser, at de samme principper også
kan løse tid-til-hændelse-problemer uden for sundhedsområdet.
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Chapter 1

Introduction

1.1 Precision Medicine and Applications

On January 20, 2015, President Obama announced the "Precision Medicine Initia-
tive" in his State of the Union Address. It was a 215 million dollar program designed
to kick start a new approach to modern medicine by creating a more targeted or
personalized approach to disease prevention and treatment [1]. Instead of relying
on standard diagnostic procedures, population estimates and one-size-fits-all treat-
ments, doctors were now beginning to consider each patient’s unique biomedical
profile, along with their lifestyle and environment, when making medical decisions.
This personalized approach – known as precision medicine – has gained traction re-
cently due to both scientific advances and political interest [2].

Precision medicine is a healthcare model that incorporates a wide range of in-
dividual data, including clinical, lifestyle, genetic, and other biomarkers to provide
personalized treatment solutions. Artificial intelligence (AI) and machine learning
(ML) techniques can carve through large amounts of data and identify complex pat-
terns and interactions in patients’ biomedical information. For example, when the
COVID-19 pandemic hit in early 2020, such a model could be used to predict who
would be at risk and potentially provide additional risk information to clinicians
caring for such individuals [3]. What is driving this new era of human prediction
is the explosion of massive datasets and the rise of powerful ML techniques. The
rapid growth of clinical data – including imaging, text-based records, and real-time
monitoring – along with advances in molecular technologies like genomics, and the
widespread use of devices and wearables, is making it possible to gather detailed
information about people’s biology and environment at a scale we have never seen
before. Potentially, ML could result in new taxonomies of disease through genomic,
phonemic, and environmental predictors [4].

Figure 1.1 illustrates a general pipeline for developing and using ML models in
precision medicine. Patient data are collected and prepared, then used to train a
model to predict a defined clinical outcome. For a new patient, the trained model
uses that patient’s characteristics to produce an individualized prediction, such as
the probability of an event within a specified period. A clinician may use this predic-
tion alongside other information when assessing the patient or planning care. The
stages are summarized below; further details are provided by König et al. [2] and
Johnson et al. [5].

• In the "Phenotyping" stage (left column of Figure 1.1), data are collected within
a suitable group of patients. This could be from cohort studies if the focus
is on the development of diagnostic or prognostic models. For example, a
medical history provides information about a patient’s past health conditions,
treatments, and responses to therapies, whereas immunology data involve the
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study of the patient’s immune system, including immune responses, biomark-
ers, and the presence of autoimmune conditions or infections.

• In "Track 1" (right column of Figure 1.1), researchers perform data preprocess-
ing. This includes exploring the collected datasets to uncover new patterns,
correlations, and insights that can be used in the subsequent modeling phase.
This step also involves actually cleaning and organizing the raw data, like han-
dling missing data, removing outliers, normalizing the data, etc. The goal is to
make sure the data are clean, reliable, and good to go for modeling.

• In "Track 2" (right column of Figure 1.1), a learning algorithm uses the prepro-
cessed data to train a diagnostic or prognostic model. For example, a prog-
nostic model could combine multiple features to estimate the probability of a
particular clinical outcome or event (e.g., death or cancer relapse) either at the
current time (diagnostic model) or in the future (prognostic model). The learn-
ing algorithm estimates a prediction rule for the clinical outcome of interest.

• In "Track 3" (right column of Figure 1.1), the trained model is evaluated on pa-
tients who were not used for training. If its predictions are sufficiently accurate
and suitable for the intended setting, it can be applied to a new patient’s data
to estimate an individual outcome. For example, a prognostic model might
estimate the patient’s probability of cancer relapse within five years. Such a
prediction can inform clinical decisions, but does not by itself determine which
treatment the patient should receive.

Phenotyping

Medical history

Basic laboratory

Functional
diagnostics

Immunology/
histology

Omics

Preprocessing

Data mining

Diagnostic and
predictive models

Predicting treatment
response

Dissemination and
communication

Track 1

Track 2

Track 3

Lifestyle

Physical
examination

Imaging

FIGURE 1.1: Modeling pipeline for precision medicine. In "Track 1",
the data are preprocessed, including feature selection, and prepared
for model building. In "Track 2", an algorithm uses the features to
train a diagnostic or prognostic ML model. In "Track 3", the model is
inspected, validated, and deployed. Finally, the results from Tracks
1–3 are fed back into the phenotyping stage to guide what data
should be collected going forward. Figure recreated from [2].
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1.2 Survival Analysis and Time-to-Event Outcomes

Among the different types of predictive tasks considered in Track 2, many clinically
relevant outcomes are inherently time-dependent. Rather than simply predicting
whether an event occurs, the goal is often to model when it occurs. This naturally
leads to the framework of survival analysis and time-to-event prediction. Time-to-
event outcomes have an extensive history in research, where the focus was initially
to predict the time until death. Early analyses introduced the use of "life tables",
which summarize counts such as births and deaths over time [6]. Back in 1662,
John Graunt created the first life table, where he examined the chance of survival
for different population groups in London based on mortality data [7]. The particu-
lar dataset he used was challenging, as the survival times (age at the time of death)
were not actually recorded, which corresponds to a censoring problem. Rather than re-
lying on exact data, Graunt estimated survival times using recorded causes of death,
although these records were not always accurate. Later, in 1693, the well-known En-
glish astronomer Edmond Halley analyzed birth and death records from the city of
Breslau [8]. He estimated the probability of dying within the next year and used
these probabilities to determine how to price an annuity (an expected payout over
a person’s remaining lifetime). For a historical account of life tables and, more gen-
erally, reasoning about survival times, see the books by Bacaër [9] and Namboodiri
and Suchindran [10].

As we have discussed, the early research on time-to-event outcomes focused pri-
marily on the time until death, which is why the field became widely known as
survival analysis. Many survival analysis models aim to estimate the probability that
an event of interest has not yet occurred by a given time point. However, learning
these models can be challenging compared to standard regression tasks because the
training data often contain many censored observations – instances where the exact
event time is not fully observed. This includes, for example, people who are still
alive at the end of a study, as well as others who left the study and were lost to
follow-up. We will return to the challenge of censored data and examine how sur-
vival techniques handle this major limitation. Since these early developments, the
statistical, medical, and reliability engineering communities have written numerous
textbooks on survival analysis [11–16].

From the beginning, we clarify that the term "survival prediction" (or "survival
analysis") does not necessarily refer to predicting when someone dies. Traditionally,
survival analysis focuses on understanding how covariates influence survival out-
comes at the population level, whereas survival prediction emphasizes estimating
when an event will occur for a specific individual. Although death is a common
outcome, these methods can also be used to predict disease onset, the remaining
useful life of mechanical components, or events in the economic and social sciences.
Moreover, the "time" variable does not always represent literal time. For example,
in a clinical study it may correspond to the number of chemotherapy rounds a can-
cer patient undergoes before treatment becomes ineffective. In this case, the goal is
to predict the number of rounds until treatment failure or improvement based on
patient characteristics and treatment factors. In essence, survival prediction models
aim to predict the time (or count) until a specific event occurs. Next, we will look at
the three fundamental types of survival prediction models.
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1.3 Machine Learning for Survival Analysis

Researchers in the ML community have recently made significant methodological
advances in survival analysis by leveraging the representation learning power of
deep neural networks [17]. Generally, depending on the assumptions made and the
way parameters are used in the model, we can divide models for survival analysis
into three categories: nonparametric models, semiparametric models, and paramet-
ric models. For a broader list of models beyond what we cover here, see the excellent
surveys by Wang et al. [18], Wiegrebe et al. [19] and Chen [6].

• Nonparametric models estimate the survival function directly from data with-
out assuming a specific form for the underlying distribution. This makes them
flexible and broadly applicable when the true distribution is unknown or dif-
ficult to specify. A wide range of models have been proposed for this setting,
including the Kaplan-Meier [20] and Nelson-Aalen [21, 22] estimators. How-
ever, these approaches are limited to population-level descriptions and do not
produce individual predictions.

• Semiparametric models make estimates by assuming a specific functional form
for certain parts of the model (usually the so-called hazard function) but do
not fully specify the entire distribution of the data. The most famous method
is the Cox proportional hazard (CoxPH) model [23, 24]. It assumes that the
hazard function at any time is a product of a baseline hazard function (which
is unspecified and nonparametric) and a parametric component that relates the
hazard to individual covariates (e.g., treatment group, age, etc.). Semiparamet-
ric methods can thus provide predictions for individual patients. The main
assumption behind these methods, particularly the CoxPH model, is that the
effect of covariates is proportional over time. Intuitively, this means that if one
individual has a higher risk than another at some point in time, this relative
difference remains the same at all future time points.

• Parametric models assume that the event time follows a specific parametric dis-
tribution. This can simplify estimation and allow for more efficient inference
when the assumed distribution is appropriate. Popular methods are Weibull
time-to-event models and Accelerated Failure Time (AFT) models [13].

1.4 Challenges in Survival Analysis

Before turning to the details of survival analysis and the main contributions of this
thesis, we outline the challenges that ML-based survival prediction models must ad-
dress to support clinical decision-making in precision medicine. In addition to deal-
ing with censored data, modern survival prediction models based on ML face other
challenges that they must overcome to gain wider adoption: imagine developing a
new survival model designed to predict whether hospitalized patients will experi-
ence specific medical emergencies, such as acute respiratory failure (ARF) or shock.
How can we ensure that this model produces reliable (i.e., trustworthy) predictions
– ones that reflect the heterogeneity in the data, account for potential dependencies
between competing events, and avoid imposing unrealistic assumptions (such as
proportional hazards) on the outcome? Once we have trained the model, how do
we fairly evaluate its performance in new cases, especially when many of them are
censored? Censoring means that we often do not know the exact time or even the
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occurrence of the event for some patients, which complicates the evaluation. As a
result, it becomes both important and challenging to evaluate model performance in
a meaningful way. The following sections take a closer look at the specific challenges
this thesis addresses.

1.4.1 Uncertainty in Survival Prediction Tasks

Currently, the use of ML solutions for clinical decision-making is still in its early
stages, as many clinicians remain reluctant to trust these opaque models due to a
lack of understanding of how they arrive at their predictions [25]. This is particu-
larly true for deep neural network–based models, which are typically difficult to in-
terpret, provide limited information about predictive uncertainty, and may produce
predictions that are sensitive to noise or inference errors [26]. Uncertainty estimation
is also important when test data deviates from the training distribution, as out-of-
distribution instances should have low credibility. That is, the model has made a
prediction for some instance (e.g., patient), but it is unsure about it because it has
never seen such an instance before.

In survival prediction and within precision medicine, we are often interested
in models that learn to compute a so-called individual survival distribution (ISD)
based on the features of a patient [27]. As discussed, this distribution is a person-
alized curve that estimates the probability that an individual survives up to each
future time point. Using the example from above, if a test instance differs signifi-
cantly from the training data, we would expect a high level of uncertainty regarding
its ISD. But traditional, deterministic approaches – e.g., CoxPH [23, 24, 28] – only
deliver a so-called risk score as a point prediction, which does not quantify the un-
certainty about the prediction. We can subsequently estimate the survival function
using, for example, the Breslow estimator [29], but this does not reflect the uncer-
tainty in the weight estimates. This motivates the use of models that can capture the
uncertainty in both the data distribution (aleatoric uncertainty) and in the weight es-
timates (epistemic uncertainty) [30] without a significant computational overhead.
As a complementary, distribution-free alternative, conformal prediction can wrap an
already trained model and provide prediction sets with guaranteed coverage, with-
out assumptions about the model or its parameters.

RQ1. How can machine learning models, and deep survival models in particular,
quantify uncertainty in individual predictions?

1.4.2 Competing Risks and Multiple Events

Survival prediction can be extended to handle situations involving multiple possi-
ble events – such as death from cancer, heart failure, or other causes. This includes
settings with competing risks [31], where the occurrence of one event prevents the
others from happening (e.g., a patient can die from cancer or heart failure, but not
both), as well as multi-event scenarios [32], where multiple (non-exclusive) events
can occur for the same individual. For example, a patient with a chronic condition
may experience several medical events over the course of their disease, or hospital-
ized patients may experience several types of medical emergencies, such as acute
respiratory failure or shock, during their hospitalization.

In the current literature, some practitioners tackle multi-event problems by train-
ing separate single-event models [33, 34]. For example, a CoxPH model for cancer
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and another for heart failure, treating each event independently. However, this ap-
proach has several limitations: (1) It ignores shared patterns between events, even
though real-world events often have temporal or causal relationships. For example,
some disease typically precedes death, for example [35]. Modeling each event in
isolation fails to capture such dependencies. (2) Training separate models for each
event is computationally expensive, especially for large datasets or many types of
event. (3) Managing multiple models quickly becomes cumbersome as the number
of events increases. Instead, a single multi-event model could address these issues
by handling all events within one architecture, offering better scalability and po-
tential for capturing inter-event relationships. Despite these advantages, there are
relatively few multi-event survival models in the literature, and most existing ap-
proaches focus only on predicting risk scores – i.e., the ranking of events within or
across instances – rather than making time-to-event estimates.

RQ2. How can a single survival model predict the time to multiple events that
may be competing or co-occurring, and use temporal ordering information when
available?

1.4.3 Evaluation under Censoring

A fundamental challenge in survival analysis and survival prediction is censoring,
where the exact event time is not observed for all individuals. For example, some
patients may still be alive at the end of a study or may be lost to follow-up, meaning
their true survival time is unknown. As a result, even if a model produces an esti-
mate of the event time, there is often no ground-truth value to compare it against,
and it is unknown how close the prediction is to the true outcome. This makes both
model training and evaluation inherently more difficult than in standard regression
settings. To draw valid conclusions from such incomplete data, and to evaluate
predictions on new individuals, survival methods typically rely on the assumption
of independent censoring. Under this assumption, censored individuals are consid-
ered representative of the population that remains under observation, and thus are
assumed to have neither higher nor lower risk of future events. However, this as-
sumption may not hold in practice. If censoring depends on unobserved factors –
commonly referred to as dependent censoring – this can introduce bias in both param-
eter estimation and model evaluation.

The literature provides several metrics for evaluating time-to-event outcomes.
Harrell’s concordance index or simply C-index [36] is commonly used to assess how
well predicted risk scores rank individuals, with the understanding that higher risk
means the event will occur sooner. The Brier Score [37] measures the probabilistic
accuracy of the predicted survival function, while the mean absolute error (MAE)
evaluates the accuracy of the time-to-event estimates (e.g., days, weeks, months)
themselves [38]. These metrics rely on the assumption of independent censoring.
When this assumption is violated – i.e., when censoring depends on unobserved
factors – the resulting estimates of model performance may be biased. Moreover,
as argued in recent work on the evaluation of survival prediction models [38, 39],
widely used metrics may shape model development in ways that do not necessarily
reflect improvements in clinically meaningful survival predictions.

RQ3. How should survival predictions be evaluated when outcomes are censored,
and how can evaluation bias be reduced under dependent censoring?
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1.4.4 Applications Beyond Mortality Prediction

Survival analysis finds frequent use in clinical and epidemiological studies. For
example, predicting the time to death in patients with amyotrophic lateral sclero-
sis (ALS) [40] or evaluating a new experimental treatment for cancer by comparing
time-to-mortality predictions between a treatment group and a control group [41].
However, there exist other problems or applications where censored data are com-
mon, but practitioners still mainly rely on traditional classification or regression
methods that do not handle censored data. We can choose to ignore the censored
observations and analyze only cases with known outcomes, but doing so discards
valuable information and can introduce bias into the model parameters [42]. In or-
der to make better time-out-event predictions unrelated to mortality – such as when
a bearing might fail or when an older adult is likely to experience a fall at home –
we need to incorporate information from censored data into the analysis.

RQ4. How can survival prediction methods be applied to censored time-to-event
outcomes beyond mortality, specifically time to fall in home care clients and time to
degradation in ball bearings?

1.5 Thesis Overview

Chapter 2 provides the background. Chapters 3-6 address research questions RQ1-
RQ4, respectively, and Chapter 7 concludes the thesis.

• Background (Chapter 2): We first go over the standard survival analysis frame-
work and describe the problem of predicting the time to some event of interest.
We state the traditional setting with a single event of interest and extend that to
competing risks and multi-events scenarios. We look at the common assumptions
behind censoring, describe the likelihood function to be maximized in contin-
uous time (maximum likelihood is the standard way of learning time-to-event
prediction models), and how to evaluate predictive accuracy. Lastly, we look
at how to represent uncertainty in deep learning and relate that to survival
analysis by examining various methods to quantify uncertainty.

• Uncertainty in Machine Learning and Survival Analysis (Chapter 3; RQ1):
We next cover how to make deep survival models that can reason about the
underlying uncertainty in the data (i.e., aleatoric) and in the model (i.e., epis-
temic). In Bayesian (probabilistic) models [43], epistemic uncertainty is of-
ten captured using distributions over model parameters, while aleatoric un-
certainty is modeled through distributions over the observations. We present
a novel method for uncertainty estimation in survival analysis, based on the
Bayesian framework, and one application using a frequentist1 approach, namely
conformal prediction for a clinical classification task.

• Competing Risks and Multiple Events (Chapter 4; RQ2): We examine exten-
sions of the traditional survival analysis framework that account for competing
risks and multi-event settings. In competing risks problems, multiple possible
events may occur, but the occurrence of one event prevents the others from

1Frequentist and Bayesian inference describe two popular modeling mindsets. Frequentists infer
fixed but unknown distribution parameters based on a data sample. Bayesians infer model parameters
as random variables which have some prior (before data) and posterior distributions (after data). See
the book by Molnar [44] to learn more about the different ML mindsets.
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happening. The goal is therefore to model the probability and timing of each
mutually exclusive outcome. In contrast, multi-event problems involve events
that are not mutually exclusive and may exhibit statistical dependence. Here,
a multi-event survival model would predict the time until an instance (e.g., a
patient) experiences each of several different events. Such models allow in-
formation to be shared across related events, which can improve predictive
performance. They also give practical advantages, including reduced com-
putational overhead and simpler model management compared to maintain-
ing separate models for each event. In this chapter, we present a method for
multi-event survival prediction and motivate our approach through a concrete
application.

• Evaluation under Censoring (Chapter 5; RQ3): Understanding how to eval-
uate survival models is crucial because traditional regression or classification
metrics do not adequately handle censored data. In many cases, the true event
time or event status at a given time point is unknown due to censoring in the
test set. The problem becomes more challenging under dependent censoring,
where variables related to the event of interest also influence the censoring
mechanism. While collecting additional features may help reduce such depen-
dence, model evaluation must still remain valid under dependent censoring
and ideally be independent of the learned model itself. However, many com-
monly used survival metrics are biased in this setting [14, Ch. 1]. This chap-
ter highlights evaluation methodology as a fundamental yet often overlooked
aspect of survival analysis and surveys how current metrics shape model de-
velopment. It also introduces a Brier score variant that supports dependent
censoring and reduces evaluation bias compared with standard approaches.

• Applications Beyond Mortality Prediction (Chapter 6; RQ4): Although death
is a common focus in survival analysis – not surprising given its name, which
suggests studying how long something survives – the same methods and prin-
ciples can also be used to predict other kinds of events. To demonstrate its
broader potential, we present methods to predict fall risk in older adults, us-
ing the time to a personal alarm subscription as a proxy, and the time until
ball bearings deviate from normal vibration behavior, as an early indicator of
failure. Censoring is inherent to such problems, e.g., many older adults do
not receive an alarm within the follow-up period, and bearings are often taken
out of service before they fail. The survival analysis framework allows us to
leverage this information.

• Conclusion (Chapter 7): We answer the four research questions, summarize
the thesis contributions, and outline directions for future research.

Table 1.1 lists the exact contributions of this thesis by their corresponding chapter,
type of contribution and what specific challenge they target. The papers submitted
or published during this PhD project are included in appendices A through I.

1.6 Preliminaries

Before moving on, we review some foundational knowledge that we assume the
reader is familiar with. We also introduce the notation.
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TABLE 1.1: Summary of the contributions in this PhD project.

Chapter Type Contribution
Research
question

Chapter 3

Methodology

A probabilistic survival model
(BaySurv) to estimate uncertainty in
time-to-event outcomes using neural
networks [45, 46].

Application

Prediction of temporomandibular joint
(TMJ) involvement in patients with
juvenile idiopathic arthritis (JIA) using
clinical data [47].

RQ1

Chapter 4

Methodology

A multi-event survival model
(MENSA), using a flexible number of
Weibull distributions and temporal
ordering information to predict
multiple events [48].

Application
Prediction of significant functional
decline across five domains in patients
with ALS [49].

RQ2

Chapter 5

Methodology

A position paper highlighting the
importance of proper evaluation
methodology in survival analysis,
including metric-objective mismatch
and the consequences of dependent
censoring [50].

Methodology

A copula-based Brier score for
evaluating survival predictions under
dependent censoring by modeling
event-censoring dependence [51].

RQ3

Chapter 6

Application

Prediction of fall risk in
community-dwelling elderly using
survival analysis based on their home
care usage [52].

Application

Prediction of time to degradation in ball
bearings using survival analysis with
censored observations and sensor
data [53].

RQ4

1.6.1 Prerequisites

We assume the reader have a basic understanding of calculus, probability, statistics,
and machine learning. Readers who want to implement or extend our methods
should also know how to program and train neural networks using a framework
such as TensorFlow [54] or PyTorch [55]. For an introduction to neural networks,
we recommend Goodfellow et al. [17]. We use several specialized architectures and
statistical methods, so we introduce the relevant concepts in the following chapters:
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• Chapters 2 and 3 briefly introduce the Bayesian framework for learning prob-
abilistic models. We provide a brief overview, but for those unfamiliar with
Bayesian techniques, the book by Murphy [43] provides a good starting point,
especially the first chapters. We also give a brief introduction to conformal
prediction, but refer to Shafer and Vovk [56] for a more comprehensive review.

• Chapter 5 introduces copulas to capture the dependence structure between
the event and censoring times. The reader should therefore be familiar with
general probability theory, multivariate statistics, and dependency structures.
Again, we provide a brief overview of the topic, but books by Emura and Chen
[14] and Nelsen [57] give more details.

1.6.2 Notation

We usually let uppercase letters (e.g., T) denote random variables (RVs) and low-
ercase letters (e.g., t) denote deterministic quantities such as constants or specific
realized values of random variables. The covariates of an instance are treated as a
random vector X (written in plain font, since bold uppercase is reserved for matri-
ces) with realization x ∈ X ⊆ Rd, where X is the covariate space. Moreover, we let
bold uppercase letters (e.g., W) denote matrices, and bold lowercase letters (e.g., x,
β) denote vectors or column vectors of variables, features, coefficients, or instances.
Scalar parameters (e.g., ψ) are written in plain font, and θ denotes the collection of all
parameters of a model, which may combine vectors, matrices, and scalars. We try to
follow the traditional survival analysis literature and let the functions be uppercase
or lowercase (e.g., S represents the so-called survival function and f a probability
density function); lowercase letters such as f or g may also denote parametric func-
tions, such as neural networks. We use calligraphic letters to denote sets, with the
exceptions of L (likelihoods and losses) and N (the normal distribution). For exam-
ple, D = {(xi, ti, δi)}N

i=1 denotes a dataset of N observed instances. In multi-event
settings, the instance index is written as a superscript (e.g., x(i)) to free the subscript
for the event index. We use a caret notation ·̂ to indicate predicted or estimated
values. When we refer to the "log" function, we always mean the natural logarithm.
In the context of training neural networks, we write θ̂ := arg minθ Lloss(θ), where
Lloss is a loss function (e.g., the negative log-likelihood LNLL) with the parameter
variable θ, while L without a subscript denotes a likelihood. We typically perform
this minimization task using some variant of (stochastic) gradient descent, and we
do not usually find a solution that reaches the global minimum in practice.
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Chapter 2

Background

This chapter describes the main theory behind survival analysis, summarizes the
state-of-the-art, recounts their shortcomings and hints at potential directions for im-
provement, which will be expanded upon in later chapters. We will start by exam-
ining the basic survival framework.

2.1 Survival Data

Many survival models aim to estimate the distribution of the time until an event of
interest (typically death) occurs for an instance (e.g., a patient). This time is modeled
as a continuous, non-negative random variable (RV), E ∈ R+, representing the time
from a given origin (e.g., t = 0) to the occurrence of the event. In practice, however, E
is not directly observed due to censoring; instead, we observe a censored version of
this time, meaning that for some instances the exact time is unknown but constrained
within certain bounds. Censored instances cannot simply be discarded, nor can their
censoring times be treated as event times: both would bias estimates of the event-
time distribution towards shorter times, since a censored instance is known to have
remained event-free at least until it was censored. The types of censoring and the
assumptions required for valid estimation are discussed in Section 2.2.

To formalize this setup, let E ∈ R+ denote the event time, C ∈ R+ the censoring
time, T ∈ R+ the observed time, and ∆ ∈ {0, 1} the event indicator. The observed
time and event indicator are defined as

T := min(E, C), ∆ := 1[E ≤ C]. (2.1)

Thus, for each instance i, we observe a pair (ti, δi), where ti is either the event time
or the censoring time, and δi indicates whether the event of interest was observed.
We assume that each pair (ti, δi) is drawn independently from the joint distribution
Pr(T, ∆), which is induced by Pr(E, C).

The distribution of E can be characterized by the cumulative distribution func-
tion (CDF), formally FE(t) = Pr(E ≤ t)1, or, equivalently, by the survival function,
SE(t) = 1− FE(t) = Pr(E > t). Note that SE(t) (respectively, FE(t)) corresponds
to the probability of being event-free (respectively, having experienced the event)
by time t. When the full distribution of E is unknown, we rely on estimators con-
structed from observed data to estimate SE(t). This can be done nonparametrically
using, for example, the Kaplan-Meier (KM) estimator [20].

1We use the subscript E to denote quantities related to the event time (e.g., FE, SE, fE) and the
subscript C for those related to the censoring time (e.g., SC, fC).
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Definition 1 The Kaplan-Meier (KM) estimator [20]:

ŜE(t) = ∏
ti≤t

(
1− di

ni

)
, for t ≤ tmax (2.2)

where di is the number of events (e.g., deaths) that happened at ti, ni = ∑n
ℓ=1 1[tℓ ≥

ti] is the number of instances known to have survived up to ti, and 1[·] denotes the
indicator function. ŜE(t) = 1 if no events occur up to t, and ŜE(t) is undefined for
t > tmax.

Most often, however, we are interested in predicting SE(t) for an individual
given a description of that individual. To do so, we represent each instance using
a set of features or covariates – measurable characteristics such as age, biomarkers,
or clinical test results – that capture the patient’s condition. This turns survival anal-
ysis into a survival prediction problem, where the goal is to learn a mapping from
covariates to a distribution over event times. By collecting data from many patients,
we define a survival dataset D as

D = {(xi, ti, δi)}N
i=1 ,

where xi ∈ Rd is the covariate vector for instance i, ti ∈ R+ is the observed time,
and δi ∈ {0, 1} indicates whether the event of interest was observed. Intuitively,
censoring occurs when the exact event time is not observed, meaning that we only
have partial information about when the event occurred.

For the remainder of this chapter, unless stated otherwise, we consider the sur-
vival time E conditional on covariates X taking values x ∈ X ⊆ Rd (see Sec-
tion 1.6.2). For a given realization x ∈ X , let fE(t | x) and FE(t | x) denote the
conditional probability density function (PDF) and CDF, respectively, over some
time horizon (e.g., t ∈ [0, tmax]). Either of these functions fully characterizes the
conditional distribution Pr(E | X = x). In other words, we move from modeling a
population-level distribution to modeling individual-specific risk profiles. With this
in mind, we can now define one of the main prediction targets in survival analysis,
namely the conditional survival function.

Definition 2 The conditional survival function [6]:

SE(t|x) = Pr(survive beyond time t | instance is x)

= Pr(E > t | X = x)

= 1− Pr(E ≤ t | X = x)

= 1− FE(t|x), (2.3)

where t ≥ 0 and x ∈ X .

We refer to the conditional survival function SE(·|x) simply as the survival func-
tion, as our notation already indicates that we are conditioning on x. Given xi is
some feature vector for an instance i, this is also known as the individual survival
distribution (ISD) [27]. We see that the true survival function SE(·|x) is equal to 1
minus the CDF FE(·|x), which means that:

1. The function SE(·|x) = 1− FE(·|x) decreases monotonically from 1 to 0, be-
cause any CDF increases monotonically from 0 to 1.
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2. Estimating ŜE(·|x) is equivalent to estimating F̂E(·|x), which implies that our
goal is to estimate the conditional survival time distribution Pr(E | x).

3. While the full survival function provides the most complete description, it is
often useful to summarize it with a single scalar quantity. To obtain a survival
time estimate for x, we can calculate that based on our estimate ŜE(·|x) using,
for example:

• The mean survival time, which represents the expected duration of sur-
vival for an individual instance. It is computed as the area under the full
survival function:

ê(Mean)
i = EE∼ŜE(t|xi)

[ E ] =
∫ ∞

0
ŜE(t | xi) dt. (2.4)

This calculation involves integrating across the full follow-up horizon and
relies on the assumption that the area under the survival function is finite,∫ ∞

0 SE(t | xi) dt < ∞, which requires in particular that the survival func-
tion converges to zero. In practice, particularly with right-censored data
or limited follow-up, the tail of the survival curve is often poorly esti-
mated, which can introduce bias or substantial variability. As a result, the
mean becomes sensitive to long-term survival behavior and is less robust
when censoring is heavy or the distribution has a long tail.

• The restricted mean survival time (RMST), which represents the survival
time up to a specific cutoff point t∗, calculated as the area under the sur-
vival curve up to t∗:

ê(RMST)
i = EE∼ŜE(t|xi)

[min(E, t∗)] =
∫ t∗

0
ŜE(t | xi) dt. (2.5)

The RMST is a truncated mean survival time, setting survival probability
to zero beyond t∗. This makes it useful for limited follow-up and short-
term survival analysis, offering stable and consistent estimation even when
survival does not reach zero. However, it ignores long-term survival and
"cure fractions"2, and results depend on the chosen cutoff t∗, which may
be arbitrary chosen. In clinical studies, it is often set to the maximum ob-
served follow-up time. This choice can influence the interpretability and
comparability across studies.

• The median survival time, which is arguably the most used summary statis-
tic in clinical and epidemiological studies. It is defined as the smallest
time t at which the probability of surviving past t falls to 50%:

ê(Median)
i = Ŝ−1

E (p = 0.5 | xi) = inf{t : ŜE(t | xi) ≤ 0.5}. (2.6)

This offers a robust and easily interpretable estimate. The median is less
sensitive to the tail behavior of the survival curve and outliers, making it
particularly stable in practice. However, if the predicted survival curve
remains above 50% throughout the study period (e.g., due to extensive

2A "cure fraction" refers to the proportion of individuals who will never experience the event of
interest, even with infinite follow-up. In such cases, the survival function does not converge to zero
but instead approaches a positive constant, reflecting a subgroup that is effectively "cured" or no longer
at risk.
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censoring near the end), the median becomes undefined without extrap-
olation, limiting its applicability in such cases.
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FIGURE 2.1: Example of a survival function with annotated median
and mean survival times.

Figure 2.1 shows an example of the survival function and its corresponding me-
dian and mean survival times. Different time-to-event prediction aka. survival mod-
els make different assumptions on SE(· | x) and often predict transformed variants
of SE(· | x) (e.g., via hazard functions or cumulative hazard representations) rather
than predicting SE(· | x) directly. The next two prediction targets we discuss are
both transformed versions of SE(· | x).

Definition 3 The hazard function [6]:

hE(t | x) := − d
dt

log SE(t | x) = −
d
dt SE(t | x)

SE(t | x)
= −

d
dt [1− FE(t | x)]

SE(t | x)
=

fE(t | x)

SE(t | x)
,

(2.7)
where fE(· | x) is the PDF of the distribution Pr(E | x). The hazard function is thus
the instantaneous rate of event (e.g., "death") conditioned on surviving up to time t.

Like a probability density, a hazard is nonnegative but need not be bounded
above by one. One of the most commonly-used survival models, the CoxPH model [23],
is formulated in terms of the hazard function. If we know hE(· | x), then we can re-
cover SE(· | x) since

hE(t | x) = − d
dt

log SE(t | x) ⇔
∫ t

0
hE(u | x) du = − log SE(t | x)

⇔ SE(t | x) = exp
(
−
∫ t

0
hE(u | x) du

)
. (2.8)

Another commonly predicted target is the cumulative hazard function.

Definition 4 The cumulative hazard function [6]:

HE(t | x) :=
∫ t

0
hE(u | x) du. (2.9)

From Equation 2.8, we see that SE(t | x) = exp(−HE(t | x)), so if we know
HE(· | x), then we can recover SE(· | x). Meanwhile, Equation 2.9 implies that
hE(t | x) = d

dt HE(t | x), so if we know HE(· | x), then we can recover hE(· | x).
Some survival models, such as Random Survival Forests [58], directly estimate the
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cumulative hazard function. Note that while SE(· | x) and HE(· | x) are monotonic
functions, hE(· | x) need not be monotonic. Because we will often convert between
fE(· | x), FE(· | x), SE(· | x), hE(· | x), and HE(· | x) later in the thesis, we summarize
the relationship between these functions in Summary 1.

Summary 1 Assuming continuous time prediction targets, the following equations
show how the PDF fE(· | x), the CDF FE(· | x), the survival function SE(· | x),
the hazard function hE(· | x), and the cumulative hazard function HE(· | x) are
related [6]:

fE(t | x) =
d
dt

FE(t | x) =
d
dt
(
1− SE(t | x)

)
= hE(t | x)SE(t | x),

FE(t | x) =
∫ t

0
fE(u | x) du = 1− SE(t | x),

SE(t | x) = 1− FE(t | x) =
∫ ∞

t
fE(u | x) du = e−HE(t|x) = e−

∫ t
0 hE(u|x) du,

hE(t | x) =
dHE(t | x)

dt
= − d

dt
log SE(t | x) =

fE(t | x)

SE(t | x)
,

HE(t | x) = − log SE(t | x) =
∫ t

0
hE(u | x) du.

Any of these functions fully specifies the conditional survival time distribution for the
event of interest E.

2.2 Censoring Assumptions

We now elaborate on the censoring mechanism introduced in Section 2.1. Censoring
is a defining characteristic of survival analysis and means that the exact event time
is not observed for all instances. In a medical study as shown in Figure 2.2, some
patients may experience the event (1st and 2nd instance), but some may withdraw
from the study (3rd instance), experience a competing event (4th instance), which is
often treated as a form of censoring in standard survival analysis, or remain alive at
the end of the study (5th instance). For these patients, the exact event time is known
only to exceed their last contact or the end of the study. This is known as right-
censoring. Although datasets may also contain left- and interval-censored observa-
tions (6th–8th instances), right-censoring is the most common type in biomedical
research and our primary focus in this thesis.

Beyond the type of censoring present in the data, survival analysis methods rely
on assumptions about the relationship between the event time E and the censoring
time C. In the simplest case, censoring is assumed to be independent of the event
time, E ⊥⊥ C, implying that censored individuals are representative of the popu-
lation at risk. When covariates are included, this assumption is typically relaxed
to conditional independence, E ⊥⊥ C | X, meaning that any dependence between
E and C is explained by the observed covariates. Figure 2.3 illustrates these as-
sumptions using directed acyclic graphs (DAGs). In particular, dependent censor-
ing arises when an unobserved variable influences both processes, inducing depen-
dence that cannot be explained by the observed covariates. We now examine these
censoring assumptions in more detail.

Random censoring: Random censoring assumes that the censoring time does
not provide information about the event time [13, Ch. 1]. In a medical setting, this
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FIGURE 2.2: Illustration of different types of censoring in a
hypothetical survival dataset with 8 patients. Each timeline starts at
a shared time origin – the date of cancer diagnosis – and the outcome
of interest is cancer-specific death. Solid lines denote observed time
periods, while dashed lines indicate periods where the event time is
unknown. A solid tombstone marks an observed event, whereas a
translucent tombstone indicates a censored observation. For
right-censored instances (3rd–5th), the true event time exceeds the
observed time, meaning that we observe (ti, δi = 0). Left- and
interval-censored examples (6th–8th) illustrate settings where the
event is only known to occur before or within a time interval.
Competing events (e.g., death due to an accident) are here treated as
censoring, although they may be modeled separately in competing
risks frameworks. Figure taken with permission from [59].

R.V.

R.V.

Observed

Unobserved

(a) Random Censoring (b) Independent Censoring (c) Dependent Censoring

FIGURE 2.3: Comparison of three censoring assumptions illustrated
using directed acyclic graphs (DAGs). Solid nodes denote observed
variables, while dashed nodes indicate unobserved variables.
Arrows represent potential dependencies between variables. (a)
Random censoring: the censoring time C is unrelated to both the
event time E and the covariates X. (b) Independent censoring: both
E and C may depend on the observed covariates X, but are
conditionally independent given X. (c) Dependent censoring: an
unobserved variable U influences both E and C, inducing
dependence that cannot be explained by X. Figure taken with
permission from [59].

implies that the risk of event among censored individuals is the same as that of in-
dividuals who remain under observation in the risk set3. Formally, this corresponds

3The risk set at time t consists of all individuals who are still under observation and have not yet
experienced the event of interest just prior to time t. These individuals are considered at risk of expe-
riencing the event at time t, and thus contribute to the estimation of the hazard and related quantities.
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to the assumption that the censoring time is independent of both the event time and
the covariates, C ⊥⊥ (E, X).

Definition 5 Following the definition of Kleinbaum and Klein [13, Ch. 1], random
censoring occurs when

C ⊥⊥ (E, X), (2.10)

which implies that

Pr(E > t | C ≥ t) = Pr(E > t) for all t with Pr(C ≥ t) > 0, (2.11)

where E is the event time, C is the censoring time, and X are the observed covariates.
In the absence of covariates, this reduces to E ⊥⊥ C.

Independent censoring: Independent censoring assumes that the censoring time
does not provide information about the event time once the observed covariates are
taken into account [13, Ch. 1]. In other words, within groups defined by the covari-
ates, individuals censored at time t have the same risk of event as that of individuals
who remain under observation in the risk set. This assumption is therefore also re-
ferred to as conditional independent censoring, as any dependence between the event
and censoring processes is assumed to be explained by the observed covariates.

Definition 6 Following the definition of Kleinbaum and Klein [13, Ch. 1], indepen-
dent censoring occurs when

E ⊥⊥ C | X, (2.12)

which implies that

Pr(E > t | C ≥ t, X) = Pr(E > t | X) for all t with Pr(C ≥ t | X) > 0, (2.13)

where E is the event time, C is the censoring time, and X are the observed covariates.
That is, among subjects with the same covariates, those still under observation at time
t are representative of all subjects with respect to their event times. This is a less
restrictive assumption than random censoring.

Non-informative censoring: Non-informative censoring assumes that the cen-
soring mechanism does not provide information about the parameters governing the
survival distribution. In other words, the process determining when individuals are
censored does not influence inference about the distribution of the event times [13,
Ch. 1]. In practice, this assumption is often satisfied when censoring occurs inde-
pendently of the event process, although the precise meaning of "non-informative"
censoring varies somewhat across the survival analysis literature.

Definition 7 Non-informative censoring occurs when the distribution of the event
time provides no information about the distribution of the censoring time, and vice
versa [13, Ch. 1]. In a parametric setting, this means that Pr(E | X; θ) and Pr(C |
X; η) are governed by functionally independent parameters θ and η.

Dependent censoring: Dependent censoring arises when the censoring mech-
anism is related to the event process in a way that is not fully explained by the
observed covariates. In such cases, even within groups defined by the covariates,
individuals censored at time t are not representative of those who remain at risk at
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time t in terms of their survival experience. As a result, the observed covariates do
not fully account for the relationship between the event and censoring processes.

Definition 8 Following Emura and Chen [14, Sec. 1.2], dependent censoring occurs
when the dependence between the event time and the censoring time is not explained
by the observed covariates, i.e., the independent censoring assumption [14, Ch. 2] is
violated:

E ⊥̸⊥ C | X. (2.14)

In particular, dependent censoring is present whenever

Pr(E > t | C ≥ t, X) ̸= Pr(E > t | X) for some t with Pr(C ≥ t | X) > 0,
(2.15)

where E is the event time, C is the censoring time, and X are the observed covariates.

Many standard techniques in survival analysis, for example, the KM estimator,
and the semiparametric CoxPH model, give unbiased estimates under the assump-
tion of random or independent censoring [13, Ch. 1], respectively. When this as-
sumption is violated, as we saw with dependent censoring, these methods may give
biased estimates of the survival probabilities and the hazard ratios. This is because
the censored individuals are no longer representative of the full population at risk –
their hazard of experiencing the event may differ systematically from those who re-
main uncensored. Consequently, if a significant proportion of censored individuals
actually experienced the event (e.g., died) shortly after censoring, the estimated sur-
vival probability at time t will be biased upwards, thereby overestimating the true
survival probability. The magnitude of this bias depends on both how many such
events are unobserved and how soon after censoring they occur.

2.3 Likelihood-based Approaches

Now that we have presented the standard framework for survival analysis and de-
fined some common prediction targets, we look at the likelihood function commonly
used to derive many survival models. Recall that we defined survival time E and
censoring time C such that:

• E = ti and C > ti if δi = 1,

• E > ti and C = ti if δi = 0.

Combining these two events, the likelihood for the i-th instance is expressed as

Li = Pr(E = ti, C > ti | xi)
δi Pr(E > ti, C = ti | xi)

1−δi (2.16)

Under the independent censoring assumption (Definition 6), E ⊥⊥ C | X, so the
joint probabilities factorize and we have

Li = [Pr(E = ti | xi) Pr(C > ti | xi)]
δi [Pr(E > ti | xi) Pr(C = ti | xi)]

1−δi

= [ fE(ti | xi) SC(ti | xi)]
δi [SE(ti | xi) fC(ti | xi)]

1−δi

=
[

fE(ti | xi)
δi SE(ti | xi)

1−δi
] [

fC(ti | xi)
1−δi SC(ti | xi)

δi
]

, (2.17)

where SE(t | xi) = Pr(E > t | xi) as in Definition 2, fE(t | xi) = −dSE(t | xi)/dt,
and analogously SC(t | xi) = Pr(C > t | xi) and fC(t | xi) = −dSC(t | xi)/dt. If,
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in addition, censoring is non-informative (Definition 7), the second bracket does not
depend on the parameters θ of the event-time distribution. It is therefore a constant
factor with respect to θ and can be dropped when maximizing the likelihood over
all N instances, which gives

L ∝
N

∏
i=1

fE(ti | xi)
δi SE(ti | xi)

1−δi , (2.18)

where fE(ti | xi) is the PDF of the event time and SE(ti | xi) is the conditional
survival function of the event time. Note that the censoring terms fC(ti | xi) and
SC(ti | xi) are absent in (2.18). If the event is observed, the likelihood contribution is
the probability density of the event occurring at that time. If the observation is cen-
sored, the likelihood contribution is the probability of surviving beyond that time.
The overall likelihood is the product of these contributions across all instances.

Age

Tumor
grade

Dep.

Confounding
covariate

FIGURE 2.4: Residual dependence between event time E (cancer
relapse) and censoring time C (dropout) denoted by the diamond
"Dep", due to an unobserved confounding covariate – here tumor
grade. Figure taken with permission from [51].

However, when E and C are no longer independent, we can no longer rely on this
clean decomposition of the likelihood. Figure 2.4 shows how the independent cen-
soring assumption fails to hold by omitting a confounding covariate, for example,
tumor grade. In this example, since tumor grade relates to both the event of interest E
(for example, cancer relapse) and censoring C (for example, dropout), the variation
in this covariate induces changes in both E and C. That is, we want the model to pre-
dict the time until a patient experiences a cancer relapse, but dropout (which may
be related to disease progression) acts as a censoring mechanism. Because tumor
grade affects both relapse and dropout, advanced (resp., early) stages lead to shorter
(resp., longer) event and censoring times.

Instead, we can introduce a so-called copula, denoted C(u1, u2)4, to model de-
pendence between E and C. A copula links two or more random variables by spec-
ifying their dependence structure while preserving their marginal distributions [14,
Ch. 1]5.

Figure 2.5 shows samples from a Clayton copula applied to the marginal CDFs,
which exhibits lower-tail dependence – a tendency for early events (small values of E)

4Here, u1 and u2 represent marginal probabilities, typically u1 = SE(t | x) and u2 = SC(c | x), so
the copula operates on probabilities rather than the raw variables themselves.

5Intuitively, a copula separates what each variable does on its own (its marginal distribution) from
how variables move together (their dependence), and then recombines the two into a joint model.
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FIGURE 2.5: Scatter plots of (ei, ci), i = 1, . . . , 500, simulated from an
Archimedean Clayton copula [60] with parameter θ (reported via the
corresponding Kendall’s τ) and standard exponential marginals.
Samples are generated by drawing (u1i, u2i) ∼ Cθ and applying the
inverse exponential CDF. The structure is induced by the generator
φθ , where Cθ(u1, u2) = φ−1

θ

(
φθ(u1) + φθ(u2)

)
. Note that this

construction applies the copula to the marginal CDFs; under the
survival-copula convention of Lemma 1, the same dependence
pattern corresponds to the rotated (survival) Clayton copula. Figure
taken with permission from [51].

to occur alongside early censoring (small values of C). When the Clayton copula is
instead applied to the marginal survival functions, as in Lemma 1, the dependence
is concentrated at late times. The concept of a copula was first introduced by Abe
Sklar in his study of probabilistic metric spaces [61]. In this work, Sklar defined cop-
ulas and proved what is now known as Sklar’s theorem, which states that any joint
cumulative distribution can be expressed as a copula applied to its marginal distri-
butions. Among the various types of copulas, the Archimedean copula is widely
used, and allows modeling of dependencies in arbitrarily high dimensions using a
single parameter. An Archimedean copula is characterized by a convex generator
function φ : [0, 1] → [0, ∞], which is continuous, strictly decreasing, and satisfies
the boundary conditions φ(0) = ∞ and φ(1) = 0 [14, Ch. 3]. Given a generator, the
copula takes the form Cθ(u1, u2) = φ−1

θ

(
φθ(u1) + φθ(u2)

)
, where the parameter θ

controls the strength of dependence; the generator φ(u) = − log u recovers the in-
dependence copula C(u1, u2) = u1u2. Two common families in survival analysis are
the Clayton copula [60], with φθ(u) = (u−θ − 1)/θ and Kendall’s τ = θ/(θ + 2), and
the Frank copula [62], which models symmetric dependence without tail concentra-
tion [57]. Importantly, the dependence between E and C is not identifiable from
right-censored data alone, since only the smaller of the two times is observed for
each instance [63]; the copula family and its parameter must therefore be assumed
or estimated under additional assumptions. Based on Sklar’s theorem, we can mod-
ify Equation 2.17 to account for dependent censoring. To formalize this construction,
we introduce Lemma 1.
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Lemma 1 Let E and C denote the event time and censoring time, respectively,
with continuous marginal distributions, and suppose their joint survival function
SE,C(t, c | x) := Pr(E > t, C > c | x) can be expressed via a copula C(u1, u2) such
that

SE,C(t, c | x) = C
(
SE(t | x), SC(c | x)

)
, (2.19)

where SE(t | x) and SC(c | x) are the marginal survival functions. Then, the condi-
tional survival functions of each time given the other satisfy

Pr(C > c | E = t, x) = ∂1C
(
SE(t | x), SC(c | x)

)
, (2.20)

Pr(E > t | C = c, x) = ∂2C
(
SE(t | x), SC(c | x)

)
, (2.21)

where ∂jC(u1, u2) := ∂C(u1, u2)/∂uj denotes the partial derivative of the copula
with respect to its j-th argument.

Applying Lemma 1 to the general likelihood in Equation 2.16, i.e., factorizing
each joint probability into a marginal density and a conditional survival probabil-
ity rather than a product of marginals, and taking the sum of logs, we obtain the
likelihood under dependent censoring [64]:

logL(D) =
N

∑
i=1

{
δi log fE(ti | xi) + δi log ∂1C

(
SE(ti | xi), SC(ti | xi)

)

+ (1− δi) log fC(ti | xi) + (1− δi) log ∂2C
(
SE(ti | xi), SC(ti | xi)

)}
.

(2.22)

In Equation 2.22, the first term corresponds to the event log-likelihood, while the
second captures the conditional probability of surviving censoring beyond ti given
E = ti. The remaining terms describe the censoring contribution. For Archimedean
copulas, these derivatives admit closed-form expressions and can be optimized via
gradient-based methods.

Survival prediction models are often specified by parameterizing one of the func-
tions in Summary 1, e.g., the hazard hE(t | x; θ), where θ denotes the model parame-
ters. We now consider two common likelihood-based models.

Example 1 (Exponential survival model [6]). Let X = Rd and we define the
hazard function as

hE(t | x) := exp(β⊤x + ψ), (2.23)

with parameters θ = (β, ψ) ∈ Rd ×R. The hazard is constant in t. The cumulative
hazard and survival functions are defined as

HE(t | x) =
∫ t

0
hE(u | x) du = t exp(β⊤x + ψ), (2.24)

SE(t | x) = exp
(
− HE(t | x)

)
= exp

(
−t exp(β⊤x + ψ)

)
. (2.25)

Thus, SE(t | x) corresponds to an exponential distribution with rate parameter
λ(x) = exp(β⊤x + ψ), which determines the constant event rate over time.

Recall from Summary 1 that (1) fE(t | x) = hE(t | x)SE(t | x), and (2) SE(t | x) =

exp
(
−
∫ t

0 hE(u | x) du
)

. Using these identities, the likelihood in Equation 2.18 can



22 Chapter 2. Background

be rewritten as [6]:

L =
N

∏
i=1

fE(ti | xi)
δi SE(ti | xi)

1−δi ,

(1) =
N

∏
i=1

hE(ti | xi)
δi SE(ti | xi),

(2) =
N

∏
i=1

hE(ti | xi)
δi exp

(
−
∫ ti

0
hE(u | xi) du

)
. (2.26)

Next, we plug in hE(t | x) = hE(t | x; θ) to get the following likelihood function:

L(θ) =
N

∏
i=1

hE(ti | xi; θ)δi exp
(
−
∫ ti

0
hE(u | xi; θ) du

)
. (2.27)

We find θ by maximum likelihood estimation (MLE), typically by maximizing
the log-likelihood using gradient-based methods, i.e., θ̂ := arg maxθ logL(θ), which
gives the same solution as maximizingL(θ). The log-likelihood can be written as [6]:

logL(θ) = log
N

∏
i=1

[
hE(ti | xi; θ)δi exp

(
−
∫ ti

0
hE(u | xi; θ) du

)]
(2.28)

=
N

∑
i=1

[
δi log hE(ti | xi; θ)−

∫ ti

0
hE(u | xi; θ) du

]
. (2.29)

In practice, the loss is often defined as the negative log-likelihood (NLL), aver-
aged over the training data [6]:

LNLL(θ) = − 1
N

logL(θ) = − 1
N

N

∑
i=1

[
δi log hE(ti | xi; θ)−

∫ ti

0
hE(u | xi; θ) du

]
.

(2.30)

Continuing with Example 1, where X = Rd, θ = (β, ψ) ∈ Rd ×R, and hE(t |
x; θ) = exp(β⊤x + ψ), we plug this parametric form of hE(t | x; θ) into Equation 2.30
to get the negative log-likelihood function for an exponential survival model [6]:

LExp(β, ψ) = − 1
N

N

∑
i=1

[
δi(β⊤xi + ψ)−

∫ ti

0
exp(β⊤xi + ψ) du

]

= − 1
N

N

∑
i=1

[
δi(β⊤xi + ψ)− ti exp(β⊤xi + ψ)

]
. (2.31)

We then numerically minimize Equation 2.31 with respect to parameters β and ψ
using some optimization method (e.g., gradient descent) to obtain (β̂, ψ̂).
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Example 2 (Weibull survival model [6]). Suppose that X = Rd, and we set
hE(t | x) to be

hE(t | x; θ) := tϕ exp(β⊤x + ψ + ϕ) for t ≥ 0, x ∈ X . (2.32)

This is a generalization of the exponential model (from Example 1), which is a special
case where ϕ = 0. In this more general case, the collection of parameters is θ =
(β, ψ, ϕ) ∈ Rd ×R× (−1, ∞), and the survival function corresponds to a Weibull
distribution. To see this, we calculate the cumulative hazard and survival functions:

HE(t | x) =
∫ t

0
hE(u | x; θ) du

=
∫ t

0
uϕ exp(β⊤x + ψ + ϕ) du

= exp(β⊤x + ψ + ϕ)
tϕ+1

ϕ + 1
, (2.33)

SE(t | x) = exp(−HE(t | x))

= exp
(
− exp(β⊤x + ψ + ϕ)

tϕ+1

ϕ + 1

)
. (2.34)

Here, SE(t | x) corresponds to a Weibull distribution with shape parameter ϕ + 1 and
scale parameter

[
(ϕ + 1) exp

(
− (β⊤x + ψ + ϕ)

)]1/(ϕ+1).

In terms of learning the model parameters for the Weibull model in Example 2,
we can use a gradient-descent technique to minimize the loss from Equation 2.30,
which for the Weibull model becomes [6]:

LWeibull(β, ψ, ϕ) = − 1
N

N

∑
i=1

[
δi log hE(ti | xi; θ)−

∫ ti

0
hE(u | xi; θ) du

]

= − 1
N

N

∑
i=1

[
δi

(
ϕ log ti + β⊤xi + ψ + ϕ

)

− exp(β⊤xi + ψ + ϕ)
tϕ+1
i

ϕ + 1

]
. (2.35)

Similar to the exponential model, we obtain parameter estimates (β̂, ψ̂, ϕ̂) by
minimizing Equation 2.35 and plug the estimates into Equations 2.32, 2.33 and 2.34
to obtain the hazard, cumulative hazard and survival functions, respectively [6].

The exponential and Weibull models are special cases of the broader class of pro-
portional hazards models, of which the most popular is the semiparametric CoxPH
model [23] and its deep learning variant DeepSurv [28]. In general, proportional
hazards models assume that the hazard function factorizes as

hE(t | x) = h0
E(t; θ) exp

(
f (x; θ)

)
for t ≥ 0, x ∈ X , (2.36)

where we have two functions to learn: the so-called baseline hazard function h0
E(·; θ) :

[0, ∞) → [0, ∞) and the log-partial hazard function f (·; θ) : X → R, both of which
have parameter θ. The factorization implies that, regardless of what the covariate in-
stance x is, the hazard function hE(·|x) must be proportional to the baseline hazard
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h0
E(·; θ), which is why equation 2.36 is called the proportional hazards assumption.

The factorization is also why CoxPH is commonly referred to as a semiparametric
proportional hazards model.

The log-partial hazard function f (·; θ) maps each instance x ∈ X to a real-valued
risk score. Broadly speaking, a risk score quantifies an instance’s likelihood of ex-
periencing the event of interest. A higher value of f (x; θ) implies that the survival
time tends to be lower. Since all instances share the same time dependence cap-
tured by the baseline hazard h0

E(·; θ), under the proportional hazards assumption,
the only difference between instances x, x′ ∈ X is captured by comparing their log-
partial hazard values f (x; θ) and f (x′; θ). Thus, proportional hazards models can be
viewed as ranking instances via the scoring function f (·; θ).

The standard maximum likelihood estimator θ̂ is obtained by maximizing the
Cox partial log-likelihood:

logL(D | θ) = ∑
i:δi=1

log
exp( f (xi; θ))

∑j:tj≥ti
exp( f (xj; θ))

= ∑
i:δi=1


 f (xi; θ)− log ∑

j:tj≥ti

exp( f (xj; θ))


 . (2.37)

Examples 1 and 2 showed two proportional hazards models:

• In the exponential model, θ = (β, ψ) ∈ Rd × R, h0
E(t; θ) = exp(ψ), and

f (x; θ) = β⊤x.

• In the Weibull model, θ = (β, ψ, ϕ) ∈ Rd ×R× (−1, ∞), h0
E(t; θ) = tϕ exp(ψ +

ϕ), and f (x; θ) = β⊤x.

We call these models parametric proportional hazards models because we assume
parametric forms for both the baseline hazard h0

E(·; θ) and the log-partial hazard
f (·; θ). Earlier, we showed how to estimate θ via maximum likelihood and use the
fitted parameters to compute the hazard, cumulative hazard, and survival functions.

A major advantage of the CoxPH model – where f (x; β) = β⊤x with both β, x ∈
Rd – is interpretability when the input features are themselves interpretable (as is
typical for tabular data). In this setting, the coefficient vector β = (β1, . . . , βd)⊤

directly reflects feature importance: the j-th feature is weighted by β j. A standard
interpretive measure is the hazard ratio, defined as exp(β j). To see this, consider
x ∈ Rd and x̃ ∈ Rd identical except that x̃j = xj + 1. Then,

hE(t | x̃)

hE(t | x)
= exp(β j),

so increasing the j-th feature by one unit (holding others fixed) multiplies the hazard
by exp(β j). Thus, exp(β j) quantifies the multiplicative change in risk associated
with a one-unit increase in feature j.

2.4 Evaluation Metrics

The primary challenge in evaluating survival models is how to deal with censored
instances. We are often given a training instance xi with an observed time ti instead
of the actual event time ei, which may be censored. Consequently, even if our sur-
vival model generates an estimate êi for the true survival time ei, the actual time
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may be unknown (censored) and therefore cannot be directly compared. However,
there exist ways to make such a comparison (indirectly) for the instances that are
censored, and we will cover the common ones here.

Importantly, no single metric can be considered universally "best" on its own. In
fact, many survival metrics have not been rigorously validated for all possible sce-
narios and some are not even proper scoring rules, which means that a better model
does not always give a better evaluation result [65]. Therefore, we will review what
aspect of model performance each metric measures and highlight its limitations. Fig-
ure 2.6 presents a taxonomy for evaluating survival outcomes [59], illustrated with
four uncensored instances. These metrics can be grouped in two ways. First, by the
type of prediction, as (a, b, c) focus on point predictions êi of the time-to-event, (d,
e, f) evaluate the single-time survival probabilities ŜE(t∗ | xi), and (g, h, i) assess
the overall survival function for each individual ŜE(· | xi). Second, by the aspect of
evaluation, as (a, d, g) evaluate only discrimination performance, (b, e, h) evaluate
both discrimination and calibration performance (referred to absolute and squared
errors), and (c, f, i) evaluate only calibration performance. Next, we will take a closer
look at the three aspects of evaluations.

FIGURE 2.6: Taxonomy of evaluation metrics for survival analysis
with four uncensored instances. Figure taken with permission from
[59].
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2.4.1 Discrimination

Discrimination metrics assess how well a model ranks individuals according to their
risk of experiencing the event. This is particularly relevant when the goal is to prior-
itize high-risk individuals before the low-risk individuals – for example, ranking pa-
tients by severity to allocate scarce medical resources or schedule surgeries earlier for
those most in need [66]. The most widely used metric for evaluating discriminative
performance is Harrell’s C-index [36], which measures the proportion of concordant
pairs among all comparable pairs. A pair (i, j) is comparable if (1) individual i has an
observed event time ti that is strictly less than tj, and (2) i experiences the event (i.e.,
δi = 1). For the visually inclined, Figure 2.7 shows the concept of comparable/not
comparable pairs. A pair is concordant if the individual who experiences the event
first also has the higher predicted risk score. Figure 2.6 (a) provides an illustrative
example using two instances, A and B, and their predicted median survival times.
The order of their true event times (stars) and the order of predicted median times
(diamonds) are not aligned, indicating that this is a discordant pair. Similar to the
area under the receiver operating characteristic curve (AUC) in binary classification,
a C-index of 0.5 is considered low and can be obtained through "random guessing",
so ideally we want a C-index between 0.5 and 1.

Definition 9 Harrell’s concordance index is defined as [36]:

CHarrell( η̂(·); D ) =
∑i,j δi · 1[ti < tj] · 1[η̂i > η̂j]

∑i,j δi · 1[ti < tj]
, (2.38)

where η̂i := η̂(xi) denotes the predicted risk score for the i-th instance and δi is the
event indicator.

(uncensored, uncensored)

(uncensored, censored)

    (censored, uncensored)

    (censored, censored)

Comparable

Not comparable

Not comparable

Comparable

Case 1

Case 2

Case 3

Case 4

FIGURE 2.7: Comparable pairs under right-censoring, illustrated
with five instances (1-5). The blue connections in the left panel
indicate all comparable pairs. Solid circles indicate observed times:
green for events and yellow for censoring. For censored instances,
dashed transparent circles extend to the right, representing possible
(unobserved) event times beyond the censoring point. Case 1: Both
event times are observed exactly, so their ordering is clear and the
pair is comparable. Case 2: All possible event times for the censored
instance fall to the right, so the ordering is still known and the pair
remains comparable. Case 3: The censored instance could fail either
before or after the observed event, making the ordering ambiguous
and the pair not comparable. Case 4: Either instance could experience
the event first, so the pair is not comparable. Figure taken with
permission from [59].
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We note two key limitations to Harrell’s C-index in 2.38. First, to compute it, we
need to produce a risk score estimate for each instance. However, many survival
models do not explicitly learn such a function, as they may learn the individual sur-
vival distribution, ŜE(t∗ | xi), directly. A simple solution is to define the risk score as
the negative of the predicted median survival time (−êi) using Equations 2.4, 2.5 or 2.6
given the survival function. This allows for ranking the instances according to their
estimated median (or mean) survival times, but according to Harrell Jr et al. [36],
this substitution is only allowed when the predicted probabilities and times have a
one-to-one mapping (i.e., proportional hazard is satisfied). Though in many cases,
the survival curves for different instances can intersect, violating the proportional
hazard assumption. As a result, using predicted survival probabilities as risk scores
is often not suitable [6]. Second, even under the random censoring assumption, Har-
rell’s CI is biased because comparable pairs selected using the above criteria do not
represent all possible pairs based on their true event times [67]:

Pr(δi = 1, ti < tj) ̸= Pr(ei < ej).

To overcome this limitation, Uno et al. [67] proposed a modified concordance in-
dex that incorporates inverse probability of censoring weighting (IPCW). The idea
behind IPCW is to redistribute the weight of each censored instance to comparable
instances that remain under observation, so that the observed data stand in for in-
formation lost to censoring [68, 69]. This adjustment has been shown to correct for
the non-representative sampling induced by random censoring [70, 71].

Formally, the weight assigned to instance i at its observed time ti is given by:

wIPCW
i =

1
SC(ti)

, (2.39)

which is the reciprocal of the probability of not being censored at time ti, denoted
by SC(ti). Here, SC(t) represents the marginal survival function of the censoring
time, which is typically estimated using the KM estimator (Definition 1). To avoid
dividing by zero, we make the assumption that the probability of not being censored
is strictly positive (SC(t) > 0) within a prespecified horizon 0 ≤ t < τ. Figure 2.8
provides a step-by-step illustration of IPCW. In the lower panel, eight instances are
arranged chronologically (five events, three censored), each starting with an initial
weight of 1. Whenever an instance is censored, its weight is redistributed equally
across all later instances that are still at risk. In this example:

• Instance c2 is censored, so its weight of 1 is divided into six equal parts, with
each of the six subsequent instances receiving 1

6 .

• Instance c5 enters with a total weight of 1 + 1
6 (its own initial 1 plus the frac-

tion passed on from c2). This total is then split evenly among the three later
instances, giving each 1

3 (1 + 1
6 ).

• Instance c7 receives a cumulative weight of 1 + 1
6 + 1

3 (1 + 1
6 ) (its own, plus

contributions from c2 and c5), which is then fully transferred to the single re-
maining instance.

Repeating this redistribution through the sequence gives the final weights shown,
each equal to 1/ŜC(ti), i.e., the inverse of the KM estimate from the upper panel. By
up-weighting individuals who remain under observation, IPCW allows the analy-
sis to proceed as though censoring were absent, thereby mitigating bias in survival
estimates, prediction accuracy, and related measures.
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FIGURE 2.8: Example of inverse probability of censoring weighting
(IPCW) [68, 69]. Top panel: KM estimate of the censoring survival
function ŜC(t). Crosses denote observed events, and dashed vertical
lines indicate the right-continuous drops of the KM curve occurring
at censoring times. Bottom panel: the same timeline, with
observations (circles) ordered by occurrence. Each circle is vertically
aligned with its corresponding time in the upper panel. Arrows
illustrate how the weight from a censored observation is reallocated
to later ones, with arrow colors reflecting the magnitude of the
transferred weights. Figure taken with permission from [59].

Let us return to Uno’s C-index and define it formally. The method applies a
squared IPCW adjustment at the earlier event time of each comparable pair, which

is denoted
(

1
ŜC(ti)

)2
. Because follow-up is restricted to the study period, a truncated

form of Uno’s C-index is often used, considering only those pairs for which the ear-
lier event occurs before a specified horizon τ. In practice, τ is usually set near the
maximum observed follow-up but not too close to the tail – for instance, at the 90th
or 95th percentile of observed times – to avoid the instability introduced by heavy
censoring at late times.

Definition 10 Uno’s concordance index is defined as [67]:

CUno

(
η̂(·), ŜC(·); D, τ

)
=

∑i,j δi ·
{

ŜC(ti)
}−2
· 1[ti < tj, ti < τ] · 1

[
η̂i > η̂j

]

∑i,j δi ·
{

ŜC(ti)
}−2
· 1[ti < tj, ti < τ]

(2.40)
where η̂i := η̂(xi) denotes the predicted risk score for the i-th instance, δi is the
event indicator, τ is a user-chosen truncation time, and ŜC(t) is the KM estimate of
the survival function for the censoring distribution, i.e., the probability of remaining
uncensored beyond time t.

Although IPCW is effective and can make Uno’s C-index unbiased under the ran-
dom censoring assumption [67], its weights are often approximated using the KM
estimator. This estimation may be biased when the random censoring assumption
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does not hold. As pointed out in Section 1.4, one of the challenges in survival anal-
ysis is evaluating predictive models under so-called dependent censoring. In Chapter
5, we will explore ways to deal with this phenomenon.

2.4.2 Absolute and Squared Errors

A good survival model should be both discriminative and calibrated. A class of
evaluation metrics that measure both properties is based on absolute and squared
errors. These are all negative scoring rules, meaning lower values indicate better
performance. First, we will discuss mean absolute error (MAE) and mean squared
errors (MSE). Similar to regression, these aim to estimate a real-valued outcome –
the time to the event for each instance (e.g., days, weeks, months) given an instance’s
description. We can calculate the MAE/MSE simply by excluding all censored indi-
viduals from the evaluation [72]. For example, for uncensored individuals, the MAE
is computed as the average absolute difference between the true event time and the
predicted time (Figure 2.6 (b)):

Definition 11 The uncensored MAE is [59]:

MAEuncensored

(
{êi}N

i=1; D
)

=
∑N

i=1 1[δi = 1] · |ti − êi|
∑N

i=1 1[δi = 1]
, (2.41)

where êi can be derived using e.g., the mean or median survival time.

However, excluding all censored individuals may introduce a bias in our eval-
uation because the uncensored population is often not representative of the entire
cohort. To incorporate censored instances into our evaluation, we can handle cen-
soring similar to support vector censoring regression (SVCR) [73], which uses a one-
sided (Hinge) absolute error function. The MAE computed with this type of error
function is referred to MAE-hinge, formally MAEhinge(êi; ti, δi = 0) = max(ti− êi, 0).
The MAE-hinge has been widely used in various studies [27, 52, 74], but has notable
limitations: It underestimates the true error because it assigns a score of zero when
the censoring time is earlier than the predicted survival time and because it assigns
a score of ci − êi when the censoring time is later than the predicted time. As a re-
sult, in datasets with high censoring rates, poor models can achieve (unrealistic) low
MAE-hinge scores, leading to misleadingly and overoptimistic evaluations [75].

To more accurately estimate error under censoring, Haider et al. [27] and Qi et al.
[38] introduced two decensoring methods: MAE-margin and MAE-PO, respectively.
Both of these methods try to "decensor" a censored instance: MAE-margin computes
the expected survival time beyond the censoring time using a renormalized KM es-
timator, and MAE-PO uses so-called pseudo-observations [76], a jackknife estimator
that also incorporates the KM survival function. Both methods thus adjust for cen-
soring rather than simply ignoring the censored instances. Furthermore, they both
weigh the errors using a confidence score based on the estimated decensored times.
Notably, neither method guarantee strict consistency with the true MAE but they
significantly outperform other MAE variants in simulated experiments with random
and independent censoring [38].

Instead of evaluating the predicted time-to-event estimates, we can also evaluate
the predicted survival probabilities. The Brier score (BS) measures the accuracy of
the probabilistic predictions at a target time t∗ [37].
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Definition 12 The Brier Score is defined as [37]:

BS
(

ŜE(t∗ | ·); D
)

=
1
N

N

∑
i=1

(
1{ti > t∗} − ŜE(t∗ | xi)

)2
. (2.42)

In Figure 2.6 (e), the Brier score calculates the squared error between the pre-
dicted probability (y coordinate of the blue diamond, i.e., SE(t∗ | xA)) and the sur-
vival status of patient A at t∗ = 1.65 (here the survival status is 0 because patient
A already died at 1.5). To incorporate the censored instances, the Brier score typi-
cally uses IPCW to uniformly transfer a censored instance’s weight (originally 1) to
instances with known status at that time [77].

Definition 13 The Brier score with IPCW weights is defined as [77]:

BSIPCW

(
ŜE(t∗ | ·), ŜC(·); D

)
=

1
N

N

∑
i=1

[
δi 1{ti ≤ t∗} ŜE(t∗ | xi)

2

ŜC(ti)

+
1{ti > t∗}

(
1− ŜE(t∗ | xi)

)2

ŜC(t∗)

]
. (2.43)

where ŜC is the estimated survival function of the censoring distribution.

We see in Definition 12 and 13 that the Brier score depends on the choice of a
specific time point t∗, which is often chosen by rule of thumb. And that different
choices of t∗ will always lead to different Brier scores. In practice, we often want to
know an average performance over all prediction times, so we calculate the integral
of the Brier score, as proposed by Graf et al. [77]. This is defined as the expectation
of the Brier score over all observable time points.

Definition 14 The integrated Brier score (IBS) is [77]:

IBS
(

ŜE(· | ·);D, ŜC(·)
)

=
1

tmax
·
∫ tmax

0
BS
(

ŜE(τ | ·);D, ŜC(·)
)

dτ, (2.44)

where the BS inside the integral can either be the vanilla BS or the IPCW-based BS,
and tmax is usually the maximum event time in the training dataset.

Figure 2.6 (h) shows that the IBS measures the accuracy of the predicted proba-
bilities over t ∈ [0, 3] via the weighted squared error of the shaded regions (α + β) –
which is between the Heaviside function 1[t > ti] and the predicted ŜE(t | xi).

2.4.3 Calibration

Calibration metrics measure the agreement between the empirical probabilities/fre-
quencies and the expected probabilities/frequencies predicted by the model. In
other words, they measure how well the prediction fits a set of observations. Here,
we briefly motivate the concept of calibration, and then examine single-time calibra-
tion and distribution calibration methods.

Imagine that a meteorologist in Aarhus, Denmark, predicts a 50% chance of rain
each day from June 1st to 10th. On June 11th, we review the actual weather over
the past 10 days. Ideally, we would expect about 5 rainy days and 5 dry days. If we
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observe 4 days of rain and 6 dry days, the forecast could still be considered fairly
accurate. However, if all 10 days were either rainy or completely dry, we would
have reason to doubt the reliability of these predictions. To assess the trustworthi-
ness of the forecast, we may use a statistical test to compare observed and expected
frequencies. We can formalize this using a goodness-of-fit test, where the null hy-
pothesis is that the predictions are calibrated. If the p-value is less than 0.05, we
reject this hypothesis and conclude that the forecast is not reliable (not calibrated).
A high p-value indicates no evidence against calibration, but does not guarantee that
the model is well calibrated.

This example shows how calibration can be assessed by comparing predicted
probabilities with observed frequencies using a statistical test. This idea directly
motivates the concept of single-time calibration (1-calibration) [78]: considering the
same patient A and their predicted survival probability at t∗ = 1.65, ŜE(t∗ = 1.65 |
xA) = 0.63 (y coordinate of the blue diamond in Figure 2.6 (f)), this implies that for
100 identical patient As (in parallel universes), around 63 are expected to survive
beyond 1.65 days. While we can use statistical tests to assess whether empirical out-
comes align with predicted probabilities, we cannot observe multiple outcomes for
the same patient A in practice. Instead, we group patients with similar predicted
survival probabilities and compare their average observed outcomes to the average
of their predicted probabilities. To calculate 1-Cal at t∗ in practice, we first sort the
predicted probabilities at t∗ for all patients and put them into K groups, G1, . . . , GK,
as shown in Figure 2.6 (f) (using K = 2). Then, we check whether the average pre-
dicted probability and the observed survival probability in each group are statisti-
cally similar using the Hosmer-Lemeshow test [79]. Each group’s observed survival
probability at t∗ can be determined using the KM estimator which is trained using
the instances in the group [78]. This method remains asymptotically consistent un-
der the assumption of random censoring.

However, instead of single-time calibration, often we want to measure the cali-
bration of the entire survival curve over all times. Consider an oracle draws N re-
alizations of ei | xi from the true conditional survival function SE(t | xi) – call them
{e(1)

i , e(2)
i , . . . , e(N)

i } – then the survival probability at observed time {SE(e(n)
i | xi)}n

should be distributed across a standard uniform distribution U[0,1] based on the prob-
ability integral transform [80]. Figure 2.9 shows this concept for some instance i us-
ing the PDF, CDF and survival function. Here, we first draw a single observation for
the instance (the orange dot) from the true conditional survival function, then draw
a new observation (the purple dot), and so forth, until we have 40 such draws (the
gray dots). Ideally, the survival times should then be evenly distributed across the
percentile intervals on the y-axis. We have four such intervals (1 to 0.75, 0.75 to 0.5,
etc.), so there should be approximately 10 survival times per interval (40/4 = 10).

However, in practice, for each instance i, there is only one realization of ei | xi,
which means that we cannot check whether a model is calibrated in this way. To ad-
dress this, Haider et al. [27] proposed distribution calibration (D-calibration), which
holds when the predicted survival probabilities at event times across all instances
in the dataset, i.e., {ŜE(ei | xi)}N

i=1, follow a standard uniform distribution U[0,1]. A
model is then considered D-calibrated if the proportion of predicted survival prob-
abilities, {ŜE(ei | xi)}N

i=1, that fall within any percentile interval, [ρ1, ρ2], approxi-
mately matches the width of that interval, ρ2 − ρ1. To support censored instances,
Haider et al. [27] proposed to "blur" each censored instance uniformly to the subse-
quent probability intervals after its predicted survival probability at observed time
ŜE(ci | xi). Figure 2.6 (i) demonstrates such assessment using two percentile inter-
vals, [0, 0.5) and [0.5, 1], where each interval contains two predictions (diamonds),
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FIGURE 2.9: Illustration of distribution calibration, where an oracle
draws N samples from the true conditional survival function. Figure
taken with permission from [81].

indicating that the model is D-calibrated. The calibration level can be visualized
using a histogram, a percentile-percentile (P-P) plot or via a chi-squared test.

We emphasize that discrimination and calibration are distinct aspects of model
evaluation. In Figure 2.10, we present the predicted survival curves for four different
patients (A, B, C, and D) generated by three separate models:M1,M2, andM3. We
see thatM1 perfectly ranks the patients by their median predicted time (CI = 1), but
achieves poor calibration, as one of the probability intervals contains all the patients
(p-value = 0). In contrast,M2 fails to correctly rank patients as it gives the reverse
order of predicted event times (CI = 0), but its survival probabilities are perfectly
calibrated, as the predicted probabilities at event times are evenly distributed over
the probability intervals (p-value > 0.05). Finally, M3 is able to perfectly rank the
patients (CI = 1) and give calibrated survival curves (p-value > 0.05).

FIGURE 2.10: Predicted survival curves for four different patients
generated by three separate models and their true event times
(stars). In this example,M1 achieves perfect discrimination and poor
calibration,M2 achieves poor discrimination and perfect calibration,
andM3 achieves perfect discrimination and perfect calibration.
Figure taken with permission from [81].

Lastly, we want to briefly mention coverage calibration, as introduced by Qi et al.
[82]. Coverage calibration measures the agreement between the upper and lower
bounds of predicted so-called credible intervals (CrIs) and the observed probabil-
ity intervals. CrI is a concept from Bayesian learning, and is often described as the
Bayesian analogue to a confidence interval. We will examine this concept in detail
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in Section 2.6, however, they represent the range within which a parameter or out-
come lies with a given posterior probability. For example, a 90% CrI should cover
an individual’s likelihood of an event with a probability of 90%. In practice, we cal-
culate the observed coverage rates using CrIs with different percentages (ranging
from 10% to 90%) and then use a chi-squared test to evaluate the calibration of the
expected and observed coverage rates. To produce CrIs, we need a probabilistic sur-
vival model – that is, one that models the underlying uncertainty in its predictions.
We will introduce such model in Chapter 3.

2.5 Competing Risks and Multiple Events

Up to this point, our analysis has focused on a single event of interest. However,
this framework can be extended to accommodate multiple possible events, such as
death due to cancer or death due to cardiovascular disease. This extension includes
competing risks, where the occurrence of one event precludes the others (e.g., a pa-
tient can die from either cancer or cardiovascular disease, but not both), as well as
multiple events (multi-event) scenarios, where experiencing one event does not rule
out the occurrence of others. Examples of multi-event scenarios include various
medical emergencies in hospitalized patients, such as ARF, shock [83], and adverse
outcomes after a bone marrow transplantation, such as relapse or death [84]. In
competing risks, the goal is to model the probability and timing of the first event to
occur for each individual, while in multi-event scenarios, the objective is to predict
the sequence and timing of multiple events, from earliest to latest6.

As a practical example, consider a clinical trial spanning t ∈ [0, 100] days (see
Figure 2.11), where a patient i, characterized by features x(i), may experience four
side effects: nausea (A), fatigue (B), fever (C) or headache (D).

1

0

0.5

Ev
en

t P
ro

ba
bi

lit
y

20 40 60 80 100
Time [days]

0

Headache (D)

Nausea (A)
Fatigue (B)
Fever (C)

FIGURE 2.11: Outline of a multi-event survival prediction with four
events. Note that we refer to S(t) as the event probability instead of
the survival probability in this case, but this is for pedagogical
reasons, as the events we are predicting do not relate to mortality.
Figure taken with permission from [48].

6In our terminology, we refer to competing-risks problems as those in which only one event can be
observed per instance, and the event time is effectively a scalar: t(i). In contrast, multi-event problems
involve multiple events per instance, and the event time is represented as a vector: t(i). Cases involving
semi-competing risks – where one event precludes another but not vice versa – fall under our definition
of multi-event problems, as they require modeling multiple event times.
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As discussed, the goal of survival prediction is to estimate the probability that
each of these events occurs after a given time t – that is, the survival probability –
within a finite time window, such as from 0 to 100 days. This can be formulated as
a multi-event survival task, where a single model is trained to predict an individual
survival distribution for each event, denoted Ŝ(i). These distributions represent the
probability that each of the four side effects occurs after t days from the baseline.
Like in single-event survival modeling, we can extract useful prediction targets, such
as the median predicted event time from each distribution. We can frame a multi-
event problem using the multi-state framework proposed by Andersen and Keiding
[32]. Here, we first consider the simplest case of a single event of interest and then
extend the framework to competing risks and multiple events.

2.5.1 Single Event

Survival analysis typically models the time until a single event takes place [85, Ch.
11]. We can represent such problems using a two-state model (see Figure 2.12).

Alive Dead
0 1

FIGURE 2.12: A single-event model with a single transition. Figure
taken with permission from [48].

In the simplest case, there is one transient state (0, e.g., "alive") and one absorb-
ing state (1, e.g., "dead"). Once an instance enters the absorbing state, no further
transitions are possible. Recall that for a given instance, the observation can be rep-
resented by a random variable E, denoting the time from a chosen origin (t = 0)
to the occurrence of the event. The distribution of E can be described by the cu-
mulative distribution function FE(t) = Pr(E ≤ t) or, equivalently, by the survival
function SE(t) = 1− FE(t) = Pr(E > t). Here, SE(t) and FE(t) correspond to the
probabilities of being in state 0 or state 1, respectively, at time t. In continuous time,
E is often further characterized by the hazard rate function:

hE(t) = −d log SE(t)/dt = lim
∆t→0

Pr(t < E ≤ t + ∆t|E > t)
∆t

, (2.45)

where SE(t) is the survival function:

SE(t) = exp
(
−
∫ t

0
hE(u) du

)
. (2.46)

Here, hE(t) denotes the transition intensity from state 0 to 1, i.e., the instan-
taneous risk of moving from state 0 to state 1 at time t. This framework can be
generalized to multiple state transitions using marked point processes [32]. Let G(t),
t ∈ T with T = [0, tmax], denote a stochastic process with a finite state space P =
{0, . . . , P − 1} and right-continuous sample paths, G(t+) = G(t). The process has
an initial distribution πp(0) = [Pr(G(0) = p) | p ∈ P ]. A multi-state process G(·)
generates a history Gt, consisting of observations over [0, tmax] – for example, a pa-
tient may be healthy at study start (G0), become ill 10 days later (G10), and then the
study ends after 100 days (tmax = 100). Given this history, the transition probabilities
between two states are defined as

Prp→q(s, t) = Pr(G(t) = q | G(s) = p,Gs−), (2.47)
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for p, q ∈ P , s, t ∈ T with s ≤ t. The corresponding transition intensities, when they
exist, are given by

hp→q(t) = lim
∆t→0

Prp→q(t, t + ∆t)
∆t

. (2.48)

Some transitions may be impossible, i.e., hp→q(t) = 0 for all t and given p, q ∈ P . A
state p is absorbing if hp→q(t) = 0 for all t ∈ T and all q ̸= p; otherwise, p is transient.
The state probabilities πp(t) = Pr(G(t) = p) are

πp(t) = ∑
q∈P

πq(0) Prq→p(0, t), (2.49)

where both Prp→q(·, ·) and hp→q(·) depend on the probability measure Pr(·) and on
the process history, though our notation omits this information.

2.5.2 Competing Risks

In a competing-risks setting, multiple events (i.e., absorbing states) are possible, but
only one event (i.e., state transition) can occur for each instance (see Figure 2.13).

Alive
0

Dead cause 2

Dead cause 1
1

2

FIGURE 2.13: A competing-risks model for mortality from two
causes.

A competing-risks model consists of one transient state (state 0) and P − 1 ab-
sorbing states, each corresponding to the occurrence of event k for k ∈ {1, . . . , K},
with K = P− 1. If an instance is censored before experiencing any event, it remains
in the transient state and is therefore event-free. Let Tp denote the (latent) time of
transition to state p, let E := minp Tp denote the time of the first event, i.e., the time
of leaving state 0, and let J ∈ {1, . . . , P− 1} denote the type of that event. Using our
state notation, the transition intensities hp(t) for p ∈ {1, . . . , P − 1} correspond to
the cause-specific hazard functions:

hp(t) = lim
∆t→0

Pr(t ≤ E < t + ∆t, J = p | E ≥ t)
∆t

, (2.50)

i.e., the instantaneous rate of experiencing event p at time t, given that no event of
any type has occurred before t. In this model, all edges originate from state 0, the sole
transient state, i.e., hp→q(t) = 0 for all p ̸= 0 and all q. The probability of remaining
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in state 0 is given by the survival function

Pr0→0(0, t) = S0(t) = Pr(E > t) = exp

(
−
∫ t

0

P−1

∑
p=1

hp(u) du

)
, (2.51)

and the cumulative incidence function (CIF) for transitioning from state 0 to any
absorbing state p ̸= 0 is

Pr0→p(0, t) = Pr(E ≤ t, J = p) =
∫ t

0
S0(u−) hp(u) du, p = 1, . . . , P− 1. (2.52)

Concerning censoring in competing risks, we can see this as a form of depen-
dent censoring [14, Ch. 1], as one risk (e.g., event) dependently censors the other,
and these risks are assumed to have some prior relationship. However, competing
risks suffer from the so-called identifiability issue [63]: since events are mutually ex-
clusive, the occurrence of the first event censors the others, so the joint distribution
of the latent event times – and hence their dependence structure – cannot be iden-
tified from the observed data. Quantities defined in terms of the first event, such
as the cause-specific hazards and the CIF above, remain identifiable without any
assumption about this dependence. Given these challenges, multiple models have
been proposed for competing-risks scenarios that built on the traditional likelihood-
based approach we presented in Section 2.3 using, for example, the exponential (Ex-
ample 1), Weibull (Example 2) or some other probability distribution to model the
survival time. Here, we will give a brief description of these models, but refer to
the corresponding works for more detail. Also, as was the case in the CoxPH and
Weibull time-to-event models, these models assume that censoring is independent
of the (competing) events given the features (Definition 6). Note that this is dis-
tinct from assuming independence between the competing events themselves, which
models such as DeepHit do not require, since they model the observable time and
type of the first event directly.

Lee et al. [86] proposed DeepHit, a discrete-time7 model for competing risks,
where the occurrence of one event precludes the occurrence of others. It assumes
∑tmax

t=1 ∑K
k=1 pk[t] = 1, where tmax ∈ N+ is the number of discrete time bins (the max-

imum discretized time index) in the prediction horizon, and K ∈ N+ is the number
of competing event types (causes). DeepHit employs a shared covariate layer across
all events and cause-specific subnetworks for each competing event. The model
outputs a probability distribution over each discrete time bin and each competing
event via a softmax layer, enabling direct estimation of the joint distribution of sur-
vival times and events without assumptions about the underlying stochastic pro-
cess. While it shares parameters across events through the common representation,
the predicted probabilities sum to one over all time bins and events, so the model
assumes every instance experiences some event within the prediction horizon and
does not explicitly model individuals who remain event-free by tmax.

Kim et al. [87] proposed MTLR-CR, an extension of the discrete Multi-Task Logis-
tic Regression (MTLR) framework [88] tailored for competing-risks scenarios. MTLR
is a discrete-time survival model that predicts the survival distribution through a se-
quence of dependent logistic regressors. By discretizing the time interval from t = 0
to tmax into B bins, MTLR trains B regressors to estimate the event probability at each

7In discrete-time survival analysis, follow-up time is divided into a finite set of intervals or time
points, so the model predicts the probability of an event occurring in each interval rather than model-
ing event time as a continuous variable.
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time bin tB. In competing risks, MTLR-CR learns a sequences of logistic regressors
for both the number of discrete bins B and the number of events K.

Nagpal et al. [89] introduced Deep Survival Machines (DSM), a parametric sur-
vival model that utilizes a mixture of predefined primitive distributions, such as
mixtures of Weibull distributions. DSM first learns a shared feature representation
across all competing risks, then estimates a distribution for each event via cause-
specific maximum likelihood, treating other events as censored. However, beyond
the shared representation, each cause-specific distribution is parameterized sepa-
rately, so the model does not jointly model the events or share information between
them beyond the common features.

0 B

A AB

FIGURE 2.14: A multi-event model describing the joint behavior of A
and B.

2.5.3 Multiple Events

In settings with multiple events, each instance i may experience multiple transi-
tions, which we call events, and these are not necessarily mutually exclusive (see
Figure 2.14). Such a model can, for instance, describe the joint behavior of two events
A and B. If h0B = hA,AB but h0A ̸= hB,AB, then A is said to be locally dependent on B,
whereas B is not locally dependent on A. The temporal ordering of events allows for
an asymmetric notion of dependence, offering more information for causal inference
than the symmetric association measures typically used in cross-sectional studies.

