
Lecture1. EEEêêê

1.EEEêêê���\\\{{{���¦¦¦{{{. ��EêL«�z = a+ ib, Ù¥a, b´¢ê. ¤kEê�
¤�8ÜP�C. Eêz = a+ ib�¢Ü´a, P�Re(z), JÜ´b, P�Im(z). \
{Ue¡5K�Ñ

(a+ ib) + (c+ id) = (a+ c) + i(b+ d)

�¦{Ue¡5K�Ñ

(a+ ib)(c+ id) = (ac− bd) + i(ad+ bc).

AO/, i2 = −1, Ù¥i�¢Ü´0JÜ´1.

Eêz = a + ib�ýé�´|z| =
√
a2 + b2, �|z| = 0��=�z = 0. z =

a+ ib�E�Ý´z̄ = a− ib. �±w�

|z|2 = zz̄, a =
z + z̄

2
, b =

z − z̄
2i

.

ü�Eêûa+ib
c+id (c + id 6= 0)�¢ÜÚJÜ�±ÏL©f©1Ó�¦±©1

��Ý��, =

a+ ib

c+ id
=

(a+ ib)(c− id)

(c+ id)(c− id)
=
ac+ bd

c2 + d2
+ i

bc− ad
c2 + d2

.

Ï�¤kEê�¤�8ÜC´������z���"EêÑk��¦{
_, ¤±C�¤���. éu?¿�½���ên, �n�C�¤�¦È�mCnU
©þ/ª½Â�þ\{ÚEê¦{�, Cn�¤��En���þ�m. �½�
þv = (v1, · · · , vn), w = (w1, · · · , wn) ∈ Cn, vÚw�Hermite SÈ〈v, w〉½Â�

〈v, w〉 =

n∑
j=1

vjw̄j .

�±w�HermiteSÈ÷v

• 〈v, v〉 ≥ 0 �〈v, v〉 = 0⇔ v = 0;

• 〈αv + βw, ζ〉 = α 〈v, ζ〉+ β 〈w, ζ〉 , α, β ∈ C;

• 〈v, w〉 = 〈w, v〉.
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�þv = (v1, · · · , vn)��ê‖ v ‖½Â�

‖ v ‖= 〈v, v〉
1
2 =

 n∑
j=1

|vj |2
 1

2

.

�±�y�ê÷v

• ‖ v ‖≥ 0 �‖ v ‖= 0⇔ v = 0;

• ‖ αv ‖= |α| ‖ v ‖, α ∈ C;

• ‖ v + w ‖≤‖ v ‖ + ‖ w ‖,

Ù¥1n�n�Ø�ªòd�¡�Cauchy-SchwarzØ�ªy�.

�½ü��"Eêz1, z2 ∈ C, Xe�n�Ø�ª

|z1 + z2| ≤ |z1|+ |z2|

�±ÏLü>²�Ðm¿|^��Eê�¢ÜØ�u§�ýé��¯¢��.
äNXe,

|z1 + z2|2 = (z1 + z2)(z1 + z2)

= z1z̄1 + z1z̄2 + z̄1z2 + z2z̄2

= |z1|2 + 2Re(z1z̄2) + |z2|2

≤ |z1|2 + 2|z1z2|+ |z2|2

= (|z1|+ |z2|)2,

Ù¥” = ”¤á⇔ z1z̄2 ≥ 0, =z1 = λz2 (λ > 0). ��/, |^8B{��: �
½n��"Eêz1, · · · , zn ∈ C, k

|z1 + z2 + · · ·+ zn| ≤ |z1|+ |z2|+ · · ·+ |zn|,

Ù¥” = ”¤á⇔ zj = λjz1 (λj > 0) for j = 2, · · · , n.

2.EEEêêê888���������555. �½��Eê�{z1, z2, · · · }, e�3,�Eêw÷v

lim
n→∞

|zn − w| = 0,

K¡TEê�Âñ�w, P�w = limn→∞ zn.
ePzn = an + ibn, w = a+ ib, K��,

lim
n→∞

zn = w
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¤á�du
lim
n→∞

an = a, lim
n→∞

bn = b

¤á.

��Eê�{z1, z2, · · · }e÷v

|zn − zm| → 0(n,m→∞)

=�½?¿ε > 0, �3�êN(ε) > 0¦��n,m > N(ε)�|zn − zm| < ε¤á, K
¡�E�Ü�.
·���¢ê8´���µz�¢�Ü�Âñ���¢ê.du��Eê�´E
�Ü���=�§�¢ÜÚJÜ¤éA�¢ê�þ´¢�Ü�, �z�E�Ü
�Âñ���Eê. Ïd, Eê8´���.

