Formal Languages
and Automata

Day 1. Basic concepts



Disclaimer

* Due to the speaker’s lack of English proficiency,
this material may contain Korean.
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https://www.sitepoint.com/demystifying-regex-with-practical-examples/



Regular expression (regex)

« Some examples (in Javascript RegExp)

« What it means to be regular?
> 8 =1ER =tuns =




Mathematical preliminaries <Dg

* Sets

* Functions - |

» Graphs and trees I |

» Proof techniques (induction / contradiction) (.
%

[Example 1] Prove that a binary tree of height n ()rrtewis--

has at most 2" |leaves.



Basic concepts
* Languages
* Grammars

« Automata



Languages

- b= 04, English, B A&, 'XiE, python, ...
* Formal languages — precise!

 Alphabet X — finite, nonempty set
« Strings — finite sequences of symbols from the alphabet

Y ={a,b} — abab, aaabbba, - - -




Strings

W= aias - ap

UV = b1b2 s bm
e Concatenation wv =ajas---a,bibs---b,,
e Reverse wh =a, - asaq
* Length lw| =n

* Empty string A= |A| =0, Aw = w\ = w



Strings — cont'd

 Substring of w — any string of consecutive characters in w
« w=vu = v Is prefix, u is suffix

[Example 2] Prove that |uv| = |u| + |v].



Strings — cont'd

« w™ — string obtained by repeating w n times
* Special case — w" = \

« }* — strings obtained by concatenating
zero or more symbols from X

e YT =X —{\}
- Language: subset of ¥* (broad definition)
 Sentence: string in a language



Strings — cont'd

* Let ¥ = {a,b}. Then
¥* ={\,a,b,aa,ab,ba,bb,aaa,aab,---}.

* The set {a,aa,aadb} is a language on X.
* The set L = {a™b": n > 0} Is also a language on .



Languages

« Complement L=Y*—-1L

* Reverse LR ={whf:welL}

« Concatenation LiLs ={xy:x € L1,y € Ly}
e L":easy L'={\}

e Star-closure L*=I°UL*UL?--- [Kleene closure]
e Positive closure Lt =L'UlL?--. [Kleene plus]



Languages — cont'd

[Example 3] If L ={a™b": n > 0},

Limitation of set notation?



Grammars

A grammar G is defined as a quadruple
G=((V,T,S,P),

where V is a finite set of objects called variables,
T is a finite set of objects called terminal symbols,

S €V is a special symbol called the start variable,
P is a finite set of productions.

Sets V,T" are nonempty and disjoint.



Grammars — cont'd

e ze(VUT)T,ye (VUT)*

Production rule * — y
W = UV > 2 = UuUyv

e This is written as w = z : w derives z



Grammars — cont'd

W, = W9 = = Wn

e This is written as wy = w,, : w; derives w,,



Grammars — cont'd

e Let G = (V,T,S,P) be a grammar. Then the set
L(G) = {weT*: S:*>w}

Is the language generated by G.

 If we L(G), then the sequence
S=w=>wy == w, =W

Is a derivation of the sentence w.



Grammars — cont'd

sentential forms of the derivation

SN

S=>w=w == w, =W



Grammars — cont'd

Consider the grammar

G = ({S},{a,b}, S, P),
with P given by

S — aSh,
S — A\

Then S = aSb = aaSbb = aabb, so we can write
S = aabb.

Conjecture: L(G) = {a"b": n > 0} — How can we prove it?



Grammars — cont'd

[Example 4] Find a grammar that generates
L={a"b""':n >0}



Grammars — cont'd

[Example 5]
Take X = {a,b}, and let n,(w), ny(w) denote the number of
a, b In the string w. Prove that the grammar G with productions

S — 58, S — A,

S — aSh S s bSa (=S5 — SS|A|aSb|bSa)

generates the language

L ={w: ng(w) = ny(w)}.



Automata

e Input file
 Storage
 Control unit

* Internal states
e Transition function

 Configuration
* Move

Input file

U

Control unit

Output

Storage



Automata — cont'd

* Bit string = = apa;---a, = v(x) =

n

Z ai2i

1=0

* Binary adder: adding = = agpa; - - an, y = boby - - - by, bit by bit

No carry

No carry

Serial adder

——— Sum bit a’,-

Carry



Automata — cont'd

1,0)/0
49 (1, 1)/1




Bonus — Little abstract algebra

Monoid (5, )
* Associativity a,b,ce S= (a-b)-c=a-(b-c)
e [dentity element Je€ Sst.aeS=c-a=a-e=a

« ¥*: free monoid generated by 3 [Kleene star of X}
)\ :identity element 1y-

length function | - |

> (No, _|_)

(Z*v )

‘Monoid Homomorphism"




Next seminar

* Deterministic Finite Accepters (DFA)
* Transition Graph
e Reqgular Languages

* Nondeterministic Finite Accepters (NFA)
 Equivalence between [ ] and [ ]

* Reduction of the Number of States