Multi-event analysis goes back as early as 1951, when Fix and Neyman [35] in-
troduced the illness-death model, which has been used in multiple works since [90].
Unlike competing-risks, multi-event analysis does not necessarily suffer from the
identifiability issue [63], as the events are not necessarily mutually exclusive. How-
ever, predicting the outcome of several (possibly related) events instead of just one
poses another challenge: when events are in fact related, naive survival models that
ignore the dependency structure between them can yield biased estimates. This may
result in over- or underestimating event risks, misinterpreting temporal ordering,
and reducing predictive performance, particularly when events share common risk
factors or when the occurrence of one event modifies the hazard of others. Lar-
son [91] adopted the popular CoxPH model [23] for multi-event survival analy-
sis by modeling each event separately – an idea that has gained popularity since
then [33, 34], but which fails to capture any dependencies between the events. As
we are focused mainly on deep learning methods for survival analysis, existing ap-
proaches for multi-event survival analysis have generally been limited.
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Most notably, Tjandra et al. [83] proposed a hierarchical multi-event model that
learns the probability of event occurrence at different temporal resolutions. In prac-
tice, the model uses coarser predictions (e.g., on a monthly basis) to iteratively guide
predictions at finer resolutions (e.g., weekly or daily). Given some complex pre-
diction task over a long time horizon, the model decomposes this task into a se-
quence of simpler tasks that serve as intermediate guides. Thus, the hierarchi-
cal framework progressively predicts survival across multiple time granularities,
starting with broader intervals (e.g., months) and refining down to finer ones (e.g.,
weeks). Formally, their model is a multi-task network that takes x as input and
outputs P̂, a set of probability distributions for each k event. Event-specific sub-
networks, ϕk, estimate the probability distribution p̂k hierarchically. At granularity
m, the probability distribution p̂km is constructed from ψkm(Φ(x)) and the previous
granularity level p̂k,m−1, ensuring that predictions at finer time scales are guided
by coarser ones. There are two primary limitations to this approach. First, the hi-
erarchical component scales poorly with larger time durations and has a significant
parametric overhead. Second, the method is optimized solely for discriminative loss,
which is only one facet of model performance in survival analysis (see the taxonomy
in 2.6). As shown by Qi et al. [38], strong ranking performance does not necessarily
translate into accurate time-to-event predictions, and vice versa. High discrimina-
tive ability (e.g., a high concordance index) indicates that the model is good at order-
ing instances by relative risk, but it does not guarantee that the predicted survival
times or event probabilities are calibrated or even accurate at all.

Before ending our introduction of multi-event models, we should also discuss
how to evaluate such models. For single-event problems, as described in Section
2.4, we can evaluate the model’s discrimination performance with regards to a single
event using, for example, Harrell’s concordance index [36]. However, in competing-
risks and multi-event scenarios, now that we have multiple events of interest, our
scope of evaluation also expands: we want to measure whether our model can (1)
predict an accurate ordering of instances within an event, and (2) predict an accurate
ordering of events within an instance. For this task, respectively, we can formulate a
global C-index as the average of the C-indices (e.g., Harrell’s) across events, and the
local C-index, as the average of the C-indices across individuals. Figure 2.15 shows
an example of this with respect to the survival curve. Visually, global consistency
is satisfied between instances if the instance-specific curves align with the observed
events. Local consistency is satisfied within an instance if the event-specific curves
align with the observed events.

Definition 15 The global C-index is defined as [48, 83]:

CGlobal(η̂(·); D) =
∑k∈K ∑i,j∈Dk

1[t(i) < t(j)] · 1[η̂(i) > η̂(j)] · δ(i)

∑k∈K ∑i,j∈Dk
1[t(i) < t(j)] · δ(i)

, (2.53)

where η̂(i) := η̂(x(i)) denotes the predicted risk score for the i-th instance, K is the set
of all K distinct events with k corresponding to the k-th event, and 1[·] is the indicator
function.
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Definition 16 The local C-index is defined as [48, 83]:

CLocal(η̂k1(·), η̂k2(·); D) =
∑i∈N ∑k1,k2∈K(i) 1[tk1 < tk2 ] · 1[η̂k1 > η̂k2 ] · δk1

∑i∈N ∑k1,k2∈K(i) 1[tk1 < tk2 ] · δk1

,

(2.54)

where η̂k1
:= η̂k1(x(i)) denotes the predicted risk score for event k1 of instance i,

η̂k2
:= η̂k2(x(i)) is the predicted risk score for event k2 of the same instance, K(i) is

the set of all K distinct events, and 1[·] is the indicator function.
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FIGURE 2.15: Global and local consistency. Red/blue lines represent
survival functions S1(t) and S2(t) for event 1 and 2, respectively.
Solid/dashed lines represent individuals i = 1, 2, respectively.
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Figure taken with permission from [48].

2.6 Uncertainty Estimation

So far we have looked at models that rely on traditional maximum likelihood es-
timation (MLE) to estimate θ – that is, we find a single point estimate θ̂ that max-
imizes the likelihood of the observed data. After training the model, we compute
yi = fθ̂(xi), which is a prediction (for example, a risk score or survival probabil-
ity) for an instance i given its description. However, standard deep learning training
yields point estimates of the network weights without any measure of parameter un-
certainty. Consequently, even when the model outputs a full survival distribution, it
does not express how confident the model is in that prediction.

Consider an example of predicting relapse in cancer patients: Given a set of in-
stances describing cancer patients, we train a (hypothetical) model to predict their
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risk of relapse after surgery. When a medical doctor queries our model with the de-
scription of an early-stage patient, the model should return a prediction with rather
high confidence. But what happens if the model has only been trained on late-stage
cancer patients who underwent surgery, rather than on early-stage patients? Late-
stage patients may differ from early-stage ones – for instance, in their biomarker
profiles – and although the model has learned to recognize patterns in late-stage
patients, it has never encountered an early-stage patient before. The patient would
therefore fall outside of the data distribution in which the model was trained. This is
an example of out-of-distribution test data. In such cases, ideally, we want the model
to return a prediction (attempting to extrapolate far away from the observed data),
but return an answer with the extra information that this instance lies outside of the
data distribution. That is, the model should tell us the underlying uncertainty with
respect to its prediction. Apart from out-of-distribution cases, several other factors
can also contribute to uncertainty:

• Noisy data (the observed labels might be noisy, for example, as a result of
measurement imprecision, leading to aleatoric uncertainty).

• Uncertainty in model parameters that best explain the observed data (many
possible models might be able to explain a given dataset, in which case we
might be uncertain which model parameters to choose for prediction).

• Uncertainty in the model architecture (some architectures may extrapolate or
interpolate better than other architectures).

The latter two uncertainties can be grouped under model uncertainty (also referred
to as epistemic uncertainty). The aleatoric uncertainty and epistemic uncertainty can
then be used to induce predictive uncertainty, which represents the confidence that
we have in a prediction. The healthcare domain and medical diagnosis are partic-
ularly important areas for uncertainty estimation due to the severe harm caused by
predictive models that make confident but wrong predictions, e.g., when our early-
stage cancer patient receives a poor (unfair) prognosis because the model has only
seen patients with late-stage cancers. As a general requirement, we want a model’s
predictive uncertainty to be aligned with the accuracy of its predictions, so that pre-
dictive uncertainty can be a fail-safe against incorrect predictions. If a given instance
might result in an incorrect prediction because it is meaningfully different from the
data in the training set, the model should express a high level of predictive uncer-
tainty and flag the instance for further review by a medical expert.

Figure 2.16 shows a possible diagnosis pipeline where our (hypothetical) model
explicitly reasons about its uncertainty. In this prediction task, we evaluate the
model’s predictive performance across different expert referral rates. For a given
referral rate τ ∈ [0, 1], the model uses its predictive uncertainty to select the τ frac-
tion of instances in the evaluation set whose predictions are most uncertain. We then
refer these instances to a domain expert (e.g., a medical professional) for further re-
view, while assessing the model’s predictions on the remaining (1− τ) fraction of
instances. By repeating this process over all referral rates and evaluating the model’s
performance on the retained instances, we estimate its reliability in a safety-critical
downstream task, where we leverage predictive uncertainty alongside human ex-
pertise to reduce harmful predictions.

Next, we present two frameworks for uncertainty estimation: the Bayesian frame-
work, which quantifies uncertainty from the model, parameters, and consequently
the predictions; and conformal prediction, which provides calibrated prediction sets
with guaranteed coverage levels.
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FIGURE 2.16: Automated diagnosis pipeline: For a given input, a
model provides a prediction and a corresponding uncertainty
estimate; if the uncertainty estimate is below a certain reference
threshold τ (indicating a low degree of uncertainty) the diagnosis is
processed without further review; otherwise, it is referred to a
medical expert. Figure recreated from [92].

2.6.1 Bayesian Learning

Practitioners widely use a Bayesian approach to fit probabilistic model parameters
and estimate their uncertainty [43]. This approach incorporates the epistemic un-
certainty, which describes the uncertainty in model parameters. We will introduce
Bayesian learning from a machine learning perspective, that is, the framework need
not depend on a specific task. Later, we will show how it can be applied to survival
analysis. One of the most famous formulae of Bayesian statistics is called Bayes’
theorem.

Definition 17 Bayes’ theorem says that [43]:

Pr(θ | D) =
Pr(D | θ)Pr(θ)

Pr(D)
(2.55)

where Pr(θ | D) is the posterior, i.e., the probability of a certain value of a parameter
θ given the data D, Pr(D | θ) is the likelihood, also called the inverse, Pr(θ) is the
prior and Pr(D) is the marginal likelihood or evidence.

Note that in Bayesian learning, the parameter θ is not treated as a fixed value as in
earlier sections; instead, it is associated with uncertainty described by a probability
distribution. This distribution captures the likelihood of various possible values of
θ, with the assigned probability representing the confidence in each value. Given a
dataset D = {(xi, yi)}N

i=1, Bayes’ theorem allows us to update our beliefs and obtain
the posterior distribution of the model parameter θ:
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Pr(θ | D) =
Pr(D | θ)Pr(θ)

Pr(D)
=

∏N
i=1 Pr(yi | xi, θ) Pr(θ)

Pr(D)
(2.56)

In non-Bayesian model fitting, we would instead use the training data D to find
a single point estimate θMLE and predict with it:

Pr(y | xtest,D) ≈ Pr(y | xtest, θMLE) (2.57)

But with the Bayesian approach, we now get a whole distribution. Once we have
learned the posterior distribution of θ, we can determine the predictive distribution:

Pr(y | xtest,D) =
∫

Pr(y | xtest, θ)Pr(θ | D) dθ (2.58)

Let us compare these two approaches. In Equation 2.57, we picked a distribution
for the conditional probability distribution (CPD) with parameter θ and then used
the data to determine θMLE. Given θMLE, all possible outcomes y follow the CPD
Pr(y | xtest, θMLE), so we can forget about the data after we compute θMLE. With
the Bayesian approach, however, we do not work with a CPD that corresponds to
a single (optimized) parameter value, but with many CPDs with weight Pr(θi|D),
where θi is a sample from the posterior distribution over model parameters given the
dataD. Instead of making predictions based on a single model, we marginalize over
the entire posterior distribution by integrating Equation 2.58. This is also referred
to as marginalizing the likelihood over θ. If the model is simple, such as Bayesian
linear regression, marginalization can be done analytically, but with more complex
models, it becomes intractable. In such cases, an approximation is needed.

A popular choice for approximating the true posterior Pr(θ|D) is by finding an
approximate variational distribution qλ(θ), parametrized by λ, whose structure is
easy to evaluate. This is known as variational inference (VI). VI seeks to find the
variational parameter λ so that qλ(θ) gets as close as possible to the true poste-
rior Pr(θ|D). This is done by minimizing the so-called Kullback–Leibler (KL) di-
vergence [93] with respect to λ, which intuitively measures the similarity between
two distributions:

KL(qλ(θ) ∥ Pr(θ | D)) =
∫

qλ(θ) log
qλ(θ)

Pr(θ | D)
dθ. (2.59)

However, minimizing KL(qλ(θ) ∥ Pr(θ|D)) requires knowledge of the posterior
Pr(θ|D), which is typically intractable because it requires integrating over all pos-
sible parameter values Pr(θ), which can be high-dimensional and complex. Still,
we can find the optimal approximation by maximizing the so-called evidence lower
bound (ELBO) with respect to the variational parameters defining qλ(θ):

LVI(λ) :=
∫

qλ(θ) log Pr(D, θ)dθ

−KL(qλ(θ) ∥ Pr(θ)) ≤ log Pr(D) = log evidence. (2.60)

This approach is computationally simpler because it relies on Pr(θ,D) rather
than the conditional distribution Pr(θ | D). Here, LVI(λ) is a lower bound of
log Pr(D) (i.e., the log-evidence) because KL(qλ(θ) ∥ Pr(θ | D)) ≥ 0. Maximizing
the first term in Equation 2.60 (referred to as the expected log-likelihood) encourages
qλ(θ) to explain the data well, while minimizing the second term (referred to as the
prior KL) encourages qλ(θ) to be as close as possible to the prior. Let q∗λ(θ) denote
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FIGURE 2.17: A BNN with three hidden layers. For a d-dimensional
sample xi, the two output nodes provide the mean and variance of a
Gaussian over the risk score, f (xi; θ) ∼ N (µxi , σ2

xi
). Figure taken

with permission from [46]. ©2025 IEEE.

the minimum of the optimization objective (often a local minimum), then minimiz-
ing the KL divergence (or equivalently maximizing the ELBO LVI(λ)) allows us to
approximate the predictive distribution as:

Pr(y | xtest,D) ≈
∫

Pr(y | xtest, θ)q∗λ(θ)dθ =: q∗λ(y | xtest). (2.61)

VI replaces the Bayesian modeling marginalization with optimization, i.e., we
replace the calculation of integrals with that of derivatives. But compared to the
maximum likelihood approach often used in deep learning, in this setting, we op-
timize over distributions instead of point estimates. This gives us many of the ad-
vantages of Bayesian learning and results in probabilistic models that capture model
uncertainty. Bayesian learning and modern neural networks have merged into what
is called Bayesian Neural Networks (BNNs, or Bayesian NNs), which offer a prob-
abilistic interpretation of deep learning models by inferring distributions over the
models’ weights. BNNs place a prior distribution over a neural network’s weights,
which induces a distribution over a parametric set of functions. Figure 2.17 is an
illustration of a BNN, where sampling from the weight posteriors captures the epis-
temic uncertainty in the model, and sampling the output from a Gaussian captures
the aleatoric uncertainty.

Letting θ = (W , b) denote the weight matrices and bias vectors, we often place
standard matrix Gaussian prior distributions over the weight matrices Pr(Wi) =
N (0, I) for layer i, where I represents the identity matrix, and often assume a point
estimate for the bias vectors for simplicity. Given D = {(xi, yi)}N

i=1, then variational
inference in neural networks seeks to find an approximation qλ(θ) to the posterior
distribution over the parameters by maximizing Equation 2.60. Typically, we use the
mean-field approximation, a common form of variational Bayes, where we assume
that the unknown variables can be partitioned such that each partition is indepen-
dent of the others: If p = pΘ and q = qΘ are distributions over parameters, and
q ∈ Q is the family of mean-field (i.e., distributions that factorizes according to the
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equation q(θ) = ∏ qi(θi)) Gaussian distributions, and the prior distribution over pa-
rameters pθ is also a diagonal Gaussian, the resulting variational objective can be
solved using stochastic VI and optimized using stochastic gradient methods [30, 94].

However, VI incurs a computational cost because it doubles the number of model
parameters needed to capture uncertainty. Monte-Carlo Dropout (MCD) offers an
alternative approach by approximating the posterior solution of VI while reducing
the computational overhead. Gal and Ghahramani [26] formally established the con-
nection between MCD and Bayesian Neural Networks (BNNs). In the following, we
focus on the key advance relevant to the noncategorical case for the outcomes y.
Consider a deep Gaussian Process (GP) with a covariance function defined as:

K(x, y) =
∫

Pr(w)Pr(b)σ
(
w′x + b

)
σ
(
w′y + b

)
dwdb, (2.62)

where Wi is the weight matrix of dimension Ki × Ki−1 for each layer i = 1, . . . , L,
and bi is the corresponding bias vector. We denote ω = {Wi}L

i=1, where each row of
Wi is distributed according to a standard multivariate normal distribution Pr(w) =
N (w; 0, l−2I). Let σ(·) be a general nonlinear activation function and Pr(b) some
distribution on the elements of bi, and given some precision parameter τ > 0, the
predictive distribution of the deep Gaussian process is

Pr(y|x) =
∫

Pr(y|x, ω)Pr(ω|D)dω, (2.63)

with

Pr(y|x, ω) = N
(

y; ŷ(x, ω), τ−1I
)

. (2.64)

For the intractable posterior Pr(ω|D), we adopt a variational approximation q(ω)
defined as:

Wi = M · diag
([

zi,j
]Ki

j=1

)
, (2.65)

zi,j ∼ Bernoulli(pi), i = 1, . . . , L, j = 1, . . . , Ki−1, (2.66)

where Mi represent the variational parameters and pi denote specified probabilities.
Gal and Ghahramani [26] demonstrate that minimizing the KL divergence between
the variational posterior q(ω) and the true posterior of the deep GP corresponds to
optimizing the following objective function using dropout:

LMCD =
1
N

N

∑
i=1

E(yi, ŷi) + λ
L

∑
i=1

(
||Wi||22 + ||bi||22

)
. (2.67)

LMCD is a standard non-probabilistic loss function that includes L2 regularization
controlled by the tuning parameter λ, along with the squared Euclidean loss E(·, ·).
Dropout involves sampling a Bernoulli random variable with probability pi for each
input and each unit in every layer; a unit is dropped if the sampled variable equals
zero. The dropout rate, defined as 1− pi, represents the probability of dropping a
unit. Applying dropout at every layer of a deep neural network (DNN) is equiva-
lent to performing a Monte Carlo approximation of a probabilistic deep GP. In other
words, dropout training minimizes the KL divergence between the variational pos-
terior distribution and the true posterior of the deep GP, which models the uncer-
tainty over the space of data-generating distributions. The predictive distribution
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can then be approximated straightforwardly as follows:

Pr(y⋆|x⋆) ≈
∫

Pr(y⋆|x⋆, ω) q(ω) dω, (2.68)

q(ω) = Bernoulli(z1) . . . Bernoulli(zL), (2.69)

Pr(y⋆|x⋆, ω) = N
(

y⋆; ŷ⋆(x⋆, z1, . . . , zL), τ−1I
)

, (2.70)

and, e.g., its mean through MC sampling:

EPr(y⋆|x⋆) ≈
1
S

S

∑
s=1

ŷ⋆(x⋆, ẑ1,s, . . . , ẑL,s), (2.71)

ẑi,s ∼ Bernoulli(pi). (2.72)

Now, say we have trained a BNN by replacing the deterministic weights θ in
a typical neural network by a probability distribution Pr(θ), finding an (approxi-
mate) posterior distribution qλ(θ) using e.g., VI or MCD, and obtaining the posterior
predictive distribution. In survival analysis, the prediction for patient i is an entire
survival function ŜE(· | xi), i.e., the ISD, so the posterior predictive is a distribution
over survival curves. How do we communicate the uncertainty in this estimate? We
can draw samples θ(s) ∼ qλ(θ), each of which yields a survival curve Ŝ(s)

E (· | xi). The
pointwise mean of these curves gives the expected survival probability over time,
and their spread quantifies the uncertainty (Figure 2.18, left). Summarizing each
sampled curve by its median gives a distribution over the predicted survival time êi
(Figure 2.18, right).

To quantify the expected uncertainty, the Bayesian framework offers a tool called
credible intervals (CrIs) [43, Ch. 4]. A credible interval consists of two values, called
the lower and upper bounds, which enclose a certain percentage of the predictive
distribution. The main difference between CrIs and their frequentist counterpart,
confidence intervals (CI), is that credible intervals treat the parameter of interest as a
random variable and the bounds as fixed values, while confidence intervals treat the
parameter of interest as a fixed value and the bounds as random variables [43, Ch. 4].
If we, for example, compute a 95% probability bound, the Bayesian 95% CrI means
there is a 95% probability that the value of the parameter (random variable) will fall
within the interval given the observed data, while the frequentist 95% CI means if
we take multiple samples of the input data, the computed interval will contain the
true parameter (fixed value) in 95% of those repeated experiments. In this survival
analysis, the CrIs can be simply interpreted as the bound containing a particular
percentage of probable values, for instance, the 95% simultaneous CrIs for the ISD
prediction are simply the central portions of the estimated posterior distribution that
contains 95% of the curves [82].

Algorithm 1 gives a brief pseudocode example of how we can sample model
weights, draw from the posterior distribution and estimate the mean, standard devi-
ation and thus credible intervals of our predictions. Figure 2.18 shows the computed
ISD and its CrIs for an individual i and also a histogram of the approximated under-
lying density of the predicted survival time using the median survival time. Here,
the width of the credible interval/density function tell us the variance/uncertainty
in the prediction – e.g., a wide credible interval indicates high uncertainty.

While Bayesian learning provides distributions over model parameters and pre-
dictions to represent uncertainty, conformal prediction are concerned with providing
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Algorithm 1 Estimating the uncertainty in ŷi by random sampling.

Input: Trained BNN with posterior qλ(θ), test input xi, number of samples S
Output: Mean prediction ȳ, standard deviation σ, and 95% credible interval CI95

1: for s = 1 to S do
2: Sample model parameters: θ(s) ∼ qλ(θ)

3: Sample survival prediction: ŷ(s)
i ∼ Pr(ŷi | xi, θ(s))

4: end for
5: Compute mean prediction: ȳi = 1

S ∑S
s=1 ŷ(s)

i

6: Compute standard deviation: σi =
√

1
S ∑S

s=1(ŷ(s)
i − ȳi)2

7: Compute 95% credible interval: CrI95 = [ŷ2.5%, ŷ97.5%]
8: return ȳi, σi, CrI95
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FIGURE 2.18: Individual survival distribution (ISD) for individual i.
In the figure, yi denotes the observed survival time (vertical green
line), i.e., ti in our notation, and ŷi denotes the median predicted
survival time (vertical blue line), i.e., êi. Left: mean individual
survival function and its corresponding 90% CrI. Right: histogram
(as an approximation of the underlying density) of the predicted
median survival time. Figure taken with permission from Lillelund
et al. [46]. ©2025 IEEE.

prediction intervals or sets that are calibrated to a desired confidence level. Confor-
mal prediction is thus an alternative, nonparametric method of quantifying uncer-
tainty. It is based on the idea of validating predictions using previously observed
data, rather than relying on explicit assumptions about the underlying data distri-
bution or model parameters. In the next section, we will give a brief introduction to
this framework.

2.6.2 Conformal Prediction

Conformal prediction offers a different route to uncertainty quantification: rather
than placing a distribution over model parameters, it post-processes the outputs
of an already trained model so that its predictions come with a coverage guaran-
tee [95, 96]. Instead of a single predicted label or value, the model returns a set of
plausible outcomes – a set of classes in classification, or an interval in regression
– constructed so that it contains the true outcome with a user-specified probability
1− α, where α ∈ (0, 1) is the tolerated error rate (e.g., α = 0.05 for 95% coverage).
This is attractive in clinical decision-making, where knowing which outcomes re-
main plausible for a patient is often more useful than a single point prediction. The
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size of the set directly reflects the model’s uncertainty: a small set indicates a confi-
dent prediction, whereas a large set signals that several outcomes remain plausible.
Two properties distinguish conformal prediction from the Bayesian approach above.
First, the guarantee requires no assumptions about the underlying data distribution
or the model, only that the calibration and test data are exchangeable. Second, it
holds for any finite calibration set rather than only asymptotically.

Formally, consider a binary classifier f̂ that, for a patient with covariates x, out-
puts estimated class probabilities f̂ (x) ∈ [0, 1]2, e.g., for the absence or presence of
TMJ involvement (which we will see in Chapter 3). In split conformal prediction,
we hold out a calibration set {(xi, yi)}n

i=1 that is not used for training, and compute
a nonconformity score for each calibration instance, for example si = 1 − f̂ (xi)yi ,
i.e., one minus the probability the model assigns to the true class. Let q̂ denote the
empirical ⌈(n + 1)(1− α)⌉/n quantile of {si}n

i=1. For a new patient, the prediction
set contains every class whose score does not exceed this threshold, Γ(Xtest) = {y :
1− f̂ (xtest)y ≤ q̂}. If the calibration and test data are exchangeable (e.g., i.i.d.), this
set satisfies

1− α ≤ Pr
(
Ytest ∈ Γ(Xtest)

)
≤ 1− α +

1
n + 1

, (2.73)

where the upper bound additionally requires the scores to be free of ties [96].
This guarantee is marginal: it holds on average over the calibration and test data,

not for each patient or each class separately. In a binary clinical task, a prediction
set therefore typically contains either one class, which is a confident prediction, or
both classes, which flags an uncertain case that can be referred to a clinician, as in
the pipeline in Figure 2.16; with some scores, the set can also be empty.
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Chapter 3

Uncertainty in Machine Learning
and Survival Analysis

This chapter explains the details of one method to train probabilistic neural networks
for survival analysis, that can quantify the uncertainty in its predictions, and one
method to predict involvement of the temporomandibular joint (TMJ) in children
with juvenile idiopathic arthritis (JIA). In the first method, we take the Bayesian
approach to uncertainty estimation, and in the second method, we use conformal
prediction to provide calibrated predictive sets.

3.1 Uncertainty Estimation in Survival Models

3.1.1 Introduction

Variational Inference (VI) is a widely-used method for approximate Bayesian infer-
ence and uncertainty estimation in deep learning, but it incurs a significant compu-
tational overhead by doubling the number of trainable parameters. This becomes
increasingly problematic in high-dimensional scenarios, prompting interest in alter-
native approaches like Monte Carlo Dropout (MCD) [26] and Spectral-normalized
Neural Gaussian Processes (SNGP) [97]. Nevertheless, these alternatives are rarely
applied in survival analysis, where VI continues to be the dominant method for
training probabilistic neural networks, such as the work in [98] and [82]. More-
over, existing methods primarily focus on capturing epistemic uncertainty in model
parameters, often overlooking the aleatoric uncertainty inherent in the data. In this
section, we propose a method called BaySurv for training deep probabilistic survival
models various learning techniques.

The work described in this section is published as [45] and [46].

3.1.2 Materials and Method

We use a multilayer perceptron (MLP) as the backbone network architecture. An
MLP is a fully connected feedforward network; the number of hidden layers and
neurons are hyperparameters tuned based on the data, see, for example, Magris
and Iosifidis [99]. The adoption of an MLP is aligned with the literature, as it is
capable of providing solid prediction performance [28, 89]. Using a backbone MLP
as the foundation, we introduce three neural networks architectures for probabilistic
survival analysis:

i. We train the model using VI by optimizing Equation (2.59), where weights
and biases are treated as random variables. For each d-dimensional input xi,
the two output nodes predict the mean and variance of a Gaussian over the
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risk score, f (xi; θ) ∼ N
(
µxi , σ2

xi

)
. Combined with the Breslow baseline hazard,

each sample of f (xi; θ) yields a survival function, whose median we take as the
predicted survival time ŷi (denoted êi in Chapter 2). This Bayesian approach
captures epistemic uncertainty through the distribution over weights, while
the Gaussian output accounts for aleatoric uncertainty inherent in the data.
This distinguishes our VI model from prior VI-based survival models such as
BNN-Cox [82], which capture only epistemic uncertainty. See Figure 3.1a.

ii. We train the model using MCD, a technique that approximates the Bayesian so-
lution using VI. The architecture mirrors that of a standard deterministic MLP,
but dropout is applied at every forward pass, including during inference. As
in the VI model, the two output nodes correspond to the mean and variance of
a Gaussian over the risk score f (xi; θ), with predictions sampled conditionally
on the input xi and a newly sampled dropout mask at each forward pass. We
experiment with dropout rates p ∈ {0.1, 0.2, 0.5}, where p denotes the prob-
ability of dropping a unit, i.e., p = 1− pi in the notation of Section 2.6. See
Figure 3.1b.

iii. We train using SNGP, which provides sample-wise uncertainty estimates with-
out relying on stochastic sampling. Given a batch of inputs {x1, x2, . . . , xN}, the
Gaussian Process (GP) layer produces the corresponding risk scores { f (x1; θ), . . . , f (xN ; θ)}
along with a predictive covariance matrix. The model is trained by maximiz-
ing the likelihood objective defined in Equation (2.37). See Figure 3.1c.

(A) VI. (B) MCD.

(C) SNGP.

FIGURE 3.1: The proposed architectures for computing ŷi, i.e., the
predicted survival time for individual i. (a): BNN with three hidden
layers trained with VI, where xi ∈ R4 is a four-dimensional covariate
vector. (b): MLP with three hidden layers trained with MCD.
Transparent objects emphasize the random activation of the nodes
under MCD. (c): MLP using the SNGP technique, with spectral
normalized hidden layers and the output computed from a GP layer.
Figure taken with permission from [46] ©2025 IEEE.

We train the networks by maximizing the Cox partial log-likelihood (Equation
2.37), and evaluate them on four real-world datasets (Table 3.1). We describe these
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datasets further in [46]. As part of the preprocessing, we impute missing values
using the sample mean for real-valued covariates and the mode for categorical co-
variates. We then apply z-score normalization to the data and one-hot encode cat-
egorical variables. We split the datasets into training (70%), validation (10%), and
test (20%) sets using a stratification procedure by Qi et al. [82]. This ensures that the
event times and the censoring rates are similar across all three subsets.

For all datasets and models, we tune hyperparameters using Bayesian optimiza-
tion [100] over 10 iterations, evaluating performance on the validation set. Hyper-
parameters included number of training iterations, batch size, and network architec-
ture, where applicable. The final models are configured using the hyperparameters
that yield the highest average Antolini’s concordance index [101]. For CoxPH-based
models, we perform full-batch training on the training set. In contrast, neural net-
work models are trained using stochastic minibatches drawn from the training set.
We also apply early stopping to all neural network models, terminating training
when the likelihood loss on the validation set no longer improves.

To evaluate prediction performance, we report Antolini’s C-index (CItd) [101],
the mean absolute error using hinge loss (MAEH) [102], the MAE using pseudo-
observations (MAEPO) [102], and the integrated Brier score (IBS) [77]. To evaluate
calibration performance, we report the Integrated Calibration Index (ICI) [103], Dis-
tribution Calibration (D-Cal) [27] and Coverage Calibration (C-Cal) [82]. Both D-Cal
and C-Cal are reported as p-values of χ2 tests: D-Cal tests whether the predicted sur-
vival probabilities at the observed times are uniformly distributed, and C-Cal tests
whether the observed coverage of the predicted CrIs matches their nominal levels
(10% to 90%). We consider a model D- or C-calibrated if p > 0.05.

TABLE 3.1: Overview of the raw datasets.

Dataset Sample size (N) Censored (C%) # Features (d)
METABRIC 1,902 42% 9
SEER 4,024 85% 28
SUPPORT 8,873 32% 14
MIMIC-IV 38,520 67% 91

3.1.3 Experiments and Results

Table 3.2 shows the prediction results of our baseline MLP, its probabilistic variants,
and the literature benchmarks on the test sets. In the METABRIC dataset, all proba-
bilistic models, especially VI, outperform the baseline MLP in CItd and MAEH, and
all except MCD (p = 0.2) show lower MAEPO. In the SEER dataset, probabilistic
models achieve similar CItd, while VI and MCD outperform the baseline in MAEH.
In the SUPPORT dataset, only MCD (p = 0.5) improves on the baseline in MAEH
and MAEPO, while SNGP matches the baseline in CItd and achieves the lowest IBS
among our models. In the MIMIC-IV dataset, the differences between the models are
smaller, but VI and MCD still perform better in MAEH. Overall, MCD with p = 0.5
is the only model that improves MAEH over the baseline on all four datasets.

Table 3.3 shows the calibration results. In the METABRIC dataset, all of our mod-
els are D-calibrated, with VI and MCD also C-calibrated. MCD outperforms the
baseline in terms of ICI, while VI has a higher ICI despite being distribution and cov-
erage calibrated. In the SEER dataset, all of our models are D-calibrated, but VI and
MCD have higher (worse) ICI than the baseline (0.013-0.037 vs. 0.009). Among our
models in the SUPPORT dataset, only the baseline and SNGP are D-calibrated, with
VI and MCD performing poorly. A similar pattern holds in the MIMIC-IV dataset,
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where again only the baseline and SNGP are D-calibrated. Varying the dropout
rate makes no notable difference in calibration performance; in the SUPPORT and
MIMIC-IV datasets, no MCD variant is D-calibrated regardless of p.

Table 3.4 compares two literature benchmark models and our proposed models
in terms of space complexity and number of trainable parameters on the MIMIC-
IV dataset. For a fair comparison, we configure all models with a single hidden
layer with 32 nodes. Notice the doubling of the number of parameters when using
VI as opposed to the baseline MLP and MCD, resulting in an increased overhead.
Despite the fact that both are of O(d) complexity, doubling the number of trainable
parameters can make a significant difference in high-dimensional models, so that VI
is no longer an attractive solution.

TABLE 3.2: Prediction results across datasets. Bold indicates top 3
models (including ties). Table taken with permission from [46]
©2025 IEEE.

(a) METABRIC

Model CItd ↑ MAEH ↓ MAEPO ↓ IBS ↓
CoxPH 0.618 68.923 96.797 0.173
CoxNet 0.611 68.288 97.631 0.173
CoxBoost 0.638 69.976 102.745 0.187
RSF 0.641 67.242 98.728 0.175
DSM 0.670 70.361 100.83 0.170
DCM 0.637 74.187 104.532 0.179
BNN-Cox (VI) 0.672 65.777 94.184 0.166
BNN-MTLR (VI) 0.655 59.027 89.387 0.163

This work:
Baseline (MLP) 0.604 68.668 95.540 0.168
+ VI 0.634 63.776 91.843 0.168
+ MCD (p = 0.1) 0.621 67.235 93.981 0.167
+ MCD (p = 0.2) 0.628 67.371 96.184 0.166
+ MCD (p = 0.5) 0.632 65.651 92.353 0.164
+ SNGP 0.631 67.378 93.434 0.166

(b) SEER

Model CItd ↑ MAEH ↓ MAEPO ↓ IBS ↓
CoxPH 0.723 100.849 196.898 0.083
CoxNet 0.721 95.253 197.066 0.083
CoxBoost 0.689 106.635 232.204 0.092
RSF 0.682 102.062 206.41 0.086
DSM 0.699 153.84 413.543 0.088
DCM 0.713 108.464 223.397 0.082
BNN-Cox (VI) 0.716 95.184 202.151 0.081
BNN-MTLR (VI) 0.702 48.166 201.856 0.085

This work:
Baseline (MLP) 0.703 101.972 204.408 0.084
+ VI 0.699 81.923 199.796 0.084
+ MCD (p = 0.1) 0.702 91.202 203.457 0.084
+ MCD (p = 0.2) 0.691 89.103 203.323 0.085
+ MCD (p = 0.5) 0.692 82.001 207.956 0.087
+ SNGP 0.698 106.032 209.498 0.084

(c) SUPPORT

Model CItd ↑ MAEH ↓ MAEPO ↓ IBS ↓
CoxPH 0.568 409.947 754.978 0.201
CoxNet 0.568 409.915 754.960 0.201
CoxBoost 0.612 366.928 721.443 0.190
RSF 0.602 377.862 736.800 0.200
DSM 0.626 384.349 723.002 0.185
DCM 0.629 434.376 759.509 0.185
BNN-Cox (VI) 0.610 416.650 738.350 0.189
BNN-MTLR (VI) 0.606 369.060 707.679 0.186

This work:
Baseline (MLP) 0.609 391.573 722.709 0.187
+ VI 0.531 414.133 768.599 0.208
+ MCD (p = 0.1) 0.600 416.175 738.567 0.193
+ MCD (p = 0.2) 0.567 400.064 751.343 0.202
+ MCD (p = 0.5) 0.605 374.046 717.227 0.192
+ SNGP 0.610 397.877 726.725 0.184

(d) MIMIC-IV

Model CItd ↑ MAEH ↓ MAEPO ↓ IBS ↓
CoxPH 0.726 257.364 286.516 0.174
CoxNet 0.727 255.802 283.951 0.174
CoxBoost 0.656 263.836 297.763 0.194
RSF 0.694 260.668 293.247 0.188
DSM 0.727 259.110 280.361 0.180
DCM 0.742 257.801 286.580 0.174
BNN-Cox (VI) 0.743 256.007 288.814 0.169
BNN-MTLR (VI) 0.744 250.605 278.710 0.167

This work:
Baseline (MLP) 0.744 256.694 283.635 0.178
+ VI 0.743 254.735 282.345 0.180
+ MCD (p = 0.1) 0.746 255.815 283.672 0.177
+ MCD (p = 0.2) 0.748 254.560 283.156 0.175
+ MCD (p = 0.5) 0.748 254.971 281.928 0.177
+ SNGP 0.736 257.195 282.082 0.182

Figure 3.2 shows two ways in which uncertainty can be expressed along with a
survival prediction for decision support purposes. For this, we selected a random
instance from the METABRIC test set and drew 1000 samples from the predictive
distribution to estimate its survival function. Although MCD and VI predict similar
median survival times (in Figure 3.2, 122 and 128, respectively, where the actual time
is 135), the latter predicts a greater amount of variance around the survival function



3.1. Uncertainty Estimation in Survival Models 53

TABLE 3.3: Calibration results across datasets. D-Cal and C-cal are
reported as a p-value; a model is considered calibrated if p > 0.05.
Bold indicates top 3 models (including ties). Table taken with
permission from [46] ©2025 IEEE.

(a) METABRIC

Model ICI ↓ D-Cal ↑ C-Cal ↑
CoxPH 0.022 0.959 -
CoxNet 0.011 0.977 -
CoxBoost 0.147 0.822 -
RSF 0.047 0.530 -
DSM 0.025 0.017 -
DCM 0.066 0.160 -
BNN-Cox (VI) 0.017 0.101 0.812
BNN-MTLR (VI) 0.044 0.438 0.763

This work:
Baseline (MLP) 0.040 0.853 -
+ VI 0.062 0.059 0.796
+ MCD (0.1) 0.017 0.735 0.849
+ MCD (0.2) 0.020 0.689 0.857
+ MCD (0.5) 0.017 0.760 0.865
+ SNGP 0.017 0.964 -

(b) SEER

Model ICI ↓ D-Cal ↑ C-Cal ↑
CoxPH 0.011 0.999 -
CoxNet 0.013 1.000 -
CoxBoost 0.051 1.000 -
RSF 0.021 1.000 -
DSM 0.009 0.931 -
DCM 0.016 1.000 -
BNN-Cox (VI) 0.009 1.000 0.489
BNN-MTLR (VI) 0.056 0.016 0.486

This work:
Baseline (MLP) 0.009 1.000 -
+ VI 0.027 0.678 0.487
+ MCD (0.1) 0.013 0.989 0.487
+ MCD (0.2) 0.014 0.983 0.487
+ MCD (0.5) 0.037 0.841 0.486
+ SNGP 0.011 1.000 -

(c) SUPPORT

Model ICI ↓ D-Cal ↑ C-Cal ↑
CoxPH 0.059 0.983 -
CoxNet 0.059 0.983 -
CoxBoost 0.019 0.708 -
RSF 0.022 0.532 -
DSM 0.065 0.000 -
DCM 0.090 0.904 -
BNN-Cox (VI) 0.073 0.096 0.952
BNN-MTLR (VI) 0.042 0.029 0.947

This work:
Baseline (MLP) 0.069 0.229 -
+ VI 0.064 0.000 0.977
+ MCD (0.1) 0.077 0.000 0.938
+ MCD (0.2) 0.061 0.000 0.979
+ MCD (0.5) 0.050 0.000 0.956
+ SNGP 0.075 0.689 -

(d) MIMIC-IV

Model ICI ↓ D-Cal ↑ C-Cal ↑
CoxPH 0.037 0.549 -
CoxNet 0.033 0.553 -
CoxBoost 0.016 0.997 -
RSF 0.041 0.935 -
DSM 0.006 0.000 -
DCM 0.041 0.011 -
BNN-Cox (VI) 0.066 0.001 0.589
BNN-MTLR (VI) 0.057 0.060 0.583

This work:
Baseline (MLP) 0.026 0.068 -
+ VI 0.096 0.000 0.583
+ MCD (0.1) 0.034 0.014 0.600
+ MCD (0.2) 0.038 0.013 0.596
+ MCD (0.5) 0.036 0.008 0.597
+ SNGP 0.015 0.230 -

TABLE 3.4: Space complexity of the models and number of trainable
parameters on the MIMIC-IV dataset. Table taken with permission
from [46] ©2025 IEEE.

Model Space complex. #Params.

BNN-Cox (VI) O(d) 5570
BNN-MTLR (VI) O(Kd) 10718

This work:
Baseline (MLP) O(d) 2849
+ VI O(d) 5700
+ MCD O(d) 2882
+ SNGP O(d) 3776



54 Chapter 3. Uncertainty in Machine Learning and Survival Analysis

(left column) and also the histogram of the predicted survival time displays higher
variance (right column). This example shows why it is important to communicate
the uncertainty associated with a prediction.
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(A) Survival prediction using MCD (p = 0.5).
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time ŷi given xi
Predicted distribution of median
survival times P (ŷ|xi,D)

(B) Histogram of ŷi using MCD (p = 0.5).
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(C) Survival prediction using VI.
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(D) Histogram of ŷi using VI.

FIGURE 3.2: Model prediction on the METABRIC dataset using
MCD and VI. For an individual i, we use the median of the predicted
survival function as the predicted survival time ŷi. Although MCD
and VI predict similar median survival times, VI has more variance
around this particular prediction than MCD. Left column: mean
individual survival function and its corresponding 90% CrI. Right
column: histogram (as an approximation of the underlying density)
of the predicted survival time. Figure taken with permission from
[46] ©2025 IEEE.

3.1.4 Discussion

In this work, we developed BaySurv, a method for training probabilistic survival
models, and implemented it with three techniques: VI, MCD, and SNGP. Unlike
prior VI-based survival models, which capture only epistemic uncertainty, our VI
and MCD variants also model aleatoric uncertainty through a Gaussian output. We
compared these models to their deterministic counterparts in terms of prediction
and calibration performance. Our main finding is that both MCD and SNGP offer
compelling alternatives to VI in survival analysis. In our experiments, these methods
can match VI’s performance while reducing computational costs. Notably, the MCD
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model frequently improved mean absolute error compared to state-of-the-art base-
lines and achieved calibration scores comparable to VI, whereas the SNGP model
consistently gave D-calibrated survival curves across all datasets. These advances
in uncertainty quantification and calibration are particularly valuable for precision
medicine, where accurate and reliable individualized survival predictions can di-
rectly impact treatment decisions.

This work has limitations. First, it does not make use of high-dimensional data
such as imaging or video, where computational efficiency is even more important
than in tabular data. Second, the results highlight that the proposed models strug-
gle to optimize both prediction accuracy and calibration simultaneously. Future re-
search should focus on enhancing predictive performance without compromising
calibration quality to better support clinical decision-making in precision medicine.

3.2 Prediction of TMJ Involvement in Children With JIA

3.2.1 Introduction

Early detection of temporomandibular joint (TMJ) involvement in children with ju-
venile idiopathic arthritis (JIA) poses a significant challenge for clinicians, as the
condition is frequently asymptomatic in its initial stages [104]. In this context, TMJ
involvement refers to findings that are considered to result from past or ongoing
TMJ arthritis. There are several modalities to diagnose TMJ arthritis – e.g., clinical
(orthodontic) examinations, computed tomography (CT) scans, contrast-enhanced
magnetic resonance imaging (MRI), and ultrasound [105]. Although clinical exam-
inations are the most cost-effective modality to assess TMJ involvement of patients
with JIA [106], [107] reported low sensitivity (0.47 for patients; 0.66 for joints) and
poor agreement with MRI findings. While clinical exams detected all severe defor-
mities, only 39% of early TMJ cases were correctly identified. This highlights the
need for additional decision support when relying on clinical examinations to detect
early TMJ involvement.

In this work, we propose a model to assess temporomandibular joint (TMJ) in-
volvement in children under 16 diagnosed with juvenile idiopathic arthritis (JIA).
The model relies solely on clinical examinations performed according to consensus-
based standards tailored for this patient group. The goal is to support early diagno-
sis by providing clinicians with a decision-support tool that flags examinations with
likely TMJ involvement, together with a calibrated measure of its uncertainty. We
employ conformal prediction to rigorously quantify the uncertainty of the model’s
predictions.

The work described in this section is published as [47].

3.2.2 Materials and Method

We obtain a dataset containing 6154 longitudinal records of 1035 pediatric patients
(<16 years old) over a 25-year period, recorded and provided by the Department of
Dentistry and Oral Health, Aarhus University. Each patient underwent 2-17 clini-
cal examinations, where the patient’s symptoms, drug usage, general arthritis level,
TMJ involvement and clinical findings were recorded (see Figure 3.3). The clinical
variables examined (d = 95) at each visit are in agreement with evidence-based stan-
dards on orofacial examination in JIA [108]. Among the cohort of patients, 690 are
girls and 345 are boys, reflecting the gender distribution commonly observed in pa-
tients with JIA within an open population [109]. All patients were diagnosed with
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JIA prior to their first examination. However, not all patients initially showed signs
of TMJ involvement; some developed it over time, while others were diagnosed with
TMJ involvement after the examination was completed. The involvement of the TMJ
was confirmed or refuted by an X-ray or MRI.
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FIGURE 3.3: Each examination of a JIA patient includes a screening,
where the patient’s symptoms, drug usage and other clinical
findings are recorded. The dataset contains historical examinations
of 1,035 JIA patients spanning a 25-year period with 6,154
longitudinal records in total. Figure taken with permission from [47]
©2024 IEEE.

We implement a Random Forest model [110] to classify TMJ involvement (no
involvement/involvement) in children with JIA. After preprocessing, we adopt an
80-10-10 data split; 80% is used for training, 10% is used for calibration, and 10% is
used for testing. The split is performed at the record level, so examinations from the
same patient can appear in more than one subset. We report the classifier’s precision,
sensitivity, and macro-averaged F1 score (F1m) on the test set. The F1 and F1m are
resp. defined as:

F1 = 2 · Precision · Sensitivity
Precision + Sensitivity

, (3.1)

F1m =
F1TMJ0 + F1TMJ1

2
, (3.2)

where precision and sensitivity are computed per class, treating that class as the
positive class.

To quantify the uncertainties of the predictive model, we use the Model Agnostic
Prediction Interval Estimator (MAPIE) library to train a conformal classifier [111].
This classifier wraps the original classifier and produces conformal prediction sets
that have a guaranteed marginal coverage rate. Thus, the model output is then a set
of classes instead of a single class. We set α = 0.1, indicating that we can expect 90%
of the prediction regions to cover the true outcome. However, the guarantee is only
an average for the samples from the distribution of the calibration data.

3.2.3 Experiments and Results

Table 3.5 reports the predictive performance of the classifier. We adopt three sam-
pling strategies (IID Data, Temporal Segmentation and Lagged Features) of the clin-
ical dataset and five evaluation metrics for each class (precision, sensitivity, macro-
averaged F1 score, coverage, and set size). We consider three sampling strategies:

• Strategy 1: IID Data
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– Assumes all clinical examinations are IID, ignoring temporal structure.

– Achieves strong performance (macro F1 score of 0.87) using either all or
expert-selected features.

– But not practical, as it mixes early-stage (less evident involvement) and
late-stage (clear involvement) data.

• Strategy 2: Temporal Segmentation

– Splits data into 0–2, 2–5, and 5–15 year intervals since first examination.

– Early-stage model (0–2 years, N = 2682) performs better than mid-stage
(2–5 years).

– Compared to the IID model with expert features (sensitivity 0.80), sensi-
tivity drops by 12.5% relative in the early-stage model (to 0.70) and by
27.5% relative in the mid-stage model (to 0.58).

– After 5 years, signs become clinically clearer due to disease progression
and patient maturity.

• Strategy 3: Lagged Features

– Transforms the dataset to supervised format by adding historical (lagged)
features.

– One-lag model: N = 4983, d = 52; two-lag model: N = 3969.

– Slight performance gain: sensitivity improves from 0.8 to 0.82 (+2.5%)
compared to IID with expert features.

TABLE 3.5: Prediction results on the test set. N is the number of
samples in the dataset and d is the number of features. The predicted
classes, TMJ0 and TMJ1, correspond to no and present TMJ
involvement, respectively. Table taken with permission from [47]
©2024 IEEE.

Strategy Dimensions Class Precision ↑ Sensitivity ↑ F1m ↑ Coverage ↑ Set size ↓

IID Data.
d = 95

N = 6006
TMJ1

TMJ0
0.88
0.88

0.81
0.93

0.8742
0.899
0.986

1.207
1.154

d = 26
N = 6006

TMJ1

TMJ0
0.88
0.88

0.80
0.93

0.8706
0.899
0.986

1.207
1.154

Segmentation
Temp.

d = 26
N = 2682

TMJ1

TMJ0
0.86
0.89

0.70
0.95

0.8455
0.740
0.969

1.078
1.036

d = 26
N = 1430

TMJ1

TMJ0
0.79
0.76

0.58
0.90

0.7451
0.737
0.988

1.333
1.233

d = 26
N = 1839

TMJ1

TMJ0
0.78
0.86

0.88
0.75

0.8144
0.978
0.967

1.326
1.565

Features
Lag. d = 52

N = 4983
TMJ1

TMJ0
0.84
0.88

0.82
0.90

0.8603
0.906
0.949

1.212
1.233

d = 78
N = 3969

TMJ1

TMJ0
0.84
0.88

0.83
0.89

0.8578
0.917
0.961

1.310
1.301

3.2.4 Discussion

The primary findings of this study show that the proposed model using the "Tem-
poral Segmentation" strategy can classify patients early. That is, within a period of
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two years (i.e., from the first visitation and two years ahead) the model can clas-
sify patients with TMJ involvement with a precision of 0.86 and a sensitivity of 0.7.
This means that out of all examinations predicted as showing TMJ involvement, 86%
had actual TMJ involvement, and 70% of examinations with TMJ involvement were
correctly identified. This is based on a dataset with 2682 samples and 26 clinical
features. Compared to [107], who attempted to detect TMJ involvement within 1
month of the MRI for 33 patients, they report a 0.47 sensitivity (95% CI: 0.25-0.71)
and a misdiagnosis rate of 61%. Therefore, using our model offers a 49% increase in
sensitivity, although our dataset is also larger. The proposed method can be applied
to current clinical examination results to help clinicians assess involvement of the
temporomandibular joints in future patients, allowing for early and personalized
follow-up.
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Chapter 4

Competing Risks and Multiple
Events

So far, we have only considered survival problems with a single event of interest.
This chapter extends this idea to competing and multiple events by presenting a
multi-event survival model, nicknamed MENSA, that can predict the time until
an instance will experience one or more events. In practice, we model the condi-
tional survival function for each event as a convex combination of Weibull distri-
butions. This approach relaxes the proportional hazards assumption on the under-
lying marginal survival distribution for each event, addressing a key limitation of
Cox-based methods.

Then, based on this multi-event framework, we present a practical method to
predict the time until a patient with amyotrophic lateral sclerosis (ALS), a rare neuro-
degenerative disease, will experience significant functional impairment with regards
to common physical functions. We apply this method to predict five event-specific
individual survival distributions (ISDs) for each patient, each offering an interpretable
and meaningful estimate of the likely timing of the respective event. Additionally,
we make so-called counterfactual predictions, where we change certain covariates
and study their effect on the predicted outcome.

4.1 MENSA: A Multi-Event Network for Survival Analysis

4.1.1 Introduction

Traditional time-to-event models have primarily been developed for either single-
event or competing-risk settings, while multi-event scenarios have received compar-
atively little attention. Yet in many practical applications, patients may experience
several non-exclusive events, which can even occur in semi-competing relationships.
A common strategy is to train independent models for each event, but this approach
fails to exploit dependencies and shared structures across events.

To address these limitations, we propose MENSA (Multi-Event Network for Sur-
vival Analysis). Unlike standard single-event models, MENSA jointly learns flexible
time-to-event distributions for multiple possible events, whether competing or co-
occurring. In practice, MENSA jointly models the distributions of the events, rep-
resenting each as a convex combination of Weibull distributions. This formulation
relaxes the strict proportional hazards assumption on the marginal survival distri-
butions, which is a key limitation of Cox-based methods [23, 28, 46]. Our architec-
ture incorporates a shared covariate layer that captures latent representations shared
across all events and event-specific layers that capture representations specific to
each event. In addition, rather than solely minimizing the negative log-likelihood
(NLL) across events, MENSA optimizes a composite objective that includes both
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the NLL and a novel trajectory-based likelihood term. This additional term encour-
ages the model to respect known temporal orderings between events based on prior
knowledge.

As an example, consider the illness-death scenario as introduced by Fix and Ney-
man [35] with two events, "illness (A)" and "death (B)": if both events are observed
for patient i, then clearly event A must occur before event B. In this case, we want to
maximize the probability of surviving event B at the time of event A – so if A occurs
at 1 year, the probability of surviving B at 1 year should be very high. MENSA is
based on the multi-state framework we introduced in Section 2.5, where an event
is treated as a transition from one state to another – e.g., from healthy to sick, or
from alive to dead. This framework allows us to include the event-free (transient)
state as an additional output, which is estimated jointly with the events of interest
as an auxiliary term in the likelihood. The MENSA framework naturally extends
to single-event and competing-risk scenarios, making it broadly applicable across
diverse survival analysis tasks.

The work described in this section is published as [48].

4.1.2 Materials and Method

Before presenting our method, we first introduce some preliminaries. Section 2.1
defines the notation for single-event survival analysis, which we now extend to
multiple events. Let D = {(x(i), t(i), δ(i))}N

i=1 be the dataset, where x(i) ∈ Rd is
a d-dimensional vector of features (covariates), t(i) ∈ {1, 2, . . . , Tmax}K is a vector
of observed times for the i-th instance now across K multiple events, each at some
time, and δ(i) ∈ {0, 1}K is vector of event indicators for each event. Moreover, let
e(i)

k ∈ {1, 2, . . . , Tmax} denote the event time and let c(i)
k ∈ {1, 2, . . . , Tmax} denote

the censoring time for the i-th instance for event k over the event horizon; these are
realizations of the random event time E(i)

k and censoring time C(i)
k . Thus t(i)

k = e(i)
k

if δ
(i)
k = 1, otherwise, t(i)

k = c(i)
k if δ

(i)
k = 0. We define a multi-event survival prob-

lem as predicting, for each instance i, event k, and time t ∈ {1, . . . , Tmax}, the sur-
vival probability Pr(E(i)

k > t | x(i)). This produces a matrix of survival functions

S(i) ∈ [0, 1]Tmax×K, where S(i)
t,k = Pr(E(i)

k > t | x(i)) and S(i) = [s(i)
1 , s(i)

2 , . . . , s(i)
K ]. Re-

call that the survival function is the probability that an event occurs after time t, i.e.,
s(i)

k = [Pr(E(i)
k > 1 | x(i)), Pr(E(i)

k > 2 | x(i)), . . . , Pr(E(i)
k > Tmax | x(i))] describes the

probability that instance i does not experience event k up to time t ∈ {1, . . . , Tmax}.
In MENSA, we propose a multi-state architecture (Figure 4.1) in which events are

represented as transitions between discrete states. Let P = {0, 1, . . . , P−1} denote
the finite set of states, where state 0 is the initial (event-free) state. Each event k ∈
{1, . . . , K} corresponds to a transition into a state pk ∈ P \ {0}, so that P = K + 1.
For example, if event k denotes a relapse, then pk is the absorbing state associated
with relapse. This representation naturally accommodates sequential or co-occurring
events – e.g., a patient becoming ill and later dying.

For each instance i, we estimate a matrix of survival distributions S(i) ∈ [0, 1]Tmax×P;
one distribution for each state p ∈ P , i.e., the K event-specific distributions defined
above plus one for the initial event-free state (p = 0). The marginal density func-
tion fp(t) for state p, which represents the probability of entering state p at time
point t, is modeled as a convex combination of Ψ ∈ N+ Weibull distributions. This
formulation offers two key advantages. First, it relaxes the proportional hazards
assumption on the underlying marginal survival distribution, allowing the hazard
function to vary flexibly over time. Second, it leverages the closed-form PDF and
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Event states

Input
covariates

Time

0 2

1
+

Transient state

+

Shared
covariate layer

State-specific
covariate layer

FIGURE 4.1: Overview of the MENSA architecture. The model first
maps the input covariates through a shared MLP, yielding a
common representation x̃. This representation is then passed
through event-specific layers, each producing x̃p for state p ∈ P .
Each event-adapted representation parameterizes a mixture of
Weibull distributions to predict a time-to-event density function
fp(t), describing the transition time from the transient state (state 0)
to event state p. Training is performed with a combined loss
comprising a multi-event likelihood LME, which evaluates the
model’s fit to event times, and a trajectory likelihood Ltrajectory,
which enforces temporal ordering between events. Figure taken
with permission from [48].

CDF of the Weibull distribution, respectively:

f (t; β, η) =
η

β

(
t
β

)η−1

exp
(
−
(

t
β

)η)
, (4.1)

F(t; β, η) = 1− exp
(
−
(

t
β

)η)
, (4.2)

where β > 0 is the scale and η > 0 the shape parameter. We parameterize each such
Weibull distribution by two covariate-dependent transformations, that is, hp(x(i)) =

Aθ,p
(
Φθ(x(i))

)
, such that:

log βψ,p(x(i)) = β̃ψ,p + act
(
hp(x(i))⊤ζψ,p

)
, (4.3)

log ηψ,p(x(i)) = η̃ψ,p + act
(
hp(x(i))⊤ξψ,p

)
, (4.4)

where Φθ(·) is a shared covariate transformation, Aθ,p(·) is a state-specific adapter
applied to its output, act(·) denotes a non-linear activation function, ψ ∈ {1, 2, . . . , Ψ}
indexes the Weibull mixture distributions, and ζψ,p, ξψ,p ∈ Rdh are learnable weight
vectors associated with the scale and shape parameters, respectively, where dh is the
dimension of the hidden representation hp(x(i)). The terms β̃ψ,p and η̃ψ,p are learn-
able biases that initialize the log-scale and log-shape, respectively, for each state p.
We define θψ,p(x(i)) =

(
βψ,p(x(i)), ηψ,p(x(i))

)
, and the corresponding distribution’s



62 Chapter 4. Competing Risks and Multiple Events

PDF and CDF for transitioning into state p at t given covariates x(i) as:

fp(t; x(i)) =
Ψ

∑
ψ=1

gψ,p(x(i)) fψ,p
(
t; θψ,p(x(i))

)
, (4.5)

Fp(t; x(i)) =
Ψ

∑
ψ=1

gψ,p(x(i)) Fψ,p
(
t; θψ,p(x(i))

)
, (4.6)

where gψ,p(x(i)) are normalized mixture weights produced by a state-specific gating
network, i.e., a softmax over linear outputs of hp(x(i)). The corresponding survival
function is Sp(t; x(i)) = 1− Fp(t; x(i)).

We then extend the standard survival likelihood (see Equation 2.17) to the pro-
posed multi-state architecture, where each instance i may experience multiple events.
Instead of indexing events directly, the likelihood is expressed in terms of state tran-
sitions. For each state p ∈ P , we define an indicator-time pair (δ

(i)
p , t(i)

p ), where δ
(i)
p

indicates whether a transition into state p was observed, and t(i)
p is the observed

or censored transition time. For p ≥ 1, these are simply the indicator and time of
the corresponding event, i.e., (δ

(i)
k , t(i)

k ) with p = pk. For the event-free state, we set

δ
(i)
0 = 1 if instance i experiences none of the K events and δ

(i)
0 = 0 otherwise, with

t(i)
0 = maxk t(i)

k . The likelihood includes the state’s density fp(t(i)
p | x(i)) if the tran-

sition was observed (δ(i)
p = 1), and its survival function Sp(t(i)

p | x(i)) if censored

(δ(i)
p = 0). State 0 thus acts as an auxiliary term during training; all predictions and

evaluations use only the K event-specific distributions.
To mitigate class imbalance between states, we add nonnegative weights wp,

computed from the inverse frequency of transitions into each state and normalized
such that ∑p∈P wp = |P|. Assuming conditional independence between states1, the
multi-event likelihood is then defined as:

logLME(D) =
N

∑
i=1

∑
p∈P

wp

[
δ

(i)
p log fp

(
t(i)

p | x(i)
)

+ (1− δ
(i)
p ) log Sp

(
t(i)

p | x(i)
) ]

, (4.7)

where fp(·) and Sp(·) are the conditional density and survival functions for state p,
respectively.

When prior knowledge of temporal event ordering is available, it can be used to
further guide the model. A classic example of this is the illness-death model [35],
in which patients begin in a healthy state (state 0), may transition to illness (event
A), and eventually die (event B). This produces four possible scenarios (Table 4.1):
(1) neither event occurs, (2) only A occurs, (3) only B occurs, or (4) both occur, with
A preceding B. In the last case, death before illness is not possible, and the likeli-
hood must reflect this constraint. We incorporate such via an auxiliary likelihood
term that maximizes the survival probability for event B at the time event A oc-
curs, i.e., SB(tA). This enforces a low estimated probability of B before A and en-
codes temporal constraints that rule out implausible event sequences. Note that this

1That is, given the covariates, the transition to one state is independent of transitions to other states;
any dependencies are assumed to be explained by the covariates, i.e., Ek ⊥⊥ Ek′ | X for k ̸= k′. We
additionally assume independent censoring for each event (Definition 6).
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TABLE 4.1: Possible scenarios for two events, A and B, and their
log-likelihood contributions under conditional independence. δA
and δB indicate whether each event is observed (1) or censored (0);
SA(t) and SB(t) are survival functions; and fA(t) and fB(t) are
probability density functions. If prior knowledge dictates that event
A must precede event B when both occur, the joint-event case
(δA = 1, δB = 1) additionally includes the trajectory term log SB(tA),
highlighted in bold and weighted by λ in Equation (4.9).

# δA δB Log-likelihood contribution

1 0 0 log SA(tA) + log SB(tB)
2 1 0 log fA(tA) + log SB(tB)
3 0 1 log SA(tA) + log fB(tB)
4 1 1 log fA(tA) + log fB(tB) + log SB(tA)

term enforces the ordering of events but does not model their dependence; in semi-
competing settings, where the terminal event (e.g., death) censors the non-terminal
one, the independence assumptions above may be violated.

Formally, let K = {1, . . . , K} denote the set of events, and let T = {(A, B) |
A, B ∈ K, A occurs before B} be the set of known event orderings. For each instance
i, we consider all uncensored event pairs (A, B) ∈ T . The proposed trajectory like-
lihood term then sums the survival probability of B at the time of A for these pairs,
weighted by event indicators δ

(i)
A and δ

(i)
B (equal to 1 if the events occur for instance

i, and 0 otherwise). It is written as:

logLtrajectory(D) =
N

∑
i=1

∑
(A,B)∈T

δ
(i)
A δ

(i)
B log SB

(
t(i)

A | x(i)), (4.8)

where T is the set of trajectories. Finally, we have:

logLtotal(D) = (1− λ)
1
N

logLME(D) + λ · 1
N

logLtrajectory(D), (4.9)

where λ is a hyperparameter that controls the trade-off between the two losses.

4.1.3 Experiments and Results

We use an MLP as the backbone network, which maps input features to a shared rep-
resentation that parameterizes the Weibull distributions. On top of this, small state-
specific MLPs refine features for each prediction task. The backbone has a single
hidden layer with ReLU6 activation, and event times are modeled using a mixture
of Weibull distributions. We optimize using Adam [112] with fixed-size minibatches.

Across 10 runs, we follow [113] and split the data into stratified training (70%),
validation (10%), and test (20%) sets using different random seeds. Missing val-
ues are imputed from the training set (mean for continuous, mode for categorical),
numerical features are normalized, and categorical variables are one-hot encoded.
Early stopping is applied if the validation likelihood does not improve for 20 con-
secutive epochs.

To evaluate discrimination, we report the global CI (CIG) [83], which measures
how well the model ranks instances within an event, and the local CI (CIL) [83],
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which measures how well the model ranks events within an instance (see also Def-
initions 15 and 16). We further report the time-dependent AUC, computed at the
25th, 50th, and 75th percentiles of observed event times in the test set and averaged
across these points. To assess calibration performance, we report the mean absolute
error using a margin loss (mMAE) [27], the integrated Brier score (IBS) [77], and the
distribution calibration (D-calibration) score [27].

Table 4.2 presents the discrimination results of our proposed model alongside ex-
isting baselines on four multi-event datasets. Models marked with † are significantly
and practically worse than MENSA (details on the statistical testing and minimum
effect of interest (MEI) thresholds are provided in the appendix of [48]. Overall,
MENSA outperforms several deep learning baselines across datasets and achieves
performance comparable to strong tree-based methods such as GBSA and RSF. In
contrast to DeepHit and Hierarchical, MENSA avoids unstable behavior, such as
high variance or metric collapse. For these multi-event datasets, we further evaluate
local discrimination using the local C-index, which measures the accuracy of within-
patient event orderings and highlights the benefits of multi-event modeling. When
MENSA outperforms competing methods on this metric, we attribute the gains to
its multi-state architecture and, in datasets with known event orderings (Rotterdam
and EBMT, where λ > 0), to the trajectory-based likelihood.

Table 4.3 reports calibration performance. MENSA achieves low IBS and mMAE
– often matching or exceeding classical survival models (e.g., CoxPH, RSF) – and
demonstrates D-calibration comparable to DSM, though lower than DeepSurv on
MIMIC-IV and EBMT. Compared to the Hierarchical model, our method shows con-
sistently stronger performance across all datasets.

TABLE 4.2: Discrimination performance (mean ± SD.) across models
on multi-event datasets, averaged over 10 runs. For all metrics,
higher (↑) is better. Model types are abbreviated as SE = single event,
CR = competing risks, and ME = multiple events. Bold denotes the
top-3 models, including ties. † indicates models that are significantly
and practically worse than MENSA, based on paired t-tests with
Holm correction (α = 0.05) and a minimum effect of interest (MEI) of
1.0. Table taken with permission from [48].

Model Type
MIMIC-IV (K = 3) Rotterdam (K = 2) PRO-ACT (K = 4) EBMT (K = 5)

CIG CIL AUC CIG CIL AUC CIG CIL AUC CIG CIL AUC

CoxPH SE 70.9±0.52 90.3±0.48 74.3±0.71 69.7±1.16 83.6±2.09† 75.1±1.48 70.6±0.47 76.5±0.55 76.7±0.91 54.9±1.04 66.3±1.16† 54.6±1.10

CoxNet SE 71.0±0.53 90.4±0.45 74.4±0.71 69.8±1.16 83.8±2.05† 75.1±1.49 70.6±0.46 76.5±0.57 76.7±0.89 55.1±1.12 67.2±1.13† 54.5±1.17

Weibull SE 71.2±0.54 90.8±0.43 74.8±0.70 69.7±1.18 87.9±1.99† 75.1±1.45 70.7±0.49 77.1±0.57 76.7±0.90 54.9±1.36 68.0±0.97 54.2±1.35

GBSA SE 71.9±0.43 91.4±0.51 75.2±0.53 75.3±1.62 90.5±1.05 71.2±2.02† 72.0±0.31 75.6±0.66 77.6±0.44 55.3±0.93 67.2±0.82† 55.4±1.26

RSF SE 69.1±0.48† 90.8±0.40 74.6±0.56 70.7±1.15 84.9±2.19† 77.3±1.74 71.1±0.51 75.6±0.83 77.5±0.60 55.0±0.75 64.6±0.92† 55.6±1.07

MTLR SE 70.2±0.50† 88.3±0.95† 74.4±0.71 69.8±1.16 82.8±2.37† 75.7±1.85 70.7±0.53 76.5±0.53 77.4±0.83 53.6±1.04 61.6±2.38† 55.4±1.19

DeepSurv SE 71.8±0.55 89.9±0.49 75.8±0.68 70.0±1.24 84.6±2.93† 75.4±1.75 71.0±0.59 76.0±0.57 76.7±1.00 55.1±1.02 67.6±0.82 54.9±1.22

DeepHit CR 70.9±0.75 63.1±9.74† 75.1±0.94 66.5±1.09† 90.2±1.03 74.2±1.50 64.9±1.15† 65.3±3.35† 73.4±0.73† 52.4±1.29† 60.4±2.76† 55.2±1.46

DSM CR 70.5±0.60 88.1±1.37† 74.5±0.83 70.6±1.26 86.0±2.81† 76.4±1.68 70.8±0.68 76.0±0.68 77.4±0.76 54.8±1.00 68.0±0.99 55.3±1.36

Hierarch. ME 65.2±1.67† 85.3±1.73† 48.7±0.51† 67.8±2.06 55.7±8.11† 50.0±0.05† 70.8±0.60 73.6±1.42† 57.3±0.89† 54.7±1.33 44.5±1.12† 53.5±1.03†
MENSA (Ours) ME 71.4±0.29 90.3±0.54 75.2±0.41 69.4±1.20 90.1±1.55 73.8±2.31 70.8±0.45 76.4±0.61 77.2±0.60 55.1±1.37 68.8±0.66 55.7±1.62

Table 4.4 compares the space complexity of baseline deep learning models and
MENSA across single-event, competing-risks, and multi-event settings. For consis-
tency, all models are configured with a single hidden layer of 32 nodes. By design,
models that cannot learn events jointly must be trained K times in the multi-event
scenario. For instance, DeepSurv exhibits a space complexity of KO(d), where d is
the number of features, assuming training is performed sequentially rather than in
parallel. This requirement can substantially inflate the number of trainable param-
eters in high-dimensional datasets with many events, making such approaches less
appealing. In contrast, MENSA avoids this drawback, as it learns all events simul-
taneously with a space complexity of O(PΨ + d).
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TABLE 4.3: Calibration performance (mean ± SD.) across models on
four multi-event datasets, averaged over 10 runs. For IBS and
mMAE, lower (↓) is better, while for D-calibration, higher (↑) is
better. D-calibration reports the number of run–event combinations
(10 runs × number of events) in which a model is D-calibrated
(p > 0.05). Bold denotes the top-3 models. † indicates models that
are significantly and practically worse than MENSA, based on
paired t-tests with Holm correction (α = 0.05) and an MEI of 1.0 for
IBS and mMAE. For MIMIC-IV, Rotterdam, and EBMT, mMAE is
reported divided by 100, so the MEI corresponds to 100 days for
these datasets; for PRO-ACT, mMAE is reported in days. Table taken
with permission from [48].

Model Type
MIMIC-IV (K = 3) Rotterdam (K = 2) PRO-ACT (K = 4) EBMT (K = 5)

IBS mMAE D-Cal IBS mMAE D-Cal IBS mMAE D-Cal IBS mMAE D-Cal

CoxPH SE 15.3±0.51 10.8±5.77 30/30 19.6±1.53 23.2±1.15† 20/20 16.6±0.39 129.0±3.31† 36/40 20.4±0.68 48.6±0.71 49/50
CoxNet SE 15.3±0.52 8.6±0.16 30/30 19.6±1.54 23.0±1.11 20/20 16.6±0.40 128.6±3.23† 36/40 20.3±0.68 48.3±0.70 49/50
Weibull SE 15.6±0.42 11.3±0.14† 30/30 19.2±1.64 23.1±0.78 15/20 16.7±0.35 220.7±11.24† 36/40 20.1±0.98 59.4±0.86 18/50
GBSA SE 16.7±0.63† 6.9±0.07 29/30 19.3±1.44 24.1±0.74† 20/20 16.7±0.42 120.8±2.14 35/40 20.4±0.75 44.7±0.44 50/50
RSF SE 16.6±0.49† 7.5±0.08 27/30 18.6±1.29 22.6±1.05 18/20 16.3±0.41 170.1±22.18† 39/40 20.8±0.89 610.2±865.78 49/50
MTLR SE 14.9±0.52 9.7±0.15† 30/30 18.1±1.65 23.0±0.72 19/20 16.4±0.42 126.3±4.56 40/40 18.9±1.25 68.9±1.00† 50/50
DeepSurv SE 14.9±0.51 9.1±0.22 30/30 19.4±1.47 22.7±1.02 18/20 16.3±0.42 139.1±5.27† 37/40 20.5±0.73 45.8±0.63 49/50
DeepHit CR 32.7±0.98† 20.0±0.31† 0/30 21.4±2.64† 27.3±0.79† 18/20 25.6±1.21† 196.5±4.00† 0/40 21.1±3.99 74.3±0.84† 50/50
DSM CR 16.0±0.47† 17.0±1.92† 22/30 18.3±1.54 23.2±0.76† 15/20 16.5±0.35 231.5±15.51† 38/40 20.7±1.46 59.6±0.82 17/50
Hierarch. ME 51.0±1.16† 101.9±233.61† 0/30 56.0±5.09† 43.5±0.76† 0/20 53.9±1.86† 280.5±5.47† 0/40 71.8±7.84† 92.2±0.80† 0/50
MENSA (Ours) ME 15.1±0.59 8.3±0.09 21/30 18.8±1.59 22.6±0.68 18/20 16.6±0.41 124.1±2.14 39/40 22.0±2.33 63.1±2.88 10/50

TABLE 4.4: Comparison between the proposed model and
state-of-the-art baselines in terms of space complexity. d: number of
features, K: number of events, B: number of discrete time bins, M:
levels of granularity, Ψ: number of mixture distributions, P: number
of states. Table taken with permission from [48].

Model Single-event Competing risks Multi-event

DeepSurv O(d) KO(d) KO(d)
DeepHit O(d + B) O(d + KB) KO(d + B)
MTLR O(Bd) O(KBd) KO(Bd)
DSM O(Ψ + d) O(KΨ + d) KO(Ψ + d)
Hierarch. O(MB + d) O(MKB + d) O(MKB + d)
MENSA (Ours) O(PΨ + d) O(PΨ + d) O(PΨ + d)

Figure 4.2 compares MENSA with deep learning baselines in terms of trainable
parameters and floating-point operations (FLOPs) as a function of the number of
features. FLOPs are computed using the fvcore library2. In the single-event setting,
MENSA requires fewer parameters and FLOPs than Hierarchical, MTLR, and Deep-
Hit as the number of covariates increases, while using slightly more resources than
DeepSurv and DSM due to architectural differences. In the competing-risks sce-
nario, MENSA outperforms all models except DSM, which has a marginally lower
overhead; beyond 100 features, however, the differences become negligible. In the
multi-event case, many baseline models (in their current implementations) must be
trained separately for each event, requiring K separate trainings to make predictions
for K events. Here, MENSA achieves a substantially lower parameter count and
FLOPs than all baselines, including the Hierarchical model, which is itself designed
for multi-event data. In total, MENSA is more computationally efficient – both in
parameters and FLOPs – than five other deep learning baselines in the multi-event
scenario.

2Meta Research’s fvcore library, available at https://github.com/facebookresearch/fvcore
(September 1, 2025).

https://github.com/facebookresearch/fvcore
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FIGURE 4.2: Number of features vs. number of trainable parameters
(upper row) and number of floating-point operations (lower row) for
single-event (K = 1), competing-risks (K = 2) and multi-event
(K = 4) scenarios. Figure taken with permission from [48].

We perform two ablation studies that assess (1) the effectiveness of training events
jointly in a single model and (2) the impact of the trajectory-based likelihood term.
Table 4.5 presents the results for joint versus independent training. In both datasets,
independent training slightly improves the global metrics (e.g., global CI, AUC and
mMAE) and D-calibration, but the local CI (within-patient event ordering) decreases,
notably in Rotterdam (2.69% decrease) and marginally in PRO-ACT (0.19% decrease).
Table 4.6 presents the results for training with/without the trajectory-based likeli-
hood term. In Rotterdam, it improves local CI with only negligible shifts in global
CI, AUC and mMAE – i.e., small differences relative to the variability. In EBMT, it
is consistently favorable for discrimination and prediction error, but D-calibration
increase when the loss is removed. Overall, the loss appears to help inter-event pre-
dictions.

TABLE 4.5: Ablation study comparing joint vs. independent training
of MENSA on two multi-event datasets. Results are averaged over
10 experiments, with changes shown relative (%) to the baseline.
Table taken with permission from [48].

Dataset Training CIG CIL AUC IBS mMAE D-Cal

Rotterdam
Joint 69.45±1.25 90.24±1.36 73.88±2.33 18.78±1.59 22.62±0.71 18/20
Indep. 69.82±1.31 (+0.53) 87.81±1.74 (-2.69) 74.57±2.10 (+0.93) 18.84±1.67 (+0.32) 22.48±0.67 (-0.63) 20/20

PRO-ACT
Joint 70.87±0.50 76.07±0.51 77.12±1.20 16.60±0.52 124.37±3.44 36/40
Indep. 70.98±0.64 (+0.15) 75.92±0.88 (-0.19) 77.29±0.75 (+0.23) 16.54±0.42 (-0.34) 122.78±2.33 (-1.27) 38/40

TABLE 4.6: Ablation study comparing training MENSA
with/without the trajectory-based loss on two multi-event datasets.
Results are averaged over 10 experiments, with changes shown
relative (%) to the baseline. Table taken with permission from [48].

Dataset Ltrajectory CIG CIL AUC IBS mMAE D-Cal

Rotterdam
With 69.45±1.25 90.24±1.36 73.88±2.33 18.78±1.59 22.62±0.71 18/20
Without 69.54±1.22 (+0.13) 89.94±1.45 (-0.34) 74.16±2.09 (+0.38) 18.79±1.72 (+0.09) 22.58±0.71 (-0.18) 18/20

EBMT
With 55.26±1.24 68.73±0.56 55.66±1.47 22.13±2.30 62.98±2.97 9/50
Without 54.93±1.15 (-0.6) 68.39±0.56 (-0.5) 55.53±1.43 (-0.24) 22.36±2.59 (+1.04) 63.76±3.90 (+1.25) 14/50
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4.1.4 Discussion

We have presented MENSA, a novel method for multi-event survival analysis that
jointly learns the time-to-event distribution for multiple events, which may be com-
peting or co-occurring. Across four multi-event benchmark datasets, MENSA is
competitive with strong deep learning baselines in both discrimination and calibra-
tion tasks, while achieving performance on par with boosted tree methods. Com-
pared to the Hierarchical survival model – the main deep learning approach for
multi-event survival prediction – MENSA delivers substantial gains across all eval-
uation metrics. In addition, MENSA is more computationally efficient in the multi-
event setting, as single-event baselines must train a separate model for each event.

This work has limitations. First, MENSA assumes conditional independent cen-
soring (see Definition 6), but this assumption may fail if important covariates are
missing. Second, parametric survival models, such as MENSA, assume specific sur-
vival time distributions (such as Weibull), which often require more data to train
efficiently. In contrast, semiparametric models, such as CoxPH and DeepSurv, make
fewer assumptions about the distribution and are generally less sensitive to dataset
size. Third, the current implementation of MENSA operates only on static covari-
ates, which restricts its applicability in settings with time-varying covariates.

4.2 Prediction of Functional Decline in ALS Patients

4.2.1 Introduction

Amyotrophic lateral sclerosis (ALS) is a neurodegenerative disease that leads to the
progressive loss of upper and lower motor neurons in the central nervous system.
Most individuals with ALS die within 2-5 years of onset [114], primarily due to res-
piratory failure complications [115]. The exact causes of ALS remain unclear, and
current treatments focus primarily on extending survival and enhancing the pa-
tient’s quality of life. Due to its heterogeneous and unpredictable progression, as
well as significant variation in clinical outcomes [116], determining the most effec-
tive treatment approach is often challenging. This uncertainty also complicates the
timing of medical interventions, such as noninvasive ventilation, and the assess-
ment of whether specific treatments can slow disease progression. As a result, there
is an urgent need for tools that can accurately predict disease progression, support
treatment decisions, and improve patient care.

In this work, we introduce a novel approach for predicting when an ALS patient
is likely to experience each of five common types of functional decline, as defined
by the ALSFRS-R protocol [117]. Specifically, we consider the onset of significant
impairment (score ≤ 2) as an event with respect to five common functions: speak-
ing, swallowing, handwriting, walking and breathing. These events are clinically
distinct but not mutually exclusive, and may share underlying patterns in patient
characteristics. For example, a patient with limb-onset ALS, Mr. Smith, may face
walking and writing difficulties earlier than Mr. Johnson, who has bulbar-onset ALS
and may instead experience earlier impairments with regards to speaking and swal-
lowing. Our method aims to assist newly-diagnosed ALS patients by addressing
critical clinical questions, such as:

• How much longer will I be able to speak clearly enough to be understood?

• How much longer will I be able to eat most solid foods without difficulty?
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• How much longer will I be able to write a shopping list that my wife can read?

• How much longer will I be able to walk at a normal pace and keep my balance?

• How much longer will I be able to breathe normally during daily activities?

We formulate this task as a multi-event survival problem: given a patient in-
stance (e.g., a baseline profile of Mr. Smith), the model estimates the time until the
occurrence of each of the specified functional decline events. These predictions are
expressed as individual survival distributions (ISDs) [27], which represent the prob-
ability of each event occurring at any given time after the baseline. An overview of
the proposed approach is illustrated in Figure 4.3.

The work described in this section is published as [49].
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FIGURE 4.3: Overview of the proposed approach. Historical ALS
patient data are compiled into a dataset D consisting of N training
instances and d covariates, along with time-to-event information –
represented as filled circles for events and hollow circles for censored
cases – measured from the patient’s initial visit (the "baseline time").
We focus on five distinct but related events: Speech, Swallowing,
Handwriting, Walking, and Dyspnea. Using covariates recorded at
baseline and the corresponding event outcomes, we train a survival
modelM to estimate an ISD for each of these five events for a new
patient xi, denoted by Ŝ(i). Each ISD describes the probability of the
corresponding event occurring after t days from baseline, for all
t > 0. These ISDs can be used to estimate expected event times for
xi, such as by identifying the point at which each survival curve
crosses the 50% threshold. Figure taken with permission from [49].

4.2.2 Materials and Method

For our empirical analyses, we use the publicly-available Pooled Resources Open-
Access ALS Clinical Trials (PRO-ACT) dataset [118], the largest ALS dataset to date,
comprising data from over 11,600 patients enrolled in 23 clinical trials. The dataset
includes demographic details, lab results, medical records, and family history. Dur-
ing each trial, patients undergo regular follow-up visits until the trial ends or the
patient can no longer participate due to illness or another cause. At each visit, var-
ious covariates are recorded, including the total ALSFRS-R score, age, sex, region
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of onset (e.g., bulbar or limb), mean FVC score, time since diagnosis, progression
rate3, and Riluzole usage. For our study, we use only the covariates collected at each
patient’s baseline visit.

To define our events of interest, we use the ALSFRS-R scale recorded at each
follow-up visit. We focus on five specific functional decline events: Speech, Swallow-
ing, Handwriting, Walking, and Dyspnea. We annotate an event as occurring when
a patient receives a score of 2 or less on the corresponding ALSFRS-R item at any
post-baseline visit. Censoring may occur due to death, inability to perform the as-
sessment, or early withdrawal from the trial. To concentrate on early-stage progres-
sion and reduce the effects of high censoring, we restrict follow-up to a maximum
of 500 days. Patients scoring 2 or lower at baseline on any of the five assessments
are excluded, as the corresponding loss of function occurred before study entry. We
also remove patients with no ALSFRS-R records, yielding a final dataset of 3,220 pa-
tients. Table 4.7 provides a summary of the dataset, and Figure 4.4 illustrates the
distribution of event and censoring times.

TABLE 4.7: Overview of the dataset. "SP", "SW" "HA", "WA" and
"DY", are the Speech, Swallowing, Handwriting, Walking and Dyspnea
events, respectively. Event distribution indicates the percentage of
uncensored instances of each type in the dataset. N: sample size, d:
number of covariates, K: number of event types, T: observed time
(of the uncensored instances) for any event in days. Table taken with
permission from [49].

Dataset N d K Tmin Tmax Tmean Event distribution (%):

PRO-ACT 3,220 8 5 1 498 130
SP: 37.8, SW: 31.9

HA: 50.3, WA: 60.6
DY: 27.0
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FIGURE 4.4: Distribution of uncensored and censored times in the
PRO-ACT dataset for the five events. Figure taken with permission
from [49].

We implement several survival models to validate the feasibility of our approach.
As single-event models, we implement the traditional CoxPH model [23], Random
Survival Forests [58], DeepSurv [28] and MTLR [88]. As a multi-event model, we
implement our MENSA model [48]. We evaluate the survival models in the PRO-
ACT dataset with different random seed to ensure variability. In each experiment,
we follow [113] and first split the dataset into training, validation, and test sets in
a stratified manner with respect to event indicators and event times across the K

3Calculated as (48−ALSFRS-R score)/(days since diagnosis/30)
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events given a random seed. This allocates 70% of the data to the training set, 10%
to the validation set and 20% to the test set. After splitting, we impute missing val-
ues using sample mean for real-valued covariates or mode for categorical covariates
based on the training set only. We encode categorical covariates using a one-hot
encoding strategy and apply a z-score data normalization to speed up the training
process and improve stability. No outlier detection is performed.

4.2.3 Experiments and Results

We present our empirical results (Table 4.8 and Figure 4.5) in terms of three key
aspects with respect to performance: discrimination, absolute/squared error, and
calibration. Below, we discuss the results and critically reflect on their implications.

Discrimination: In Table 4.8, Speech and Swallowing have the best Harrell’s/Uno’s
C-indices (around 74-76% and 70-71%). Handwriting and Walking are harder to dis-
criminate (around 67-69%). RSF excels at Dyspnea with 78.23%/78.95%. DeepSurv,
MTLR, and MENSA consistently perform well, with MENSA dipping for Walking
and Dyspnea.

Absolute/squared error: In Table 4.8, Swallowing shows consistently low IBS (12-
13) and mMAE (110-150 days for all models except DeepSurv, at 179 days). For
Dyspnea, IBS is moderate (11.9–13.8), but RSF has low IBS and high mMAE (ap-
prox. 850±471 days), unlike other models (approx. 200-400 days). This suggests
the squared error of the survival probabilities does not mimic the absolute error of
the time-to-event estimates. MENSA achieves reasonable mMAE across all events
(119-189 days) and performs well for Swallowing, similar to MTLR.

Calibration: In Table 4.8, Walking is a consistent calibration challenge, with pre-
dictions deviating from observed frequencies. RSF shows perfect D-calibration (10/10)
across all events, highlighting robust performance. DeepSurv and MTLR also per-
form well, achieving D-calibration in most experiments. MENSA is D-calibrated in
all 10 runs for Swallowing and Dyspnea, but slightly lower for Speech (9/10), Hand-
writing (9/10), and Walking (6/10).

Figure 4.5 compares the prediction error, measured in days, between covariate-
based models and the population-level Kaplan–Meier (KM) estimator [20]. The KM
curves are calculated per event using both observed and censored times, without
accounting for individual covariate information. Across all five events, covariate-
based models generally produce more accurate time-to-event estimates than the KM
estimator, although performance varies between models. This underscores the value
of incorporating patient-specific features when predicting functional decline, rather
than relying solely on population-level trends.

Our method can predict personalized disease trajectories as K ISDs, where K = 5
corresponds to the five events. Figure 4.6 illustrates these ISDs for a representative
patient (e.g., Mr. Smith), covering the period from baseline (t = 0) up to 500 days.
Mr. Smith is a 72-year-old male with limb-onset ALS, who entered the study with
early speech difficulty and leg weakness, but retained functionality in all five ar-
eas (ALSFRS-R scores above 2). As an illustrative scenario, suppose his neurologist
anticipates that walking impairment will manifest early. The model supports this,
predicting Walking as his earliest event (median of approximately 80 days), which
could, for example, prompt early provision of a walking aid. Indeed, Mr. Smith re-
quired walking support after approximately 45 days. The model is less accurate for
Speech, which Mr. Smith experienced first (after approximately 7 days) but which
is predicted at approximately 300 days. Since he entered the study with speech dif-
ficulty, this event occurred almost immediately after baseline, illustrating that the
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TABLE 4.8: Prediction results, averaged over 10 independent
experiments (± SD). D-calibration counts the number of times the
respective model was D-calibrated. Harrell’s CI, Uno’s CI and IBS
results are multiplied by 100 for better readability. Table taken with
permission from [49].

Model Event Harrell’s CI ↑ Uno’s CI ↑ IBS ↓ mMAE ↓ D-Cal ↑

CoxPH

Speech 74.52±1.39 70.44±3.34 14.41±0.43 206.85±9.88 (10/10)
Swallowing 75.75±1.53 70.96±4.58 12.58±0.72 146.15±25.50 (10/10)

Handwriting 67.57±0.92 63.75±2.29 16.73±0.70 141.85±7.40 (10/10)
Walking 68.67±1.20 67.15±1.40 16.60±0.50 145.04±4.50 (7/10)
Dyspnea 68.54±1.71 66.99±6.30 13.79±0.41 235.46±27.57 (10/10)

RSF

Speech 75.05±1.13 70.08±2.75 14.69±0.44 164.51±19.12 (10/10)
Swallowing 75.53±1.46 69.65±2.98 13.02±0.74 111.71±11.46 (10/10)

Handwriting 67.38±1.39 63.70±2.05 16.87±0.57 146.97±6.88 (10/10)
Walking 68.44±1.47 66.68±1.54 16.78±0.56 145.98±4.63 (10/10)
Dyspnea 78.23±1.07 78.95±4.01 11.89±0.33 850.45±471.39 (10/10)

DeepSurv

Speech 74.18±3.05 70.77±3.57 14.36±0.89 232.15±28.48 (10/10)
Swallowing 75.61±1.37 70.67±5.52 12.48±0.65 178.77±39.68 (10/10)

Handwriting 67.12±1.08 63.72±2.15 16.81±0.84 151.83±18.59 (9/10)
Walking 69.53±0.93 68.44±1.11 16.23±0.51 148.17±6.60 (8/10)
Dyspnea 71.72±3.99 70.61±7.60 13.11±0.61 384.96±284.17 (10/10)

MTLR

Speech 74.22±1.67 70.17±3.23 13.95±0.44 179.35±5.34 (10/10)
Swallowing 75.13±1.43 70.63±5.41 12.34±0.59 122.93±19.52 (10/10)

Handwriting 67.32±1.11 63.71±2.42 16.72±0.66 140.94±6.29 (9/10)
Walking 68.97±1.16 67.71±1.06 16.30±0.51 149.93±10.99 (9/10)
Dyspnea 66.54±2.22 65.90±6.85 13.50±0.50 203.36±24.57 (10/10)

MENSA

Speech 74.21±1.11 70.56±3.47 14.53±0.41 181.81±7.92 (9/10)
Swallowing 74.94±1.36 70.85±5.20 12.61±0.56 119.16±7.12 (10/10)

Handwriting 66.46±0.90 63.80±2.65 17.10±0.66 141.97±5.70 (9/10)
Walking 68.63±1.29 66.94±1.50 17.04±0.61 149.50±6.49 (6/10)
Dyspnea 66.56±1.77 64.40±7.07 13.78±0.30 189.43±24.28 (10/10)
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FIGURE 4.5: The mMAE (in days) as a function of covariate-based
models (x-axis) in the PRO-ACT test set, with error bars representing
empirical 95% confidence intervals. The horizontal dashed line is the
KM estimator [20]. Lower is better. Figure taken with permission
from [49].

median is only a point summary of the ISD and that individual event times can fall
far in the tail of the predicted distribution.