3.Cauchy-SchwarzØØØ���ªªª. �½�"E�þv = (v1, · · · , vn), w = (w1, · · · , wn) ∈
Cn,

|〈v, w〉| ≤‖ v ‖‖ w ‖,

Ù¥�Ò¤á��=��þv, w3Cn¥´E�5�'�, =�3Ø��"�E
êa, b¦�av + bw = 0¤á.

�«y²�ª(�ê{)´|^Lagrangeð�ªµ∣∣∣∣∣∣
n∑
j=1

vjw̄j

∣∣∣∣∣∣
2

=

 n∑
j=1

|vj |2
 n∑

j=1

|wj |2
− ∑

1≤j<k≤n

|vjwk − vkwj |2 ,

Tð�ªde¡���O���,∣∣∣∣∣∣
n∑
j=1

vjw̄j

∣∣∣∣∣∣
2

=

 n∑
j=1

vjw̄j

 n∑
j=1

v̄jwj


=

n∑
j=1

vjw̄j v̄jwj +
∑

1≤j<k≤n

(vjw̄j v̄kwk + vkw̄kv̄jwj)

=

 n∑
j=1

vj v̄j

 n∑
j=1

w̄jwj

− ∑
1≤j<k≤n

(vj v̄jw̄kwk + vkv̄kw̄jwj)

+
∑

1≤j<k≤n

(vjw̄j v̄kwk + vkw̄kv̄jwj)

=

 n∑
j=1

vj v̄j

 n∑
j=1

w̄jwj

− ∑
1≤j<k≤n

|vjwk − vkwj |2 .
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,�«y²�ª(AÛ{)´|^E�þ�Hermite��ÝK. 3Cn¥, du〈
v − 〈v, w〉
‖ w ‖2

w,w

〉
= 0,

�þv3w���þ�Hermite��ÝK´ 〈v,w〉‖w‖2 w. Cauchy-SchwarzØ�ªde¡

��µ

0 ≤
∥∥∥∥v − 〈v, w〉‖ w ‖2

w

∥∥∥∥2

=

〈
v − 〈v, w〉
‖ w ‖2

w, v − 〈v, w〉
‖ w ‖2

w

〉
= ‖v‖2 − |〈v, w〉|

2

‖w‖2
.

ù«AÛ{�±��w��Ò¤á��=�v = 〈v,w〉
‖w‖2 w, =�þv, w´E�5�

'�.

|^Cauchy-SchwarzØ�ª�±���þ/ª�n�Ø�ª

‖v + w‖ ≤ ‖v‖+ ‖w‖ ,

Ù¥v, w ∈ Cn. äNXe,

‖v + w‖2 = 〈v + w, v + w〉
= ‖v‖2 + 2Re 〈v, w〉+ ‖w‖2

≤ ‖v‖2 + 2 |〈v, w〉|+ ‖w‖2

≤ ‖v‖2 + 2‖v‖‖w‖+ ‖w‖2

= (‖v‖+ ‖w‖)2
.

Ù¥�Ò¤á��=�v = λw(λ > 0).

4.De Moivreúúúªªª,üüü   ���999nnn���¼¼¼êêê���õõõ���úúúªªª. �z = r (cos θ + i sin θ)
Úw = ρ (cosϕ+ i sinϕ) ´ü�Eê�4�IL«, Ù¥θ, ϕ©O´z, w�Ë�,
P�arg z, argw, K

zw = r (cos θ + i sin θ) ρ (cosϕ+ i sinϕ)

= rρ [(cos θ cosϕ− sin θ sinϕ) + i (sin θ cosϕ+ cos θ sinϕ)]

= rρ [cos(θ + ϕ) + i sin(θ + ϕ)] ,

ù¿�X|zw| = |z| · |w|, arg(zw) = arg z + argw, 555¿¿¿�ö´��8Ü�ª.

De Moivreúª�Ñ
n��ÓEê(4�I/ª)�¦È.�z = r (cos θ + i sin θ),
K

zn = rn (cosnθ + i sinnθ) .
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l�±��z = r (cos θ + i sin θ)�ng��Xe,

r
1
n

[
cos

(
θ + 2kπ

n

)
+ i sin

(
θ + 2kπ

n

)]
, k = 0, 1, · · · , n− 1.

