
 

Mathematical Model and Simulation for  
Nutrient-Plant Interaction Analysis  

 

Abstract— Differential equation models to understand 
interaction between plant and nutrient solution are presented. 
The root cells selectively emit H+ ions with active transport 
consuming ATPs to establish electrical gradient along the cell 
membrane. It establishes electrical field with Nernst potential to 
make positively charged ions outside the cell membrane flow 
into the root cell. Anion influx is also modulated by H+ ion 
concentration because plant root cell absorbs negatively 
charged particles with symport. If an anion collides with H+ cell 
to make net charge as neutral, at symport channel, it can flow 
through. In this paper, mathematical models for cation and 
anion absorption are introduced. Cation absorption model was 
induced from Ohm’s law combined with Goldman’s equation. 
Anion absorption model is similar to chemical reaction rate 
model. Both models have physiological terms influenced by gene 
expression pattern, species or phenotypes. Cation model also 
includes terms for ion’s kinetic and electrical properties, growth 
of plant and interaction between the root and the surroundings. 
Simulation for 20 different sets of coefficients showed that the 
physiology-related coefficient has important role on nutrition 
absorption tendencies of plants. 

Keywords—Systems Biology, Horticulture, Computational 
Biology, Complex System, Fertilization, System Modeling 

 

I. INTRODUCTION 

Recently, ODE network simulation is applied on nutrient 
solution system to understand the black-boxed behavior of 
complex chemical system. [1] The network-model based 
approach describes sedimentation and complex bidirected 
interactions among chemical compounds which the nutrient 
solution contains. It provided time-series simulations to 
investigate nutrient solution system with high accuracy. This 
method is based on ordinary differential equation (ODE) 
expression of chemical reactions. For example, ionization of 
NaCl(aq) is described as equation (1-3), where k1 is forward 
reaction rate and k2 is backward reaction rate. 

With reliable reaction rate coefficients, the equations can 
describe the concentration change of chemical components 
along time scale. Combination of those reactions enables 
simulation of complex chemical system’s behavior. 

݀ሾܰܽାሿ݀ݐ = 	݇ଵሾ݈ܰܽܥሿ − ݇ଶሾܰܽାሿሾି݈ܥሿ		(1) 
݀ሾି݈ܥሿ݀ݐ = 	݇ଵሾ݈ܰܽܥሿ − ݇ଶሾܰܽାሿሾି݈ܥሿ		(2) 

݀ሾNaClሿ݀ݐ = 	−݇ଵሾ݈ܰܽܥሿ + ݇ଶሾܰܽାሿሾି݈ܥሿ		(3) 
This approach helps researchers to understand the state 

transition of nutrient solution system because ion selective 
electrodes does not work appropriate on nutrient solution 
because of ion interference effect. [2-3]. A computational 
method is necessary to fully trace the ion rate change. 

However, appropriate modeling method to match ODE 
scaled ion rate expression with plant’s ion uptake is necessary 
to apply those complex-system simulation approach on 
prediction of plant’s ion uptake. Although the influx of ions 
into roots are widely studied [4-7], their methods are not 
applicable to timescale simulation. They considered influx 
and efflux of ion as irreversible process so needed to prepare 
2 separate models for each ion. And they did not distinguish 
flux of cation and anion. Cation influx is based on secondary 
transport, while plant absorbs anion with symport with H+ 
ion. 

M. Silberbush and J.H. Lieth (2004) presented nitrate and 
potassium uptake prediction model [8] but it is regression-
based model to predict individual ion so does not consider the 
reaction of nitrate or potassium with other compounds to 
form plant-unabsorbable state.  

An empirical model for macronutrient uptake is presented 
by A. Pardossi et al (2005) but they acquired data once a 
week. [9] So this model is not applicable to short-time 
interval simulation. Daniele Massa et al. (2008) presented an 
empirical model for sodium absorption simulation [10] but 
this model ignores interference of ionic components; for 
example, both association of sodium ion with Cl- and with 
FeEDTA- reduces the level of sodium ion but the model could 
not illustrate such phenomenon. 
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Therefore, I present a continuous time scale model which 
describes secondary transportation of cation. This model is 
combined with ODE network model of nutrient solution 
system [1] to figure out whether the model provides different 
results on different plant models. 

 

II. METHOD 

A. Cation Absorption Model 

I first considered the ion channels for cation absorption as 
electrical register, and the other region of cell membrane as 
insulator. Then the group of a random ion channels becomes 
a parallel register system. This concept is described on the 
Figure 1. A root cell continuously emits H+ ion with active 
transport to build a concentration gradient across the 
membrane. The difference of positively charged ions, 
especially H+, induces Nernst potential. The electrical 
potential outside the membrane becomes greater than inside, 
inducing an electrical field, to push cations inside the cell.  