Our method also supports individual-level counterfactual predictions [119], which
explore hypothetical scenarios by altering specific patient covariates, to assess their
predicted impact on functional decline. Such predictions can provide insights into
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FIGURE 4.6: Predicted ISDs for Mr. Smith (i). The point where the
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the predicted median time of event – so this predicts, for example,
Walking at approximately 80 days, Handwriting at 240 days, and
Speech at 300 days. The dashed vertical lines are Mr. Smith’s actual
time of event for the respective events – so Speech at approximately 7
days, Handwriting at 35 days, and Walking at 45 days. Figure taken
with permission from [49].

disease mechanisms and help evaluate potential treatment strategies. Using MENSA,
we demonstrate counterfactual predictions for Mr. Smith, based on test-set data
from PRO-ACT. These predictions reveal how modifying individual risk factors could
influence event probabilities. To validate broader trends, we stratify the test set
based on the same covariate used in the counterfactual analysis and apply the log-
rank test [120] to assess differences in survival outcomes between strata. We correct
for multiple comparisons using the Bonferroni method, adjusting the significance
level to αadjusted = 0.01 for the five events (α = 0.05/5).
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FIGURE 4.7: Predicted ISDs for Mr. Smith based on whether he has
limb-onset or bulbar-onset. Figure taken with permission from [49].

As an example of a counterfactual prediction, we examine the site of onset covari-
ate, indicating where the ALS symptoms first appear. Bulbar-onset and limb-onset
are the most common types, with bulbar-onset generally linked to faster disease
progression [121]. While Mr. Smith was diagnosed with limb-onset ALS, we ex-
plore how his predicted disease course would differ if he had been diagnosed with
bulbar-onset ALS instead. Figure 4.7 shows his predicted ISDs for both cases. The
ISDs for Speech and Swallowing differ significantly, suggesting a worse prognosis
with bulbar-onset, whereas the ISDs for Handwriting, Walking, and Dyspnea are more
similar. More results are available in [49].
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4.2.4 Discussion

This study had three main objectives: (1) to evaluate whether covariate-based sur-
vival models can more accurately predict individual time to functional decline in
ALS patients compared to population-level estimators, (2) to precisely estimate risk
scores and event times, and (3) to investigate how counterfactual scenarios impact
the likelihood of functional decline. Regarding the first objective, personalized pre-
dictions are crucial for tailoring treatment decisions. We demonstrate that covariate-
based models – even relatively simple ones – consistently outperform the KM es-
timator in predicting time to functional decline. Unlike previous approaches, our
method provides actual predicted times (in days) when the decline is likely going
to happen. For the second objective, we thoroughly assess five survival models us-
ing metrics for discrimination, absolute/squared error, and calibration. Importantly,
we find that strong discriminative ability does not always correspond to accurate
time-to-event predictions, underscoring differences between ranking performance
and absolute error. Lastly, for the third objective, we employ counterfactual predic-
tions to reveal how modifying patient characteristics influences the risk and type of
functional decline – a novel application in ALS research. For instance, for our ex-
ample patient Mr. Smith, the predicted risk of functional decline for all five events
showed no significant differences whether or not he was taking Riluzole.

The main limitation of this work is that all evaluated survival models assume
independent censoring (see Definition 6). This means that the event time is assumed
independent of the censoring time given the patient’s covariates. However, ALS
is a highly heterogeneous disease and progresses quickly. At this point, no study
or dataset can fully capture all disease mechanisms, so there are likely to be unob-
served confounders present. Clinical trials in ALS also face high dropout rates [122].
This phenomenon is likely associated with disease progression and subsequent func-
tional decline; however, because functional decline is typically unobserved in pa-
tients who withdraw from the study, such dependent censoring may introduce a
bias in the results.
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Chapter 5

Evaluation under Censoring

Censoring is a defining characteristic of survival data, where the true event time
may only be partially observed. Since censored observations appear in both training
and test sets, evaluation metrics must properly account for censoring to yield unbi-
ased estimates of predictive performance. However, in practice, evaluation metrics
are often applied without verifying their underlying censoring assumptions or their
alignment with the predictive objective.

This chapter addresses these challenges from two perspectives. First, we ana-
lyze common pitfalls in survival model evaluation, focusing on mismatches between
modeling objectives, evaluation metrics, and censoring assumptions. Second, we in-
troduce a new evaluation metric that enables evaluation under dependent censoring.
Specifically, we propose a dependent Brier score that models the joint distribution of
event and censoring times using an Archimedean copula.

5.1 Common Pitfalls in Model Evaluation

5.1.1 Introduction

Evaluating survival models is complicated by censoring, which causes event times
to be only partially observed for some instances. Because censored observations ap-
pear in both training and test sets, evaluation metrics must both reflect the intended
prediction objective and properly account for censoring in order to provide unbiased
estimates of predictive performance. In practice, however, these considerations are
often overlooked and leads to two frequent shortcomings in the literature:

• Evaluation metrics are often misaligned with the modeling objective. In a sur-
vey, we find that discrimination-based measures such as the C-index are com-
monly used as default metrics even when the goal is accurate time-to-event
prediction or well-calibrated survival probabilities.

• Censoring assumptions required for these metrics are rarely stated or vali-
dated. Many studies implicitly assume random or independent censoring
without justification, which can lead to biased estimates of predictive perfor-
mance.

While the limitations of the C-index are well documented [39], its use remains
widespread. We did a structured review of 92 methodological and application-
oriented survival analysis papers published between 2023 and 2025 (see the ap-
pendix of [50]) which shows that approximately 72% rely on evaluation metrics that
do not align with their stated objectives or do not explicitly address the censoring
assumptions required for valid evaluation. Figures 5.1 and 5.2 summarize these
findings.
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We therefore argue that a substantial amount of recent survival analysis research
is evaluated incorrectly due to a systematic mismatch between modeling objectives,
evaluation metrics, and the censoring assumptions those metrics rely on. To make
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this mismatch explicit, we introduce a ladder hypothesis of model-metric consis-
tency, which shows that the development of evaluation metrics lags behind the de-
velopment of new survival models. Through controlled experiments, we demon-
strate that commonly used metrics can become increasingly biased as censoring de-
viates from the common assumption of randomness. Our goal is not only to high-
light these issues but also to provide practical guidance for selecting evaluation met-
rics that are aligned with both the research objective and the censoring mechanism.

The work described in this section is published as [50].

5.1.2 Objective-Metric Alignment

Censoring is not a fixed mechanism and may arise in different ways across datasets.
After a model has been trained on censored data, it is typically evaluated on held-
out test sets that also contain censored observations. In many real-world survival
datasets, the proportion of censored instances is substantial. For example, in a 23-
year prostate cancer study, approximately 68-80% of men did not die from prostate
cancer and were therefore censored [123]. Our analysis suggests that the commu-
nity does not always carefully consider how survival models are evaluated or which
criteria are used to assess them. We illustrate this issue with three examples.

Steinberg et al. [124] introduced MOTOR, a foundation model trained on 55M
patient records to predict time-to-event outcomes. Although the objective was ac-
curate event-time prediction, the evaluation relied primarily on C-indices [36, 125],
which measure only a model’s ability to rank patients by risk. A model may achieve
a high C-index while systematically calculating event times wrongly, since rankings
can remain correct even when predicted times are inaccurate.

Zisser and Aran [126] proposed a Transformer-based survival model to predict
patient-specific survival probabilities for acute lymphoblastic leukemia. Despite tar-
geting time-to-event prediction, the model was evaluated exclusively using Harrell’s
C-index, creating a mismatch between the modeling objective and the evaluation
metric.

Liu et al. [127] introduced HACSurv, a copula-based survival model designed to
capture dependence between competing risks and censoring. However, the method
was evaluated using standard metrics such as Antolini’s C-index [101] and the in-
tegrated Brier score with inverse probability of censoring weighting (IPCW) [77],
which assume random or independent censoring. This creates a mismatch between
the modeling assumptions and the evaluation setting.

5.1.3 Aspects of Evaluation and Common Metrics

To help guide metric selection better, we propose five desiderata for evaluating sur-
vival models. These desiderata are desirable properties and formalize what it means
for an evaluation metric to be appropriate for a given scientific goal.

D1 Be a proper scoring rule. A proper scoring rule is a loss function that is opti-
mized when the predicted probabilities match the true underlying probability
distribution (see the appendix of [50] for a formal definition). Such metrics
reward truthful probabilistic predictions: models that better reflect the data-
generating process should receive better scores.

D2 Be interpretable. A metric should be expressed in domain-relevant, human-
understandable units (e.g., days, weeks, months; or probabilities) and described
using common, non-technical terminology. Its value should have a direct and
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intuitive connection to model behavior, without requiring additional transfor-
mations or assumptions. This allows practitioners and non-technical stake-
holders to readily understand what is being measured and how differences in
the metric reflect differences in model performance.

D3 Be model-agnostic. A metric should not depend on model parameters or on
properties of the covariate distribution Pr(X). This improves comparability
and robustness: two models that produce identical predictions should receive
identical scores. Metrics that depend on model-specific quantities may instead
produce different evaluations simply because one model has more parameters
or a different structure.

D4 Be sensitive to miscalibration. A metric should detect systematic discrepan-
cies between predicted and observed survival probabilities. This allows one
to identify models that consistently overestimate or underestimate risk. For
example, a model might predict a 70% probability of surviving the next year
for a cancer patient, while in reality only 50% of such patients survive.

D5 Be robust to censoring. A metric should handle censoring in a manner con-
sistent with how censoring arises in the data. If censoring is random, such
that censored individuals are equally likely to experience the event as those
remaining under observation, the metric may rely on this assumption. Con-
versely, if censoring is dependent, the metric should relax this assumption and
remain valid under the induced dependence.

TABLE 5.1: Overview of commonly-used survival metrics and which
desiderata they satisfy. A checkmark (✓) indicates that the metric
fully satisfies the desideratum, a partial mark (∼) indicates partial
satisfaction, and a cross (✗) indicates that the metric does not satisfy
the desideratum. For the interpretability desideratum, we rank the
metrics from 1 (most interpretable) to 7 (least interpretable),
assigning better ranks to metrics whose units and values are more
directly understandable. The log-likelihood (LL) is included merely
for comparison, as it is typically not used as a final evaluation
metric. Table taken with permission from [50].

Desiderata CI (Harrell) CI (Uno) CI (Antolini) IBS MAE D-Cal LL

Proper scoring rule (D1) ✗ ✗ ✗ ✓ ∼ ✗ ✓
Interpretable (D2) #2 #3 #5 #6 #1 #4 #7
Model-agnostic (D3) ∼ ∼ ∼ ✓ ✓ ✓ ✗

Sensitive to miscalibration (D4) ✗ ✗ ✗ ✓ ✗ ✓ ✓
Robust to censoring (D5) ✗ ∼ ✗ ∼ ✗ ✗ ∼

Table 5.1 summarizes several commonly used survival evaluation metrics and
which of the desiderata introduced above they satisfy. Rather than reintroducing the
metrics (see Chapter 2), here we briefly describe the aspects of model performance
they evaluate and how they relate to the proposed criteria.

Discrimination. Discrimination metrics assess how well a model ranks individ-
uals by risk. The most widely used example is Harrell’s C-index, with variants such
as Uno’s C-index and Antolini’s C-index. While these metrics measure a model’s
ability to correctly order individuals by risk, they do not evaluate the accuracy of
predicted event times or survival probabilities. Consequently, they are not proper
scoring rules and are insensitive to calibration. Some variants partially correct for
censoring under random or independent censoring assumptions, but all commonly
used C-index variants remain biased under dependent censoring.
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Absolute and squared error metrics. Error-based metrics evaluate the discrep-
ancy between predicted and observed outcomes. The integrated Brier score (IBS)
measures the accuracy of predicted survival probabilities over time and is a proper
scoring rule under random censoring when estimated with IPCW. The mean abso-
lute error (MAE) evaluates the accuracy of predicted event times. IBS is sensitive to
miscalibration because it penalizes inaccurate survival probabilities, whereas MAE
evaluates only point predictions. Both metrics typically rely on assumptions about
the censoring mechanism and can become biased under dependent censoring.

Calibration metrics. Calibration metrics assess whether predicted survival prob-
abilities match observed event frequencies. For example, 1-Calibration evaluates
calibration at a specific time horizon, while D-Calibration assesses calibration across
the entire survival curve. These metrics are sensitive to miscalibration and generally
model-agnostic, but they are not proper scoring rules and, when estimated using
KM-based methods, are not robust to dependent censoring.

Together, these comparisons illustrate that commonly used metrics emphasize
different aspects of predictive performance and satisfy the proposed desiderata to
varying degrees. As a result, the choice of evaluation metric should depend on both
the modeling objective and the censoring assumptions one is willing to defend.

5.1.4 Model-Metric Consistency

We introduce a guiding principle called the Ladder Hypothesis of Model-Metric Consis-
tency. The central idea is that a survival model should be evaluated using metrics
whose validity relies on the same (or fewer) censoring assumptions as the model
itself. If the assumptions underlying the evaluation metric are stronger than those
of the model, the resulting performance estimates may be biased and therefore un-
reliable.

Ladder Hypothesis of Model-Metric Consistency. A model can be consid-
ered trustworthy only when it is evaluated with metrics whose own validity
rests on the same or weaker set of statistical assumptions that also govern the
model. Conversely, an evaluation metric is itself trustworthy only when any
auxiliary models or estimators on which it relies satisfy those same assump-
tions.

Figure 5.3 illustrates this idea as an assumption ladder. As survival models are
developed under progressively weaker censoring assumptions (moving from ran-
dom to independent and eventually dependent censoring), the evaluation metrics
used in practice have not evolved at the same pace. This creates a gap between mod-
eling assumptions and evaluation procedures, leading to systematic model-metric
mismatch.

To illustrate this phenomenon, we conduct a controlled simulation in which a
predictive model (CoxPH) is held fixed while the censoring mechanism is varied.
Event times are generated from the same covariate-dependent distribution across
all settings, while censoring is introduced under three regimes: random censoring,
independent censoring, and dependent censoring with increasing levels of depen-
dence. We then evaluate the same predicted survival curves using several commonly
used metrics, including variants of the C-index and the IBS. Oracle metrics com-
puted using the true event times provide a reference for the model’s actual perfor-
mance. Figures 5.4 and 5.5 show that the estimation error of these metrics increases
as censoring deviates from the assumptions under which the metrics were derived.
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FIGURE 5.3: The double-helix ladder, showing how survival models
(orange) and evaluation metrics (blue) have developed as the
censoring assumptions become weaker (moving upward). Filled
dots mark settings where valid methods are available, and hollow
dots mark open gaps. Models have begun to address dependent
censoring, whereas metrics have not yet fully addressed
independent censoring. The growing gap between the two strands
illustrates a systematic mismatch between models and metrics along
the ladder. Figure taken with permission from [50].

In particular, both discrimination and error-based metrics become increasingly bi-
ased under dependent censoring. Since errors are measured relative to the oracle
metrics, which capture genuine changes in the fitted model’s performance, this bias
reflects the evaluation itself rather than the model. This illustrates that apparent im-
provements or degradations in performance may reflect evaluation bias rather than
genuine differences in predictive ability.

These findings highlight a broader issue in survival analysis: models and eval-
uation metrics are often developed under different censoring assumptions. Histor-
ically, many classical survival models and evaluation procedures were derived un-
der random censoring [50]. Modern methods increasingly relax this assumption and
instead rely on independent censoring given covariates. At the same time, some re-
cent work attempts to model dependent censoring directly using approaches such as
copula-based models or causal inference techniques. Despite this progress in mod-
eling, most commonly used evaluation metrics-including the C-index, Brier score,
MAE, and calibration-based tests—remain valid only under random or independent
censoring assumptions. As a result, models designed to handle dependent censor-
ing are often evaluated using metrics that are themselves biased in that setting [127].
This limitation motivates the development of evaluation metrics that remain valid
under dependent censoring, which is the focus of the next section. Detailed experi-
mental results and methodological analysis supporting this argument are provided
in the appendix of [50].
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5.1.5 Practical Recommendations

We conclude with some practical recommendations for model evaluation.
Recommendation 1 (Stick to your goal). In application-oriented studies, the pri-

mary evaluation metric should reflect the study objective. Discrimination-based ob-
jectives (e.g., prioritizing patients for treatment) call for ranking metrics such as the
C-index or AUC variants. Objectives focused on accurate time-to-event prediction
favor error-based metrics such as MAE or MSE, while decisions based on predicted
survival probabilities are best assessed using calibration-oriented measures. When
multiple metrics address the same aspect of performance, the desiderata in Table 5.1
can guide the choice.

Recommendation 2 (Evaluate from multiple angles). In methodology-oriented
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studies (e.g., developing a new general-purpose algorithm), we recommend report-
ing metrics from multiple evaluation aspects rather than relying on a single headline
score. Many modern survival models predict full survival curves, but these curves
are only partially observed and may be unreliable in the tail due to censoring. In
addition to curve-based metrics, reporting well-chosen scalar summaries – such as
landmark survival probabilities, predicted median survival, or restricted mean sur-
vival time – can provide more stable and practically meaningful results.

Recommendation 3 (Strive for consistency). Evaluation results should always
be interpreted relative to the censoring assumptions underlying the chosen metric.
We therefore recommend explicitly stating these assumptions and, ideally, selecting
metrics whose validity aligns with them. When such alignment cannot be guaran-
teed, researchers should acknowledge the limitation and perform robustness checks
or sensitivity analyses to ensure that conclusions are not artifacts of the evaluation
procedure itself.

5.2 Overcoming Dependent Censoring in Model Evaluation

5.2.1 Introduction

As we have discussed, survival analysis differs from standard regression because
outcomes may be censored: for some individuals, we only observe that the event
time exceeds a certain value. Most survival models and evaluation metrics rely on
the assumption of independent censoring (Definition 6). Under this assumption, the
censoring time does not convey additional information about the event time beyond
the observed covariates [13]. However, this assumption is often violated in practice
when censoring and event times share unobserved causes, leading to dependent cen-
soring (Definition 8). While recent work has begun addressing dependent censor-
ing in model estimation [64, 127, 128], its implications for model evaluation remain
largely unexplored. In particular, widely used metrics such as the Brier score rely on
the IPCW method (see Definition 13), typically estimated using KM or Cox-based
models. These approaches implicitly assume independent censoring, and when the
assumption fails the resulting weights can be misspecified, which can lead to biased
performance estimates and misleading model comparisons. Figure 5.6 illustrates
how dependent censoring can distort the KM estimate beyond the censoring time.

In this work, we propose a dependent Brier score that supports dependent cen-
soring. Our approach models the joint distribution of event and censoring times us-
ing an Archimedean copula, enabling correction of the weighting mechanism with-
out altering the marginal survival predictions. We further establish large-sample
guarantees, proving consistency and asymptotic normality of the proposed esti-
mator. To evaluate the method in realistic settings, we introduce a semi-synthetic
data generation framework that induces controlled dependent censoring while pre-
serving the original covariate structure. Across 12 survival datasets and multiple
feature-selection regimes, our approach substantially reduces estimation error rela-
tive to standard IPCW-based evaluation. To our knowledge, this is the first survival
evaluation metric that supports dependent censoring.

The work described in this section is published as [51].

5.2.2 Materials and Method

We introduce a modified Brier score that relaxes the standard independent censoring
assumption by explicitly modeling dependence between event and censoring times
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using an Archimedean copula. The proposed approach has two main components:
(1) the copula-based version of the KM estimator, which is used to obtain margin-
time estimates for censored observations, and (2) a weighting scheme based on the
censoring time. We first present the copula-based estimator for ŜE(t) and then de-
scribe how it can be used to compute margin-time estimates that ultimately lead to
the proposed evaluation metric.

The Copula-Graphic estimator. Zheng and Klein [129] extended the nonpara-
metric KM estimator to dependent censoring by introducing the parametric Cop-
ula–Graphic (CG) estimator. This relaxes the independent censoring assumption
underlying KM by modeling dependence through a copula. Later, Rivest and Wells
[130] derived an explicit form of the CG estimator under an assumed copula from the
Archimedean family (e.g., the Clayton [60] and Frank [62] copulas). In this formula-
tion, dependence is governed by a single parameter θ through a generator function
φθ [14]. Given an assumed Archimedean copula, the marginal survival function
ŜE(t) can be estimated using the CG estimator:

ŜE(t) = φ−1

(
∑

i: ti≤t, δi=1

[
φ
(

ni−1
n

)
− φ

( ni
n

)]
)

, (5.1)

where φ(·) denotes the generator of an Archimedean copula, and ni = ∑n
ℓ=1 I(tℓ ≥

ti) represents the number of individuals at risk at time ti. If no event occurs before
time t, then ŜE(t) = 1, while the estimator is undefined for t > tmax [14]. When the
copula corresponds to independence (i.e., φ(u) = − log u), the CG estimator reduces
to the standard KM estimator on the interval [0, tmax].

Margin time. Once an estimate of the marginal survival curve ŜE(t) is avail-
able, it can be used to infer the expected event time for censored individuals. This
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quantity, known as the margin time, represents the expected event time conditional
on surviving beyond the censoring time. In other words, it provides the expected
total event time for an individual whose event has not occurred prior to ti. For an
instance censored at time ti, the margin time is computed as [27]:

emargin
(

ŜE, ti

)
= E[E | E > ti] = ti +

∫ ∞
ti

ŜE(t) dt

ŜE(ti)
, (5.2)

where emargin
(

ŜCG
E , ti

)
1 denotes the conditional expectation of the event time based

on the CG survival estimate ŜCG
E . As the copula parameter approaches indepen-

dence (θ → 0), the CG estimator converges to the KM estimator, and the corre-
sponding margin time coincides with the KM-based margin. Thus, the Brier score
requires specification of a copula family and its parameter, and corrects for marginal
dependence between E and C through their joint copula model, but does not require
modeling interactions with covariates X.

Uncertainty weighting. Early censoring provides limited information about the
eventual event time, whereas observations censored later in the study period offer
stronger constraints on when the event might occur. To reflect this uncertainty, we
introduce a weighting scheme that down-weights censored observations according
to how early censoring occurs. A simple proxy for an individual’s progress in the
event process is the estimated cumulative distribution function, F̂E(ci) = 1− ŜE(ci),
where ŜE(ci) = ŜCG(ci). We therefore define a per-instance weight wi = F̂E(ci):
observations censored early (small F̂E(ci)) receive smaller weights, while those cen-
sored later obtain weights close to one. These weights are applied only to censored
observations with imputed event times; uncensored instances are assigned wi = 1.

Definition. This leads to the proposed dependent Brier score, which is free from
IPCW and supports dependent censoring:

BSDep

(
D; ŜE(·), t∗

)
=

1

∑N
i=1 wi

N

∑
i=1

wi

(
1[ẽi > t∗]− ŜE(t∗ | xi)

)2
,

where ẽi =

{
ei, δi = 1,

emargin(CG)
i (ti), otherwise.

(5.3)

To calculate the expectation of Equation 5.3 over all times, we simply take the inte-
gral from t = 0 to t = tmax:

IBSDep

(
D; ŜE(·)

)
= 1

tmax
·
∫ tmax

0 BSDep

(
D; ŜE(·), τ

)
dτ. (5.4)

Theoretical properties. We briefly summarize the main theoretical guarantees
of the proposed estimator; detailed assumptions and proofs are provided in the ap-
pendix of [51].

First, the margin time admits a natural probabilistic interpretation as the condi-
tional expectation of the event time given survival beyond a landmark,

emargin(c) = E[E | E > c],

provided SE(c) > 0 and the tail integral is finite. This interpretation justifies the use
of margin time as a summary of the expected prognosis after the censoring time.

1For brevity, we write emargin(ti) when the survival estimator is fixed.
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Second, the plug-in estimator êmargin(c) is consistent for a large-sample target
e∗,margin(c) induced by the assumed Archimedean copula model of Rivest and Wells
[130]. In particular, if the CG estimator ŜE converges uniformly to S∗E on a finite time
horizon and S∗E(c) > 0, then êmargin(c) converges to e∗,margin(c). When the copula
model is correctly specified, this target coincides with the true margin time.

Finally, the estimator admits a first-order asymptotic expansion obtained via the
delta method. Combining this expansion with the functional central limit theorem
for the CG estimator yields an asymptotically normal limit with convergence rate
n−1/2. This result enables principled uncertainty quantification for margin-time es-
timates.

5.2.3 Experiments and Results

Synthetic experiments. We first validate the dependent Brier score on simulated
data, where the true event times are known. For each random seed, we draw a fixed
set of covariates xi ∼ Unif([0, 1]d) with d = 10. Both the event and the censoring
times are generated from Weibull proportional hazards models whose risk functions
are linear in the covariates, g(x) = x⊤β, with fixed shape and scale parameters.
We control the dependence between the two times through Kendall’s τ: they are
independent for τ = 0, whereas for τ > 0 a copula couples them, and the dependent
metric is given the true copula family and parameter. We repeat the experiment for
10 random seeds, each with N = 10,000 samples and a fixed 70%/30% train/test
split. Since the event times and the fitted CoxPH model are kept identical across all
censoring settings, any change in evaluation error can be attributed to the censoring
mechanism and not to the predictive model. We compute the oracle IBS on the test
set from the event times before censoring is applied. Further details are given in the
appendix of [51].

Figure 5.7 reports the estimation error for increasing values of Kendall’s τ at a
censoring rate of roughly 50%. As the dependence grows, the error of IBS-IPCW be-
comes larger and more variable, whereas IBS-Dep stays relatively stable and attains
a lower or similar error. This is expected: once the independent censoring assump-
tion no longer holds, the marginal inverse weights used by IPCW cannot correct
for the selection induced by censoring, which introduces both bias and variance.
The degradation is more pronounced under the Clayton copula. Because the cop-
ula links the survival functions SE and SC, the lower-tail dependence of the Clayton
copula concentrates the dependence at late times, where both survival probabilities
are small. This is also where few instances remain at risk and the inverse weights
1/ŜC(t) are largest, which plausibly explains why the misspecified weights distort
the estimate more under this copula.

Figure 5.8 instead fixes τ = 0.5 and varies the censoring rate. Heavier censoring
increases the error of both metrics, but the error of IBS-IPCW grows much faster,
especially once more than about 80% of the instances are censored. In this regime,
IPCW must rely on a small number of uncensored instances that receive very large
inverse weights, which amplifies both bias and variance when censoring is depen-
dent. IBS-Dep is less affected, because it accounts for the joint structure of (E, C)
instead of relying on extreme reweighting.

Finally, Figure 5.9 examines how IBS-Dep behaves when the assumed copula
does not match the one that generated the data. We study three cases: (1) a wrong
family, where data generated with a Clayton copula are evaluated assuming a Frank
copula (and vice versa) with the same Kendall’s τ; (2) a wrong dependence strength,
where the family is correct but data generated with τ = 0.5 are evaluated with a
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FIGURE 5.7: Absolute estimation error (mean ± SD over 10
experiments) of IBS-IPCW and IBS-Dep for increasing dependence
between event and censoring times, measured by Kendall’s τ. The
censoring rate is held at 50% and the copula is assumed known.
Lower is better. Figure taken with permission from [51].
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rates, with Kendall’s τ fixed at 0.5 and the copula assumed known.
Lower is better. Figure taken with permission from [51].

range of assumed values τ′; and (3) a wrong copula type, where data generated with
a (non-Archimedean) Gaussian copula are evaluated assuming a Clayton or Frank
copula with the same τ. In all three cases, IBS-Dep is less affected by dependent
censoring than IBS-IPCW whenever dependence is present (τ > 0), even though
the assumed copula is imperfect; without dependence, IBS-IPCW is slightly more
accurate, as expected. We note, however, that IBS-Dep does not necessarily attain
its lowest error at the true τ. The metric has a slight upward bias, which a stronger
assumed dependence can partly offset. These experiments should therefore be read
as a test of robustness, not as a way to recover the true dependence parameter.

Semi-synthetic experiments. Real datasets do not provide ground-truth event
times due to censoring. To enable oracle evaluation, we construct semi-synthetic
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FIGURE 5.9: Absolute estimation error (mean ± SD over 10
experiments) of IBS-IPCW and IBS-Dep when the copula is
misspecified, with the censoring rate held at 50%. From top to
bottom, the rows correspond to a wrong copula family, a wrong
dependence strength, and a wrong copula type. In the top two rows,
the left and right columns use Clayton and Frank data-generating
copulas, respectively; in the bottom row, data generated with a
Gaussian copula are evaluated assuming a Clayton (left) or Frank
(right) copula. Figure taken with permission from [51].

datasets (see Figure 5.10) in which event and censoring mechanisms are learned
from a real dataset and used to resample outcomes while preserving the covariate
distribution. Dependent censoring is induced through feature-selection strategies
that omit information influencing both event and censoring processes. This pro-
duces datasets with realistic covariates while allowing oracle evaluation using the
sampled event times.

We evaluate on 12 datasets spanning healthcare, clinical studies, and industry
applications, including WHAS, METABRIC, GBSG, SUPPORT, MIMIC-IV, and sev-
eral SEER cohorts. Dataset statistics are summarized in Table 5.2; additional pre-
processing details are provided in the appendix of [51]. For FLCHAIN, the chapter
feature (cause of death, defined only for deceased patients) was retained as a covari-
ate. We consider three feature-selection regimes: (1) the original feature set, (2) top-k
features selected by permutation importance, and (3) random subsets of features.
Copula parameters are estimated by maximizing the likelihood under dependent
censoring (see Equation 2.22). Survival predictions are produced using five learners:
CoxPH, GBSA, RSF, DeepSurv, and MTLR.

Table 5.3 reports mean estimation errors on the semi-synthetic datasets, mea-
sured as the absolute deviation from the oracle IBS computed using the true event
times. Across all 12 datasets and four feature-selection strategies, the proposed IBS-
Dep metrics reduce estimation error relative to IBS-IPCW on average. The CG-based
estimator achieves a 4-8% reduction, while the uncertainty-weighted variant yields
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point is a real-world dataset D. (2) A feature selection strategy (e.g.,
top-k) produces a reduced set of features. At the same time, (3) we fit
two CoxPH models to learn the event-time and censoring-time
distributions, and (4) draw uncensored event times from the event
distribution, which are kept as D′ for oracle evaluation. (5) The
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with the oracle IBS computed from D′. Figure taken with permission
from [51].

TABLE 5.2: Overview of the raw datasets. †Number of features
before (after) one-hot encoding.

Dataset #Instances #Features† %Censored

WHAS 500 14 (14) 57.0%
GBSG 686 8 (8) 56.4%
METABRIC 1,902 9 (9) 42.1%
Churn 1,958 12 (25) 52.4%
NACD 2,396 48 (48) 36.4%
FLCHAIN 7,871 9 (31) 72.5%
SUPPORT 8,873 14 (27) 32.0%
Employee 14,999 8 (17) 76.2%
MIMIC-IV 38,520 91 (103) 66.7%
SEER-brain 73,703 10 (10) 40.1%
SEER-liver 82,841 14 (14) 37.6%
SEER-stomach 100,360 14 (14) 43.4%

the largest gains (12-16%). The improvement becomes more pronounced under ag-
gressive feature removal (e.g., Random 25%). This does not imply that the KM-based
IPCW estimator itself becomes more biased, since its bias depends on the joint distri-
bution of (E, C) rather than the learner’s covariates. Instead, removing informative
features increases prediction error; under dependent censoring, IPCW applies mis-
specified inverse weights to these larger squared errors, amplifying the resulting
bias. In addition, weaker covariates leave more unexplained dependence between
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E and C. The conditional IPCW baseline, IPCW (CoxPH), depends strongly on the
selected feature set: it reduces error by 4.4% and 7.9% for the Top-5 and Top-10
strategies, respectively, but has almost no effect for the Original strategy (0.4%) and
increases error by 1.6% under the Random 25% strategy. This highlights a key limita-
tion of conditional IPCW, since an uninformative feature set can yield a misspecified
censoring model and invalidate the conditional independent censoring assumption.
Only the uncertainty-weighted variant improves on conditional IPCW under all four
strategies. The ablation study further highlights the role of modeling dependence ex-
plicitly. Combining the dependence-aware functional with KM yields modest gains
of roughly 1-3% over IBS-IPCW, whereas replacing KM with the CG estimator in-
creases the reduction to 4-8%. This indicates that modeling the conditional event
distribution under dependent censoring, rather than relying solely on marginal KM
weights, substantially improves evaluation accuracy.

TABLE 5.3: Mean absolute estimation error of IBS-based metrics
across 12 datasets and 4 feature selection strategies. Results are
averaged over 5 survival learners and 10 independent experiments.
Relative (%) change is shown with respect to the KM-based
IBS-IPCW baseline. Lower error is better; bold marks the lowest
error per column within each strategy. IPCW (CoxPH) denotes IPCW
with a CoxPH censoring model, corresponding to conditional
independent censoring. Dep (KM) denotes the proposed metric using
the KM estimator (assuming independence) instead of the CG
estimator as an ablation study, and UW denotes uncertainty
weighting. Full results, including variances, are in the appendix of
[51]. Table taken with permission from [51].

Metric W
H

A
S

M
ET

A
B.

C
hu

rn

G
BS

G

N
A

C
D

FL
C

.

SU
PP

.

Em
p.

M
IM

IC
(I

V
)

SE
ER

(b
ra

in
)

SE
ER

(l
iv

er
)

SE
ER

(s
to

m
.)

A
ve

ra
ge

O
ri

gi
na

l IPCW (KM) 0.073 0.061 0.117 0.125 0.092 0.156 0.108 0.152 0.026 0.077 0.104 0.119 0.101
IPCW (CoxPH) 0.106 0.051 0.115 0.129 0.148 0.162 0.109 0.100 0.039 0.055 0.097 0.095 0.100 (-0.4%)
Dep (KM) 0.055 0.047 0.120 0.130 0.091 0.135 0.111 0.148 0.023 0.089 0.118 0.125 0.099 (-1.4%)
Dep (CG) 0.055 0.047 0.120 0.126 0.091 0.135 0.109 0.154 0.024 0.084 0.106 0.112 0.097 (-4.0%)
Dep (CG)UW 0.063 0.049 0.124 0.134 0.082 0.090 0.093 0.152 0.024 0.067 0.092 0.097 0.089 (-11.8%)

To
p-

5

IPCW (KM) 0.071 0.062 0.121 0.124 0.103 0.133 0.109 0.155 0.027 0.076 0.109 0.124 0.101
IPCW (CoxPH) 0.065 0.061 0.114 0.126 0.098 0.138 0.109 0.103 0.027 0.083 0.109 0.128 0.097 (-4.4%)
Dep (KM) 0.055 0.048 0.120 0.130 0.098 0.108 0.112 0.149 0.026 0.090 0.120 0.126 0.098 (-2.8%)
Dep (CG) 0.055 0.048 0.119 0.126 0.097 0.108 0.109 0.156 0.027 0.085 0.111 0.116 0.096 (-4.9%)
Dep (CG)UW 0.065 0.049 0.125 0.134 0.089 0.066 0.094 0.154 0.025 0.068 0.096 0.101 0.089 (-12.2%)

To
p-

10

IPCW (KM) 0.071 0.061 0.119 0.125 0.098 0.143 0.109 0.152 0.026 0.077 0.103 0.119 0.100
IPCW (CoxPH) 0.082 0.051 0.111 0.130 0.093 0.150 0.109 0.101 0.031 0.055 0.097 0.099 0.092 (-7.9%)
Dep (KM) 0.054 0.047 0.121 0.131 0.095 0.123 0.111 0.147 0.023 0.090 0.118 0.124 0.099 (-1.4%)
Dep (CG) 0.054 0.047 0.121 0.126 0.095 0.123 0.109 0.153 0.024 0.085 0.107 0.111 0.096 (-4.0%)
Dep (CG)UW 0.063 0.049 0.125 0.134 0.086 0.078 0.093 0.152 0.025 0.068 0.093 0.097 0.088 (-11.7%)

R
an

d.
25

% IPCW (KM) 0.090 0.061 0.129 0.153 0.109 0.140 0.142 0.161 0.016 0.111 0.128 0.132 0.114
IPCW (CoxPH) 0.091 0.056 0.122 0.157 0.111 0.147 0.142 0.110 0.017 0.111 0.197 0.133 0.116 (+1.6%)
Dep (KM) 0.081 0.049 0.126 0.153 0.101 0.140 0.145 0.137 0.031 0.113 0.127 0.135 0.111 (-2.6%)
Dep (CG) 0.081 0.049 0.117 0.147 0.099 0.140 0.141 0.120 0.032 0.102 0.109 0.120 0.105 (-8.4%)
Dep (CG)UW 0.095 0.050 0.131 0.161 0.091 0.032 0.125 0.147 0.021 0.089 0.098 0.106 0.096 (-16.4%)

Table 5.4 evaluates whether a censored metric identifies the same best-performing
models as the oracle. We first compute the oracle IBS for each model using the
uncensored event times and identify the top-3 models, then assess whether each
censored metric recovers at least two of them. IBS-IPCW meets this criterion most
consistently overall, while the dependent metrics perform comparably on several
datasets but worse on FLCHAIN, Employee, and MIMIC-IV. Thus, although the
copula-based IBS substantially reduces absolute estimation error under dependent
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censoring, this does not necessarily translate into better separation between closely
performing models. IBS-IPCW may therefore remain reasonable for within-dataset
ranking when its bias affects competing models similarly. However, it does not es-
timate the true IBS under dependent censoring and may give unfair rankings when
models differ in how they handle censoring.

TABLE 5.4: Ranking performance of IBS-IPCW and the proposed
dependent metrics across 12 datasets and 4 feature selection
strategies. Each entry counts the number of runs in which a metric
identified at least two of the three best survival learners under the
oracle IBS, pooled over 10 experiments for each of the four feature
selection strategies (40 runs in total). IPCW (CoxPH) denotes IPCW
with a CoxPH censoring model and UW denotes uncertainty
weighting. Higher is better; bold marks the best result per dataset.
Table taken with permission from [51].

Metric WHAS METAB. Churn GBSG NACD FLC. SUPP. Emp. MIMIC
(IV)

SEER
(brain)

SEER
(liver)

SEER
(stom.)

IPCW (KM) 38/40 40/40 37/40 40/40 39/40 39/40 37/40 33/40 33/40 37/40 39/40 36/40
IPCW (CoxPH) 39/40 40/40 37/40 40/40 40/40 39/40 36/40 35/40 29/40 38/40 39/40 38/40
Dep (KM) 40/40 39/40 34/40 38/40 38/40 18/40 35/40 12/40 1/40 38/40 38/40 40/40
Dep (CG) 40/40 39/40 29/40 37/40 36/40 18/40 34/40 11/40 1/40 36/40 30/40 35/40
Dep (CG)UW 39/40 40/40 32/40 35/40 38/40 35/40 31/40 13/40 13/40 36/40 35/40 35/40

5.2.4 Discussion

Our results show that accounting for dependent censoring during evaluation can
substantially affect estimated model performance. Across synthetic and semi-synthetic
experiments, the proposed IBS-Dep consistently reduced estimation bias relative
to IBS-IPCW when event and censoring times were dependent. On average, the
copula-based estimator achieved reductions of 4-8%, while the uncertainty-weighted
variant improved accuracy by 12-16%. These gains were observed across 12 datasets
with diverse sample sizes, feature dimensions, and censoring rates, suggesting that
dependent censoring is a practically relevant phenomenon in many survival appli-
cations. While prior work has primarily focused on handling dependent censoring
during model estimation, evaluation metrics have largely remained tied to indepen-
dence assumptions. Our results highlight that this mismatch can bias reported per-
formance and motivate the need for evaluation procedures that explicitly account
for dependence.

This work has limitations. First, the method assumes a stable dependence struc-
ture; under distribution shift, the copula parameter may need to be re-estimated,
motivating adaptive or time-varying dependence models. Second, the true copula
is not identifiable from standard survival data because only one of the event or cen-
soring times is observed for each individual [63], making some degree of model
misspecification unavoidable. Third, likelihood-based estimation of the copula pa-
rameter may become unstable in small samples where the dependence signal is
weak. More broadly, extending dependence-aware corrections to other commonly
used evaluation metrics, such as concordance and calibration measures, remains an
important direction for future work.
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Chapter 6

Applications Beyond Mortality
Prediction

While survival prediction and survival analysis is often associated with predicting or
studying the time to death, the methodology is broadly applicable to a wide range
of time-to-event problems beyond mortality. In this chapter, we explore two such
applications that illustrate the versatility of survival analysis. First, we introduce a
method to predict fall risk in community-dwelling older adults based on their home
care usage. For this, instead of focusing narrowly on older adults that have expe-
rienced a fall and excluding those have not, survival analysis allows us to consider
both groups – individuals whose event was observed during follow-up and individ-
uals whose event was not (censored). Since falls are often underreported, we use
personal alarm subscriptions as an observable proxy for fall risk. This goes beyond
standard regression and binary classification techniques and we thus avoid biased
estimates that could otherwise overestimate or underestimate the true risk. Second,
we expand outside the realm of precision medicine and propose a method to pre-
dict the time-to-failure (also called the remaining useful life, RUL) in ball bearings.
Recently, there has been a renewed interest in using ML methods to predict RUL in
mechanical components, but few studies have explicitly addressed the challenge of
handling censored data.

6.1 Prediction of Fall Risk in Home Care Clients

6.1.1 Introduction

Falls among elderly individuals represent a significant and widespread issue in so-
ciety [131]. Research has shown that simple strength training exercises and daily
outdoor activities can lower the incidence of falls [132, 133], yet Danish munici-
palities have typically employed reactive approaches to address the problem. To
shift towards a more proactive strategy and improve the identification of at-risk
individuals, ML has been incorporated within the broader paradigm of precision
medicine to enable more individualized prediction of fall risk, particularly in hospi-
talized adults with positive outcomes [134–136]. However, few studies have focused
on community-dwelling elderly, and many proposed methods are invasive, such as
placing cameras in participants’ homes, which can be perceived as intrusive and a
breach of privacy [137–139]. The few noninvasive studies available typically use bi-
nary classification techniques [140, 141], which are limited in their ability to classify
individuals at risk across more nuanced categories. Additionally, these studies of-
ten rely on fall reports, which are frequently underreported or inaccurately reported
among older adults [142].
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In this work, we propose a novel noninvasive method for predicting fall risk
within six months using only home care data, without requiring any direct involve-
ment from the individual. Unlike existing approaches, our method offers three
key contributions. First, it employs survival analysis to handle censored observa-
tions, addressing a limitation in prior ML-based approaches [135, 143]. Second, it
gives time-to-event estimates rather than simple binary groups, as seen in previous
works [140, 141, 144]. And third, it uses personal alarm subscriptions as a proxy for
falls, thereby reducing biases associated with self-reported fall data [142, 145].

The work described in this section is published as [52].

6.1.2 Materials and Method

We use electronic health record (EHR) data from a large Danish municipality, com-
prising two datasets. The first dataset includes 229,850 home care observations col-
lected over 52 weeks in 2021 and covers a total of 6,398 citizens. Each observation
records the amount of care delivered (in minutes), the type of service provided, and
the number of social or healthcare workers involved. Services are labeled accord-
ing to FSIII (Fællessprog III, or Common Language III), a standardized classification
used across all Danish municipalities. The data are divided into two six-month co-
horts. The second dataset contains all citizens who subscribed to a personal alarm
in 2021 in the municipality.

We merged the two datasets and excluded individuals who had subscribed to
a personal alarm prior to the study period. We then constructed a window that
spanned 26 weeks (six months, from t = 1 to t = 26) and aligned all citizens’ start
times at t = 1 within this window. For each individual, we defined an event time
or censoring time based on the event indicator δ ∈ {0, 1}, where δ = 1 indicates a
personal alarm subscription during the window and δ = 0 indicates either dropout
or no subscription. We restricted the cohort to individuals born between 1930 and
1970 who received at least 100 minutes of home care per week.

The final dataset consists of 2,542 observations from 1,499 citizens, with a censor-
ing rate of 95% (2,416 censored, 126 events) and 49 nonzero covariates. No feature
scaling, outlier removal, or imputation was applied, as there were no missing values.
Table 6.1 provides an overview of the dataset.

TABLE 6.1: Overview of the dataset after preprocessing. Table taken
with permission from [52].

Number of observations (N) 2542
Number of covariates 49
Number of citizens 1499
Average age (2021) 77 (± 10) years
Censoring rate 95% (2416/126)
Follow-up period 6 months (2 cohorts)
Study period Jan. 1st to Dec. 31st 2021

To validate our method, we implement several survival models: the CoxPH,
CoxPH with LASSO regularization (CoxPH ℓ1), CoxPH with Ridge regularization
(CoxPH ℓ2), Random Survival Forests (RSF), and CoxBoost. To assess model per-
formance, we report Harrell’s C-index (CIH), Uno’s C-index (CIU), the integrated
Brier score (IBS), mean absolute error (MAE) computed with a hinge loss, and D-
calibration. Models are trained using either all covariates or a subset selected by
feature selection methods such as low-variance thresholding (LowVar), SelectKBest
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(SKB), or recursive feature elimination (RFE), with the number of selected features
fixed at K = 10.

We employ stratified nested cross-validation with 5 outer folds and 5 inner folds.
Stratification maintains consistent distributions of event times and censoring rates
across training and test splits. Within each fold, feature selection and hyperparame-
ter tuning are performed jointly to avoid information leakage.

6.1.3 Experiments and Results

Table 6.2 presents the results obtained from cross-validation, averaged across 5 folds.
The CoxPH model achieved a C-index (CIH) of 0.53, indicating that it correctly
ranked 53 out of 100 pairs. When a LASSO penalty term was applied to the CoxPH
model, the CIH increased to 0.61, suggesting that reducing the number of covari-
ates improved discriminative performance in this case. The CoxBoost model, com-
bined with low-variance thresholding, yielded the most concordant risk predictions,
achieving a mean CIH of 0.64 (95% CI = 0.57-0.72). It is worth noting that certain
types of home care are provided sporadically, resulting in many covariates having
predominantly zero values. This sparsity can complicate the model’s ability to dis-
tinguish between important and non-essential covariates, potentially leading to poor
performance on new data. We observe that restricting the feature space through
LASSO or a feature selection algorithm tends to yield better average discrimination
results.

At first glance, the IBS results appear encouraging, since lower values indicate
better survival curve estimation. However, the high censoring rate in this dataset
leads many predicted survival curves to exhibit only a slight decline over the follow-
up period. While this pattern is consistent with a low observed event incidence, it
limits the practical usefulness of the predictions: the estimated survival probabil-
ities for the two groups – citizens with and without alarm subscriptions – remain
very similar over time. As a result, the model provides little meaningful differenti-
ation in risk between the groups, despite achieving favorable IBS values. The RSF
model demonstrated the best performance in predicting the survival curve, achiev-
ing a mean IBS of 0.033 (95% CI = 0.031-0.035). It also achieved the lowest MAE
among the models, 83.5 weeks (95% CI = 79.1-87.9), using Recursive Feature Elim-
ination (RFE) for covariate selection. However, this error is more than three times
the 26-week follow-up window: because of the high censoring rate, most predicted
survival curves do not drop below 0.5 within the window, so the predicted median
event time must be extrapolated far beyond it. The MAE-hinge measures the abso-
lute difference between actual and predicted survival times where predictions be-
yond the censored time incur no penalty. Consequently, errors stem from censored
samples with overly pessimistic predictions (less than the censoring time) and un-
censored samples with overly optimistic predictions (greater than the event time).
Given the 95% censoring rate, the model tends to overestimate the event time for the
few individuals who actually experience it, limiting its effectiveness in accurately
predicting when the event will occur in this population. Finally, D-calibration as-
sessed via Pearson’s chi-squared test indicated that CoxPH with LASSO, RSF, and
CoxBoost all produced predicted survival curves for which D-calibration could not
be rejected, although with few events per fold the test has limited power.

Figure 6.1 shows the most influential covariates and their corresponding values
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TABLE 6.2: Experimental results from 5-fold cross-validation. For
D-calibration, we report the number of D-calibrated mean survival
curves across the five folds according to a Pearson’s chi-squared test.
Bold marks the best result per column within each metric, including
ties. Table taken with permission from [52].

Metric Model
Feature selector

None LowVar SKB10 RFE10

CIH ↑

CoxPH 0.53±0.04 0.53±0.04 0.59±0.06 0.60±0.05
CoxPH (ℓ1) 0.61±0.04 0.61±0.04 0.61±0.04 0.61±0.04
CoxPH (ℓ2) 0.52±0.03 0.53±0.04 0.58±0.04 0.55±0.11

RSF 0.63±0.04 0.62±0.04 0.62±0.04 0.62±0.04
CoxBoost 0.63±0.07 0.64±0.05 0.62±0.03 0.63±0.06

CIU ↑

CoxPH 0.52±0.04 0.52±0.04 0.57±0.06 0.58±0.05
CoxPH (ℓ1) 0.60±0.04 0.60±0.04 0.60±0.04 0.60±0.04
CoxPH (ℓ2) 0.51±0.04 0.51±0.04 0.56±0.05 0.54±0.10

RSF 0.62±0.05 0.62±0.05 0.61±0.04 0.62±0.04
CoxBoost 0.62±0.07 0.64±0.05 0.61±0.03 0.62±0.06

IBS ↓

CoxPH 0.037±0.001 0.036±0.001 0.033±0.002 0.034±0.002
CoxPH (ℓ1) 0.034±0.001 0.034±0.001 0.034±0.001 0.034±0.002
CoxPH (ℓ2) 0.037±0.001 0.037±0.000 0.034±0.001 0.035±0.002

RSF 0.034±0.001 0.034±0.001 0.033±0.001 0.033±0.001
CoxBoost 0.034±0.001 0.034±0.001 0.034±0.001 0.034±0.001

MAE ↓

CoxPH 212.4±111.4 211.3±109.1 106.2±33.3 118.1±46.3
CoxPH (ℓ1) 87.5±1.3 87.5±1.3 87.4±1.4 108.6±43.0
CoxPH (ℓ2) 296.8±109.4 224.3±113.5 115.7±29.7 117.1±46.6

RSF 84.9±2.0 85.0±1.7 84.0±2.8 83.5±3.2
CoxBoost 87.9±1.1 87.9±1.0 87.8±1.0 87.8±1.1

D-calib. ↑

CoxPH 4/5 4/5 5/5 5/5
CoxPH (ℓ1) 5/5 5/5 5/5 5/5
CoxPH (ℓ2) 3/5 3/5 4/5 5/5

RSF 5/5 5/5 5/5 5/5
CoxBoost 5/5 5/5 5/5 5/5

as determined by SHAP1 [146], based on the RSF model. Covariates are listed along
the y-axis, while the x-axis represents their SHAP values, which indicate the covari-
ate’s contribution to the predicted risk. The color gradient shows whether a covari-
ate’s value is low (blue) or high (red) for a given observation. According to the SHAP
analysis, the top five contributing covariates are Personal hygiene, SUL §138, Excre-
tions, RH Nutrition, and Medication administration. The SHAP values suggest a weak
positive correlation between the risk of an alarm subscription and the number of
minutes received under Personal hygiene, whereas covariates such as Excretions and
SUL §138 exhibit a stronger and more consistent positive association with risk. In
this context, SUL §138 refers to a provision in Danish health legislation under which
a community nurse is assigned to a citizen following a referral from their general
practitioner. Interestingly, some covariates – such as Cleaning, Medication administra-
tion, and RH Personal hygiene – show both positive and negative SHAP values across
the dataset. While this may initially seem counterintuitive, since greater reliance on
home care might be expected to signal higher risk, the observed relationships reflect
correlations with the likelihood of receiving a personal alarm. Elderly individuals
receiving substantial home care often benefit from frequent supervision, including

1SHAP (SHapley Additive exPlanations) is a method for interpreting machine learning models by
assigning each feature a contribution value that reflects its impact on a prediction. It is based on
Shapley values from cooperative game theory.
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daily visits from nurses or care staff, which may reduce their need for a personal
alarm despite their underlying frailty.

0 1 2 3
SHAP value (impact on model output)

Sum of 40 other features
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Laundry
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Cleaning

Medication administration

RH Nutrition

Excretions

SUL § 138

Personal hygiene

Low

High

Fe
at

ur
e 

va
lu

e

FIGURE 6.1: SHAP summary plot. The covariates are on the y-axis
and the SHAP-value is on the x-axis. Covariates are ranked based on
their importance, which is given by the mean of their absolute SHAP
values (higher positioning means more important). For each
covariate, one point corresponds to a single citizen. Its position on
the x-axis represents the impact that covariate had on the model’s
output, which corresponds to the risk across citizens. The color
indicates whether the citizen had a low (blue) or high value (red) of
that covariate. Figure taken with permission from [52].

Figure 6.2 presents the predicted individual survival and hazard functions for 20
randomly chosen citizens, as estimated by the RSF model. Solid lines correspond
to individuals who did not subscribe to a personal alarm within six months, while
dotted lines indicate those who did. In the top row, we observe that most individuals
have a survival probability (i.e., probability of no alarm) between 0.90 and 0.98 at
t = 26, and a corresponding cumulative hazard between 0.01 and 0.10. However,
a few individuals display notably lower survival probabilities and higher hazards,
reflecting their specific covariate profiles. In this sample, only one person subscribed
to a personal alarm during the study period, yet their predicted survival trajectory
is similar to those who did not. We attribute this to the high censoring rate and
the resulting limited number of observed events, which restrict the model’s ability
to learn distinct risk patterns. This highlights the challenge of accurately predicting
event timing based solely on individual survival curves in heavily censored settings.

6.1.4 Discussion

In this study, we implemented several survival models to predict individual fall risk
over a six-month period. The models were trained on a dataset comprising 2,542
home care observations from 1,499 citizens (59% female, 41% male) with a mean age
of 77 years (SD. = 10). Using 5-fold cross-validation, CoxBoost emerged as the top-
performing model, achieving a mean Harrell’s concordance index of 0.64 (95% CI:
0.57-0.72), which corresponds to an average ranking accuracy 14 percentage points
above chance-level. Additionally, CoxBoost produced survival curves that were D-
calibrated across all folds, as confirmed by Pearson’s chi-squared test.
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FIGURE 6.2: Predicted individual survival (left) and hazard (right)
functions for 20 randomly selected citizens from the test set using
the RSF model. Solid lines correspond to citizens who did not
subscribe to a personal alarm within six months, while dotted lines
indicate those who did. Figure taken with permission from [52].

The study has two important limitations. First, personal alarm subscriptions are
only a proxy for fall risk, since alarms can also be given for other reasons, such as
anxiety or a need for a secure environment. Second, many citizens contribute obser-
vations to both six-month cohorts, and the cross-validation folds were not grouped
by citizen, so the same individual may appear in both training and test folds, which
can make the reported performance optimistic.

Our proposed tool is intended as a whitelisting method to identify individuals
who may benefit from fall prevention programs. Since supervised strength training
is generally safe and beneficial for older adults [147, 148], offering such interventions
broadly carries minimal risk. Currently, many elderly individuals are only offered
prevention after experiencing multiple falls (≥ 2), as prior falls are a primary el-
igibility criterion [149]. Moreover, access to these services is often influenced by
socioeconomic status [150]. By providing an objective, data-driven risk assessment,
our model can support earlier and more equitable access to fall prevention, helping
reduce health disparities.

6.2 Prediction of Survival Time in Ball Bearings

6.2.1 Introduction

Ball bearings, which are widely used in rotating machinery, are particularly prone
to degradation caused by factors such as contamination, poor lubrication, and im-
proper mounting [151]. A common strategy is to monitor vibration signals and use
frequency-based analysis to detect early signs of wear. In recent years, machine
learning methods, especially neural networks, have been used to predict the remain-
ing useful life of bearings from such sensor data. A key metric for assessing bearing
health is the remaining useful life (RUL), defined as the time from the current inspec-
tion until the bearing reaches the end of its service life or fails. In this setting, RUL
estimation can be viewed as estimating the remaining lifetime, where both accuracy



6.2. Prediction of Survival Time in Ball Bearings 97

and proper uncertainty quantification are essential. Reliable RUL estimates support
early fault detection and allow engineers to plan maintenance proactively, thereby
reducing the risk of unexpected downtime [152–158].

However, many existing approaches treat the task as a standard regression prob-
lem and ignore censored observations, even though such cases (i.e., bearings that
have not failed within a certain time window) are relatively common, as noted by
Ferreira and Gonçalves [159]. If we simply ignore these censored instances, it could
lead to inefficient use of data and biased model estimates [42]. While survival anal-
ysis naturally accommodates censored data, its use in bearing prognostics and RUL
prediction remains limited.

In this work, we propose a survival method for RUL prediction in ball bearings
(see Figure 6.3). We first process vibration signal data in the frequency domain to
identify the time point at which a bearing begins to deviate from its normal operat-
ing behavior, which typically occurs well before catastrophic failure. This deviation
is used as an event definition to annotate bearings in two benchmark datasets. Using
these annotations, we train survival models that estimate the probability of failure
over time rather than producing a single point estimate of the remaining useful life.
This approach allows the models to leverage censored observations and provide
progressive risk estimates that can support maintenance decisions.

The work described in this section is published as [53].

Extraction of time-domain features

Input data

Event detection using FFT bins

Normalized
covariates

-norm.

Raw covariates

Survival
model

vs.

FIGURE 6.3: Outline of the proposed solution. Raw data is used for
event detection (top) and feature extraction (bottom) before training
a survival model. Figure taken with permission from [53].

6.2.2 Materials and Method

We consider two public bearing datasets: XJTU [155] and PRONOSTIA [160]. In
both datasets, a single bearing under test is subjected to radial load during rotation
while vibration signals are recorded using two piezoelectric accelerometers mounted
orthogonally (horizontal and vertical). The signals are sampled at 25.6 kHz and
stored as raw time-series measurements. In both experimental setups, bearings are
operated under high loads to accelerate degradation and eventual failure. The XJTU
dataset contains experiments on 15 deep-groove ball bearings under three operating
conditions, with five bearings per condition. In this work, we use bearings operating
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at a C/P ratio of 1.1, a radial force of 12.0 kN, and a rotation speed of 2100 RPM.
The PRONOSTIA dataset contains 6 deep-groove ball bearings tested under three
operating conditions with two bearings per condition; we use bearings operating at
a C/P ratio of 0.8, a radial force of 5.0 kN, and a rotation speed of 1500 RPM.

We extract features from vibration signals recorded along the two accelerome-
ter axes. For each signal frame x = (xi)

N
i=1, a set of standard statistical features

is computed. These features summarize key properties of the vibration signal and
have been widely used in bearing monitoring. Table 6.3 shows the 12 time-domain
features used in this work.

TABLE 6.3: Statistical features computed from signal frame
x = (xi)

N
i=1. Table taken with permission from [53].

Absolute mean x̄ = 1
N ∑N

i=1 |xi|
Standard deviation σ = ( 1

N ∑N
i=1(xi − x̄)2)1/2

Skewness SK = 1
N ∑N

i=1(xi − x̄)3/σ3

Kurtosis K = 1
N ∑N

i=1(xi − x̄)4/σ4

Entropy H =−∑N
i=1 P(xi) log P(xi)

Root-mean-square RMS = ( 1
N ∑N

i=1 x2
i )1/2

Max value max = max(|x|)
Peak-to-peak P2P = max(|x|)−min(|x|)
Crest factor CR = max/RMS

Clearance factor CL = xp/( 1
N ∑N

i=1 |xi|1/2)2

Shape factor SH = RMS/x̄

Impulse IM = max/x̄

To construct survival outcomes, we detect when a bearing deviates from normal
operation using a signal-processing procedure on vibration data. Specifically, signals
are transformed via the Hilbert transform and FFT, and changes in their frequency
distributions are tracked using KL divergence and standard deviation. When these
exceed predefined thresholds, the bearing is considered degraded, defining the event
time (see [53] for details).

Both datasets contain few bearings, so we augment the data through prepro-
cessing. Vibration signals from two accelerometer axes are treated as independent
observations, and constrained bootstrapping [161] is applied to generate additional
samples. Each bearing lifetime is further divided into 20 time slices, yielding covari-
ates paired with time-to-event or censoring indicators. To simulate incomplete data,
20% of bearings are randomly censored before the event. All covariates are stan-
dardized using z-score normalization. Finally, we split by bearing: for XJTU, three
are used for training and two for testing; for PRONOSTIA, one for training and one
for testing. We evaluate several survival models commonly used for time-to-event
prediction (see [53] for details). For each dataset and model, hyperparameters are
tuned over 10 iterations using 5-fold cross-validation on the training bearings only.
The hyperparameter configuration achieving the highest average concordance index
(Antolini’s) on the validation folds is selected to train the final model, which is then
evaluated on the test bearings.
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6.2.3 Experiments and Results

Table 6.4 summarizes the predictive performance of the evaluated survival mod-
els. We report training time, Harrell’s concordance index (CI) [36], Antolini’s time-
dependent concordance index (CItd) [101], and the integrated Brier score (IBS) [77].
On the XJTU dataset, RSF and DeepSurv achieve the highest Harrell’s CI, and RSF
and CoxBoost the highest CItd, while DSM provides the best predictive accuracy in
terms of IBS. On the PRONOSTIA dataset, DSM, DeepSurv, and Weibull AFT per-
form best overall.

TABLE 6.4: Performance metrics on the test sets. N: total sample
size, C: percentage of censored data, d: number of covariates. Table
taken with permission from [53].

(A) XJTU (N = 1000, C = 20%, d = 12).

Model Ttrain CI ↑ CItd ↑ IBS ↓
CoxPH 0.094 0.648 0.642 0.271
RSF 0.988 0.702 0.769 0.423
CoxBoost 2.791 0.59 0.769 0.261
DeepSurv 9.148 0.687 0.679 0.245
DSM 22.456 0.66 0.628 0.214
WeibullAFT 0.483 0.664 0.675 0.216

(B) PRONOSTIA (N = 400, C = 20%, d = 12).

Model Ttrain CI ↑ CItd ↑ IBS ↓
CoxPH 0.016 0.626 0.625 0.34
RSF 0.265 0.715 0.701 0.383
CoxBoost 0.768 0.74 0.701 0.223
DeepSurv 2.392 0.745 0.705 0.197
DSM 9.737 0.739 0.748 0.294
WeibullAFT 0.489 0.764 0.691 0.236

Figure 6.4 illustrates inference results on the XJTU dataset. The leftmost panel
shows the estimated survival functions across models together with the KM estimate
as a reference. The predicted survival functions lie above the KM estimate, i.e., they
predict lower risk; note, however, that the KM curve is estimated on all five bearings,
whereas the model curves are averaged over the two test bearings. The center panel
shows predicted survival functions for two groups of bearings defined by the RMS
feature using a CoxPH model. The separation between the curves indicates that the
models capture meaningful differences in degradation behavior between the groups.
The rightmost panel shows simulated survival times and the corresponding hazard
functions for these groups. We see a clear separation in predicted survival times
between the two groups, indicating that bearings with lower values of RMS tend to
operate longer.

6.2.4 Discussion

In this work, we proposed a survival analysis method for predicting RUL in ball
bearings. We first identify the time at which a bearing begins to deviate substan-
tially from its original frequency characteristics, defining this point as the event of
interest. We then train several survival models to estimate failure risk based on co-
variates extracted from sensor readings. This application is particularly relevant in
manufacturing and engineering settings, as survival models naturally accommodate



100 Chapter 6. Applications Beyond Mortality Prediction

FIGURE 6.4: Model inference on the XJTU dataset. Left & center:
survival function for different estimation approaches and for two
separated groups based on RMS value (Solid lines: mean values;
Shadow area: 95% conf. int.). Right: normalized survival times
(bins) and hazard functions (solid lines) of the two RMS groups.
Figure taken with permission from [53].

censored observations and produce probabilistic predictions with associated uncer-
tainty rather than single point estimates. The results should, however, be interpreted
with care: the event is defined by our detection algorithm rather than by an actual
failure, censoring was simulated rather than observed, and the evaluation relies on
very few physical bearings (two test bearings for XJTU and one for PRONOSTIA),
with the larger sample sizes resulting from data augmentation. We therefore encour-
age further research building on this framework.
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Chapter 7

Conclusion

7.1 Concluding Remarks

This thesis addresses four research questions in survival prediction within preci-
sion medicine: how to quantify uncertainty in individual predictions (RQ1), predict
multiple related events (RQ2), evaluate predictions under censoring (RQ3), and ap-
ply survival methods beyond mortality prediction (RQ4). Although each question
motivates a distinct contribution, they share a central concern: how to make useful
time-to-event predictions when outcomes are complex or only partly observed.

For RQ1, we developed BaySurv, which trains probabilistic survival models with
one of three techniques: variational inference (VI), Monte Carlo dropout (MCD), or a
spectral-normalized neural Gaussian process (SNGP) (Chapter 3). The VI and MCD
variants capture both epistemic uncertainty, through the distribution over weights,
and aleatoric uncertainty, through a Gaussian output over the risk score. Our main
finding is that MCD and SNGP are viable alternatives to VI: on MIMIC-IV, MCD
matched VI in concordance (0.748 vs. 0.743) with roughly half the trainable parame-
ters (2,882 vs. 5,700), and SNGP produced D-calibrated survival functions in all four
datasets, compared with two for VI. As a complementary, frequentist approach, we
applied conformal prediction to a classification task, predicting temporomandibular
joint involvement in children with juvenile idiopathic arthritis. With a target cover-
age of 90%, the prediction sets covered the true class for about 90% of examinations
with TMJ involvement under the IID strategy, but for only 74% in the early temporal
segment, illustrating that the coverage guarantee holds on average across all exami-
nations rather than for each class separately. These results show that uncertainty can
be quantified efficiently, but not that uncertainty estimates alone make predictions
trustworthy in clinical practice.

For RQ2, we developed MENSA, which models each event as a transition be-
tween states, represents each event-specific time-to-event distribution as a mixture
of Weibull distributions, and learns all events in a single network with shared and
event-specific layers (Chapter 4). To use temporal ordering information when it is
available, we introduced a trajectory-based likelihood term that encourages the pre-
dicted survival of a later event to remain high at the time of an earlier one. Across
four multi-event datasets, MENSA was competitive with strong deep learning and
tree-based baselines, consistently outperformed the Hierarchical multi-event model,
and required fewer parameters than training one model per event. Our ablations
show that both components matter: joint training improved the within-patient or-
dering of events on Rotterdam (local C-index 90.2 vs. 87.8 with independent train-
ing), and the trajectory term improved the local C-index on both Rotterdam and
EBMT, as well as the global C-index, IBS, and mMAE on EBMT, although these gains
were small relative to their variability. The ALS application illustrates how predict-
ing several aspects of functional decline gives a fuller account of disease progression
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than a single event time.
For RQ3, we showed that meaningful evaluation depends on matching the met-

ric to the prediction objective and examining the assumptions used to handle cen-
soring (Chapter 5). A metric that measures ranking, for example, cannot by itself
establish the accuracy of predicted event times or survival probabilities, yet approx-
imately 72% of the 92 surveyed studies used metrics that did not align with their
objectives or did not address the censoring assumptions those metrics require. To
reduce evaluation bias under dependent censoring, we developed a copula-based
Brier score that imputes margin times for censored instances using the Copula-
Graphic estimator. Across 12 semi-synthetic datasets, its uncertainty-weighted vari-
ant reduced the estimation error of the integrated Brier score by 12-16% on average
relative to KM-based IPCW, and it improved on conditional IPCW under all four
feature selection strategies. However, lower estimation error did not translate into
better identification of the top-performing models, and the metric still requires as-
sumptions about the dependence between event and censoring times.

For RQ4, we applied survival methods to two problems beyond mortality (Chap-
ter 6): predicting the time to a personal alarm subscription, used as a proxy for fall
risk in older adults, and predicting the time until ball bearings deviate from nor-
mal vibration behavior, used as an early indicator of failure. In the home care data,
most citizens did not subscribe to an alarm during follow-up and were therefore
censored; in the bearing data, censoring was simulated. In the home care setting, the
best model ranked citizens by risk 14 percentage points better than chance (C-index
0.64), but could not accurately predict when an alarm subscription would occur,
largely because of the 95% censoring rate. In the bearing setting, the models reached
C-indices of up to 0.70 on XJTU and 0.76 on PRONOSTIA, although based on very
few physical bearings. These applications show how survival analysis can make
time-to-event predictions for outcomes beyond mortality, while also illustrating that
the conclusions depend on how well the observed endpoint represents the outcome
of actual interest.

Taken together, the thesis contributes methods for representing uncertainty, pre-
dicting multiple events, and evaluating predictions when censoring complicates the
observed data. Its applications show how these methods and the broader survival
analysis framework can address varied time-to-event problems. The following sec-
tion considers directions for further work, particularly where current methods and
evaluation practices leave important questions unresolved.

7.2 Future Work

7.2.1 Interpretability

Interpretability and explainability have become important topics for the machine
learning community [44]. Broadly speaking, researchers are pursuing two main
strategies. The first approach aims to develop models that are inherently inter-
pretable, e.g., extensions of the traditional CoxPH model [23] or shallow tree-based
models such as decision trees. The second approach aims to learn an arbitrarily
complex black-box model and use some post-hoc technique to come up with an ex-
planation of the black box model. In the following, we discuss both strategies in the
context of survival analysis.

Interpretable survival analysis. The first strategy is to build models that are in-
herently interpretable. As discussed in Section 2.3, the CoxPH model is interpretable
by design. It models the log-partial hazard function as f (x; θ) := θ⊤x, where θ ∈ Rd
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and x ∈ X ⊆ Rd. In this formulation, the parameters of θ directly specify the contri-
bution of each feature, with zero weights indicating that the corresponding features
are ignored by the model. Interpretation can be further refined to focus on a subset of
features. For instance, suppose each input can be decomposed as x = (u, v), where
u ∈ Rd1 and v ∈ Rd2 , we may choose to interpret the model only with respect to
u, treating v as unrelated or uninterpreted variables. In this scenario, the log-partial
hazard function can be written as [6]:

f (x; θ) := ψ⊤u + g(v; ϕ), (7.1)

where ψ ∈ Rd1 is a parameter vector and g(·; ϕ) : Rd2 → R is a model with parame-
ters ϕ. The full parameter vector is then θ = (ψ, ϕ). This formulation, known as the
partially linear CoxPH model g(·; ϕ), has known statistical guarantees [162].

Several deep survival models incorporate interpretability by design. For exam-
ple, Chapfuwa et al. [163], Nagpal et al. [164], Manduchi et al. [74], Jeanselme et al.
[165], and Shen and Chen [166] propose clustering-based approaches that learn clus-
ters in a supervised fashion for time-to-event prediction. These clusters can highlight
subgroups with similar survival patterns (e.g., hazard rates) and offer insights into
how specific features or covariates relate to outcomes. For instance, clustering might
reveal that patients with a certain genetic profile face elevated or reduced survival
risk.

Another approach to interpretability uses survival trees – analogous to regres-
sion trees but adapted to censored data and often able to estimate individual survival
distribution (ISDs). We consider survival trees as interpretable because they parti-
tion data based on feature values, detailing how various factors influence survival.
Examples include single survival trees and Optimal Survival Trees (OST) [167, 168].
As long as the depth and number of leaves remain manageable, interpretation is
straightforward. Ensembles such as Random Survival Forests (RSF) [58] support
non-linear interactions and are non-parametric, but their interpretability is largely
lost because predictions are averaged over many trees.

Explaining black box models. The second strategy is to train an arbitrarily com-
plex deep survival model, that is not interpretable, and then apply some post-hoc
explanation tool afterward. LIME [169] and SHAP [146] are model-agnostic attribu-
tion methods that explain a data point’s prediction as the sum of feature effects [44],
and we already used SHAP in Chapter 6. These two tools, although not originally
designed for survival analysis, have already been adapted more specifically to sur-
vival models as SurvLIME [170] and SurvSHAP [171], respectively. The main advan-
tage of the post-hoc method is that we are free to decide on a model architecture and
the choice of explanation method. For example, if we are visualizing feature effects
of an RSF model with SurvLIME, we can change the underlying model and still use
the same type of explanation method. Or, if we no longer want to use SurvLIME,
we can use SurvSHAP without having to change the RSF model. On the other hand,
if we are using a linear CoxPH model and interpret the coefficients, switching to a
tree-based regressor will also change the means of explanation.

Exploring how to effectively apply explanation methods into deep survival mod-
els and how such techniques can be evaluated is an interesting direction for future
research.
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7.2.2 Empirical Evaluation

In our position paper (Chapter 5), we identify two major limitations in current eval-
uation practices. First, evaluation metrics are often misaligned with the stated ob-
jective: naive discrimination (i.e., ranking-based) measures are frequently used by
default, even when the goal is accurate time-to-event or probabilistic prediction.
Second, these metrics are commonly applied without accounting for censoring or
appropriately correcting for it. This points to two areas in evaluation (i.e., choosing
the right metric and adjusting for censoring) where current practices leave room for
improvement.

Beyond the C-index. In a recent survey, Zhou et al. [172] reported that over
80% of survival analysis studies published in leading journals use the C-index as
their primary evaluation metric. This widespread reliance is unsurprising: many
classical survival models output a scalar risk score M(x) ∈ R for each input x ∈ X
(typically Rd), with the interpretation that a higher score indicates higher risk. So
that if M(z) > M(y), the model predicts that instance z will experience the event
before y. The C-index then, conveniently, measures how often these rankings agree
with the observed ordering of events. However, this widespread reliance on the
C-index is largely driven by the limitations of traditional models rather than the
needs of practitioners. Modern survival models – particularly ISD models [27] – can
estimate, for each x, the full survival function {S(t | x) | t ≥ 0}, which enables
us to predict quantities such as event probabilities within a time window, median
survival time, or the expected time-to-event.

Despite this capability, evaluation practices have not kept pace. Our review of 92
methodological and applied survival analysis papers published between 2023 and
2025 (see [50]) shows that approximately 72% of studies rely on evaluation metrics
that are misaligned with their stated objectives or do not address the censoring as-
sumptions those metrics require. In other words, while many works aim to predict
when an event will occur, they continue to evaluate models primarily on how well
they rank risk. Instead, as a direction for future work, we suggest a shift in focus
from merely measuring ranking performance to explicitly evaluating the predicted
time-to-event estimates or survival probabilities. In many cases, having an actual
time-to-event estimate (e.g., days, weeks, months) is more useful than a relative risk
estimate without any physical interpretation. For example, for a newly diagnosed
ALS patient, relative risk may be less informative than knowing the expected time
until loss of mobility or respiratory function. Given such estimates, standard error
metrics (Section 2.4), such as the mean absolute error (MAE), can be used by com-
paring predicted times to observed or imputed survival times.

Beyond random censoring. Many survival models and evaluation metrics as-
sume random (or at least independent) censoring, which simplifies modeling, but
does not always reflect the true data generation process. In clinical or industrial
settings, censoring is often what we call informative; for example, patients leave
a study because they get too sick, or ball bearings are decommissioned because
they are already showing early signs of failure or degradation, even if they have
not yet failed. Models should therefore be evaluated under a range of censoring
mechanisms, including different forms of dependent censoring (e.g., early, late, and
symmetric patterns), to assess how robust and generalizable they are across realistic
data-generating scenarios. A broader and looser assumption than random censoring
is independent censoring, which means that the event times and censoring times are
independent given the observed covariates. Under this assumption, we can extend
the KM estimator (used for weighting or "de-censoring") to a conditional estimator
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that incorporate observed features to capture the dependency between event and
censoring times. An example is the CoxPH model [23], which adjusts for covariates,
and in turn allows evaluation metrics to remain valid under independent censor-
ing [173].

However, if unobserved confounders influence both the censoring and event,
even a well-specified conditional estimator may fail to fully account for these (un-
observed) dependencies. This scenario is called dependent censoring, which we de-
scribed in detail in Section 2.2 and proposed a solution for in Chapter 5. Building on
this idea, an important direction for future work is the development of dependence-
aware variants of other commonly-used evaluation metrics. Most standard metrics
in survival analysis – such as Harrell’s C-index, Uno’s C-index, and D-calibration
– implicitly rely on independence between censoring and event times. As a re-
sult, their validity may be compromised under dependent censoring, which may
lead to biased or misleading model assessments (see Figures 5.4 and 5.5 in partic-
ular). Extending our copula-based framework to these metrics is a natural next
step. A general strategy is to systematically replace independence-based correc-
tion mechanisms, such as the KM estimator, with dependence-aware alternatives,
such as copula-based estimators. This suggests a modular approach to evaluation
design: rather than proposing entirely new metrics, one can adapt existing and well-
understood metrics by modifying only the censoring correction step. Such a frame-
work would enable consistent and interpretable evaluation across many scenarios.

Looking forward, we argue that progress in survival prediction should increas-
ingly depend on improving evaluation methodology, rather than solely developing
more complex models. Researchers need to take a closer look at the assumptions
behind the metrics they use and ask whether those assumptions really hold. As a
community, we should prioritize developing evaluation methods that are aligned
with the underlying data assumptions before claiming new modeling advances.

7.2.3 Foundation Models

Deep learning is in the midst of a paradigm shift into the "foundation model" (FM)-
era, characterized by models with millions, or even billions, of parameters. Recent
text and image foundation models (FMs) are indeed very impressive, and have taken
over the machine learning community by storm [174]. So far, language has been
the predominant modality used to train these models, with little attention given to
tabular data, despite it being the dominant modality in many fields. We will spend
the first part of this section motivating foundation models for tabular data, inspired
by Breugel and Schaar [175], and later discuss some interesting foundation models
for regression and survival problems that have great potential in risk prediction and
time-to-event applications.

FMs for tabular data. In a 2024 position paper, Breugel and Schaar [175] argued
that now is the time to start developing tabular foundation models, or what they call
Large Tabular Models (LTMs). LTMs have the potential to transform how science
and machine learning handle tabular data – moving away from treating datasets as
isolated entities analyzed in a vacuum, toward a paradigm where each dataset is un-
derstood and modeled in the context of related datasets. This contextualization can
unlock deeper insights and improve generalization across studies. Large language
models (LLMs) are already widely used as tools, and vision FMs (e.g., Saharia et al.
[176]) can generate synthetic images or embed real images for many downstream
tasks. LTMs can play a similar role for tabular data, where deep learning models
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often struggle to put up as impressive performances as tree-based or boosting mod-
els. Recent benchmarking papers find that XGBoost [177], a tree-based model, is
still among the top performers for supervised learning on tabular data. Breugel and
Schaar [175] attribute this to several factors: tabular data are often discontinuous,
feature spaces are heterogeneous and sometimes uninformative, and there is a lack
of spatial invariances (i.e., no meaningful local neighborhoods between features) that
could guide the choice of a prior. Additionally, the scale of data, model architectures,
and task complexity in tabular domains differs significantly from those in vision and
language domains. There exist, in fact, settings in which neural networks seem to
outperform XGBoost rather consistently. For instance, when the number of samples
increases [178], the number of target classes increases [179], and when modern reg-
ularization techniques are applied [180]. These observations suggest that the scaling
advantages demonstrated in other modalities may also extend to tabular data [174].
However, these larger model sizes and data scenarios remain largely unexplored, as
most benchmarks focus primarily on smaller datasets and models.

PFNs (Prior-Data Fitted Networks) is a relatively new and promising approach in
the context of foundation models for tabular data [181]. PFNs are neural networks
designed to approximate Bayesian posterior inference over a distribution of tasks.
Instead of performing posterior inference for each task individually (e.g., using vari-
ational inference), a PFN learns a direct mapping from a small training dataset and a
test input to the posterior predictive distribution of the test label. Formally, the PFN
approximates

Pr(ytest | xtest,Dtrain) ≈ PFN(Dtrain, xtest), (7.2)

whereDtrain = {(xi, yi)}N
i=1 is some small training dataset, and xtest is a test instance.

A PFN is trained on a large number (millions) of tiny, synthetic datasets generated
from known distributions in a supervised fashion. The intuition is this: instead of
training a new model every time we have a small dataset, we train one big model
ahead of time that learns how to quickly solve many types of small problems. Later,
when we give it a new small dataset for some downstream task, it can make predic-
tions instantly, as if it had done Bayesian inference from scratch – without needing
to run an expensive training algorithm.

TabPFN [182, 183] is a new and promising model for tabular problems. The ap-
proach involves first generating a large collection of synthetic tabular datasets and
training a Transformer-based neural network [184] to solve these synthetic predic-
tion tasks. Then, leveraging so-called in-context learning (ICL), the trained model
is applied to new, unseen real-world datasets by providing training samples as con-
text, enabling the model to predict labels for the unseen data in a single pass. This
allows TabPFN to adapt to new datasets rapidly and without additional gradient up-
dates, and unlike traditional supervised learning pipelines that require model train-
ing or adaptation for each new task. TabPFN gives state-of-the-art performances
on datasets with up to 10,000 samples and 500 features, beating baselines such as
XGBoost and Random Forest.

FMs for survival analysis. In survival analysis, foundation models have also
started to emerge. Conceptually, one may replace the base neural network in models
such as DeepSurv [28] or MENSA [48] with a Transformer architecture pretrained
on large amounts of raw or synthetic data using self-supervised learning [185]. The
resulting model can then be adapted to downstream tasks through, e.g., fine-tuning,
potentially improving data efficiency and robustness to distribution shifts [186].

MOTOR (Many Outcome Time Oriented Representations) is a recently published
foundation model for time-to-event prediction [124]. It combines a Transformer
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backbone with a piecewise exponential survival head [187], which approximates the
hazard using P piecewise-constant intervals. For patient i, event j, task k, and inter-
val p, MOTOR predicts a hazard λijkp, yielding the standard piecewise exponential
likelihood

L(Uijkp | λijkp) =
(
λijkp exp(−λijkpUijkp)

)δijkp
(
exp(−λijkpUijkp)

)1−δijkp . (7.3)

This permits non-constant hazards while retaining closed-form survival and like-
lihood functions. MOTOR’s main novelty lies in scale: it is pretrained on 55M pa-
tient records containing 9B clinical events and evaluated across 19 tasks and three
healthcare datasets. Pretraining enables a 143M-parameter model to transfer effec-
tively to smaller downstream datasets, but at substantial computational cost. Al-
though the reported gains over deep learning and tree-based baselines are impres-
sive, comparisons between FM and non-FM approaches remain difficult when ar-
chitectures, training procedures, and other factors differ substantially [6]. Thus, ob-
served gains may partly reflect representation learning and model scale rather than
survival-specific modelling choices.

Still, MOTOR and foundation models in general represent an exciting avenue
for future research in survival prediction, with many open questions yet to be an-
swered. Very recent work has also begun extending the PFN paradigm directly to
survival analysis. SurvivalPFN [188] and SurvPFN [189] pretrain on synthetic cen-
sored survival tasks and perform prediction through in-context inference, thereby
avoiding task-specific model training at inference time. These approaches are par-
ticularly interesting because they combine the amortized inference perspective of
PFNs with the statistical structure of censored time-to-event data. However, both
methods are still recent, and it remains to be seen how well such models general-
ize across datasets, censoring mechanisms (e.g., dependent censoring), sample sizes,
and clinical domains. Together with models such as MOTOR, they nevertheless sug-
gest that foundation models may become an important direction for future survival
modelling.
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Appendix A

Uncertainty Estimation in Deep
Bayesian Survival Models

Abstract: Bayesian methods can express uncertainty about their predictions, but
have seen little adaptation in survival analysis using neural networks. Proper uncer-
tainty estimation is important in high-risk domains, such as the healthcare or med-
ical field, if machine learning methods are to be adopted for decision-making pur-
poses, however, uncertainty estimation is a known shortcoming of neural networks.
In this paper, we introduce the use of Bayesian inference techniques for survival
analysis in neural networks that rely on the Cox proportional hazard assumption,
for which we discuss a new flexible and effective architecture. We implement three
architectures: a fully-deterministic neural network that acts as a baseline, a Bayesian
model using variational inference, and one using Monte-Carlo Dropout. Our com-
prehensive experiments show that on the WHAS500 dataset, Bayesian techniques
improve predictive performance over the state-of-the-art neural networks and on
the larger SEER and SUPPORT datasets provide comparable performance. In all ex-
periments, training with Monte Carlo Dropout is significantly faster than training
with variational inference. Our Bayesian models additionally provide quantifica-
tion of both aleatoric and epistemic uncertainty, which we exhibit by plotting 95%
confidence intervals around the survival function and showing a probability density
function of the survival time. Our work motivates further work in leveraging uncer-
tainty for survival analysis using neural networks.

Authors: Christian Marius Lillelund, Martin Magris, and Christian Fischer Peder-
sen.

Status: Published in the proceedings of the 2023 IEEE EMBS International Confer-
ence on Biomedical and Health Informatics (BHI), 2023.
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effective architecture. We implement three architectures: a
fully-deterministic neural network that acts as a baseline, a
Bayesian model using variational inference, and one using Monte-
Carlo Dropout. Our comprehensive experiments show that on
the WHAS500 dataset, Bayesian techniques improve predictive
performance over the state-of-the-art neural networks and on
the larger SEER and SUPPORT datasets provide comparable
performance. In all experiments, training with Monte Carlo
Dropout is significantly faster than training with variational in-
ference. Our Bayesian models additionally provide quantification
of both aleatoric and epistemic uncertainty, which we exhibit by
plotting 95% confidence intervals around the survival function
and showing a probability density function of the survival time.
Our work motivates further work in leveraging uncertainty for
survival analysis using neural networks.
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I. INTRODUCTION

The Cox’s proportional hazards model [1] has long been
the standard approach for survival analysis in many healthcare
applications, but recent advances in machine learning research
have made neural networks (NNs) a powerful tool for survival
regression [2]–[4]. Such networks have proven to provide
solid performance in terms of ranking and prediction accuracy
in survival analysis applications, but traditional maximum-
likelihood-based methods notoriously perform poorly when
data is sparse [5] and proper uncertainty estimation is a
known shortcoming of NNs. In healthcare and biomedical
applications, confidence in the prognostic outcome of, e.g., a
cancer diagnosis, is essential for medical doctors to make the
decision on individual treatment. Bayesian models can express
uncertainty about their predictions, specifically aleatoric and
epistemic. The former refers to the inherent noise in the data,
and the latter to the lack of knowledge of the model [6].

This work was supported by the PRECISE project under Grant Agreement
No. AAL-2021-8-90-CP by the European AAL Association.

Bayesian Neural Networks (BNNs) are stochastic NNs
trained using Bayesian inference, e.g., variational inference
(VI) [7] and Monte-Carlo Dropout (MCD) [5]. A BNN was
adopted for survival analysis by [8], but their work used
pseudo survival probabilities instead of censored ones.