�±w�ùn�ng��k�Ó�, �§��Ë�´�må�. AÛþùn�ng
��´±�:�¥%��n>/�n�º:. AO/, 1�n�ng���Ú�".

|^De Moivreúª9��ªÐm�±��n�¼ê�õ�úª. �e�ú
ª�¢ÜÚJÜ

cosnθ + i sinnθ = (cos θ + i sin θ)n =

n∑
k=0

(
n

k

)
cosn−k θik sink θ,

·���

cosnθ =
∑

0≤j≤n
2

(−1)j
(
n

2j

)
cosn−2j θ sin2j θ

Ú

sinnθ =
∑

0≤j≤n−1
2

(−1)j
(

n

2j + 1

)
cosn−2j−1 θ sin2j+1 θ.

5.EEE)))ÛÛÛAAAÛÛÛ. E²¡þ��
�µ|z − a| = r;
��µz = a+ bt (t ∈ R, b 6= 0);
Lü:z1, z2���µz = (1− t)z1 + tz2 (t ∈ R).

�½ü^��l : z = a+ bt, l′ : z = a′ + b′t, ��
(1) l, l′L«Ó�^��⇔ a′−a

b , b
′

b ∈ R;

(2) l²1ul′⇔ b′

b ∈ R;

(3) l, l′Ó��⇔ b′

b ∈ R+;

(4)l, l′(k��)�m�Y��arg b′

b ;

(5)lR�ul′⇔ b′

b´XJê.

E²¡þ�:8½«�
�SÜµ|z − a| < r;
��lþµIm z−a

b = 0;
��l���²¡µIm z−a

b > 0;
��l�m�²¡µIm z−a

b < 0.
555¿¿¿:þ¡�«�y©���l�ëêÀ�Ã'. �ÏXeµ�z = a′ + b′t´�
�l�,�Ó���ëêL«, K

a′ = a+ bλ, b′ = bµ, λ ∈ R, µ ∈ R+,
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¿�X
z − a′

b′
=
z − a− bλ

bµ
=
z − a
b
· 1

µ
− λ

µ
,

��Im z−a′
b′ �Im z−a

b ÓÒ.

E²¡þ�����½���§L«Xeµ

αzz̄ + βz + β̄z̄ + γ = 0, α, γ ∈ R, β ∈ C, ∆ = |β|2 − αγ > 0.

��¡,c¡�x���½���§�½�±z¤T���§�/ª. �
�,eα = 0,K�§òz�βz + β̄z̄ + γ = 0, β ∈ C (β 6= 0), γ ∈ RL«�
^��¶eα 6= 0,K�§C/�

x2 + y2 + 2
Reβ · x− Imβ · y

α
+
γ

α
= 0,

= (
x+

Reβ

α

)2

+

(
y − Imβ

α

)2

− (Reβ)2 + (Imβ)2

α2
+
γ

α
= 0

§L«±:− β̄
α��%,

√
δ
|α|��»��.

6.¥¥¥444ÝÝÝKKK. ÎÒ∞L«Ã¡�:, §Úk�ê�'XXeµ
(1)a+∞ =∞+ a =∞, a

∞ = 0 (a 6=∞);

(2)b · ∞ =∞ · b =∞, b
0 =∞ (b 6= 0��∞);

(3)∞+∞, ∞∞ , 0 · ∞Ø´well-defined;
(4)∞�¢ÜÚJÜØ´well-defined, �´|∞| = +∞.

�Ä��n�:éA�∞, C∞ = C ∪ {∞} ¡�*¿E²¡. 555¿¿¿µµµz^�
�ÑÏL∞, �vk�²¡�¹∞.

·�r��2-¥S2�3R3¥¦�(0, 0, 0)´§�¥%, (0, 0,−1)´§�H4
:S, (0, 0, 1)´§��4:N , =

S2 =
{

(x1, x2, x3) ∈ R3, x2
1 + x2

2 + x2
3 = 1

}
.

¥4ÝK±�4:N��1, ±(x, y)-�I²¡��8I²¡�±L«�

x =
x1

1− x3
, y =

x2

1− x3
,

Ù¥:(x, y)´S2þ�:(x1, x2, x3)3¥4ÝKe��. Ù_N��

x1 =
2x

1 + x2 + y2
, x2 =

2y

1 + x2 + y2
, x3 =

x2 + y2 − 1

x2 + y2 + 1
.
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�«í��ªXeµ3R3¥, L:(0, 0, 1)Ú:(x1, x2, x3)����±L«�

γ1(t) = t(x1, x2, x3) + (1− t)(0, 0, 1) = (tx1, tx2, tx3 + 1− t),

�γ1(t)�(x, y)-²¡��:�
(

x1

1−x3
, x2

1−x3
, 0
)

. aq/,L:(0, 0, 1)Ú:(x, y, 0)�

���±L«�

γ2(t) = t(x, y, 0) + (1− t)(0, 0, 1) = (tx, ty, 1− t),

�γ2(t)�S2��:�
(

2x
1+x2+y2 ,

2y
1+x2+y2 ,

x2+y2−1
x2+y2+1

)
.