Therefore, influx of cation through the membrane is an 
electrical current. Equation (4) is application of Ohm’s law to 
describe the secondary transport, where Iion is electric current 
of ion influx, Vm is the membrane potential induced by target 
ion gradient is the voltage and Rion is combined resistance 
value of ion channels.  

I୧୭୬ = ଵୖ౟౥౤ ௠ܸ      (4) 

Electric current is described as equation (5). S is surface 
area where the charged particle passes through, ̅ݒ  is the 
average velocity of charged particle, k is the number of 
electrons which the selected ion lost, e is the charge of an 
electron and n is the number of particles per unit volume. The 
equation has negative value because the flux of positively 

charged particle is opposite to the definition of electric 
current, which is induced by negatively charged electrons. I୧୭୬ = −S̅(5)    ݊݁݇ݒ 

n = − ୍౟౥౤ௌ௩ത௞௘  (6) 

As n is the number of particles in 1L volume, dividing both 
side of equation (6) with Avogadro’s number describes 
equation of molarity (equation 7). ிܰ  is Faraday’s number 
which is multiplication of NA and e. [ion] is the ion 
concentration inside the root because the electric current was 
defined as influx. 

୬୒ఽ = ሾ݅݊݋ሿ = − ଵேಷ ∙ ୍౟౥౤ௌ௩ത௞   (7) 

Differentiation on equation (7) with time variable t 
expresses the differential equation of ion concentration 
change on time, which has same dimension with equation (1-
3). Now the model shows a hint that it can be applied with 
ODE network model for nutrient solution [1]. 

ௗሾ௜௢௡ሿୢ୲ = − ଵேಷ ∙ ଵௌ௩ത௞ ௗௗ௧  ௜௢௡   (8)ܫ

Derivation on equation (4) becomes equation (9), which 
has derivation of current term. Applying it on equation (8) 
leads to equation (10).  

ௗௗ௧ I୧୭୬ = ଵୖ౟౥౤ ௗௗ௧ ௠ܸ  (9) 

ௗሾ௜௢௡ሿୢ୲ = − ଵேಷ ∙ ଵௌ௩ത௞ ௗௗ௧ ௜௢௡ܫ = − ଵேಷ ∙ ଵௌ௩ത௞ ∙ ଵୖ౟౥౤ ௗௗ௧ ௠ܸ (10) 

The force on a particle inside the electrical field is 
described as equation (11), where E is the electrical field, q is 

 
Figure 1. Ion channels are considered as electrical resistances   
(a) Ion channels around the membrane. Cell membrane is an insulator. (b) Membrane potential is an electrical voltage, 
which make charged particles to move. Influx of charged particles are electrical current. 



the charge of particle, ߠ is the thickness of membrane and m 
is the mass of ion. The acceleration of the particle is described 
as equation (12), where m is the mass of single ion particle. 

F = Eq = ୚೘ఏ q = ma  (11) 

a = ୢ୴ௗ௧ = ௏೘௞௘௠ఏ  (12) 

With the supposition that the force on cation during 
passing through the ion channel is uniform, and the initial 
velocity of ion is zero, the average velocity of the ion during 
transport is described as equation (13). 

ݒ̅ = ට௔ఏଶ = ට௏೘௞௘ఏଶ௠ఏ = ට௏೘௞௘ଶ௠   (13) 

Now applying equation (13) on equation (10) leads to 
equation (14). 

ௗሾ௜௢௡ሿୢ୲ = − ଵேಷ ∙ ଵௌ௞ ∙ ට ଶ௠௏೘௞௘ ∙ ଵୖ౟౥౤ ௗௗ௧ ௠ܸ  (14) 

Equation (15) describes the relationship between the 
resistance and permeability of ion channel. Pion is the 
permeability of the ion at channels defined in derivation of 

Goldman’s equation (P୧୭୬ = ஽ಲఏ ), DA is diffusion constant and ߠ  is the thickness of the membrane. ߢ  is a constant 
coefficient. 

R୧୭୬ = ଵ఑ ଵ௉೔೚೙ = ଵ఑ ఏ஽ಲ   (15) 

The mass of an ion is defined as equation (16), where M is 
molar weight. 

m = ଵଵ଴଴଴ ୑ேಲ  (16) 

By applying equation (15, 16) on equation (14), equation 
(17) is derived. 