In this work, we propose BNNs as a tool for uncertainty
estimation in survival analysis models. To the authors’ best
knowledge, no prior work has explored the use of BNNs for
Cox survival analysis. We consider both VI and MCD as
estimation approaches, and, to the end of comparing Bayesian
and non-Bayesian approaches, we introduce a feasible network
architecture and furthermore adopt five existing reference
models. We observe agreement and juxtaposition between
deterministic point estimates and the Bayesian ones, indicating
the overall validity of our setup. In-depth analyses unveil an
advantage of adopting a Bayesian framework, especially in
small-sized datasets. The intrinsic probabilistic dimension of
BNNs naturally allows for recovering uncertainty estimates,
estimating predictive errors and plotting confidence bands.
This provides a much more comprehensive description and un-
derstanding of the data and model under consideration. Source
code is available at: https://github.com/thecml/UE-BNNSurv

Fig. 1: Illustration of the BNN architecture with a single
hidden layer, where weights and biases are treated as random
variables. The output nodes provide the mean and standard
deviation of a risk score, r̂i, as Gaussian samples, i.e., r̂i ∼
N (µxi

, σxi
) for a d-dimensional sample xi.
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II. FUNDAMENTALS

A. Elements of survival data analysis and notation

Modelling the probability that an event occurs at time T
later than t, i.e., the survival probability S(t) = Pr(T > t) =
1 − Pr(t ≤ T ), is a major task in survival analysis. A
main ingredient is the so-called hazard function h(t) =
lim∆t→0 Pr(t < T ≤ t+ ∆t|T > t)/∆t. This corresponds to
the death rate at an instant after time t, giving survival
past that time [9]. The hazard function is related to the
survival function through h(t) = f(t)/S(t), where f(t)
is the probability density associated with T , f(t) :=
lim∆t→0 Pr(t < T ≤ t+ ∆t)/∆t, i.e., the instantaneous rate
of death at time t. In this view, h(t) is the density of T
conditional on T > t, and the functions S(t), h(t), f(t), all
correspond to equivalent ways of describing the distribution of
T , formalizing, e.g., the intuition that higher values for h(t)
correspond to higher death probabilities.

B. Cox Proportional Hazard Model

For the task of fitting a regression model to survival times,
let D = {(yi, δi,xi, )}Ni=1 be the data, where i denotes the
i-th individual. With Ti being the event time and Ci the
censoring time, yi = min(Ti, Ci), and δi = 1 if Ti ≤ Ci
(zero otherwise). We denote xi as a vector of d covariates.

Cox’s Proportional Hazards (CoxPH) model [1] assumes a
conditional individual hazard function of the form h(t|xi) =
h0(t) exp(f(θ,xi)). The risk score is denoted as f(θ,xi).
In [1] f is set to a linear function of the covariates, i.e.,
f(θ,xi) = xiθ, and the maximum likelihood estimator
θ̂ is derived by numerically maximizing the (partial) log-
likelihood:

log p(D|θ) =
∑

i:δi=1

log
h(yi|xi)∑

j:Tj≥Ti
h(yi|xj)

,

=
∑

i:δi=1

f(θ,xi)−
∑

j:Tj≥Ti

f(θ,xj). (1)

Different estimators have been derived for the baseline haz-
ard function, e.g., [10], enabling the estimation of the sur-
vival function as Ŝ(t) = Ŝ0(t)

exp(xiθ̂), with Ŝ0(t) =
exp(−

∫ t
0
ĥ0(t)dt). A purely non-parametric approach, not

using covariates’ information, is provided by the Kaplan-Meier
estimator, used as a reference in Fig. 2. For more details, see,
e.g., [9].

C. Variational inference

We denote the data as D, the likelihood as p(D|θ) and prior
distribution on the parameter of interest θ as p(θ). The target
of Bayesian inference is the posterior distribution p(θ|D) =
p(θ)p(D|θ)/p(θ). The distribution of unobserved (new) data
conditioned on D, known as predictive distribution, is obtained
from the posterior through marginalization over the parameter
space Θ, i.e., p(xnew|D) =

∫
Θ
p(xnew|D,θ)p(θ|D)dθ.

The direct computation of the posterior is challenging as,
in general, the term p(D) is intractable. Sampling methods do
not scale well in high dimensions and are time-consuming:

VI approximates the true and unknown posterior distribution
with a distribution qζ(θ) chosen within a class of tractable
parametric distributions Q. Hereafter Q is the class of multi-
variate Gaussians with mean µ and covariance matrix Σ, and
ζ ≡ {µ,Σ}. VI seeks for the best approximation in Q to
p(θ|D) by minimizing the Kullback-Leibler (KL) divergence
from qζ(θ) to p(θ|D), i.e., by recovering the variational
parameter ζ⋆ via minimizing:

KL(qζ(θ)||p(θ|D)) := Eθ∼qζ

[
log p(θ) log p(θ|D)

log qζ(θ)

]
, (2)

commonly attained via the Bayes-by-backprop method [11]. A
NN estimated with Bayesian inference is commonly referred
to as Bayesian Neural Network (BNN), and our approach
provides a BNN-based extension of the non-Bayesian and
fully-linear standard Cox model.

D. Monte-Carlo Dropout

Optimizing Eq. (2) requires sampling, estimating stochastic
gradients, and involves several caveats and difficulties [6].
Though Monte-Carlo Dropout (MCD) has been historically
developed as a computationally efficient method for regular-
ization, it has been shown to have a connection with Bayesian
inference. Indeed, NNs with dropout applied at every layer are
equivalent to approximate VI in deep Gaussian Processes [12].
Dropout optimizes the KL objective between an approximate
distribution and the posterior of a deep Gaussian Process as a
mixture of Gaussians [13]. Such a setup is limited compared to
VI, yet its simplicity makes it attractive and a widely adopted
baseline for comparison with alternative Bayesian approaches.
So far, within NN applications in survival analysis, MCD has
not been adopted for uncertainty quantification.

III. EXPERIMENTS AND RESULTS

A. Network architecture

For the purpose of comparability in the results, consistency
in the hyperparameters, and evaluation fairness, we propose a
multi-layer perceptron (MLP) backbone network architecture.
A MLP is fully-connected feedforward NN; the number of
hidden layers and neurons is a hyperparameter tuned based
on the data, see, e.g., [6]. Using an MLP is aligned with the
literature, as capable of providing solid predictive performance
[2]–[4].

The proposed architecture is depicted in Fig. 1. There
are three configurations: (i) baseline: a fully-deterministic
NN obtained by removing the σx neuron and optimizing
the objective Eq. (1). (ii) Bayesian model trained with VI,
learning the variational approximation by optimizing Eq. (2).
(iii) Bayesian model trained with MCD (25% dropout rate).

In relation to Sec. II-C, Eq. (2) adopts the Cox likelihood (1)
where f(θ,xi) corresponds to the MLP neural network and θ
to its parameter (collection of weight and biases), the objective
of the Bayesian inference. Whereas the epistemic uncertainty
in the model is captured by the Bayesian framework, to capture
the aleatoric uncertainty, the network’s outputs are sampled
from a Gaussian [14], Fig. 1.
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B. Datasets and models

For our empirical analyses, we use the openly-available
WHAS500 [15], SEER [16] and SUPPORT [17] datasets;
they differ in the number of samples and the percentage of
censored data (see Tab. I). After imputing missing values by
sample mean for real-valued covariates or mode for categorical
covariates, applying a z-score data normalization and one-hot
encoding categorical covariates, we adopt a 70%-30% train-
test split for training and testing.

We implement the Cox model [1], two related traditional
survival models CoxNet [18], RSF [19], and three models
based on a NN architecture, DSM [3], DeepSurv [2], and the
MLP discussed in Sec. III-A. For all datasets and models,
we use Bayesian optimization [20] to tune the respective
models’ hyperparameters over ten iterations using 5-fold cross-
validation. This includes number of iterations, batch size and
network architecture if applicable, and is done solely on
the 70% training split. We use the hyperparameters leading
to the highest average concordance-index (Harrell’s) on the
validation folds.

C. Results

Table I reports the predictive performance of our baseline
MLP and its VI and MCD variants, and literature benchmarks.
We adopt four evaluation metrics: Harrell’s concordance-
index (CIH) [21], Uno’s concordance-index (CIU) [22], and
the negative log-likelihood (NLL). For VI and MCD, such
measures are constructed based on predictive means over 100
posterior draws. Model were trained until convergence (no
improvement was seen in test CIH).

Concerning the baseline MLP models and their VI and
MCD variants, on the smallest WHAS500 dataset we observe
that modelling both aleatoric and epistemic uncertainty by
adopting Bayesian methods improves the ranking and accuracy
performance in terms of CIH, CIU and NLL. In the mid-
sized SEER dataset, the effect of the different estimation
approaches for the MLP reduces, and all the measures are
generally aligned with each other, whereas for the SUPPORT
dataset, maximum likelihood can take full advantage of the
considerable size of the data and outperforms, consistently
although slightly, Bayesian methods.

With respect to the existing models, our work outperforms
NN-based solutions on the small dataset (high CIH, CIU and
low IBS) and we see an advantage in combining the MLP
architecture with Bayesian inference for ranking and accuracy
in predicting the survival function. In the mid-sized dataset,
the performance of all the models is similar, whereas in the
large dataset, it seems that methods based on NNs clearly
outperform the traditional CoxPH, CoxNet and RSF in terms
of CIH, CIU and NLL, though behave similarly in terms of
IBS.

Regardless, the use of Bayesian methods does not deteri-
orate performance metrics in any of our experiments. This
demonstrates that aleatoric and epistemic uncertainty can be
included in survival analysis using NNs at no additional cost,
besides the increase in training time for VI. The leftmost

TABLE I: Performance metrics on the test sets. N : total
sample size, C: pct. of censored data, d: number of covariates.

(a) WHAS500 (N = 500, C = 57%, d = 14).

Model Ttrain CIH ↑ CIU ↑ IBS ↓ NLL ↓
CoxPH [1] 0.05s 0.806 0.785 0.152 0.849
CoxNet [18] 0.04s 0.807 0.785 0.149 0.832
RSF [19] 0.07s 0.785 0.754 0.167
DSM [3] 2.78s 0.785 0.776 0.195
DeepSurv [2] 0.24s 0.774 0.758 0.185

This work:
Baseline (MLP) 10.67s 0.774 0.761 0.154 0.890
+ VI 2m 53s 0.801 0.776 0.142 0.855
+ MCD 6.47s 0.798 0.772 0.160 0.884

(b) SEER (N = 4024, C = 85%, d = 28).

Model Ttrain CIH ↑ CIU ↑ IBS ↓ NLL ↓
CoxPH [1] 0.23s 0.739 0.726 0.105 0.582
CoxNet [18] 0.23s 0.740 0.727 0.105 0.582
RSF [19] 2.05s 0.724 0.714 0.113
DSM [3] 2.09s 0.738 0.737 0.115
DeepSurv [2] 0.55s 0.746 0.746 0.113

This work:
Baseline (MLP) 24.92s 0.743 0.745 0.107 0.587
+ VI 6m 15s 0.741 0.733 0.109 0.589
+ MCD 26.81s 0.741 0.726 0.110 0.588

(c) SUPPORT (N = 8873, C = 32%, d = 14).

Model Ttrain CIH ↑ CIU ↑ IBS ↓ NLL ↓
CoxPH [1] 0.36s 0.583 0.586 0.222 2.862
CoxNet [18] 0.10s 0.581 0.585 0.224 2.865
RSF [19] 8.81s 0.569 0.571 0.232
DSM [3] 4.61s 0.603 0.606 0.222
DeepSurv [2] 0.70s 0.618 0.617 0.221

This work:
Baseline (MLP) 58.72s 0.615 0.617 0.210 2.836
+ VI 40m 28s 0.606 0.607 0.310 2.840
+ MCD 60.87s 0.604 0.606 0.216 2.845

panel in Fig. 2 shows that our methods provide consistent
survival function estimates that align with the Kaplan-Meier
estimator. VI and MCD additionally capture the aleatoric
and epistemic uncertainty in the confidence intervals, which
provides a clear predictive advantage and facilitates better
adaptation for decision support. In the central panel, observe
that grade 1 and 2 tumors have a statistically different impact
on survival times approximately after 25 years, a detail that
non-probabilistic methods could not capture. This is an ideal
application for modelling the underlying uncertainty in, e.g.,
different treatments. In the rightmost panel, by following [23],
we plot the survival time of a randomly selected individual
from the test set: the distribution of the exponential random
samples with a rate parameter randomly sampled from the
MCD predictive distribution is quantitatively different than
the one obtained based on the predictive mean, which shows
lighter tails, and thus a higher likelihood of early-experiencing
the event compared to the non-Bayesian MLP estimation.
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Fig. 2: Model inference on the SEER dataset. Left & center: survival function for different estimation approaches and for
various grades of the tumor severity in breast cancer cases (Solid lines: VI; Opaque lines: MCD; Dashed lines: 95% conf.
int.). Right: probability density function of the survival time, see Sec. III-C for details.

IV. CONCLUSION

We adopt variational inference and Monte-Carlo Dropout
to provide Bayesian estimation of survival probability and
risk in Cox models using neural networks. By proposing a
suitable and effective neural network architecture, we perform
extensive experiments over six models and three datasets.
These show that Bayesian techniques can in situations where
data is sparse increase predictive performance of survival
models compared to other neural network approaches. We
encourage further work within our framework, which we have
shown to be effective in providing an immediate quantification
of combined aleatoric and epistemic uncertainty. Such infor-
mation can support risk-aware decision-making in high risk
domains, such as the healthcare or medical domain.
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Appendix B

Predicting Survival Time of Ball
Bearings in the Presence of
Censoring

Abstract: Ball bearings find widespread use in various manufacturing and mechan-
ical domains, and methods based on machine learning have been widely adopted in
the field to monitor wear and spot defects before they lead to failures. Few studies,
however, have addressed the problem of censored data, in which failure is not ob-
served. In this paper, we propose a novel approach to predict the time to failure in
ball bearings using survival analysis. First, we analyze bearing data in the frequency
domain and annotate when a bearing fails by comparing the Kullback-Leibler diver-
gence and the standard deviation between its break-in frequency bins and its break-
out frequency bins. Second, we train several survival models to estimate the time to
failure based on the annotated data and covariates extracted from the time domain,
such as skewness, kurtosis and entropy. The models give a probabilistic prediction
of risk over time and allow us to compare the survival function between groups of
bearings. We demonstrate our approach on the XJTU and PRONOSTIA datasets. On
XJTU, the best result is a 0.70 concordance-index and 0.21 integrated Brier score. On
PRONOSTIA, the best is a 0.76 concordance-index and 0.19 integrated Brier score.
Our work motivates further work on incorporating censored data in models for pre-
dictive maintenance.
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Abstract

Ball bearings find widespread use in various manufacturing
and mechanical domains, and methods based on machine
learning have been widely adopted in the field to monitor
wear and spot defects before they lead to failures. Few stud-
ies, however, have addressed the problem of censored data,
in which failure is not observed. In this paper, we propose
a novel approach to predict the time to failure in ball bear-
ings using survival analysis. First, we analyze bearing data
in the frequency domain and annotate when a bearing fails
by comparing the Kullback-Leibler divergence and the stan-
dard deviation between its break-in frequency bins and its
break-out frequency bins. Second, we train several survival
models to estimate the time to failure based on the annotated
data and covariates extracted from the time domain, such as
skewness, kurtosis and entropy. The models give a proba-
bilistic prediction of risk over time and allow us to compare
the survival function between groups of bearings. We demon-
strate our approach on the XJTU and PRONOSTIA datasets.
On XJTU, the best result is a 0.70 concordance-index and
0.21 integrated Brier score. On PRONOSTIA, the best is a
0.76 concordance-index and 0.19 integrated Brier score. Our
work motivates further work on incorporating censored data
in models for predictive maintenance.

Introduction
Ball bearings find extensive use in various rotary machines,
but are susceptible to defects, such as contamination wear,
poor lubrication, and improper mounting (Kim, An, and
Choi 2017). Monitoring wear in bearings plays an impor-
tant role in predictive maintenance programs, and engineers
have traditionally used frequency-based vibration analysis
tools to assess the severity of emerging mechanical dam-
ages (Randall 2021; Randall and Antoni 2011). Predictive
maintenance should be done as soon as a bearings’ operating
characteristics start to deviate significantly from its normal
operating state in order to avoid actual failure and eventual
breakdown of the machinery. To this end, researchers have
applied various machine learning (ML) algorithms, partic-
ularly neural networks, to train models that can predict the
remaining useful life (RUL) of bearings (Guo et al. 2017;
Zheng et al. 2018; Al Masry et al. 2019; Wang et al. 2020,

*Corresponding author.
Copyright © 2023, Association for the Advancement of Artificial
Intelligence (www.aaai.org). All rights reserved.

2022; Xu et al. 2022). This strategy has shown initial suc-
cess and high predictive performance, but support for cen-
sored observations is generally overlooked in the field and
only few studies have attempted to build models that support
it (Widodo and Yang 2011b,a; Hochstein et al. 2013; Wang
et al. 2022). Given the rarity ball bearings failures, censored
observations are common, and simply ignoring them can
lead to a loss of efficiency and introduce estimation bias
(Stepanova and Thomas 2002). Survival analysis is a type
of regression that can leverage censored data (Gareth et al.
2021). Current works in bearing prognostics using survival
analysis do not provide any evaluation of predictive accu-
racy or ranking performance (Wang et al. 2022), and the
evaluated methods, such as the nonparametric Kaplan-Meier
(KM) estimator (Kaplan and Meier 1958), are often mainly
descriptive, too simplistic or do not model the relationship
between covariates and outcome (Widodo and Yang 2011a).

In this paper, we propose a novel approach for predic-
tive maintenance of ball bearings using survival analysis
(see Fig. 1). First, we process the raw bearing data in the
frequency-domain to identify at which point in time a bear-
ing starts to deviate significantly from its normal frequency
characteristics. This happens well in advance of actual bear-
ing failure, at a point where the faulty component can be
readily replaced by the maintenance staff. This is our event
detection algorithm, that we use to annotate bearings in two
datasets (XJTU and PRONOSTIA) by the time this devia-
tion occurs. The algorithm is a simple distance metric, and
using it for forecasting is computationally expensive and
prone to error. Therefore, we use the annotated data to train
several survival models, that can predict the probability of
failure as a progressive estimate over time, contrary to tradi-
tional RUL regression, that only offer a mere point estimate
of the failure time. This method also enables us to quantify
survival probabilities between groups of bearings by their
time-domain features.

We compare our work to the method proposed by Xu
et al. (Xu et al. 2022) to estimate the RUL of bearings in
the PRONOSTIA dataset. However, since our methodol-
ogy, the annotation algorithm we have used and the bear-
ing data differ from (Xu et al. 2022) and others, we per-
form an indirect comparison. Source code is available at:
https://github.com/thecml/ball-bearing-survival
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Figure 1: Outline of the proposed solution. Raw data is
used for event detection (top) and feature extraction (bot-
tom) before training a survival model. Illustrations partly
from (Nagpal, Li, and Dubrawski 2021).

Fundamentals
Elements of Ball Bearings
Ball bearings are used to carry rotating loads by separating
elements in motion with two bearing races carried by steel
or ceramic balls. Ball bearings can support either axial or
radial loads, or a combination.

The health of a bearing can be tracked by monitoring the
presence of defects in the bearing components. Bearing de-
fects excite the bearing components and the resulting vibra-
tions can be measured. By following the development of en-
ergy in selected frequency bands, ballpass frequency outer
race (BPFO), ballpass frequency inner race (BPFI), funda-
mental train frequency (FTF), ball spin frequency (BSF),
and shaft frequency (FS), each relating to a bearing’s com-
ponents, the bearing’s health and remaining useful lifetime
can be tracked (Wang et al. 2017; Randall 2021). During in-
fant bearing defects, the vibration signals will be weak and
amplitude modulated with eigenfrequencies related to the
bearing components, necessitating use of wideband Piezo
or MEMS accelerometers (1–20 kHz) to capture any vibra-
tions.

Elements of Survival Analysis
Survival analysis is a form of regression modeling that stud-
ies the time to an event, which can be partially observed
(i.e., censored). Survival data contain the observed covari-
ates, the time to event, and a label indicating whether the
event occurred or was censored. We treat the survival time
as discrete and limit the time horizon to a finite duration, de-
noted as T = {T0, ..., Tmax}, with Tmax representing the
predefined maximum time horizon (e.g., 1 year). Within this
framework, we consider bearing failure as the event of in-
terest, and assume that exactly one such event will occur
eventually for each observation (e.g., a bearing will eventu-
ally fail, but from only one cause). However, not all events
of interest are always observed due to factors such as bear-
ings being decommissioned before failure occurs or simply
running problem-free after Tmax, resulting in right-censored
data.

Survival analysis models the probability that an event oc-
curs at time T later than t, which is denoted as the sur-
vival probability S(t) = Pr(T > t) = 1 − Pr(t ≤ T ).
To estimate S(t), we use the so-called hazard function,
h(t) = lim∆t→0 Pr(t < T ≤ t + ∆t|T > t)/∆t, which
corresponds to the failure rate at an instant after time t, given
survival past that time (Gareth et al. 2021). The relation-
ship between the survival and hazard function is given by
h(t) = f(t)/S(t), where f(t) is the probability density as-
sociated with T , f(t) := lim∆t→0 Pr(t < T ≤ t+∆t)/∆t,
which is the instantaneous rate of failure at time t. In this re-
gard, h(t) is the density of T conditional on T > t, and the
functions S(t), h(t), f(t), are equivalent ways of describ-
ing the distribution of T , which formalizes the intuition that
higher values for h(t) correspond to higher failure proba-
bilities. In order to fit a regression model to survival times,
Cox’s Proportional Hazards (CoxPH) is a popular choice
(Cox 1972). The model assumes a conditional individual
hazard function of the form h(t|xi) = h0(t) exp(f(θ,xi)),
where i denotes the i-th individual, xi is a vector of d co-
variates and f(θ,xi) is a linear function of the covariates.

Methods and Materials
Datasets
We consider two bearing datasets in this study, XJTU (Wang
et al. 2020) and PRONOSTIA (Nectoux et al. 2012). For
both datasets, a single bearing under test is subjected to ra-
dial load during rotation, and vibrations are captured. The
bearing is instrumented with two piezoelectric accelerom-
eters, mounted horizontally and vertically, and sampled at
25.6 kHz. The resulting data are saved as raw comma-
separated values. In both experiments, the bearings are run
to failure under very high load (C/P≤4) to accelerate degra-
dation. This significantly increases the risk of initiating bear-
ing defects but also comes with the risk of local flash heating
and subsequent uncontrolled damage of a bearing.

XJTU: The dataset is generated from 15 deep grove ball
bearings. Three types of tests are conducted with different
loads and speeds, and five bearings are used in each test.
In our experiments, we use five bearings with the following
characteristics: a operating condition (C/P) of 1.1, a radial
force of 12.0 kN and a rotating speed of 2100 RPM.

PRONOSTIA: The dataset is generated from 6 deep
grove ball bearings. Three types of tests are conducted with
different loads and speeds, where two bearings are used in
each test. In our experiments, we use two bearings with
the following characteristics: a C/P of 0.8, a radial force of
5.0 kN and a rotating speed of 1500 RPM.

Feature extraction
Features come from accelerometer sensors placed on the ball
bearings at a angle of 90 degrees (referred to as the X-axis
and Y -axis). Feature extraction starts by discretizing into
bins a sequence of raw samples, i.e., x = (x)Ni=1. We then
apply the expressions in Tab. 1 to each of these bins and
obtain a total of twelve time-domain features for the whole
lifetime of a bearing.
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Absolute mean x̄ = 1
N

∑N
i=1 |xi|

Standard deviation σ = ( 1
N

∑N
i=1(xi − x̄)2)1/2

Skewness SK = 1
N

∑N
i=1(xi − x̄)3/σ3

Kurtosis K = 1
N

∑N
i=1(xi − x̄)4/σ4

Entropy H =−∑N
i=1 P (xi) logP (xi)

Root-mean-square RMS = ( 1
N

∑N
i=1 x

2
i )

1/2

Max value max = max(|x|)
Peak-To-Peak P2P = max(|x|)−min(|x|)
Crest factor CR =max/RMS

Clearance factor CL = xp/(
1
N

∑N
i=1 |xi|1/2)2

Shape factor SH =RMS/x̄

Impulse IM =max/x̄

Table 1: Features expressed in relation to a signal frame x =
(x)Ni=1.

Event detection

In this paper, we propose an event detection algorithm to
label ball bearing data to be used in a survival model (see
Fig. 2). Collecting the raw bearing data, performing the
Hilbert transformation, and applying the fast Fourier trans-
form (FFT), produces five main bins that make up a proba-
bility density function (PDF) for appropriate time windows.
This allows us to observe different conditions of the bear-
ing through time and enables us to identify the behavior and
characteristic that describe a bearing in a good or bad state.

After preprocessing, we apply the Kullback-Leibler diver-
gence and standard deviation (SD) formulas in conjunction
to detect changes in the PDF over time that possibly can
identify the event of interest (see Fig. 2). We consider two
distributions: T0 is the reference distribution and Ti is one
over a moving time window. In this context, the KL diver-
gence is a statistical method that measures the difference be-
tween two probability distributions, denoted DKL(P∥Q), as
a measure of how one probability distribution P is different
from the probability distribution Q. This measures changes
in entropy related to the distribution shape. We also compute
the SD of T0 and Ti, assuming they are Gaussian. By com-
paring the two PDFs’ by SD and KL divergence from the
break-in phase to the end of the bearing’s lifetime, the pro-
gression of the PDF discrepancies are obtained. The KL is
illustrated as a solid blue line in Fig. 3. The KL and SD pro-
gressions are similar, but not the same, because of changes
to the underlying mechanics of the bearing throughout its
lifetime. The KL progression line tends to reach a peak level
(key point #1 in Fig. 3), i.e., high entropy and toward diver-
sification, which we use as a threshold (red dotted line in
Fig. 3, the highest point of the blue line plus 10%). Later,
the threshold will be used to establish the event. After the
break-in phase, the line reaches a plateau (key point #2 in
Fig. 3), i.e., low entropy and toward equalization, and then

begins to rise again when the bearing starts to degrade, i.e.,
high entropy and towards diversification between the PDFs,
and then failure occurs (key point #3 in Fig. 3). We establish
a KL-threshold and a SD-threshold and whichever of two
are crossed last indicates an event.

Collect raw data

Event
detected?

Annotate failure
time

Test KL-divergence
between  and 

Test SD between 
and 

Yes

 = 

Slide window and
repeat

No

Compare   and 
for all  windows

Perform data preprocessing
(Hilbert trans., FFT)

Make PDF of Fourier bins and
split in windows ( )

Figure 2: Flowchart of proposed event detection algorithm.
The entropy or deviation between the signal at time T0 and
time Ti is continuously compared over the lifetime of the
bearing.

Data preprocessing
The XJTU and PRONOSTIA datasets contain only few ac-
tual bearings, so the number of data points and events is low.
To remedy this, we perform data augmentation to create syn-
thesized versions of the two datasets. This process is done
independently for each bearing. First, we up-sample (dou-
ble) the data points by treating each bearing’s X-axis and
Y -axis as independent bearings. Second, we do Constrained
Bootstrapping as in (Zelterman, Le, and Louis 1996). Third,
we divide the timeseries into 20 slices of the same size cov-
ering the entire lifetime, and for each slice assign a time to
event or censoring, and the covariates at that time. This es-
sentially re-samples a single event several times, while pre-
serving the correlation between covariates and event time.
We introduce a censoring rate of 20% in both datasets by
simulating that some bearings did not experience the event.
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Figure 3: Top: Event detection based on KL divergence. The key point #1 is the break-in period, #2 is the plateau and #3 is
the break-out period. The solid blue line is the KL divergence. The dotted gray line is the maximum entropy reached during
the break-in period. The dotted red line is the threshold given by the maximum entropy plus 10%. Bottom left: FFT bins of the
signal at break-in time. Bottom right: FFT bins of the signal at failure time.

Survival models

The following models are evaluated:
Cox Proportional Hazards (CoxPH): (Cox 1972) is the

most commonly used regression model for survival data. It
assumes a conditional individual hazard function. The risk
score is estimated as a linear function of covariates and pa-
rameters, found by maximizing the partial log-likelihood.

Random Survival Forest (RSF): (Ishwaran et al. 2008)
RSF is an ensemble of survival trees, where the data are re-
cursively partitioned based on some splitting criterion, and
similar data points based on the event of interest are put on
the same node.

CoxBoost: (Hothorn et al. 2005) CoxBoost is an exten-
sion of traditional gradient boosting that supports survival
data by minimizing the weighted empirical risk function as
a least-squares problem.

DeepSurv: (Katzman et al. 2018) DeepSurv is a neural
network that uses a Cox likelihood function to compute a
relative risk score, which quantifies the likelihood of experi-
encing an event.

Deep Survival Machines (DSM): (Nagpal, Li, and
Dubrawski 2021) DSM is a neural network that estimates
the conditional survival function as a mixture of primitive
distributions, either Weibull or Log-Normal.

Weibull AFT: (Lee and Wang 2013) The Accelerated
Failure Time (AFT) model estimates the survival function
using the Weibull distribution. It is a generalization of the
exponential distribution, but does not assume a constant haz-
ard rate, which allows for a broader application.

Experiments and Results
Setup
For our empirical analyses, we use the openly available
XJTU and PRONOSTIA datasets, which differ in the num-
ber of bearings, operating conditions, and the number of
samples. After preprocessing, we apply a z-score data nor-
malization to all covariates and do a train-test split based
on the number of bearings: for XJTU, we select three bear-
ings for training and two for test, and for PRONOSTIA, we
select one bearing for train and one for test. For all datasets
and models, we tune the following hyperparameters over ten
iterations using 5-fold cross-validation:

• CoxPH: Number of iterations and tolerance.
• RSF: Number of estimators, tree depth and split criterion.
• CoxBoost: Learning rate, tree depth, split criterion.
• DeepSurv: Iterations, learning rate and batch size.
• DSM: Iterations, learning rate and batch size.
• Weibull AFT: Penalizer coefficient.

Tuning is done solely on the training bearings. We use the
hyperparameters leading to the highest average concordance
index (Antolini’s) on the validation folds to adjust the final
models. Models are then evaluated on the test bearings.

Results
Table 2 shows the predictive performance of the survival
models. We report the training time, Harrell’s concordance
index (CI) (Harrell, Lee, and Mark 1996), Antolini’s time-
dependent concordance index (CItd) (Antolini, Boracchi,
and Biganzoli 2005) and the integrated Brier score (IBS)
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Figure 4: Model inference on the XJTU dataset. Left & center: survival function for different estimation approaches and for
two separated groups based on RMS value (Solid lines: mean values; Shadow area: 95% conf. int.). Right: normalized survival
times (bins) and hazard functions (solid lines) of the two RMS groups.

(Graf et al. 1999). Concerning the results on the XJTU
dataset (see Tab. 2a), we observe that RSF, CoxBoost and
DeepSurv perform the best in terms of ranking (CI) and
DSM in terms of predictive accuracy. A CI of 0.70 means
that 70 out of a 100 comparable pairs are ranked correctly.
An IBS of 0.214 equals a 78.6% accuracy in predicting the
survival function over all available times. Concerning the re-
sults on the PRONOSTIA dataset (see Tab. 2b), DSM, Deep-
Surv and WeibullAFT performs the best.

To compare our work to SOTA, (Xu et al. 2022) re-
port a mean 70% accuracy (95% CI: 0.58-0.87) on eleven
PRONOSTIA bearings. In our work, DeepSurv (Katzman
et al. 2018) performs the best in terms of predicting the sur-
vival function, yielding a 0.197 integrated Brier score on the
test set. This translates to a predictive accuracy of 80.3%,
however, the results are not directly comparable, as (Xu et al.
2022) use simple least-squares regression as opposed to sur-
vival regression, employ a different training/test split and
only report the estimation error at the end of the bearing
lifetime, instead of at available times.

Figure 4 shows inference results on the two XJTU test
bearings. We see that all evaluated models provide consis-
tent estimates of the survival function (leftmost panel). The
Kaplan-Meier is used as a reference here and estimated on
the full dataset (five bearings). In the central panel, we split
the test data into two groups by the root mean square (RMS)
covariate value,RMS ≤ 2 andRMS > 2, and compute the
mean survival curve of the two separately using a Cox pro-
portional hazards model. This shows a clear separation in
predicted survival probability, already from t = 10, to con-
vergence at t = 120. The shadowed area represents a 95%
confidence interval, which is wider for the bearings in the
first group. The plot presents an interesting application for
predictive maintenance, as it can be used as decision sup-
port for maintenance personnel. In the rightmost panel, by
following (Austin 2012), we computed 500 simulated sur-
vival times using a Cox model for the two RMS groups, and
plotted their respective hazard function and survival time;
the two hazard functions are quantitatively distinct, and the
expected survival time for RMS > 2 is lower than for
RMS ≤ 2.

Conclusion
We have proposed survival analysis as a method to predict
the risk of failure in ball bearings. First, we identify the point
in time when a bearing starts to diverge significantly from
its original frequency characteristic, which marks our event
of interest, and second, we train several survival models to
estimate the risk of failure given a set of covariates sampled
from the time-domain. We find the application of such meth-
ods interesting in manufacturing and engineering, as they
inherently support censored data and provide a probabilistic
prediction and confidence estimation instead of mere point
estimates, thus we encourage further work within our frame-
work.
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(a) XJTU (N = 1000, C = 20%, d = 12).
Model Ttrain CI ↑ CItd ↑ IBS ↓
CoxPH 0.094 0.648 0.642 0.271
RSF 0.988 0.702 0.769 0.423
CoxBoost 2.791 0.59 0.769 0.261
DeepSurv 9.148 0.687 0.679 0.245
DSM 22.456 0.66 0.628 0.214
WeibullAFT 0.483 0.664 0.675 0.216

(b) PRONOSTIA (N = 400, C = 20%, d = 12).
Model Ttrain CI ↑ CItd ↑ IBS ↓
CoxPH 0.016 0.626 0.625 0.34
RSF 0.265 0.715 0.701 0.383
CoxBoost 0.768 0.74 0.701 0.223
DeepSurv 2.392 0.745 0.705 0.197
DSM 9.737 0.739 0.748 0.294
WeibullAFT 0.489 0.764 0.691 0.236

Table 2: Performance metrics on the test sets. N : total sam-
ple size, C: pct. of censored data, d: number of covariates.
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Prognosis of fall risk in home care
clients: A noninvasive approach
using survival analysis

Abstract: The present study has designed, implemented, and evaluated a machine
learning model that can predict fall risk and fall occurrence in community-dwelling
elderly based on their home care usage. A dataset consisting of 2542 weekly home
care records for 1499 citizens (59% female, 41% male) with a mean age of 77 years
(SD 10 years) was collected from a large municipality in Denmark. The data were
recorded between January 1, 2021, and December 31, 2021. The dataset was di-
vided into two cohorts. Subsequently, five machine learning-based survival analysis
models were trained and evaluated using cross-validation. The CoxBoost model
showed the best discriminative performance with a mean 0.64 (95% CI 0.57–0.72)
Harrell’s concordance index, indicating better ranking than chance-level by 14% on
average. However, the model could not accurately predict when the next fall would
take place. The proposed method enables professionals to assess individual fall risk
by using home care records from an Electronic Health Record (EHR) system. This
facilitates the initiation of targeted fall-prevention programs for those at highest risk.
Additionally, it is expected that a risk-based approach can lead to a lower number
needed to treat (NNT), indicating greater effectiveness of health interventions.
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Abstract
Aim The present study has designed, implemented, and evaluated a machine learning model that can predict fall risk and
fall occurrence in community-dwelling elderly based on their home care usage.
Subjects and methods A dataset consisting of 2542 weekly home care records for 1499 citizens (59% female, 41% male)
with a mean age of 77 years (SD 10 years) was collected from a large municipality in Denmark. The data were recorded
between January 1, 2021, and December 31, 2021. The dataset was divided into two cohorts. Subsequently, five machine
learning-based survival analysis models were trained and evaluated using cross-validation.
Results The CoxBoost model showed the best discriminative performance with a mean 0.64 (95% CI 0.57–0.72) Harrell’s
concordance index, indicating better ranking than chance-level by 14% on average. However, the model could not accurately
predict when the next fall would take place.
Conclusions The proposed method enables professionals to assess individual fall risk by using home care records from an
Electronic Health Record (EHR) system. This facilitates the initiation of targeted fall-prevention programs for those at highest
risk. Additionally, it is expected that a risk-based approach can lead to a lower number needed to treat (NNT), indicating
greater effectiveness of health interventions.

Keywords Fall risk prediction · Time-to-event · Survival analysis · Machine learning · Community-dwelling elderly ·
Home care · Personal alarms

Introduction

Falls among elderly citizens constitute a significant and
widespread problem in society (Franse et al. 2017). Stud-
ies have shown that simple strength training exercises and
daily outdoor activities can reduce the incidence rate of
falls (Salminen et al. 2009; Klaperski-van Der Wal et al.
2023), however, the current efforts of Danish municipalities
have traditionally focused on reactive approaches. To adopt
a proactive approach and narrow down the search criteria for
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eligible adults, machine learning has been adopted to identify
people at risk of falling. This is done primarily in hospitalized
adults with good results (Lindberg et al. 2020; Patterson et al.
2019; Nakatani et al. 2020), but few studies have focused
on community-dwelling elderly. In this setting, most pro-
posed methods are invasive, where researchers, for example,
place cameras around participants in their homes, which
can be seen as intrusive and a violation of privacy (Dubois
et al. 2019; Yang et al. 2019; Wilmink et al. 2020). The few
noninvasive studies that exist have only studied binary clas-
sification methods (Chelli and Patzold 2019; Dormosh et al.
2022), which cannot distinguish individuals at risk beyond
a few classes. They also rely on fall reports to determine if
someone has fallen or not, but falls in older adults are often
underreported or incorrectly reported (Hoffman et al. 2018).

In this observational study, we propose a noninvasive
method to predict individual fall risk using survival analysis.
Survival analysis is a form of regression modeling that
supports censored data, i.e., where the event of interest is
partially observed. Conventional machine learning methods
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do not support censoring and can thus produce biased pre-
dictions if censored observations are ignored (Stepanova and
Thomas 2002a). We use personal alarm subscriptions as our
event of interest (Hoffman et al. 2018). Our method is based
on data from a large Danish municipality, where personal
alarms are given to citizenswho have been evaluated as being
at risk of falling. The municipality participated in a signature
project funded by the Danish government on fall prevention
with the corresponding university from 2020 to 2022. The
data consist of 2542 weekly home care observations for 1499
citizens over a period of one year, which we divide into two
cohorts with a 6-month follow-up period.We train five differ-
ent survivalmodels and establish an evaluation pipeline using
cross-validation to access model performance. The goal is
to offer a noninvasive decision support tool that can help
healthcare professionals select the right candidates for fall
prevention programs. In summary, our contributions are the
following:

– Weproposeanovelandnoninvasivepredictivemodel toass-
ess fall risk in home care clients using survival analysis.

– We use personal alarm subscriptions as the event of inter-
est to avoid the bias and noise that surround fall reports.

– We demonstrate the effectiveness of our approach using
different models and feature selection algorithms.

Related work

Work in fall-risk assessment and prevention using machine
learning can generally be split into two categories: sensor
data studies, where sensors or motion trackers are placed
on or in the vicinity of the individual, and electronic health
record (EHR) studies,where stored data about an individual’s
historical traits are used. We denote the former as invasive
methods, since they require active involvement of the indi-
vidual to operate, whereas the latter is noninvasive, since a
model trained on EHR data can be used unobtrusively and
without involving the individual. In this section, we provide a
brief overview of the latest research in noninvasive methods
and motivate our approach.

Noninvasive methods do not require ubiquitous or per-
vasive monitoring to work, and rely solely on historical
information about the individual. Kuspinar et al. (2019)
developed a predictive algorithm to predict fall risk based
on home care data from a cohort of more than 80,000 adults
between 2002 and 2014; however, the authors only report
odds ratios for different groups of fallers without any assess-
ment of predictive performance. In addition, the follow-up
period is only 90 days (3 months) and all observed falls are
self-reported, which may lead to underreporting or recall
bias. The fall assessment is based on data from a Resident

Assessment Instrument-Home Care (RAI-HC) evaluation, a
standardized assessment scheme, which would have to be
performed in person with the patient, making their method
not entirely noninvasive. Lo et al. (2019) used a random
forests algorithm on home care data extracted from the Out-
comes and Assessment Information Set (OASIS) database to
predict fall risk, which showed initial promise (ROC scores
between 0.66 and 0.68), however, their model can only clas-
sify people into two categories (faller or not a faller) and
thus cannot predict neither the time to fall nor individual risk
scores. Other data sources in addition to home care have also
been explored for noninvasive fall assessment, such as clini-
cal notes (Santos et al. 2020; Fu et al. 2022) and fall reports
(Dos Santos et al. 2019).

Recently,Dormosh et al. (2022) developeda fall-prediction
model using logistic regression based on hospital registra-
tion data. The authors found significant correlations between
a range of health record features and the risk of falling, but
had to rely on cumbersome manual labeling to identify fall-
ers from clinical notes. The main limitation of their work is
that older people tend not to report falls, unlessmedical atten-
tion is required (Stevens et al. 2012), which is consistent with
the observation that many falls go unreported (Hoffman et al.
2018). Furthermore, reported falls may lack detail or may not
be caused by a lack of strength or mobility, but by other fac-
tors (e.g., alcoholism). Another limitation of Dormosh et al.
(2022) is the use of binary logistic regression, which does not
provide information about the time to the next fall, cannot
rank individuals by risk, nor exploit any temporal informa-
tion in the data. Logistic regression also struggles with bad
expressiveness (e.g., interactions must be added manually).

We propose a novel, noninvasive method that can predict
fall risk within 6 months based solely on home care data and
without involving the individual of interest. Our method has
the following novelties: (a) it is based on survival analysis,
which can handle the problem of incomplete observations,
something not addressed in previous approaches based on
machine learning (Patterson et al. 2019; Ye et al. 2020). (b)
Our model captures the time-to-event information not used
in previous works (Chelli and Patzold 2019; Fu et al. 2022;
Dormosh et al. 2022), which rely on binary classification. (c)
Instead of falls, we use personal alarm subscriptions as the
event of interest, which addresses the issue of biases in fall
reports (Stevens et al. 2012; Hoffman et al. 2018).

Materials andmethods

Survival analysis

Survival analysis is a form of regression that models the time
until some event takes place, which can be partially observed
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Table 1 Key demographics for
Denmark and the municipality,
where the data came from
(2021, Statistics Denmark)

Demographic Area Statistic

Population Denmark 5,867,412

Municipality 221,114

Population (DOB. 1930-1970) Denmark 2,307,176 (38.2% of total)

Municipality 74,684 (33.7% of total)

Gender distribution* (DOB. 1930-1970) Denmark 46.8%, 50.2%

Municipality 47.8%, 52.1%

Marital status† (DOB. 1930-1970) Denmark 12.3%, 56.8%, 11.3%, 16.6%

Municipality 13.4%, 57.8%, 11.9%, 16.7%

∗Gender distribution is males/females
†Marital status is percentage of single, married, widowed and divorced

(i.e., censored). It has found important use in many domains,
such as healthcare informatics (Zhu et al. 2016; Kim et al.
2019), econometrics (Stepanova and Thomas 2002b), and
predictive maintenance (Lillelund et al. 2023). We define a
survival problem by a sequence of observations represented
as triplets, (xi , ti , δi ), where xi ∈ Rd is a feature/covariate
vector for some observation i , ti ∈ R is the time of censoring
or the time of event depending on which occurred first, and
δi ∈ {0, 1} is the binary event indicator. If δi = 0, then
ti = ci , where ci is the timeof censoring, otherwise, if δi = 1,
then ti = ei , where ei is the time of event. A survival model
can predict the probability that some event occurs at time T
later than t , i.e., the survival probability, S(t) = Pr(T > t) =
1−Pr(t ≤ T ). To estimate S(t), we use the so-called hazard
function:

h(t) = lim
�t→0

Pr(t < T ≤ t + �t |T > t)/�t , (1)

which corresponds to the event rate at a point after t ,
assuming the individual survived past that time (Gareth
et al. 2021, Ch. 11). The hazard function is related to
the survival function through h(t) = f (t)/S(t), where
f (t) is the probability density associated with T , f (t) :=
lim�t→0 Pr(t < T ≤ t + �t)/�t , that is, the instantaneous
rate of event at time t . In this regard, h(t) is the probability
density of T conditional on T > t , and the functions S(t),
h(t), f (t), all correspond to equivalentways of describing the
distribution of T , formalizing, e.g., the intuition that higher
values for h(t) correspond to higher event probabilities.

TheCox proportional hazards (CoxPH)model is a popular
regression model for survival analysis. It assumes a con-
ditional individual hazard function of the form h(t |xi ) =
h0(t) exp( f (θ, xi )). The risk score is denoted as f (θ , xi ).
In Cox (1972), f is set to a linear function of the covariates,
that is, f (θ, xi ) = xiθ , and the maximum likelihood estima-
tor θ̂ is derived by numerically maximizing the partial Cox
log-likelihood.

The dataset

A large Danish municipality has provided the two datasets
used in this study from their EHR system. The first dataset
consists of 229,850 home care observations over 52 weeks
(2021) divided into two cohorts (6 months) and covers home
care for 6398 citizens in total. Each observation contains the
amount of care delivered in minutes, the type of care and
the number of social or health workers who provided the ser-
vice. The type of care follows a standardized naming scheme
across all Danish municipalities, FSIII (English: Common
Language III. Danish: Faellessprog III). The second dataset
contains a list of citizens who have subscribed to a personal
alarm system in 2021. First, we merged the two datasets and
removed individuals who had already subscribed to a per-
sonal alarm prior. Second, we created a window that spanned
26 weeks (6 months, from t = 1 to t = 26) and fixed a
starting time for citizens at t = 1 in that window. For each
observation, we assigned the time of event or censoring given
the event indicator δ ∈ {0, 1}; δ = 0 if the citizen haddropped
out or not subscribed yet, δ = 1 if the citizen had subscribed.
We included only citizens who received at least 100 min of
home care per week and were born between 1930 and 1970.
The final dataset has 2542 observations for 1499 citizens, a
censoring rate of 95% (2416/126) and 49 nonzero covari-
ates. No outlier detection or feature scaling was done. There
was no missing values. Columns with only zero values were
removed (Tables 1, 2 and 3).

Table 2 Key statistics of the dataset after preprocessing

Property Statistic

Number of observations (N) 2542

Number of covariates 49

Number of citizens 1499

Average age (2021) 77 (± 10) years

Censoring rate 95% (2416/126)

Follow-up period 6 months (2 cohorts)

Study period January 1 to December 31, 2021
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Results

Setup

We implement the plain vanilla Cox model (CoxPH) (Cox
1972), the Cox model with LASSO regularization (CoxPH
�1) (Simon et al. 2011), the Cox model with Ridge regular-
ization (CoxPH �2) (Simon et al. 2011), Random Survival
Forests (RSF) (Ishwaran et al. 2008) and the Cox model
using boosting (CoxBoost) (Hothorn et al. 2005). To evaluate
our approach, we report Harrell’s concordance-index (CIH )
(Harrell et al. 1996), Uno’s concordance-index (CIU ) (Uno
et al. 2011), the integratedBrier score (IBS) (Graf et al. 1999),
the mean absolute error (MAE) (Qi et al. 2024) using hinge
loss, and D-calibration (Haider et al. 2020). See Appendix
A for more details on the performance metrics. We train the
models using either all covariates or only those selected by
a feature selector, e.g., low-variance thresholding (LowVar),
SelectKBest (SKB) or Recursive Feature Elimination (RFE).
We set K = 10, i.e., the desired number of covariates will
be 10.

To estimate the generalization error of each model and
feature selector, we run stratified nested cross-validationwith
five outer loops and five inner loops. Stratification ensures
that the event times and censoring rates are consistent across
the training and test sets. Using nested cross-validation,
feature selection and hyperparameter optimization are per-
formed together within each fold. Appendix B reports the
best obtained hyperparameters by highest CIH .

Model performance

Table 4 shows the predictive and calibration performance
from cross-validation, averaged over five folds. The CI (CIH
and CIU ) measures how well a model can predict risk scores
that match the order of events, i.e., people with higher risk
should experience the event before people with lower risk.
The plain vanilla CoxPH model obtained a CIH of 0.53,
which means that it has ranked 53 out of 100 pairs correctly.
A CI of 0.5 indicates chance-level ranking. A CoxPH model
with a LASSO penalty term obtained a CIH of 0.61, thus
reducing the number of covariates leads to better discrimina-
tive performance in this case. CoxBoost provided the most
concordant risk predictions with a mean CIH of 0.64 (95%
CI 0.57–0.72) using low-variance thresholding. We note that
multiple types of home care are provided only on a sporadic
basis. This means that the dataset has many covariates with
predominant zero values, which in turn can make it difficult
for the model to identify which covariates are important and
which are not. This phenomenon can lead to poor perfor-

Table 3 Descriptive statistics of covariates ranked in descending order
by observational count

Covariate name Number
of obs.

Mean

Personal hygiene 1254 102 (±249)

Cleaning 1225 31 (±51)

Medication administration 783 29 (±67)

Laundry 468 4 (±10)

Nutrition 413 25 (±90)

Excretions 352 34 (±180)

Medication dispensing 342 3 (±8)

RH Personal hygiene 266 14 (±63)

Prepare/serve food 254 12 (±46)

Supervision/care 188 3 (±21)

Compression therapy 183 5 (±21)

Everyday activities 157 3 (±22)

SUL § 138 140 2 (±9)

Shopping 108 1 (±6)

RH Nutrition 82 3 (±23)

RH Excretions 81 5 (±42)

Mobility 77 8 (±68)

RH Prepare/serve food 66 4 (±31)

Catheterization and care 66 2 (±15)

RH Practical interventions in relation to
children

64 3 (±42)

RH Mobility 53 2 (±27)

Examinations andmeasurement of values 40 1 (±16)

RH Cleaning 39 1 (±7)

RH Everyday activities 35 1 (±9)

Stoma care 33 2 (±19)

Treatment and care of skin problems 30 1 (±13)

Relief at home 29 1 (±11)

Nutritional intervention 26 1 (±10)

Circulation treatment 21 0 (±4)

0-Benefit, SEL 15 2 (±60)

Wound care 15 0 (±3)

Rehabilitation 13 0 (±5)

RH Laundry 13 0 (±2)

Respiratory treatment 9 0 (±5)

RH Shopping 7 0 (±1)

SEL COVID-19, Protective equipment 5 0 (±3)

General 0-benefit 4 0 (±4)

Oxygen therapy 4 0 (±6)

Tube feeding 4 1 (±30)

Care with the use of personal aids 3 0 (±2)

RH Supervision/care 3 0 (±2)

Treatment and care of gastrointestinal
problems

2 0 (±1)
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Table 3 continued

Covariate name Number
of obs.

Mean

SEL COVID-19 Vaccine 2 0 (±0)

Fluid per os (Note: ‘per os’ means by
mouth)

1 0 (±0)

Transfer and mobilization 1 0 (±4)

TCNH Assistance with measurements 1 0 (±0)

Guidance 1 0 (±0)

Personal care 1 0 (±2)

The dataset consists of 2542 samples, where each sample includes the
amount of home care provided in 1 week for different types of care for
one individual. The mean is reported in minutes per week (± standard
deviation)

mance on new data. We see that restricting the feature space
using LASSO or a feature selection algorithm gives better CI
results on average.

On the surface, the results of the integrated Brier score
look promising, as a lower number indicates a better esti-
mate of the survival curve. However, the high censoring in
this dataset means that for many cases, the predicted sur-
vival curve only has a slight decline over the follow-up
period. This reflects the cumulative incidence function for the
event, but does not offer much valuable application, since the
discrepancies in the survival probabilities between the two
groups (citizens that receive an alarm and citizens that do
not) are few. RSF was best at predicting the survival curve
with a mean integrated Brier score of 0.033 (95% CI 0.031–
0.035). RSF was also best at predicting the time to event
with a mean MAE of 83.5 (95% CI 79.1–87.9) using RFE
to select the best covariates. The MAE is the absolute differ-
ence between the actual and predicted survival times (e.g.,
the median of the curve) using hinge loss; if the prediction is
higher than the censored time, the loss is not penalized. This
means that the error comes from censored samples with an

Table 4 Experimental results
from 5-fold cross-validation.
For D-calibration, we report the
number of D-calibrated mean
survival curves across the five
folds according to a Pearson’s
χ2 test

Metric Model Feature selector
None LowVar SKB10 RFE10

CIH ↑ CoxPH 0.53±0.04 0.53±0.04 0.59±0.06 0.60±0.05

CoxPH (�1) 0.61±0.04 0.61±0.04 0.61±0.04 0.61±0.04

CoxPH (�2) 0.52±0.03 0.53±0.04 0.58±0.04 0.55±0.11

RSF 0.63±0.04 0.62±0.04 0.62±0.04 0.62±0.04

CoxBoost 0.63±0.07 0.64±0.05 0.62±0.03 0.63±0.06

CIu ↑ CoxPH 0.52±0.04 0.52±0.04 0.57±0.06 0.58±0.05

CoxPH (�1) 0.60±0.04 0.60±0.04 0.60±0.04 0.60±0.04

CoxPH (�2) 0.51±0.04 0.51±0.04 0.56±0.05 0.54±0.10

RSF 0.62±0.05 0.62±0.05 0.61±0.04 0.62±0.04

CoxBoost 0.62±0.07 0.64±0.05 0.61±0.03 0.62±0.06

IBS ↓ CoxPH 0.037±0.001 0.036±0.001 0.033±0.002 0.034±0.002

CoxPH (�1) 0.034±0.001 0.034±0.001 0.034±0.001 0.034±0.002

CoxPH (�2) 0.037±0.001 0.037±0.000 0.034±0.001 0.035±0.002

RSF 0.034±0.001 0.034±0.001 0.033±0.001 0.033±0.001

CoxBoost 0.034±0.001 0.034±0.001 0.034±0.001 0.034±0.001

MAE ↓ CoxPH 212.4±111.4 211.3±109.1 106.2±33.3 118.1±46.3

CoxPH (�1) 87.5±1.3 87.5±1.3 87.4±1.4 108.6±43.0

CoxPH (�2) 296.8±109.4 224.3±113.5 115.7±29.7 117.1±46.6

RSF 84.9±2.0 85.0±1.7 84.0±2.8 83.5±3.2

CoxBoost 87.9±1.1 87.9±1.0 87.8±1.0 87.8±1.1

D-calib. ↑ CoxPH 4/5 4/5 5/5 5/5

CoxPH (�1) 5/5 5/5 5/5 5/5

CoxPH (�2) 3/5 3/5 4/5 5/5

RSF 5/5 5/5 5/5 5/5

CoxBoost 5/5 5/5 5/5 5/5

Best performing models highlighted in bold
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Fig. 1 Mean predicted survival functions by the CoxPH, RSF and Cox-
Boost models, versus the unbiased Kaplan–Meier estimator on the test
set. The survival functions are predicted over the entire event horizon
from t = 1 to t = 26

overly pessimistic prediction (less than the censoring time)
and uncensored samples with an overly optimistic prediction
(more than the event time). With a 95% average censor-
ing rate, the model overshoots the true event time for the
few individuals who experience the event; thus, our model
is poor at predicting when the event occurs in the sample
population. We used Pearson’s χ2 goodness-of-fit test to
assess D-calibration, and find that, on average, CoxPH with
LASSO, RSF and CoxBoost gave predicted survival curves
that were calibrated with respect to the actual survival distri-
bution.

Model explainability

After cross-validation, we adopt a 70–30% train-test split,
configure the models with sensible default parameters and
retrain them for plotting purposes. Figure 1 shows the mean

predicted survival function for all samples in the test set
by the CoxPH using LASSO, RSF and CoxBoost models.
As a reference, we have included the Kaplan–Meier (KM)
(Kaplan and Meier 1958) estimator with a 95% confidence
interval. In the present study, we assume censoring to be non-
informative: consider two citizens with the same risk factors,
both yet to experience the event of interest by time t . One
individual is lost to follow-up at that time, i.e., their event
time at t is right-censored, and the other continues in the
study. Under the assumption of noninformative censoring,
we assume these two individuals have the same subsequent
risk of experiencing the event, and knowing that one of them
is censored does not add additional information. Under this
assumption, the KM is unbiased, regardless of the proportion
of censoring. Similarly, the hazard ratios of a Cox’s propor-
tional hazards model represent a good estimate of relative
risk and are unbiased regardless of the amount of censoring.
The predicted survival probabilities and the KM align well in
this plot. All models fall within the KM’s confidence interval
after t = 8, however, a slight overestimation of risk is seen
between t = 0 and t = 7.

Figure 2 shows the most important covariates and covari-
ate values according to SHAP (Lundberg and Lee 2017).
These values were obtained from a Random Survival Forests
model. The covariates are on the y-axis and the SHAP
value on the x-axis. The color indicates if the covariate
value is low (blue) or high (red) for a particular observation.
According to the SHAPvalues, themost important covariates
are: “Personal hygiene”, “SUL §138”, “Excretions”, “RH
Nutrition” and “Medication administration”. The SHAP val-
ues exhibit a slight positive correlation between risk and
the number of minutes received in the category “Personal
hygiene”, but a strictly positive correlation for “Excretions”
and “SUL §138”. In this context, “SUL §138” refers to a
section of the Danish health legislation that requires the

Fig. 2 SHAP summary plot.
The covariates are on the y-axis
and the SHAP-value is on the
x-axis. Covariates are ranked
based on their importance,
which is given by the mean of
their absolute SHAP values
(higher positioning means more
important). For each covariate,
one point corresponds to a
single citizen. Its position on the
x-axis represents the impact that
covariate had on the model’s
output, which corresponds to the
risk across citizens. The color
indicates whether the citizen had
a low (blue) or high (red) value
of that covariate
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municipality to provide an individual with a community
nurse by referral from their general practitioner. We see that
some covariates have both positive and negative correlations
(e.g., “Cleaning”, “Medication administration” and “RHPer-
sonal hygiene”). These may seem counterintuitive at first, as
we would usually associate increased reliance on home care
with an increased risk of falling, but we study purely the
correlations between care and the risk of getting a personal
alarm. Elderly people who depend on a lot of home care have
fewer falls, as they are attended to very often and many have
daily check-ins by a nurse or a care practitioner; hence, they
have less need for a personal alarm.

Figure 3 is a SHAP feature dependence plot and partial
dependence plot for three of the most important covariates
(“Personal hygiene”, “Excretions” and “Cleaning”). These

provide more detail on the exact correlations between risk
and received care. A partial dependence plot is created by
marginalizing the model output over the distribution of the
covariates in a set of irrelevant covariates, C , and return-
ing a function that depends only on covariates in a relevant
covariate set, S, interactions included. This tells us, for given
values of covariates S, what the average marginal effect on
the prediction is, i.e., how the outcome changes when a spe-
cific independent variable changes. In Fig. 3a on the left, we
see a vague, but positive correlation between minutes and
SHAP value for the “Personal hygiene” covariate, which is
also explained by the partial dependence plot on the right.
The vertical gray bars in the plot show the data distribution.
In Fig. 3b, we plot the “Excretions” covariate and see a much
steeper increase in both SHAP value and estimated risk from

Fig. 3 Left: SHAP dependence
plots of the respective covariate.
The color indicates whether the
covariate has a low (blue) or
high (red) value. Right: Partial
dependence plot of the same
covariate
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0 to 200 minutes, but it increases only slightly after that.
Lastly, Fig. 3c shows that “Cleaning” has a negative trend
between 0 and 100 minutes, but rises suddenly from 100 and
onward.

Figure 4 shows predicted individual survival and hazard
functions for 20 randomly selected citizens using a random
survival forests model. Solid lines represent citizens who did
not subscribe to a personal alarmwithin 6months. The dotted
lines represent the citizens who subscribed to one. We see in
the upper row that most citizens reach a survival probability
(probability of no alarm) at t = 26 between 0.98 and 0.90 and
a cumulative hazard between 0.01 and 0.10, but some citizens
have a significantly lower survival probability and associated
cumulative hazard. In this figure, only one citizen in this
randomdraw subscribed to a personal alarm during the study,
but the individual has similar predicted survival probabilities
over the event horizon as the remaining cohort. This tells us
that predicting the time to event from these curves alone is
difficult.

Discussion

Applicability

The proposed method represents a change from a reactive
mindset to a proactive mindset and is applicable in a munic-
ipality setting, where efficient management of resources and
healthcare personnel is crucial. By accurately identifying
those citizens who are at the highest risk of falling, the
municipality can allocate its resources more effectively by
providing personalized home care, physical therapy, and
other healthcare services. This is important, as the conse-
quences of falls can often be more severe for the elderly due
to existing health problems and reduced mobility (Franse
et al. 2017). Wang et al. (2023) find that exercise appears
to be particularly effective for people with higher fall rates.

In their study, exercise was more effective in trials with a
higher prospective fall rate (32% reduction in falls and 442
prevented falls in 1000 people over one year). However, tri-
als with a lower prospective fall rate showed a comparatively
reduced effectiveness, resulting in a mere 12% reduction in
the number of falls and preventing only 64 falls in 1000 peo-
ple in the same period. At first glance, it appears to be a sound
strategy to offer exercise and physical therapy to any older
adult over 65 years of age, but a broad preventive approach is
very expensive if training is to be supervised, which multiple
studies advocate for (Donat and Özcan 2007; Youssef and
Shanb 2016). Moreover, we expect that the number needed
to treat (NNT), as a measure of the effectiveness of a health
intervention,will likely be lower (better)with amore targeted
and risk-based approach. When prevention and intervention
are focused on the most relevant citizens, the number of peo-
ple who need to be trained to prevent a single fall is reduced.

Model performance

Concerning the predictive performances, all models obtained
concordance index scores between 0.51 and 0.64, indicat-
ing that the proposed method can rank individuals by risk
statistically better than chance-level ranking (0.5). This was
validated by Harrell’s and Uno’s concordance index using
cross-validation across five folds. However, the proposed
method cannot accurately predict when the next fall would
occur for the few citizens who experienced the event within
the 6-month cohort given the current dataset and event hori-
zon. This was confirmed by observing a relative high mean
absolute error between the actual event time and the predicted
event time.We attribute this to the high censoring rate and the
lack of qualitative covariates for this specific task. Regard-
ing the calibration performance, the CoxPHmodel predicted
D-calibrated survival curves in all five cross-validation folds
when using the LASSO regularization technique, i.e., zero-
ing out coefficients and thus preventing overfitting. The two

Fig. 4 Predicted individual
survival (left) and hazard (right)
functions for 20 randomly
selected citizens from the test
set using the RSF model. Solid
lines represent citizens who do
not receive an alarm within 6
months. Dotted lines represent
citizens that do
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ensemble-based and gradient-boosting models predicted D-
calibrated survival curves in all folds as well.

Limitations

Our method is trained only on EHR data from a single
municipality. Although being one of the largest in Den-
mark, the correlations we have found between home care
usage and personal alarm subscriptions may not translate
to other municipalities or government institutions, let alone
in Denmark. Although personal alarms are an objective
arrangement to avoid future falls, not all personal alarms
in Denmark are given to people at risk of falling or who
have had falls. They can be subscribed to a person in need of
a secure environment or individuals suffering from anxiety.
When adopting a machine learning model for fall predic-
tion, it should be trained and evaluated in the population
that it is used in. Another limitation is the high censoring
rate. Ninety-five percent of the people in this study did not
receive a personal alarm during either cohort. We regard this
kind of censoring as noninformative, i.e., the presence of
censoring contains no information about the actual time to
event. Under this assumption, the proposed Cox proportional
hazards models are not biased (Leung et al. 1997). However,
the high censoring rate means that using the median of the
survival function as the predicted time to event often requires
a great deal of extrapolation outside the event horizon, and
these estimates hereby carry a lot of uncertainty. Without
more predictive features (e.g., physical strength tests, previ-
ous falls) or a longer study period, our method is not able to
predict the time to the next fall accurately.

Ethical concerns

The present study did not include human trials and all data
were completely anonymized before any data processing or
machine learning took place. A contract was signed between
the data owner and Aarhus University to help ensure pri-
vacy and confidentiality in the handling, processing, and
dissemination stages. The proposed tool is intended as a
whitelisting tool that can highlight potential candidates for
fall prevention programs. There are no side effects if more
people are selected for fall prevention, as strength training for
elderly people is always beneficial if it is done correctly and
properly supervised (Donat and Özcan 2007; Youssef and
Shanb 2016). Today, most of the elderly often experience
multiple falls at home before being offered fall prevention,
and the socioeconomically advantaged elderly have easier
access to health care resources than the disadvantaged elderly
(McMaughan et al. 2020). A data-driven model can ensure
that risk assessment and eligibility for a fall prevention pro-
gram are independent of socioeconomic status. In this way, it
will contribute to reducing health inequality, as all citizens,

regardless of background, will have access to relevant and
timely prevention offers.

Conclusions

Based on 2542 home care observations for 1499 citizens
(59% female, 41% male) with a mean age of 77 years (SD
10 years), we have trained a selection of machine learning-
based survival analysis models to predict the per-individual
risk of falling over 6 months. Using 5-fold cross-validation,
the best model in terms of ranking performance was Cox-
Boost with a mean Harrell’s concordance index of 0.64 (95%
CI 0.57–0.72). This concordance index indicates better rank-
ing performance than chance-level by 14% on average. The
CoxBoost model also produced survival curves that were D-
calibrated across all five folds according to a Pearson’s χ2

test. Our method can be used as a decision support tool to
choose the right candidates for a fall prevention program and
can provide a cost-effective and timely way to assess fall risk
among community-dwelling elderly, which can potentially
improve their quality of life and reduce the burden on the
healthcare system.

Appendix A: Performancemetrics

CIH : Harrell’s concordance index measures a model’s abil-
ity to rank individuals by risk. It is defined as the ratio of
all comparable pairs in which the predictions and outcomes
are concordant. A pair is considered comparable if we can
determine who has the event first. It is defined as (Harrell
et al. 1996):

C I =
∑

i, j 1ti<t j · 1ηi>η j · δi
∑

i, j 1ti<t j · δi
, (2)

where ηi represents the risk score of individual i.
CIU: Uno’s concordance index measures an estimator’s

ranking ability by comparing relative risk scores across all
comparable pairs like Harrell’s, however, it does not depend
on the distribution of censoring times in the test data. Instead,
it introduces censoring weights based on the estimated cen-
soring cumulative distribution computed from the survival
times in the training data. This has been shown to be prefer-
able to Harrell’s in presence of high censoring (Uno et al.
2011).

BS/IBS: The Brier score is the mean squared error
between the actual binary outcome and the probability of
the outcome at some time point t , i.e., the accuracy of the
survival prediction. The metric has a probabilistic outcome
between 0 and 1, and all outcomes for a single individual
must sum up to one. Consider a sample of N observations,
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yi (i = 1, 2, ..., N ), the predicted binary outcome is ŷi (tk),
where tk is somemeasurement time on the event horizon of K
discretized times, [t0, t1, t2, . . . , tK ], and the actual outcome
is yi (tk), then the Brier score is Graf et al. (1999):

BS(tk) = 1

N

N∑

i=1

(ŷi (tk) − yi (tk))
2, (3)

where the actual outcome yi (tk) for eachobservation canonly
be 1 or 0. The integratedBrier score is then the accuracy of the
predicted survival curve at all available times t0 ≤ tk ≤ tK
over the interval [t0;tK ], i.e., I BS = ∫ tK

t0
BS(t) dw(t), where

w(t) = tk/tK is used as a weighting function (Graf et al.
1999).

MAE: The mean absolute error is the absolute difference
between the actual and predicted survival times (e.g., median
of the survival function). Given some individual survival dis-
tribution, S(t | xi ) = Pr(T > t | X = xi ), we compute the
predicted survival time t̂i as the median survival time as in
Qi et al. (2024):

t̂i = median (S(t | xi )) = S−1(τ = 0.5 | xi ), (4)

where τ ∈ [0, 1] denotes the quantile probability level. To
calculate the MAE, we use hinge loss function that sup-
ports censored observations; if the predicted survival time
is smaller than the censored time, the loss is the time of cen-
soringminus the predicted time. If the predicted survival time
is equal to or greater than the censored time, the loss is zero.
Thus, the MAE and MAE-Hinge are, respectively:

MAE (t̂i , ti , δi = 1) = | ti − t̂i |, (5)

MAE-Hinge (t̂i , ti , δi = 0) = max (ti − t̂i , 0). (6)

D-calibration: Distribution calibration is a statistical test
to evaluate the calibration performance of the survival curve
S(t) (Haider et al. 2020), i.e., should we trust the probability
predictions suggested by S(t)? For each uncensored citizen
xi , we can observe the time of the event ti , and also determine
the probability P(S(t |xi (t))) for that time based on S(t). By
example of Haider et al. (2020), if S(t) is D-calibrated, we
expect 10% of the citizens to fall in the [100%, 90%] inter-
val and subsequently another 10% to fall in the [90%, 80%]
interval. For all individual distributions di , the set {Si (di )}
should therefore be uniformly distributed between 0 and 1,
so that each 10% interval covers 10% of D. We adopt Pear-
son’s χ2 goodness-of-fit test to examine if the proportion of
citizens in each interval is uniformly distributed given mutu-
ally exclusive and equal-sized intervals, as in Haider et al.
(2020).

Table 5 Best experimental hyperparameters from the cross-validation
step

Model Parameters

CoxPH max_iter=100

tol=1e-09

CoxPH (�1) max_iter=100000

tol=1e-06

n_alphas=100

CoxPH (�2) max_iter=100

tol=0.1

Random Survival Forests (RSF) max_depth=5

n_estimators=100

min_samples_split=0.1

min_samples_leaf=0.1

Gradient-boosted Cox model (CoxBoost) max_depth=5

n_estimators=100

learning_rate=0.1

dropout_rate=0.2

subsample=0.8

max_features=’log2’

min_samples_split=0.5

min_samples_leaf=0.1

Appendix B: Hyperparameter optimization

Table 5 shows the best obtained hyperparameters from cross-
validation on average. The following hyperparameters were
evaluated:

– CoxPH: The maximum number of iterations and the tol-
erance for the optimizer.

– CoxPH (�1): The maximum number of iterations, the tol-
erance for the optimizer and the number of alphas.

– CoxPH (�2): The maximum number of iterations and the
tolerance for the optimizer.

– RSF: Themaximumdepth, the number of estimators, and
the minimum number of samples required for splitting
internally and at a leaf node.

– CoxBoost: The maximum depth, the number of estima-
tors, the learning rate, the dropout rate, the subsampling
ratio, the feature selection strategy and the minimum
number of samples required for splitting internally and
at a leaf node.

Appendix C: Baseline survival function

We used the Breslow estimator to estimate the baseline
survival function Ŝ0(t) on the 70% training dataset (1779
observations, 95% censoring) over the entire event horizon
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Fig. 5 Baseline survival function Ŝ0(t) (Breslow 1975)

(see Fig. 5) (Breslow 1975). Setting the coefficients βi = 0,
the baseline can be estimated without estimating the param-
eters of the model, and vice versa in a proportional hazards
model.

Appendix D: Cox regression coefficients

We train a plain vanilla Cox proportional hazards model on
the 70% training dataset (1779 observations, 95% censoring)

Table 6 CoxPH hazard ratios for all covariates in order of log(HR)

Covariate log(HR) HR

Wound care 0.020782 1.020999

SUL § 138 0.020256 1.020463

RH Everyday activities 0.010345 1.010399

Laundry 0.008768 1.008806

Medication dispensing 0.008712 1.008751

RH Cleaning 0.006411 1.006431

Compression therapy 0.005066 1.005079

RH Nutrition 0.004498 1.004508

RH Personal hygiene 0.003692 1.003699

Treatment and care of skin problems 0.003496 1.003502

Everyday activities 0.001319 1.001320

Personal hygiene 0.000965 1.000965

RH Practical interventions in relation to
children

0.000787 1.000787

Circulation treatment 0.000695 1.000695

Cleaning 0.000546 1.000546

SEL COVID-19 Vaccine 0.000000 1.000000

Treatment with orthopedic aids 0.000000 1.000000

Fluid per os (Note: ‘per os’ means by
mouth)

0.000000 1.000000

Personal care 0.000000 1.000000

Table 6 continued

Covariate log(HR) HR

Treatment and care of gastrointestinal
problems

0.000000 1.000000

Nutrition −0.000068 0.999932

RH Excretions −0.000125 0.999875

Prepare/serve food −0.000159 0.999841

Medication administration −0.000623 0.999377

Excretions −0.000810 0.999191

Mobility −0.001389 0.998612

Supervision/care −0.001461 0.998540

RH Prepare/serve food −0.002781 0.997223

RH Mobility −0.005334 0.994680

Nutritional intervention −0.006630 0.993392

Catheterization and care −0.009547 0.990498

Shopping −0.027485 0.972889

0-Benefit, SEL −0.037073 0.963606

Transfer and mobilization −0.044897 0.956096

Care with the use of personal aids −0.105550 0.899829

Tube feeding −0.199580 0.819074

Respiratory treatment −0.202534 0.816659

SEL COVID-19, Protective equipment −0.225825 0.797858

RH Supervision/care −0.244316 0.783240

Oxygen therapy −0.308903 0.734252

Stoma care −0.316058 0.729018

Rehabilitation −0.431206 0.649725

TCNH Assistance with measurements −0.628801 0.533231

Relief at home −0.629875 0.532659

RH Laundry −0.738976 0.477603

General 0-benefit −0.866646 0.420359

RH Shopping −1.071294 0.342565

Guidance −1.402100 0.246080

Examinations andmeasurement of values −2.258464 0.104511

to estimate hazard ratios, exp(βi ), with a small ridge penalty
applied to ensure convergence (see Table 6). All covariates
are included in the model. A βi -value exceeding zero, or
alternatively, a hazard ratio surpassing one, suggests thatwith
an increase in the i th covariate’s value, there is an associated
rise in the event hazard, leading to a decrease in survival time.
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An Explainable and Conformal AI
Model to Detect
Temporomandibular Joint
Involvement in Children Suffering
from Juvenile Idiopathic
Arthritis

Abstract: Juvenile idiopathic arthritis (JIA) is the most common rheumatic disease
during childhood and adolescence. The temporomandibular joints (TMJ) are among
the most frequently affected joints in patients with JIA, and mandibular growth is
especially vulnerable to arthritic changes of the TMJ in children. A clinical examina-
tion is the most cost-effective method to diagnose TMJ involvement, but clinicians
find it difficult to interpret and inaccurate when used only on clinical examinations.
This study implemented an explainable artificial intelligence (AI) model that can
help clinicians assess TMJ involvement. The classification model was trained using
Random Forest on 6154 clinical examinations of 1035 pediatric patients (67% female,
33% male) and evaluated on its ability to correctly classify TMJ involvement or not
on a separate test set. Most notably, the results show that the model can classify pa-
tients within two years of their first examination as having TMJ involvement with a
precision of 0.86 and a sensitivity of 0.7. The results show promise for an AI model
in the assessment of TMJ involvement in children and as a decision support tool.
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Abstract—Juvenile idiopathic arthritis (JIA) is the most com-
mon rheumatic disease during childhood and adolescence. The
temporomandibular joints (TMJ) are among the most frequently
affected joints in patients with JIA, and mandibular growth
is especially vulnerable to arthritic changes of the TMJ in
children. A clinical examination is the most cost-effective method
to diagnose TMJ involvement, but clinicians find it difficult to
interpret and inaccurate when used only on clinical examinations.
This study implemented an explainable artificial intelligence (AI)
model that can help clinicians assess TMJ involvement. The
classification model was trained using Random Forest on 6154
clinical examinations of 1035 pediatric patients (67% female,
33% male) and evaluated on its ability to correctly classify TMJ
involvement or not on a separate test set. Most notably, the results
show that the model can classify patients within two years of their
first examination as having TMJ involvement with a precision of
0.86 and a sensitivity of 0.7. The results show promise for an AI
model in the assessment of TMJ involvement in children and as
a decision support tool.

Index Terms—Juvenile Idiopathic Arthritis, Temporomandibu-
lar Joints Involvement, Clinical Decision Support System, Ma-
chine Learning, Artificial Intelligence

I. INTRODUCTION

It is challenging for clinicians to diagnose early involvement
of the temporomandibular joints (TMJ) in children with juve-
nile idiopathic arthritis (JIA), as the disease is often asymp-
tomatic [1]. Inadequate management of potential involvement
of the temporomandibular joints may lead to asymmetrical
jaw growth, skeletal deformities, restricted maximal incisor
opening, pain or discomfort in the jaw joint area and the
surrounding muscles. Furthermore, a child may experience
airway constriction and sleep-disordered breathing, which can
disrupt their sleeping pattern and worsen their quality of life
[1]–[3]. In this context, TMJ involvement means findings
believed to be caused by previous or current TMJ arthritis.
There are several modalities to diagnose TMJ arthritis, e.g.,
clinical (orthodontic) examinations, computed tomography
(CT) scans, contrast-enhanced magnetic resonance imaging
(MRI), and ultrasound [4]. Clinical examinations are the most

‡Corresponding author: Christian Marius Lillelund (cl@ece.au.dk)

cost-effective modality to assess TMJ involvement of patients
with JIA [2], however, no single parameter of the clinical ex-
amination can be suggested as a predictor of TMJ involvement
in patients with JIA [2], and the sensitivity and specificity
of detecting TMJ involvement using clinical examinations are
low compared to CT and MRI [2], which on the other hand
are costly and time-consuming [2].

Müller et al. attempted early diagnosis of TMJ involvement
using clinical examinations, ultrasound and MRI [5]. Based on
33 patients with a diagnosis of JIA, they found that a clinical
examination had a sensitivity of 0.47 (95% CI = 0.25-0.71)
for patients and 0.66 (95% CI = 0.47-0.81) for joints. The
agreement between clinical and MRI diagnoses was observed
in 16 out of 30 patients (53%) and 34 out of 60 joints (57%).
In particular, all 15 TMJs with condylar deformities detected
by MRI were accurately diagnosed as pathological by clinical
examination, but only 7 out of 18 with TMJ involvement
(39%) received a correct diagnosis. This motivates the use
of additional decision support if clinical examinations are to
be used as an indicator of early TMJ involvement. Previous
work have mainly focused on the role of clinical examination
in diagnosing TMJ arthritis (i.e., the presence of active TMJ
arthritis), but to the best of our knowledge, no prior work has
proposed a model that can identify TMJ involvement based on
clinical examinations alone. In a recent consensus article on
the management of the orofacial manifestation of JIA, clinical
examination was recommended as a routine screening tool [3].

In this work, we propose an explainable AI model to
assess TMJ involvement in children under the age of 16 who
suffer from JIA. The model is based exclusively on clini-
cal examinations carried out in accordance with consensus-
based standards for the specific patient group. The objective
is to aid in early diagnosis by providing clinicians with a
decision support tool that can inform them of significant
clinical findings or symptoms that a patient may experience,
that could indicate the presence of TMJ involvement. Early
diagnosis and management can prevent some of the physical
and psychological consequences that come with JIA, and lead
to an anticipated better outcome for the child and their family.
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Figure 1: Each examination of a JIA patient includes a screening, where the patient’s symptoms, drug usage and other clinical
findings are recorded. The dataset contains historical examinations of 1035 JIA patients spanning a 25-year period with 6154
longitudinal records in total.

II. METHODOLOGY

A. Clinical data

The dataset contains 6154 longitudinal records of 1035
pediatric patients (<16 years old) over a 25-year period,
recorded and provided by the Department of Dentistry and
Oral Health, Aarhus University. Each patient underwent 2-
17 clinical examinations, where the patient’s symptoms, drug
usage, general arthritis level, TMJ involvement and clinical
findings were recorded (see Fig. 1). The clinical variables
examined (d = 95) at each visit are in agreement with
evidence-based standards on orofacial examination in JIA [6].
Among the cohort of patients, 690 are girls and 345 are
boys, reflecting the gender distribution commonly observed in
patients with JIA within an open population [7]. All patients
were diagnosed with JIA prior to their first examination.
However, not all patients initially showed signs of TMJ
involvement; some developed it over time, while others were
diagnosed with TMJ involvement after the examination was
completed. The involvement of the TMJ was confirmed or
refuted by an X-ray or MRI. Table I shows all recorded clinical
features (d = 95) and a subset chosen by experts in the field
(d = 26). We provide a complete feature description table in
the Supplementary file.

B. Preprocessing and feature engineering

We encode all categorical features using label encoding
and utilize entity embeddings with an embedding vector
dimensionality of one to encode nominal features. The two
continuous features, openmm and protrusionmm, increase with
age of the patient, so we apply a transformation to indicate
the deviation of the patient from the gender and age specific
averages. The drug feature indicates what kind of medication
being provided to the patient and includes 55 distinct combi-
nations, so we split the feature into five subgroups of medica-
tion to reduce the number of features. Three general classes
of medications are commonly prescribed to treat arthritis;
they include non-steroidal anti-inflammatory drugs (NSAIDs),
corticosteroids, and disease-modifying antirheumatic drugs

(DMARDs). DMARDs can be further categorized into conven-
tional DMARDs and biological DMARDs. By implementing
this categorization, the feature space for the drug feature was
reduced from 55 to just five. In addition, clinical features
extracted from the left and right side of the face have a strong
correlation, so all side-specific features were merged into a
single feature taking a common value or the highest value
of the left and right feature. Lastly, we apply a z-score data
normalization with zero mean and one standard deviation to
all features before training.

C. Classification analysis

We propose a binary classification method to predict the
involvement of TMJ in children with JIA. We adopt the ac-
claimed Random Forest machine learning algorithm [8], since
it is a flexible and easy-to-use machine learning algorithm,
which has shown excellence on similar classification problems
in the past. After preprocessing, we adopt an 80-10-10 data
split; 80% is used for training, 10% is used for calibration, and
10% is used for testing. We report the classifier’s precision,
sensitivity, and macro-averaged F1 score (F1m) on the test set
(see Tab. II). The F1m is defined as:

F1 = 2 · Precision · Sensitivity
Precision+ Sensitivity

, (1)

F1m =
F1class1 + F1class2 + ...+ F1classi

N
. (2)

D. Uncertainty estimation

To quantify the uncertainties of the predictive model, we use
the Model Agnostic Prediction Interval Estimator (MAPIE)
library to train a conformal classifier [9]. The classifier wraps
the original classifier and produces conformal prediction sets
that have a guaranteed marginal coverage rate. Thus, the model
output is then a set of classes instead of a single class. We set
α = 0.1, indicating that we can expect 90% of the prediction
regions to cover the true outcome. However, the guarantee is
only an average for the samples from the distribution of the
calibration data. In practice, we use the Rescaled Adjusted
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Table I: All clinical features (d = 95), Expert features (d =
26). See the Supplementary file for a full description.

All clinical features (d = 95)

abrasion, aplasia, asybasis, asymenton, asyoccl, asypupilline, asyupmid,
asymmetrymasseterright, asymmetrymasseterleft, backbending, brux-
ism, chewingfunction, clickclosingright, clickclosingleft, clicklateroleft-
right, clicklateroleftleft, clicklaterorightright, clicklaterorightleft, click-
openingright, clickopeningleft, clickprotrusionright, clickprotrusionleft,
crepitationleft, crepitationright, deepbite, drug, dualbite, forwardbend-
ing, headache, hypermobilityleft, hypermobilityright, incisaloverjet, in-
volvementstatus, krepitationleft, krepitationright, laterpalpleft, laterpal-
pright, laterotrusionleftmm, laterotrusionrightmm, lockleft, lockright,
lips, lowerface, masseterleft, masseterright, micrognathism, mornings-
tiffness, muscularpainleft, muscularpainright, neckpain, neckpalpation,
neckstiffness, opening, openingfunction, openingmm, overbite, overjet,
painleft, painmoveright, painmoveleft, ptext, ptint, profile, protrusion,
protrusionmm, respiration, rotationleft, rotationright, sagittalrelationleft,
sagittalrelationright, spacerelationship, sternoleft, sternoright, swollen-
jointright, swollenjointleft, swollenleft, swollenright, swollenjointright,
swollenjointleft, swollenleft, swollenright, swollenright, temporalisleft,
temporalisright, tempsenleft, tempsenright, tongue, tractionleft, traction-
right, transversal, translationleft, translationright, dualbite, laterpalpright,
laterpalpleft, postpalpright, postpalpleft

Expert-chosen clinical features (d = 26)

asybasis, asyoccl, asypupilline, chewingfunction, deepbite, drug, krepi-
tationleft, krepitationright, laterotrusionleftmm, laterotrusionrightmm,
laterpalpleft, laterpalpright, lowerface, openbite, opening, openingmm,
overbite, overjet, painmoveleft, painmoveright, profile, protrusion, pro-
trusionmm, retrognathism, translationleft, translationright

Partial Sums (RAPS) method with a penalty term to reduce
the size of the prediction sets.

E. Explainability

Explainability helps the clinician judge whether the AI’s
prediction is reasonable, emphasizing clinical features of high-
est importance and their relationship with the predicted out-
come. This can help turn AI from a black box into something
that can be linked to current clinical knowledge. This also
facilitates a comparative analysis of feature rankings across
different feature spaces, assisting in the identification of over-
lapping features and their consistent significance across varied
model configurations. We obtain explainability by computing
Shapley Additive exPlanations (SHAP) values on the test set
using the SHAP library [10].

III. EXPERIMENTS AND RESULTS

Table II reports the predictive performance of the classifier.
We adopt three sampling strategies (IID Data, Temporal Seg-
mentation and Lagged Features) of the clinical dataset and five
evaluation metrics for each class (precision, sensitivity, macro-
averaged F1 score, coverage, and set size). This section will
review the sampling strategies and the classifier’s results.

A. Strategy 1: IID Data

This strategy assumes that all clinical examinations are IID
(independent and identically distributed), i.e., the occurrence
of TMJ involvement does not change over time. This approach
neglects any temporal correlation between examinations and

Table II: Performance metrics on the test set. N is the number
of samples in the dataset and d is the number of features.
The predicted classes, TMJ0 and TMJ1, correspond to no and
present TMJ involvement, respectively.

Strategy Dimensions Class Precision ↑ Sensitivity ↑ F1m ↑ Coverage ↑ Set size ↓

III-A
Sec. d = 95

N = 6006
TMJ1

TMJ0
0.88
0.88

0.81
0.93 0.8742 0.899

0.986
1.207
1.154

d = 26
N = 6006

TMJ1

TMJ0
0.88
0.88

0.80
0.93 0.8706 0.899

0.986
1.207
1.154

III-B
Sec.

d = 26
N = 2682

TMJ1

TMJ0
0.86
0.89

0.70
0.95 0.8455 0.740

0.969
1.078
1.036

d = 26
N = 1430

TMJ1

TMJ0
0.79
0.76

0.58
0.90 0.7451 0.737

0.988
1.333
1.233

d = 26
N = 1839

TMJ1

TMJ0
0.78
0.86

0.88
0.75 0.8144 0.978

0.967
1.326
1.565

III-C
Sec. d = 52

N = 4983
TMJ1

TMJ0
0.84
0.88

0.82
0.90 0.8603 0.906

0.949
1.212
1.233

d = 78
N = 3969

TMJ1

TMJ0
0.84
0.88

0.83
0.89 0.8578 0.917

0.961
1.310
1.301

treats them all as independent. Using all features or only the
expert features yields similar predictive performance with a
macro F1 score of 0.87. However, this approach has poor
practical application, as it involves examinations from the early
stages of the disease, where involvement is less evident, to later
stages of the disease, where involvement is clearly evident.

B. Strategy 2: Temporal segmentation

This strategy splits examinations in three intervals: 0-2, 2-5
and 5-15 years from a patient’s first examination. Thus, the
first model is trained on 2682 examinations recorded in the
first two years, which can be used to determine early TMJ
involvement in children when they have had their first or
second examination at the clinic. We see a significant drop
in predictive performance of about 12.5% (from 0.8 to 0.7
sensitivity for the TMJ class), which is worse when training
a model on examinations from the second to fifth year with
a 27.5% drop in sensitivity (from 0.8 to 0.58). Based on the
present data, it is evidently easier to detect TMJ involvement
in the early stage (0-2 years) of the disease than in the middle
stage (2-5). After fives years, the clinical examination can be
done more thoroughly, as the clinical signs are more evident,
e.g., asymmetry starts to be visible at 4-5 years; this is related
to patient maturity and progression of clinical signs.

C. Strategy 3: Lagged Features

This strategy converts the timeseries dataset to a supervised-
learning problem by creating columns of lag samples that
contain historical feature values. The first model is trained on
4983 samples with one lag feature for each feature, and the
second model is trained on 3969 samples with two lag features.
This naturally increases the number of features compared to
the baseline (IID Data) strategy. Adding historical information
increases the sensitivity slightly by 2.5% (from 0.8 to 0.82)
between the IID model using expert features only (N = 6006,
d = 26) and the model with feature values from the previous
observation (N = 4983, d = 52).
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(c) One previous observation.

Figure 2: SHAP summary plots. The y-axis displays features, while the x-axis represents SHAP values. Features are ranked
by importance, determined by the mean of their absolute SHAP values, with higher positions indicating greater significance.
Each feature is represented by individual points, with a point corresponding to a single examination. The position on the x-axis
signifies the impact of that feature on the model’s output. The color of each point indicates whether the patient had a low
(blue) or high (red) value of that specific feature. All SHAP values are computed on the test set.