�z = x+ iy, K¥4ÝKN�9Ù_N�©OL«�

z =
x1 + ix2

1− x3
,

9

x1 =
z + z̄

1 + |z|2
, x2 =

z − z̄
i(1 + |z|2)

, x3 =
|z|2 − 1

1 + |z|2
.

P¥4ÝKN��f , Kf(N) = ∞, f, f−1ïá
S2�C∞�m���N�,
�fòS2�e�¥¡

{
(x1, x2, x3) ∈ S2, x3 < 0

}
N�C∞þü ��SÜ{|z| < 1},

òS2�þ�¥¡
{

(x1, x2, x3) ∈ S2, x3 > 0
}
N�C∞þü ��	Ü{|z| > 1}.

Ï~¡S2�iù¥¡. �°[/, fòS2þ��N¤C∞þ��½ö��; òS2þ
L�4:N(0, 0, 1)��N¤C∞þ���. äNO�Xeµ�½S2þ��, §�
�§�±L«� {

x2
1 + x2

2 + x2
3 = 1

α1x1 + α2x2 + α3x3 = cos θ, 0 < θ ≤ π
2 ,

Ù¥α1, α2, α3 ∈ R÷vα2
1 + α2

2 + α2
3 = 1. ò¥4ÝK_N��L�ª�\þã

�§��

α1
z + z̄

1 + |z|2
+ α2

z − z̄
i(1 + |z|2)

+ α3
|z|2 − 1

1 + |z|2
= cos θ,

=

(cos θ − α3) |z|2 + (−α1 + iα2)z + (−α1 − iα2)z̄ + cos θ + α3 = 0.

�±w�, ecos θ − α3 = 0, KT�§L«C∞þ���; ecos θ − α3 6= 0, du

∆ = α2
1 + α2

2 − (cos θ − α3) (cos θ − α3) = 1− cos θ2 > 0,

�d�T�§L«C∞þ��.
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�z, z′ ∈ C, d(z, z′)L«§�3S2þéA:(x1, x2, x3), (x′1, x
′
2, x
′
3) m�îª

ål, Kk

d2(z, z′) = (x1 − x′1)2 + (x2 − x′2)2 + (x3 − x′3)2

= 2− 2 [x1x
′
1 + x2x

′
2 + x3x

′
3]

= 2− 2

[
(z + z̄)(z′ + z̄′)

(1 + |z|2)(1 + |z′|2)
− (z − z̄)(z′ − z̄′)

(1 + |z|2)(1 + |z′|2)
+

(|z|2 − 1)(|z′|2 − 1)

(1 + |z|2)(1 + |z′|2)

]
=

4|z − z′|2

(1 + |z|2)(1 + |z′|2)
,

lk

d(z, z′) =
2|z − z′|√

(1 + |z|2)(1 + |z′|2)
.

AO/,

d(z,∞) =
2√

(1 + |z|2)
.

þãúª�Ñ
*¿E²¡C∞þ��«ålúª.
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Lecture2. EEE������������ÜÜÜ-iiiùùù���§§§

1.¢¢¢CCCþþþ¼¼¼êêê���������555.
½½½ÂÂÂ1: �ÄüCþ¢�¼êf(x), x ∈ (α, β), �½:a ∈ (α, β), f(x)3x = a�
�¿�X

lim
x→a

f(x)− f(a)

x− a
= L.

äN/, �½?¿ε > 0, �3δ(ε) > 0 ¦�x÷v0 < |x− a| < δ(ε)�,∣∣∣∣f(x)− f(a)

x− a
− L

∣∣∣∣ < ε.

�é{`, �½?¿ε > 0, ex´δ(ε)-�Ca, K�û

f(x)− f(a)

x− a

´ε-�CL. ,�«£ã�, �x¿©�Cua�,�û�±?¿�CL. du�û
3x = a�vk½Â, þã½ÂüØ
x = a�éØ�ª��x. ùp�4�
�L¡�f(x)3x = a��ê, P�f ′(a).