݀ሾ݅݊݋ሿdt = − 1ܰி ∙ 1ܵ݇ ∙ ඨ 2݉௠ܸ݇݁ ∙ 1R୧୭୬ ݐ݀݀ ௠ܸ 

= − 1ܰி ∙ 1ܵ݇ ∙ ඨ 2݉௠ܸ݇݁ ∙ P୧୭୬ߢ ݐ݀݀ ௠ܸ 

= − 1ܰி ∙ 1ܵ݇ ∙ ඨ 2݉௠ܸ݇݁ ∙ ߢ ߠ஺ܦ ݐ݀݀ ௠ܸ 

= − 1ܰி ∙ 1ܵ݇ ∙ ඨ 1000ܯ2 ௠ܸ݇݁ ஺ܰ ∙ ߢ ߠ஺ܦ ݐ݀݀ ௠ܸ 

= − 110√5 ∙ 1ܵ ∙ 1݇ ிܰ ∙ ඨ ௠ܸ݇ܯ ிܰ ∙ ߢ ߠ஺ܦ ݐ݀݀ ௠ܸ 

= − 110√5 ∙ 1ܵ ∙ 1(݇ ிܰ)ଵ.ହ	 ∙ ඨܸܯ௠ ∙ ߢ ߠ஺ܦ ݐ݀݀ ௠ܸ 

= − ఑ଵ଴√ହఏ ∙ ଵௌ ∙ ஽ಲ√ெ(௞ேಷ)భ.ఱ	 ∙ ଵඥ௏೘ ௗௗ௧ ௠ܸ (17) 

I defined the constant ℬ term as equation (18) to eliminate 
the coefficient ߢ and other numbers. Θ is also considered as a 
constant number because the phospholipid bilayers have 
typical thickness. 

఑ଵ଴√ହఏ = ℬ  (18) 

Then the equation (17) is simplified into equation (19). 

ௗሾ௜௢௡ሿୢ୲ = − ℬௌ ∙ ஽ಲ√ெ(௞ேಷ)భ.ఱ	 ∙ ଵඥ௏೘ ௗௗ௧ ௠ܸ (19) 

Vm is calculated with Goldman’s equation, which has the 
concentration of ions inside and outside the root as the only 
independent variable. Therefore, this model describes the 
variance of ion concentration on time with respect to the ion 
concentration only. 

The constant ℬ  describes the physiology of the plant 
species, phenotype or growth stages. It varies along the cell 
species because it is only affected by the membrane 
thickness, the diffusion constant of ion and combined 
resistance of ion channel. Membrane thickness of plant cells 
are not so different along the species and the diffusion 
constant is ion-related value. Therefore, ℬ is only affected by 
the physiological factor such as density and kind of ion 
channel. 

S is the surface area where ion flows. It is defined as the 
inner area of ion channel multiplied with the number of ion 
channels. It is most influenced by the growth of plant’s root. ܦ஺√ܯ  describes the physical property of the ion, while (݇ ிܰ)ଵ.ହ describes the electrical property. 

ଵඥ௏೘ ௗௗ௧ ௠ܸ  can be derived with Goldman’s equation. It 

depends on the environment (nutrient solution) and describes 
the interaction between the root cell and the surrounding. 

 

B. Anion Absorption Model 

Anion is absorbed as symport at the root. As it requires an 
ion to collide with H+ ion at the channel, I described it like 



equations (1-3).  Let w as the number of electrons which an 
ion acquired. Then the ODE model for anion influx is 
described as equation (20) where τ is a coefficient related to 
anion absorption. 

ௗሾ௜௢௡ሿௗ௧ = 	−τሾionሿሾܪାሿ௞ (20) 

C. ODE Network Simulation 

I combined the ODE network simulation on nutrient 
solution system [1] with plant’s ion absorption behavior. 
Detailed interactions, equations and coefficients are provided 
at my GitHub repository, with the simulator. 

https://github.com/needleworm/nutrient_solution 

 

III. EXPERIMENT 

The experiment has one supposition that the membrane 
gradient is mainly induced by H+ only because permeability 
coefficients are required to describe multiple ion interactions. 

The topology of the ODE complex system network model 
for interactions between nutrient solution and plant is 

described on the Figure 1, which was drawn with Cytoscape. 
[11] Total 20 different conditions were applied to perform the 
simulation. Same set of reaction rate coefficients and 
coefficient for H+ ion pumping rate were applied to all 
simulation. But different values of cation absorption 
coefficient ℬ and anion absorption coefficient τ were applied 
on each simulation to verify that only change on ℬ  and τ can 
lead to different ion-absorption tendencies.  