IV. DISCUSSION

The TMJ is among the most frequently affected joints
in patients with JIA and mandibular growth is especially
vulnerable to arthritic changes of the TMJ in children. The
primary results of this study show that the proposed model
with application of the “Temporal Segmentation” strategy (see
Sec. III-B) can classify patients early. That is, within a period
of two years (i.e., from the first visitation and two years
ahead) the model can classify patients with TMJ involvement
with a precision of 0.86 and a sensitivity of 0.7. This means
that out of all patients predicted as having TMJ involvement,
86% had actual TMJ involvement, and 70% of patients with
TMJ involvement were correctly identified. This is based
on a dataset with 2682 samples and 26 clinical features.
Compared to [5], who attempted to detect TMJ involvement
within 1 month of the MRI for 33 patients, they report a 0.47
sensitivity (95% CI: 0.25-0.71) and a misdiagnosis rate of
61%. Therefore, using our model offers a 49% increase in
sensitivity, although we note that our dataset is significantly
bigger. The results show promise for an AI model in the
assessment of TMJ involvement in children and as a decision
support tool for clinicians. Such a tool has the potential to
enhance timely diagnosis, which can improve the treatment
outcome, and also assist clinicians in treatment planning.

V. CONCLUSION

The proposed method can be applied to current clinical
examination results to help clinicians assess involvement of
the temporomandibular joints in future patients, allowing for
early and personalized follow-up.
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Appendix E

Efficient Training of Probabilistic
Neural Networks for Survival
Analysis

Abstract: Variational Inference (VI) is a commonly used technique for approximate
Bayesian inference and uncertainty estimation in deep learning models, yet it comes
at a computational cost, as it doubles the number of trainable parameters to rep-
resent uncertainty. This rapidly becomes challenging in high-dimensional settings
and motivates the use of alternative techniques for inference, such as Monte Carlo
Dropout (MCD) or Spectral-normalized Neural Gaussian Process (SNGP). However,
such methods have seen little adoption in survival analysis, and VI remains the
prevalent approach for training probabilistic neural networks. In this paper, we
investigate how to train deep probabilistic survival models in large datasets with-
out introducing additional overhead in model complexity. To achieve this, we adopt
three probabilistic approaches, namely VI, MCD, and SNGP, and evaluate them in
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Efficient Training of Probabilistic Neural
Networks for Survival Analysis
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Abstract— Variational Inference (VI) is a commonly used
technique for approximate Bayesian inference and uncer-
tainty estimation in deep learning models, yet it comes at
a computational cost, as it doubles the number of trainable
parameters to represent uncertainty. This rapidly becomes
challenging in high-dimensional settings and motivates the
use of alternative techniques for inference, such as Monte
Carlo Dropout (MCD) or Spectral-normalized Neural Gaus-
sian Process (SNGP). However, such methods have seen lit-
tle adoption in survival analysis, and VI remains the preva-
lent approach for training probabilistic neural networks. In
this paper, we investigate how to train deep probabilistic
survival models in large datasets without introducing ad-
ditional overhead in model complexity. To achieve this, we
adopt three probabilistic approaches, namely VI, MCD, and
SNGP, and evaluate them in terms of their prediction per-
formance, calibration performance, and model complexity.
In the context of probabilistic survival analysis, we inves-
tigate whether non-VI techniques can offer comparable or
possibly improved prediction performance and uncertainty
calibration compared to VI. In the MIMIC-IV dataset, we find
that MCD aligns with VI in terms of the concordance index
(0.748 vs. 0.743) and mean absolute error (254.9 vs. 254.7)
using hinge loss, while providing C-calibrated uncertainty
estimates. Moreover, our SNGP implementation provides D-
calibrated survival functions in all datasets compared to VI
(4/4 vs. 2/4, respectively). Our work encourages the use of
techniques alternative to VI for survival analysis in high-
dimensional datasets, where computational efficiency and
overhead are of concern.

Index Terms— Machine learning, Bayesian learning, un-
certainty estimation, neural networks, survival analysis

I. INTRODUCTION

Uncertainty estimation is important in risk-sensitive appli-
cations, such as healthcare, where confidence in a prognostic
outcome can have life-changing implications. Machine learn-
ing algorithms often make predictions that are subject to noise
or inference errors [1], which motivates the use of models
that can provide uncertainty estimates in their predictions and
boost the point prediction delivered by traditional approaches.
In this context, we refer to aleatoric uncertainty, due to the
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aal-europe.eu/projects/precise/) under Grant Agreement No.
AAL-2021-8-90-CP by the European AAL Association.
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Università degli Studi di Trieste, Via A. Valerio 4/1, 34127 Trieste, Italy.
Email: martin.magris@deams.units.it

inherent noise in the data, e.g., sampling noise, occlusions,
or lack of quality features, and epistemic uncertainty, due to
lack of knowledge in the model, inversely proportional to the
amount of training data [2].

Survival analysis plays an important role in disease under-
standing and prognosis, and medical researchers use survival
models to assess the importance of prognostic variables in
outcomes such as death or cancer remission. Neural networks
have been widely adopted for this task, e.g., DeepSurv [3],
Deep Survival Machines (DSM) [4] and Deep Cox Mixtures
[5], but these methods cannot provide uncertainty estimates
in their predictions. Bayesian Neural Networks (BNNs), i.e.,
neural networks estimated with Bayesian inference, have thus
been adopted in survival analysis, using pseudo-probabilities
[6], the CoxPH model [7], or implemented with the Multi-Task
Logistic Regression (MTLR) framework [7], [8], however,
these approaches use the traditional Variational Inference (VI)
technique to estimate the model parameters [9], which, among
the computational drawbacks, requires doubling the number
of model parameters [1]. This might not be feasible in high-
dimensional settings, constituting a relevant limitation of VI.
The use of alternative methods to train BNNs for survival
analysis is limited, as the predominant approaches are based on
VI [6]–[8], and no prior work in probabilistic survival analysis
has compared VI with other approximation techniques in terms
of prediction and calibration performance.

In this work, we adopt three competing approaches for
training deep probabilistic survival models: VI, Monte Carlo
Dropout (MCD), and Spectral-normalized Neural Gaussian
Process (SNGP). We evaluate all three approaches in terms
of prediction and calibration performance and compare them
to established literature benchmarks. The goal is to deter-
mine whether two lightweight training techniques (MCD and
SNGP) can provide the same degree of performance and
uncertainty calibration as VI, but without the computational
overhead. Our contributions are several1:

• We adopt three competing approaches for training deep
probabilistic survival models: VI, MCD, and SNGP.

• We show that MCD and SNGP are suitable alternatives
to VI, as they both rival the prediction and calibration
performance of VI, but without needing to double the
number of model parameters.

• We evaluate the approaches in four real-world datasets.

1The code for replicating the results is available at:
https://github.com/thecml/baysurv.
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II. RELATED WORK

Probabilistic survival analysis using BNNs has recently
acquired interest [6]–[8], [10], as Bayesian models can express
uncertainty about their predictions and provide implicit regu-
larization via the prior [2]. In contrast to maximum likelihood
estimation (MLE), a Bayesian model trained by maximum a
posteriori averages predictions over a posterior distribution of
the set of parameters: where there is no data, the confidence
intervals will diverge, indicating that there are many possible
extrapolations [2].

Loya et al. [8] proposed a Bayesian extension of the
discrete MTLR framework that can capture patient-specific
survival uncertainties, as a remedy for the assumption of
temporal consistency of relative risk between two patients
[11]. MTLR uses multitask regression and joint likelihood
minimization to model the log-risk at a given time interval
as a linear combination of the covariates. The authors adopted
this structure using a BNN with an element-wise structure
(the first and second layers must have the same number of
neurons) with feature selection in mind. Using VI to learn the
posterior distribution and drawing samples from the predictive
distribution, their model improves over traditional CoxPH
and MTLR in predictive accuracy while providing confidence
bounds on the predicted survival probability.

Qi et al. adopted the CoxPH and MTLR framework to for-
mulate a BNN for survival analysis using VI [7]. The authors
investigated the selection of an appropriate prior distribution
on the model weights and how this can enforce sparsity for
later feature selection. They also proposed a novel framework
for estimating individual survival distributions with credible
intervals (CrIs) around the survival function, thus communi-
cating the underlying uncertainty on the model weights. Their
work is applicable as a decision support system, as predicted
survival functions are specific to individual patients.

Lillelund et al. showed that MCD can provide satisfactory
predictive results in survival models while being significantly
faster to train than VI [10]. Using the CoxPH framework, they
quantified epistemic and aleatoric uncertainty by replacing the
network’s weights with a distribution and sampling the net-
work’s outputs from a Gaussian. The results in Lillelund et al.
[10] demonstrate that aleatoric and epistemic uncertainty can
be included in a deep survival model at some computational
cost, but the authors do not report the calibration performance
of the models or provide any measurement of the quality of the
uncertainty estimates. In addition, the evaluation is performed
only on a relatively small dataset (8873 samples).

Except for [10], all previous work uses VI [9] to infer
the posterior distribution over the network parameters. This
method approximates the true posterior distribution with a
surrogate of a tractable parametric form. However, VI requires
doubling (at least) the number of model parameters and comes
with a high computational cost [1], e.g., because of the
extensive use of simulation and gradient computation, which
is restrictive and inefficient in high-dimensional settings. This
motivates adopting non-VI techniques, but using such tech-
niques to train deep survival models is underexplored.

III. METHODS

This section introduces the reader to the main concepts in
survival analysis, outlines the popular CoxPH model funda-
mental to our work, and describes three modern and commonly
used approaches for training probabilistic models. Subsection
III-D discusses our proposed network architectures.

A. Survival analysis

Survival analysis models the time until an event occurs.
This event can be observed or not, e.g., a censored observation
due to the termination of the study. Let D = {(yi, δi,xi)}Ni=1

be the data for the ith record (individual), where yi denotes
the observed time, δi is a binary event indicator (the event
occurred/did not occur) and xi ∈ Rd is a d-dimensional vector
of features (covariates). Moreover, let ci denote the censoring
time and ei denote the event time for the ith record, thus yi =
ei if δi = 1 or yi = ci if δi = 0. Survival analysis then models
the survival probability S(t) = Pr(T > t) = 1 − Pr(t ≤ T ),
i.e., the probability that some event occurs at time T later than
t. Let tk denote some measurement time on some discretized
event horizon of K bins, [t0, t1, t2, . . . , tK ], then at t0 the
survival function S(t0) is one and monotonically decreases for
tk > 0, so that the probability of surviving indefinitely is zero.
In the absence of censored observations, S(tk) corresponds to
the fraction of survivors at time tk. In survival analysis, the
hazard function is commonly used to estimate S(t):

h(t) = lim
∆t→0

Pr(t < T ≤ t+ ∆t|T > t)/∆t, (1)

which provides the instantaneous failure rate at given time
instance t, conditional on surviving t [12, Ch. 11]. The hazard
function and the survival function are connected through
h(t) = f(t)/S(t), with f(t) being the probability density of
T , i.e. f(t) := lim∆t→0 Pr(t < T ≤ t+ ∆t)/∆t, the instanta-
neous (unconditional) rate of failure at t. The functions S(t),
h(t), f(t), thus summarize different probabilistic aspects of
the random variable T , and are related to each other.

B. The Cox Proportional Hazard model

The Cox Proportional Hazards model (CoxPH) is a stan-
dard approach for survival analysis [13]. By adopting a
multiplicative form for the contribution of several covariates
to each individual’s survival time, the CoxPH model is a
powerful yet simple tool for assessing the simultaneous effect
different covariates have on survival times. The conditional
individual hazard function assumed by the CoxPH model is
h(t|xi) = h0(t) exp(f(ω,xi)), where h0(t) stands for the
baseline hazard at time t, f(ω,xi) is called the risk score and
f is a linear function in the parameters [13]. Even if h0(t)
remains unknown, it is possible to estimate ω independently
in the exponential part, with estimated hazards that satisfy the
non-negative constraint. Its standard MLE of ω̂ optimizes the
Cox partial log-likelihood as follows:
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log p(D|ω) =
∑

i:δi=1

log
h(yi|xi)∑

j:Tj≥Ti
h(yi|xj)

,

=
∑

i:δi=1

f(ω,xi)−
∑

j:Tj≥Ti

f(ω,xj). (2)

Among the available estimators for h0(t), leading to the
estimation of the survival function as Ŝ(t) = Ŝ0(t)

exp(xiω̂),
with Ŝ0(t) = exp(−

∫ t
0
ĥ0(u)du), the Breslow estimator is the

standard [14].

C. Uncertainty in Bayesian deep learning
In this subsection, we introduce three major approaches for

training probabilistic machine learning models.
Variational Inference (VI): Let D denote the data, p(D|ω)

the likelihood, and let the prior distribution on the param-
eter be denoted by ω as p(ω). The object of interest in
Bayesian inference is the posterior distribution p(ω|D) =
p(D|ω)p(ω)/p(D). To obtain the distribution of the response
y⋆ for a new data sample x⋆, the so-called posterior distribu-
tion is obtained as p(y⋆|x⋆) =

∫
Θ
p(y⋆|x⋆,ω)p(ω|D)dω.

In general, determining the posterior is not an easy task,
as the model evidence p(D) corresponds to an intractable
integral. When the dimensionality of the problem is high, the
use of sampling methods is prohibitive, and VI constitutes an
attractive alternative. In VI, the actual unknown posterior dis-
tribution is approximated with a variational distribution q(ω)
of a tractable parametric form, whose (variational) parameter
is denoted by ζ. Typically, this corresponds to a multivariate
Gaussian with mean µ and covariance matrix Σ, thus ζ =
[µ; vecΣ]. VI achieves the best variational approximation
to p(ω|D) by minimizing the KL divergence from q(ω)
to p(ω|D), i.e., determines the variational parameter ζ⋆ by
minimizing:

KL(q(ω)||p(ω|D)) :=

−
∫
q(ω) log p(D|ω)dω + KL(q(ω)||p(ω)), (3)

for which several algorithms have been developed in the last
decade [2].

Monte-Carlo Dropout (MCD): [1] and [15] provide a
formal connection between Monte Carlo Dropout (MCD) and
BNNs. Here, we discuss the major breakthrough for the
relevant non-categorical case for the ys. Consider a deep
Gaussian Process (GP) with a covariance function of the form:

K(x,y) =

∫
p(w)p(b)σ(w′x + b)σ(w′y + b)dwdb, (4)

where Wi is the weight matrix of dimension Ki × Ki−1

for each layer i = 1, . . . , L and bi is the corresponding
bias vector. We use ω = {Wi}Li=1, where each row of
Wi is distributed according to a standard multivariate normal
distribution p(w) = N

(
w;0, l−2I

)
. Let σ(·) be a general

non-linear activation function and p(b) some distribution on
the elements of bi. Given some precision parameter τ > 0,
the predictive distribution of the deep GP is

p(y|x) =

∫
p(y|x,ω)p(ω|D)dω, (5)

with

p(y|x,ω) = N
(
y; ŷ(x,ω), τ−1I

)
. (6)

For the intractable posterior p(ω|D), we adopt a variational
approximation q(ω) defined as:

Wi = M · diag
(

[zi,j ]
Ki

j=1

)
, (7)

zi,j ∼ Bernoulli(pi), i = 1, . . . , L, j = 1, . . . ,Ki−1, (8)

where Mi are the variational parameters and pi some given
probabilities. [1] shows that minimizing the KL divergence
between the variational posterior q(ω) and the actual posterior
of the deep GP is equivalent to optimizing the following
objective with dropout:

LMCD =
1

N

N∑

i=

E(yi, ŷi) + λ

N∑

i=1

(
||Wi||22 + ||bi||22

)
. (9)

L is a standard non-probabilistic optimization objective, us-
ing the L2 regularization and tuning parameter λ and the
Euclidean square loss E(·, ·). Dropout means that for every
input data and every unit in each layer, a Bernoulli variable
is sampled with probability pi, and a unit is dropped if the
corresponding binary variable is 0. The probability 1 − p of
dropping a unit is generally called the dropout rate. Therefore,
a DNN, with dropout applied at every layer, is equivalent to
a Monte Carlo approximation to the probabilistic deep GP;
i.e., it minimizes the KL divergence between the variational
distribution and the posterior of the deep GP modeling the
distribution over the space of distributions that can have
generated the data. It is straightforward to approximate the
predictive distribution as follows:

p(y⋆|x⋆) = p(y⋆|x⋆,ω)q(ω), (10)
q(ω) = Bernoulli(z1) . . .Bernoulli(zL), (11)

p(y⋆|x⋆,ω) = N
(
y⋆; ŷ⋆(x⋆, z1, . . . , zL), τ−1I

)
, (12)

and, e.g., its mean through MC sampling:

Ep(y⋆|x⋆) ≈
1

S

S∑

s=1

ŷ⋆(x⋆, ẑ1,s, . . . , ẑL,s), (13)

ẑi,s ∼ Bernoulli(pi). (14)

The practical simplicity of MCD makes it an attractive
and widely adopted baseline for comparison with alternative
Bayesian approaches. However, within neural network appli-
cations in survival analysis, the use of MCD for uncertainty
quantification is very limited [10].

Spectral-normalized Neural Gaussian Process (SNGP):
SNGP [16] is an approach for improving the quality of un-
certainty modeling in a deep neural network whilst preserving
its overall predictive accuracy. Over a deep residual network,
SNGP applies spectral normalization to the hidden layers and
replaces the dense output layer with a GP layer. Compared
to MCD, SNGP works for a wide range of state-of-the-art
residual-based architectures. Furthermore, it does not rely
on ensemble averaging and, therefore, has a similar level
of latency as a deterministic network (besides requiring a
covariance reinitialization of low complexity at each iteration),
scaling easily to large dimensions and lengthy datasets [16].
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D. Proposed architectures
We propose three separate neural network architectures for

probabilistic survival analysis. For the purpose of compa-
rability in the results, consistency in the hyperparameters,
and evaluation fairness, we propose a Multi-Layer Perceptron
(MLP) as the backbone network architecture. An MLP is a
fully connected feedforward network; the number of hidden
layers and neurons are hyperparameters tuned based on the
data, see, e.g., [2]. The adoption of an MLP is aligned with the
literature, as capable of providing solid prediction performance
[3], [4]. The proposed architectures are depicted in Fig. 1.
There are three probabilistic training approaches:

i. training with VI by optimizing Eq. (3), where the weights
and biases are treated as random variables. The output
nodes provide the mean and standard deviation of the
output ŷi as a Gaussian draw, i.e., ŷi ∼ N (µxi

, σxi
)

for a d-dimensional sample xi. The Bayesian framework
captures the epistemic uncertainty in the model, and sam-
pling the output from a Gaussian captures the aleatoric
uncertainty. See Fig. 1a.

ii. training with MCD, capturing both epistemic and
aleatoric uncertainty. The network architecture is equiv-
alent to the deterministic MLP, but now MC dropout is
applied at each feedforward pass. The two output nodes
correspond to the mean and variance of the predictive
Gaussian, from which the ys are drawn conditionally on
xi and the random network configuration at each epoch
due to the random deactivation of some of the nodes. We
use dropout rates p = {0.1, 0.2, 0.5}. See Fig. 1b.

iii. training with SNGP, which can estimate the uncertainty
per sample without requiring random sampling. Given a
batch input {x1,x2, ...,xN}, the GP layer returns pre-
dictions {y1, y2, ..., yN} along with the predictive covari-
ance matrix of the predictions. The model is optimized
according to the MLE objective in Eq. (2). See Fig. 1c.

Table I highlights the advantages and disadvantages of
adopting VI, MCD and SNGP.

IV. EXPERIMENTS AND RESULTS

A. Data and setup
We use four datasets to evaluate the proposed architectures.

(1) The Molecular Taxonomy of Breast Cancer International
Consortium (METABRIC) dataset contains gene and protein
expression profiles used to identify breast cancer subgroups
[18]. We obtain the dataset from [3], consisting of 1904 obser-
vations, 9 covariates, and a censoring rate of 42%. (2) The U.S.
Surveillance, Epidemiology, and End Results (SEER) dataset
contains survival times for cancer patients [19], specifically
patients with infiltrating duct and lobular carcinoma breast
cancer diagnosed between 2006 and 2010. The dataset has
4024 observations and a censoring rate of 85%. (3) The Study
to Understand Prognoses Preferences Outcomes and Risks of
Treatment (SUPPORT) dataset is a large study that tracks the
survival time of hospitalized adults [20]; the cleaned dataset
is available from [3] and consists of 8873 observations, 14 co-
variates, and a censoring rate of 32%. (4) MIMIC-IV is a large
electronic health record dataset with 40,000 patients admitted

to intensive care units at the Beth Israel Deaconess Medical
Center in the United States between 2008 and 2019 [21]. The
dataset includes patient demographics, clinical measurements,
medications, and diagnoses, recorded during a patient’s stay
at the hospital and their survival time. See [7] for accessing
the data, which has 38,520 observations, 91 covariates, and
a censoring rate of 67%. After imputing missing values by
sample mean for real-valued covariates or mode for categorical
covariates, we apply a z-score data normalization and use one-
hot encoding for categorical covariates. We split the data into
train, validation and test sets by 70%, 10%, and 20% using
a stratified procedure, as proposed by [7]. The stratification
ensures that the event times and censoring rates are consistent
across the three sets.

For the purpose of comparability in the results, we imple-
ment the traditional continuous CoxPH model using a linear
estimator [13], weight regularization [22], gradient boosting
[23], Random Survival Forests [24], two non-Bayesian neural
networks [4], [5], and two recent BNNs based on the con-
tinuous CoxPH model and the discrete MTLR framework,
respectively [7]. Our baseline MLP is equivalent to the Deep-
Surv model [3]. For all datasets and models, we use Bayesian
optimization [25] to tune the hyperparameters over ten iter-
ations using the validation set. These include the number of
iterations, the batch size, and the network architecture, when
applicable. We used the hyperparameters leading to the highest
average concordance index to configure the final models. The
CoxPH-based models utilize the entire dataset during training,
given the nature of the partial likelihood, whereas the neural
networks load stochastic subsets of the training set as mini-
batches. Additionally, we use the early stopping technique,
where the training process halts if the likelihood loss of
the model stops improving on the validation dataset, for all
neural network-based models. See App. II for more details on
hyperparameter optimization.

We adopt several evaluation metrics to assess the prediction
and calibration performance of our baseline MLP model, its
probabilistic variants, and literature benchmarks. To evaluate
prediction performance, we report Antolini’s Concordance
Index (CItd) [26], the Mean Absolute Error using hinge loss
(MAEH) [27], the MAE using pseudo-observations (MAEPO)
[27], and the Integrated Brier Score (IBS) [28]. To evaluate
calibration performance, we report the Integrated Calibration
Index (ICI) [29], Distribution Calibration (D-Cal) [30] and
Coverage Calibration (C-Cal) [7]. See App. I for more details
on the performance metrics.

B. Prediction results

Table II shows the prediction performance of our baseline
MLP, its probabilistic variants, and the literature benchmarks
on the test sets. CItd measures the rank correctness between
pairwise observations (i, j), i.e., if individual i experiences
the event before j, their predicted survival time should be
shorter. MAE is the mean absolute error between the predicted
and actual survival times, using either hinge loss (MAEH)
or pseudo-observations (MAEPO) to calculate the error for
censored individuals. We use the median of the survival
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(a) VI. (b) MCD.

(c) SNGP.

Fig. 1: The proposed architectures for computing ŷi, i.e., the predicted survival time for individual i. (a): BNN with three
hidden layers trained with VI, where xi ∈ R4 is a four-dimensional covariate vector. (b): MLP with three hidden layers
trained with MCD. Transparent objects emphasize the random activation of the nodes under MCD. (c): MLP using the SNGP
technique, with spectral normalized hidden layers and the output computed from a GP layer.

TABLE I: Advantages and disadvantages of the three proposed architectures.

Advantages: Disadvantages:

VI [9] + Mathematically-robust & tractable
+ Provides a posterior distribution

- Requires training additional model parameters
-Heavily relies on MC sampling

- Has long training times compared to MCD and SNGP [1], [16]

MCD [1] + No parametric overhead compared to VI
+ Has shorter training times than VI on average

- Does not provide an actual posterior distribution
- Only approximates the VI solution under certain assumptions [1]
- Uncertainty estimation coupled to the choice of dropout rate [17]

SNGP [16]
+ Fast, deterministic approach

+ No parametric overhead compared to VI
+ Has shorter training times than VI on average

- Does not provide an actual posterior distribution
- Cannot compute individual CrIs

function as the predicted survival time. IBS is the mean
squared error between the binary event outcome y ∈ {0, 1}
and the predicted probability of the event over the entire event
horizon.

For VI and MCD, the reported metrics are constructed based
on predictive means by sampling 100 times from the posterior
predictive distribution. We train the networks for 100 epochs
using early stopping with five epochs of patience. Concerning
the baseline MLP model and the probabilistic variants, in the
smallest METABRIC dataset (see Table IIa), all probabilistic
models report a higher CItd than the baseline, and MCD
in particular shows significantly lower MAEH and MAEPO.
Thus, using VI or MCD improves the prediction performance
over the MLP in this dataset. In the mid-sized SEER dataset
(see Table IIb), all probabilistic variants give approximately

the same CItd, but have significantly lower MAEH than the
baseline. In the larger SUPPORT dataset (see Table IIc), only
MCD outperforms both the baseline and its rival probabilistic
models. In the large MIMIC-IV dataset (see Table IId), the
effect of the different estimation approaches is reduced, and
all measures are generally aligned, although VI and MCD still
have an edge when it comes to MAEH. We see that for all
datasets in this experiment, using MCD with p = 0.5 leads to
better convergence and performance than the baseline.

With respect to the existing models, MCD with p = 0.5
outperforms all continuous models in terms of MAEH in 3/4
datasets and in terms of MAEPO in 2/4 datasets. In the large
MIMIC-IV dataset, it outperforms all competing solutions
in terms of CItd. Although BNN-MTLR does demonstrate
even better MAE throughout, it is a discrete model with two
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TABLE II: Prediction performance on the METABRIC, SEER, SUPPORT, and MIMIC-IV test sets. In many cases, the proposed
models give notable improvements in mean absolute error over continuous state-of-the-art baselines, with similar scores between
VI and MCD. Bold indicates the top 3 models including ties. N : sample size, C: pct. of censored data, d: number of covariates.

(a) METABRIC (N = 1902, C = 42%, d = 9).

Model CItd ↑ MAEH ↓ MAEPO ↓ IBS ↓
CoxPH [13] 0.618 68.923 96.797 0.173
CoxNet [22] 0.611 68.288 97.631 0.173
CoxBoost [31] 0.638 69.976 102.745 0.187
RSF [24] 0.641 67.242 98.728 0.175
DSM [4] 0.670 70.361 100.83 0.170
DCM [5] 0.637 74.187 104.532 0.179
BNN-Cox (VI) [7] 0.672 65.777 94.184 0.166
BNN-MTLR (VI) [7] 0.655 59.027 89.387 0.163

This work:
Baseline (MLP) 0.604 68.668 95.540 0.168
+ VI 0.634 63.776 91.843 0.168
+ MCD (p = 0.1) 0.621 67.235 93.981 0.167
+ MCD (p = 0.2) 0.628 67.371 96.184 0.166
+ MCD (p = 0.5) 0.632 65.651 92.353 0.164
+ SNGP 0.631 67.378 93.434 0.166

(b) SEER (N = 4024, C = 85%, d = 28).

Model CItd ↑ MAEH ↓ MAEPO ↓ IBS ↓
CoxPH [13] 0.723 100.849 196.898 0.083
CoxNet [22] 0.721 95.253 197.066 0.083
CoxBoost [31] 0.689 106.635 232.204 0.092
RSF [24] 0.682 102.062 206.41 0.086
DSM [4] 0.699 153.84 413.543 0.088
DCM [5] 0.713 108.464 223.397 0.082
BNN-Cox (VI) [7] 0.716 95.184 202.151 0.081
BNN-MTLR (VI) [7] 0.702 48.166 201.856 0.085

This work:
Baseline (MLP) 0.703 101.972 204.408 0.084
+ VI 0.699 81.923 199.796 0.084
+ MCD (p = 0.1) 0.702 91.202 203.457 0.084
+ MCD (p = 0.2) 0.691 89.103 203.323 0.085
+ MCD (p = 0.5) 0.692 82.001 207.956 0.087
+ SNGP 0.698 106.032 209.498 0.084

(c) SUPPORT (N = 8873, C = 32%, d = 14).

Model CItd ↑ MAEH ↓ MAEPO ↓ IBS ↓
CoxPH [13] 0.568 409.947 754.978 0.201
CoxNet [22] 0.568 409.915 754.960 0.201
CoxBoost [31] 0.612 366.928 721.443 0.190
RSF [24] 0.602 377.862 736.800 0.200
DSM [4] 0.626 384.349 723.002 0.185
DCM [5] 0.629 434.376 759.509 0.185
BNN-Cox (VI) [7] 0.610 416.650 738.350 0.189
BNN-MTLR (VI) [7] 0.606 369.060 707.679 0.186

This work:
Baseline (MLP) 0.609 391.573 722.709 0.187
+ VI 0.531 414.133 768.599 0.208
+ MCD (p = 0.1) 0.600 416.175 738.567 0.193
+ MCD (p = 0.2) 0.567 400.064 751.343 0.202
+ MCD (p = 0.5) 0.605 374.046 717.227 0.192
+ SNGP 0.610 397.877 726.725 0.184

(d) MIMIC-IV (N = 38520, C = 67%, d = 91).

Model CItd ↑ MAEH ↓ MAEPO ↓ IBS ↓
CoxPH [13] 0.726 257.364 286.516 0.174
CoxNet [22] 0.727 255.802 283.951 0.174
CoxBoost [31] 0.656 263.836 297.763 0.194
RSF [24] 0.694 260.668 293.247 0.188
DSM [4] 0.727 259.110 280.361 0.180
DCM [5] 0.742 257.801 286.580 0.174
BNN-Cox (VI) [7] 0.743 256.007 288.814 0.169
BNN-MTLR (VI) [7] 0.744 250.605 278.710 0.167

This work:
Baseline (MLP) 0.744 256.694 283.635 0.178
+ VI 0.743 254.735 282.345 0.180
+ MCD (p = 0.1) 0.746 255.815 283.672 0.177
+ MCD (p = 0.2) 0.748 254.560 283.156 0.175
+ MCD (p = 0.5) 0.748 254.971 281.928 0.177
+ SNGP 0.736 257.195 282.082 0.182

important caveats: (1) The MTLR framework requires training
K logistic regression models, where K is the number of
discrete time bins, leading to a space complexity of O(Kd)
instead of O(d) for the continuous models [11] (see Table
IV). (2) The model is trained using VI, which itself doubles
the number of parameters compared to the MLP baseline and
MCD. Overall, we see an advantage in combining the MLP
architecture with Bayesian approximation techniques to rank
individuals at risk and predict the time to event. These benefits
are most apparent in small-sized datasets, as the Bayesian
algorithms naturally incorporate a form of regularization (the
prior) and hence are less prone to overfitting. As the size of
the dataset increases, the effect of the prior diminishes, and the
Bayesian solution approaches the MLE. Most importantly, the
proposed architectures most often do not deteriorate prediction
performance in our experiments; rather, they often improve it.

C. Calibration results
Table III shows the calibration performance of our baseline

MLP and its VI, MCD, and SNGP variants and the literature
benchmarks in the test sets. ICI measures the mean absolute

difference between the observed and predicted probabilities
of an event. D-calibration expresses to what extent we can
trust the predicted survival function, S(t), according to a χ2

test. By dividing S(t) into equally-sized intervals, it verifies
whether the proportion of events in each interval is uniformly
distributed. A p-value greater than 0.05 indicates that S(t) is
calibrated with respect to the event distribution. C-calibration
expresses the agreement between the upper and lower bounds
of the predicted CrIs and the observed intervals.

Regarding the baseline MLP model and its probabilistic
variants, all models are D-calibrated on the small METABRIC
dataset (see Table IIIa), with the VI and MCD variants also be-
ing C-calibrated. We assess the agreement between predicted
and observed survival probabilities using the ICI metric, which
is the mean absolute difference between the calibration curve
and the diagonal line of perfect calibration. We see that the
MCD models improve on the baseline in terms of ICI and
thus provide a better-calibrated survival function. Using VI,
despite being distribution and coverage calibrated, has a four-
time higher ICI score than MCD in the METABRIC dataset.
In the mid-sized SEER dataset (see Table IIIb), all proposed
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TABLE III: Calibration performance on the METABRIC, SEER, SUPPORT, and MIMIC-IV test sets. MCD and SNGP have
better calibration performances (D-Cal and C-Cal) than VI in small datasets, but similar performances in larger ones. Bold
indicates the top 3 models including ties. N : sample size, C: pct. of censored data, d: number of covariates.

(a) METABRIC (N = 1902, C = 42%, d = 9).

Model ICI ↓ D-Cal ↑ C-Cal ↑
CoxPH [13] 0.022 0.959 -
CoxNet [22] 0.011 0.977 -
CoxBoost [31] 0.147 0.822 -
RSF [24] 0.047 0.530 -
DSM [4] 0.025 0.017 -
DCM [5] 0.066 0.160 -
BNN-Cox (VI) [7] 0.017 0.101 0.812
BNN-MTLR (VI) [7] 0.044 0.438 0.763

This work:
Baseline (MLP) 0.040 0.853 -
+ VI 0.062 0.059 0.796
+ MCD (p = 0.1) 0.017 0.735 0.849
+ MCD (p = 0.2) 0.020 0.689 0.857
+ MCD (p = 0.5) 0.017 0.760 0.865
+ SNGP 0.017 0.964 -

(b) SEER (N = 4024, C = 85%, d = 28).

Model ICI ↓ D-Cal ↑ C-Cal ↑
CoxPH [13] 0.011 0.999 -
CoxNet [22] 0.013 1.000 -
CoxBoost [31] 0.051 1.000 -
RSF [24] 0.021 1.000 -
DSM [4] 0.009 0.931 -
DCM [5] 0.016 1.000 -
BNN-Cox (VI) [7] 0.009 1.000 0.489
BNN-MTLR (VI) [7] 0.056 0.016 0.486

This work:
Baseline (MLP) 0.009 1.000 -
+ VI 0.027 0.678 0.487
+ MCD (p = 0.1) 0.013 0.989 0.487
+ MCD (p = 0.2) 0.014 0.983 0.487
+ MCD (p = 0.5) 0.037 0.841 0.486
+ SNGP 0.011 1.000 -

(c) SUPPORT (N = 8873, C = 32%, d = 14).

Model ICI ↓ D-Cal ↑ C-Cal ↑
CoxPH [13] 0.059 0.983 -
CoxNet [22] 0.059 0.983 -
CoxBoost [31] 0.019 0.708 -
RSF [24] 0.022 0.532 -
DSM [4] 0.065 0.000 -
DCM [5] 0.090 0.904 -
BNN-Cox (VI) [7] 0.073 0.096 0.952
BNN-MTLR (VI) [7] 0.042 0.029 0.947

This work:
Baseline (MLP) 0.069 0.229 -
+ VI 0.064 0.000 0.977
+ MCD (p = 0.1) 0.077 0.000 0.938
+ MCD (p = 0.2) 0.061 0.000 0.979
+ MCD (p = 0.5) 0.050 0.000 0.956
+ SNGP 0.075 0.689 -

(d) MIMIC-IV (N = 38520, C = 67%, d = 91).

Model ICI ↓ D-Cal ↑ C-Cal ↑
CoxPH [13] 0.037 0.549 -
CoxNet [22] 0.033 0.553 -
CoxBoost [31] 0.016 0.997 -
RSF [24] 0.041 0.935 -
DSM [4] 0.006 0.000 -
DCM [5] 0.041 0.011 -
BNN-Cox (VI) [7] 0.066 0.001 0.589
BNN-MTLR (VI) [7] 0.057 0.060 0.583

This work:
Baseline (MLP) 0.026 0.068 -
+ VI 0.096 0.000 0.583
+ MCD (p = 0.1) 0.034 0.014 0.600
+ MCD (p = 0.2) 0.038 0.013 0.596
+ MCD (p = 0.5) 0.036 0.008 0.597
+ SNGP 0.015 0.230 -

architectures have D-calibration and C-calibration p-values
greater than 0.05, indicating proper calibration; however, we
observe a decrease in calibration performance in terms of ICI
when using VI and MCD, also evidenced by lower p-values
for D-calibration. In the SUPPORT dataset (see Table IIIc),
only the baseline MLP and SNGP variants are statistically D-
calibrated, and we see very poor D-calibration scores using VI
or MCD. Indeed, increasing the complexity of the model (the
number of parameters) and making the model more flexible
can worsen D-calibration [30].

We observe a similar trend in the large MIMIC-IV dataset
(see Table IIId), as none of the probabilistic methods are D-
calibrated except for the SNGP. Regarding the tight coupling
between the quality of the MCD uncertainty estimates and the
parameter choices [17], e.g., the choice of dropout rate, we
conduct empirical experiments with various dropout rates to
measure its effect. In terms of calibration performance, we do
not see significant differences using a low or high dropout rate;
however, in the SEER, SUPPORT, and MIMIC-IV datasets,
setting p = 0.1 provides higher p-values for D-calibration.

With respect to the existing models, our SNGP and MCD

variants and the BNN-Cox model are among those that give the
lowest ICI scores on average but do not necessarily provide D-
calibrated survival functions. In the large MIMIC-IV dataset,
neither the existing neural network models nor our proposed
VI and MCD variants are D-calibrated, except for the BNN-
MTLR model. In contrast, the SNGP approach, comprising a
deterministic MLP with the output computed from a GP layer,
is properly D-calibrated across all experimental datasets. It is
important to rigorously assess multiple metrics to see how
calibrated a model truly is because each calibration metric as-
sesses a different kind of calibration, and it may be application-
specific which type of calibration is needed. We note that
the proposed models have been optimized according to the
MLE objective in Eq. (2), which optimizes discriminative
performance, not calibration performance.

D. Model complexity
Table IV compares two literature benchmark models and

our proposed models in terms of space complexity and number
of trainable parameters on the MIMIC-IV dataset. For a fair
comparison, we configure all models with a single hidden
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layer with 32 nodes. Notice the doubling of the number of
parameters when using VI as opposed to the baseline MLP
and MCD, resulting in increased overhead. Despite the fact
that both are of O(d) complexity, doubling the number of
trainable parameters can make a significant difference in high-
dimensional models, so that VI is no longer an attractive
solution.

TABLE IV: Space complexity of the models and number of
trainable parameters (for the MIMIC-IV data, 91 covariates).

Model Space complex. #Params.

BNN-Cox (VI) [7] O(d) 5570
BNN-MTLR (VI) [7] O(Kd) 10718

This work:
Baseline (MLP) O(d) 2849
+ VI O(d) 5700
+ MCD O(d) 2882
+ SNGP O(d) 3776

E. Uncertainty estimation
We adopt the concept of Credible Intervals (CrIs) from

[7]. CrIs belong to the Bayesian framework and offer a way
to quantify the uncertainty associated with a prediction. A
credible interval is defined by two values, called the lower
and upper bounds, which enclose a certain percentage of the
predictive distribution. The main difference between CrIs and
confidence intervals is that CrIs treat the parameter of interest
as a random variable and the bounds as fixed values, while
confidence intervals treat the parameter of interest as a fixed
value and the bounds as random variables [32, Ch. 4]. Fig. 2
shows two ways in which uncertainty can be expressed along
with a survival prediction for decision support purposes. For
this, we selected a random sample from the METABRIC test
set and drew 1000 samples from the predictive distribution
to estimate its survival function. Although MCD and VI
predict similar median survival times (in Fig. 2, 122 and 128,
respectively, where the actual time is 135), the latter predicts
a greater amount of variance around the survival function (left
column) and also the histogram of the predicted survival time
displays higher variance (right column). The width of the CrIs
expresses the uncertainty of the model, which is especially
useful when making predictions about novel individuals (new
data samples). This example underlines the importance of
communicating the uncertainty associated with a prediction.
Adopting a model that can express uncertainty about its pre-
dictions can help medical professionals make custom treatment
plans with an additional level of risk assessment. This, in turn,
can justify the level of trust and confidence that physicians
and patients have in the prediction. Non-probabilistic models
cannot offer these advantages.

V. CONCLUSION

In this work, we have compared three approaches for
training probabilistic survival models for the first time in terms
of prediction and calibration performance. The main finding
of our work is that, evidently, MCD and SNGP constitute two

attractive alternatives to VI for this task, as they rival VI’s
performance, but without the computational overhead. In many
cases, our MCD model improved the mean absolute error over
continuous state-of-the-art baselines while giving C-calibration
scores similar to VI, and our SNGP model improved D-
calibration over VI in all datasets. Limitations of our work
include a lack of high-dimensional datasets (e.g., imaging or
video data), where efficient computation is even more critical
than in tabular data. Moreover, it is difficult for our models
to simultaneously optimize prediction and calibration perfor-
mance, as the results show. Future work should investigate
how to improve the proposed model’s predictions without
degrading their calibration.

CONFLICT OF INTERESTS

The authors declare that they have no known conflicts of
interest or personal relationships that could have appeared to
influence the work reported in this paper.

APPENDIX I
PERFORMANCE METRICS

CItd: The time-dependent Concordance Index [26] is the
probability that {i, j} are concordant given they are compara-
ble, where concordance is defined as such: given a comparable
pair {i, j}, with event times yi < yj and δi = 1, the predicted
survival probability for j is greater than the predicted survival
probability for i, at the time where i experienced the event,
and j is still free from the event. This can be written as:

πcomp = Pr
(
yi < yj & δi = 1

)
, (15)

πconc = Pr
(
S(yi|Xi(t)) < S(yi|Xj(t))

& yi < yj ; δi = 1
)
, (16)

CI td =
πconc

πcomp
= Pr

(
S(yi|Xi(t)) < S(yi|Xj(t))

& yi < yj ; δi = 1
)
, (17)

where πcomp is the probability that {i, j} are comparable, and
πconc is the probability that {i, j} are concordant.

IBS: The Integrated Brier Score [28] is the expectation of
the single-time Brier Score (BS) over some interval [tk, tK ],
where tk denotes some measurement time on some discretized
event horizon of K bins, i.e., [t0, t1, t2, . . . , tK ]. The BS is
the mean squared error between the observed binary outcome
yi(tk) and the predicted probability of the outcome ŷi(tk) at
tk. If we consider the entire event horizon [t0, tK ], then the
IBS is defined as [28]:

IBS =
1

K

K∑

t=0

1

N

N∑

i=1

(ŷi(tk)− yi(tk))2. (18)

MAE: The mean absolute error is the absolute difference
between the predicted and actual survival times. We use the
median of the survival function as the predicted survival
time. Given an individual survival distribution, S(t | xi) =
Pr(T > t | xi), we calculate the predicted survival time ŷi as
the median survival time [27]:

ŷi = median (S(t | xi)) = S−1(0.5 | xi). (19)
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ŷi = 122

(a) Survival prediction using MCD (p = 0.5).
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(b) Histogram of ŷi using MCD (p = 0.5).
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(c) Survival prediction using VI.
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time ŷi given xi
Predicted distribution of median
survival times P (ŷ|xi,D)

(d) Histogram of ŷi using VI.

Fig. 2: Model prediction on the METABRIC dataset using MCD and VI. For an individual i, we use the median of the predicted
survival function as the predicted survival time ŷi. Although MCD and VI predict similar median survival times, VI has more
variance around this particular prediction than MCD. Left column: mean individual survival function and its corresponding
90% CrI. Right column: histogram (as an approximation of the underlying density) of the predicted survival time.

In this work, we report MAEH and MAEPO. The MAEH
[33] uses hinge loss to calculate the mean absolute error for
censored individuals: if the predicted survival time is smaller
than the censoring time, the loss is the censoring time minus
the predicted time. If the predicted survival time is equal to
or greater than the censoring time, the loss is zero. MAEPO
[33] employs pseudo-observation to estimate the actual time
of survival for censored individuals.

ICI: The Integrated Calibration Index [29] is the absolute
difference on average between the observed and predicted
probabilities of the event. Let f(x) = |x − xc| denote the
absolute difference between the calibration curve and the
diagonal line of perfect calibration, where x is a predicted
probability and xc is the value of the calibration curve at x. Let
ϕ(x) denote the density function of the predicted probabilities

distribution. The ICI is then a weighted average of the absolute
differences between the calibration curve and the diagonal line
of perfect calibration, i.e., ICI =

∫ 1

0
f(x)ϕ(x) dx.

D-calibration: Distribution calibration [30] measures the
calibration performance of S(t), expressing to what extent
the predicted probabilities can be trusted. For any probability
interval [a, b] ∈ [0, 1], we define Dm(a, b) as the subset of
individuals in the dataset D whose predicted probability of
event is in the interval [a, b] [33]. A model is D-calibrated
if the proportion of individuals |Dm(a, b)|/|D| is statistically
similar to the proportion b−a, which we assess using a χ2 test.
For example, compare the time-of-death empirical quantiles
against the computed ones: e.g., with a D-calibrated curve,
approximately 50% of these individuals should die prior to
their common predicted median survival time.
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C-calibration: Coverage calibration [7] is a statistical test to
measure the agreement between the upper and lower bounds
of the predicted Credible Intervals (CrIs) and the observed
probability intervals. For example, a 90% CrI should cover an
individual’s likelihood of an event with a probability of 90%.
In practice, we calculate the observed coverage rates using
CrIs with different percentages (ranging from 10% to 90%)
and then use a χ2 test to evaluate the calibration of expected
and observed coverage rates.

APPENDIX II
MODEL HYPERPARAMETERS

Table V reports the selected hyperparameters. All proposed
models use the same hyperparameters unless otherwise stated.
We use Bayesian optimization [25] to tune hyperparameters
over ten iterations on the validation set, adopting the hyper-
parameters leading to the highest concordance index (CItd).

TABLE V: Selected hyperparameters for the different datasets.

Hyperparameter METABRIC SEER SUPPORT MIMIC-IV

Optimizer Adam Adam Adam Adam
Decay None None 0.001 0.0001
Activation fn ReLU ReLU ReLU ReLU
Batch size 32 32 32 128
# Nodes per layer [64, 128] [64] [128] [32]
Learning rate 0.005 0.001 0.001 0.005
L2 regularization 0.001 0.001 0.001 0.001
Dropout rate 0.25 0.25 0.25 0.5
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Appendix F

A meaningful prediction of
functional decline in amyotrophic
lateral sclerosis based on
multi-event survival analysis

Abstract: Amyotrophic lateral sclerosis (ALS) is a degenerative disorder of the mo-
tor neurons that causes progressive paralysis in patients. Current treatment options
aim to prolong survival and improve quality of life. However, due to the hetero-
geneity of the disease, it is often difficult to determine the optimal time for potential
therapies or medical interventions. In this study, we propose a novel method to pre-
dict the time until a patient with ALS experiences significant functional impairment
(ALSFRS-R≤2) for each of five common functions: speaking, swallowing, handwrit-
ing, walking, and breathing. We formulate this task as a multi-event survival prob-
lem and validate our approach in the PRO-ACT dataset (N = 3,220) by training five
covariate-based survival models to estimate the probability of each event over the
500 days following the baseline visit. We then predict five event-specific individual
survival distributions (ISDs) for a patient, each providing an interpretable estimate
of when that event is likely to occur. The results show that covariate-based models
are superior to the Kaplan-Meier estimator at predicting time-to-event outcomes in
the PRO-ACT dataset. Additionally, our method enables practitioners to make in-
dividual counterfactual predictions – where certain covariates can be changed – to
estimate their effect on the predicted outcome. In this regard, we find that Riluzole
has little or no impact on predicted functional decline. However, for patients with
bulbar-onset ALS, our model predicts significantly shorter time-to-event estimates
for loss of speech and swallowing function compared to patients with limb-onset
ALS (log-rank p < 0.001, Bonferroni-adjusted α = 0.01). The proposed method can
be applied to current clinical examination data to assess the risk of functional decline
and thus allow more personalized treatment planning.
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Abstract

Amyotrophic lateral sclerosis (ALS) is a degenerative disorder of the motor neu-

rons that causes progressive paralysis in patients. Current treatment options aim

to prolong survival and improve quality of life. However, due to the heterogeneity

of the disease, it is often difficult to determine the optimal time for potential ther-

apies or medical interventions. In this study, we propose a novel method to pre-

dict the time until a patient with ALS experiences significant functional impairment

(ALSFRS-R ≤ 2) for each of five common functions: speaking, swallowing, handwrit-

ing, walking, and breathing. We formulate this task as a multi-event survival prob-

lem and validate our approach in the PRO-ACT dataset (N = 3,220) by training five

covariate-based survival models to estimate the probability of each event over the

500 days following the baseline visit. We then predict five event-specific individual

survival distributions (ISDs) for a patient, each providing an interpretable estimate of

when that event is likely to occur. The results show that covariate-based models are

superior to the Kaplan-Meier estimator at predicting time-to-event outcomes in the

PRO-ACT dataset. Additionally, our method enables practitioners to make individ-

ual counterfactual predictions—where certain covariates can be changed—to esti-

mate their effect on the predicted outcome. In this regard, we find that Riluzole has

little or no impact on predicted functional decline. However, for patients with bulbar-

onset ALS, our model predicts significantly shorter time-to-event estimates for loss of

speech and swallowing function compared to patients with limb-onset ALS (log-rank

p < 0.001, Bonferroni-adjusted 𝛼 = 0.01). The proposed method can be applied to
current clinical examination data to assess the risk of functional decline and thus

allow more personalized treatment planning.
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Introduction

Amyotrophic lateral sclerosis (ALS) is a neurological disease that causes a grad-
ual loss of upper and lower motor neurons in the central nervous system. Unfortu-
nately, most patients will die within 2-5 years after onset [1], primarily due to com-
plications from respiratory failure [2]. The underlying causes of the disease are not
yet understood, and as there are no known cures, current treatments aim only to
prolong survival and improve quality of life. Moreover, due to its heterogeneous
and unpredictable nature, and the high variability in its progression rate and clinical
phenotype [5], it is often difficult to determine the appropriate treatment. This also
complicates decisions about the optimal timing of medical interventions, e.g., non-
invasive ventilation, or if a specific treatment can effectively slow the progression
of the disease. There is therefore a significant need for tools that can predict dis-
ease progression to facilitate personalized treatment plans and improve patient
care.

The ALS Functional Rating Scale-Revised (ALSFRS-R) [6] is the most widely
used questionnaire to evaluate the progression of ALS. It contains 12 questions to
assess functional capacity in patients, with a focus on bulbar, motor, and respiratory
functions—e.g., swallowing, walking, and breathing, respectively. Each response is
scored between 0 and 4, where 0 represents complete inability with regard to that
function, and 4 represents normal function. As this questionnaire is administered to
patients at multiple time points over the course of the disease, it provides a longitu-
dinal view of functional decline across several areas. Based on this questionnaire,
an interesting task is to predict the degree of functional decline a patient experiences
during the course of the disease, rather than simply predicting when a patient is
likely going to die [7,8]. Many previous projects have therefore attempted to predict
the future ALSFRS-R score based on patient covariates [3,9–12]. Ong et al. [12]
proposed a binary model to predict the functional decline class (i.e., whether ALS
progresses slowly or rapidly in a specific patient) after baseline (trial entry), based on
several patient characteristics. Their model was able to predict slow or rapid decline,
but did not predict when functional decline would occur over time. Similarly, Jabbar
et al. [11] proposed a method to predict disease progression as fast or slow, but
as in [12], their model could only give a yes/no answer to whether a patient would
experience functional decline over time. Amaral et al. [10] applied several clustering
algorithms to clinical patient records, which revealed four separate groups regard-
ing disease progression. Their method could assign newly-diagnosed patients to a
progression group, but did not predict when a patient would experience functional
decline based on their covariates. Finally, Vieira et al. [9] trained two machine learn-
ing models to predict a patient’s future ALSFRS-R score: a voice model based on
speech recordings and a movement model based on accelerometer measurements.
These models showed strong predictive performance, but similar to Amaral et al. [10]
and others, they predicted future ALSFRS-R scores rather than estimating the time
until functional decline would occur. Moreover, disease progression in ALS is neither
constant nor linear, as those studies implicitly assumed, but can vary substantially
over time and between individuals [4].
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Based on these shortcomings, we propose a novel method that can predict when an ALS patient will experience each
of five common types of functional decline, based on the ALSFRS-R protocol (see Table 1): significant difficulty (≤ 2) in
each of Speaking, Swallowing, Handwriting,Walking, and Dyspnea. These five events are distinct but not mutually exclu-
sive and likely share some information in their covariates; it may be that a patient (e.g., Mr. Smith), with limb-onset ALS,
will experience difficulty walking and writing earlier than another patient (e.g., Mr. Johnson), who has bulbar-onset ALS.
On the other hand, Mr. Johnson may have difficulty speaking and swallowing solid foods before Mr. Smith. As a newly-
diagnosed patient with ALS, our approach will help answer important questions, such as:

• How much longer will I be able to speak clearly enough to be understood?
• How much longer will I be able to eat most solid foods without difficulty?
• How much longer will I be able to write a shopping list that my wife can read?
• How much longer will I be able to walk at a normal pace and keep my balance?
• How much longer will I be able to breathe normally during daily activities?

In practice, we formulate the problem as a multi-event survival problem: given an instance (e.g., a description of
Mr. Smith at a ”baseline” point in time), our method predicts the time until said Mr. Smith will experience each of the
events listed above. We present each prediction as an individual survival distribution (ISD) [13], which provide the prob-
ability of each event at each future time point, after the baseline visit. We describe each patient by the values of a set
of covariates such as age, site of onset, forced vital capacity (FVC), and others, which are recorded in clinical records
obtained at or before the baseline visit. To our knowledge, no existing method can explicitly predict the timing of dis-
tinct individual events in ALS. Fig 1 shows an outline of the proposed method. The source code is publicly available at:
https://github.com/thecml/FunctionalALS.

Materials and methods
Clinical data and event annotation

For our empirical analyses, we use the publicly-available Pooled Resources Open-Access Clinical Trials (PRO-ACT)
(Data used in the preparation of this article were obtained from the Pooled Resource Open-Access ALS Clinical Trials

Table 1. The definition of the five included functional assessments from the ALS Functional Rating Scale-
Revised (ALSFRS-R) [6] and their scores. Each score ranges from 0 to 4, where 0 represents complete inability
with regard to the function, and 4 represents normal function. For each patient, our method predicts the time until that
patient will experience significant difficulty (ALSFRS-R ≤ 2) for that specific assessment.

Domain Assessment Description Score
Bulbar Speech Ability to speak clearly and be understood. 4 = Speaks clearly;

2 = Intelligible with repeating;
0 = Loss of useful speech

Bulbar Swallowing Ability to swallow without choking. 4 = Normal eating habits;
2 = Difficulty with some foods;
0 = Needs feeding tube

Fine motor Handwriting Ability to write or type. 4 = Normal writing;
2 = Not all words legible;
0 = Unable to grip pen

Gross motor Walking Ability to walk without assistance. 4 = Walks normally;
2 = Walks with assistance;
0 = Cannot walk

Respiratory Dyspnea Shortness of breath. 4 = None;
2 = Moderate shortness of breath;
0 = Severe shortness of breath

https://doi.org/10.1371/journal.pone.0336476.t001
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Fig 1. Outline of the proposed method. Historical data about ALS patients form a patient dataset 𝒟 with N training instances and d covariates, and the
time to event (filled dot) or censoring (hollow dot) from a patient’s first visit—the ”baseline time”. Censoring indicates that the event of interest was not
observed for a patient within the study period, so their exact event time remains unknown. We consider five separate but related events, i.e., Speech,
Swallowing, Handwriting,Walking, and Dyspnea. We use the recorded covariates (taken at the baseline time) and event information to train a survival
modelℳ that can accurately estimate the individual survival distribution (ISD) of each of these five events, for a novel patient xi, denoted as Ŝ(i). These
ISDs give the probability of each of these five events occurring after t days after the baseline visit, for all t>0. They can also be used to estimate the time
to event for this xi patient, for example, when the survival curve intersects the dashed horizontal line at 50%, which is called the median survival time, for
each of the five events.

https://doi.org/10.1371/journal.pone.0336476.g001

(PRO-ACT) Database. The data available in the PRO-ACT Database have been volunteered by PRO-ACT Consortium
members. The dataset was obtained on October 1st, 2024.) [14] dataset, which is the largest ALS dataset in the world.
It includes patient demographics, lab and medical records, as well as family histories, of over 11,600 ALS patients from
23 clinical trials (see Table 2). In each clinical trial, patients follow a schedule of visits until the end of the study or until
they become too ill to participate. Covariates recorded at each visit include the total ALSFRS-R score, age, sex, region of
onset (e.g., limb, bulbar), the mean FVC score, time since diagnosis, disease progression rate (Defined as (48 - the total
ALSFRS-R score)/(days since diagnosis/30).), and whether or not the patient is taking Riluzole. In this study, we only use
covariates recorded at the baseline visit for each individual patient.

To define our events of interest, each patient’s disease state is assessed by a clinician at every visit using the
ALSFRS-R scale. We focus on five specific events: Speech, Swallowing, Handwriting,Walking, and Dyspnea. To

Table 2. Patient demographics in the PRO-ACT [14] dataset.

Demographic/Data PRO-ACT (N = 3,220)
Pct. or mean (± SD)

Age (years) 55.8 (11.6)
Height (cm) 172 (9.5)
Weight (kg) 76.3 (14.6)
Body mass index (BMI) 25.7 (4)
% Female 32.2
% Caucasian 94.6
Site of Onset; % Limb, % Bulbar 43.3, 13.4
Baseline ALSFRS-R Score 39.4 (5)
Time in study (days) 271.4 (122.7)
% Riluzole 75.7

https://doi.org/10.1371/journal.pone.0336476.t002
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Table 3. Overview of the dataset. “SP”, “SW”, “HA”, “WA” and “DY”, are the Speech, Swallowing,
Handwriting,Walking and Dyspnea events, respectively. Event distribution indicates the percentage
of uncensored instances of each type in the dataset. N: sample size, d: number of covariates, K:
number of event types, T : observed time (of the uncensored instances) for any event in days.

Dataset N d K Tmin Tmax Tmean Event distribution (%):
PRO-ACT 3,220 8 5 1 498 130 SP: 37.8, SW: 31.9

HA: 50.3, WA: 60.6
DY: 27.0

https://doi.org/10.1371/journal.pone.0336476.t003

annotate our dataset, we define an event as having occurred the first time a patient scores 2 or fewer in that specific
assessment during any follow-up visit following their baseline visit. These five events can occur in any order and are
not mutually exclusive. There are several types of censoring, including death, being unable to perform the assessment
or leaving the study prematurely. Censoring thus represents incomplete event information, where the true event time is
only known to exceed the observed follow-up time. We use a maximum follow-up time of 500 days to focus on the early
stages of the disease and because data become sparse with high censoring afterward. We consider patients who score
2 or fewer on any of the five assessments at baseline as having already had the event, indicating that the loss of function
occurred before the start of the trial, and exclude these patients from the study. We also exclude patients with no recorded
ALSFRS-R history. After applying these criteria and accounting for censoring, the final dataset comprises 3,220 patients
with observed or right-censored event times. The code for loading and annotating the data is available in the source code
repository. Table 3 provides an overview of the dataset. Fig 2 shows the distribution of event and censoring times. A list of
covariates is available in the Supplement (S1 Table).

Survival analysis and notation

Survival analysis models the time until some event of interest occurs. This event can either be observed or censored—
the latter typically happens if the patient is still alive at the end of the study or decides to drop out [15, Ch. 11]. Survival
analysis has become an important tool for understanding diseases and predicting outcomes, which helps medical
researchers evaluate the significance of prognostic factors in applications like comatose after cardiac arrest [16], liver
transplantation [17] or fall risk [18]. In ALS, survival analysis has been used mainly to predict risk scores with respect to
death [4,7,19].

Fig 2. Distribution of uncensored and censored times in the PRO-ACT dataset for the five events.

https://doi.org/10.1371/journal.pone.0336476.g002
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We briefly introduce the notation: Let 𝒟= {(x(i), t(i), 𝛿(i))}
N

i=1
be the dataset, where for each i, x(i) ∈ ℝd is a d-dimensional

vector of covariates. We consider discrete times, where t(i) ∈ {1,2, … ,Tmax}K is a vector of observed times for the i-th
patient for K different events, each at one of these Tmax possible times, and 𝛿(i) ∈ {0,1}K is a vector of event indicators
for each event. Moreover, let e(i)k ∈ {1,2, … ,Tmax} denote the event time and let c(i)k ∈ {1,2, … ,Tmax} denote the censor-
ing time for the i-th instance for event k over the event horizon, thus we have t(i)k = e(i)k if 𝛿(i)k = 1, otherwise, t(i)k = c(i)k if

𝛿(i)k = 0. A survival model predicts the probability that some event k occurs at time T later than t, i.e., the so-called sur-
vival or event probability, which is denoted S(t) = Pr(T > t) = 1− Pr(t ≤ T). In multi-event survival analysis, we want to pre-
dict the probability of different events occurring over time. For each patient i, this results in a matrix of survival functions,
S(i) = {s(i)1 ,s

(i)
2 , … , s

(i)
K }. Here, s

(i)
k represents the probabilities that patient i does not experience event k up to each time

point t, i.e., s(i)k = (P(e(i)k > 1),P(e(i)k > 2), … ,P(e(i)k > Tmax)). See Fig 1 for a visual overview.

Experiments and results
Setup and preprocessing

We follow Sechidis et al. [20] and first split the dataset into a training, validation and test set by 70%, 10%, and 20% using
a stratified procedure. This ensures that the event times and censoring rates are consistent across the three sets and the
K events. The stratification procedure uses a random seed (0-9). After splitting the data, we impute missing values using
the sample mean for real-valued covariates or the mode for categorical covariates based on the training set only. A list of
missing values is available in the Supplement (S2 Table). After imputing missing values, we encode categorical covariates
using a one-hot encoding strategy and apply a z-score data normalization to speed up the training process and improve
stability. No outlier detection was performed.

Our evaluation procedure consists of training five survival models on the training set and evaluating them on the
holdout test set. For evaluation fairness, we do not perform hyperparameter optimization for specific models, but instead
configure all models with sensible default parameters. A list of hyperparameters is available in the Supplement (S3 Table).
For deep learning models, we use a single hidden layer with 32 nodes. For methods that support it, we use early stopping
during training to terminate the process if the validation loss does not improve for 10 consecutive epochs. All data pre-
processing and experiments were implemented in Python 3.9. A list of software packages used is available in the source
code repository.

Survival models

To evaluate both single-event and multi-event survival modeling approaches, we distinguish between models that pre-
dict the time to a single event and those that jointly model multiple event types. As single-event models, we implement the
traditional Cox Proportional Hazards (CoxPH) model using a linear estimator [21], Random Survival Forests (RSF) [22],
DeepSurv [23] and MTLR [24]. As a multi-event model, we implement the Multi-Event Network for Survival Analysis
(MENSA) model [25]. To explain these models: CoxPH is a popular semiparametric method to fit a regression model to
survival data. By adopting a multiplicative form for the contribution of several covariates to each individual’s event time,
the CoxPH model is a powerful yet simple tool for assessing the simultaneous effect that different covariates have on the
event times. CoxPH assumes proportional hazards, which means that the effect of covariates on the hazard function is
constant over time. RSF extends decision trees for survival analysis and recursively splits training data based on some
survival-specific criterion, e.g., log-rank splitting, with the goal of maximizing separation between event times between
nodes. RSF can model nonlinear relationships between the covariates and the event, and does not assume proportional
hazards. DeepSurv is a multilayer perceptron (MLP) based on the CoxPH model, where the risk score is a nonlinear func-
tion of the covariates. DeepSurv assumes proportional hazards. MTLR is a discrete survival model that estimates the
individual survival function as a multinomial logistic regression model and does not assume proportional hazards. Lastly,
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MENSA is an MLP that learns the individual survival distribution for K events as a mixture of Weibull distributions with a
shared covariate layer to model dependencies between events. MENSA does not assume proportional hazards.

Evaluation metrics

To comprehensively assess the survival models, we select a range of evaluation metrics that capture three key aspects of
model performance: discrimination, absolute/squared error, and calibration. Discrimination, usually measured by the con-
cordance index (CI), is relevant when we want to identify which patients are likely to experience functional decline earlier
versus later at the group level. Squared or absolute error metrics, like the mean absolute error (MAE), are used to assess
how accurately the model predicts the time of functional impairment for individual patients. Finally, calibration measures
how well the predicted probabilities match the observed frequencies of events at specific time points. For example, if a
model predicts that a patient has an 80% chance of not experiencing significant functional decline before 100 days, then
among 100 similar patients, about 80 should not experience significant functional decline by that time. We use the follow-
ing metrics to assess discrimination, absolute/squared error, and calibration:

CI: Harrell’s CI [26] measures discrimination performance by calculating the proportion of concordant pairs among
all comparable pairs given predicted risk scores. A pair is considered comparable if the event order can be determined.
Specifically, for a comparable pair {i, j} with event times ei < ej and 𝛿i = 1 (indicating that i experienced the event), we cal-
culate risk scores ̂𝜂i and ̂𝜂j as the negative median survival times. The median survival time is the time point at which the
estimated survival probability drops to 0.5. If the predicted risk score for j is greater than that for i at the time i experienced
the event (while j remains event-free), the pair is concordant. A CI of 0.5 indicates chance-level ranking. We also report
Uno’s CI [27], which is a CI that uses a technique to correct for the bias introduced by censoring.

BS/IBS: The Brier Score (BS) calculates the squared error between the predicted probability of the event and the
Heaviside step function of the observed event. The integrated Brier score [28] (IBS) aggregates Brier scores over multiple
time points to provide a single measure of the squared error.

MAE: The MAE calculates the average absolute difference between the true event time and the predicted event time.
Given an ISD, S(t ∣ xi) = Pr(T > t ∣ xi), we calculate the predicted event time ̂ti as the median survival time [29]. Since our
dataset contains censoring, we calculate the margin MAE (mMAE) as proposed by [13], which assigns a ”best-guess”
estimate to each censored patients using the Kaplan-Meier (KM) [30] estimator.

D-calibration: Distribution calibration [13], also known as D-Cal, measures how well the predicted survival function,
Ŝ(t), is calibrated for each event. D-calibration assesses this using a Pearson’s chi-squared test with 𝛼 = 0.05. For any
probability interval [a,b] ∈ [0,1], we define Dm(a,b) as the group of patients in the dataset D whose predicted proba-
bility of an event is in the interval [a,b] [31]. A model is D-calibrated if the proportion of patients |Dm(a,b)|/|D| is statisti-
cally similar to the amount b–a. Intuitively, if a model is well-calibrated, the predicted probabilities match observed event
frequencies—for instance, about 20% of patients predicted to have a 0.2 event probability should actually experience the
event. In our experiments, we report the number of times each model is D-calibrated (at p>0.05) for each event across 10
experiments.

Model results

We present our empirical results (Table 4 and Fig 3) in terms of the aforementioned aspects with respect to model
performance: discrimination, absolute/squared error, and calibration. Below, we discuss the results and reflect on their
implications.

Discrimination: Good discrimination performance is important if we need to rank patients by their disease severity
to prioritize access to limited clinical resources, for example, portable ventilators. Across all models, we see the high-
est Harrell’s and Uno’s C-indices for the Speech (approx. 74–75% and 70–71%, respectively) and Swallowing (approx.
75–76% and 70–71%, respectively) events. On the other hand, functional decline with respect to limb functions is harder
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Table 4. Mean (± SD.) prediction performance, averaged over 10 independent experiments. D-calibration counts the number of times the
respective model was D-calibrated. Harrell’s CI, Uno’s CI and IBS results are multiplied by 100.

Model Event Harrell’s CI ↑ Uno’s CI ↑ IBS ↓ mMAE ↓ D-Cal ↑
CoxPH [21] Speech 74.52±1.39 70.44±3.34 14.41±0.43 206.85±9.88 (10/10)

Swallowing 75.75±1.53 70.96±4.58 12.58±0.72 146.15±25.50 (10/10)
Handwriting 67.57±0.92 63.75±2.29 16.73±0.70 141.85±7.40 (10/10)
Walking 68.67±1.20 67.15±1.40 16.60±0.50 145.04±4.50 (7/10)
Dyspnea 68.54±1.71 66.99±6.30 13.79±0.41 235.46±27.57 (10/10)

RSF [22] Speech 75.05±1.13 70.08±2.75 14.69±0.44 164.51±19.12 (10/10)
Swallowing 75.53±1.46 69.65±2.98 13.02±0.74 111.71±11.46 (10/10)
Handwriting 67.38±1.39 63.70±2.05 16.87±0.57 146.97±6.88 (10/10)
Walking 68.44±1.47 66.68±1.54 16.78±0.56 145.98±4.63 (10/10)
Dyspnea 78.23±1.07 78.95±4.01 11.89±0.33 850.45±471.39 (10/10)

DeepSurv [23] Speech 74.18±3.05 70.77±3.57 14.36±0.89 232.15±28.48 (10/10)
Swallowing 75.61±1.37 70.67±5.52 12.48±0.65 178.77±39.68 (10/10)
Handwriting 67.12±1.08 63.72±2.15 16.81±0.84 151.83±18.59 (9/10)
Walking 69.53±0.93 68.44±1.11 16.23±0.51 148.17±6.60 (8/10)
Dyspnea 71.72±3.99 70.61±7.60 13.11±0.61 384.96±284.17 (10/10)

MTLR [24] Speech 74.22±1.67 70.17±3.23 13.95±0.44 179.35±5.34 (10/10)
Swallowing 75.13±1.43 70.63±5.41 12.34±0.59 122.93±19.52 (10/10)
Handwriting 67.32±1.11 63.71±2.42 16.72±0.66 140.94±6.29 (9/10)
Walking 68.97±1.16 67.71±1.06 16.30±0.51 149.93±10.99 (9/10)
Dyspnea 66.54±2.22 65.90±6.85 13.50±0.50 203.36±24.57 (10/10)

MENSA [25] Speech 74.21±1.11 70.56±3.47 14.53±0.41 181.81±7.92 (9/10)
Swallowing 74.94±1.36 70.85±5.20 12.61±0.56 119.16±7.12 (10/10)
Handwriting 66.46±0.90 63.80±2.65 17.10±0.66 141.97±5.70 (9/10)
Walking 68.63±1.29 66.94±1.50 17.04±0.61 149.50±6.49 (6/10)
Dyspnea 66.56±1.77 64.40±7.07 13.78±0.30 189.43±24.28 (10/10)

https://doi.org/10.1371/journal.pone.0336476.t004

Fig 3. The mMAE (in days) as a function of covariate-based models (x-axis) in the PRO-ACT test set, with error bars representing empirical
95% confidence intervals. The horizontal dashed line is the KM estimator. Lower is better.

https://doi.org/10.1371/journal.pone.0336476.g003

to discriminate, with lower C-indices (approx. 67–69%) for the Handwriting andWalking events. Although the Dyspnea
event typically has moderate CI values (approx. 66–68%), RSF achieves a Harrell’s CI of 78.23% and a Uno’s CI of
78.95% for this event, making it the best model in this case. DeepSurv and MTLR also demonstrate consistently good dis-
crimination performance across events, and MENSA matches or slightly exceeds these for the Speech and Swallowing
events, though its performance dips slightly for theWalking and Dyspnea events.

Absolute/squared error: Accurate time-to-event estimates or survival probabilities are important when a decision or
intervention depends on the precise timing of the event. Across all models, the Swallowing event consistently exhibits
some of the lowest IBS (approx. 12-13) and mMAE (approx. 110-150) numbers, meaning that this event is the easiest
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to predict the timing of. For the Dyspnea event, the IBS is also moderate (11.9-13.8), but the RSF model is notable with
a low IBS but a relatively high mMAE (approx. 850±471 days). In contrast, other models produce much more moderate
mMAE numbers for this event (approx. 200-400 days), as seen with the MENSA model. This highlights an important point:
simply calculating the squared error of the predicted survival probabilities does not fully capture a model’s ability to predict
the timing of an event. MENSA achieves reasonable mMAE numbers (approx. 120-190 days) in all cases, except for the
Speech event (181±8 days), however, and tends to perform particularly well for the Swallowing event, similar to MTLR.

Fig 3 shows the prediction error in days between the population-level KM estimator [30] and the covariate-based mod-
els. The KM estimate is calculated per event on observed and censored event times, without considering individual dif-
ferences (i.e., covariates). In all five events, the covariate-based models generally give superior time-to-event estimates
compared to the KM method, with some variation between models. This suggests that incorporating patient-specific infor-
mation can lead to more accurate time-to-event predictions when predicting functional decline, rather than simply relying
on a population-level estimate.

Calibration: Good calibration performance is important when we have to use the actual predicted probabilities to guide
our decision-making. For example, underestimating the risk of respiratory decline or bulbar involvement may result in
mistimed interventions or suboptimal treatment choices. Across all models, theWalking event consistently poses a cali-
bration challenge, as predicted event probabilities generally deviate from the observed event frequencies here (i.e., the
models are sometimes not calibrated). However, RSF achieves perfect D-calibration (10/10) across all events and exper-
iments, demonstrating robust and consistent calibration performance. DeepSurv and MTLR also perform well, with most
experiments achieving D-calibration. MENSA achieves perfect calibration for the Swallowing and Dyspnea (10/10) events,
but shows slightly poorer calibration for the Speech (9/10) and Handwriting (9/10) events, and especially theWalking
event (only 6/10).

Individual disease predictions

Our method can predict a patient’s disease trajectory as K individual survival distributions, where K is the number of
events (here, K = 5). Fig 4 shows such ISDs, from baseline (t = 0) to 500 days later, for the i-th patient. As an example, let
us return to our patient, Mr. Smith. He is a 72-year-old male, who had been diagnosed with limb-onset ALS prior to study
entry and had experienced difficulty speaking and weakness in his legs, but all five of his scores were above 2, so that
he could participate in the study. Mr. Smith’s covariates are available in the Supplement (S4 Table). The neurologist pre-
dicted that talking and walking difficulties would be among Mr. Smith’s earliest functional impairments, and our method

Fig 4. Predicted ISDs for Mr. Smith (i). The point where the survival curve intersects the dashed horizontal line at 50% indicates the predicted time of
event—so this predicts, for example,Walking at approximately 80 days, Handwriting at 240 days, and Speech at 300 days. The dashed vertical lines are
Mr. Smith’s actual time of event for the respective events—so, for example, Speech at approximately 7 days, Handwriting at 35 days, andWalking at 45
days.

https://doi.org/10.1371/journal.pone.0336476.g004
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confirmed her suspicion. From the outset, Mr. Smith was provided with a walking aid and a personalized long-term care
plan that included therapy, support systems, and home modifications. Shortly after his hospital visit, he had to repeat
many of his words to be understood and relied on assistance from a cane or his wife to walk. Meanwhile, handwriting also
became challenging for him, but he did not experience shortness of breath or difficulty swallowing whole foods until much
later.

Individual counterfactual predictions

Our method can also make individual counterfactual predictions [32], that is, alternative scenarios in which certain patient
covariates are changed to see their (predicted) effect on the probability of the event. Such predictions can give novel
insights into disease mechanisms and assess treatment options on an individual level. In the following figures, we have
used MENSA [25] to make individual counterfactual predictions based on our PRO-ACT dataset. These provide insights
into the relationship between common disease predictors and functional decline, and ask how changing certain covariates
affects disease outcomes. Again, we use our patient, Mr. Smith, as the instance i. Additionally, we separate all patients in
the test set into groups by the same covariate we used for the individual patient and employ the log-rank test [33] to mea-
sure the statistical difference between the groups’ event times. We use a Bonferroni correction to correct for multiple com-
parisons by dividing the significance level (𝛼 = 0.05) by the number of comparisons (n = 5), i.e., the significance level is
then 𝛼adjusted = 0.05/5 = 0.01. For the remainder of this section, we will discuss our counterfactual predictions.

As a starting point, many newly diagnosed patients with ALS need to decide whether to take certain pharmaceuti-
cal drugs. Currently, there are three approved drugs by the US Food and Drug Administration (FDA) to treat ALS, the
most common being Riluzole. Riluzole works by blocking the release of glutamate, which delays the onset of ventila-
tor dependence or tracheostomy in some people and may increase overall survival by two to three months [34]. How-
ever, the drug can cause significant side effects, including nausea, anorexia, and diarrhea [4]. Therefore, it is important
to determine whether the drug will be effective—i.e., significantly delay functional decline in this regard—for each individ-
ual, in order to decide whether that person should receive the treatment. Upon diagnosis, Mr. Smith decided not to take
Riluzole, but what if he instead had decided to take it. Fig 5 shows the predicted ISDs for each of the five events using
Mr. Smith’s covariates (xi), with the Riluzole covariate being yes (resp., no) at the baseline visit. The two survival curves
have nearly the same slopes, with Riluzole only being marginally above non-Riluzole, and nearly identical estimated
event times. There are no statistical differences in event times between the groups either (p>0.01). As an example, for
the Speech event, this model predicts that taking Riluzole would delay the onset of speaking difficulties by approximately
20 days.

In ALS, the site of onset refers to the specific part of the body where the initial symptoms began. ALS can affect dif-
ferent regions, and the site of onset can influence the progression of the disease. The two most common sites of onset
are bulbar-onset and limb-onset, the former being associated with faster disease progression in general [11]. Mr. Smith

Fig 5. Predicted ISDs for Mr. Smith based on his use of Riluzole.

https://doi.org/10.1371/journal.pone.0336476.g005
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Fig 6. Predicted ISDs for Mr. Smith based on whether he has limb-onset or bulbar-onset.

https://doi.org/10.1371/journal.pone.0336476.g006

was diagnosed with limb-onset ALS, but what if instead he had been diagnosed with bulbar-onset ALS. Fig 6 shows the
predicted ISDs for Mr. Smith based on whether he has limb-onset or bulbar-onset. We see significant differences in the
predictions for the Speech and Swallowing events, indicating a worse prognosis for Mr. Smith if he has bulbar-onset, but
more agreement between the curves for the Handwriting,Walking and Dyspnea events.

Next, forced Vital Capacity (FVC) is a measure of lung function and represents the total amount of air a person can
forcibly exhale after taking a deep breath. It is commonly used to assess lung respiratory function and is measured in
liters. In ALS, FVC is a key clinical assessment for evaluating respiratory muscle strength, which progressively weakens
as the disease progresses. Mr. Smith’s total FVC score at baseline was 2.69. Again, we ask the counterfactual question of
what if instead he had a higher FVC or a lower FVC. Fig 7 shows the predicted ISDs for Mr. Smith based on whether he
has a high or low FVC. As expected, the Handwriting event shows only a weak relationship with FVC, as evidenced by the
high p-value and the alignment of the two survival curves. In contrast, the Swallowing event exhibits a significant relation-
ship with FVC, and the model provides substantially different time-to-event predictions based solely on this covariate.

Lastly, we consider the total ALSFRS-R score at baseline and its effect on predicted functional decline. This score pro-
vides a snapshot of Mr. Smith’s initial physical capabilities when he is relatively healthy before the disease has advanced
notably. Mr. Smith’s total ALSFRS-R score at baseline was 37. Again, we make a counterfactual prediction if instead
Mr. Smith had a significantly higher or lower ALSFRS-R score. Fig 8 shows the predicted ISDs for Mr. Smith based on
whether he has a high or low ALSFRS-R score. Consistent with the literature [4], if Mr. Smith had a high ALSFRS-R score
to begin with, he would (presumably) experience functional decline much later than if he had a low ALSFRS-R score. This
is indicated by the discrepancy between the survival curves and the low p-values across all the events. Obviously, initial
physical ability has a strong relationship with loss of function after a certain time, and patients may be at different stages
of the disease and have different levels of strength when they enter the trial. In addition, research in ALS has suggested
the presence of various disease phenotypes with different progression rates [35].

Fig 7. Predicted ISDs for Mr. Smith based on his FVC score being high or low.

https://doi.org/10.1371/journal.pone.0336476.g007
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Fig 8. Predicted ISDs for Mr. Smith based on whether his initial ALSFRS-R score is high or low.

https://doi.org/10.1371/journal.pone.0336476.g008

Discussion
Contribution

This research has three goals: (1) determine whether covariate-based survival models can predict the time to individual
functional decline (ALSFRS-R ≤ 2) in ALS patients more accurately than population estimators, (2) precisely estimate risk
scores and event times, and (3) explore how counterfactual scenarios affect the probability of functional decline over the
course of the disease.

For the first goal, individualized predictions are crucial for tailoring healthcare and therapeutic decisions to the individ-
ual patient. Models that estimate an individual’s risk rather than a group average enable us to answer important questions
from the patient’s point of view such as: how much longer will I be able to speak clearly enough to be understood? We
make a novel contribution in this regard, as we empirically show that most covariate-based models, even simple linear
models, outperform the KM estimator (which does not use covariates) in predicting the time to functional decline. Given
that ALS affects multiple functional systems (bulbar, motor, respiratory) at varying rates, our analysis also shows clear
advantages of adopting non-proportional hazards models, such as Random Survival Forests and MENSA. Unlike other
methods for predicting functional decline in ALS [3,9–12], our method uniquely provides patients and clinicians with an
actual time (in days) when functional decline is likely to occur.

For the second goal, we rigorously evaluate five survival models across three aspects of model performance: dis-
crimination, absolute/squared error, and calibration. The main takeaway is that some types of functional decline in ALS
patients are easier to predict than others. For example, the Speech event has an average Harrell’s CI of approximately
74% across the five models—the highest among all events—but also an average mMAE (a variant of the MAE that sup-
ports censoring) of 192.4 days, the second-highest. This means that even if a model is good at ranking patients by their
relative risk (independent of time) for some event, it cannot necessarily predict accurately when the event will occur. In
contrast, theWalking event has a lower average CI of approximately 67%, but an average mMAE of only 147.7 days. This
suggests that, although it is harder to rank patients by risk for this event compared to Speech, it is easier, by contrast,
to predict when the event will occur. This leads to the realization that strong ranking performance does not necessarily
translate into accurate time-to-event predictions.

Finally, for the third goal, we use our method to make counterfactual predictions, investigating how modifying spe-
cific covariates affects predicted disease outcomes for individual patients. To our knowledge, no prior work has explored
this use case in ALS. However, such predictions are highly relevant for medical professionals who must make important
treatment decisions after first meeting a patient. For example, consider our patient, Mr. Smith: based on his covariates,
there were no significant differences in the predicted survival probabilities (i.e., the risk of functional decline) should he
decide to take Riluzole, a drug used to treat ALS. In other words, whether he decided to take Riluzole or not, this decision
would not significantly change his predicted risk of functional decline over the next 500 days from the first time he saw the
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neurologist. We believe that these individualized predictions can be very beneficial for treatment planning and clinical
decision-making.

Application

Our method has several important applications. First, it can help medical doctors make informed decisions by tailoring
treatments and interventions to the individual’s predicted disease trajectory. This is crucial in ALS, where timely interven-
tions, such as assistive devices and nutritional or respiratory support, can significantly impact a patient’s quality of life.
Second, patients and their families are often faced with difficult decisions regarding treatment options, lifestyle adjust-
ments, and end-of-life planning. By providing a clear, individualized prognosis, clinicians can help patients make more
informed decisions about their care, improve their quality of life, and give them a sense of control over their treatment. As
part of the evaluation, we show how our method can make counterfactual predictions, answering the what-if questions:
Mr. Smith was diagnosed with limb-onset ALS and the model predicts a specific path of functional decline for him, but
what would have happened if he had been diagnosed with bulbar-onset ALS instead. Third, personalized predictions can
also help design and evaluate clinical trials. Understanding the likely timing of functional decline in patients with ALS can
help researchers identify suitable candidates for clinical studies, ensuring that the trials are conducted with participants at
the appropriate stage of disease. This can lead to more effective testing of potential therapies and interventions that could
slow or stop disease progression.

Concretely, if practitioners wish to implement our method in everyday clinical practice, we recommend the following
steps:

1. Integrate model training with existing electronic health record (EHR) systems or clinical decision support tools to
automatically retrieve patient data (covariates) and past ALSFRS-R scores (event information). After obtaining the
relevant data, they should train the model, evaluate it, deploy it, and expose an application programming interface
(API) that allows clinicians to make predictions on new patients.

2. Develop a user-friendly software interface or web-based application that allows clinicians to easily input or access
patient information and obtain individual predictions of functional decline over time. When a new patient is diagnosed
with ALS and has their first visit at the hospital, clinicians can use the application to enter the patient’s covariates
and obtain a prediction over the next 500 days.

3. Update, retrain, and deploy the model regularly with new patient data to maintain accuracy and incorporate new
biomarkers or additional clinical variables, if such become available. This can be done using Machine Learning
Operations (MLOps), which is a set of practices that automate and simplify machine learning workflows and deploy-
ments.

Limitations

All survival models evaluated in this work assume conditional independent censoring, i.e., that the event time is inde-
pendent of the censoring time, given the patient’s covariates. For example, patients who leave the study early do so for
reasons unrelated to the event of interest or because of poor lung function captured by the forced vital capacity covari-
ate. However, ALS is a heterogeneous disease that can quickly deteriorate and no study can capture all intrinsic disease
mechanisms. Generally, clinical trials in ALS experience high dropout rates [36], which is also evident in our study through
the high censoring rates shown in Table 3 and Fig 2. It is likely that this phenomenon is related to disease progression and
therefore functional decline, but since we do not observe functional decline in patients who leave the study, this kind of
censoring may violate the assumption of conditional independent censoring and bias the results. According to Atassi et
al. [36], the three most common reasons for attrition (i.e., dropout) in ALS trials were withdrawal of consent for no specific
reason (37%), death (28%), and withdrawal secondary to an adverse event (17%).
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Future work

Our method has several avenues for future research. First, addressing the aforementioned dependency between the
event and censoring times is relevant, given the relatively few covariates provided in the PRO-ACT dataset and because
all evaluated survival models assume that censoring is conditionally independent. To address this issue, when estimat-
ing model parameters, we can learn a so-called copula function [37]. This is a link function that describes the dependency
structure between the event and censoring distributions. Copulas have recently gained attention in survival analysis due
to their flexibility in capturing complex dependency structures [38]. Second, it is highly relevant to include covariates cap-
tured using magnetic resonance imaging (MRI) into the predictive models, since such features can explain early signs
of neurodegeneration, for example, cerebral atrophy in the motor cortex and corticospinal tract [39]. At present, such
features have only been used to predict mortality or disease aggressiveness in patients with ALS [19,39,40], but not to
predict functional decline. Thus, this presents an exciting avenue for future research.

Conclusion

This article proposes a novel and interpretable method for estimating the time to functional decline in ALS patients. We
formulate this task as a multi-event survival problem and validate our method in the PRO-ACT dataset by training five
covariate-based survival models to predict significant functional impairment with respect to five common functions. The
proposed method has the following advantages over state-of-the-art approaches: (1) It explicitly predicts the time until
functional decline is likely to occur for an individual patient. (2) It gives superior time-to-event estimates over commonly
used population estimators, such as the KM estimator. (3) It allows for individual counterfactual predictions, where cer-
tain covariates can be changed to see their effect on the predicted outcome. In conclusion, we recommend using the
proposed method on patient records in clinical settings, subject to additional rigorous validation, to assess the risk of
imminent functional decline and enable more personalized treatment planning.
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Abstract
Most existing time-to-event methods focus on
either single-event or competing-risks settings,
leaving multi-event scenarios relatively under-
explored. In many healthcare applications, for
example, a patient may experience multiple
clinical events, that can be non-exclusive and
semi-competing. A common workaround is to
train independent single-event models for such
multi-event problems, but this approach fails
to exploit dependencies and shared structures
across events. To overcome these limitations,
we propose MENSA (Multi-Event Network for
Survival Analysis), a deep learning model that
jointly learns flexible time-to-event distribu-
tions for multiple events, whether competing
or co-occurring. In addition, we introduce a
novel trajectory-based likelihood term that cap-
tures the temporal ordering between events.
Across four multi-event datasets, MENSA im-
proves predictive performance over many state-
of-the-art baselines. Source code is available at
https://github.com/thecml/mensa.

Keywords: Survival analysis, time-to-event
prediction, density estimation, multiple events,
competing risks, precision medicine

Data and Code Availability All datasets used
in this study are publicly available. Appendix E.1
describes how to obtain these datasets and preprocess
them accordingly.
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Institutional Review Board (IRB) This study
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1. Introduction

Many survival models estimate the probability that
an event of interest (typically death) will occur for
an individual at some future time. This can involve:
a single event of interest, where we want to model
the time until one specific event (Gareth et al., 2021,
Ch. 11), competing risks, where the occurrence of
one event excludes other events from occurring (Fine
and Gray, 1999), or multiple events, where several
events may occur in some order (Andersen and Kei-
ding, 2002). As an example of the latter, a patient
with a chronic condition may experience several med-
ical events over the course of their disease.