½½½ÂÂÂ2. f(x)3x = a��µ3x = a?, ������> 1���¿Âe, f(x)�
±d��Ý≤ 1�õ�ª%C. =, �3��Ý≤ 1�õ�ªA′x + B′ = A(x −
a) +B¦�

f(x)− [A(x− a) +B] = E(x)

Ù¥Ø��E(x)÷v

lim
x→a

|E(x)|
|x− a|

= 0

þª=�E(x)3x = a����> 1�¹Â. �¤±ùo`´Ï�x− a3x = a�
����1, þª¿�XE(x)3x = a����'x− a3x = a����p. A
O/, limx→aE(x) = 0.

555.½Â1�½Â2´�d�. 3�§f(x) − [A(x− a) +B] = E(x)ü>�4
�x→ a��f(a) = B, d��§C�

f(x)− [A(x− a) + f(a)] = E(x),

=
f(x)− f(a)

x− a
−A =

E(x)

x− a
, x 6= a.

ü>�4�x→ a��A = f ′(a). ��, �

lim
x→a

f(x)− f(a)

x− a
= f ′(a)

1



�, 3x = a?, ������> 1���¿Âe, Ý≤ 1�õ�ªf(a) + f ′(a)(x−
a)�±%Cf(x). 5¿%Cõ�ªf(a)+f ′(a)(x−a)´f(x)3x = a?�Ý�1�
�Võ�ª.

f(x)3x = a?���ù«½Â�AÛ)º�µ3x = a?, �����
�> 1���¿Âe, ��y = f(a) + f ′(a)(x− a)%Cãy = f(x).

2.üüü���¢¢¢CCCþþþ���¢¢¢���¼¼¼êêê���������555. þ¡¢���½Â2���`³´�±
��òÿ�'uü�¢Cþ(x, y)�¢�¼êf(x, y)3:(x, y) = (a, b)���
5: 3:(x, y) = (a, b)?, ������> 1���¿Âe, �3Ý≤ 1�õ�
ªA′x+B′y + C ′ = A(x− a) +B(y − b) + C%Cf(x, y), =

f(x, y) = A(x− a) +B(y − b) + C + E(x, y),

Ù¥

lim
(x,y)→(a,b)

E(x, y)√
(x− a)2 + (y − b)2

= 0.

AO/,
lim

(x,y)→(a,b)
E(x, y) = 0,

ù¿�XC = f(a, b)�

f(x, y) = f(a, b) +A(x− a) +B(y − b) + E(x, y).

3þª¥-y = b, �

f(x, b) = f(a, b) +A(x− a) + E(x, b),

�4���

lim
x→a

∣∣∣∣f(x, b)− f(a, b)

x− a
−A

∣∣∣∣ = lim
x→a

|E(x, b)|
|x− a|

= 0.

l�� �ê∂f
∂x (a, b)�3��A. aq/,  �ê∂f

∂y (a, b)�3��B. �±w

�%Cõ�ªA(x − a) + B(y − b) + C´f(x, y)3(x, y) = (a, b)?�Ý�1��
Võ�ª

f(a, b) + (x− a)
∂f

∂x
(a, b) + (y − b)∂f

∂y
(a, b).

f(x, y)3(x, y) = (a, b)?���AÛ)º�µ3(x, y) = (a, b)?, ����
��> 1���¿Âe, �²¡

z = f(a) + (x− a)
∂f

∂x
(a, b) + (y − b)∂f

∂y
(a, b)

2



%Cãz = f(x, y).

���������êêê. �x = x(t), y = y(t)3t = t0���x(t0) = a, y(t0) = b, KEÜ¼
êt 7→ f(x(t), y(t))3t = t0��, �d¦��óª{K��(

d

dt
f(x(t), y(t))

)
t=t0

=

(
∂f

∂x

)
(x,y)=(a,b)

x′(t0) +

(
∂f

∂y

)
(x,y)=(a,b)

y′(t0).

AO/, éu�½��θ, f(x, y) 3(x, y) = (a, b)÷�

(x, y) = (a, b) + t(cos θ, sin θ)

����ê� (
∂f

∂x

)
(x,y)=(a,b)

cos θ +

(
∂f

∂y

)
(x,y)=(a,b)

sin θ.

3.üüü���¢¢¢CCCþþþ���¢¢¢���¼¼¼êêê���������555^̂̂���'''üüü���   ���êêê������333555^̂̂������rrr. �
ÄXe{ü�~f

f(x, y) =

{
xy

x2+y2 , (x, y) 6= (0, 0)

0, (x, y) = (0, 0).