The initial states of the nutrient solution systems were 
fixed as Yamazaki’s nutrient solution for lettuce [12], and the 
initial states of plants were considered as an 1L bag of H2O, 
containing no other nutrient inside. Coefficient sets with 
ODE network models are presented on the Supplementary 
Data 1, at my ResearchGate repository.  

https://www.researchgate.net/publication/341997283 

The simulations were conducted until mean square error 
values between each temporal-distance gradient descent 
update reach 1e-20. But trial 18 and 19 converged too fast so 
tighter MSE threshold was applied: 1e-21 and 1e-22 each. 
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Figure 2. The network topology of plant and nutrient solution interaction model   
Brown nodes are system input, inorganic fertilizers and water. Purple nodes are plant-absorbable ions but blue nodes are 
unabsorbable. Green nodes indicate the components inside the root such as ions which are absorbed by the root cell or 
water. The label of green nodes starts with small 'p' as indicator. 
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IV. RESULTS 

Summarized Results are presented on Figure 3-5. Detailed 
information on the convergence states from the experiments 
are provided as Supplementary Data 2, at my ResearchGate 
Repository.  

https://www.researchgate.net/publication/341997426 

 

A. pH 

Figure 3 shows the pH values inside the root at the 
convergence state. The initial values of all experiments were 
set to 7.0 but all results showed increase because of active 
transport of H+ ion. The root cells continuously try to emit H+ 
ion to build a gradient along the cell membrane, which is the 
key mechanism of nutrient absorption. Also, increase of pH 
inside the root indicates the decrease of pH of nutrient 
solution; just same as commonly-known phenomenon. 

The experiment samples showed that different sets of 
cation and anion absorption coefficient lead to different 
absorption results. Sample 18 and 19 showed higher result 
than other conditions. They had smaller anion absorption 
coefficient values. 

B. TDS 

TDS values at the convergence states are described in 
figure 4. Most sample absorbed more than 50% nutrients 
from the nutrient solution, except trial 4, 5, 10, 18 and 19. The 
result shows that the absorption efficiency is defined with two 
coefficients ℬ and τ. Note that the values are measured at the 
convergence state. The values change very little, although 
more time is allowed. 

C. NPK Rate 

Figure 5 describes the rate of N, P and K absorbed by the 
root in mass scale. Some samples such as trial 6, 17, 18 and 
19 seem to fail to absorb balanced nutrition. Figure 5 simply 
shows the coefficients ℬ  and τ  influences on the ion 
absorption tendencies. 

 

V. DISCUSSION 

Only equation (19) was applied to describe the secondary 
transport of cations and it showed that suggested model for 
cation absorbance performed well combined with previous 
technology. [1] The experiment showed that different 
coefficient variation on cation absorption coefficient ℬ and 
anion absorption coefficient τ for same network topology can 
lead to different nutrition absorbance tendencies.  

As ℬ  is description of ion channel and membrane 
thickness, I consider it as physiological term resulting from 
the gene expressions. Therefore, I suppose that each plant 
species has different  ℬ values, leading to different recipe for 
fertilization. For example, the nutrient solution recipe for 
lettuce is different with the recipe for basil because their gene 
expression patterns are different, leading to different ℬ and τ 
values. 

Inappropriate sets of coefficients leaded to failure of 
nutrient absorption. I think it is possible to predict the 
coefficient heuristically, repeating simulation for comparison 
between simulation result with actual ion absorption data. 

 

 
Figure 3. pH inside the root at the convergence state 
Every sample showed that pH inside the root increases at 
the convergence state.  
 

 
Figure 4. Total dissolved mass (TDS) of nutrient 
solution at the root         
The amount of nutrients remaining in the nutrient solution 
is indicated as orange. Ions absorbed by plant is indicated 
as yellow. 
 

 
Figure 5. Mass rate of N, P and K inside the root at the 
convergence state. 
Nutrient uptake rate at the convergence state differs. 



VI. CONCLUSION 

I suggested an ordinary differential equation model to 
investigate ion absorption of plant. The equation for cation 
absorption contains parameters for plant physiology, growth, 
kinetic properties of ion and electrical properties of ion. It 
describes the amount of absorbed ion per time, with respect 
to the derivative of membrane potential induced by ion 
particles. Anion absorption model simply had a parameter to 
describe absorption rate, which is similar to reaction rate 
coefficient. Anion absorption rate is influenced by the 
collision rate of anion and H+ ions. Both cation absorption 
rate coefficient ℬ  and anion absorption rate τ  values are 
influenced by the properties of ion channels, such as density 
or activities. Therefore, individual nutritional ion absorption 
rate is influenced by gene expressions or phenotypes of the 
plant. This model is compatible with ODE network model for 
nutrient solution system. Simulation result showed that 
different values of cation absorption rate coefficient ℬ and 
anion absorption rate τ  lead to different nutrition uptake 
tendency. If the coefficients of a plant species are discovered 
with experiment or simulation, the model would provide in-
silico predictions of root-nutrient interaction of real plant.  
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