In current practice, multi-event problems are often
approached by training multiple single-event mod-
els (Armstrong et al., 2014; Solomon et al., 2017).
However, this approach (1) fails to exploit shared co-
variate patterns, (2) ignores temporal or causal de-
pendencies between events, and (3) becomes com-
putationally inefficient as the number of events in-
creases. Other methods mitigate these issues through
shared frailty terms (Jiang and Haneuse, 2017),
multi-task regularization (Li et al., 2016; Wang et al.,
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2017), or joint survival modeling (Hsieh and Wang,
2018), but these rely on restrictive assumptions about
frailty, proportional hazards, or a fixed survival dis-
tribution. Recent work has explored structured tran-
sition models (Groha et al., 2020), hierarchical time-
scale modeling (Tjandra et al., 2021), latent ordinary
differential equations (ODEs) for estimating event-
specific hazard curves (Moon et al., 2022), and tran-
sition models based on Monte Carlo sampling (Ross-
man et al., 2022). These offer partial solutions but
typically assume predefined state transitions, scale
poorly to long time horizons, cannot handle multi-
ple events, or depend on sampling to predict an in-
dividual survival distributions (ISD) (Haider et al.,
2020). To date, most research remains confined to
single-event or competing-risks scenarios. Motivated
by these limitations, we introduce a new and scalable
deep learning model for multi-event survival analy-
sis, called MENSA (Multi-Event Network for Survival
Analysis). Our main contributions are:

• We propose a multi-state survival model based
on the framework by Andersen and Keiding
(2002), where each event corresponds to a tran-
sition between two states (e.g., from healthy
to sick). This enables prediction of how long
a patient will remain in a particular state, or
when the patient will experience one of multiple
events. Each event-specific marginal distribu-
tion is modeled as a mixture of Weibull distribu-
tions, relaxing the proportional hazards assump-
tion. Also, this architecture naturally extends to
single-event and competing-risks settings.

• We introduce a training objective that combines
the standard negative log-likelihood (NLL) loss
with an additional trajectory-based term. This
new term encodes known temporal relationships
between events, guiding the model to predict
ISDs that align with prior knowledge.

• We show empirically that MENSA offers solid
discrimination and calibration performance, im-
proving over many baseline models. MENSA is
also more computationally efficient than several
baselines in the multi-event setting. Two abla-
tion studies show that training MENSA jointly
across all events leads to a notable increase in
the local concordance index (C-index), reflecting
better within-patient event ordering, and that
using the proposed trajectory-based likelihood
term further improves this metric.

2. Related work

Andersen and Keiding (2002) proposed a model for
multi-state processes (for example, disease progres-
sion leading to relapse and eventually death), cap-
turing sequences of events. This framework has since
become a fundamental tool for multi-state analy-
sis (Gorfine et al., 2025). Each transition between
states (events) is modeled with its own hazard func-
tion, allowing state-specific effects, and naturally in-
corporates competing risks, recurrent events, and
absorbing states (e.g., death). However, individual
event probabilities must be derived from transition
probabilities across states, so the event time can-
not be computed directly. Moreover, the model as-
sumes a linear relationship between covariates and
the transition-specific hazard functions.

Groha et al. (2020) proposed an ODE-based neural
network for multi-state survival analysis that incor-
porates a predefined state-transition structure. This
structure is encoded using a binary transition ma-
trix, indicating which transitions are allowed. The
model then learns time-varying transition intensi-
ties by solving Kolmogorov forward equations, but
only for those transitions permitted by the predefined
graph. A key limitation of this approach is that it en-
forces a fixed sequence of events – for example, once
cancer occurs, the model does not allow subsequent
heart failure and vice versa. This framework requires
practitioners to specify the full state-transition graph
in advance, which can be restrictive when the event
order is uncertain or variable.

Tjandra et al. (2021) proposed a hierarchical multi-
event model that predicts event occurrences across
multiple time scales, using coarse estimates (e.g.,
monthly) to guide finer predictions (e.g., daily). This
approach decomposes long-horizon tasks into simpler
intermediate steps, progressively refining predictions
from broad to fine temporal resolutions. However,
it has two main limitations. First, the hierarchi-
cal structure incurs significant parameter overhead
and scales poorly with longer durations. Second, the
method is optimized solely for discriminative loss.
Strong discrimination performance does not necessar-
ily translate into accurate time-to-event predictions,
and vice versa (Qi et al., 2023a).

Moon et al. (2022) proposed an ODE-based model
for multi-event analysis. This model maps tempo-
ral features into continuous latent trajectories and
estimates cause-specific hazard functions at discrete
time intervals without relying on parametric hazard
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assumptions. However, the model is only designed for
competing risks, supports at most two events, and as-
sumes access to time-varying features. It cannot be
directly applied on datasets with only static (base-
line) covariates, which remain the most common in
survival analysis. Moreover, while latent ODE-based
models offer high flexibility, they face practical limi-
tations. As noted by Chen (2024, p. 66), these mod-
els are typically slower to train and more prone to
numerical instability than parametric alternatives.

Rossman et al. (2022) introduced a multi-state
survival model, PyMSM, which estimates transition-
specific hazard functions using time-dependent co-
variates and Monte Carlo sampling. PyMSM is well-
suited for settings where individuals move through a
sequence of well-defined states (e.g., from illness to
recovery to death), and covariates can be updated at
each transition. However, its reliance on Monte Carlo
sampling introduces two key limitations. First, to es-
timate an ISD for a patient, the model must sample
many possible trajectories, which can be computa-
tionally expensive. Second, since the model only ap-
proximates the ISDs, it lacks closed-form survival or
density functions, which prevents analytical compar-
isons (e.g., hazard ratios) or mathematical guarantees
(e.g., proportional hazards).

3. The proposed method

3.1. Problem formulation

We consider a survival dataset with multiple events
and right-censoring, consisting of N time-to-event

triplets, denoted as D =
{(

x(i), t(i), δ(i)
)}N
i=1

, where

x(i) ∈ Rd denotes a d-dimensional vector of features
(covariates), t(i) ∈ {1, 2, . . . , tmax}K is a vector of ob-
served times for the i-th instance across K events,
and δ(i) ∈ {0, 1}K is a vector of event indicators for
each event1. We consider each instance to have (po-

tential) event times, e
(i)
k ∈ {1, 2, . . . , tmax}, and cen-

soring times, c
(i)
k ∈ {1, 2, . . . , tmax}. We then have

t
(i)
k = e

(i)
k if δ

(i)
k = 1, meaning that the event was

1. In our terminology, we refer to competing-risks problems
as those in which only one event can be observed per in-
stance, and the event time is effectively a scalar: t(i). In
contrast, multi-event problems involve multiple events per
instance, and the event time is instead represented as a
vector: t(i). Cases involving semi-competing risks – where
one event precludes another but not vice versa – fall under
our definition of multi-event problems.

observed, otherwise, t
(i)
k = c

(i)
k if δ

(i)
k = 0, meaning

that the event was right-censored.
Now, as a practical example, consider a drug trial

over t ∈ [0, 100] days (see Figure 1), where a pa-
tient i with features x(i) can experience four side ef-
fects: nausea (A), fatigue (B), fever (C), or headache
(D). Based on x(i), we want to estimate the so-called
survival function SE(t) = Pr(t < TE)2 for each of
these possible events (side effects), which is the prob-
ability that the patient has not yet experienced the
event by t ≥ 0. By estimating this function for ev-
ery event, we obtain a matrix of survival functions,

Ŝ(i) = [s
(i)
1 , s

(i)
2 , . . . , s

(i)
K ], for the i-th patient, where

K is the number of events. Finally, we can estimate
the patient’s likely time to each event as the point
where each curve crosses the 50% (median) line.
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Figure 1: Example of a multi-event prediction.

3.2. Mixture model architecture

We propose a multi-state architecture (see Figure 2)
in which events are modeled as transitions between
discrete states – e.g., from healthy to sick, or from
alive to dead – based on the framework by Ander-
sen and Keiding (2002), and further described in Ap-
pendix B. Let P = {0, 1, . . . , P−1} denote the finite
set of states, where state 0 is the initial (event-free)
state. Each event k ∈ {1, . . . ,K} corresponds to a
transition into a state pk ∈ P \ {0}. For example,
if event k represents a relapse, then pk denotes the
absorbing state for relapse. This mapping naturally
supports scenarios with sequential or co-occurring
events – e.g., first becoming ill and then later dying.

For each instance i, we estimate a matrix of sur-
vival distributions S(i): one distribution for each
state p ∈ P, including the initial event-free state
(p = 0). The marginal density function fp(t) for state
p, which represents the probability of entering state

2. We use TE to denote the time of event, and TC to denote
the time of censoring. The observed time is then T =
min(TE , TC).
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Time
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1
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Figure 2: Overview of the MENSA architecture. The model first maps input covariates through a shared
multilayer perceptron (MLP) layer, producing a common representation x̃. This is passed through event-
specific covariate layers, each producing x̃p for state p ∈ P. Each adapted representation then parameterizes
a mixture of Weibull distributions to predict a time-to-event density function, fp(t), capturing the time of
transition from the transient state (state 0) to each event state. The model is trained using a combined loss
consisting of a multi-event likelihood, LME, which captures how well the model fits event times across all
events, and a trajectory likelihood, Ltrajectory, which enforces known temporal ordering constraints between
pairs of events.

p at time point t, is modeled as a convex combina-
tion of Ψ ∈ N+ Weibull distributions. This formula-
tion offers two key advantages. First, it relaxes the
proportional hazards assumption on the underlying
marginal survival distribution (proof in Appendix I),
allowing the hazard function to vary over time. Sec-
ond, it leverages the closed-form probability density
function (PDF) and cumulative distribution function
(CDF) of the Weibull distribution, respectively:

f(t;β, η) =
η

β

(
t

β

)η−1

exp

(
−
(
t

β

)η)
, (1)

F (t;β, η) = 1− exp

(
−
(
t

β

)η)
, (2)

where β > 0 is the scale and η > 0 the shape parame-
ter. We parameterize each such Weibull distribution
by two covariate-dependent transformations, that is,
hp(x

(i)) = Aθ,p
(
Φθ(x

(i))
)
, such that:

log βψ,p(x
(i)) = β̃ψ,p + act

(
hp(x

(i))⊤ζψ,p
)
, (3)

log ηψ,p(x
(i)) = η̃ψ,p + act

(
hp(x

(i))⊤ξψ,p
)
, (4)

where Φθ(·) is a shared covariate transformation,
Aθ,p(·) is a state-specific adapter applied to its out-
put, act(·) denotes a non-linear activation function,

ψ ∈ {1, 2, . . . ,Ψ} indexes the Weibull mixture distri-
butions, and ζψ,p, ξψ,p ∈ Rd are learnable weight vec-
tors associated with the scale and shape parameters,
respectively. The terms β̃ψ,p and η̃ψ,p are learnable
biases that initialize the log-scale and log-shape, re-
spectively, for each state p. We define θψ,p(x

(i)) =(
βψ,p(x

(i)), ηψ,p(x
(i))
)
, and the corresponding distri-

bution PDF and CDF for transitioning into state p
at time t given covariates x(i) are then given by:

fp(t;x
(i)) =

Ψ∑

ψ=1

gψ,p(x
(i)) fψ,p

(
t;θψ,p(x

(i))
)
, (5)

Fp(t;x
(i)) =

Ψ∑

ψ=1

gψ,p(x
(i))Fψ,p

(
t;θψ,p(x

(i))
)
, (6)

where gψ,p(x
(i)) are normalized mixture weights pro-

duced by a state-specific gating network, i.e., a soft-
max over linear outputs of hp(x

(i)). The correspond-
ing survival function is Sp(t;x

(i)) = 1− Fp(t;x(i)).

3.3. Trajectory-based likelihood

To estimate (5) and (6), we extend the standard sur-
vival likelihood (defined in Appendix C) to our multi-
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Table 1: Possible scenarios for two events, A and B, with corresponding transition probabilities and log-
likelihood contributions. δA and δB indicate whether each event is observed (1) or censored (0). P0→A(tA)
and P0→B(tB) denote the probabilities of experiencing events A and B at times tA and tB , respectively; SA(t)
and SB(t) are survival functions; and fA(t) and fB(t) are probability density functions. If prior knowledge
dictates that event A must precede event B when both occur, the joint-event likelihood (δA = 1, δB = 1)
incorporates the probability of surviving event B at the time of event A, as highlighted in bold.

# δA δB Transition probability Log-likelihood

1 0 0 1− (P0→A(tA) + P0→B(tB)) SA(tA) + SB(tB)
2 1 0 P0→A(tA) fA(tA) + SB(tB)
3 0 1 P0→B(tB) SA(tA) + fB(tB)
4 1 1 P0→A(tA) ∗ P0→B(tB) fA(tA) + fB(tB) + SB(tA)

state architecture – where each instance i may experi-
ence multiple events. However, rather than indexing
events directly, we express the likelihood in terms of
state transitions. Specifically, we define one indica-

tor and time pair (δ
(i)
p , t

(i)
p ) per state p ∈ P, where

each event k corresponds to a transition into state p.

The indicator δ
(i)
p denotes whether a transition into

state p was observed, and t
(i)
p is the corresponding

observed or censored transition time. The likelihood
includes the state’s density fp(t

(i)
p | x(i)), if observed

(δ
(i)
p = 1), and the survival function Sp(t

(i)
p | x(i)), if

censored (δ
(i)
p = 0).

To account for the imbalance between state tran-
sitions, we introduce non-negative weights, wp, com-
puted from the inverse frequency of transitions into
each state using the training set, normalized so that∑
p∈P wp = |P|. Assuming conditional independence

between state transitions3, we can then define our
multi-event likelihood as:

LME(D) =

N∑

i=1

∑

p∈P
wp

[
δ(i)p log fp

(
t(i)p | x(i)

)
(7)

+ (1− δ(i)p ) logSp

(
t(i)p | x(i)

) ]
,

where fp(·) and Sp(·) denote the conditional density
and survival function for state p, respectively.

To guide the model, we incorporate prior knowl-
edge of temporal event ordering when available. As
an example, consider the illness-death model (Fix
and Neyman, 1951), where patients start out healthy
(state 0), become ill (event A), and may eventually

3. Conditional independence means that, given the covari-
ates, the transition to one state is assumed to be indepen-
dent of transitions to other states. Therefore, any relation-
ship between states is assumed explained by the covariates.

die (event B). This means there are four possible sce-
narios (see Table 1): (1) neither event occurred (both
censored), (2) only A occurred (B censored), (3) only
B occurred (A censored), and (4) both events oc-
curred, with A before B. We assume that if such semi-
competing events are observed, one must come before
the other – e.g., death cannot occur before illness. To
incorporate this constraint into the optimization, we
define an auxiliary likelihood term that encourages
the model to assign a high survival probability for
event B at the time event A occurs, i.e., maximize
SB(tA). This ensures the model assigns a low proba-
bility to B when A has occurred, effectively handling
semi-competing risks.

Let T = {(A,B) | A,B ∈ K, A occurs before B}
denote the set of known event orderings, and for each
instance i, we consider all uncensored event pairs
(A,B) ∈ T . The trajectory likelihood is computed
by summing the survival probability of event B at the
time of event A, thus SB(TA | x(i)), weighted by the

event indicators δ
(i)
A and δ

(i)
B , which equal 1 if events

A and B, respectively, have occurred for instance i,
and 0 otherwise. The likelihood is then:

Ltrajectory(D) =

N∑

i=1

∑

(A,B)∈T
δ
(i)
A δ

(i)
B logSB

(
TA | x(i)

)
,

(8)

where T is the set of trajectories. Finally, we have:

Ltotal(D) = (1− λ)
1

N
LME(D) + λ · 1

N
Ltrajectory(D),

(9)

where λ is a weighting hyperparameter that controls
the trade-off between the two likelihoods. The train-
ing algorithm can be found in Appendix E.4.
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4. Experiments

4.1. Experimental setup

Datasets. We use five datasets to test the effec-
tiveness of our method. Table 7 in Appendix E sum-
marizes the dataset statistics, and Appendix E.1 con-
tains details of preprocessing steps, and flow charts of
event trajectories. These datasets cover single-event,
competing-risks and multi-event settings.

Baselines. We compare 11 baseline survival mod-
els: Cox proportional hazards (CoxPH) (Cox, 1972),
CoxNet (Simon et al., 2011), Weibull AFT (Klein
and Moeschberger, 2006), GBSA (Ridgeway, 1999),
RSF (Ishwaran et al., 2008), NFG4 (Jeanselme et al.,
2023), DeepSurv (Katzman et al., 2018), Deep-
Hit (Lee et al., 2018), Hierarchical (Tjandra et al.,
2021), MTLR (Yu et al., 2011; Kim et al., 2021), and
DSM (Nagpal et al., 2021). Appendix E.2 provides
implementation details.

Hyperparameters. To ensure a fair comparison,
all models – including baselines – were tuned using
Bayesian optimization (Snoek et al., 2012) over ten it-
erations. For each model and dataset, we selected the
hyperparameters that achieved the highest Harrell’s
C-index (Harrell Jr et al., 1996) on the validation set.
Appendix E.3 lists the chosen parameters.

Evaluation metrics. To evaluate the discrim-
ination performance, we report the global C-index
(CIG) (Tjandra et al., 2021), which measures how
well the model can discriminate instances within an
event, and the local C-index (CIL) (Tjandra et al.,
2021), which measures how well the model can dis-
criminate events within an instance, and the time-
dependent AUC, which measures discrimination at a
fixed time point. We calculate the AUC by comput-
ing it at the 25th, 50th, and 75th percentiles of ob-
served event times in the test set and then averaging
these values. To evaluate calibration performance, we
report the mean absolute error (MAE) using a mar-
gin loss (mMAE) (Haider et al., 2020), the integrated
Brier score (IBS) (Graf et al., 1999) and the distribu-
tion calibration (D-calibration) score (Haider et al.,
2020). Appendix D gives more details on the metrics.

4.2. Implementation details

Following recent literature (Katzman et al., 2018;
Nagpal et al., 2021; Lillelund et al., 2025), we use a

4. The Neural Fine Gray (NFG) model is used exclusively for
the competing-risks experiments, see Appendix G.2.

multilayer perceptron (MLP) for the backbone net-
work architecture. This transforms the raw input
features into a learned representation, which is then
used to parameterize the Weibull distributions. On
top of this shared representation, we add small state-
specific MLPs to fine-tune representations for each
prediction task. We use a single hidden layer, the
ReLU6 activation function for the MLP, and a mix-
ture of Ψ Weibull distributions. Adam is utilized for
optimization (Kingma and Ba, 2017). Our model is
implemented in Pytorch (Paszke et al., 2019). See
Appendix E.4 for further details.

In each of 10 experiments, we follow Sechidis et al.
(2011) and split each dataset into stratified training
(70%), validation (10%), and test (20%) sets with
random seeds 0–9. After splitting, we impute missing
values using the sample mean for continuous covari-
ates and the mode for categorical covariates, based
on the training set. We apply a z-score normaliza-
tion to numerical features and encode categorical fea-
tures using one-hot encoding. We train MENSA with
early stopping on the validation set with a patience
of 20 epochs. Concerning reporting, results are first
computed separately for each random seed and event.
Metrics are then averaged across events within each
seed, producing one value per seed per model–dataset
combination. We report the mean and standard de-
viation of these per-seed averages.

4.3. Results and takeaways

Here, we report results on the multi-event datasets.
Concerning the single-event and competing-risks set-
tings, these results are presented in Appendix G.

Overall performance. Table 2 presents the dis-
crimination results of our proposed model and ex-
isting baselines on four multi-event datasets. Models
marked with † in the tables are significantly and prac-
tically worse than MENSA (details of the statistical
testing and minimum effect of interest (MEI) thresh-
olds are provided in Appendix F). Overall, MENSA
outperforms many deep learning baselines in dis-
crimination tasks across multiple datasets and per-
forms comparably to strong tree-based methods such
as GBSA and RSF. Unlike DeepHit or Hierarchical,
MENSA avoids unstable behavior (large variance or
metric collapse). For these multi-event datasets, we
also assess local discrimination performance using the
local C-index, which captures the accuracy of within-
patient event orderings and reflects the added value
of a multi-event model. In cases where MENSA out-
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Table 2: Discrimination performance (mean ± SD.) between different models on multi-event benchmark
datasets, averaged over 10 experiments. For all metrics, higher (↑) is better. Model types are abbreviated
as SE = single event, CR = competing risks, and ME = multiple events. Bold indicates the top-3 models. †
indicates models that are significantly and practically worse than MENSA, according to paired t-tests with
Holm correction (α = 0.05) and a minimum effect of interest (MEI) threshold of 1.0.

Model Type
MIMIC-IV (K = 3) Rotterdam (K = 3) PRO-ACT (K = 4) EBMT (K = 5)

CIG CIL AUC CIG CIL AUC CIG CIL AUC CIG CIL AUC

CoxPH SE 70.9±0.52 90.3±0.48 74.3±0.71 69.7±1.16 83.6±2.09† 75.1±1.48 70.6±0.47 76.5±0.55 76.7±0.91 54.9±1.04 66.3±1.16† 54.6±1.10

CoxNet SE 71.0±0.53 90.4±0.45 74.4±0.71 69.8±1.16 83.8±2.05† 75.1±1.49 70.6±0.46 76.5±0.57 76.7±0.89 55.1±1.12 67.2±1.13† 54.5±1.17

Weibull SE 71.2±0.54 90.8±0.43 74.8±0.70 69.7±1.18 87.9±1.99† 75.1±1.45 70.7±0.49 77.1±0.57 76.7±0.90 54.9±1.36 68.0±0.97 54.2±1.35

GBSA SE 71.9±0.43 91.4±0.51 75.2±0.53 75.3±1.62 90.5±1.05 71.2±2.02† 72.0±0.31 75.6±0.66 77.6±0.44 55.3±0.93 67.2±0.82† 55.4±1.26

RSF SE 69.1±0.48† 90.8±0.40 74.6±0.56 70.7±1.15 84.9±2.19† 77.3±1.74 71.1±0.51 75.6±0.83 77.5±0.60 55.0±0.75 64.6±0.92† 55.6±1.07

MTLR SE 70.2±0.50† 88.3±0.95† 74.4±0.71 69.8±1.16 82.8±2.37† 75.7±1.85 70.7±0.53 76.5±0.53 77.4±0.83 53.6±1.04 61.6±2.38† 55.4±1.19

DeepSurv SE 71.8±0.55 89.9±0.49 75.8±0.68 70.0±1.24 84.6±2.93† 75.4±1.75 71.0±0.59 76.0±0.57 76.7±1.00 55.1±1.02 67.6±0.82 54.9±1.22

DeepHit CR 70.9±0.75 63.1±9.74† 75.1±0.94 66.5±1.09† 90.2±1.03 74.2±1.50 64.9±1.15† 65.3±3.35† 73.4±0.73† 52.4±1.29† 60.4±2.76† 55.2±1.46

DSM CR 70.5±0.60 88.1±1.37† 74.5±0.83 70.6±1.26 86.0±2.81† 76.4±1.68 70.8±0.68 76.0±0.68 77.4±0.76 54.8±1.00 68.0±0.99 55.3±1.36

Hierarch. ME 65.2±1.67† 85.3±1.73† 48.7±0.51† 67.8±2.06 55.7±8.11† 50.0±0.05† 70.8±0.60 73.6±1.42† 57.3±0.89† 54.7±1.33 44.5±1.12† 53.5±1.03†
MENSA (Ours) ME 71.4±0.29 90.3±0.54 75.2±0.41 69.4±1.20 90.1±1.55 73.8±2.31 70.8±0.45 76.4±0.61 77.2±0.60 55.1±1.37 68.8±0.66 55.7±1.62

Table 3: Calibration performance (mean ± SD.) between different models on four multi-event benchmark
datasets, averaged over 10 experiments. For IBS and mMAE, lower (↓) is better. For D-calibration, higher
(↑) is better. D-calibration counts the number of experiments in which the respective model was D-calibrated.
Bold indicates the top-3 models. † indicates models that are significantly and practically worse than MENSA,
based on paired t-tests with Holm correction (α = 0.05) and a predefined MEI of 1.0 for IBS and mMAE.

Model Type
MIMIC-IV (K = 3) Rotterdam (K = 3) PRO-ACT (K = 4) EBMT (K = 5)

IBS mMAE D-Cal IBS mMAE D-Cal IBS mMAE D-Cal IBS mMAE D-Cal

CoxPH SE 15.3±0.51 10.8±5.77 30/30 19.6±1.53 23.2±1.15† 20/20 16.6±0.39 129.0±3.31† 36/40 20.4±0.68 48.6±0.71 49/50
CoxNet SE 15.3±0.52 8.6±0.16 30/30 19.6±1.54 23.0±1.11 20/20 16.6±0.40 128.6±3.23† 36/40 20.3±0.68 48.3±0.70 49/50
Weibull SE 15.6±0.42 11.3±0.14† 30/30 19.2±1.64 23.1±0.78 15/20 16.7±0.35 220.7±11.24† 36/40 20.1±0.98 59.4±0.86 18/50
GBSA SE 16.7±0.63† 6.9±0.07 29/30 19.3±1.44 24.1±0.74† 20/20 16.7±0.42 120.8±2.14 35/40 20.4±0.75 44.7±0.44 50/50
RSF SE 16.6±0.49† 7.5±0.08 27/30 18.6±1.29 22.6±1.05 18/20 16.3±0.41 170.1±22.18† 39/40 18.9±1.25 68.9±1.00 50/50
MTLR SE 14.9±0.52 9.7±0.15† 30/30 18.1±1.65 23.0±0.72 19/20 16.4±0.42 126.3±4.56 40/40 18.9±1.25 68.9±1.00† 50/50
DeepSurv SE 14.9±0.51 9.1±0.22 30/30 19.4±1.47 22.7±1.02 18/20 16.3±0.42 139.1±5.27† 37/40 20.5±0.73 45.8±0.63 49/50
DeepHit CR 32.7±0.98† 20.0±0.31† 0/30 21.4±2.64† 27.3±0.79† 18/20 25.6±1.21† 196.5±4.00† 0/40 21.1±3.99 74.3±0.84† 50/50
DSM CR 16.0±0.47† 17.0±1.92† 22/30 18.3±1.54 23.2±0.76† 15/20 16.5±0.35 231.5±15.51† 38/40 20.7±1.46 59.6±0.82 17/50
Hierarch. ME 51.0±1.16† 101.9±233.61† 0/30 56.0±5.09† 43.5±0.76† 0/20 53.9±1.86† 280.5±5.47† 0/40 71.8±7.84† 92.2±0.80† 0/50
MENSA (Ours) ME 15.1±0.59 8.3±0.09 21/30 18.8±1.59 22.6±0.68 18/20 16.6±0.41 124.1±2.14 39/40 22.0±2.33 63.1±2.88 10/50
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Ψ=1: CIG=75.4, IBS=15.5, mMAE=216.8
Ψ=3: CIG=75.1, IBS=15.4, mMAE=128.3
Ψ=5: CIG=74.8, IBS=15.5, mMAE=131.9
Ψ=7: CIG=74.7, IBS=15.8, mMAE=115.0

Ψ=1: CIG=76.4, IBS=13.6, mMAE=259.4
Ψ=3: CIG=76.5, IBS=13.2, mMAE=97.8
Ψ=5: CIG=75.8, IBS=13.5, mMAE=94.4
Ψ=7: CIG=75.9, IBS=13.6, mMAE=92.6

Ψ=1: CIG=69.6, IBS=17.7, mMAE=129.9
Ψ=3: CIG=69.3, IBS=17.4, mMAE=127.8
Ψ=5: CIG=69.7, IBS=17.5, mMAE=128.5
Ψ=7: CIG=68.5, IBS=17.9, mMAE=128.8

Ψ=1: CIG=71.5, IBS=18.1, mMAE=139.1
Ψ=3: CIG=71.6, IBS=18.2, mMAE=138.0
Ψ=5: CIG=71.2, IBS=18.5, mMAE=140.5
Ψ=7: CIG=70.7, IBS=18.7, mMAE=139.9

Figure 3: Population-level summaries of predicted survival functions across the PRO-ACT test set for each
event. Each panel shows the median expected survival E[SE(t)] with narrow (40–60th percentile) variability
bands. Different colors correspond to MENSA models trained with varying numbers of Weibull distributions
Ψ ∈ {1, 3, 5, 7}. The inset boxes report event-specific performance metrics (Global C-index, IBS, mMAE).

performs the baselines in local C-index, we attribute
the improvement to its multi-state architecture and

trajectory-based likelihood term. Table 3 summarizes
calibration performance. MENSA maintains low IBS
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Table 4: Ablation study comparing joint vs. independent training of MENSA on two multi-event datasets.
Results are averaged over 10 experiments, with changes shown relative (%) to the baseline.

Dataset Training CIG CIL AUC IBS mMAE D-Cal

Rotterdam
Joint 69.45±1.25 90.24±1.36 73.88±2.33 18.78±1.59 22.62±0.71 18/20
Indep. 69.82±1.31 (+0.53) 87.81±1.74 (-2.69) 74.57±2.10 (+0.93) 18.84±1.67 (+0.32) 22.48±0.67 (-0.63) 20/20

PRO-ACT
Joint 70.87±0.50 76.07±0.51 77.12±1.20 16.60±0.52 124.37±3.44 36/40
Indep. 70.98±0.64 (+0.15) 75.92±0.88 (-0.19) 77.29±0.75 (+0.23) 16.54±0.42 (-0.34) 122.78±2.33 (-1.27) 38/40

Table 5: Ablation study comparing training MENSA with/without the trajectory likelihood on two multi-
event datasets. Results are averaged over 10 experiments, with changes shown relative (%) to the baseline.

Dataset Ltrajectory CIG CIL AUC IBS mMAE D-Cal

Rotterdam
With 69.45±1.25 90.24±1.36 73.88±2.33 18.78±1.59 22.62±0.71 18/20
Without 69.54±1.22 (+0.13) 89.94±1.45 (-0.34) 74.16±2.09 (+0.38) 18.79±1.72 (+0.09) 22.58±0.71 (-0.18) 18/20

EBMT
With 55.26±1.24 68.73±0.56 55.66±1.47 22.13±2.30 62.98±2.97 9/50
Without 54.93±1.15 (-0.6) 68.39±0.56 (-0.5) 55.53±1.43 (-0.24) 22.36±2.59 (+1.04) 63.76±3.90 (+1.25) 14/50

and mMAE – often close to or better than classical
survival methods (e.g., CoxPH, RSF) – and exhibits
comparable D-calibration to other deep learning vari-
ants (e.g., DeepSurv and DSM). Compared to the
Hierarchical model, our approach demonstrates con-
sistently superior performance across all datasets.

Impact of number of distributions. Using
functional decline prediction in patients with amy-
otrophic lateral sclerosis (ALS) as a test case (PRO-
ACT dataset; four events: Speaking, Swallowing,
Handwriting, and Walking ; see Appendix E.1), we
train MENSA to estimate event-specific population
survival curves. Each curve represents the median
survival (i.e., event) probability E[SE(t)] across all
N = 670 patients under a given mixture configuration
Ψ. Setting Ψ = 1 means that a single distribution
models the time-to-event distribution for each event.
Increasing Ψ introduces additional distributions, al-
lowing the model to represent more complex and non-
proportional risk structures. As shown in Figure 3,
higher mixture complexity shifts the population sur-
vival downward across all events by the end of follow-
up (about 500 days), reflecting a more pessimistic
risk estimate. Quantitatively, this added flexibil-
ity lowers prediction error (mMAE: 183→118 days)
and slightly improves calibration (IBS: 0.158→0.155)
while maintaining stable discrimination (Global CI:
≈0.73). These results suggest that moderate mixture
complexity (Ψ ≈ 3 − 5) better captures disease pro-
gression in ALS without overfitting, improving time-
to-event accuracy at the population level.

Computational analysis. We analyze the com-
putational complexity of our method and several deep

baselines5. For fairness, we configure all models with
a default architecture (see Appendix E.3). The full
results are presented in Appendix H. In the multi-
event setting, all baselines (except the Hierarchical
model) must be trained K times, whereas MENSA
handles all events in a single forward pass. On a
(hypothetical) dataset with 100 features and four
events, MENSA requires 1.4× fewer parameters than
DeepSurv, 2.5× fewer than DeepHit, 3.2× fewer than
MTLR, 1.5× fewer than DSM, and 13× fewer than
the Hierarchical model. Reductions in FLOP follow
a similar trend, ranging from 1.5× (DeepSurv, DSM)
and 2.5× (DeepHit) to 5.7× (MTLR) and 13× (Hi-
erarchical).

Ablation studies. We perform two ablation stud-
ies evaluating (1) joint versus independent training,
and (2) the trajectory-based likelihood term. Table 4
shows the results for training events jointly. Here,
jointly refers to learning all event-specific parameters
within a single shared architecture. We see in both
datasets that the global metrics (e.g., global C-index,
AUC and mMAE) increase slightly when training in-
dependently, but the local C-index (within-patient
event ordering) drops significantly in Rotterdam (-
2.69% decrease) and PRO-ACT (-0.19% decrease).
Table 5 presents the results for the trajectory term.
In Rotterdam, it improves the local C-index with only
small shifts in the global C-index, AUC and mMAE.
In EBMT, the trajectory term consistently improves
performance.

5. We report computational metrics only for the deep learning
models; FLOPs and parameter counts are not well-defined
or directly comparable for classical methods.
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5. Discussion

5.1. Limitations

This work has limitations. First, MENSA assumes
conditionally independent censoring, which may be
violated if relevant covariates that influence both cen-
soring and event times are unobserved. Second, as
a parametric model, MENSA relies on predefined
event-time distributions. While this choice enhances
interpretability and stability, it can reduce flexibil-
ity and require larger datasets for reliable parameter
estimation. In contrast, semiparametric approaches
such as CoxPH and DeepSurv make fewer distribu-
tional assumptions and can sometimes generalize bet-
ter in small-sample settings. Third, the current im-
plementation of MENSA is limited to static baseline
covariates and does not yet incorporate time-varying
covariates or longitudinal measurements, which are
common in many clinical applications.

5.2. Application

MENSA provides particular value in clinical contexts
where the local ordering of events is most relevant.
For example, in the PRO-ACT dataset, the goal is to
predict the time to different types of functional de-
cline in ALS patients as measured by the ALSFRS-R
scale (see Appendix E.1). A model with a high local
C-index can accurately rank event occurrences within
a single patient, enabling clinically meaningful ques-
tions such as: Which physical functions am I likely
to lose first, and in what order? This prioritization
of local ordering is especially useful in neurodegener-
ative diseases like ALS, where functional decline fol-
lows distinct trajectories. Prior studies have shown,
for instance, that bulbar-onset ALS typically affects
speech functionality before gait and walking abil-
ity (Feldman et al., 2022). Beyond ALS, multi-event
modeling is crucial in many diseases where multiple
outcomes unfold over time. In chronic heart failure,
for example, patients may experience repeated hospi-
talizations, arrhythmic events, and eventual cardiac
death, each with complex temporal dependencies.
In oncology (e.g., the SEER cohort), treatment re-
sponse, relapse, and metastasis form interdependent
event pathways that conventional single-event mod-
els cannot adequately capture. Similarly, in hema-
tologic and transplant settings (e.g., the EBMT co-
hort), graft-versus-host disease, relapse, and non-
relapse mortality compete and co-occur, requiring
models that jointly estimate their risks.

Regarding interpretability, practitioners can ex-
tract feature importances for each event-specific pre-
diction. Model-agnostic methods tailored to survival
analysis, such as SurvLIME (Kovalev et al., 2020)
and SurvSHAP (Krzyziński et al., 2023), can be ap-
plied to MENSA’s event-specific outputs to quantify
the contribution of individual covariates to each pre-
dicted event time.

5.3. Conclusion

We have presented MENSA, a new method for multi-
event survival analysis. MENSA jointly learns flex-
ible time-to-event distributions for multiple events,
which may be competing or co-occurring. Across
four multi-event survival datasets, MENSA demon-
strated solid discrimination and calibration perfor-
mance, outperforming many deep learning base-
lines while remaining computationally efficient in the
multi-event setting. Compared to the Hierarchical
survival model – the main existing deep learning ap-
proach for multi-event survival analysis – MENSA
achieved superior results across all evaluation met-
rics. Ablation studies further showed that training all
events within a shared architecture improves within-
patient event ordering, as reflected by higher local C-
index values, and that the proposed trajectory-based
likelihood term further enhances this metric.
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Appendix A. Notation

Table 6 provides a list of notations used in this work.

Table 6: Table of notation.

Symbol Definition

c
(i)
p Censoring time for instance i in state p

e
(i)
p True event/transition time for instance i in state p

t
(i)
p Observed time for instance i in state p: min(e

(i)
p , c

(i)
p )

δ
(i)
p Event indicator: δ

(i)
p = 1[e

(i)
p ≤ c(i)p ]

D A time-to-event dataset
N Number of individuals/instances in a dataset
d Number of features/covariates in a dataset
x(i) Covariate vector for instance i, x(i) ∈ Rd
h0(t) Baseline hazard function
h(t | x(i)) Hazard function given covariates x(i)

K ∈ N+ Number of distinct events
P ∈ N+ Number of distinct states
K Set of possible events, |K| = K
P Set of possible states, |P| = P
T Set of event trajectories over K
L Loss/objective function used during training
L Number of training epochs
κ Learning rate for optimization
λ Weighting hyperparameter for the trajectory loss
Ψ ∈ N+ Number of mixture distributions
G(t) ∈ P Latent state process (e.g., Markov process) over state space P
f(θ,x(i)) Risk or output function given parameters θ and input x(i)

SE(t) Event survival function: SE(t) = Pr(TE > t)
fE(t) Event density function: fE(t) = d

dt (1− SE(t))
FE(t) Event cumulative distribution function: FE(t) = 1− SE(t)

Appendix B. Multi-state analysis

Single event. Survival analysis typically models the time until a single event takes place (Gareth et al.,
2021, Ch. 11). We can represent such problems using a two-state model, as in Figure 4.

Alive Dead
0 1

Figure 4: A single-event model with a single transition function.

In this simplest case, there is one transient state (0, e.g., “alive”) and one absorbing state (1, e.g.,
“dead”). Once an instance enters an absorbing state, no further transitions are possible. The observation
for a given instance will in the simplest form consist of a random variable, TE , representing the time
from a given origin (t = 0) to the occurrence of the event. The distribution of TE can be characterized
by the probability distribution function FE(t) = Pr(TE ≤ t) or, equivalently, by the survival function
SE(t) = 1 − FE(t) = Pr(TE > t). Note that SE(t) and FE(t), respectively, correspond to the probabilities
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of being in state 0 or 1 at time t. In continuous time, the distribution of TE is commonly characterized by
the hazard rate function:

hE(t) = −d logSE(t)/dt = lim
∆t→0

Pr(t < TE ≤ t+ ∆t|TE > t)

∆t
, (10)

where SE(t) is the survival function:

SE(t) = exp

(
−
∫ t

0

hE(u) du

)
. (11)

Here, hE(t) is the transition intensity from state 0 to 1, i.e., the instantaneous risk of going from state
0 to state 1 at time t. We can extend this framework to multiple state transitions using marked point
processes (Andersen and Keiding, 2002). Let G(t), t ∈ T, T = [0, tmax] denote a stochastic process with
a finite state space P = {0, ..., P − 1} and with right-continuous sample paths: G(t+) = G(t). The process
has an initial distribution πp(0) = [Pr(G(0) = p) | p ∈ P]. A multi-state process G(·) generates a history Gt,
which consists of observations of the process in the interval [0, tmax] – e.g., the patient is healthy at the start
of the study (G0), but becomes ill 10 days in (G10), before the study terminates after 100 days (tmax = 100).
Given this history, we can define the so-called transition probabilities between two distinct events by:

Prp→q(s, t) = Pr(G(t) = q | G(s) = p,Gs−), (12)

for p, q ∈ P, s, t ∈ T, s ≤ t and transition intensities by the derivatives, assuming such exist:

hp→q(t) = lim
∆t→0

Prp→q(t, t+ ∆t)

∆t
. (13)

Some transition intensities may be zero for all t between two states, i.e., hp→q(t) = 0 ∀ t and ∀ p, q ∈ P.
A state p ∈ P is absorbing if, for all t ∈ T, p ∈ P, p ̸= q, hp→q(t) = 0; otherwise p is transient. The state
probabilities πp(t) = Pr(G(t) = p) are given by:

πp(t) =
∑

q∈P
πq(0) Prq→p(0, t). (14)

Note that Prp→q(·, ·) and hp→q(·) depend on both the probability measure Pr(·), and on the history.
Competing risks. In competing risks, multiple events (i.e., absorbing states) exist, but only one event

of k = 1, . . . ,K different types can occur for each instance, illustrated in Figure 5.

Alive
0

Dead cause 2

Dead cause 1
1

2

Figure 5: A competing-risks model for mortality from two causes.

In our multi-state framework, a competing-risks model has one transient state, aka state 0, and a number
of absorbing states. Entering an absorbing state corresponds to experiencing event k, for k ∈ {1, . . . ,K}.
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Thus, we have P total states and K = P − 1 events. In this model, if an instance is censored before
experiencing any events, it simply remained in the transient state and is thus event-free. Using our state
notation, the transition intensities hp(t) for p ∈ {1, . . . , P −1} are given by the cause-specific hazard function
(omitting state 0):

hp(t) = lim
∆t→0

Pr(Transition to state p at t+ ∆t | Tp ≥ t)
∆t

, (15)

where Tp is the random variable corresponding to the time of the transition to state p. There are only edges
originating from state 0, the only transient state of the model, i.e., hp→q(t) = 0 for all p ̸= 0 and all q. The
transition probabilities are given by the survival function:

Pr0→0(0, t) = S0(t) = Pr(T0 > t) = exp

(
−
∫ t

0

P−1∑

p=1

hp(u) du

)
, (16)

and the cumulative incidence function (CIF) for transitioning from state 0 to any state p ̸= 0:

Pr0→p(0, t) =

∫ t

0

S0(u−)hp(u) du, p = 1, . . . , P − 1. (17)

Multiple events. In multi-event scenarios, we can observe multiple transitions (events) for each instance
i, thus the transitions (or event occurrences) are not necessarily mutually exclusive, as in Figure 6.

0 B

A AB

Figure 6: A multi-event model describing the joint behavior of A and B.

Such a model can, for example, describe the joint behavior of two events A and B; if h0B = hA,AB but
h0A ̸= hB,AB , A is called locally dependent on B but B is not locally dependent on A. The temporal ordering
of events enables an asymmetric notion of dependence, providing more information for causal inference than
the symmetric association concepts used in cross-sectional studies.

Appendix C. Survival likelihood

In the standard survival analysis setting, considering a single event of interest, we define the survival time
TE and censoring time TC as follows:

TE = t(i) and TC ≥ t(i) if δ(i) = 1,

TE > t(i) and TC = t(i) if δ(i) = 0.

Combining these cases, the likelihood for the i-th observation is:

L(i) = Pr(TE = t(i), TC ≥ t(i) | x(i))δ
(i)

Pr(TE ≥ t(i), TC = t(i) | x(i))1−δ(i) (18)
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Under the assumption of independent censoring (Emura and Chen, 2018), we have:

L(i) =
[
Pr(TE = t(i) | x(i)) Pr(TC ≥ t(i) | x(i))

]δ(i) [
Pr(TE ≥ t(i) | x(i)) Pr(TC = t(i) | x(i))

]1−δ(i)

=
[
fE(t(i) | x(i))SC(t(i) | x(i))

]δ(i) [
SE(t(i) | x(i)) fC(t(i) | x(i))

]1−δ(i)

=
[
fE(t(i) | x(i))δ(i)SE(t(i) | x(i))1−δ(i)

] [
fC(t(i) | x(i))1−δ(i)SC(t(i) | x(i))δ(i)

]
(19)

where SE(t | x(i)) = Pr(TE ≥ t | x(i)), fE(t | x(i)) = −dSE(t | x(i))/dt, SC(t | x(i)) = Pr(TC ≥ t | x(i)),
and fC(t | x(i)) = −dSC(t | x(i))/dt. Under the non-informative censoring assumption, the term fC(t(i) |
x(i))1−δ

(i)

SC(t(i) | x(i))δ(i) is unrelated to the likelihood for the event times and can simply be ignored (Emura
and Chen, 2018). Therefore, the likelihood function can be written as:

L =
N∏

i=1

fE(t(i) | x(i))δ
(i)

SE(t(i) | x(i))1−δ
(i)

, (20)

where fE(t(i) | x(i)) is the density function of the event time and SE(t(i) | x(i)) is the survival function of the
event time. Note how the censoring terms fC(t(i)) and SC(t(i)) are absent in (20). If the event is observed,
the likelihood contribution is the probability density of the event occurring at that time. If the observation is
censored, the likelihood contribution is the probability of surviving beyond that time. The overall likelihood
is the product of these contributions across all instances.

Appendix D. Evaluation metrics

Harrell’s C-index: The concordance index (C-index or CI) measures the discriminative performance of
a survival model by calculating the proportion of concordant pairs among all comparable pairs. A pair is
considered comparable if we can determine who has the event first. It is defined as (Harrell Jr et al., 1996):

C-index =

∑
i,j∈D 1[t(i) < t(j)] · 1[η(i) > η(j)] · δ(i)

∑
i,j∈D 1[t(i) < t(j)] · δ(i) (21)

where η(i) and η(j) represent risk scores for individuals i and j, respectively.
Global C-index: The global C-index is computed by averaging C-index scores across multiple instances

for each event, and was proposed by Tjandra et al. (2021). It thus provides an overall measure of a model’s
discriminative performance in multiple events scenarios. This metric evaluates global consistency, i.e., how
well does the model discriminate instances within an event. It is defined as:

Global C-index =

∑
k∈K

∑
i,j∈Dk

1[t(i) < t(j)] · 1[η(i) > η(j)] · δ(i)
∑
k∈K

∑
i,j∈Dk

1[t(i) < t(j)] · δ(i) , (22)

where K represents the set of all distinct events, and the index k corresponds to the k-th specific event.
Local C-index: The local C-index is computed by averaging C-index scores across multiple events for

each instance, and was proposed by Tjandra et al. (2021). This metric evaluates local consistency, i.e., how
well does the model discriminate events within an individual. It is defined as:

Local C-index =

∑
i∈N

∑
k1,k2∈K(i) 1[tk1 < tk2 ] · 1[ηk1 > ηk2 ] · δk1∑
i∈N

∑
k1,k2∈K(i) 1[tk1 < tk2 ] · δk1

, (23)

where K(i) represents the set of all K different events for instance i, and ηk1 and ηk2 denote the risk scores
associated with the two events, respectively.
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Figure 7: Global and local consistency. Red/blue lines represent survival functions S1(t) and S2(t) for event
1 and 2, respectively. Solid/dashed lines represent individuals i = 1, 2, respectively. Top-left: globally
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Figure 7 shows a visual example of global and local consistency with respect to the survival function. Global
consistency is satisfied between instances if the instance-specific curves align with the observed events. Local
consistency is satisfied within an instance if the event-specific curves align with the observed events.

BS/IBS: The Brier Score (BS) is defined as the mean squared difference between the predicted survival
curve and the Heaviside step function of the observed event. The integrated Brier Score (Graf et al.,
1999) (IBS) aggregates the Brier Scores across multiple time points to provide a single measure of model
performance. We use inverse probability weighting (IPCW) to handle censored events. The BS is defined
as:

BS(t∗) =
1

N

∑

i∈D

[
S(t∗ | x(i))2 · 1[t(i) ≤ t∗, δ(i) = 1]

SC(t(i))
+

(1− S(t∗ | x(i)))2 · 1[t(i) > t∗]

SC(t∗)

]
, (24)

which is the mean square error between observed survival status and survival probability at time t∗, and
SC(t∗) is the non-censoring probability at time t∗. The IBS is defined as:

IBS =
1

N

∑

i∈D

1

tmax
·
∫ tmax

0

BS(t) dt, (25)

where tmax is the maximum observed time.

MAE: The mean absolute error (MAE) is the absolute difference between the predicted and actual survival
times. Given an individual survival distribution, S(t | xi) = Pr(T > t | xi), we calculate the predicted
survival time t̂(i) using the median time of the predicted survival distribution (Qi et al., 2023b):

t̂(i) = median (S(t | xi)) = S−1(τ = 0.5 | xi), (26)

MAE (t̂i, ti, δi = 1) = | ti − t̂i |. (27)
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For censored individuals, we calculate the marginal MAE (mMAE), as proposed by Haider et al. (2020):

mMAE =
1

∑N
i=1 ω

(i)

N∑

i=1

ω(i)
∣∣∣[(1− δ(i)) · em(t(i)) + δ(i) · t(i)]− t̂(i)

∣∣∣ ,

where em(t(i)) =

{
t(i) +

∫ ∞
t(i)

SKM(t)dt

SKM(t) if δ(i) = 0

t(i) if δ(i) = 1
,

and ω(i) =

{
1− SKM(t(i)) if δ(i) = 0

1 if δ(i) = 1
. (28)

D-calibration: Distribution calibration (D-calibration) (Haider et al., 2020) measures the calibration
performance of S(t), expressing to what extent the predicted probabilities can be trusted. We assess this
using a Pearson’s chi-squared goodness-of-fit test. For any probability interval [a, b] ∈ [0, 1], we define
Dm(a, b) as the group of individuals in the dataset D whose predicted probability of event is in the interval
[a, b] (Qi et al., 2023a). A model is D-calibrated if the proportion of individuals |Dm(a, b)|/|D| is statistically
similar to the amount b − a. In the results, we count the number of times a model is D-calibrated (i.e.,
p > 0.05) for each event over 10 experiments.

Appendix E. Experimental details

E.1. Datasets and preprocessing

Table 7 shows an overview of the survival datasets used in this work.

Table 7: Overview of the raw datasets. Symbols indicate single-event (∗), competing-risks (†) or multi-event
(‡) task. Number of events (K) is denoted for the respective task. In SEER, “D”, “BC” and “HF” denote
the death event, death by breast cancer and death by heart failure. In MIMIC-IV, “A”, “S”, and “D”
denote the ARF, shock and death events. In Rotterdam, “R” denotes relapse and “D” denotes death. In
PRO-ACT, “SP”, “SW”, “HA” and “WA” denote the speech, swallowing, handwriting and walking events.
In EBMT, “R”, “AE”, “RAE”, “REL” and “D” denote the recovery, adverse events, recovery and adverse
events, relapse, and death events.

Dataset
#Instances

(N)
#Features

(d)
#Events

(K)
Max
t

Event distribution (%)

SEER∗† 19,246 17 1/2 121
D: 45.5

BC: 12.4, HF: 45.5

MIMIC-IV∗‡ 24,516 100 1/3 4,686
D: 37.2

A: 20.7, S: 19.2, D: 37.2

Rotterdam†‡ 2,982 10 2/3 7,043
R: 6.5, D: 50.9
R: 50.9, D: 42.7

PRO-ACT‡ 3,220 8 4 498
SP: 37.8, SW: 31.9,
HA: 50.3, WA: 60.6

EBMT‡ 2,279 6 5 6229
R: 34.4, AE: 39.8, RAE: 29,

REL: 16.2, D: 23.4

SEER: The U.S. Surveillance, Epidemiology, and End Results (SEER) dataset (Ries et al., 2003) is a
comprehensive collection of cancer patient data from approximately 49% of the U.S. population. It provides
information about survival times for cancer patients post-diagnosis. For the single-event case, we consider the
outcome of death due to breast cancer, and for the competing-risks case, we consider the outcomes of death
due to breast cancer and death due to heart failure, and consider other outcomes as censored. Concerning
preprocessing, we select a cohort of 19,246 newly-diagnosed patients (first year of disease) with 17 features,
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which include demographics and tumor characteristics. We use the raw feature “COD to site recode” to
extract the event indicator and apply some special value processing for some of the features, based on the
guideline provided by Wang and Sun (2022). For categorical features, missing values are imputed using the
mode, followed by one-hot encoding. The data is then standardized to ensure consistency in our analyses.
The SEER cohort is available for download at www.seer.cancer.gov.

MIMIC-IV: The Medical Information Mart for Intensive Care (MIMIC-IV) dataset by Johnson et al.
(2023) comprises electronic health records from patients admitted to intensive care units at the Beth Israel
Deaconess Medical Center in the U.S., covering the years from 2008 to 2019. For the single-event case, we
consider death since hospital admission and for the multi-event case, we consider the outcomes of acute res-
piratory failure (ARF), shock and death. Concerning preprocessing, we use the method described by Gupta
et al. (2022) to extract 1,672 static features from the dataset, for 26,236 patients whose ages are between
60 and 65 years. To refine our feature set, we apply the unicox feature selection method (Qi et al., 2022;
Simon et al., 2003), reducing the number of features to the 100 that appear to be the most relevant. In
the training set, we assessed the statistical significance of each feature by calculating the p-values using
lifelines’s (Davidson-Pilon, 2019) CoxPHFitter summary. The top 100 features with the smallest p-values
were selected. The final set of features is included in the source code. The MIMIC-IV v2.2 is available for
download at https://physionet.org/content/mimiciv/2.2/.

Rotterdam: The Rotterdam dataset (Royston and Altman, 2013) includes 2,982 primary breast cancer
patients from the Rotterdam tumor bank, with 1,546 having node-positive disease. The follow-up time ranged
from 1 to 231 months (median 107 months). The dataset has 10 features, which include demographics,
tumor characteristics, and treatment information. In the competing-risks case, we consider the outcome
of recurrence-free survival time (RFS), which is defined as the time from primary surgery to the earlier
of disease recurrence or death from any cause. In the multi-event case, we consider the time to death or
disease recurrence, where death censors disease recurrence, but disease recurrence does not censor death.
Figure 8 shows the event trajectories in the Rotterdam dataset. Concerning preprocessing, we converted
the categorical size groups (’≤ 20’, ’20-50’, ’> 50’) to their approximate median values (10, 35, and 75,
respectively). The Rotterdam dataset is available at https://rdrr.io/cran/survival/man/rotterdam.

html.

195 (6.5%)

(0) Primary
surgery

(1) Disease
recurrence

(2) Death

1518 (50.9%)

1077 (36.1%)

Figure 8: Event trajectories in the Rotterdam dataset (N=2,982).

PRO-ACT: The Pooled Resources Open-Access Clinical Trials (PRO-ACT)6 database by Atassi et al.
(2014) is the largest ALS dataset in the world, which includes patient demographics, lab and medical records
and family history of over 11,600 ALS patients, where ALS disease state is evaluated by the ALS functional
rating scale revised (ALSFRS-R) (Cedarbaum et al., 1999). The assessment contains 12 questions and a
maximum score of 48, each representing physical functionality, e.g., the ability to walk. Each ALSFRS-
R score is between 0 and 4, where 0 represents complete inability with regard to the function, and 4

6. Data used in the preparation of this article were obtained from the Pooled Resource Open-Access ALS Clinical Trials
(PRO-ACT) Database. The data available in the PRO-ACT Database have been volunteered by PRO-ACT Consortium
members.
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represents normal function. We use the ALSFRS-R scores to formulate four events: “Speech”, “Swallowing”,
“Handwriting” and “Walking”. We consider an event to have occurred if a patient scores 2 or lower on
the ALSFRS-R scale during any subsequent follow-up visitation following their baseline visitation. The
events can occur in any order and are not mutually exclusive. ALSFRS-R scores are generally monotonic
decreasing, but due to the subjectivity of the assessment, scores can occasionally increase post-baseline. We
use a maximum follow-up time of 500 days and exclude patients with no recorded history. The PRO-ACT
dataset is available for download at https://ncri1.partners.org/ProACT.

EBMT: The European Society for Blood and Marrow Transplantation (EBMT) dataset (Rossman et al.,
2022) consists of 2,279 patient records who underwent blood or marrow transplantation between 1985 and
1998. The dataset records survival times after transplantation for patients suffering from blood cancer. We
consider five events in our analysis: “Recovery” (Rec), “Adverse Event” (AE), a combination of both (AE
and Rec), “Relapse”, and “Death”. These events allowed us to evaluate their individual and combined effects
on patient prognosis. The dataset includes six features belonging to four baseline covariates: donor-recipient
match (where a gender mismatch is defined as a female donor and a male recipient), prophylaxis type, year
of transplant, and age at transplant. Concerning preprocessing, we encode the year of transplantation as
boolean variables indicating whether the transplant took place during 1990-1994 and 1995-1998, and we
classify the age at the transplantation into boolean variables indicating whether the age was less than 20,
between 20 and 40, or more than 40 years. The EBMT dataset is available in the PyMSM package at
https://github.com/hrossman/pymsm.

(0) Transplant

(1) Rec

785 (34.4%)

(2) AE

(3) AE & Rec

(4) Relapse (5) Death

907 (39.8%) 160 (7%)

227 (9.7%) 433 (19%)

95 (4.2%)

112 (4.9%)

39 (1.7%)

56 (2.5%) 197 (8.6%107 (4.7%)

137 (6%)

Figure 9: Event trajectories in the EBMT dataset (N=2,279).

E.2. Baselines models

CoxPH: The Cox Proportional Hazards model (CoxPH) is a widely used semiparametric model for survival
analysis (Cox, 1972). It assumes that the hazard function for an individual i with covariates x(i) can
be expressed as h

(
t|x(i)

)
= h0(t) exp

(
f
(
θ,x(i)

))
, where h0(t) is an unspecified baseline hazard function,

and f is typically a linear function f(θ,x(i)) = x(i)⊤θ producing a risk score. The key assumption of
CoxPH is that covariates have a multiplicative effect on the hazard and that this effect is constant over
time (i.e., proportional hazards). Model parameters θ are estimated by maximizing the Cox partial log-
likelihood, which does not require modeling h0(t) explicitly. The model is implemented from the scikit-
survival package (Pölsterl, 2020).

CoxNet: CoxNet is an extension of the Cox Proportional Hazards model that incorporates Elastic Net
regularization into the partial log-likelihood optimization (Simon et al., 2011). The hazard function retains
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the same form as in CoxPH, h
(
t|x(i)

)
= h0(t) exp

(
x(i)⊤θ

)
, but the parameter estimation adds a penalty term

ω
[
α∥θ∥1 + 1−α

2 ∥θ∥22
]
, where ω > 0 controls the overall strength of regularization, and α ∈ [0, 1] controls

the balance between L1 (lasso) and L2 (ridge) penalties. This approach enables feature selection (via L1)
while maintaining stability in the presence of multicollinearity (via L2), making it particularly effective in
high-dimensional settings. The model is implemented from the scikit-survival package (Pölsterl, 2020).

Weibull AFT: The Weibull Accelerated Failure Time (AFT) model is a parametric survival model in
which survival times are assumed to follow a Weibull distribution whose parameters depend on covariates. In
the absence of covariates, the scale parameter can be interpreted as the time at which 37% of the population
has experienced the event, while the shape parameter determines whether the cumulative hazard is convex
or concave, corresponding to accelerating or decelerating hazards. The cumulative hazard function has the
closed form H(t) = (t/β)η, where β > 0 is the scale parameter and η > 0 is the shape parameter. When
covariates x(i) are present, the scale parameter is modeled as β(i) = exp(−x(i)⊤θ) and, optionally, the shape
parameter may also depend on x(i). Model parameters are estimated by maximizing the full likelihood. The
model is implemented from the lifelines package (Davidson-Pilon, 2019).

GBSA: Gradient Boosted Survival Analysis (GBSA) (Ridgeway, 1999) is a shallow ensemble model that
extends gradient boosting methods to survival settings by optimizing a penalized version of the Cox partial
log-likelihood. Specifically, it employs an ℓ2-norm regularization to prevent overfitting and enhance general-
ization. Unlike classical gradient boosting, which typically updates a single weak learner or fits all features
to the negative gradient, GBSA uses an offset-based approach to flexibly update multiple candidate features
at each boosting iteration. This leads to more efficient gradient approximation and model convergence. The
model is implemented from the scikit-survival package (Pölsterl, 2020).

RSF: Random Survival Forests (RSF) (Ishwaran et al., 2008) adapt the random forest framework to
survival analysis by building an ensemble of survival trees, each trained on a bootstrap sample of the data.
Each tree recursively partitions the feature space using a survival-specific splitting criterion—typically the
log-rank test—to maximize differences in survival outcomes between child nodes. RSF naturally handles
nonlinear covariate effects and complex interactions, and it is well-suited for high-dimensional settings with-
out requiring strong parametric assumptions. Censoring is handled natively by the splitting criterion and
ensemble aggregation. The model is implemented from the scikit-survival package (Pölsterl, 2020).

NFG: Neural Fine-Gray (NFG) (Jeanselme et al., 2023) extends the classical sub-distribution hazard ap-
proach of Fine and Gray (1999) to a flexible neural-network framework for competing risks. The architecture
employs a shared embedding network for covariates, followed by separate monotonic neural networks that
directly model each instance’s CIF, ensuring non-decreasing behavior over time through weight constraints.
The CIFs are combined using a risk-balancing mechanism so that their sum remains less than or equal to one,
preserving a valid joint probability structure. Training maximizes the exact log-likelihood derived analyti-
cally from the CIFs via automatic differentiation, avoiding numerical integration. This formulation allows the
model to capture non-linear covariate effects and complex, risk-specific dynamics without assuming a para-
metric hazard form. The model is implemented from https://github.com/Jeanselme/NeuralFineGray.

DeepSurv: DeepSurv (Katzman et al., 2018) is a deep learning extension of the Cox Proportional Hazards
model that replaces the linear risk function with a nonlinear neural network. The individual hazard function
takes the form h

(
t|x(i)

)
= h0(t) exp

(
f
(
θ,x(i)

))
, where f(θ,x(i)) is a feedforward neural network that maps

covariates to a continuous risk score. The model is trained by numerically maximizing the Cox partial log-
likelihood with respect to the network parameters θ. By capturing nonlinear interactions among covariates,
DeepSurv can improve predictive performance over traditional Cox models in complex data settings. The
model is implemented from https://github.com/shi-ang/BNN-ISD/.

DeepHit: DeepHit (Lee et al., 2018) is a deep discrete-time model designed to handle competing risks,

where the occurrence of one event prevents the occurrence of another, as it assumes
∑tmax

t=1

∑K
k=1 pk[t] = 1,

where tmax ∈ N+ is the number of discrete time bins (the maximum discretized time index) in the prediction
horizon and K ∈ N+ is number of competing events (causes). DeepHit contains a shared covariate layer
among all events and cause-specific subnetworks for each competing event. The model outputs a probability
distribution for each discrete time bin and each competing event via a softmax layer. This architecture
allows DeepHit to estimate the joint distribution of survival times and events directly without making
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assumptions about the underlying stochastic process. It accounts for dependencies among events in θ but
not for individuals who experience no event by time T . The model is implemented from https://github.

com/chl8856/DeepHit.
Hierarchical: The hierarchical model (Tjandra et al., 2021) is a deep discrete-time survival model, de-

signed to handle multiple events by predicting event probabilities across multiple temporal granularities.
It begins with coarse-scale predictions (e.g., monthly) and progressively refines them into finer ones (e.g.,
daily), effectively decomposing long-horizon tasks into simpler intermediate steps. Formally, the model is
a multi-task network that takes input x and produces P̂ , a set of event-specific probability distributions
p̂k, computed hierarchically by subnetworks ϕk. At granularity m, the probability p̂km is derived from
both ψkm(Φ(x)) and the preceding level p̂k,m−1, enforcing top-down consistency. During training, a com-
posite likelihood with ranking penalties provides supervision across the event horizon, optimized only for
discriminative performance using Harrell’s C-index (Harrell Jr et al., 1996). The model is implemented from
https://github.com/MLD3/Hierarchical_Survival_Analysis.

MTLR: The Multi-Task Logistic Regression (MTLR) model (Yu et al., 2011) is a discrete-time survival
model that estimates the full survival distribution by training a sequence of dependent logistic regression
models—one for each discrete time interval. Unlike models that rely on hazard functions, MTLR directly
estimates the probability of survival at each time step, making it flexible and naturally suited for handling
censored data. The model captures temporal dependencies between intervals by sharing parameters across
the logistic regressors. MTLR has been extended to the competing-risk setting as Deep-CR MTLR (Kim
et al., 2021), which replaces the logistic regressors with neural networks to model nonlinear effects and inter-
event dependencies. MTLR is implemented from https://github.com/shi-ang/BNN-ISD/ and Deep-CR
MTLR is implemented from https://github.com/bhklab/aaai21_survival_prediction.

DSM: Deep Survival Machines (DSM) (Nagpal et al., 2021) is a deep continuous-time survival model that
estimates the survival function as a weighted mixture of k parametric survival distributions (e.g., Weibull or
LogNormal). Both the parameters of each distribution and their associated mixture weights are modeled as
nonlinear functions of the input covariates, using a shared multilayer perceptron (MLP). This mixture-based
formulation allows DSM to capture heterogeneity in the event-time distributions. The model is trained by
maximizing the likelihood of observed and censored data. The model is implemented from the auton-survival
package (Nagpal et al., 2022).

E.3. Hyperparameter settings

Tables 8-19 list the hyperparameter settings used for each model across all datasets. These values were
selected via Bayesian optimization (Snoek et al., 2012) over ten iterations, adopting the hyperparameters
leading to the highest Harrell’s C-index in the validation set (seed = 0). When applicable, early stopping
was used based on the validation loss. Note that the default configuration is used to evaluate computational
complexity only.

Table 8: Hyperparameters for CoxPH.

Hyperparameter Default SEER Rotterdam MIMIC-IV PRO-ACT EBMT

Ties method breslow breslow breslow breslow breslow breslow
Regularization 0 10 10 0.01 0 0.01
Iterations 100 200 100 500 500 100
Tolerance 1e-9 1e-5 1e-5 1e-7 1e-9 1e-5

Table 9: Hyperparameters for CoxNet.

Hyperparameter Default SEER Rotterdam MIMIC-IV PRO-ACT EBMT

Number of alphas 100 150 150 150 50 150
Alpha min ratio auto 0.0001 0.0001 0.0001 0.001 0.0001
L1 ratio 0.5 0.1 1 0.75 1 0.25
Tolerance 1e-7 1e-05 1e-7 1e-06 1e-7 1e-05
Max iterations 100000 100000 200000 100000 200000 200000
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Table 10: Hyperparameters for Weibull AFT.

Hyperparameter Default SEER Rotterdam MIMIC-IV PRO-ACT EBMT

Penalizer 0 0.001 0.0001 0.1 0.001 0
L1 Ratio 0 1 1 0 0.5 0

Table 11: Hyperparameters for GBSA.

Hyperparameter Default SEER Rotterdam MIMIC-IV PRO-ACT EBMT

Number of estimators 100 50 800 800 800 50
Learning rate 0.1 1 1 1 1 1
Max depth 1 10 1 10 10 3
Min samples split 10 2 5 10 10 2
Min samples leaf 5 10 5 1 10 1
Max features sqrt sqrt None sqrt None None
Dropout rate 0.0 0.5 0.5 0.5 0.5 0.25
Subsample 0.8 1.0 1.0 0.25 0.25 0.25

Table 12: Hyperparameters for RSF.

Hyperparameter Default SEER Rotterdam MIMIC-IV PRO-ACT EBMT

Number of estimators 100 500 200 200 500 1000
Max depth 1 10 5 5 5 10
Min samples split 10 2 5 10 10 2
Min samples leaf 5 10 5 1 10 1
Max features sqrt sqrt log2 log2 None log2

Table 13: Hyperparameters for NFG.

Hyperparameter Default SEER Rotterdam MIMIC-IV PRO-ACT EBMT

Layers [32] [64] [128] – – –
Activation ReLU ReLU ReLU – – –
Survival layers [32] [32] [32] – – –
Dropout 0.0 0.25 0.5 – – –
Optimizer Adam Adam Adam – – –
Multihead True True True – – –

Table 14: Hyperparameters for DeepSurv.

Hyperparameter Default SEER Rotterdam MIMIC-IV PRO-ACT EBMT

Hidden size 32 128 64 32 32 64
Learning rate 0.001 0.005 0.001 0.0005 0.005 0.005
Weight decay 0.01 0.01 0.1 0.01 0 0.1
Dropout rate 0.25 0 0.5 0 0 0.5
Epochs 1000 2000 2000 1000 2000 500
Early stopping True True True True True True
Patience 10 10 20 10 20 20

Table 15: Hyperparameters for DeepHit.

Hyperparameter Default SEER Rotterdam MIMIC-IV PRO-ACT EBMT

Shared layer nodes 32 16 16 32 64 64
Individual layer nodes 32 64 64 64 128 128
Dropout rate 0.25 0.25 0.25 0.5 0.1 0.1
Learning rate 0.001 0.0001 0.005 0.0001 0.0005 0.0005
Weight decay 0.01 0.1 0 0.1 0 0.01
Alpha 0.2 0.4 0.4 0 0 0.8
Sigma 0.1 0.5 0.05 0.1 0.1 0.1
Eta multiplier 0.8 1.0 1.0 1.0 0.5 1.0
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Table 16: Hyperparameters for Hierarchical.

Hyperparameter Default SEER Rotterdam MIMIC-IV PRO-ACT EBMT

Theta layer size [32] [50] [200] [200] [200] [50]
Fine bin layer size [32, 5] [50, 5] [100, 10] [150, 10] [150, 10] [100, 10]
Learning rate 0.001 0.0005 0.001 0.001 0.001 0.001
Regularization constant 0.01 0.01 0.01 0.01 0.01 0.01
Alpha 0.0001 1e-5 1e-5 0 0.0001 0.001
Sigma 10 10 5 20 5 5

Table 17: Hyperparameters for MTLR.

Hyperparameter Default SEER Rotterdam MIMIC-IV PRO-ACT EBMT

Learning rate 0.001 0.0001 0.001 0.0001 0.0001 0.0005
Weight decay 0.01 0.001 0.001 0.1 0 0.1
Dropout rate 0.25 0 0 0.1 0.1 0.25

Table 18: Hyperparameters for DSM.

Hyperparameter Default SEER Rotterdam MIMIC-IV PRO-ACT EBMT

Hidden layers 32 32 32 64 64 64
Learning rate 0.001 0.005 0.005 0.005 0.005 0.001
Iterations 10000 20000 10000 10000 10000 10000
Batch size 32 32 64 32 64 64
Number of dists. 3 5 1 5 5 1

Table 19: Hyperparameters for MENSA.

Hyperparameter Default SEER Rotterdam MIMIC-IV PRO-ACT EBMT

Hidden nodes 32 128 32 32 16 128
Learning rate 0.001 0.0005 0.001 0.001 0.0001 0.001
Weight decay 0.01 0.005 0.001 0.0001 0.001 0.0001
Dropout rate 0.25 0 0.25 0.25 0.1 0.1
Batch size 32 128 32 64 32 32
Number of distributions (Ψ) 1 3 3 1 3 3
Weighting parameter (λ) - - 0.25 - - 0.5

E.4. Implementation details

To train MENSA, we optimize the joint likelihood of event times and event trajectories using stochastic
gradient descent (SGD). The algorithm operates over mini-batches of survival data, computing both the
multi-event likelihood and the trajectory likelihood at each iteration, and updating the shared and event-
specific parameters accordingly. Algorithm 1 summarizes the training procedure, including initialization,
loss computation, and parameter updates over the training epochs. All experiments were run in Python 3.9
with PyTorch 1.13.1, NumPy 1.24.3, and Pandas 1.5.3 on a workstation with an Intel Core i9-10980XE (3.00
GHz), 64 GB RAM, and an NVIDIA RTX 3090 GPU (CUDA 11.7). All datasets are publicly available, and
the code for loading and preprocessing the datasets is provided in the source code repository.

Appendix F. Statistical and practical significance

To assess whether performance differences between MENSA and baseline models were statistically and
practically meaningful, we conducted paired tests across all datasets and metrics. For each dataset-metric
pair, we compared MENSA to every baseline model using per-seed results averaged across events.

Statistical testing. We performed two-sided paired t-tests using the per-seed metric values, treating
runs with the same random seed as paired observations. The resulting p-values were adjusted for multiple
comparisons using the Holm correction method (α = 0.05). Models whose adjusted p-values fell below the
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Algorithm 1 Training algorithm for MENSA.

1: Input: A survival dataset D of the form {(X(i), T
(i)
obs, δ

(i))}Ni=1;M: the model with initialized parameters

{Φθ, β̃, η̃, ζ, ξ, gθ}; T : list of trajectories; κ: learning rate; L: number of training epochs; λ: weighting
hyperparameter.

2: Result: M = {Φ̂θ, ˆ̃
β, ˆ̃η, ζ̂, ξ̂, ĝθ}: trained model parameters.

3: Initialization: M← Instantiate(M)
4: for i = 1, . . . , L do
5: [log f(Tobs), logS(Tobs)]←M(D) // log f and logS are N × P
6: LME ← −

∑
p∈P wp

[
δp log fp(Tobs) + (1− δp) logSp(Tobs)

]
// Multi-event loss

7: Ltrajectory ← 0
8: for each pair (A,B) ∈ T do

9: Ltrajectory +=
∑
i δ

(i)
A δ

(i)
B

[
− logSB(T

(i)
A )
]

// Accumulate trajectory loss
10: end for
11: Ltotal ← (1− λ) 1

NLME + λ 1
NLtrajectory // Weighted total loss

12: {Φ̂θ, ˆ̃
β, ˆ̃η, ξ̂, ζ̂, ĝθ}(i) ← SGD

(
{·}(i−1),∇Ltotal, κ

)
// Update step

13: end for
14: return M

threshold were considered significantly different from MENSA. The correction was applied independently for
each dataset–metric combination.

Practical significance. In addition to statistical testing, we required a minimum effect size of interest
(MEI) to ensure that reported differences were not only statistically significant but also practically mean-
ingful. For all discrimination (CIG, CIL, AUC) and calibration (IBS, mMAE) metrics, the MEI threshold
was set to 1.0 point on the 0-100 scale used for evaluation. For metrics where higher is better (C-indices and
AUC), a baseline was considered practically worse if its mean was at least 1.0 point lower than MENSA’s
mean. For metrics where lower is better (IBS, mMAE), the baseline had to exceed MENSA’s mean by at
least 1.0 point to be considered practically worse.

Reporting. A dagger symbol (†) in the tables indicates models that were both statistically significant
(Holm-corrected p < 0.05) and practically worse than MENSA according to the MEI criterion. D-calibration
was excluded from dagger marking since it is reported as a count of calibrated experiments rather than
a continuous measure. The full analysis pipeline – including scaling conventions, dataset ordering, and
Holm-adjusted significance checks – is implemented in a source code repository.

Appendix G. Additional results

G.1. Single-event results

Table 20 shows the discrimination and calibration results on two single-event datasets. In the SEER dataset,
MENSA demonstrates solid discriminative ability, ranking third in Harrell’s C-index and second in AUC,
while also achieving the second-best IBS and mMAE scores, which underscores its accuracy in survival
prediction. In the MIMIC-IV dataset, MENSA shows similarly strong performance, obtaining the second-
best Harrell’s C-index, the best overall AUC and IBS, and the lowest mMAE among the deep learning
baselines. Taken together, these findings indicate that MENSA is not only competitive with shallow single-
event survival methods but also surpasses existing deep learning approaches on several key metrics. This
highlights its effectiveness for both risk discrimination and time-to-event prediction in large, single-event
datasets.
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Table 20: Discrimination and calibration performance (mean ± SD.) between different models on single-
event benchmark datasets, averaged over 10 experiments. For Harrell’s CI, AUC, and D-calibration, higher
(↑) is better. For IBS and mMAE, lower (↓) is better. D-calibration counts the number of experiments in
which the respective model was D-calibrated.

Dataset Model Harrell’s CI AUC IBS mMAE D-Cal

SEER
(K = 1)

CoxPH 69.8±0.61 74.3±0.78 16.8±0.30 29.9±0.39 4/10
CoxNet 69.8±0.62 74.3±0.79 16.8±0.30 29.8±0.37 4/10
Weibull 69.8±0.62 74.3±0.78 16.9±0.30 34.3±0.82 10/10
GBSA 77.1±0.53 81.7±0.62 15.1±0.28 25.6±0.33 1/10
RSF 77.1±0.55 82.1±0.69 14.2±0.29 29.1±0.62 8/10
MTLR 70.5±0.58 75.7±0.81 16.4±0.30 29.9±0.70 10/10
DeepSurv 76.0±0.70 80.7±0.78 14.8±0.35 29.6±0.84 0/10
DeepHit 75.8±0.79 80.8±0.93 14.8±0.38 26.7±0.46 2/10
DSM 75.9±0.93 80.8±1.03 14.9±0.47 42.3±2.31 7/10
MENSA (Ours) 76.0±0.65 81.0±0.77 14.8±0.36 27.1±0.71 8/10

MIMIC-IV
(K = 1)

CoxPH 74.2±0.48 78.7±0.60 12.9±0.38 5.9±0.03 10/10
CoxNet 74.3±0.48 78.8±0.61 12.8±0.38 5.9±0.04 10/10
Weibull 74.5±0.49 79.1±0.63 13.0±0.38 5.8±0.05 10/10
GBSA 74.9±0.43 79.5±0.56 13.9±0.39 5.9±0.05 8/10
RSF 72.5±0.47 78.9±0.56 14.2±0.40 6.0±0.06 8/10
MTLR 74.3±0.52 79.5±0.77 12.5±0.36 7.1±0.24 9/10
DeepSurv 75.1±0.43 80.0±0.60 12.4±0.39 6.8±0.10 10/10
DeepHit 74.5±0.49 79.7±0.75 20.5±0.57 11.7±0.14 0/10
DSM 74.4±0.68 79.2±0.93 13.2±0.44 6.4±0.56 5/10
MENSA (Ours) 75.4±0.46 80.1±0.58 12.4±0.34 6.1±0.05 4/10

G.2. Competing-risks results

Table 21 shows the discrimination and calibration results on two competing-risks datasets. In SEER, MENSA
performs competitively across all metrics, combining strong discrimination with low prediction error and good
calibration. In Rotterdam, MENSA also provides solid discrimination and competitive calibration, though
with somewhat higher prediction error compared to the best-performing single-event baselines. However, it
has the third-lowest mMAE in this dataset as well. MENSA also achieves good D-calibration results across
both datasets. These findings suggest that MENSA extends robustly to competing-risk settings, offering a
balanced trade-off between discrimination and calibration performance.

Appendix H. Computational analysis

Table 22 compares selected deep learning baselines and MENSA in terms of space complexity. This analysis
is conducted in single-event, competing-risks and multi-event scenarios. For a fair comparison, we configure
all models with a single hidden layer with 32 nodes. By nature of design, models that cannot learn events
jointly have to be trained K times in the multi-event scenario. In this case, the DeepSurv model, as an
example, has a KO(d) space complexity, where d is the number of features, assuming training is not done
in parallel. This can lead to significant increases in the number of trainable parameters in high-dimensional
datasets with many events, making it a less-attractive solution. MENSA does not suffer from this problem,
as it can train on multiple events at once with a space complexity of O(P (Ψ + d) + d).

Figure 10 shows the number of trainable parameters and FLOPs (computed using the fvcore library7) as a
function of the number of features. In the single-event case, MENSA uses fewer parameters and FLOPs than
Hierarchical, MTLR, and DeepHit, and only slightly more than DeepSurv and DSM. In competing-risks,
MENSA remains more efficient than most models except DSM, whose overhead is marginally lower. For

7. Meta Research’s fvcore library, available at https://github.com/facebookresearch/fvcore (September 1, 2025).
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Table 21: Discrimination and calibration performance (mean ± SD.) between different models on competing-
risks benchmark datasets, averaged over 10 experiments. For global CI, local CI, and AUC, higher (↑) is
better. For IBS and mMAE, lower (↓) is better. D-calibration counts the number of experiments in which
the respective model was D-calibrated.

Dataset Model Global CI Local CI AUC IBS mMAE D-Cal

SEER
(K = 2)

CoxPH 67.9±0.61 78.4±0.71 66.9±0.54 13.3±0.18 29.0±0.60 14/20
CoxNet 68.8±0.61 78.2±0.60 64.8±0.62 13.4±0.18 26.0±0.71 14/20
Weibull 67.9±0.61 78.5±0.71 66.8±0.56 13.5±0.18 54.7±0.94 20/20
GBSA 74.8±0.54 78.5±0.70 72.7±0.67 12.4±0.15 23.8±0.68 11/20
RSF 74.4±0.56 81.0±0.49 73.7±0.66 12.0±0.16 38.8±1.78 18/20
NFG 72.8±0.55 80.0±0.46 68.6±0.61 12.6±0.16 185.8±11.84 7/20
MTLR-CR 67.4±0.70 73.8±1.06 66.1±0.82 16.0±0.39 40.6±0.73 0/20
DeepSurv 73.4±0.61 79.5±0.56 70.3±0.47 12.3±0.18 31.7±2.54 11/20
DeepHit 71.5±0.42 78.5±0.66 68.5±0.58 12.7±0.14 135.2±15.01 8/20
DSM 73.0±0.73 79.2±1.00 70.1±0.65 12.5±0.24 74.7±9.09 15/20
Hierarch. 71.4±1.00 69.8±1.33 68.2±1.10 15.4±0.40 38.0±1.48 0/20
MENSA (Ours) 72.9±0.66 78.7±0.80 69.9±0.66 12.4±0.19 26.0±0.89 17/20

Rotterdam
(K = 2)

CoxPH 69.0±1.49 86.9±1.85 78.8±1.57 13.8±2.71 252.2±84.82 20/20
CoxNet 69.0±1.50 86.9±1.79 78.9±1.49 13.8±2.67 307.6±125.96 20/20
Weibull 69.1±1.56 88.4±1.49 78.9±1.61 13.9±3.09 420.0±72.95 15/20
GBSA 75.2±1.85 88.9±1.53 71.8±2.47 14.7±2.58 21.0±1.30 20/20
RSF 69.7±1.49 88.6±1.29 78.6±1.77 13.4±2.35 224.4±58.86 20/20
NFG 66.2±3.86 89.0±1.57 75.3±3.80 15.1±3.05 810.1±129.17 13/20
MTLR-CR 68.4±1.81 86.2±1.69 78.3±1.73 16.0±3.89 54.3±7.57 3/20
DeepSurv 69.1±1.62 88.3±1.93 78.7±1.78 13.9±2.53 103.4±30.50 20/20
DeepHit 62.6±2.52 88.8±1.50 77.0±2.32 15.1±2.74 33.3±5.26 15/20
DSM 69.9±1.40 88.8±1.37 78.2±2.01 13.5±2.47 139.3±4.09 17/20
Hierarch. 65.2±1.72 73.4±4.57 50.0±0.06 76.1±13.31 83.4±7.46 0/20
MENSA (Ours) 67.3±1.71 88.9±1.54 77.1±1.84 15.2±5.23 48.9±7.46 18/20

Table 22: Comparison between the proposed model and selected state-of-the-art baselines in terms of space
complexity. d: number of features, K: number of events, B: number of discrete time bins, M : levels of
granularity, Ψ: number of mixture distributions, P : number of states.

Model Single-event Competing risks Multi-event

DeepSurv O(d) KO(d) KO(d)
DeepHit O(Bd) O(KBd) KO(Bd)
MTLR O(Bd) O(KBd) KO(Bd)
DSM O(Ψ + d) O(KΨ + d) KO(Ψ + d)
Hierarch. O(MB + d) O(MKB + d) O(MKB + d)
MENSA (Ours) O(Ψ + d) O(P (Ψ + d) + d) O(P (Ψ + d) + d)

datasets with over 100 features, differences are negligible. In the multi-event scenario, baseline models trained
separately per event require K trainings, while MENSA trains all events jointly, achieving a notably lower
parameter count and FLOPs than all baselines, including the Hierarchical model (see Table 23). Overall,
MENSA is the most computationally efficient among deep learning models in multi-event settings.

Appendix I. Proof of non-proportional hazards

This section addresses how the proposed method overcomes the limitations associated with the proportional
hazards assumption (Cox, 1972). We begin by reviewing how a traditional Weibull distribution adheres to
the proportional hazards property and then show, intuitively, why MENSA, which uses a mixture of Weibull
distributions, does not meet this assumption.
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Table 23: Relative reduction in parameters and FLOPs for MENSA compared to deep learning baselines in
the multi-event setting (K = 4) with 100 features.

Model #Params. reduction #FLOPs reduction

DeepSurv 1.4× 1.5×
Deephit 2.5× 2.5×
MTLR 3.2× 5.7×
DSM 1.5× 1.5×
Hierarch. 13× 13×
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Figure 10: Number of features vs. number of trainable parameters (upper row) and number of floating-point
operations (lower row) for single-event (K = 1), competing-risks (K = 2) and multi-event (K = 4) scenarios.

It is well-established that the Weibull distribution satisfies the proportional hazards assumption when its
shape parameter, η, is independent of the covariates x(i) (Klein and Moeschberger, 2006). The PDF, CDF,
survival function, and hazard function for a Weibull distribution are given by:

f(t;β, η) =
η

β

(
t

β

)η−1

exp

(
−
(
t

β

)η)
, (29)

F (t;β, η) =

∫ t

τ=0

f(τ ;β, η) dτ = 1− exp

(
−
(
t

β

)η)
, (30)

S(t;β, η) = 1− F (t;β, η) = exp

(
−
(
t

β

)η)
, (31)

h(t;β, η) =
f(t;β, η)

S(t;β, η)
=
η

β

(
t

β

)η−1

. (32)

To demonstrate that the Weibull distribution satisfies the proportional hazards assumption, we parame-
terize the scale parameter, β, as a function of the covariates x(i):

β(x(i)) = β0 exp(−γ⊤x(i)), (33)
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where β0 is the baseline scale parameter, and γ is a vector of regression coefficients. Substituting β(x(i))
into the hazard function yields:

h(t;x(i)) =
η

β(x(i))

(
t

β(x(i))

)η−1

(34)

=
η

β0 exp
(
−γ⊤x(i)

)
(

t

β0 exp
(
−γ⊤x(i)

)
)η−1

=
η exp

(
γ⊤x(i)

)

β0

(
t · exp

(
γ⊤x(i)

)

β0

)η−1

=
η

βη0
tη−1 exp

(
ηγ⊤x(i)

)
.

We define the baseline hazard function as:

h0(t) =
η

βη0
· tη−1. (35)

Therefore, the hazard function can be expressed as:

h(t; x(i)) = h0(t) exp
(
ηγ⊤x(i)

)
. (36)

This formulation shows that the Weibull hazard function is the product of a time-dependent baseline
hazard, h0(t), and a time-independent relative hazard, exp

(
ηγ⊤x(i)

)
. Hence, when the shape parameter

η is constant, and only the scale parameter β varies with the covariates, the Weibull distribution satisfies
the proportional hazards assumption. In contrast, both the Deep Survival Machines (DSM) (Nagpal et al.,
2021) and the proposed MENSA model, which utilize a mixture of Weibull distributions, do not satisfy this
assumption. This can be attributed to two reasons:

1. In DSM and MENSA, both the shape parameter η and the scale parameter β depend on the covariates
x(i). Substituting an x(i)-dependent η(x(i)) into the baseline hazard definition prevents the hazard
function from being expressed in a proportional hazards form, as shown in (36), thus violating the
assumption.

2. Since both DSM and MENSA model the survival distribution as a mixture of Weibulls, their hazard
functions can be expressed through a weighted combination of individual Weibull distributions. Thus,
given mixture weights, gψ(x(i)), the PDF (5) and CDF (6) functions, their hazard function can be
described as:

h
(
t; β, η,x(i)

)
=

f
(
t; β, η,x(i)

)

S
(
t; β, η,x(i)

) =

∑Ψ
ψ=1 gψ(x(i))fψ

(
t; βψ(x(i)), ηψ(x(i))

)

1−∑Ψ
ψ=1 gψ(x(i))Fψ

(
t; βψ(x(i)), ηψ(x(i))

) . (37)

Because both the shape and scale parameters, as well as the mixture weights, depend on the covariates
x(i), and the marginal density is modeled as a mixture of Weibull distributions, the resulting hazard function
is not proportional across covariates or have a simple linear relationship in t or log(t). Unlike the traditional
Weibull model, mixture-based approaches, such as DSM and MENSA, deviate from the proportional hazards
assumption, offering greater flexibility and potentially more accurate representations of patient risk over time.
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Appendix H

Overcoming Dependent Censoring
in the Evaluation of Survival
Models

Abstract: Dependent censoring occurs when the event time and censoring time
are not conditionally independent given the observed covariates. This complicates
survival model evaluation because widely used metrics, such as the Brier score,
typically handle right-censoring using inverse probability of censoring weighting
(IPCW). Unfortunately, IPCW is valid only when the estimated censoring distribu-
tion is independent of the event time. We propose a dependent Brier score based
on an Archimedean copula and the Copula-Graphic estimator, and establish consis-
tency and asymptotic normality of its margin-time estimator. To evaluate the metric,
we introduce a semi-synthetic framework that creates realistic dependent censoring
while preserving the original covariate structure and known event times. Across 12
datasets, the proposed metric reduces estimation error by 12-16% on average relative
to IPCW. Source code is available at https://github.com/thecml/DependentEVAL.
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Abstract

Dependent censoring occurs when the event time
and censoring time are not conditionally indepen-
dent given the observed covariates. This compli-
cates survival model evaluation because widely
used metrics, such as the Brier score, typically han-
dle right-censoring using inverse probability of cen-
soring weighting (IPCW). Unfortunately, IPCW is
valid only when the estimated censoring distribu-
tion is independent of the event time. We propose
a dependent Brier score based on an Archimedean
copula and the Copula-Graphic estimator, and es-
tablish consistency and asymptotic normality of its
margin-time estimator. To evaluate the metric, we
introduce a semi-synthetic framework that creates
realistic dependent censoring while preserving the
original covariate structure and known event times.
Across 12 datasets, the proposed metric reduces
estimation error by 12-16% on average relative
to IPCW. Source code is available at https://
github.com/thecml/DependentEVAL.