�½θ, f(x, y)��3�t 7→ (t cos θ, t sin θ)þ��'ut���¢¼êgθ(t) =
f(t cos θ, t sin θ) = 1

2 sin 2θ (t 6= 0). ��, f(x, y) 3(0, 0)?����êþ�3�
�0. �θ = π

4�,

gπ
4

(t) =

{
1
2 sin 2θ = 1

2 , t 6= 0

0, t = 0,

3t = 0?ØëY. Ïd, f(x, y)3(x, y) = (0, 0)?ØëY.

4.EEECCCþþþ¼¼¼êêê���������555. �w = f(z)´'uECþz = x + iy�E�¼ê.
Pw = u+ iv. �c = a+ ib. e�û�4�

lim
z→c

f(z)− f(c)

z − c

�3, K¡w = f(z)3z = c?EEE������(�¡����XXX½)))ÛÛÛ), T4�P�f ′(c). �
Ò´`, �½?¿ε > 0, �3δ(ε) > 0¦��0 < |z − c| < δ(ε)�,∣∣∣∣f(z)− f(c)

z − c
− f ′(c)

∣∣∣∣ < ε.

·��¤e¡�/ª

f(z) = f(c) + f ′(c)(z − c) + E(z),

3



Ù¥

lim
z→c

|E(z)|
|z − c|

= 0.

�f ′(c) = A+ iB, E(z) = E1(x, y) + iE2(x, y), K

u(x, y)+iv(x, y) = u(a, b)+iv(a, b)+(A+ iB) [(x− a) + i(y − b)]+E1(x, y)+iE2(x, y).

3þã�ªü>©O�¢ÜÚJÜ,�

u(x, y) = u(a, b) +A(x− a)−B(y − b) + E1(x, y)

Ú
v(x, y) = v(a, b) +B(x− a) +A(y − b) + E2(x, y).

du

lim
(x,y)→(a,b)

Ej(x, y)√
(x− a)2 + (y − b)2

= 0, j = 1, 2

¤±u(x, y), v(x, y)3(x, y) = (a, b)´���, �

∂u

∂x
(a, b) = A,

∂u

∂y
(a, b) = −B,

∂v

∂x
(a, b) = B,

∂v

∂y
(a, b) = A.

l��
∂u

∂x
(a, b) =

∂v

∂y
(a, b),

∂u

∂y
(a, b) = −∂v

∂x
(a, b).

|^þã[!�_L§, ·�¼�e¡�½n:

½½½nnn(���ÜÜÜ-iiiùùù���§§§). �w = u+iv, z = x+iy, c = a+ib. �w = f(z)´
½Â3c�m��Uþ�'uECþz�E�¼ê. w = f(z)3z = cE����
=�§�¢Üu(x, y)ÚJÜv(x, y)3(x, y) = (a, b)?´¢����÷ve¡�
�Ü-iù�§:

∂u

∂x
(a, b) =

∂v

∂y
(a, b),

∂u

∂y
(a, b) = −∂v

∂x
(a, b).

3ù«�¹e,

f ′(c) =
∂u

∂x
(a, b) + i

∂v

∂x
(a, b) =

∂f

∂x
.

5.ííí������ÜÜÜ-iiiùùù���§§§���,,,���«««���{{{. þ¡í��Ü-iù�§��{´ò¼ê
©)¤¢ÜÚJÜw = u + iv. ,�«í��Ü-iù�§��{´ògCþ©
)¤¢ÜÚJÜz = x+ iy. �f(z)3z = c = a+ ib´E���, Kk

lim
z→c

f(z)− f(c)

z − c
= f ′(c).

4



�·���4�3Y²�y = bþ��

lim
x→a

f(x+ ib)− f(a+ ib)

x− a
= f ′(c)

lk
∂f

∂x
(c) = f ′(c).

aq/, ·���4�3R��x = aþ��

lim
y→b

f(a+ iy)− f(a+ ib)

i(y − b)
= f ′(c)

lk
1

i

∂f

∂y
(c) = f ′(c).

ùü«���'�«O3u3�ö�©1¥kÏfi. Ïd��

∂f

∂x
(c) =

1

i

∂f

∂y
(c)

3þª¥-f = u+ iv¿©O�¢ÜÚJÜ���Ü-iù�§.

�Ü-iù�§�,�«L«�ª´

∂f

∂x
=

1

i

∂f

∂y

��� (
∂

∂x
+ i

∂

∂y

)
f = 0.

Ú\�f
∂

∂z̄
=

1

2

(
∂

∂x
+ i

∂

∂y

)
,
∂

∂z
=

1

2

(
∂

∂x
− i

∂

∂y

)
.

�Ü-iù�§��¤
∂f

∂z̄
= 0.