1 INTRODUCTION

Survival analysis differs from standard regression because
outcomes may be censored: for some individuals, we only
know that the event time exceeds a certain specified value.
A fundamental assumption underlying most methods and
evaluation metrics is independent censoring, meaning that
finding someone censored at time c does not convey infor-
mation about their true survival time e, beyond e > c [Klein-
baum and Klein, 2012]. Censoring is considered dependent
whenever the censoring time C and the event time E are
not conditionally independent given the observed covari-
ates X – i.e., E ⊥̸⊥ C | X (see Appendix A for details).
While dependent censoring has been relatively well studied
in the context of model estimation, with several methods

proposed to address it [Foomani et al., 2023, Zhang et al.,
2024, Liu et al., 2025], its impact on model evaluation re-
mains largely unaddressed. In particular, the integrated Brier
score (IBS) [Graf et al., 1999] is typically implemented via
inverse probability of censoring weighting (IPCW) based
on the Kaplan-Meier (KM) [Kaplan and Meier, 1958] esti-
mator or a Cox proportional hazards (CoxPH) model [Cox,
1972]. These approaches assume independence between
event and censoring times. When this assumption is vio-
lated, the IPCW weights are misspecified, potentially bi-
asing performance estimates and distorting comparisons
between survival models.

Figure 1a illustrates how the independent censoring assump-
tion fails when a confounding covariate – such as “Tumor
grade” – is not observed. Because tumor grade affects both
relapse (E) and dropout (C), advanced tumor grades lead
to shorter event and censoring times, inducing dependence.
Standard KM-based evaluation relies on independent cen-
soring, assuming that censored individuals are like those
remaining at risk. As shown in Figure 1b, when a patient i is
censored before the event for reasons related to the event, the
KM estimator may overestimate survival beyond ci. Because
this estimated survival distribution is used to construct the
IPCW weights, the distortion produces misspecified weights
and, potentially, biased performance estimates.

Contribution. We introduce a dependent Brier score and its
integrated version, IBS-Dep, for evaluating survival mod-
els under dependent censoring. Our approach models the
joint distribution of event and censoring times and uses the
Copula-Graphic (CG) estimator to impute (marginal) event
times for censored instances. Our theory establishes consis-
tency and asymptotic normality of the CG-based margin-
time estimator; consequently, IBS-Dep is consistent for the
corresponding margin-time surrogate Brier risk. We evaluate
how well this surrogate approximates the oracle IBS based
on uncensored event times in a semi-synthetic framework,
and find that IBS-Dep reduces estimation error compared to
IBS using IPCW. To our knowledge, this is the first metric
for survival analysis that supports dependent censoring.

Proceedings of the 42nd Conference on Uncertainty in Artificial Intelligence (UAI 2026), PMLR 337:3841–3866.
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Figure 1: (a) Residual dependence between event time E (cancer relapse) and censoring time C (dropout) denoted by
the diamond “Dep.”, due to an unobserved confounding covariate – here “Tumor grade”. (b) Evaluation under dependent
censoring, where a patient i is censored at time ci just prior to the event, ei, due to reasons related to the event (but
unobserved). This induces bias in the predicted individual survival distribution and the predicted event time êi produced
by the KM estimator, because the censored patient is assumed to be similar to those still at risk. Note that the true and
KM-estimated survival curves coincide on the interval [0, ci] – here ci = 1 – but diverge beyond due to dependent censoring.
(c) Scatter plots of (ei, ci), i = 1, . . . , 500, simulated from a Clayton copula [Clayton, 1978] with parameter θ (reported via
the corresponding Kendall’s τ ) and standard exponential marginals. Samples are generated by drawing (u1i, u2i) ∼ Cθ
and applying the inverse exponential CDF. The dependence structure is induced by the Archimedean generator φθ, where
Cθ(u1, u2) = φ−1

θ

(
φθ(u1)+φθ(u2)

)
. This is the same generator function that appears in the CG estimator in Definition 2.2.

2 BACKGROUND AND RELATED WORK

2.1 SURVIVAL DATA

We consider a survival dataset D = {(xi, ti, δi)}Ni=1, where
for each instance i, xi ∈ Rd denotes the covariates, ti ∈
R+ denotes the observed time (either event or censoring),
and δi ∈ {0, 1} denotes the event indicator. Each instance
has latent event and censoring times, ei and ci, with ti =
min(ei, ci) and δi = 1{ei ≤ ci}. At the population-level,
let E and C denote non-negative random variables for the
true event and censoring times, with cumulative distribution
functions FE(t) = Pr(E ≤ t) and FC(t) = Pr(C ≤ t)
and survival functions SE(t) = 1 − FE(t) and SC(t) =
1− FC(t). A common nonparametric estimator of SE(t) is
the KM estimator.

Definition 2.1. Let u1 < · · · < uJ denote the distinct
observed event times, and let tmax = max1≤i≤N ti. For
each event time uj , define dj =

∑N
i=1 1[ti = uj , δi = 1] as

the number of events at time uj , and nj =
∑N
i=1 1[ti ≥ uj ]

as the number of instances at risk immediately before uj .
The Kaplan-Meier (KM) estimator is

ŜE(t) =
∏

uj≤t

(
1− dj

nj

)
, 0 ≤ t ≤ tmax. (2.1)

The empty product is defined as one, and ŜE(t) is undefined
for t > tmax. See Appendix D.1 for the derivation.

2.2 COPULA-BASED ESTIMATION

Zheng and Klein [1995] generalized the KM estimator to
the CG estimator, which relaxes its independent censor-
ing assumption by modeling dependence through a copula.
A copula links two marginal distributions into a joint dis-
tribution and can thereby capture dependence between E
and C. Rivest and Wells [2001] derived the first explicit
form of the CG estimator under an assumed copula from
the Archimedean family (e.g., the Clayton [Clayton, 1978]
and Frank [Frank, 1979] copulas), which specifies depen-
dence through a single parameter θ via a generator function
φθ [Emura and Chen, 2018] (see details in Appendix B).
Figure 1c shows sampling from a Clayton copula, which can
model lower-tail dependence – that is, a tendency for early
events (small values of E) to occur alongside early censor-
ing (small values of C). Now, assuming an Archimedean
copula, we can estimate ŜE(t) using the CG estimator.

Definition 2.2. Let u1 < · · · < uJ denote the distinct
observed event times, and let tmax = max1≤i≤N ti. The
Copula-Graphic (CG) estimator is

ŜE(t) = φ−1
θ


∑

uj≤t

[
φθ

(
nj − dj
N

)
− φθ

(nj
N

)]

 .

(2.2)
For 0 ≤ t ≤ tmax, where φθ is an Archimedean copula
generator, dj =

∑N
i=1 1[ti = uj , δi = 1] is the number of
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events at uj , and nj =
∑N
i=1 1[ti ≥ uj ] is the number at

risk immediately before uj . The empty sum is zero, and
ŜE(t) is undefined for t > tmax [Emura and Chen, 2018].
For independent copula φind(u) = − log u, the CG estima-
tor reduces to the KM estimator. See Appendix D.2 for the
derivation.

2.3 IPCW-WEIGHTED BRIER SCORE

The Brier score (BS) measures the squared error between
the predicted survival probability and the observed binary
outcome at a time t∗ [Brier, 1950], which for uncensored
instances, is:

BS
(
D; ŜE(t∗ | ·)

)
=

1

N

∑

i

(
1[ti > t∗]− ŜE( t∗ | xi )

)2
.

(2.3)
To incorporate censoring, Graf et al. [1999] used inverse
probability of censoring weights (IPCW), where ŜC(t) is
typically estimated using the marginal KM estimator in
standard implementations [Qi et al., 2023b]1:

wi(t
∗) =

δi 1[ti ≤ t∗]

ŜC(ti)
+
1[ti > t∗]

ŜC(t∗)
, (2.4)

where the first term applies to events before t∗ and the sec-
ond to those surviving beyond. Individuals censored before
t∗ receive weight zero and therefore do not contribute to the
sum. Then, the BS-IPCW metric can be expressed as:

BSIPCW

(
D; ŜE(t∗ | ·)

)

=
1

N

N∑

i=1

wi(t
∗)
(
1[ti > t∗]− ŜE( t∗ | xi )

)2
.

(2.5)

Often, practitioners want to summarize Equation 2.5 over
a time interval. Therefore, Graf et al. [1999] proposed the
integrated Brier score (IBS), defined as the uniform time av-
erage of the Brier score over a prespecified interval [t1, t2]:

IBS
(
D; ŜE , t1, t2

)
=

1

t2 − t1

∫ t2

t1

BSIPCW

(
ŜE(τ | ·)

)
dτ.

(2.6)
A common choice is [t1, t2] = [0, tmax], where tmax is the
maximum observed time in the dataset.

The IPCW-weighted Brier score depends on estimating
the censoring distribution. When ŜC(t) is obtained via the
KM, its consistency relies on the independent censoring
assumption. Under dependent censoring, KM can be biased
and inconsistent [Emura and Chen, 2018, Campigotto and
Weller, 2014]. Conditional IPCW estimators [Gerds and
Schumacher, 2006] attempt to address this by estimating
ŜC(t | X), but two limitations remain: (1) model misspecifi-
cation, which may give unreliable weights, and (2) residual
dependence, where unobserved factors induce dependence
not captured by the conditional model.

1More generally, it may use a conditional estimator ŜC(t | X).

3 THE DEPENDENT BRIER SCORE

3.1 DEFINITION

We propose a Brier score that relaxes independent censoring
by modeling dependence via an Archimedean copula. Our
method consists of two parts: (1) the CG estimator to impute
margin time estimates for censored instances, and (2) an
uncertainty weighting mechanism.

The margin time is the conditional expectation of the event
time given that the event time is greater than the censoring
time. Given that an instance is censored at time ti, we can
calculate its margin time using [Haider et al., 2020]:

emargin(SE , ti) = E[E | E > ti] = ti +

∫∞
ti
SE(t) dt

SE(ti)
.

(3.1)

Because SE is unknown, we estimate the margin time using
emargin

(
ŜCG
E , ti

)
,2 where ŜCG

E is obtained from the CG es-
timator (Definition 2.2) under an Archimedean copula with
parameter θ. The resulting margin time serves as an imputed
event time for each censored instance. This construction
requires specification of a copula family and its parameter
and accounts for marginal dependence between E and C
through their joint copula model.

To account for uncertainty in these imputed event times,
we adaptively down-weight censored instances according to
how early censoring occurs. For an instance censored at ti,
we use its estimated progress through the event-time distri-
bution, F̂CG

E (ti) = 1− ŜCG
E (ti), as an uncertainty weight.

We therefore define wi = 1 for uncensored instances and
wi = 1 − ŜCG

E (ti) for censored instances. Early censor-
ing yields a smaller wi, whereas later censoring generally
yields a larger weight. This leads to the proposed Brier
score, which is free from IPCW and targets a margin-time
surrogate of the Brier risk:

BSDep

(
D; ŜE(t∗ | ·)

)

=
1

∑N
i=1 wi

N∑

i=1

wi

(
1[ẽi > t∗]− ŜE(t∗ | xi)

)2
,

(3.2)

where

ẽi =

{
ei, δi = 1,

emargin
(
ŜCG
E , ti

)
, δi = 0.

Similarly, we define the integrated dependent Brier score by
averaging Equation 3.2 over [t1, t2]:

IBSDep

(
D; ŜE , t1, t2

)
=

1

t2 − t1

∫ t2

t1

BSDep

(
ŜE(τ | ·)

)
dτ.

(3.3)
2For brevity, we write emargin(ti) when the survival estimator

is fixed.
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Section 3.2 establishes consistency of the CG-based margin-
time estimator for its copula-induced target, which implies
consistency of IBS-Dep for the associated surrogate Brier
risk.

3.2 THEORETICAL ANALYSIS

We now develop a concise large-sample theory for the
CG-based margin-time functional under dependent censor-
ing [Rivest and Wells, 2001]. The theory concerns the im-
puted margin times used by IBS-Dep, rather than the oracle
Brier score based on unobserved event times. For ease of
understanding, we sketch the main ideas and implications
here, and defer the formal definitions, regularity conditions,
and detailed proofs to Appendix D.

First, we show that the margin time admits a direct proba-
bilistic interpretation: it equals the conditional mean remain-
ing event time beyond a landmark,

emargin(c) = E[E | E > c],

provided SE(c) > 0 and the corresponding tail integral is
finite (see Appendix D.3.1). This justifies margin time as a
clinically interpretable summary of the post-c prognosis.

Second, we establish consistency of the plug-in estimator
êmargin(c) for a large-sample target e∗,margin(c) induced
by the (possibly misspecified) Archimedean copula model
considered by Rivest and Wells [2001]. Under uniform con-
sistency of ŜE for S∗

E on a finite horizon [0, tmax) and mild
regularity (S∗

E(c) > 0 and negligible tail contribution be-
yond tmax), a deterministic perturbation bound shows that
small uniform errors in ŜE translate into small error in
êmargin(c). When the copula model is correctly specified,
S∗
E = SE and hence e∗,margin(c) = emargin(c) (see details

in Appendix D.3.2).

Finally, we derive a first-order (delta-method) expansion
and an asymptotic normal limit. Writing the margin time as
a functional Tc(S), we obtain an exact linearization

Tc(S + h)− Tc(S) = Ṫc;S(h) + Rc;S(h),

with an explicit remainder Rc;S(h) that is second order
in the perturbation (see Appendix D.3.3). Combining this
expansion with the functional central limit theorem (CLT)
of Rivest and Wells [2001, Theorem 2] for

√
n(ŜE − S∗

E)
yields the asymptotic linear representation (converges in
distribution)
√
n
(
êmargin(c)− e∗,margin(c)

)
=⇒

1

S∗
E(c)

∫ tmax

c

GE(u) du −
∫ tmax

c
S∗
E(u) du

(S∗
E(c))2

GE(c),

where GE(c) stands for the Gaussian process. If the right-
hand side is non-degenerate, this implies an N−1/2 conver-
gence rate and enables principled uncertainty quantification
for margin time via the induced influence form.

4 SYNTHETIC EXPERIMENTS

4.1 EXPERIMENTAL SETUP

To validate our dependent Brier score, we simulate syn-
thetic survival data with known ground-truth event times.
Covariates xi ∼ Unif([0, 1]d) (d = 10) are fixed per
seed. Event and censoring times follow covariate-dependent
Weibull proportional hazards models with linear risk func-
tions g(x) = x⊤β and fixed shape/scale parameters (see
Appendix E.1). Dependence is parameterized by Kendall’s
τ : when τ = 0, event and censoring times are independent;
for τ > 0, dependence is introduced via a copula, with fam-
ily and parameter assumed known to the dependent metric.
For each of 10 random seeds, we generate N = 10,000 and
use fixed training (70%) and test (30%) splits. The event
times and fitted CoxPH survival model are held fixed across
censoring settings, so changes in evaluation error reflect the
censoring mechanism rather than changes in the prediction
model. Oracle IBS is computed on the test set using the fully
observed event times prior to censoring.

4.2 RESULTS AND TAKEAWAYS

Increasing dependence. Figure 2 (a) shows the estima-
tion error as a function of Kendall’s τ at fixed censoring
(≈ 50%). IBS-IPCW becomes increasingly unstable as τ
grows, while our IBS-Dep remains comparatively stable and
achieves lower (or comparable) error. This reflects the break-
down of independent censoring: as dependence increases,
IPCW becomes biased and exhibits higher variance because
marginal inverse weights no longer correct the induced se-
lection. The effect is stronger under the Clayton copula due
to its lower-tail dependence, which increases the probability
that early (high-risk) events coincide with early censoring
and thereby more severely distorts the observable risk set.
As a result, the empirical IBS-IPCW deviates increasingly
from the oracle IBS computed from the fully observed data,
whereas IBS-Dep tracks the oracle much more closely.

Increasing censoring. Figure 2 (b) shows error as a function
of the censoring rate with τ = 0.5. Both metrics deteriorate
under heavy censoring, but IBS-IPCW degrades much more
rapidly, particularly beyond∼ 80% censoring. As censoring
increases, IPCW relies on fewer uncensored observations
with larger inverse weights, inflating variance and bias un-
der dependence. In contrast, IBS-Dep shows slower error
growth, since it adjusts contributions using the joint (E,C)
structure rather than relying solely on extreme reweighting.

Misspecification of Cθ. Figure 3 evaluates IBS-Dep when
the assumed copula differs from the data-generating model.
We consider three settings: (1) Wrong family, where Clayton
data are evaluated with Frank, or vice versa, at the same
Kendall’s τ ; (2) Wrong dependence, where the family is
correct but data generated with τ = 0.5 are evaluated using
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Figure 2: Mean (± SD) absolute estimation error of IBS-IPCW and the proposed IBS-Dep under a known copula, averaged
over 10 experiments. (a) Error as a function of the dependence between E and C with censoring held constant. (b) Error as a
function of the censoring rate with Kendall’s τ held constant.
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Figure 3: Mean (± SD) absolute estimation error of IBS-
IPCW and IBS-Dep under copula misspecification, averaged
over 10 experiments. The rows show (respectively) wrong
family, wrong dependence strength, and wrong copula ex-
periments. In the first two rows, columns separate Clayton
and Frank data-generating copulas; in the final row, the
Gaussian data-generating copula is evaluated using Clayton
(resp., Frank) copulas. Censoring is held fixed at 50%.

varying τ ′; and (3) Wrong copula, where non-Archimedean
Gaussian-copula data are evaluated using Clayton or Frank
at the same Kendall’s τ . Across settings, IBS-Dep remains
less sensitive to dependent censoring than IBS-IPCW, even
with an imperfect assumed copula. However, the smallest
error does not necessarily occur at the true τ : IBS-Dep is
slightly upward biased, and stronger assumed dependence
can reduce this bias. We therefore interpret these results
as a robustness analysis rather than a parameter-recovery
diagnostic.

0.00 0.25 0.50 0.75

Kendall’s τ

0.01

0.02

0.03

0.04
E

rr
or

Clayton DGP
IBS-Dep

IBS-CG-Q

0.00 0.25 0.50 0.75

Kendall’s τ

Frank DGP

Figure 4: Mean (± SD) absolute estimation error of IBS-
Dep and IBS-CG-Q under correctly specified copulas,
shown separately for Clayton and Frank and averaged over
10 experiments. Censoring is held fixed at 50%.

Integrating over censored event-time uncertainty. IBS-
Dep imputes each censored individual with a single CG-
based margin time. To test whether this point estimate dis-
cards useful uncertainty, we also evaluate IBS-CG-Q, an
ablation that integrates over the conditional event-time dis-
tribution after censoring. For evaluation time t, define

q̂CG
i (t) =

{
1[ti > t], δi = 1,

PrCG(E > t | E > ti), δi = 0.

where PrCG denotes the conditional survival probability es-
timated by the CG estimator. The CG-Q Brier score replaces
the binary survival status by q̂CG

i (t):

BSCG-Q(D; ŜE , t) =
1

N

N∑

i=1

[
q̂CG
i (t)

(
1− ŜE( t | xi )

)2

+
(
1− q̂CG

i (t)
)
ŜE( t | xi )2

]
.

(4.1)
The integrated version, IBS-CG-Q, is obtained by averag-
ing Equation 4.1 over a prespecified interval [t1, t2], analo-
gously to IBS-Dep. Figure 4 compares IBS-Dep and IBS-
CG-Q under correctly specified copulas. Overall, IBS-Dep
gives slightly lower error than its conditional counterpart, al-
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though the two become nearly indistinguishable for stronger
Clayton dependence. Both variants are upward biased across
all dependence levels, with the largest bias at weak depen-
dence and particularly under the Frank copula for IBS-CG-
Q. As Kendall’s τ increases, the upward bias decreases, so
the apparent improvement at stronger dependence reflects
reduced bias rather than an intrinsically easier censoring
problem.

5 SEMI-SYNTHETIC EXPERIMENTS

5.1 EXPERIMENTAL SETUP

To evaluate IBS-Dep on real data, we require ground-truth
event times, which are unavailable due to censoring. Follow-
ing Qi et al. [2023a], we construct semi-synthetic datasets
(see Figure 5) in which event and censoring mechanisms
are learned from real data and used to resample outcomes
while preserving the covariate structure. Dependent cen-
soring is induced via targeted feature selection, creating
settings where censoring depends on omitted information.
The resulting dataset D′′ provides known event times for
oracle evaluation while keeping realistic marginal behavior.

Datasets (Step 1 in Figure 5): We apply the pipeline to
12 datasets: WHAS, METABRIC, Churn, GBSG, NACD,
FLCHAIN, SUPPORT, Employee, MIMIC-IV, and 3 from
SEER (death from brain, liver and stomach cancer). Table 1
summarizes the datasets; details are in Appendix E.2.

Table 1: Overview of the raw datasets. †Number of features
before (after) one-hot encoding.

Dataset #Instances #Features† %Censored

WHAS 500 14 (14) 57.0%
GBSG 686 8 (8) 56.4%
METABRIC 1,902 9 (9) 42.1%
Churn 1,958 12 (25) 52.4%
NACD 2,396 48 (48) 36.4%
FLCHAIN 7,871 9 (31) 72.5%
SUPPORT 8,873 14 (27) 32.0%
Employee 14,999 8 (17) 76.2%
MIMIC-IV 38,520 91 (103) 66.7%
SEER-brain 73,703 10 (10) 40.1%
SEER-liver 82,841 14 (14) 37.6%
SEER-stomach 100,360 14 (14) 43.4%

Feature selection (Step 2 in Figure 5): To induce dependent
censoring, we use three strategies: (1) Original, keeping all
features; (2) Top-k, selecting the most predictive features
based on permutation importance [Breiman, 2001] using
Harrell’s C-index [Harrell Jr. et al., 1996]; and (3) Random-
%, selecting a random subset of the original features.

Copula model (Step 6 in Figure 5): To estimate depen-
dence under censoring, we train Clayton and Frank copulas
separately with linear Weibull proportional hazards mod-

els for the event-time and censoring-time marginals. In this
semi-synthetic setting, where the true copula parameter is
unknown, the dependence parameter θ is thus estimated
from the data. Model parameters are learned by minimizing
the penalized negative log-likelihood (NLL) under depen-
dent censoring on the training set:

ℓpen(θ;D)

= − 1

N

N∑

i=1

{
δi

[
log fE(ti | xi) + log ∂u1

Cθ(u1, u2)
]

+ (1− δi)
[

log fC(ti | xi) + log ∂u2Cθ(u1, u2)
]}

+ λθ2.
(5.1)

Here, u1 = SE(ti | xi) and u2 = SC(ti | xi), where Cθ is
an Archimedean copula and λ = 0.01 is the regularization
coefficient. The full derivation of the unpenalized likelihood
is in Appendix C. We select the candidate model Ĉθ with
the lowest validation penalized NLL. We optimize Equa-
tion 5.1 using Adam [Kingma and Ba, 2017], with separate
learning rates for the Weibull marginal parameters and the
copula model. The validation penalized NLL is also used
for early stopping. Algorithm 1 summarizes the procedure.
Only the selected copula family and parameter are used
when computing IBS-Dep. See Appendix E.4 for further
implementation details.

Survival learners (Step 7 in Figure 5): We compare predic-
tions from five survival learners: CoxPH [Cox, 1972], Gradi-
ent Boosting Survival Analysis (GBSA) [Ridgeway, 1999],
Random Survival Forests (RSF) Ishwaran et al. [2008],
DeepSurv Katzman et al. [2018] and Multi-Task Logistic
Regression (MTLR) [Yu et al., 2011]. These learners are
trained to predict survival curves ŜE(t | xi) for each in-
stance i in the test set. See Appendix E.3 for implementation
details and chosen hyperparameters.

We repeat the evaluation pipeline in Figure 5 over 10 inde-
pendent experiments. In each experiment, the semi-synthetic
dataset D′′ is split into stratified training (70%), validation
(10%), and test (20%) sets (seeds 0–9). Missing values are
imputed using training-set statistics (mean for continuous,
mode for categorical variables). Numerical features are z-
score normalized and categorical features one-hot encoded.
To limit computational cost, large datasets (N ≥ 10,000)
are subsampled after preprocessing (Appendix E.4). As a
sanity check, we plot empirical KM curves and event/cen-
soring time distributions (see Figure E.1).

5.2 RESULTS AND TAKEAWAYS

Estimation error. Table 2 reports the mean estimation error
on the semi-synthetic datasets, measured as the absolute
deviation from the oracle IBS computed using the true event
times. On average, the CG-based estimator reduces error
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by 4-8%, while the uncertainty-weighted variant achieves
the largest reductions, at 12-16%. The relative improve-

ment becomes more pronounced when important features
are omitted (e.g., Random 25%). This does not imply that
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Figure 5: Evaluation pipeline. (1) We begin with a real-world dataset D. (2) A feature selection procedure (e.g., top-k
selection) yields a reduced feature set. In parallel, (3) two CoxPH models are fitted to estimate the event- and censoring-time
distributions, and (4) uncensored event times are sampled from the event distribution and stored as D′ for oracle evaluation.
(5) We construct a semi-synthetic dataset D′′ by combining the selected features with event and censoring times sampled
from the fitted distributions. Next, (6) two Archimedean copula models are trained to estimate Ĉθ, and (7) five survival
learners are trained on D′′. Finally, (8) test-set predictions are evaluated using IBS-IPCW with KM or CoxPH censoring
estimates and IBS-Dep with KM- or CG-based dependence estimates using Ĉθ, and compared with the oracle IBS computed
from D′.

Table 2: Mean absolute estimation error of independent and proposed dependent IBS-based metrics across 12 datasets and 4
feature selection strategies. Results are averaged over 5 learners and 10 experiments. Relative (%) change is shown against
the KM-based IBS-IPCW baseline. IBS-IPCW (CoxPH) denotes IPCW with a CoxPH censoring model, corresponding to
conditional independent censoring. Dep (KM) denotes the proposed metric using KM instead of CG as an ablation, and UW
denotes uncertainty weighting (see Section 3.1). Full results, including variances, are provided in Appendix F.2.
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l IPCW (KM) 0.073 0.061 0.117 0.125 0.092 0.156 0.108 0.152 0.026 0.077 0.104 0.119 0.101
IPCW (CoxPH) 0.106 0.051 0.115 0.129 0.148 0.162 0.109 0.100 0.039 0.055 0.097 0.095 0.100 (-0.4%)
Dep (KM) 0.055 0.047 0.120 0.130 0.091 0.135 0.111 0.148 0.023 0.089 0.118 0.125 0.099 (-1.4%)
Dep (CG) 0.055 0.047 0.120 0.126 0.091 0.135 0.109 0.154 0.024 0.084 0.106 0.112 0.097 (-4.0%)
Dep (CG)UW 0.063 0.049 0.124 0.134 0.082 0.090 0.093 0.152 0.024 0.067 0.092 0.097 0.089 (-11.8%)

To
p-

5

IPCW (KM) 0.071 0.062 0.121 0.124 0.103 0.133 0.109 0.155 0.027 0.076 0.109 0.124 0.101
IPCW (CoxPH) 0.065 0.061 0.114 0.126 0.098 0.138 0.109 0.103 0.027 0.083 0.109 0.128 0.097 (-4.4%)
Dep (KM) 0.055 0.048 0.120 0.130 0.098 0.108 0.112 0.149 0.026 0.090 0.120 0.126 0.098 (-2.8%)
Dep (CG) 0.055 0.048 0.119 0.126 0.097 0.108 0.109 0.156 0.027 0.085 0.111 0.116 0.096 (-4.9%)
Dep (CG)UW 0.065 0.049 0.125 0.134 0.089 0.066 0.094 0.154 0.025 0.068 0.096 0.101 0.089 (-12.2%)

To
p-

10

IPCW (KM) 0.071 0.061 0.119 0.125 0.098 0.143 0.109 0.152 0.026 0.077 0.103 0.119 0.100
IPCW (CoxPH) 0.082 0.051 0.111 0.130 0.093 0.150 0.109 0.101 0.031 0.055 0.097 0.099 0.092 (-7.9%)
Dep (KM) 0.054 0.047 0.121 0.131 0.095 0.123 0.111 0.147 0.023 0.090 0.118 0.124 0.099 (-1.4%)
Dep (CG) 0.054 0.047 0.121 0.126 0.095 0.123 0.109 0.153 0.024 0.085 0.107 0.111 0.096 (-4.0%)
Dep (CG)UW 0.063 0.049 0.125 0.134 0.086 0.078 0.093 0.152 0.025 0.068 0.093 0.097 0.088 (-11.7%)

R
an

d.
25

% IPCW (KM) 0.090 0.061 0.129 0.153 0.109 0.140 0.142 0.161 0.016 0.111 0.128 0.132 0.114
IPCW (CoxPH) 0.091 0.056 0.122 0.157 0.111 0.147 0.142 0.110 0.017 0.111 0.197 0.133 0.116 (+1.6%)
Dep (KM) 0.081 0.049 0.126 0.153 0.101 0.140 0.145 0.137 0.031 0.113 0.127 0.135 0.111 (-2.6%)
Dep (CG) 0.081 0.049 0.117 0.147 0.099 0.140 0.141 0.120 0.032 0.102 0.109 0.120 0.105 (-8.4%)
Dep (CG)UW 0.095 0.050 0.131 0.161 0.091 0.032 0.125 0.147 0.021 0.089 0.098 0.106 0.096 (-16.4%)
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Algorithm 1 Copula estimation: PyTorch-like Pseudocode

# model_e, model_c: Weibull models for E/C
# copula: Copula model with parameter theta
def find_copula(model_e, model_c, copula,

d_train, d_val):

opt = Adam(params=[model_e, model_c,
copula])

for epoch in range(n_epochs):
for batch in DataLoader(d_train):

train_nll = loss(model_e, model_c,
batch, copula)

opt.zero_grad()
train_nll.backward()
opt.step()

# validate and track best loss
val_losses = []
for batch in DataLoader(d_val):

val_losses.append(loss(model_e,
model_c, batch, copula))

val_nll = mean(val_losses)

# check early stopping
if theta_stabilized(copula) and

no_val_improve(val_nll): break

return copula

# Computes dependent NLL given a copula
def loss(model_e, model_c, batch, copula):

T, E, X = batch.T, batch.E, batch.X
s1 = model_e.survival(T, X) # S_E(T|X)
s2 = model_c.survival(T, X) # S_C(T|X)
f1 = model_e.pdf(T, X) # f_E(T|X)
f2 = model_c.pdf(T, X) # f_C(T|X)

# dependent likelihood via copula terms
S = cat([s1, s2])
p1 = log(f1) + log(copula.ccdf("u", S))
p2 = log(f2) + log(copula.ccdf("v", S))

reg = 0.01 * sum(copula.theta ** 2)
ll = p1 * E + (1 - E) * p2
return -mean(ll) + reg

Notes: cat concatenates matrices. log calculates the natural
logarithm. ccdf computes a conditional CDF via differentiation.

the KM estimate of the censoring distribution becomes
more biased; however, the resulting Brier-score bias can
still depend on the learner’s prediction errors. When in-
formative features are removed, prediction errors increase;
under dependent censoring, IPCW applies misspecified in-
verse weights to these larger squared errors, amplifying the
resulting bias. In addition, with weaker (random) covariates,
the marginal model explains less variation in E, leaving

Table 3: Ranking performance of the independent and pro-
posed dependent metrics across 12 datasets and 4 feature
selection strategies. The results show how often each metric
recovered at least two of the top three survival learners ac-
cording to the oracle IBS, across 10 experiments per feature
selection strategy. Each entry is therefore reported out of 40.
Higher is better.

Dataset
IPCW
(KM)

IPCW
(CoxPH)

Dep
(KM)

Dep
(CG)

Dep
(CG)UW

WHAS 38/40 39/40 40/40 40/40 39/40
METABRIC 40/40 40/40 39/40 39/40 40/40
Churn 37/40 37/40 34/40 29/40 32/40
GBSG 40/40 40/40 38/40 37/40 35/40
NACD 39/40 40/40 38/40 36/40 38/40
FLCHAIN 39/40 39/40 18/40 18/40 35/40
SUPPORT 37/40 36/40 35/40 34/40 31/40
Employee 33/40 35/40 12/40 11/40 13/40
MIMIC (IV) 33/40 29/40 1/40 1/40 13/40
SEER (brain) 37/40 38/40 38/40 36/40 36/40
SEER (liver) 39/40 39/40 38/40 30/40 35/40
SEER (stom.) 36/40 38/40 40/40 35/40 35/40

more unexplained (residual) dependence between E and C.
The CoxPH-based IPCW estimator also depends strongly on
the selected feature set: it reduces error by up to 8% for the
Original, Top-5, and Top-10 strategies, but increases error
by 2% under the Random 25% strategy. This highlights a
key limitation of conditional IPCW, since an uninformative
feature set can yield a misspecified censoring model and
invalidate conditional independent censoring. The ablation
study highlights the importance of the CG estimator. Replac-
ing censored event times with margin times derived from
KM yields only modest gains of 1-3% over IBS-IPCW. In
contrast, the CG estimator estimates the marginal event-time
distribution while accounting for dependence between event
and censoring times through the specified copula model,
and uses this distribution to compute the conditional margin
time for censored instances. This increases the reduction
to 4-8% across feature selection strategies, indicating that
accounting for dependent censoring when estimating the
event-time margin provides substantial improvements over
KM-based margin imputation.

Ranking. Table 3 reports the ranking experiment, which
evaluates whether a censored metric identifies the same top-
performing models as the oracle IBS. We first compute the
oracle IBS for each model (i.e., without censoring) and iden-
tify the top-3 models, then assess whether each censored
metric recovers at least two of them. IBS-IPCW preserves
the oracle top-3 most consistently overall, while the depen-
dent metrics perform comparably on several datasets but
worse on FLCHAIN, Employee, and MIMIC-IV. Thus, al-
though the copula-based IBS substantially reduces absolute
estimation error under dependent censoring, this does not
necessarily translate into better separation between closely
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performing models. IBS-IPCW may therefore remain rea-
sonable for within-dataset ranking when its bias affects
competing models similarly. However, it does not estimate
the true IBS under dependent censoring and may give unfair
rankings when models differ in how they handle censoring.

Computational analysis. The primary computational cost
lies in copula fitting, which jointly optimizes the marginal
survival models and copula parameter with model selection
over candidate families (Clayton and Frank). Empirically,
this required 5-75 minutes, depending on dataset size (Ap-
pendix F.1). Once estimated, IBS-Dep adds negligible cost
relative to IPCW. The incremental peak PyTorch GPU mem-
ory allocation is modest (≤ 11 MiB), indicating that the
method requires little additional GPU memory.

6 DISCUSSION

6.1 MAIN FINDINGS AND IMPLICATIONS

Our results show that accounting for marginal dependent
censoring at evaluation time can meaningfully change how
we judge model performance. Across synthetic and semi-
synthetic experiments, IBS-Dep consistently reduced bias
relative to IBS-IPCW when event and censoring times were
dependent. The copula-based estimator achieved average
reductions of 4-8%, while the uncertainty-weighted variant
yielded improvements of 12-16%. These effects were ob-
served across 12 generated survival datasets with sample
sizes from 500 to 10,000, feature dimensions from 14 to 91,
and censoring rates between 32% and 76%. Overall, this
suggests that dependent censoring is not a rare edge case,
but a relevant trait of many real-world datasets. Although
IBS-Dep reduced estimation error, it did not consistently
improve the ranking of models, because bias reduction does
not necessarily improve separation between models.

Most prior work concerning dependent censoring has con-
centrated on model estimation. Copula-based modeling ap-
proaches [Foomani et al., 2023, Zhang et al., 2024, Liu
et al., 2025] explicitly model the joint distribution of event
and censoring times to capture their dependence. However,
these models are typically evaluated using metrics such as
Harrell’s C-index or Brier score with IPCW, both of which
assume independent censoring. This creates a mismatch:
models are designed for dependence, but evaluation still
assumes independence. As a result, reported performance in
dependent censoring settings may itself be biased. Our work
shifts the focus to model evaluation, introducing a flexible
copula-based extension of the Brier score.

6.2 LIMITATIONS AND FUTURE WORK

Our work also points to several directions for future research.
More broadly, the framework introduced here opens the door

to dependence-aware versions of other common evaluation
metrics. Widely used measures – such as Harrell’s C-index,
Uno’s C-index [Uno et al., 2011], and D-calibration [Haider
et al., 2020] – rely on independence assumptions. Extending
copula-based corrections to concordance and calibration
measures is a natural next step toward having metrics that
all support dependent censoring.

At the same time, several limitations remain. First, we as-
sume a stable dependence structure; under temporal dis-
tribution shift, the copula parameter must be re-estimated,
suggesting the need for adaptive or time-varying dependence
models. Second, the true copula is not identifiable in real-
world survival datasets because for each individual only one
of the competing times is observed [Tsiatis, 1975]. Some
misspecification is therefore unavoidable. Third, likelihood-
based estimation can be unstable in small samples, par-
ticularly under dependent censoring, because weak iden-
tification of the copula parameter can make its estimate
highly sensitive to sampling variation. These limitations
motivate reporting sensitivity analyses across plausible cop-
ula families and dependence strengths. Agreement across
specifications would strengthen confidence in the evaluation,
whereas disagreement would reveal that model comparisons
are sensitive to assumptions about the censoring mechanism.

6.3 USER GUIDE

We conclude with a brief guide on how to use IBS-Dep. The
central choice is the dependence model used to approximate
the relationship between event and censoring times. In stan-
dard right-censored data, we observe ti = min(ei, ci) and
δi = 1(ei ≤ ci), but only the smaller of ei and ci. Thus, the
joint distribution of the population-level variables E and C,
and hence their true dependence structure, is generally not
identifiable without additional assumptions. We therefore
propose not attempting to recover the true latent copula, but
instead using a quantitative model comparison to determine
whether an Archimedean copula fits the data better than
independence.

In practice, one specifies candidate Archimedean copula
families and parametric marginal models for E and C,
whose parameters are estimated by minimizing the depen-
dent NLL in Equation 5.1. As a baseline, one should fit the
independence copula using the same marginal specification.
The model with the best validation likelihood is selected; if
none of the candidate dependent copulas improves upon the
independence copula, one should default to independence.
Algorithm 1 summarizes the copula estimation procedure.
The selected copula is treated as a working model for the
censoring mechanism, and the CG estimate of the event-time
distribution is used to impute margin times for censored in-
stances. The selected family is not claimed to be the true
latent copula, but a likelihood-based approximation of the
dependence structure between event and censoring times.
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A CENSORING ASSUMPTIONS

Random censoring. Instances censored at time t are representative of all instances still at risk at t, in terms of their survival
experience [Kleinbaum and Klein, 2012, Ch. 1]. In a medical study, we would assume that the death rate of censored
individuals is the same as that of uncensored individuals who remain in the risk set. Formally, E ⊥⊥ C, where E is the event
time and C is the censoring time, meaning Pr(E > t | C = t) = Pr(E > t) for all t.

Independent Censoring. In the absence of competing risks (i.e., when no alternative event precludes the main event), within
any subgroup of interest (e.g., a smoker and a non-smoker group), instances censored at time t are representative of those
who remain at risk at time t with respect to their survival experience [Kleinbaum and Klein, 2012]. This is also known
as conditional independent censoring, since we assume that the observed covariates account for the relationship between
event and censoring. Thus, once we condition on the covariates, the censoring time is assumed to be independent of the
event time. Formally, E ⊥⊥ C | X , where X are the covariates, meaning Pr(E > t | C = t,X) = Pr(E > t | X) for all t.
Independent censoring is a less restrictive assumption than random censoring on the data-generating process.

Dependent Censoring. In the absence of competing risks, within any subgroup of interest, instances censored at time t
are not representative of those who remain at risk at time t with respect to their survival experience [Foomani et al., 2023,
Lillelund et al., 2026b]. Equivalently, censoring is said to be dependent when, even after conditioning on the observed
covariates, the censoring mechanism remains related to the event process. Thus, the observed covariates do not fully account
for the relationship between E and C, and the censoring time is not independent of the event time given the covariates.

B COPULAS FOR SURVIVAL ANALYSIS

Bivariate survival analysis can be viewed as a competing risks problem, where the occurrence of an event (e.g., death) and
censoring (e.g., dropout) are mutually exclusive. Tsiatis [1975] referred to this as the identifiability issue; competing risks
data do not allow one to observe two event times simultaneously (one event censors the other), and hence, the data may not
identify the dependence structure between event times. Zheng and Klein [1995] gave a partial solution to the identifiability
problem of dependent censoring by an assumed copula between two event times. A copula links two or more random
variables by specifying their dependence structure [Emura and Chen, 2018]. A mathematician, Abe Sklar, first used the word
“copula” in his study of probabilistic metric spaces [Sklar, 1959]. In his work, he gave a mathematical definition of copulas
and established the most fundamental theorem about copulas, known as Sklar’s theorem [Sklar, 1959]. It demonstrated that
any joint cumulative distribution function can be written in terms of a copula over the quantiles of its marginal cumulative
distribution functions. Among the various types of copulas, the Archimedean copula is the most widely used, and enables
the modeling of dependencies in arbitrarily high dimensions using a single parameter. This family of copulas is defined
by a convex generator function, φθ : [0, 1]→ [0,∞], which is continuous, strictly decreasing, and satisfies the boundary
conditions φθ(0) = ∞ and φθ(1) = 0 [Emura and Chen, 2018]. Given event time E and censoring time C, their joint
survival function under an Archimedean copula can be written as:

Pr(E > t,C > c) = φ−1
θ [φθ(SE(t)) + φθ(SC(c))] , (B.1)
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where φθ is the generator function, and SE(t) = Pr(E > t) and SC(c) = Pr(C > c) are the marginal survival functions.
In the bivariate case, φθ describes the dependence structure (i.e., correlation) between two random variables, e.g., E and C,
and the (rank) correlation can be described with Kendall’s tau (τ ):

τ = Pr (t2 − t1)(c2 − c1) ≥ 0− Pr (t2 − t1)(c2 − c1) < 0, (B.2)

where (t1, c1) and (t2, c2) are sampled from a (survival) copula. The Clayton [Clayton, 1978] and Frank [Frank, 1979]
copulas are two common Archimedean copulas in survival literature. Within these families, the copula Cθ is parameterized
by θ, interpreted as the degree of dependence between E and C in the bivariate case. When θ ≈ 0, it yields the independence
copula for Clayton and Frank copulas; thus, a larger value of θ implies greater dependence between the marginal distributions.
Formally, we writeC(u1, . . . , ud) : [0, 1]d → [0, 1], which is a d-dimensional copula (i.e., where d is the number of variables)
with u1, . . . , ud uniform marginal probabilities and the following properties [Nelsen, 2006]:

1. Groundedness: If there exists an i ∈ {1, . . . , d} such that ui = 0, then

C(u1, . . . , ud) = 0.

2. Uniform Margins: For all i ∈ {1, . . . , d}, if ∀j ̸= i⇒ uj = 1, then

C(u1, . . . , ud) = ui.

3. d-Increasingness: For all u = (u1, . . . , ud) and v = (v1, . . . , vd) where ui < vi for all i = 1, . . . , d, the following holds:
∑

ℓ∈{0,1}d

(−1)ℓ1+···+ℓdC
(
uℓ11 v

1−ℓ1
1 , . . . , uℓdd v

1−ℓd
d

)
≥ 0.

Let E be the event distribution, C the censoring distribution, x a vector of covariates, and SE(t | x) = Pr(E > t | x)
and SC(c | x) = Pr(C > c | x) the marginal survival functions given x. We can then define a bivariate (survival) copula
Cθ [Nelsen, 2006] that describes the degree of dependence between E and C as follows:

Pr(E > t,C > c | x) = Cθ(SE(t | x), SC(c | x)) . (B.3)

Kendall’s tau (τ ) can be defined as:

τ = Pr (t2 − t1)(c2 − c1) ≥ 0 | x − Pr (t2 − t1)(c2 − c1) < 0 | x , (B.4)

where (t1, c1) and (t2, c2) are sampled from the model (B.3). Kendall’s τ can be solely expressed as a function of the copula
Cθ by [Emura and Chen, 2018]:

τθ = 4

∫ 1

0

∫ 1

0

Cθ(u, v), Cθ(du, dv), (B.5)

which implies that Kendall’s τ does not depend on the marginal survival functions. An Archimedean copula is a type of
copula that is defined using a generator function, which allows for a flexible way to model dependence structures between
random variables, e.g., E and C. Such a copula is defined as [Emura and Chen, 2018]:

Cθ(u, v) = φ−1
θ (φθ(u) + φθ(v)) . (B.6)

where the function φθ : [0, 1]→ [0,∞] is called a generator of the copula, which is continuous and strictly decreasing from
φθ(0) =∞ to φθ(1) = 0. The following Archimedean copulas are considered in this work:

• The independence copula:
C(u, v) = uv. (B.7)

• The Clayton copula [Clayton, 1978]:

Cθ(u, v) =
(
u−θ + v−θ − 1

)−1/θ
, θ ≥ 0. (B.8)

• The Frank copula [Frank, 1979]:

Cθ(u, v) = −1

θ
log

[
1 +

(exp(−θu)− 1)(exp(−θv)− 1)

e−θ − 1

]
, θ ̸= 0. (B.9)
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C SURVIVAL LIKELIHOOD

In the standard survival analysis framework, we define the survival time E and censoring time C such that:

E = ti and C ≥ ti if δi = 1,

E > ti and C = ti if δi = 0.

Combining these cases, the likelihood for the i-th observation is:

Li = Pr (E = ti, C ≥ ti |xi)δi Pr (E ≥ ti, C = ti |xi)1−δi (C.1)

Under the assumption of independent censoring [Emura and Chen, 2018], we have:

Li = [Pr (E = ti |xi) Pr (C ≥ ti |xi)]δi [Pr (E ≥ ti |xi) Pr (C = ti |xi)]1−δi

= [fE (ti |xi) SC (ti |xi)]δi [SE (ti |xi) fC (ti |xi)]1−δi

=
[
fE (ti |xi)δi SE (ti |xi)1−δi

] [
fC (ti |xi)1−δi SC (ti |xi)δi

]
(C.2)

where SE(t | xi) = Pr(E ≥ t | xi), fE(t | xi) = −dSE(t | xi)/dt, SC(t | xi) = Pr(C ≥ t | xi), and fC(t | xi) =
−dSC(t | xi)/dt. Under the non-informative censoring assumption, the term fC(ti | xi)1−δiSC(ti | xi)δi is unrelated to
the likelihood for the event times and can simply be ignored [Emura and Chen, 2018]. Therefore, the likelihood function can
be written as:

L =
N∏

i=1

fE(ti | xi)δiSE(ti | xi)1−δi , (C.3)

where fE(ti | xi) is the density function of the event time and SE(ti | xi) is the survival function of the event time. Note
how the censoring terms fC(ti) and SC(ti) are absent in (C.3). If the event is observed, the likelihood contribution is the
probability density of the event occurring at that time. If the observation is censored, the likelihood contribution is the
probability of surviving beyond that time. The overall likelihood is the product of these contributions across all instances.

However, if censoring is dependent, we can no longer rely on this clean decomposition of the likelihood as in Equation C.2.
Instead, given some Archimedean copula (e.g., Clayton or Frank), we can rewrite Equation C.2 as the log-likelihood under
dependent censoring [Foomani et al., 2023]:

ℓ(θ;D) =
N∑

i=1

δi log [fE(ti|xi)] + δi log

[
∂

∂u1
C(u1, u2)

∣∣∣∣
u1=SE(ti|xi)

u2=SC(ti|xi)

]

+ (1− δi) log [fC(ti|xi)] + (1− δi) log

[
∂

∂u2
C(u1, u2)

∣∣∣∣
u1=SE(ti|xi)

u2=SC(ti|xi)

]
(C.4)

In this expression, the first term represents the log-likelihood of observing the event at time ti. The second term captures the
conditional probability of the censoring time occurring after the event time, given that the event occurred at ti. By symmetry,
the third and fourth terms mirror these quantities but with respect to the censoring time. Although Equation C.4 may appear
complex, the partial derivatives of any Archimedean copula have closed-form expressions, which allows us to maximize the
log-likelihood using gradient descent.

D THEORETICAL PROPERTIES AND DERIVATIONS

This appendix develops the theoretical foundations of the proposed CG margin-time estimator under dependent censoring.
We first derive the KM and CG estimators to establish the survival estimation framework under independent and dependent
censoring, respectively, which forms the basis for the subsequent margin-time analysis. We then recall the asymptotic target
of the CG survival estimator under possible copula misspecification and introduce the margin-time functional and its plug-in
CG estimator.
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D.1 THE KAPLAN-MEIER ESTIMATOR

The following derivation follows the presentation of Emura and Chen [2018], generalized to accommodate tied event times.

Recall that (ti, δi), i = 1, . . . , N , denotes survival data without covariates, where ti = min(ei, ci) and δi = 1[ei ≤ ci]. Let
u1 < · · · < uJ denote the distinct observed event times. For each uj , define

dj =
N∑

i=1

1[ti = uj , δi = 1]

as the number of events at uj , and

nj =

N∑

i=1

1[ti ≥ uj ]

as the number of instances at risk immediately before uj .

We represent SE(t) as a decreasing step function whose jumps occur at the observed event times. Its value at time t can
therefore be written as

SE(t) =
∏

uj≤t

SE(uj)

SE(u−j )
(D.1)

=
∏

uj≤t

(
1− Pr(E = uj)

Pr(E ≥ uj)

)
, (D.2)

where SE(u−j ) denotes the survival probability immediately before the jump at uj .

Suppose that E and C are independent. Then,

SE(t) =
∏

uj≤t

(
1− Pr(E = uj , C ≥ uj)

Pr(E ≥ uj , C ≥ uj)

)
(D.3)

=
∏

uj≤t

(
1− Pr(min(E,C) = uj , E ≤ C)

Pr(min(E,C) ≥ uj)

)
. (D.4)

Replacing each probability ratio by its empirical estimate gives

ŜE(t) =
∏

uj≤t

(
1−

∑N
i=1 1[ti = uj , δi = 1]
∑N
i=1 1[ti ≥ uj ]

)
(D.5)

=
∏

uj≤t

(
1− dj

nj

)
, 0 ≤ t ≤ tmax. (D.6)

Thus, all events tied at uj are incorporated through the common factor 1− dj/nj . The empty product is defined as one, and
the estimator is undefined for t > tmax.

D.2 THE COPULA-GRAPHIC ESTIMATOR

The following derivation is based on the Copula-Graphic estimator introduced by Zheng and Klein [1995] and its explicit
Archimedean representation derived by Rivest and Wells [2001], generalized here to accommodate tied event times.

Consider the Archimedean copula model

Pr(E > t,C > c) = φ−1
θ [φθ(SE(t)) + φθ(SC(c))] , (D.7)

where φθ : [0, 1]→ [0,∞] is a continuous, strictly decreasing generator satisfying φθ(0) =∞ and φθ(1) = 0 [Emura and
Chen, 2018]. The marginal survival functions are SE(t) = Pr(E > t) and SC(t) = Pr(C > t).
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Let u1 < · · · < uJ denote the distinct observed event times, and let dj and nj be defined as in Section 2. We treat all events
tied at uj as a single jump of the event survival function. When events and censorings occur at the same observed time, we
use the event-before-censoring convention: the event jump is applied before any censoring removals at that time.

Immediately before the event jump at uj , the empirical joint survival probability is

P̂r(E ≥ uj , C ≥ uj) =
nj
N
.

Immediately after removing the dj events at uj , but before removing any censorings tied at that time, it is

nj − dj
N

.

Because only the event survival function changes across this event jump, the copula representation gives

φθ

(
nj − dj
N

)
= φθ

(
ŜE(uj)

)
+ φθ

(
ŜC(u−j )

)
, (D.8)

whereas immediately before the jump,

φθ

(nj
N

)
= φθ

(
ŜE(u−j )

)
+ φθ

(
ŜC(u−j )

)
. (D.9)

Subtracting Equation D.9 from Equation D.8 yields the jump recursion

φθ

(
ŜE(uj)

)
− φθ

(
ŜE(u−j )

)

= φθ

(
nj − dj
N

)
− φθ

(nj
N

)
. (D.10)

Since ŜE(t) = 1 before the first observed event and φθ(1) = 0, summing the jumps up to time t gives

φθ

(
ŜE(t)

)
=
∑

uj≤t

[
φθ

(
ŜE(uj)

)
− φθ

(
ŜE(u−j )

)]
(D.11)

=
∑

uj≤t

[
φθ

(
nj − dj
N

)
− φθ

(nj
N

)]
. (D.12)

Applying φ−1
θ therefore gives the CG estimator

ŜE(t) = φ−1
θ


∑

uj≤t

[
φθ

(
nj − dj
N

)
− φθ

(nj
N

)]

 , 0 ≤ t ≤ tmax. (D.13)

The empty sum is zero, and the estimator is undefined for t > tmax.

For the independence generator φind(u) = − log u, Equation D.13 becomes

ŜE(t) = exp


−

∑

uj≤t

[
− log

(
nj − dj
N

)
+ log

(nj
N

)]

 (D.14)

=
∏

uj≤t

nj − dj
nj

=
∏

uj≤t

(
1− dj

nj

)
, (D.15)

which is the Kaplan-Meier estimator.

For the Clayton generator φθ(u) = u−θ − 1 [Clayton, 1978], the CG estimator becomes

ŜE(t) =


1 +

∑

uj≤t

{(
nj − dj
N

)−θ
−
(nj
N

)−θ
}

−1/θ

. (D.16)
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D.3 THEORETICAL ANALYSIS

Rivest and Wells [2001] study the CG estimator for ŜE(t) under dependent censoring. Without assuming the fitted
Archimedean copula is the true copula, their estimator targets a marginal survival function S∗

E(t) defined via their equation
(8) (at page 6). Moreover, when the dependence is truly Archimedean with the same generator used to construct the estimator,
ŜE(t) is uniformly consistent for SE(t) [Rivest and Wells, 2001, Theorem 1].

In this section, we provide theoretical properties of this margin time. We start the analysis by formally (re-)stating the
calculation.

For any c ≥ 0 with SE(c) > 0 and
∫∞
c
SE(u) du <∞, define

emargin(c;SE) := c+

∫ ∞

c

SE(u) du

SE(c)
. (D.17)

We estimate it by the plug-in CG estimator

êmargin(c) := emargin(c; ŜE) = c+

∫ ∞

c

ŜE(u) du

ŜE(c)
. (D.18)

Similarly, define the large-sample target

e∗,margin(c) := emargin(c;S∗
E) = c+

∫ ∞

c

S∗
E(u) du

S∗
E(c)

. (D.19)

When the copula model is correctly specified, S∗
E = SE and hence e∗,margin(c) = emargin(c;SE).

To connect (D.17)–(D.18) to Rivest and Wells [2001] results (proved on [0, t0)), without loss of generality, we assume the
right tail beyond some finite horizon (i.e., t0) does not contribute. Under such a setting, we can rewrite the integrals in
(D.18)-(D.19) using

∫ ∞

c

ŜE(u) du =

∫ t0

c

ŜE(u) du

∫ ∞

c

S∗
E(u) du =

∫ t0

c

S∗
E(u) du,

so the theory reduces to controlling ŜE on the finite interval [0, t0) without any tail extrapolation.

D.3.1 Margin time as conditional expectation

Now we prove our method in (D.17) corresponds to the conditional expectation. This following theorem and proof are
adapted from Haider et al. [2020, Theorem B.1]. Here, we rephrase the proof for the completeness.

Lemma D.1. LetE ≥ 0 have survival function SE(t) = Pr(E > t). Fix c ≥ 0 with SE(c) > 0 and assume
∫∞
c
SE(u) du <

∞. Then

E[E | E > c] = c+

∫∞
c
SE(u) du

SE(c)
. (D.20)

Proof. Define (E − c)+ := max{E − c, 0}. For any nonnegative Y , E[Y ] =
∫∞
0

Pr(Y > v) dv. Apply this conditionally
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on {E > c}:

E[(E − c)+ | E > c] =

∫ ∞

0

Pr((E − c)+ > v | E > c) dv

=

∫ ∞

0

Pr(E > c+ v | E > c) dv

=

∫ ∞

0

Pr(E > c+ v)

Pr(E > c)
dv

=
1

SE(c)

∫ ∞

0

SE(c+ v) dv

=
1

SE(c)

∫ ∞

c

SE(u) du,

where we substituted u = c+ v. Finally, on {E > c}, E = c+ (E − c), hence

E[E | E > c] = c+ E[E − c | E > c]

= c+ E[(E − c)+ | E > c]

= c+

∫∞
c
SE(u) du

SE(c)
.

D.3.2 Consistency of the margin time

To simplify the notation, we denote the numerator term in (D.17) as

A(c;S) :=

∫ ∞

c

S(u) du.

Lemma D.2. Let smin be a small positive constant that satisfies S(c) ≥ smin > 0, A(c;S) <∞, and A(c; Ŝ) <∞. Let

∆A := A(c; Ŝ)−A(c;S) =

∫ ∞

c

(
Ŝ(u)− S(u)

)
du, ∆S(c) := Ŝ(c)− S(c).

Assume |∆S(c)| ≤ smin/2 (so that Ŝ(c) ≥ smin/2). Then

∣∣emargin(c; Ŝ)− emargin(c;S)
∣∣ ≤ 1

smin
|∆A|+ 2A(c;S)

s2min

|∆S(c)|+ 2

s2min

|∆A| |∆S(c)|. (D.21)

In particular, for small perturbations, the last term is second order in the errors.

Proof. By definition,

emargin(c; Ŝ)− emargin(c;S) =
A(c; Ŝ)

Ŝ(c)
− A(c;S)

S(c)
.

Write A(c; Ŝ) = A(c;S) + ∆A and Ŝ(c) = S(c) + ∆S(c):

A(c; Ŝ)

Ŝ(c)
− A(c;S)

S(c)
=

A(c;S) + ∆A

S(c) + ∆S(c)
− A(c;S)

S(c)
.

Subtract and re-add A(c;S)+∆A
S(c) :

A(c;S) + ∆A

S(c) + ∆S(c)
− A(c;S)

S(c)
=

(
A(c;S) + ∆A

S(c) + ∆S(c)
− A(c;S) + ∆A

S(c)

)

︸ ︷︷ ︸
I

+

(
A(c;S) + ∆A

S(c)
− A(c;S)

S(c)

)

︸ ︷︷ ︸
II

. (D.22)
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Term II equals ∆A/S(c), hence |(II)| ≤ |∆A|/smin.

For term I,

(I) = (A(c;S) + ∆A)

(
1

S(c) + ∆S(c)
− 1

S(c)

)
= (A(c;S) + ∆A)

−∆S(c)

S(c) (S(c) + ∆S(c))
.

Taking absolute values and using S(c) ≥ smin and S(c) + ∆S(c) ≥ smin/2 gives

|(I)| ≤ |A(c;S) + ∆A| · 2|∆S(c)|
s2min

≤ 2A(c;S)

s2min

|∆S(c)|+ 2

s2min

|∆A| |∆S(c)|.

Combining the bounds for both terms yields (D.21).

Corollary D.3 (Consistency). Assume:

(a) Theorem 1 in Rivest and Wells [2001] holds at some t0 > c, i.e., ŜE(t) is uniformly consistent for S∗
E(t) on [0, t0);

(b) no tail contribution beyond t0;

(c) S∗
E(c) ≥ smin > 0.

Then êmargin(c)
p−→ e∗,margin(c). If the copula model is correctly specified so that S∗

E = SE , then êmargin(c)
p−→

emargin(c;SE).

Proof. Because (b) assumes no tail contribution beyond t0, we have

∆A =

∫ ∞

c

(ŜE(u)− S∗
E(u)) du =

∫ t0

c

(ŜE(u)− S∗
E(u)) du.

Hence

|∆A| ≤ (t0 − c)
sup

u∈[c,t0]

|ŜE(u)− S∗
E(u)| ≤ (t0 − c)

sup
u∈[0,t0]

|ŜE(u)− S∗
E(u)| p−→ 0,

by uniform consistency on [0, t0). Also |∆S(c)| = |ŜE(c)− S∗
E(c)| ≤ supu∈[0,t0] |ŜE(u)− S∗

E(u)| p−→ 0.

Since supu∈[0,t0)

∣∣∣ŜE(u)− S∗
E(u)

∣∣∣ p−→ 0 and smin > 0, we have Pr
(
|∆S(c)| < smin

2

) p−→ 1, hence ŜE(c) ≥ smin

2 with
probability close to 1.

Then we can apply Lemma D.2 (because we have |∆S(c)| ≤ smin/2) with S = S∗
E and Ŝ = ŜE to conclude êmargin(c)−

e∗,margin(c)
p−→ 0. The correctly specified case follows from S∗

E = SE .

D.3.3 First-order expansion and delta method

In the preceding section, we prove the “law of large numbers property” of the margin time – in the limit, we have asymptotic
consistency. Now, we want to demonstrate the convergence rate.

Let us first define some notation for convenience. Fix c ≥ 0. Define

Tc(S) := emargin(c;S) = c+
A(c;S)

S(c)
.

Lemma D.4. Let S be a survival function with S(c) > 0 and A(c;S) <∞. Let h be any bounded function on [c,∞) such
that S(c) + h(c) > 0 and A(c;S + h) < ∞. Write Sh := S + h and define ∆A := A(c;Sh) − A(c;S) =

∫∞
c
h(u) du.

Then

Tc(Sh)− Tc(S) =
1

S(c)

∫ ∞

c

h(u) du− A(c;S)

S(c)2
h(c)

︸ ︷︷ ︸
Ṫc;S(h)

+Rc;S(h), (D.23)
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where the remainder is

Rc;S(h) = −∆A h(c)

S(c)2
+

A(c;Sh)h(c)2

S(c)2 (S(c) + h(c))
. (D.24)

In particular, if |h(c)| ≤ S(c)/2, then Rc;S(h) = O
(
|h(c)|2 + |∆A| |h(c)|

)
.

Proof. The proof is identical to the finite-horizon case, replacing
∫ t0
c

by
∫∞
c

. Start from

Tc(Sh)− Tc(S) =
A(c;Sh)

Sh(c)
− A(c;S)

S(c)
.

Add and subtract A(c;Sh)/S(c) to obtain

A(c;Sh)

Sh(c)
− A(c;S)

S(c)
= A(c;Sh)

(
1

Sh(c)
− 1

S(c)

)
+
A(c;Sh)−A(c;S)

S(c)

= A(c;Sh)

(
1

Sh(c)
− 1

S(c)

)
+

∆A

S(c)
.

Use the identity 1
a+b − 1

a = − b
a2 + b2

a2(a+b) with a = S(c) and b = h(c), and then decompose A(c;Sh) = A(c;S) + ∆A.
Collecting terms yields (D.23)–(D.24).

Theorem 2 in Rivest and Wells [2001] states that, for any t0 satisfying π(t0) > 0 and suitable bounded-derivative conditions,√
n
(
ŜE(t)− S∗

E(t)
)

converges weakly on D[0, t0) to a mean-zero Gaussian process, where π(t) = Pr(min(E,C) ≥ t).
Because the margin-time functional depends only on ŜE over [0, t0], this functional CLT is sufficient.

Theorem D.5. Assume:

(a) Rivest–Wells Theorem 2 holds at some t0 > c, i.e.,
√
n(ŜE − S∗

E)⇒ GE on D[0, t0), where GE has almost surely
continuous sample paths;

(b) no tail contribution beyond t0;

(c) S∗
E(c) > 0.

Then

√
n
(
êmargin(c)− e∗,margin(c)

)
⇒ Ṫc;S∗

E
(GE) =

1

S∗
E(c)

∫ ∞

c

GE(u) du−
∫∞
c
S∗
E(u) du

(S∗
E(c))2

GE(c). (D.25)

Moreover, under no tail contribution assumption, the integrals in (D.25) equal
∫ t0
c

(·) du.

Proof. Let hn := ŜE − S∗
E . By Lemma D.4 applied with S = S∗

E and h = hn,

êmargin(c)− e∗,margin(c) = Ṫc;S∗
E

(hn) +Rc;S∗
E

(hn).

Multiply by
√
n:

√
n
(
êmargin(c)− e∗,margin(c)

)
= Ṫc;S∗

E

(√
nhn

)
+
√
nRc;S∗

E
(hn).

Under no tail contribution, ŜE(u) = S∗
E(u) = 0 for u ≥ t0 (w.p.→ 1), so

∫∞
c
hn(u) du =

∫ t0
c
hn(u) du and likewise for

A(c;S∗
E). Thus Ṫc;S∗

E
is linear and is continuous at every path that is continuous at c.

By Theorem 1 in Rivest and Wells [2001], ŜE is uniformly consistent for S∗
E on [0, t0), so ∥hn∥∞,[0,t0]

p−→ 0. The remainder
in Lemma D.4 is second order in hn(c) and ∆A =

∫ t0
c
hn, hence

√
nRc;S∗

E
(hn) = op(1) under the same tightness argument

implied by the functional CLT in (a).

Since
√
nhn ⇒ GE on D[0, t0) and GE has almost surely continuous sample paths, Ṫc;S∗

E
is continuous at GE almost

surely. The continuous mapping theorem therefore yields

Ṫc;S∗
E

(√
nhn

)
⇒ Ṫc;S∗

E
(GE).

Combining this with
√
nRc;S∗

E
(hn) = op(1) and Slutsky’s theorem gives (D.25).
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E EXPERIMENTAL DETAILS

E.1 SYNTHETIC EXPERIMENT DETAILS

We evaluate the behavior of survival evaluation metrics under controlled censoring mechanisms using a fully synthetic
data-generating process (DGP) with known ground-truth event times. The primary goal of these experiments is to isolate the
effect of dependent censoring on metric bias while keeping the predictive model fixed.

All experiments use Weibull marginal distributions for both event and censoring times and induce dependence through a
copula function. Synthetic datasets are generated using a linear Weibull DGP, and all experimental factors other than the
evaluation metric are held fixed.

Covariates. For each experiment, we generate N independent covariate vectors

xi ∼ Unif([0, 1]d),

with d = 10 and N = 10,000. Covariates are fixed across different censoring dependence levels for each random seed to
isolate the effect of the censoring mechanism.

Event and censoring models. Both the event time E and censoring time C follow Weibull distributions with covariate-
dependent hazards. Conditional on xi, the hazard and survival functions take the form

h(t | xi) =

(
v

ρ

)(
t

ρ

)v−1

exp
(
g(xi)

)
, (E.1)

S(t | xi) = exp

(
−
(
t

ρ

)v
exp

(
g(xi)

))
. (E.2)

We use the following parameters throughout:

(vE , ρE) = (4, 17), (vC , ρC) = (3, 12).

The risk functions are linear:
gE(x) = x⊤βE , gC(x) = x⊤βC ,

where βE ,βC ∈ Rd are sampled independently for each random seed from Unif([−1, 1]d).

Copula-based dependence. Dependence between event and censoring times is introduced using copula-based constructions.
For each instance i, a pair of uniform random variables

(ui, vi) ∈ [0, 1]2

is sampled from a copula with a specified Kendall’s τ .

For Archimedean copulas (Clayton and Frank), (ui, vi) is sampled directly using the standard Archimedean construction,
with the copula parameter chosen to match the target Kendall’s τ via the corresponding analytical relationship. For the
Gaussian copula, dependence is induced by first sampling a bivariate normal vector (z1i, z2i) with zero mean, unit variance,
and correlation coefficient ρ. The correlation ρ is chosen such that the resulting Kendall’s τ matches the target value. The
uniform variables are then obtained via the probability integral transform:

ui = Φ(z1i), vi = Φ(z2i).

where Φ(·) denotes the standard normal cumulative distribution function.

When τ = 0, ui and vi are sampled independently, yielding conditional independence between E and C given X .

Event and censoring times are subsequently generated via inverse transform sampling:

ei = S−1
E (vi | xi), ci = S−1

C (ui | xi).

Censoring rate calibration. To ensure that differences in metric behavior are not confounded by changes in censoring
severity, the censoring distribution is calibrated to achieve approximately matched marginal censoring rates across copula
families and dependence strengths.
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This is accomplished by introducing a multiplicative scaling factor on the censoring hazard. For each copula family, a grid of
scaling factors is evaluated in pilot simulations, and the resulting empirical censoring rates are recorded. Scaling factors are
then selected to span a fixed set of target censoring-rate intervals, ensuring that each copula family contributes comparable
censoring levels despite differences in dependence structure.

The selected scaling factors are reused across random seeds, yielding stable censoring rates with low variability while
preserving the intended dependence between event and censoring times.

Observed data. The observed time and event indicator are given by

ti = min(ei, ci), δi = I{ei ≤ ci}.

For oracle evaluation, the true event times ei are retained for all instances.

Model fitting. For each simulated dataset, we fit a CoxPH model using the observed data (ti, δi,xi). Survival curves
Ŝ(t | xi) are obtained using the Breslow estimator. The CoxPH model specification and hyperparameters are held fixed
across experiments, while the model is refitted for each simulated dataset.

Metric evaluation. We compare two evaluation approaches:

• IPCW Brier Score, computed using inverse probability of censoring weights as implemented in the SurvivalEVAL
package [Qi et al., 2023b].

• Dependent Brier Score, computed using the proposed dependent Brier score based on CG margin-time imputation
with uncertainty weighting and with the copula family and dependence strength assumed known.

Metric error is defined as the absolute deviation from the oracle Brier score computed using the true event times. All results
are averaged over 10 random seeds. Empirical censoring rates are additionally reported to verify calibration stability across
dependence levels.

E.2 DATASETS AND PREPROCESSING

WHAS: Worcester Heart Attack Study dataset (WHAS) [Hosmer et al., 2008] contains 500 patients with acute myocardial
infarction, focusing on the time to death post-hospital admission. The data was already post-processed and can be downloaded
from the scikit-survival package [Pölsterl, 2020].

METABRIC: The Molecular Taxonomy of Breast Cancer International Consortium (METABRIC) dataset [Curtis et al.,
2012] contains survival information for breast cancer patients. This dataset includes a diverse range of feature sets that
encompass clinical traits, expression profiles, copy number variation (CNV) profiles, and single-nucleotide polymorphism
(SNP) genotypes. All these features are derived from breast tumor samples collected during the METABRIC trial. The
dataset can be downloaded from https://www.cbioportal.org/study/summary?id=brca_metabric.

Churn: Customer churn prediction dataset (Churn) focuses on predicting customer attrition. Each record in the file
corresponds to a customer and contains the same set of features, such as age, gender, tenure, usage frequency, support
calls, payment delay, subscription type, contract length, total spend, and last interaction. We apply one-hot encoding on the
US region feature and exclude subjects who are censored at time 0. The dataset can be downloaded from the PySurvival
package [Fotso et al., 2019].

GBSG: The German Breast Cancer Study Group (GBSG) dataset [Royston and Altman, 2013] includes 686 patients with
node-positive breast cancer and complete prognostic information. It is publicly available in R’s survival package [Th-
erneau, 2024]. While the original GBSG dataset features a higher censoring rate and a broader set of variables, we use a
modified version that combines the dataset with uncensored cases from the Rotterdam dataset. This results in fewer variables,
a lower censoring rate, and a larger sample size than the original. This combined dataset, which was already post-processed in
the DeepSurv study [Katzman et al., 2018], is available for download at https://github.com/jaredleekatzman.

NACD: The Northern Alberta Cancer Dataset (NACD) [Haider et al., 2020] contains 2402 patients and 53 features. It
is a conglomerate of many different cancer patients, including lung, colorectal, head and neck, esophageal, stomach,
and other cancers. The event of interest in this dataset is failure time. We drop patients with negative or zero survival
time leaving 2,396 patients. There are no missing values in this dataset. The dataset can be downloaded from http:
//pssp.srv.ualberta.ca under “Public Predictors”.
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FLCHAIN: The Serum Free Light Chain (FLCHAIN) dataset is a stratified random sample comprising half of the partici-
pants from a study investigating the association between serum free light chain (FLC) levels and mortality [Dispenzieri et al.,
2012]. It is available in R’s survival package [Therneau, 2024]. After downloading, we perform several preprocessing
steps: we remove three subjects with events occurring at time zero, impute missing values in the creatinine feature using
its median, and exclude the chapter feature—which encodes the cause of death according to ICD chapter headings—since
it is only defined for deceased (uncensored) subjects and would therefore leak the event indicator to the model.

SUPPORT: The Study to Understand Prognoses, Preferences, Outcomes, and Risks of Treatment (SUPPORT)
dataset [Knaus, 1995] includes 9,105 participants and was designed to investigate survival outcomes and clinical decision-
making among seriously ill hospitalized patients. The dataset contains a substantial proportion of missing values across
many features. We obtained the dataset from Qi et al. [2024] and follow their preprocessing steps.

Employee: Employee dataset contains employee activity information that can be used to predict when an employee will
quit. The dataset can be downloaded from the PySurvival package [Fotso et al., 2019]. It contains duplicate entries; after
dropping these duplicates, the number of subjects in the dataset is reduced from 14,999 to 11,991. We also apply one-hot
encoding to the department information.

MIMIC-IV: The Medical Information Mart for Intensive Care IV (MIMIC-IV) [Johnson et al., 2023] contains critical care
data from patients admitted to hospitals and intensive care units (ICU). We create a version using the MIMIC-IV database,
which contains patients who are alive at least 24 hours after being admitted to ICU. Their date of death is derived from
hospital records or state records, which means the cause of mortality is not limited to the reason for ICU admission. We
follow the instructions in [Qi et al., 2023a] to process the dataset, and the code is available in their GitHub repository:
https://github.com/shi-ang/CensoredMAE.

SEER: The SEER Program dataset [Ries et al., 2003] is a comprehensive collection of cancer patient data from approximately
49% of the U.S. population. Our study focuses on three subsets: SEER-brain, SEER-liver, and SEER-stomach, containing
data on patients diagnosed with brain, liver, and stomach cancers, respectively. The goal is to model the time from diagnosis
to failure events, such as death or disease progression. We preprocess the dataset as in [Qi et al., 2024]. Features analyzed
include age, sex, cancer stage, grade, and various clinical factors. We excluded features with over 70% missing data, patients
without follow-up times, duplicates, and those with a survival time of zero. The SEER cohort is available for download at
www.seer.cancer.gov.

Figure E.1 shows the empirical KM survival curves and the distribution of event and censoring times for the generated
semi-synthetic datasets used for training and evaluation. Reported censoring rates are computed from the observed indicators.

E.3 SURVIVAL LEARNERS

CoxPH: The Cox Proportional Hazards model (CoxPH) is a semi-parametric survival analysis model [Cox, 1972], consisting
of a non-parametric baseline hazard function h0(t) and a parametric partial hazard function f(θ,xi), typically estimated
using the Breslow method [Breslow, 1975]. The hazard function is h(t | xi) = h0(t) exp(f(θ,xi)), where f is linear. The
MLE of θ̂ maximizes the Cox partial log-likelihood [Cox, 1972]. CoxPH is implemented from the scikit-survival
package [Pölsterl, 2020].

GBSA: GBSA [Ridgeway, 1999] is a likelihood-based boosting model that optimizes an ℓ2-norm penalized Cox partial
log-likelihood [Cox, 1972]. It updates candidate variables flexibly at each boosting step using an offset-based gradient
boosting method, unlike traditional gradient boosting, which updates either a single component or all features for fitting the
gradient. GBSA is implemented from the scikit-survival package [Pölsterl, 2020].

RSF: Random Survival Forests (RSF) [Ishwaran et al., 2008] extend decision trees for survival analysis by constructing
multiple trees on bootstrapped samples. Each tree predicts an individual’s survival function, with splits based on criteria
like the log-rank test. RSF handles censored data as right-censored and accounts for it during tree construction, with
final predictions as the average of all trees’ survival functions. RSF is implemented from the scikit-survival
package [Pölsterl, 2020].

DeepSurv: DeepSurv [Katzman et al., 2018] is a neural network implementation of the CoxPH model of the form h(t | xi) =
h0(t) exp(f(θ,xi)), where f(θ,xi) denotes a risk score as a nonlinear function of the features, i.e., f(θ,xi) = σ(xiθ),
where σ is a nonlinear activation function. Popular functions include the hyperbolic tangent (Tanh) function or the Rectified
Linear Unit (ReLU). The MLE for θ̂ is derived by numerically maximizing the partial Cox log-likelihood. DeepSurv is
implemented from https://github.com/shi-ang/BNN-ISD/.
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Figure E.1: Empirical KM survival curve and event/censoring time distribution for the generated semi-synthetic datasets
used in training and evaluation.

MTLR: Multi-Task Logistic Regression (MTLR) [Yu et al., 2011] is a neural network implementation of a discrete-time
model that predicts the survival distribution using a sequence of dependent logistic regressors. The number of discrete times
is determined by the square root of the number of uncensored patients, and we use quantiles to divide those uncensored
instances evenly into each time interval. MTLR is implemented from https://github.com/shi-ang/BNN-ISD/.

Table E.1 reports the selected hyperparameters for the survival learners.

E.4 IMPLEMENTATION DETAILS

Subsampling. For computational efficiency, we subsample the largest semi-synthetic datasets while preserving their
event-time distributions. For MIMIC-IV, SEER, and Employee, we draw N = 10,000 rows stratified by event status and
discretized time intervals.

Reproducibility. Experiments used Python 3.9, PyTorch 1.13.1, NumPy 1.24.3, and Pandas 1.5.3, with tensor computations
in double precision (fp64). They were run on a workstation with an AMD Ryzen 5 5600X 3.70 GHz CPU, 32 GB RAM,
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Table E.1: Hyperparameters for the survival learners.

Model Parameter Value

CoxPH alpha 0.01
ties ’Breslow’
n_iter 100
tol 1e-9

GBSA n_estimators 100
max_depth 1
min_samples_split 2
min_samples_leaf 1
max_features ’sqrt’
sub_sample 0.8
random_state 0

RSF n_estimators 100
max_depth 1
min_samples_split 2
min_samples_leaf 1
max_features ’sqrt’
random_state 0

DeepSurv hidden_size 100
verbose False
lr 0.001
c1 0.01
num_epochs 1000
batch_size 32
dropout 0.25
early_stop True
patience 10

MTLR verbose False
lr 0.001
c1 0.01
num_epochs 1000
batch_size 32
early_stop True
patience 10

and an NVIDIA GeForce RTX 2060 (6 GB) GPU using CUDA 11.7. Parts of the pipeline and preprocessing utilities build
on the MENSA codebase [Lillelund et al., 2026a].

Copula estimation details. For semi-synthetic experiments, copula and marginal parameters were optimized using
Adam [Kingma and Ba, 2017] for up to 3× 104 full-batch epochs. Learning rates were 10−3 for the Weibull marginals and
10−2 for the copula parameter θ. Early stopping was triggered when the validation NLL failed to improve for 100 epochs
and θ changed negligibly across successive epochs.

F ADDITIONAL RESULTS

F.1 COMPUTATIONAL ANALYSIS

Time complexity. Table F.1 reports the runtime of copula fitting, the dominant cost of dependent metric evaluation. For
each candidate copula family, two Weibull marginals and a copula parameter are fitted jointly, followed by validation-based
model selection. Runtime ranges from approximately 5 to 75 minutes. After fitting, the dependent metrics add less than 1ms
relative to standard estimators across all datasets.

Space complexity. Table F.1 also reports the increase in peak PyTorch-allocated GPU tensor memory during fitting. This
excludes CPU RAM, non-PyTorch allocations, and reserved but unallocated GPU memory. The increase ranges from
approximately 0.3 to 11MiB. Fitted models are discarded afterward and therefore do not affect metric-evaluation memory.

F.2 ESTIMATION ERROR

Table F.2 reports the full bias and variability results corresponding to the main text estimation error analysis.

3865

228



Table F.1: Copula fitting time and incremental peak PyTorch GPU tensor memory across datasets under the Original feature
selection strategy. Fitting includes training Clayton and Frank copula models jointly with their Weibull marginals.

Dataset Copula Time (min) Copula Memory (MiB)

METABRIC 15.67 1.12
GBSG 5.22 0.43
NACD 14.76 1.91
SUPPORT 67.36 5.90
FLChain 55.98 5.40
WHAS 10.61 0.35
Employee 54.41 6.08
Churn 5.59 1.32
MIMIC-IV (all) 74.24 10.68
SEER (brain) 28.97 5.72
SEER (liver) 68.35 5.92
SEER (stomach) 38.01 5.92

Table F.2: Mean (± SD) absolute estimation error of IBS-IPCW and proposed dependent metrics across semi-synthetic
datasets and feature selection strategies, averaged over 5 survival learners and 10 experiments.

WHAS METABRIC Churn GBSG NACD FLCHAIN

Original

IPCW (KM) 0.073 ± 0.038 0.061 ± 0.012 0.117 ± 0.016 0.125 ± 0.039 0.092 ± 0.013 0.156 ± 0.008
IPCW (CoxPH) 0.106 ± 0.070 0.051 ± 0.012 0.115 ± 0.019 0.129 ± 0.040 0.148 ± 0.106 0.162 ± 0.008
Dep (KM) 0.055 ± 0.025 0.047 ± 0.011 0.120 ± 0.012 0.130 ± 0.038 0.091 ± 0.010 0.135 ± 0.008
Dep (CG) 0.055 ± 0.025 0.047 ± 0.011 0.120 ± 0.013 0.126 ± 0.037 0.091 ± 0.010 0.135 ± 0.008
Dep (CG)UW 0.063 ± 0.025 0.049 ± 0.010 0.124 ± 0.014 0.134 ± 0.037 0.082 ± 0.011 0.090 ± 0.008

Top-5

IPCW (KM) 0.071 ± 0.037 0.062 ± 0.012 0.121 ± 0.018 0.124 ± 0.039 0.103 ± 0.014 0.133 ± 0.008
IPCW (CoxPH) 0.065 ± 0.037 0.061 ± 0.013 0.114 ± 0.016 0.126 ± 0.038 0.098 ± 0.014 0.138 ± 0.008
Dep (KM) 0.055 ± 0.024 0.048 ± 0.011 0.120 ± 0.013 0.130 ± 0.038 0.098 ± 0.010 0.108 ± 0.008
Dep (CG) 0.055 ± 0.024 0.048 ± 0.011 0.119 ± 0.014 0.126 ± 0.037 0.097 ± 0.012 0.108 ± 0.008
Dep (CG)UW 0.065 ± 0.024 0.049 ± 0.010 0.125 ± 0.016 0.134 ± 0.037 0.089 ± 0.012 0.066 ± 0.008

Top-10

IPCW (KM) 0.071 ± 0.038 0.061 ± 0.011 0.119 ± 0.016 0.125 ± 0.039 0.098 ± 0.013 0.143 ± 0.013
IPCW (CoxPH) 0.082 ± 0.051 0.051 ± 0.012 0.111 ± 0.015 0.130 ± 0.041 0.093 ± 0.017 0.150 ± 0.014
Dep (KM) 0.054 ± 0.025 0.047 ± 0.011 0.121 ± 0.012 0.131 ± 0.038 0.095 ± 0.010 0.123 ± 0.017
Dep (CG) 0.054 ± 0.025 0.047 ± 0.011 0.121 ± 0.012 0.126 ± 0.037 0.095 ± 0.010 0.123 ± 0.017
Dep (CG)UW 0.063 ± 0.025 0.049 ± 0.011 0.125 ± 0.014 0.134 ± 0.037 0.086 ± 0.011 0.078 ± 0.009

Rand. 25%

IPCW (KM) 0.090 ± 0.030 0.061 ± 0.018 0.129 ± 0.014 0.153 ± 0.032 0.109 ± 0.013 0.140 ± 0.020
IPCW (CoxPH) 0.091 ± 0.031 0.056 ± 0.018 0.122 ± 0.013 0.157 ± 0.036 0.111 ± 0.017 0.147 ± 0.013
Dep (KM) 0.081 ± 0.022 0.049 ± 0.017 0.126 ± 0.009 0.153 ± 0.026 0.101 ± 0.010 0.140 ± 0.012
Dep (CG) 0.081 ± 0.022 0.049 ± 0.017 0.117 ± 0.009 0.147 ± 0.026 0.099 ± 0.010 0.140 ± 0.012
Dep (CG)UW 0.095 ± 0.026 0.050 ± 0.017 0.131 ± 0.009 0.161 ± 0.026 0.091 ± 0.010 0.032 ± 0.013

SUPPORT Employee MIMIC (IV) SEER (brain) SEER (liver) SEER (stomach)

Original

IPCW (KM) 0.108 ± 0.052 0.152 ± 0.009 0.026 ± 0.016 0.077 ± 0.005 0.104 ± 0.013 0.119 ± 0.018
IPCW (CoxPH) 0.109 ± 0.052 0.100 ± 0.006 0.039 ± 0.027 0.055 ± 0.005 0.097 ± 0.015 0.095 ± 0.012
Dep (KM) 0.111 ± 0.051 0.148 ± 0.007 0.023 ± 0.012 0.089 ± 0.005 0.118 ± 0.004 0.125 ± 0.008
Dep (CG) 0.109 ± 0.051 0.154 ± 0.007 0.024 ± 0.012 0.084 ± 0.006 0.106 ± 0.004 0.112 ± 0.008
Dep (CG)UW 0.093 ± 0.051 0.152 ± 0.008 0.024 ± 0.013 0.067 ± 0.005 0.092 ± 0.004 0.097 ± 0.008

Top-5

IPCW (KM) 0.109 ± 0.052 0.155 ± 0.010 0.027 ± 0.017 0.076 ± 0.005 0.109 ± 0.014 0.124 ± 0.018
IPCW (CoxPH) 0.109 ± 0.052 0.103 ± 0.005 0.027 ± 0.018 0.083 ± 0.022 0.109 ± 0.017 0.128 ± 0.020
Dep (KM) 0.112 ± 0.051 0.149 ± 0.007 0.026 ± 0.011 0.090 ± 0.005 0.120 ± 0.005 0.126 ± 0.008
Dep (CG) 0.109 ± 0.051 0.156 ± 0.007 0.027 ± 0.013 0.085 ± 0.005 0.111 ± 0.005 0.116 ± 0.008
Dep (CG)UW 0.094 ± 0.051 0.154 ± 0.008 0.025 ± 0.013 0.068 ± 0.005 0.096 ± 0.005 0.101 ± 0.008

Top-10

IPCW (KM) 0.109 ± 0.052 0.152 ± 0.009 0.026 ± 0.017 0.077 ± 0.005 0.103 ± 0.013 0.119 ± 0.017
IPCW (CoxPH) 0.109 ± 0.051 0.101 ± 0.005 0.031 ± 0.026 0.055 ± 0.005 0.097 ± 0.015 0.099 ± 0.015
Dep (KM) 0.111 ± 0.051 0.147 ± 0.007 0.023 ± 0.011 0.090 ± 0.005 0.118 ± 0.004 0.124 ± 0.008
Dep (CG) 0.109 ± 0.051 0.153 ± 0.007 0.024 ± 0.011 0.085 ± 0.006 0.107 ± 0.004 0.111 ± 0.008
Dep (CG)UW 0.093 ± 0.051 0.152 ± 0.008 0.025 ± 0.013 0.068 ± 0.005 0.093 ± 0.004 0.097 ± 0.009

Rand. 25%

IPCW (KM) 0.142 ± 0.058 0.161 ± 0.016 0.016 ± 0.009 0.111 ± 0.027 0.128 ± 0.015 0.132 ± 0.017
IPCW (CoxPH) 0.142 ± 0.058 0.110 ± 0.010 0.017 ± 0.011 0.111 ± 0.028 0.197 ± 0.105 0.133 ± 0.011
Dep (KM) 0.145 ± 0.057 0.137 ± 0.008 0.031 ± 0.013 0.113 ± 0.017 0.127 ± 0.004 0.135 ± 0.011
Dep (CG) 0.141 ± 0.057 0.120 ± 0.008 0.032 ± 0.014 0.102 ± 0.016 0.109 ± 0.005 0.120 ± 0.013
Dep (CG)UW 0.125 ± 0.057 0.147 ± 0.009 0.021 ± 0.007 0.089 ± 0.017 0.098 ± 0.004 0.106 ± 0.013

3866

229





231

Appendix I

Position: Stop Chasing the C-index
when Evaluating Survival Analysis
Models

Abstract: The current state of evaluation in survival analysis is plagued by the per-
sistent use of evaluation metrics in ways that are misaligned with the stated model-
ing objective. In addition, many such evaluations are based on censoring assump-
tions that are left implicit or unjustified. This means that the reported performance
can be misleading and may fail to answer the scientific or modeling question the
evaluation was intended to address. In this position paper, we critically examine
evaluation practices in survival analysis and highlight how censoring makes eval-
uation fundamentally different from standard regression or classification. We place
particular focus on concordance-based measures, such as the C-index, which we
show are heavily overused in the literature. To help identify appropriate metrics, we
propose a set of key desiderata and introduce a double-helix ladder, in which valid
evaluation requires alignment between metric and modeling assumptions. Through
controlled experiments, we show that violations of this alignment can lead to mis-
leading model comparisons. We conclude by providing practical guidance on how
to evaluate a survival model.

Authors: Christian Marius Lillelund, Shi-ang Qi, Russell Greiner, and Christian Fis-
cher Pedersen.

Status: Accepted to the ICML 2026 Position Paper Track (Spotlight).
Preprint: arXiv:2506.02075.



Position: Stop Chasing the C-index
when Evaluating Survival Analysis Models

Christian Marius Lillelund 1 2 Shi-ang Qi 1 3 4 Russell Greiner 1 3 Christian Fischer Pedersen 2

Abstract
The current state of evaluation in survival analysis
is plagued by the persistent use of evaluation met-
rics in ways that are misaligned with the stated
modeling objective. In addition, many such eval-
uations are based on censoring assumptions that
are left implicit or unjustified. This means that the
reported performance can be misleading and may
fail to answer the scientific or modeling question
the evaluation was intended to address. In this
position paper, we critically examine evaluation
practices in survival analysis and highlight how
censoring makes evaluation fundamentally differ-
ent from standard regression or classification. We
place particular focus on concordance-based mea-
sures, such as the C-index, which we show are
heavily overused in the literature. To help iden-
tify appropriate metrics, we propose a set of key
desiderata and introduce a double-helix ladder,
in which valid evaluation requires alignment be-
tween metric and modeling assumptions. Through
controlled experiments, we show that violations
of this alignment can lead to misleading model
comparisons. We conclude by providing practical
guidance on how to evaluate a survival model.

1. Introduction
Survival analysis – which studies ways to predict when an
event will occur – is widely used in domains such as health-
care (Cohen et al., 2008; Lee et al., 2021), mechanical engi-
neering (Zhang et al., 2019), and economics (Ahn, 2023). A
defining characteristic of survival data is censoring, where
the event time is only partially observed for some instances.

1Department of Computing Science, University of Alberta,
Edmonton, Canada 2Department of Electrical and Computer En-
gineering, Aarhus University, Aarhus, Denmark 3Alberta Ma-
chine Intelligence Institute, Edmonton, Canada 4Vector Institute,
Toronto, Canada. Correspondence to: Christian Marius Lillelund
<clillelund@ualberta.ca>.

Proceedings of the 43 rd International Conference on Machine
Learning, Seoul, South Korea. PMLR 306, 2026. Copyright 2026
by the author(s).

The most common case is right-censoring, in which only
a lower bound of the event time is known – e.g., when a
patient has not yet experienced disease progression by the
end of a clinical study. Because censored observations ap-
pear in the test set (as well as the training set), performance
metrics must match the prediction objective and account
for censoring to be meaningful. In practice, however, these
considerations are often overlooked:

First, metrics are often misaligned with the stated objec-
tive: many projects use measures that use naive discrimina-
tion by default, even when the real objective of the project
is different – e.g., accurate time-to-event or probabilistic
prediction. Second, these metric choices are often made
without considering of censoring or correcting for it.
Many projects proceed as if censoring were “random” – that
is, independent of the event process – an assumption we de-
fine precisely below, yet such assumptions are rarely stated,
justified, or adjusted for empirically. Because censored ob-
servations appear in both training and test sets, evaluation
metrics must explicitly account for censoring to avoid bi-
ased performance estimates. In this setting, censoring is not
a technical nuisance but a structural feature that determines
whether an evaluation metric is meaningful.

Zhou et al. (2023) found that over 80% of studies in sur-
vival analysis used the C-index as the primary metric. The
C-index (CI) is a discrimination metric: it measures whether
predicted risk scores correctly rank individuals by event
time1. While the limitations of the C-index are well doc-
umented (Hartman et al., 2023), our findings suggest that
its widespread use points to a broader issue: a review of 92
methodological and application-based survival papers, from
2023 to 2025 (Appendix A), reveals that approximately
72% rely on evaluation metrics that do not align with their
stated objectives, and often do so without stating their cen-
soring assumptions (e.g., random) or attempting to correct

1At a high level, each instance is represented by a feature vector
xi ∈ X , where typically X = Rd. A model M(·) predicts a scalar
risk score M(xi) ∈ R. For two instances xi and xj , we interpret
M(xi) > M(xj) as predicting that instance i will experience
the event (e.g., die) earlier than instance j. The C-index then
measures how often this ranking is correct among comparable
pairs, i.e., pairs where one observed event precedes the other time.
See Appendix B for a formal definition.
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Position: Stop Chasing the C-index

for censoring to make those same metrics valid. Figures 1
and 2 summarize these findings.

Position. We argue that a substantial portion of recent
survival analysis research is evaluated incorrectly, leading
to misleading model comparisons and overstated perfor-
mance claims. This arises from a systematic mismatch
between modeling objectives, evaluation metrics, and the
censoring assumptions those metrics rely on. In practice,
discrimination-based metrics (in particular the C-index) are
often misused to support claims about time-to-event predic-
tion or probabilistic calibration, while censoring is assumed
to be random (Definition 2.1) with little justification. To
make this mismatch explicit, we introduce a ladder hypoth-
esis between models, metrics, and censoring assumptions.
Through controlled experiments, we show that popular met-
rics become increasingly misleading as censoring deviates
from the common assumption of randomness. While prior
work has discussed why and when the C-index can be prob-
lematic, our goal is not only to critique existing practice but
to offer practical guidance for meaningful evaluation. In
particular, we argue that evaluation should start from the
research objective, make explicit the censoring assumptions
one is willing to defend, and ideally select metrics that are
valid under those assumptions.

Section Content
Sec. 2 Survival analysis and censoring assumptions.
Sec. 3 Examples of model-metric mismatch and five

desiderata for evaluating survival models.
Sec. 4 Aspects of evaluation and metrics.
Sec. 5 The Ladder Hypothesis and practical experiments

illustrating model-metric mismatch.
Sec. 6 Recommendations for aligning evaluation choices

with study objectives and censoring assumptions.
Sec. 7 Alternative views on model evaluation.

Code to run the experiments is available at: https://
github.com/thecml/position-cindex.

2. Survival Analysis
2.1. Survival Data

We consider a survival dataset D = {(xi, ti, δi)}Ni=1, where
xi ∈ Rd denotes covariates, ti ∈ R+ the observed time,
and δi ∈ {0, 1} the event indicator. At the population level,
let X ∈ X ⊆ Rd denote the covariate vector, and let E
and C denote nonnegative event-time and censoring-time
random variables, with realizations ei, ci. We consider right-
censored data, where

T := min{E,C}, ∆ := 1[E ≤ C].

Thus, each observed triplet (xi, ti, δi) realizes (X, T,∆).
We assume these triplets are drawn i.i.d. from Pr(X, T,∆),
equivalently induced by Pr(X, E, C). Here, we focus on
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Figure 1. Overview of metric usage in survival analysis publi-
cations (2023-2025, see Appendix A). Papers reporting multiple
metrics contribute one count to each metric. Note that most pa-
pers rely on metrics that only assess a model’s discrimination (i.e.,
ranking) ability, not how well it can make accurate time-to-event
estimates nor provide calibrated survival probabilities.
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Figure 2. Overview of metric correctness in survival analysis pub-
lications (2023-2025; see Appendix A). Each paper is labeled Yes,
Partially, or No depending on whether the reported evaluation
metrics align with the stated modeling objective and whether cen-
soring assumptions are stated, justified or corrected for to make
those metrics valid. We find that 73% of surveyed methodology
papers and 68% of application-focused papers do not fully satisfy
these criteria.

survival models that estimate an individual survival distribu-
tion (ISD), an instance-specific survival function describing
the probability that the event has not occurred beyond each
time point (Haider et al., 2020). Given xi, an ISD model
M(·) produces M(xi) = Ŝ(· | xi), where

Ŝ(t | xi) ≈ Pr(E > t |X = xi), t ≥ 0.

ISDs support time-to-event estimates, pointwise event prob-
abilities, and derived risk scores. We refer to these outputs
as prediction targets.

2.2. Censoring Assumptions

We typically distinguish three assumptions about the rela-
tionship between E and C (see Figure 3), which is gener-
ally not identifiable from the observed data (Tsiatis, 1975).

2

233



Position: Stop Chasing the C-index

These assumptions affect both the validity of a survival
learner2 and its evaluation metric.

Definition 2.1 (Random Censoring). Instances censored
at time t are representative of all instances still at risk at t,
in terms of their survival experience (Kleinbaum & Klein,
2012, Ch. 1). For example, in a medical study, patients
are censored because the study ends, or because they move
away for reasons unrelated to health. These are assumed to
have the same subsequent death rate as uncensored patients
who remain in the risk set3. Formally, E ⊥⊥ C4.

Definition 2.2 (Independent Censoring). Within any sub-
group of interest (e.g., smokers or non-smokers), instances
censored at time t are representative of those who remain at
risk at twith respect to their survival experience (Kleinbaum
& Klein, 2012). This is also called conditional independent
censoring, since observed covariates are assumed to explain
the event–censoring relationship. In a cancer study, tumor
grade may affect both survival and loss to follow-up, so
censoring may be associated with event time marginally.
However, if loss to follow-up is unrelated to survival within
each tumor-grade group, censoring is independent condi-
tional on tumor grade. Formally, E ⊥⊥ C |X5.

Definition 2.3 (Dependent Censoring). Within any sub-
group of interest, instances censored at time t are not repre-
sentative of those who remain at risk at time t with respect
to their survival experience. Equivalently, censoring is de-
pendent when it remains related to the event process even
after conditioning on the observed covariates. In the afore-
mentioned cancer study, tumor grade may be recorded, but
unobserved frailty, socioeconomic status, or treatment toler-
ance may affect both survival and dropout from follow-up.
Then, even within each tumor-grade group, censored pa-
tients may have different survival prospects from those who
remain under observation. Formally, E ⊥̸⊥ C |X .

3. Why Evaluation Matters
Censoring is not a single mechanism, but may behave in
various ways between datasets. After a learner has learned
from a dataset that includes censored instances, the resulting
model will then be evaluated against held-out data, which

2Here, a learner refers to a statistical or machine learning pro-
cedure that uses censored time-to-event data to fit a model, such
as a Cox proportional hazards (CoxPH) model (Cox, 1972) or a
Random Survival Forest (Ishwaran et al., 2008). Given an instance
xi, the fitted model can then predict quantities such as hazard
functions, survival functions, or risk scores.

3The risk set at time t consists of all individuals who are still
under observation and have experienced neither the event nor
censoring just prior to time t. These individuals are considered at
risk of experiencing the event at time t, and thus contribute to the
estimation of the hazard and related quantities.

4Meaning P (E > t | C ≥ t) = P (E > t) for all t.
5Meaning P (E > t | C ≥ t,X) = P (E > t | X) for all t.
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(a)
Random

Censoring
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Independent
Censoring

(c)
Dependent
Censoring

Figure 3. Comparison of three censoring assumptions, illustrated
using directed acyclic graphs (DAGs) – where directed arcs show
statistical dependence (Pearl, 2009). (a) Random censoring in-
volves a random censoring time unrelated to the event time. (b)
Independent censoring assumes that the censoring time is statisti-
cally independent of the event time given the observed covariates.
(c) Dependent censoring violates this assumption as an unobserved
confounding variable induces dependence between E and C.

also includes censored instances6. The key distinction is
whether censored individuals remain representative of those
still under observation marginally, only after conditioning
on observed covariates, or not even after such conditioning.

3.1. Objective-Metric Mismatch

Our analysis shows that the community does not always
carefully consider how their models are evaluated or which
criteria are used to assess them. Here are three examples.

Steinberg et al. (2024) presented a foundation model called
MOTOR, designed to predict time-to-event outcomes from
55M patient records. The authors focused on accurately
predicting the time to a specific event, such as when a par-
ticular diagnosis code will be assigned to a patient, but
did not directly evaluate time-to-event accuracy. Instead,
they evaluated MOTOR using Brier score (Brier, 1950), 1-
Calibration (D’Agostino & Nam, 2003), and two C-index
variants (Harrell Jr. et al., 1996; Heagerty & Zheng, 2005).
The latter only assess risk ranking7.

Zisser & Aran (2024) presented a Transformer-based model
to predict patient-specific survival probabilities for acute
lymphoblastic leukemia. Although their goal was to pre-
dict the actual time to event, they again only evaluated their

6Real datasets can have many censored instances. For example,
in a 23-year prostate cancer study, approximately 68-80% of men
did not die from prostate cancer and were therefore censored (Bill-
Axelson et al., 2018).

7A model may achieve a high C-index by correctly ranking
individuals while systematically misestimating event times, e.g.,
predicting each event time to be twice as large as its true value;
rankings are preserved, giving a high C-index, but absolute errors
such as MAE are large. Conversely, a model may predict event
times close to the population mean for all individuals, resulting
in a good (low value) MAE but poor discrimination, since lit-
tle individual-level variation is captured and rankings are largely
random.
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model using Harrell’s C-index. This was a mismatch be-
tween the objective and evaluation: they wanted correct
time-to-event predictions, but the C-index only told them
how good their model was at discriminating patients. Be-
cause of this, we do not know if the model’s predictions can
be trusted for actual time-to-event prediction.

Liu et al. (2025) presented HACSurv, a copula-based sur-
vival model designed to capture dependence between com-
peting risks and censoring. Although their goal was to ex-
ploit dependencies, they evaluated their method on datasets
using standard metrics, such as Antolini’s C-index (Antolini
et al., 2005) and the integrated Brier score (IBS), where the
latter uses IPCW8 based on a Kaplan-Meier (KM) censoring
estimate (Kaplan & Meier, 1958; Graf et al., 1999; Gerds &
Schumacher, 2006). Since the KM estimator assumes inde-
pendent censoring, this creates a mismatch: HACSurv is de-
signed to model dependence involving censoring, while IBS
and related IPCW-based measures are only valid under the
independent censoring assumption. The authors acknowl-
edge that IBS may be unreliable under dependent censoring;
nevertheless, this example illustrates the broader issue that
empirical claims based on standard survival metrics require
explicit justification of the censoring assumptions under
which those metrics are valid.

3.2. Metric Requirements

Below we propose five specific desiderata for metrics that
evaluate survival models. These desiderata are desirable
properties and formalize what it means for an evaluation
metric to be appropriate for a given scientific goal. In the
following sections, we use these desiderata to analyze com-
monly used metrics.

D1 Be a proper scoring rule. A proper scoring rule is
defined as a scoring function (or loss) that is mini-
mized (or maximized, depending on convention) ex-
actly when the predicted probabilities match the true
underlying probability distribution (see Appendix C
for a formal definition). A metric should be a proper
scoring rule because it rewards truthful predictions
– i.e., models that better reflect the underlying data-
generating process should receive better scores.

D2 Be interpretable. A metric should be expressed in
domain-relevant, human-understandable units (e.g.,

8IPCW corrects for censoring by weighting observed outcomes
by the inverse probability of remaining uncensored up to the rele-
vant time. Marginal IPCW estimates the censoring survival func-
tion by Ĝ(t) = P̂r(C > t), typically using the KM estimator.
Conditional IPCW instead uses a covariate-dependent estimate
Ĝ(t | x) = P̂r(C > t | X = x). Using marginal IPCW implic-
itly assumes censoring does not depend on covariates; if censoring
depends on X , conditional censoring weights are required, other-
wise the estimator can be biased.

days, weeks, months; or probabilities) and described
using common, non-technical terminology. Its value
should have a direct and intuitive connection to model
behavior, without requiring additional transformations
or assumptions. This allows practitioners and non-
technical stakeholders to readily understand what is
being measured and how differences in the metric re-
flect differences in model performance.

D3 Be model-agnostic. A metric should be independent
of any model internals (i.e., parameters) or information
from the covariate distribution P (X). This increases
its comparability and robustness: we cannot fairly com-
pare two models if the metric we are using depends on
parameter choices or on quirks of P (X). For exam-
ple, a non-model-agnostic metric may assign different
performance scores to two models that give identical
predictions, simply because one has more parameters.

D4 Be sensitive to miscalibration. When a metric is used
to evaluate probabilistic survival predictions, it should
be sensitive to inaccurate survival probabilities. This
is useful for detecting whether a model systematically
overestimates or underestimates survival across the
study period. For example, a model might predict that
each of 100 patients has a 70% chance of surviving
next year, while only 50 patients actually do.

D5 Be robust to censoring. A metric should support cen-
soring in a manner consistent with its occurrence in
the data. If our analysis suggests that censoring is in-
deed random (Definition 2.1), and censored individuals
are equally likely to experience the event, the metric
should reflect this observation. Conversely, if it sug-
gests that censoring is dependent (Definition 2.3), the
metric should account for this dependence.

4. Aspects of Evaluation and Common Metrics
We now introduce three aspects of evaluation in survival
analysis and common metrics in the field; formal definitions
are provided in Appendix B.

Discrimination. Discrimination metrics assess how well
a model ranks individuals by predicted risk or event time.
They measure relative ordering rather than the numerical
accuracy of predicted risks, survival probabilities, or event-
time estimates. Under censoring, this ordering must also be
estimated under assumptions about which pairs are compa-
rable and how censoring is handled. Figure 1 shows that the
most common kind is Harrell’s C-index, which estimates
the proportion of correctly ordered pairs among comparable
instances9. It can be biased under right-censoring because

9A pair is comparable if one instance experiences the event
before the other; concordance means the instance with higher
predicted risk has the event first.
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Table 1. Overview of commonly used evaluation metrics and which desideratum each satisfies. A checkmark (✓) indicates that the metric
fully satisfies the desideratum, a triangle (▲) indicates partial satisfaction, and a cross (✗) indicates that the metric does not satisfy the
desideratum. For the interpretability desideratum, we rank the metrics on a scale from 1 to 7, where 1 indicates the lowest interpretability
and 7 indicates the highest. The ranking follows desideratum D2, assigning higher ranks to metrics whose units and values are more
directly understandable. The log-likelihood (LL) is included merely for comparison, as it is typically not used as a final evaluation metric.

Desideratum CI (Harrell) CI (Uno) CI (Antolini) IBS MAE D-Cal LL

Proper scoring rule (D1) ✗ ✗ ✗ ✓ ▲ ✗ ✓
Interpretable (D2) #2 #3 #5 #6 #1 #4 #7
Model-agnostic (D3) ▲ ▲ ▲ ✓ ✓ ✓ ✗
Sensitive to miscalibration (D4) ✗ ✗ ✗ ✓ ✗ ✓ ✓
Robust to censoring (D5) ✗ ▲ ✗ ▲ ✗ ✗ ▲

it estimates concordance over observed comparable pairs,
which need not represent all pairs defined by the true event
times. Uno’s C-index (Uno et al., 2011) corrects this bias us-
ing IPCW, yielding an unbiased metric under random (using
KM) or independent (using a covariate-based model) censor-
ing. However, all commonly used C-index variants remain
biased under dependent censoring, and none of the C-indices
are proper scoring rules when the risk score is the predicted
t-year event probability, r̂i(t) = 1 − Ŝ(t | xi) (Blanche
et al., 2019). They are partially model-agnostic, as they
do not rely on any model internals, but do require that the
model can predict individual risk scores, not just ISDs10.

Absolute and squared errors. Error-based metrics eval-
uate numerical discrepancies between model predictions
and corresponding observed outcome summaries. The Brier
score (Brier, 1950) measures the accuracy of predicted sur-
vival probabilities at a given time point using squared error:
the prediction is a survival probability Ŝ(t | xi), while the
observed quantity is the survival status at time t, 1[ei > t],
which equals 1 if individual i is event-free at t and 0 oth-
erwise. To account for censoring, it is typically estimated
using IPCW and averaged over time to yield the IBS, which
summarizes prediction error across the study horizon. An-
other commonly used error metric is the MAE, which mea-
sures the mean absolute difference between a predicted
event time êi and the underlying event time ei. Because
ei is observed only when δi = 1, MAE is either computed
on uncensored observations (Schemper, 1990) or estimated
using de-censoring methods such as MAE-Margin (Haider
et al., 2020) or MAE-PO (Qi et al., 2023a). Although MAE
and C-index may seem likely to favor the same models, this
need not hold: MAE assesses accuracy of actual time pre-
dictions (e.g., days, months), whereas C-index only checks
rankings (Qi et al., 2023a). IBS is a proper scoring rule for
survival distributions under random censoring (Rindt et al.,
2022), while MAE is proper only for evaluating median
survival time predictions, not full survival distributions (Qi

10For ISD models, risk scores can be derived in several ways:
Haider et al. (2020) use the negative predicted median survival
time, whereas Blanche et al. (2019) use the predicted t-year event
probability, r̂i(t) = 1− Ŝ(t | xi).

et al., 2023a). IBS is sensitive to miscalibration, as it pe-
nalizes inaccurate survival probabilities over time, whereas
MAE is not, since it evaluates only point predictions. When
censoring is handled using KM, IBS and MAE are biased
under dependent censoring (Emura & Chen, 2018).

Calibration. Calibration metrics evaluate whether predicted
survival probabilities align with the event frequencies ob-
served in the data. A common fixed-time approach is 1-
Calibration (D’Agostino & Nam, 2003), which compares
predicted event or survival probabilities at a prespecified
horizon t∗, such as Ŝ(t∗ | xi), with observed event frequen-
cies by that time. It therefore assesses calibration at one clin-
ically relevant horizon, not over the full survival curve. D-
Calibration (Haider et al., 2020) takes a different approach:
rather than fixing a time point, it evaluates whether predicted
survival probabilities at the event times are distributionally
calibrated11. Thus, D-Calibration assesses calibration of
the predicted ISDs, rather than calibration at a single time
horizon. However, neither 1-Calibration nor D-Calibration
is a proper scoring rule, since each returns a goodness-of-fit
p-value rather than a loss to be minimized. This p-value
is also less directly interpretable than metrics expressed in
probabilities or time units. Nevertheless, D-Calibration is
model-agnostic because it only requires predicted ISDs. It
is sensitive to distributional miscalibration, but when cen-
soring is handled using KM, it is not robust to dependent
censoring.

5. Model-Metric Consistency
We introduce a guiding principle called the Ladder Hypoth-
esis of Model-Metric Consistency 12 (see Figure 4). In short,

11Under perfect distributional calibration, the values Ŝ(ei | xi)
for uncensored instances are uniformly distributed on [0, 1]. D-
Calibration tests this using a goodness-of-fit test; censored obser-
vations are distributed over compatible probability intervals.

12As an analogy, the distortion of the model-metric ladder can
be compared to the emergence of a helical structure in physics:
the ladder becomes “twisted” because introducing additional con-
straints (e.g., dependent censoring or covariate-dependent mech-
anisms) renders a straight alignment between model and metric
assumptions statistically unstable.
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a model and its evaluation metric must stand on the same
rung of the assumption ladder: if they rely on different cen-
soring assumptions, neither the reported performance nor
the metric estimate can be considered reliable.

In this section, we show that this principle is often over-
looked. For example, models developed under an indepen-
dent censoring assumption are often evaluated using metrics
designed for random censoring. Even when these limita-
tions are known, we speculate that authors may default to
off-the-shelf metrics to maintain comparability with prior
work, satisfy reviewer expectations, or because no widely
accepted alternative exists (see also Alternative View 2 in
Section 7).

Ladder Hypothesis of Model-Metric Consistency

A model can be considered trustworthy only when it
is evaluated with metrics whose own validity rests on
the same or weaker set of statistical assumptions that
also govern the model. Conversely, an evaluation
metric is itself trustworthy only when any auxiliary
models or estimators on which it relies satisfy those
same assumptions.
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Representative Methods Discussed 
in the Paper

Models Metrics

DCSurvival [2024]

MAE-PO [2023]
MAE-Margin [2020]

D-Calibration [2020]
IWSG [2024]

Uno's C-index [2011]
IPCW Brier score [2006]

1-Calibration [2003]

SurvivalBoost [2025]
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AFT [1977]
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Figure 4. The double-helix ladder shows the current development
of survival models (orange) and evaluation metrics (blue) under
increasingly weakening censoring assumptions (going up). Filled
dots indicate settings where valid methods exist, while hollow
dots indicate unresolved gaps. The development of models has
started to solve dependent censoring, while the development of
metrics has not completely solved independent censoring yet. The
resulting separation between the two strands highlights systematic
model-metric mismatch across the assumption ladder.

5.1. A Simple Illustration

To illustrate the Ladder Hypothesis, we conduct a controlled
experiment on synthetic data in which the predictive model

(CoxPH) is held fixed and only the censoring mechanism is
varied. We generate event times from the same covariate-
dependent Weibull distribution across all settings, while
varying censoring across three scenarios with progressively
weaker assumptions: (1) random censoring, (2) independent
censoring, and (3) dependent censoring induced via a Clay-
ton copula13 with Kendall’s τ ∈ {0.25, 0.5, 0.75}, where
higher Kendall’s τ corresponds to stronger dependence be-
tween event and censoring times. Note that standard CI and
IBS implementations (Kvamme et al., 2019; Qi et al., 2024a)
rely on global censoring corrections (e.g., IPCW using the
KM) that do not condition on X , and therefore operate un-
der random censoring. Full details of the data-generating
process and experiment design are provided in Appendix D.

We evaluate the same predicted survival curves using both
discrimination and error-based metrics. For discrimination,
we consider the oracle14 C-index, Harrell’s C-index and
Uno’s C-index. For error-based metrics, we consider the or-
acle IBS, the naive IBS (no IPCW) and the IPCW-weighted
IBS. Table 2 reports the oracle performance, which reflects
the model’s true predictive performance under each censor-
ing mechanism. Since the predictive model is trained under
an independent censoring assumption, stronger dependent
censoring can also degrade the fitted model itself; the oracle
metrics therefore capture genuine changes in predictive per-
formance rather than evaluation bias. Figure 5 reports the
resulting censored-data metric errors15. These errors isolate
the additional bias introduced by evaluating censored test
data without access to the true event times. As censoring
deviates from the assumptions used by the metric estima-
tors, CI and IBS estimates become increasingly biased, and
may even suggest improvement when oracle performance is
degrading.

5.2. Random Censoring

Random censoring (i.e.,E ⊥⊥ C) is the first and most restric-
tive censoring assumption. Despite this limitation, almost all
classical conditional survival algorithms (i.e., methods that
predict an individual outcome for instance i given covariates
xi) were derived under random censoring, including CoxPH,
Accelerated Failure Time (AFT) models (Farewell & Pren-
tice, 1977), and Random Survival Forest (Ishwaran et al.,
2008), etc. Evaluation practices evolved in parallel, and thus

13A copula is a link function that encodes cross-dependency
between E and C, which applies to any marginal distribution.

14Oracle metrics are computed using true event times. This
is possible in our simulation because the data-generating process
records both the event time ei and censoring time ci for each
instance i. The oracle metric therefore uses ei directly and does
not rely on censoring-related assumptions.

15The metric error is defined as the difference between the value
reported by a given censored-data metric and its corresponding
oracle value computed using the true event times.
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Figure 5. Mean (± SD) metric errors averaged over 100 random seeds. Errors are relative to the model’s oracle performance.

Table 2. Oracle model performance (± SD) under different censor-
ing mechanisms, averaged over 100 random seeds.

Censoring #Events (Cens.%) CIoracle ↑ IBSoracle ↓
Random 2641 (73.6%) 0.634±0.018 0.090±0.040

Independent 3157 (68.4%) 0.634±0.018 0.084±0.037

Dependent
(τ = 0.25) 2969 (70.3%) 0.628±0.021 0.132±0.096

Dependent
(τ = 0.50) 2758 (72.4%) 0.618±0.025 0.199±0.144

Dependent
(τ = 0.75) 2536 (74.6%) 0.609±0.030 0.245±0.157

many popular metrics – such as the IPCW-adjusted time-
specific Brier score (Graf et al., 1999; Gerds & Schumacher,
2006), time-specific calibration (D’Agostino & Nam, 2003),
and Cox-Snell residuals (Cox & Snell, 1968) – were also
introduced under the random-censoring framework. When
the first models were developed, these metrics had not yet
been proposed; researchers instead relied on calibration-
style checks, for example, comparing average predictions
with the KM estimator. Since the 1980s, these advances
in evaluation have led researchers to validate models built
under random censoring with metrics that make the same as-
sumption (Brier score, Cox-Snell residuals) (Ishwaran et al.,
2008; Van Belle et al., 2011; Yu et al., 2011). Consequently,
these models and their evaluation procedures remain model-
metric consistent.

5.3. Independent Censoring

Random censoring is rarely justifiable in practice; instead,
modern survival analysis typically assumes that the cen-
soring time C may depend on covariates X but is con-
ditionally independent of the event time E given X (i.e.,
E ⊥⊥ C |X).

When independence holds only given X , naively treating
data as randomly censored can inflate or attenuate risk esti-

mates. As an example, patients who leave follow-up early
may differ systematically (e.g., they are younger, health-
ier, wealthier) from those who remain, skewing both model
training and evaluation. Ignoring this bias can yield biased
estimates and misleading clinical conclusions. To mitigate
censoring-induced bias, recent methods explicitly account
for the censoring mechanism, either by modeling it directly
or by reweighting censored observations (Robins & Rot-
nitzky, 1992; Cole & Hernán, 2004; Chapfuwa et al., 2021;
Han et al., 2021; 2022; Alberge et al., 2025). Examples
include the inverse-weighted survival game (IWSG) of Han
et al. (2021) and SurvivalBoost (Alberge et al., 2025), both
of which exploit covariate information in X to adjust for
censoring.

Meanwhile, many popular evaluation metrics can differ
from their oracle counterparts even under random censoring,
especially in their commonly used unweighted forms, such
as Harrell’s C-index and the uncorrected Brier score (see
Figure 5). This motivates IPCW-variants (see Section 4) that
are unbiased if censoring weights are correctly estimated.
Unfortunately, some papers still report unweighted C-index
or Brier scores (see Figure 1); the resulting model-metric
mismatch reintroduces the very same bias those models aim
to eliminate. To our knowledge, consistently estimating
IPCW weights under independent censoring is nontrivial
in practice without additional modeling assumptions. As
a result, evaluation procedures based on IPCW may fail to
be consistent in practice. Therefore, these models and their
evaluation procedures are not model-metric consistent.

5.4. Dependent Censoring

Dependent censoring (i.e., E ⊥̸⊥ C |X) is the most compli-
cated form of censoring because the joint law of (E,C) is
no longer identifiable from the observed-data distribution
Pr(X, T,∆) without further structural assumptions (Tsiatis,
1975). Existing approaches include sensitivity analyses for
untestable dependence assumptions (Siannis et al., 2005;
Huang & Zhang, 2008), partial-identification bounds under
weaker assumptions, and model-based corrections that im-
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pose structure on the joint distribution, for example through
copulas (Huang & Zhang, 2008; Emura & Chen, 2018;
Foomani et al., 2023; Zhang et al., 2024a; Liu et al., 2025) or
proximal causal inference (Tchetgen Tchetgen et al., 2024;
Ying, 2024). Representative copula-based approaches in-
clude DCSurvival (Zhang et al., 2024a) and HACSurv (Liu
et al., 2025), which explicitly model dependence using a
copula function. These developments mainly concern model
estimation, however, not model evaluation.

Unfortunately, virtually all commonly used performance
measures (Harrell’s C-index, Uno’s C-index, Brier score,
MAE, D-Calibration) assume at least independent censoring.
Under dependent censoring, they become biased, breaking
model-metric consistency. Because there are no broadly ac-
cepted assumption-aligned metrics, most papers tackling de-
pendent censoring report results on synthetic data where the
ground truth is known (Qi et al., 2023a).Worryingly, some
studies (see the last example in Section 3.1) nonetheless
declare state-of-the-art performance on real datasets with
alleged dependent censoring using independent-censoring
metrics such as Antolini’s C-index, IBS, or D-Calibration.
Such scores are biased, rendering any claimed superiority an
artifact of model-metric mismatch. One recent line of work
by Lillelund et al. (2025a) addresses this gap by replacing
the KM estimator used inside standard survival metrics with
the Copula-Graphic estimator (Zheng & Klein, 1995). This
estimator jointly models event and censoring times under
an Archimedean copula (Emura & Chen, 2018), and yields
copula-based analogues of common metrics that can empiri-
cally recover model error better under dependent censoring.
However, such approaches require specifying a copula fam-
ily, which introduces a strong and typically unverifiable
assumption. Moreover, existing evidence is still mainly em-
pirical, with few theoretical guarantees such as consistency
or asymptotic normality for the resulting metrics.

In summary, survival analysis lacks broadly accepted eval-
uation metrics that remain unbiased under dependent cen-
soring. Until such tools are developed and validated, perfor-
mance claims for state-of-the-art models in this setting are,
at best, speculative in real datasets. Our central message is
therefore a plea for recalibration: researchers must scruti-
nize the assumptions behind the metrics they report, and the
community should prioritize creating assumption-aligned
evaluation procedures before proclaiming new modeling
breakthroughs. This includes developing evaluation proce-
dures that are robust to dependent censoring. In our opinion,
rigorous evaluation should be the next frontier for progress
under dependent censoring.

6. Practical Recommendations
Below we provide some practical recommendations for eval-
uation and consistency in survival analysis.

Recommendation 1 (Stick to your goal): In application-
oriented studies, the primary evaluation metric should fol-
low directly from the study objective, prediction target, and
evaluation aspect: discrimination, absolute or squared er-
ror, calibration, or another aspect (Section 4). Risk ranking
objectives (e.g., prioritizing patients for a critical medical
resource) call for discrimination metrics such as C-index or
AUC variants (Hung & Chiang, 2010); time-to-event estima-
tion favors error-based metrics such as MAE or MSE; and
decision-making based on predicted survival probabilities is
best assessed using calibration-oriented measures. Finally,
among metrics that address the same aspect, the desiderata
in Section 3.2 help clarify what the trade-offs are.

Recommendation 2 (Evaluate from multiple angles):
In methodology-oriented studies (e.g., developing a new
general-purpose algorithm), we recommend reporting at
least one representative metric from each of the aforemen-
tioned aspects (Section 4). Many new deep-learning meth-
ods increasingly predict the full survival curve (see Sec-
tion 2.1); however, because the true survival curve is un-
observed and its tail is often unreliable due to censoring,
relying only on metrics that assess the full survival func-
tion can be misleading. We also recommend evaluating
well-chosen scalar summaries16, which can provide more
stable and practically relevant feedback than comparing
entire survival curves. For example, clinicians managing
kidney disease usually act on a 2-year or 5-year predicted
risk score (Stevens et al., 2024).

Recommendation 3 (Strive for consistency): Reported
performance should be interpreted relative to the censor-
ing assumptions supported by the chosen metric. Survival
metrics encode specific assumptions about censoring, ob-
servability, and what constitutes a good prediction (see Sec-
tion 4). We therefore recommend explicitly stating one’s
assumptions about censoring, choose metrics that align with
these assumptions (e.g., estimate censoring weights in Uno’s
C-index using a CoxPH model) and openly declare when
model-metric consistency cannot be guaranteed. When such
alignment is not possible, robustness checks, sensitivity
analyses, or complementary metrics should be used to show
that conclusions are not artifacts of the evaluation proce-
dure itself. As alluded to, under conditionally independent
censoring, a practical path forward is to replace marginal
censoring corrections with covariate-dependent ones17.

16Examples include landmark event probabilities 1−Ŝ(t∗ | xi),
the predicted median survival time inf{t : Ŝ(t | xi) ≤ 0.5}, and
the restricted mean survival time (RMST)

∫ t∗

0
Ŝ(t | xi) dt. The

mean survival time is given by
∫∞
0

Ŝ(t | xi) dt, but is often less
stable because it depends on the tail of the predicted survival curve.

17For IPCW-based metrics, this means estimating the censoring
survival function conditionally, Ĝ(t | xi) = P̂r(C > t | X =

xi), rather than using a marginal KM estimate Ĝ(t).
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Time to event Time-specific
probability

Entire survival
distribution

Discrimination
(eg, Uno's C-index, AUC-

IPCW)

Calibration
(eg, 1-Calibration, D-
Calibration, ECE/ICI)

Prediction error / scoring
(eg, MAE-Margin, MAE-PO,

IBS-IPCW)

Random censoring
Use marginal IPCW 

Independent censoring
Use conditional IPCW Dependent censoring

Use an adjusted estimator

Choose the metric family based on the evaluation target and aspect;
choose the censoring adjustment based on the censoring assumption.

Step 3. Specify the censoring assumption

Step 1. Choose the prediction target

Step 2. Choose the evaluation aspect

Relative risk score

Figure 6. A workflow for selecting survival prediction metrics.

To make these recommendations actionable, we summarize
them in the practical checklist (shown in Figure 6), which
guides the selection of evaluation metrics based on the pre-
diction target, evaluation aspect and censoring assumption.

7. Alternative Views
Alternative View 1 In methodological papers, evaluation

is often intended to be application-agnostic, and the C-
index is therefore used as a general-purpose measure of
predictive performance. Because it assesses a model’s
ability to correctly order individuals by risk without
requiring well-calibrated absolute probabilities, it is
robust to differences in baseline hazard specification
and outcome prevalence. Empirically, improvements
in C-index are frequently observed to coincide with
improvements in other performance measures, making
it a practical primary metric for comparing methods.

Response Strong ranking performance does not imply cali-
brated survival probabilities or accurate time-to-event
estimates (Hartman et al., 2023; Qi et al., 2023a). This
is likely more pronounced for models that are trained
only to optimize a ranking loss, e.g., DeepSurv (Katz-
man et al., 2018) and the Hierarchical model (Tjandra
et al., 2021), which have been shown to perform poorly
on error and calibration-based metrics when repro-
duced (Lillelund et al., 2026a). We believe methodolog-
ical contributions should be evaluated broadly rather
than selectively, with metrics that cover the main as-

pects of performance, so that a method’s strengths,
weaknesses, and relevant baselines are clearly visible.
Such transparency is essential for understanding how
and when the proposed method offers real advantages.

Alternative View 2 Even if standard evaluation metrics
are biased under censoring, their use is still justified
in practice. Authors may default to standard metrics
to maintain comparability with prior work, to satisfy
reviewer expectations or because no widely accepted
alternatives exist under weaker censoring assumptions.
Using familiar metrics also facilitates communication
and interpretation within the community. Moreover,
when comparing two models MA(·) and MB(·) on
the same dataset, any censoring-induced bias from the
dataset is shared across models, so relative perfor-
mance comparisons remain meaningful.

Response First, comparability with prior work does not
mitigate the risk of propagating systematic error: con-
sistent use of biased metrics propagates bias, not just
noise. Biased metrics can make apparent progress
an artifact of evaluation. Second, censoring-induced
bias is not necessarily shared equally across models,
especially when models rely on different censoring
assumptions. For example, if MA(·) implicitly as-
sumes independent censoring while MB(·) is designed
to model dependent censoring, then evaluating both
with a metric that assumes independence may fail to
credit MB(·) appropriately for its better predictive per-
formance. Third, if no unbiased alternatives exist, that
does not justify making strong empirical performance
claims; instead, it means that some claims simply can-
not yet be made reliably, especially when a method ex-
plicitly targets dependent censoring (see Section 3.1).

8. Conclusion
We argue that a substantial number of papers in survival
analysis evaluate models using metrics that do not reflect
the stated scientific goal or implicitly rely on censoring as-
sumptions that are rarely stated, justified, or corrected for
in practice. In a survey of 92 papers published between
2023 and 2025, we found approximately 72% fall under
our criteria of misalignment. This suggests that this issue is
widespread, and unfortunately can lead to overstated perfor-
mance claims or prevent new models from being credited
for methodological breakthroughs in modeling techniques.
Therefore, we gave five desiderata to guide metric selec-
tion and showed why model-metric alignment is important
with a concrete experiment. Going forward, we advocate
for evaluation protocols in which metrics, assumptions, and
data-generating mechanisms are made explicit and ideally
aligned, and for further research on new metrics, especially
under dependent censoring.

9

240



Position: Stop Chasing the C-index

Acknowledgements
This research received support from the Natural Science
and Engineering Research Council of Canada (NSERC), the
Canadian Institute for Advanced Research (CIFAR), and the
Alberta Machine Intelligence Institute (Amii).

References
Abdallah, W. B., Njah, H., and Jamoussi, S. New Dynamic

Bayesian Network for Time-to-Event Prediction. In 2024
IEEE/ACS 21st International Conference on Computer
Systems and Applications (AICCSA), pp. 1–7, 2024.

Abuhantash, F., Welsch, R., Finkelstein, S., and AlShehhi,
A. Alzheimer’s Disease Risk Prediction Using Machine
Learning for Survival Analysis with a Comorbidity-Based
Approach. Scientific Reports, 15:28723, 2025.

Ahn, H. J. Duration structure of unemployment hazards
and the trend unemployment rate. Journal of Economic
Dynamics and Control, 151:104664, 2023.

Alberge, J., Maladiere, V., Grisel, O., Abécassis, J., and
Varoquaux, G. Survival Models: Proper Scoring Rule
and Stochastic Optimization with Competing Risks. In
Proceedings of The 28th International Conference on Ar-
tificial Intelligence and Statistics, volume 258, pp. 3619–
3627, 2025.

Antolini, L., Boracchi, P., and Biganzoli, E. A time-
dependent discrimination index for survival data. Statis-
tics in Medicine, 24(24), 2005.

Apellániz, P. A., Parras, J., and Zazo, S. Leveraging the
Variational Bayes Autoencoder for Survival Analysis. Sci-
entific Reports, 14(1):24567, 2024.

Archetti, A. and Matteucci, M. Federated Survival Forests.
In 2023 International Joint Conference on Neural Net-
works (IJCNN), pp. 1–9, 2023.

Baniecki, H., Sobieski, B., Szatkowski, P., Bombinski, P.,
and Biecek, P. Interpretable machine learning for time-
to-event prediction in medicine and healthcare. Artificial
Intelligence in Medicine, 159:103026, 2025.

Bian, Y., Yi, G., and He, W. Boosting Methods for Interval-
censored Data with Regression and Classification. In
International Conference on Learning Representations,
volume 2025, pp. 52534–52565, 2025.

Bill-Axelson, A., Holmberg, L., Garmo, H., Taari, K.,
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Frauen, D., Schröder, M., Hess, K., and Feuerriegel, S. Or-
thogonal Survival Learners for Estimating Heterogeneous
Treatment Effects from Time-to-Event Data. In Advances
in Neural Information Processing Systems, volume 38,
pp. 30247–30287, 2026.

Gerds, T. A. and Schumacher, M. Consistent estimation of
the expected Brier score in general survival models with
right-censored event times. Biometrical Journal, 48(6):
1029–1040, 2006.

Ghosh, D., Pal, S., Lutz, M., and Luo, S. Ensemble Sur-
vival Analysis for Preclinical Cognitive Decline Predic-
tion in Alzheimer’s Disease Using Longitudinal Biomark-
ers. Journal of Alzheimer’s Disease, 107(3):1256–1266,
2025.
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A. Structured Survey
We conducted a structured survey to examine how evaluation metrics are used in recent survival analysis publications. Our
review covered papers published between 2023.01.01 and 2025.12.31 across major scientific databases, including Google
Scholar, ScienceDirect, Scopus, Springer Nature, and IEEE Xplore. We supplemented this database search with manual
screening of major machine-learning venues (e.g., NeurIPS, ICML, ICLR, AISTATS), selected biomedical conferences
(e.g., EMBC), and relevant journals. To identify relevant articles, we searched for combinations of survival-analysis and
evaluation-related keywords (see Table 3). Papers were included if they addressed survival analysis using a learned predictive
model and contained an empirical evaluation section; purely methodological statistics papers and epidemiological studies
without predictive modeling were excluded. For each paper, we extracted the stated problem type, modeling objectives, the
metrics used in the experimental section, and whether the chosen metrics aligned with the stated goals and with the censoring
assumptions of the data. Our sampling strategy intentionally focuses on machine learning-oriented survival analysis and
may therefore over-represent ML and biomedical venues relative to traditional biostatistics.

Table 3. Keywords used in the structured survey for identifying survival analysis papers with explicit evaluation protocols.

Aspect Keywords

General survival analysis, time-to-event, censoring, evaluation
Metrics (Discrimination) concordance index, c-index, auc, harrell, uno, antolini
Metrics (Absolute and squared errors) brier score, ibs, mae, mse
Metrics (Calibration) calibration, d-calibration, ici, ece

Table 4 summarizes the frequency with which evaluation metrics appear across the articles included in our survey. These
counts form the basis of the analysis presented in Figure 1.

Table 4. Metrics used in survival analysis papers (2023-2025). Total number of included articles: 92.

Evaluation Metric Number of Papers (%) Reference

CI (Harrell) 62 (67.4%) (Pomsuwan & Freitas, 2024; Nikolaou et al., 2025; Lil-
lelund et al., 2025b; Zhang et al., 2025; Abuhantash et al.,
2025; Huang et al., 2024; Li et al., 2025; Birolo et al.,
2025; Tang et al., 2026; Zhou et al., 2025; Xu et al., 2024;
Hernández–Pérez et al., 2025; Qi et al., 2024c; Zhang et al.,
2024b; Knottenbelt et al., 2025; Xu & Guo, 2023; Luo
et al., 2023; Hou et al., 2023; Cui et al., 2024b; Gupta et al.,
2023; Cui et al., 2024a; Vauvelle et al., 2023; Ghosh et al.,
2025; Tang et al., 2023; Cui et al., 2025; Haredasht et al.,
2023; Do et al., 2023; Liu et al., 2024; Bone-Winkel &
Reichenbach, 2024; Kim, 2025; Zhang et al., 2026; Wang
et al., 2024; Baniecki et al., 2025; Wu et al., 2024; Lil-
lelund et al., 2026a; Wang et al., 2025a; Song et al., 2024;
Monod et al., 2026; Abdallah et al., 2024; Rechichi et al.,
2024; Lillelund et al., 2026b; Zhang et al., 2024c; Xie et al.,
2026; Yan et al., 2024; Fan et al., 2024; Buyrukoğlu, 2024;
Rahman et al., 2023; Supriya & Anitha, 2024; Woodward
et al., 2024; Norcliffe et al., 2023; Rollo et al., 2024; Tan
et al., 2023; Chen et al., 2025; Luo et al., 2025; Hajianfar
et al., 2023; Lee et al., 2024; Qi et al., 2024b; Zisser &
Aran, 2024; Lillelund et al., 2023; Qi et al., 2023b; Park
et al., 2026; Seidi et al., 2024)

CI (Uno) 7 (7.6%) (Lillelund et al., 2025b; Pu et al., 2025; Archetti & Mat-
teucci, 2023; Bone-Winkel & Reichenbach, 2024; Lil-
lelund et al., 2026b; Sluiskes et al., 2024; Lillelund et al.,
2023)
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Evaluation Metric Number of Papers (%) Reference

CI (Antolini) 13 (14.1%) (Birolo et al., 2025; Yang & Qiu, 2025; Shen & Chen,
2026; Ogutu et al., 2025; Wan et al., 2024; Bleistein et al.,
2024; Lillelund et al., 2025c; Hu & Chen, 2024; Apellániz
et al., 2024; Zhao et al., 2024; Chen, 2024; Massoua et al.,
2024; Tang et al., 2025)

TD-AUC 18 (19.6%) (Zhang et al., 2025; Li et al., 2025; Birolo et al., 2025;
Hernández–Pérez et al., 2025; Pu et al., 2025; Wan et al.,
2024; Ghosh et al., 2025; Wang et al., 2025b; Baniecki
et al., 2025; Van Ness et al., 2023; Lu et al., 2023; Blythe
et al., 2024; Yan et al., 2024; Kim, 2023; Rollo et al., 2024;
Tan et al., 2023; Luo et al., 2025; Massoua et al., 2024)

Brier score 10 (10.9%) (Huang et al., 2024; Wan et al., 2024; Do et al., 2023;
Baniecki et al., 2025; Lu et al., 2023; Buyrukoğlu, 2024;
Woodward et al., 2024; Norcliffe et al., 2023; Tan et al.,
2023; Luo et al., 2025)

Brier score (IPCW) 26 (28.3%) (De Bin & Stikbakke, 2023; Lillelund et al., 2025b; Birolo
et al., 2025; Pu et al., 2025; Qi et al., 2024c; Cui et al.,
2024b; Shen & Chen, 2026; Ogutu et al., 2025; Cui et al.,
2024a; Lillelund et al., 2025c; Hu & Chen, 2024; Liu et al.,
2024; Archetti & Matteucci, 2023; Van Ness et al., 2023;
Apellániz et al., 2024; Lillelund et al., 2026a; Wang et al.,
2025a; Steinberg et al., 2024; Wu et al., 2023; Monod et al.,
2026; Lillelund et al., 2026b; Zhao et al., 2024; Lee et al.,
2024; Qi et al., 2024b; Lillelund et al., 2023; Park et al.,
2026)

MAE (Uncens.) 7 (7.6%) (Zhang et al., 2025; Qi et al., 2023a; Huh et al., 2025; Yang
& Qiu, 2025; Kim, 2025; Wang et al., 2025a; Zisser &
Aran, 2024)

MAE (Cens.) 9 (9.8%) (Lillelund et al., 2025b; Zhang et al., 2025; Qi et al., 2023a;
2024c; Lillelund et al., 2025c; 2026a;b; Qi et al., 2024b;
2023b)

MSE/RMSE 5 (5.4%) (Huh et al., 2025; Kim, 2025; Wang et al., 2025a; Sluiskes
et al., 2024; Curth & van der Schaar, 2023)

ECE/ICI 2 (2.2%) (Lillelund et al., 2025c; Do et al., 2023)
D-Calibration 9 (9.8%) (Lillelund et al., 2025b; Qi et al., 2024c; Lillelund et al.,

2025c; 2026a; Monod et al., 2026; Lillelund et al., 2026b;
Lee et al., 2024; Qi et al., 2023b; Park et al., 2026)

1-Calibration 1 (1.1%) (Steinberg et al., 2024)
None 4 (4.3%) (Feng et al., 2026; Bian et al., 2025; Gögl et al., 2026;

Frauen et al., 2026)

Table 5 provides a detailed qualitative evaluation of each paper included in our structured review. These counts form the
basis of the analysis presented in Figure 2. For every work, we assess whether the evaluation metrics align with the stated
modeling objectives and whether the censoring assumptions required by those metrics are respected, ignored, or implicitly
violated.

To assign the labels Yes, Partially, and No, we apply the following criteria:

• A paper is labeled Yes if it satisfies both:

– metrics used are appropriate for the stated objectives (e.g., risk ranking, time-to-event prediction, calibration), and
– censoring is stated, justified, or actually corrected for (e.g., using IPCW with KM for random censoring).
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• A paper is labeled Partially if it satisfies exactly one of the above:

– objectives are evaluated using appropriate metrics but censoring bias is not addressed, or
– censoring is handled correctly but key metrics for the stated objectives are missing.

• A paper is labeled No if it satisfies neither criterion. Typical examples include:

– claiming to predict time-to-event outcomes while reporting only Harrell’s C-index, or
– using metrics that are invalid under censoring without correction, justification or acknowledging of the bias.

We consider the following classes of metrics appropriate for modern survival analysis:

• Discrimination: Harrell, Uno, and Antolini C-indices; time-dependent AUC (TD-AUC).

• Absolute and squared errors: Brier score, Brier score (IPCW), MAE/RMSE, and censored variants.

• Calibration: ECE/ICI, D-Calibration, 1-Calibration.

A paper’s score is decremented when their stated goals (e.g., predicting survival curves, estimating event times, or providing
calibrated risk scores) are not evaluated using appropriate metrics, or when censoring renders the chosen metrics invalid
without appropriate adjustment or acknowledgment. These criteria allow us to assess whether each paper’s evaluation
methodology genuinely supports its claims.

Table 5. Structured survey of survival analysis papers published between 2023-2025. Each entry includes the problem type, stated
objectives, evaluation metrics used, and an assessment of whether the chosen metrics align with stated goals and censoring assumptions.

Paper Problem
Type

Objectives Correctly
Evaluated?

Explanation

(Abdallah et al., 2024) Methodology Predict time-to-event outcomes (disease
progression, relapse, etc.), compare DBN
performance against existing survival
models, emphasize ranking / discrimina-
tion ability.

No Wrong metrics for the stated TTE
objective, censoring bias not ad-
dressed.

(Abuhantash et al., 2025) Application Predict time to conversion from CN to
MCI, predict risk prediction / progression
modeling, and clinical usefulness (risk
stratification, early detection, etc.).

No Missing TTE metrics, heavy censor-
ing with unadjusted Harrell’s CI and
no discussion of assumptions.

(Apellániz et al., 2024) Methodology Estimate the full predictive distribution of
time-to-event, handle right-censored data,
compare survival models using standard
survival metrics.

Yes They evaluate discrimination and
calibration, and address censoring
by using IPCW.

(Archetti & Matteucci, 2023) Methodology Provide an efficient, federated survival
model, achieve strong discrimination per-
formance, achieve good calibration of sur-
vival probabilities, and handle censored,
incomplete data across distributed clients.

Partially Missing TTE metrics or actual cali-
bration metrics (e.g., D-calibration),
but they correct for random censor-
ing.

(Baniecki et al., 2025) Methodology Introduce time-dependent interpretabil-
ity methods for survival analysis, demon-
strate the usefulness of these interpretabil-
ity tools on: Hospital Length of Stay
(LoS) modeled as a time-to-event predic-
tion problem, and Cancer survival predic-
tion using TCGA multi-omics data.

No Metrics do not match TTE or cal-
ibration objectives, censoring bias
not addressed.

(Bian et al., 2025) Methodology Introduce nonparametric boosting algo-
rithms for regression and classification
when outcomes are interval-censored, us-
ing censoring-unbiased transformations
within functional gradient descent to
achieve accurate and scalable prediction
under interval censoring.

No No survival metrics used in real-
world dataset.

(Birolo et al., 2025) Methodology Evaluate predictive performance of sur-
vival methods under PH / non-PH / lin-
ear / nonlinear conditions, compare sur-
vival metrics and show when Harrell CI
is inappropriate, assess calibration, study
sample-size effects and computational
cost.

Partially Metrics align with the goals, but cen-
soring bias not addressed.
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Paper Problem
Type

Objectives Correctly
Evaluated?

Explanation

(Bleistein et al., 2024) Methodology Model dynamic survival processes from
longitudinal covariates by learning a con-
trolled latent-state representation that
drives the event intensity over time; goal
is improved individualized risk ranking /
time-varying risk prediction from irregu-
larly sampled histories.

Yes Metrics match their goals and cen-
soring bias addressed.

(Blythe et al., 2024) Application Use a Cox time-to-event model to im-
prove ranking of patients by risk, com-
pare ranking performance of Cox vs
discrete-time logistic regression, develop
a model useful for triage prioritization.

Yes Their only concern is ranking and
Uno’s AUC handles random censor-
ing properly.

(Bone-Winkel & Reichenbach,
2024)

Application Estimate hazard ratios and then assign
borrowers into risk-rating groups, evalu-
ate whether ratings separate default risk,
IRR, and survival curves.

Yes Metrics match risk prediction goal,
and they correct for random censor-
ing using Uno’s CI.

(Buyrukoğlu, 2024) Application Predict time-to-relapse in breast cancer,
compare the predictive ability of CoxPH
vs. RSF vs. CForest, evaluate model dis-
crimination and prediction error, provide
variable importance explanations, illus-
trate survival probability curves for hypo-
thetical patients.

No Missing TTE metrics and censoring
assumptions not addressed.

(Chen, 2024) Methodology Develop a deep kernel survival model
(survival kernet) that scales to large
datasets while remaining interpretable,
and provide finite-sample accuracy guar-
antees for the predicted individual sur-
vival distributions.

Partially Metrics match their ranking goals,
but censoring bias not addressed.

(Chen et al., 2025) Application Develop a new multimodal survival
model (TDMFS) using Tucker decom-
position, improve survival prediction ac-
curacy (i.e., risk prediction, not explicit
time-to-event estimation), perform risk
stratification with Kaplan–Meier curves
to show separation of high- vs. low-risk
groups.

Partially Proper metrics for risk ranking, but
censoring handled poorly; no cali-
bration; not suitable for true time-to-
event evaluation.

(Cui et al., 2024b) Methodology Improve survival prediction performance
for glioma patients, predict survival risk
/ rank patients, produce more accurate
survival curves (they include predicted
KM-like curves), compare their model to
baseline models on multiple metrics.

No Missing metrics for calibration and
survival-curve accuracy. Harrell CI
used without assumptions; classifi-
cation metrics invalid under censor-
ing.

(Cui et al., 2024a) Methodology Improve survival prediction accuracy, im-
prove risk discrimination, improve cal-
ibration, handle censored data more ef-
fectively via contrastive learning, provide
better patient-level survival curves (CIF).

Partially Missing TTE error metrics, incom-
plete calibration, but censoring ad-
dressed under the random assump-
tion.

(Cui et al., 2025) Application Predict patient-specific survival probabil-
ities over time, model survival curves and
hazard functions, assess model discrimi-
nation (ranking), provide interpretability
(SHAP).

No They want to evaluate survival prob-
abilities, but use only Harrell CI. No
use of censoring-robust metrics.

(Curth & van der Schaar, 2023) Methodology Analyze how competing events induce
covariate shift for different causal esti-
mands.

Yes RMSE of estimated HTEs is the
correct metric for their causal-
identification goals.

(De Bin & Stikbakke, 2023) Methodology Develop non-PH model to predict first
hitting time, evaluate predictive perfor-
mance and calibration, no ranking.

Partially IBS with IPCW is appropriate,
but calibration only evaluated with
plots.

(Do et al., 2023) Methodology Ensure fairness of survival-time predic-
tions across sensitive groups, measure dis-
parities in survival prediction.

Partially Metrics are correct for their fairness
objective, but Harrell’s CI and BS
are not corrected for censoring.

(Fan et al., 2024) Methodology Build a stable Cox model that improves
generalization of risk ranking under dis-
tribution shifts, identify stable variables
that maintain predictive value across co-
horts, evaluate prognostic performance
on real-world cancer datasets.

Partially Metrics match risk prediction goal,
but censoring bias not addressed.

(Feng et al., 2026) Methodology Develop a reinforcement-learning frame-
work for alternating recurrent-event sur-
vival data that optimizes a probability-
based objective (maximize the probabil-
ity inter-event durations exceed a clini-
cally meaningful threshold) rather than
expected outcomes, enabling standard RL
training via a lower-bound reformulation.

No No survival metrics used in real-
world dataset.

20

251



Position: Stop Chasing the C-index

Paper Problem
Type

Objectives Correctly
Evaluated?

Explanation

(Frauen et al., 2026) Methodology Provide a toolbox of Neyman-
orthogonal/meta-learning survival
learners for estimating heterogeneous
treatment effects from censored time-to-
event data, improving robustness (e.g.,
under low overlap) and allowing plug-in
of arbitrary base learners.

No No survival metrics used in real-
world dataset.

(Ghosh et al., 2025) Application Predict the time to clinical progression
from CN to MCI/AD, early risk stratifica-
tion using longitudinal biomarkers.

No Missing TTE metrics, censoring
bias not addressed.

(Gupta et al., 2023) Methodology Estimate ATE/ITE under censoring; re-
duce confounding; improve causal accu-
racy.

Partially Causal metrics are correct, but the
censoring bias is not addressed.

(Gögl et al., 2026) Methodology Estimate heterogeneous, dosage-
dependent treatment effects for time-to-
event outcomes by learning personalized
survival predictions under continuous-
valued interventions (dose-response),
supporting individualized clinical
decision-making from observational TTE
data.

No No survival metrics used in real-
world dataset.

(Hajianfar et al., 2023) Application Predict time-to-event OS using radiomic
+ clinical features, identify strong prepro-
cessing / feature selection / ML combi-
nations, stratify patients into risk groups
(Kaplan–Meier used for validation).

Partially Harrell’s CI measures risk ranking,
but no IBS, MAE, RMSE, or other
time-error metrics are reported.

(Haredasht et al., 2023) Methodology Predict time-to-event (survival time)
and improve accuracy using a semi-
supervised approach that uses censored
observations more effectively, develop a
self-training framework (STUART) that
augments training data with confident pre-
dictions on censored instances, compare
predictive performance against RSF, Cox-
based models, and SP-AFT.

No Missing TTE metrics and only use
Harrell CI. No calibration tests and
censoring bias left unaddressed.

(Hernández–Pérez et al., 2025) Application Evaluate and compare survival analysis
models for melanoma prognosis, predict
survival outcomes (OS, SS, DFS) for
melanoma, assess both predictive perfor-
mance and interpretability.

Partially They use correct metrics for their
ranking and calibration objectives,
but censoring not properly handled
(e.g., no IPCW).

(Hou et al., 2023) Methodology Perform time-to-event prediction, per-
form survival clustering using inter-
pretable expert distributions, compete
with state-of-the-art deep methods (Deep
Cox, DSM, SCA, VaDeSC), show that the
mixture-of-experts formulation improves
interpretability.

No Missing TTE metrics and calibra-
tion, censoring bias is not addressed.

(Hu & Chen, 2024) Methodology Improve fairness across all sufficiently
large subpopulations using a DRO-based
method, be applicable to any survival
model, including Cox, DeepHit, SO-
DEN, maintain accuracy (discrimination
& risk prediction quality), handle censor-
ing within fairness metrics.

Yes Metrics match stated goals and cen-
soring handled appropriately.

(Huang et al., 2024) Methodology Predict continuous time-to-event values,
quantify uncertainty using belief func-
tions & random fuzzy numbers, handle
right censoring correctly via modified ev-
idential likelihood, achieve good predic-
tive performance, achieve good calibra-
tion.

No Missing TTE accuracy metrics and
censoring bias not addressed.

(Huh et al., 2025) Methodology Jointly model longitudinal + TTE data;
propagate uncertainty from both sources;
improve risk prediction accuracy; quan-
tify prediction uncertainty.

Partially Metrics cover TTE accuracy but not
calibration; censoring assumptions
not addressed; no formal calibration
test.

(Kim, 2025) Methodology Predict survival outcomes (vital status),
estimate Heterogeneous Treatment Ef-
fects (HTE), evaluate differences in treat-
ment effects across race, improve predic-
tion with HT and IPTW weighting.

No Metrics do not match their goals,
and censoring bias ignored in evalu-
ation.

(Kim, 2023) Methodology The paper proposed a novel Bayesian sur-
vival model to estimate a hazard func-
tion as a nonlinear regression function of
covariates from survival data with time-
varying covariates.

Yes Metrics match goals and censoring
bias addressed.
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(Knottenbelt et al., 2025) Methodology Predict log-partial hazard (risk ranking),
recover symbolic formulae representing
hazard contributions, automatic feature
pruning using KAN structure.

Partially They use correct metric for risk rank-
ing, but censoring bias is not ad-
dressed.

(Lee et al., 2024) Methodology Improve discrimination (risk ranking) in
deep survival models without sacrificing
calibration by using survival-outcome-
aware contrastive learning (paired with
likelihood training) so that patients with
similar event times are embedded closer
while keeping well-calibrated survival
probabilities.

Yes They claim to address discrimina-
tion and calibration and evaluate
both thoroughly; censoring assump-
tions stated and handled.

(Li et al., 2025) Application Predict RFS, a time-to-event outcome
(RFS = time from surgery to recur-
rence/death), predict intracranial recur-
rence at fixed horizons (6, 12, 18 months),
risk stratification using survival curves,
construct a prognostic nomogram.

No Metrics do not match TTE objective,
censoring handling is incorrect for
chosen metric.

(Lillelund et al., 2025b) Application Predict functional decline as an event in
ALS patients, perform risk ranking, make
counterfactual predictions.

Yes Correct metrics for objectives and
censoring bias addressed.

(Lillelund et al., 2025c) Methodology Compare probabilistic training ap-
proaches (VI vs. MCD vs. SNGP),
evaluate prediction performance (ranking
+ time-to-event accuracy), evaluate
calibration performance (distribution,
coverage, probability calibration),
provide computational efficiency
comparisons.

Partially Uses the appropriate metrics for
ranking, time-to-event prediction,
and calibration, but censoring bias
not addressed.

(Lillelund et al., 2026a) Methodology Model multiple time-to-event distribu-
tions jointly, improve event ordering
(local survival discrimination), improve
global discrimination, provide population
survival curves.

Yes Correct metrics for objectives and
censoring bias addressed.

(Lillelund et al., 2026b) Application Predict individual fall risk within 6
months, provide a ranking of individuals,
predict time-to-event, provide calibrated
survival curves for decision support.

Yes Uses the appropriate metrics for
ranking, time-to-event prediction,
and calibration. Censoring bias ad-
dressed.

(Lillelund et al., 2023) Methodology Assess whether Bayesian NNs improve
survival prediction under Cox PH, quan-
tify uncertainty, compare deterministic
vs Bayesian models on predictive perfor-
mance.

Yes Metrics align with objectives and ap-
propriately handle censoring.

(Liu et al., 2024) Methodology Speed up and stabilize training of Cox
proportional hazards models on mod-
ern high-dimensional data by intro-
ducing globally convergent surrogate-
optimization methods, enabling practical
training of sparse/high-quality Cox mod-
els and other Cox-related extensions.

Partially Metrics match objective, but censor-
ing assumptions never stated.

(Lu et al., 2023) Methodology Predict time-to-event outcomes, generate
individualized survival curves, identify
risk factors, compare RSF to KM.

Partially Metrics do not fully address TTE
prediction, and censoring bias is not
addressed.

(Luo et al., 2023) Methodology Predict risk; evaluate feature selection;
model uncertainty.

No Only partial alignment with objec-
tives and censoring bias is not ad-
dressed.

(Luo et al., 2025) Application Develop and validate machine-learning-
based survival prediction models for over-
all survival (OS) in SP-NSCLC, predict
survival probabilities over time, evaluate
time-dependent predictor importance via
permutation explanation, risk stratifica-
tion into high- and low-risk groups via
KM curves.

Partially They use correct metrics for rank-
ing goal, but censoring bias not ad-
dressed (no IPCW)

(Massoua et al., 2024) Methodology Predict the actual time-to-event (event-
time) distribution, estimate survival den-
sity and survival function, improve ac-
curacy of time-to-event estimation under
noise.

No Metrics do not match TTE objective,
censoring bias not addressed.

(Monod et al., 2026) Methodology Provide deep survival prediction with
principled Bayesian uncertainty quantifi-
cation to produce well-calibrated survival
functions and uncertainty estimates (es-
pecially in data-scarce regimes) while
matching or improving discriminative per-
formance.

Yes They claim to address discrimina-
tion and calibration and evaluate
both thoroughly, censoring assump-
tions stated and handled.
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(Nikolaou et al., 2025) Application Compare multimodal vs unimodal sur-
vival models for overall survival (OS) on
TCGA; main focus on improved discrim-
ination / predictive performance and mul-
timodal fusion strategy (late fusion).

Partially They use correct metric for risk rank-
ing and acknowledges censoring-
induced bias, but still uses a
censoring-biased metric.

(Norcliffe et al., 2023) Methodology Formalize synthetic survival data genera-
tion, generate time-to-event data that in-
corporates censored and uncensored data,
evaluate quality of generated data.

Partially Missing TTE metrics, but censoring
stated as assumed random.

(Ogutu et al., 2025) Application Apply survival models to predict time
to HIV infection using high-dimensional
data with time-varying cytokines.

Yes Correct metrics for objectives and
censoring bias addressed.

(Park et al., 2026) Methodology Develop a new calibration method for
survival models (KSP), improve calibra-
tion across the entire survival distribution
without harming discrimination, provide
theoretical foundations for KS-cal and
show consistency, empirically evaluate
calibration performance across datasets
and survival models.

Yes Metrics align with claims and cen-
soring assumptions addressed.

(Pomsuwan & Freitas, 2024) Methodology Predict time-to-event outcomes, cope
with censored data, automatically select
the best survival model + hyperparam-
eters, improve predictive accuracy over
baseline methods, evaluate performance
across multiple datasets.

No Missing TTE metrics and censoring
bias not addressed.

(Pu et al., 2025) Application Predict 5-year cause-specific survival
(CSS) for cervical cancer patients, com-
pare five survival models, identify im-
portant clinical predictors of CSS using
SHAP, provide risk stratification (KM
curves + log-rank test).

Yes Metrics match objectives and cen-
soring addressed.

(Qi et al., 2023a) Methodology Propose a way to evaluate time-to-event
accuracy under censoring.

Yes They propose MAE variants for
TTE prediction and explicitly as-
sume independent censoring.

(Qi et al., 2024c) Methodology Improve calibration of individual sur-
vival distributions (D-cal, KM-cal), pre-
serve discrimination, handle censoring
correctly in a conformal-regression set-
ting.

Yes They claim to address discrimina-
tion and calibration and evaluate
both, censoring assumptions stated
and handled.

(Qi et al., 2024b) Methodology Improve survival probability prediction
by post-hoc conformal calibration tar-
geting conditional (covariate-dependent)
distribution calibration—aiming to fix
both marginal and conditional calibration
while preserving discrimination, with the-
oretical guarantees.

Yes They claim to address discrimina-
tion and calibration and evaluate
both thoroughly, censoring assump-
tions stated and handled.

(Qi et al., 2023b) Methodology Accurate selection of pertinent features,
computation of trustworthy credible inter-
vals (uncertainty), precise estimation of
event times or risk scores.

Partially Metrics match the objective, but cen-
soring bias is not addressed.

(Rahman et al., 2023) Application Predict risk of death, identify significant
prognostic features, compare RSF to Cox
and Gradient Boosting on predictive per-
formance (predicting ranking, survivabil-
ity).

No Only ranking is evaluated, even
though they imply broader predic-
tion goals and censoring not han-
dled.

(Rechichi et al., 2024) Application Predict disease progression in ALS us-
ing EMG-derived metrics, predict sur-
vival outcomes (i.e., event occurrence)
in ALS, predict survival time (time-to-
event), model evolution of ALS over time
and generate survival curves to support
patient follow-up.

No Metrics do not match TTE objective,
censoring bias not addressed.

(Rollo et al., 2024) Methodology Distributed synthetic-data survival mod-
eling; claims TTE prediction.

No Missing TTE metrics, no calibra-
tion, and incomplete censoring eval-
uation.

(Seidi et al., 2024) Application Determine whether adding geographic
location-based public health features im-
proves survival prediction quality, evalu-
ate on SEER data using existing models
(CoxPH, DSM), prediction goal is framed
strictly in terms of agreement between
predicted and observed survival times,
quantified by CI (ranking), no claims
about predicting time-to-event, calibra-
tion, or distribution accuracy.

Yes They make no distributional or
censoring-related claims.
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(Shen & Chen, 2026) Methodology Predict cumulative incidence functions
(CIFs) for competing risks at the individ-
ual level, make interpretable predictions,
provide a flexible neural estimator gener-
alizing Aalen-Johansen.

Yes Correct metrics for objectives and
censoring bias addressed.

(Sluiskes et al., 2024) Application Predict residual life (survival time) via
AFT models, convert residual life into
predicted biological age, evaluate biolog-
ical age clocks using discrimination and
calibration metrics.

Yes Metrics match risk prediction goal,
and they correct for random censor-
ing using Uno’s CI.

(Song et al., 2024) Application Improve multimodal cancer survival
prediction (prognostication/stratification)
from whole-slide histology images and
transcriptomics by compressing each
modality into a small set of learned proto-
types, enabling efficient fusion with lower
compute/memory while improving inter-
pretability and predictive performance.

No They measure only discrimination
aspects, and censoring bias not ad-
dressed.

(Steinberg et al., 2024) Methodology Predict the full time-to-event distribution.
Improve discrimination, calibration.

Partially Discrimination and calibration met-
rics match goals, but they do not
evaluate TTE accuracy, despite
claiming to predict TTE.

(Supriya & Anitha, 2024) Application Predict risk ranking for bladder cancer
patients, rank patients by risk, provide
treatment recommendations using hazard
ratios/log risk differences, evaluate pre-
dictive performance of DeepMLPSurv vs
Cox and other models, analyze tumor re-
currence based on features.

Partially Metrics align with goal, but
censoring-robust metrics are
missing.

(Tan et al., 2023) Methodology Evaluate whether GAN-based oversam-
pling improves balanced survival pre-
diction, assess impacts on survival-
prediction performance.

No Missing TTE metrics and calibra-
tion, censoring bias is not addressed.

(Tang et al., 2026) Methodology Enable efficient end-to-end can-
cer survival prediction from low-
resolution whole-slide pathology
images by performing zero-shot tumor-
microenvironment (TME) segmentation
to capture prognostic tissue information
without expensive high-resolution patch
processing, improving efficiency and
interpretability.

No They measure only discrimination
aspects, censoring bias not ad-
dressed.

(Tang et al., 2023) Methodology Improve survival risk ranking using inte-
grative deep model; stratify patients.

Partially Ranking metrics match objective,
but censoring bias not addressed.

(Tang et al., 2025) Methodology Predict survival probabilities dynamically
over time, model longitudinal measure-
ments, improve prediction accuracy over
existing longitudinal survival models, in-
terpretability via SHAP.

No Missing TTE metrics and censoring
bias not addressed.

(Van Ness et al., 2023) Application Predict incident heart failure risk using
censored EHR time-to-event data, pro-
vide an interpretable survival model using
EBMs, deliver accurate survival predic-
tions compared with Cox and other sur-
vival models.

Yes AUC fits the discrimination goal,
IBS partially covers calibration, and
IPCW applied.

(Vauvelle et al., 2023) Methodology Improve risk ranking performance over
CoxPH, handle censoring properly, en-
able top-k risk prediction.

Partially The CI fits the discrimination goal,
but censoring bias left unaddressed
and their datasets include heavy cen-
soring.

(Wan et al., 2024) Application Develop time-to-event risk prediction
models for melanoma metastatic recur-
rence, identify patients “at the highest
risk of distant recurrence, who are there-
fore most likely to benefit from adjuvant
therapy, focus on the methodological ap-
proach to time-to-event prediction.

Partially Metrics match their TTE and risk
goal, but censoring bias not ad-
dressed.

(Wang et al., 2025b) Application Forecast when a financial risk event
will occur in a decentralized, privacy-
preserving setting, provide explainabil-
ity, via time-dependent coefficients across
forecasting horizons.

No Missing TTE metrics, censoring
bias not addressed.

(Wang et al., 2024) Methodology Predict time-to-event (specifically time to
death); estimate individualized survival
curves; predict survival time “as close as
possible” to true time; integrate explain-
ability for understanding factors influenc-
ing survival time; support clinical time-
dependent decision-making.

No Metrics do not match TTE objective,
censoring bias not addressed.
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(Wang et al., 2025a) Methodology Develop a model-averaging method for
Cox models with time-varying covari-
ate effects, improve prediction of sur-
vival outcomes when the true model struc-
ture is unknown or partially misspecified,
provide theoretical justification (asymp-
totic optimality) and demonstrate predic-
tive performance via simulations and real
data.

Yes Metrics align with their goals, and
censoring handled stated via IPCW.

(Woodward et al., 2024) Methodology Predict survival times, predict full sur-
vival distributions, handle censoring with
novel error and accuracy updates, detect
complex genetic associations (epistasis,
heterogeneity), provide interpretable rule-
based models, perform well across vary-
ing censoring proportions, feature dimen-
sion, and interaction structure.

No Missing TTE metrics, missing cal-
ibration, missing ranking, incom-
plete censoring evaluation.

(Wu et al., 2024) Application Improve cancer survival prediction from
whole-slide images by explicitly model-
ing tumor/tissue heterogeneity as a het-
erogeneous graph, incorporating pathol-
ogy domain knowledge about prognostic
tissues and their spatial interactions.

No They evaluate only discrimination,
and censoring bias not addressed.

(Wu et al., 2023) Methodology Using frailty models to incorporate a mul-
tiplicative random effect to capture unob-
served heterogeneity.

Yes IBS match their goals, and they cor-
rect for censoring using IPCW.

(Xie et al., 2026) Methodology Improve risk prediction for cancer sur-
vival, provide reliable risk predictions
via confidence-aware modeling, improve
multimodal fusion through cross-modal
alignment.

Partially Metrics align with the goals, but cen-
soring bias not addressed.

(Xu et al., 2024) Application Predict time-to-event outcomes, specifi-
cally time to Alzheimer’s Disease onset,
show improved time-to-event prediction
when combining modalities.

No Metrics do not match TTE objective,
censoring bias not addressed.

(Xu & Guo, 2023) Methodology Build a nonlinear survival model com-
patible with Cox’s partial likelihood, im-
prove predictive ranking performance
compared to CPH, RSF, DeepSurv, pro-
vide intrinsic interpretability through
NAM shape functions.

Partially Harrell CI is correct for ranking, but
the censoring bias is not addressed.

(Yan et al., 2024) Methodology Show better survival prediction than base-
lines, and outperform SOTA based on CI.

Partially Ranking metrics match objective,
but censoring bias not addressed.

(Yang & Qiu, 2025) Methodology Model the time distributions of the first
occurrences of events of interest, estimate
the probability mass function (PMF) of
the first hitting time.

No TTE objective is only partially eval-
uated (MAE only on uncensored
cases), censoring is not correctly
handled as Antolini CI is biased un-
der random censoring.

(Zhang et al., 2025) Methodology Predict the full time-to-event distribution
via a PDF and survival function S(t), im-
prove prediction of survival time via mod-
eling mean lifetime, accurately predict
censoring via novel loss terms, handle
static + dynamic (longitudinal) covari-
ates.

Yes Metrics align with their goals, and
they consider MAE-Hinge for cen-
sored cases.

(Zhang et al., 2024b) Methodology Predict time-to-event outcomes using a
non-linear Cox extension; model intends
to capture non-linear relationships in haz-
ard while also providing interpretable
rules; authors state goal of predicting time
until an event occurs and emphasize learn-
ing hazards, survival function, and mem-
bership thresholds that reflect when pa-
tients are at high risk; aims to balance
predictive performance with interpretabil-
ity.

No Metrics do not match TTE objective,
censoring bias not addressed.

(Zhang et al., 2026) Methodology Develop a multimodal framework (MoE
+ cross-modal attention) to predict sur-
vival risk, improve integration of WSI
features and pathway-based genomic fea-
tures, achieve better risk stratification and
prognostic discrimination across TCGA
cancers.

Partially They use correct metric for risk
ranking, but censoring bias not ad-
dressed.

(Zhang et al., 2024c) Application Predict cancer survival, by integrating of
pathological images and genomic data.

No They claim to do survival prediction,
but only use Harrell CI; censoring
bias not addressed.

(Zhao et al., 2024) Methodology Benchmark predictive performance of
survival models.

Partially Metrics match objective, but censor-
ing bias is not addressed.
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(Zhou et al., 2025) Methodology Risk ranking in cancer prognosis; Im-
prove discrimination and generalization
of multimodal survival models.

Partially Metrics match ranking objective, but
censoring not properly handled (e.g.,
no IPCW).

(Zisser & Aran, 2024) Methodology Predict exact time-to-event (time to dete-
rioration to CKD Stage 5), improve MAE
vs. baseline TTE models (explicit claim),
predict full survival curves, handle cen-
sored data correctly, enable ranking and
risk stratification, enable clinical inter-
pretability.

Partially Metrics match some of their objec-
tives (MAE for TTE accuracy, CI
for ranking), but the censoring bias
is unaddressed.

B. Formal Metric Definitions
Throughout, let D = {(xi, ti, δi)}Ni=1, where ti = min{ei, ci} and δi = 1[ei ≤ ci]. Let Ŝ(t | xi) denote the predicted
survival function and let G(t | x) = Pr(C > t | X = x) denote the conditional censoring survival function. We write
Ĝ(t) = P̂r(C > t) for a marginal estimate of the censoring survival function, and Ĝ(t | x) for a covariate-conditional
estimate. When needed, let r̂i denote a scalar predicted risk score, where larger values indicate earlier predicted event.

Harrell’s C-index. Harrell’s C-index (Harrell Jr. et al., 1996) estimates the proportion of concordant pairs among observed
comparable pairs:

ĈHarrell =

∑
i,j δi 1[ti < tj ]1[r̂i > r̂j ]∑

i,j δi 1[ti < tj ]
. (1)

It evaluates discrimination only.

Uno’s C-index. Uno’s C-index (Uno et al., 2011) uses IPCW to reweight comparable pairs:

ĈUno(τ) =

∑
i,j δi

1

Ĝ(ti)2
1[ti < tj , ti < τ ]1[r̂i > r̂j ]

∑
i,j δi

1

Ĝ(ti)2
1[ti < tj , ti < τ ]

. (2)

With marginal Ĝ(t) = P̂r(C > t), this targets random censoring; with conditional Ĝ(t | x), it can target independent
censoring if the censoring model is correctly specified.

Antolini’s C-index. Antolini’s C-index (Antolini et al., 2005) compares predicted survival probabilities at the earlier
observed event time:

ĈAntolini =

∑
i,j δi 1[ti < tj ]1

[
Ŝ(ti | xi) < Ŝ(ti | xj)

]

∑
i,j δi 1[ti < tj ]

. (3)

It evaluates discrimination for predicted survival curves.

Brier score and IBS. At a fixed time t∗, the IPCW Brier score (Brier, 1950; Graf et al., 1999; Gerds & Schumacher,
2006) is

B̂S(t∗) =
1

N

N∑

i=1

[
Ŝ(t∗ | xi)21[ti ≤ t∗, δi = 1]

Ĝ(ti)
+

(1− Ŝ(t∗ | xi))21[ti > t∗]

Ĝ(t∗)

]
. (4)

The integrated Brier score (Graf et al., 1999) averages this over a time interval:

ÎBS =
1

tmax

∫ tmax

0

B̂S(t) dt. (5)

Mean Absolute Error. Given an ISD, a point event-time prediction can be obtained from the predicted median survival
time,

êi = inf{t : Ŝ(t | xi) ≤ 0.5}. (6)
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For uncensored observations, MAE is

M̂AEuncens =
1∑
i δi

N∑

i=1

δi |ti − êi|. (7)

This ignores censored instances. Censored variants, such as MAE-Margin (Haider et al., 2020) and MAE-PO (Qi et al.,
2023a), attempt to incorporate censored observations by accounting for the unobserved event times after censoring.

1-Calibration. 1-Calibration (D’Agostino & Nam, 2003) evaluates calibration at a fixed horizon t∗. Let

F̂ (t∗ | xi) = 1− Ŝ(t∗ | xi)

denote the predicted event probability by t∗. Instances are sorted by F̂ (t∗ | xi) and partitioned into K groups D1, . . . ,DK .
A Hosmer–Lemeshow-type statistic is then

χ2
HL =

K∑

k=1

Nk

(
Fk(t∗)− F̂k(t∗)

)2

F̂k(t∗)
(

1− F̂k(t∗)
) , (8)

where Nk = |Dk|, Fk(t∗) is the observed event frequency by t∗ in group k, and F̂k(t∗) is the average predicted event
probability in that group.

D-Calibration. D-Calibration (Haider et al., 2020) evaluates whether the predicted survival probabilities at event times,

Ŝ(ei | xi),

are uniformly distributed on [0, 1] under a calibrated model. In practice, the interval [0, 1] is partitioned into bins and the
observed bin counts are compared to the expected uniform counts using a goodness-of-fit test. Censored observations are
typically distributed over the range of survival probabilities compatible with their censoring time.

Log-likelihood. If the model provides both a predicted density f̂(t | xi) and survival function Ŝ(t | xi), the right-censored
log-likelihood is

ℓ =

N∑

i=1

[
δi log f̂(ti | xi) + (1− δi) log Ŝ(ti | xi)

]
. (9)

It evaluates the full predictive distribution, but requires access to a density or hazard representation.

C. Proper Scoring Rules
This definition is adapted from (Rindt et al., 2022).

A scoring rule R takes a distribution P over some set Y and an observed value y ∈ Y , and returns a score R(P, y) assessing
how well the predictive distribution P assigns probability to the observed value. For a positive scoring rule, a higher score
indicates a better model fit.

A scoring rule is called proper if the true distribution achieves the optimal expected score, i.e., if

Ey∼PR(P, y) ≥ Ey∼PR(P̂ , y)

for all predictive distributions P̂ .

In the context of survival analysis, let S(t | x) denote the true conditional survival function, let Ŝ(t | x) denote a predicted
survival function, and let G(t | x) = Pr(C > t |X = x) denote the conditional censoring survival function. We call the
scoring rule R proper if, for every true conditional survival function S(t | x), every conditional censoring survival function
G(t | x), and every covariate value x ∈ X , it holds that

EE,C|X=xR
(
S(· | x), (T,∆)

)
≥ EE,C|X=xR

(
Ŝ(· | x), (T,∆)

)

27

258



Position: Stop Chasing the C-index

for every predicted survival function Ŝ(· | x), where E |X = x has survival function S(t | x), C |X = x has censoring
survival function G(t | x), and T = min{E,C}, ∆ = 1[E ≤ C].

By taking the expectation with respect to X , we obtain

EE,C,XR
(
S(· |X), (T,∆)

)
≥ EE,C,XR

(
Ŝ(· |X), (T,∆)

)

for every family of predicted survival functions Ŝ(· | x), with x ∈ X .

D. Simulation Details
We evaluate model-metric consistency using a controlled synthetic data-generating process with known ground truth event
times. Our simulation framework follows the linear Weibull construction of Foomani et al. (2023), extended to explicitly
control the censoring mechanism under random, independent, and dependent censoring mechanisms.

Covariates. For each experiment, we generate N independent samples {xi}Ni=1, where

xi ∼ Unif([0, 1]d),

with d = 10 covariates and N = 10,000 instances. Covariates are fixed across censoring mechanisms within each random
seed (0-99) to isolate the effect of censoring.

Event and censoring time models. Both the event time E and censoring time C are generated from Weibull distributions
with covariate-dependent hazards. Specifically, conditional on covariates xi, the hazard and survival functions for E (or
censoring C respectively) are

hE(t | xi) =

(
v

ρ

)(
t

ρ

)v−1

exp (gΨ(xi)) , (10)

SE(t | xi) = exp

(
−
(
t

ρ

)v
exp (gΨ(xi))

)
, (11)

where v and ρ represent the shape and scale parameters of the Weibull distribution, respectively. In all experiments we use

(vE , ρE) = (4, 17), (vC , ρC) = (3, 12).

The risk functions gE(x) and gC(x) are linear:

gE(x) = x⊤βE , gC(x) = x⊤βC ,

with coefficients βE ,βC ∈ Rd sampled independently for each random seed from Unif([−1, 1]d).

Copula-based dependence. To control dependence between E and C, we adopt a copula-based construction. For each
instance i, we first sample a pair of uniform random variables (Ui, Vi) ∈ [0, 1]2 from an Archimedean Clayton copula with
Kendall’s τ ∈ {0.25, 0.5, 0.75}. The copula parameter θ is chosen to match the desired Kendall’s τ via the standard Clayton
relationship. Event and censoring times are then obtained via inverse transform sampling:

E = S−1
E (Vi | xi), C = S−1

C (Ui | xi).
When τ = 0, Ui and Vi are sampled independently, yielding marginal independence between E and C.

Censoring mechanisms. We consider three censoring mechanisms:

• Random censoring. Censoring times are generated independently of both X and E. Formally, E ⊥⊥ C.

• Independent censoring. Censoring depends on covariates but remains conditionally independent of the event time:
E ⊥⊥ C |X.
This is achieved by letting gC(x) depend on x while sampling (U, V ) independently.

• Dependent censoring. Censoring and event times are dependent even after conditioning on covariates: E ⊥̸⊥ C |X.
This dependence is induced via the Clayton copula with τ > 0.

28

259



Position: Stop Chasing the C-index

Observed data. The observed time and event indicator are given by

ti = min(ei, ci), δi = I{ei ≤ ci}.

For oracle evaluation, we retain access to the true event times ei for all instances.

Model fitting and evaluation. For each dataset, we fit a CoxPH model using the observed (ti, δi,xi) and obtain predicted
survival curves Ŝ(t | xi) via the Breslow estimator. Model performance is evaluated in three ways: (1) oracle metrics
computed from true event times, (2) naive metrics computed directly from the uncensored instances without correction,
and (3) IPCW-corrected metrics using estimated censoring weights from the KM estimator. All metrics are computed on
held-out test sets and averaged over 100 random seeds. We additionally report the empirical censoring rate and the number
of events to quantify censoring severity.
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