555¿¿¿. (1)u(x, y), v(x, y) �êëY�÷v�Ü-iù�§´f(z) = u + ivE
���¿©^�.
(2) u(x, y), v(x, y) �ê�3�÷v�Ü-iù�§Ø´f(z) = u + ivE���
¿©^�. �Äe¡�~f

f(z) =

{
xy
|z|2 , z 6= 0

0, z = 0.

5



¤ko� �ê�3�÷v

∂u

∂x
(0, 0) =

∂v

∂y
(0, 0) =

∂u

∂y
(0, 0) =

∂v

∂x
(0, 0) = 0,

�´f(z)3z = 0?ØëY, �3z = 0?Ø´E���.
(3)f(z) = u(x, y) + iv(x, y) 3z = cëY, u(x, y), v(x, y)3z = c ��3�÷v
�Ü-iù�§�Ø´f(z)3z = cE���¿©^�. 'X,

f(z) =

{
z5

|z|4 , z 6= 0

0, z = 0.

3z = 0?ëY, d
∂f

∂x
(0) = lim

x→0

f(x)− f(0)

x
= 1,

∂f

∂y
(0) = lim

x→0

f(iy)− f(0)

y
= i

� ��3�÷v�Ü-iù�§∂f
∂x (0) = 1

i
∂f
∂y (0). �´

lim
z→0

f(z)− f(0)

z
= lim
z→0

z4

|z|4
= cos 4θ + i sin 4θ

w�·�f(z)3z = 0Ø´E���.
(4)Looman-Menchoff ½n: �f(z) = u(x, y) + iv(x, y)´«�D ⊂ Cþ�ëY¼
ê, u, v �3Dþ??�3�÷v�Ü-iù�§, Kf(z)3Dþ�X.

6.lllEEE���555CCC���������ÝÝÝ)))ººº���ÜÜÜ-iiiùùù���§§§. R2þ�¢�5C�T�±w¤�
�2× 2Ý
 (

a11 a12

a21 a22

)
.

�C ∼= R2 (a + ib ↔ (a, b))�, N�T : R2 → R2w¤N�T : C → C��Ø´
E�5�. eT÷vT (iv) = iT (v), K¡T´E�5�. ù�^�¿�XT�Cþ
¦i�N�´����. �N�J : R2 → R2w¤N�J : C → C�L«¦i, i.e.,
J(a+ ib) = i(a+ ib), KÝ
/ª�

J
(
a b

)
=
(
a b

)( 0 1
−1 0

)
.

l��T´E�5N���=�TJ = JT , i.e.,(
a11 a12

a21 a22

)(
0 1
−1 0

)
=

(
0 1
−1 0

)(
a11 a12

a21 a22

)
,

ù¿�X
a11 = a22, a12 = −a21.

6



ÏdR2þ���¢�5C�w¤C þ�C�´E�5���=�éA�2× 2�
¢Ý
÷vé��þ�����, �é��þ���p���ê.

��N�(x, y) 7→ (u(x, y), v(x, y))�ä�'Ý
L«�Xe2× 2Ý
(
ux uy
vx vy

)
.

ä�'Ý
L«Cþ�E�5N���=�u, v÷v�Ü-iù�§

ux = vy, uy = −vx.

7.���XXX¼¼¼êêê���ÄÄÄ���555���. �f(z), g(z)3«�DS�X, Kf(z) ± g(z), f(z) ·
g(z), f(z)

g(z) (g(z) 6= 0)3«�DS�X, �÷v

[f(z)± g(z)]
′

= f ′(z)± g′(z),

[f(z) · g(z)]
′

= f ′(z) · g(z) + f(z) · g′(z),[
f(z)

g(z)

]′
=
f ′(z)g(z)− f(z)g′(z)

g2(z)
.

½½½nnn: eζ = f(z)3«�DS�X, g(ζ)3«�GS�X, �f(D) ⊂ G,
Kϕ(z) = g[f(z)]3«�DS�X, �ϕ′(z) = g′[f(z)] · f ′(z).

Proof. �½:z0 ∈ D, ζ0 = f(z0) ∈ G, d®��

f(z) = f(z0) + f ′(z0)(z − z0) + E1(z),

g(ζ) = g(ζ0) + g′(ζ0)(ζ − ζ0) + E2(ζ),

Ù¥

lim
z→z0

E1(z)

z − z0
= 0, lim

ζ→ζ0

E2(ζ)

ζ − ζ0
= 0.

lk

ϕ(z) = g[f(z)] = g[f(z0)] + g′[f(z0)] [f ′(z0)(z − z0) + E1(z)] + E2(ζ)

=
ϕ(z) = ϕ(z0) + g′[f(z0)]f ′(z0)(z − z0) + g′(ζ0)E1(z) + E2(ζ).

Ï
g′(ζ0)E1(z) + E2(ζ)

z − z0
= g′(ζ0)

E1(z)

z − z0
+
f(z)− f(z0)

z − z0

E2(ζ)

ζ − ζ0
= 0,

�ϕ(z) = g[f(z)]3«�DS�X, �ϕ′(z) = g′[f(z)] · f ′(z).
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âââ777���{{{KKK(EEE///ªªª): ef(z), g(z)3:z0�X,�f(z0) = g(z0) = 0, g′(z0) 6=
0, Kk

lim
z→z0

f(z)

g(z)
=
f ′(z0)

g′(z0)
.

8.õõõ���ªªª. ½Â3��E²¡Cþ��X¼ê¡����¼¼¼êêê. õ�ªP (z) =
a0 + a1z+ · · ·+ anz

n´�¼ê, �P ′(z) = a1 + 2a2z+ · · ·+nanz
n−1. ean 6= 0,

K¡õ�ªP (z)�Ý�n,P�deg(P ) = n. �â�êÆÄ�½n(�¡y²),

P (z) = an(z − α1)(z − α2) · · · (z − αn).

eP (z) = (z − α)mPm(z)÷vPm(α) 6= 0, Kα¡�P�m���""":::, =P (α) =
P ′(α) = · · · = P (m−1)(α) = 0, P (m)(α) 6= 0. AO/, 1�":q¡�üüü""":::.

½½½nnnµµµeP (z)�¤k":3���²¡p,KP ′(z)�¤k":3�Ó��²
¡p.

Proof. �P (z) = an(z−α1)(z−α2) · · · (z−αn),KP ′(z) = an
n∑
k=1

(z−α1) · · · (z−

αk−1)(z − αk+1) · · · (z − αn), ù¿�X

P ′(z)

P (z)
=

1

z − α1
+ · · ·+ 1

z − αn
.

��²¡H =
{
z ∈ C, Im z−a

b < 0
}

. b½αk ∈ H (k = 1, · · · , n).e¡`²
ez 6∈ H, KzØ´P ′(z)�":. Ïz 6∈ H,kIm z−a

b ≥ 0,lk

Im
z − αk
b

= Im
z − a+ a− αk

b
= Im

z − a
b
− Im

αk − a
b

> 0,

¿�XIm b
z−αk < 0, lkIm bP ′(z)

P (z) =
n∑
k=1

Im b
z−αk < 0,�P ′(z) 6= 0.

�¹P (z)":���àõ>/��¹P ′(z)�":.

9.kkknnn¼¼¼êêê. �ÄR(z) = P (z)
Q(z) ,Ù¥õ�ªP (z), Q(z)vkú�":. Q(z)�"

:¡�R(z)�4:, Q(z)":��¡�R(z)4:��. R′(z) = P ′Q−PQ′

Q2 �R(z)k

�Ó�4:,z�4:��+1.

òR(z)w¤C∞ → C∞�N�,�R1(z) = R(1/z),KR1(0) = R(∞). eR1(0) =
0(∞),KR(z)3∞�":(4:)�½Â�R1(z) 30�":(4:)�. äN/,�

R(z) =
a0 + a1z + · · ·+ anz

n

b0 + b1z + · · ·+ bmzm
,

8



K

R1(z) = zm−n
a0z

n + a1z
n−1 + · · ·+ an

b0zm + b1zm−1 + · · ·+ bm
.

em > n, K0´R1(z)�m − n�":,=,∞´R(z)�m − n�":; em <
n,K0´R1(z)�n−m�4:, =,∞´R(z)�n−m�4:; em = n,KR(∞) =
R1(0) = an

bm
6= 0,∞. Ïd3C∞þ, R(z)�":�ê(Oê)= R(z)�4:�

ê(Oê) = max(m,n),¡�R(z)����.

¯̄̄KKKµµµe��kn¼ê3ü �±|z| = 1þ��´¢ê,K§�":Ú4:
N�©Ù?

Proof. 3|z| = 1þ, z = 1
z̄ ,lkR(z) = R( 1

z̄ ). Ï�R(z)��´¢�,¤±

kR(z) = R( 1
z̄ ),�R(z)−R( 1

z̄ )3|z| = 1þ���0. �±ä½R(z)−R( 1
z̄ )3Cþ

ð�0.eØ,,KR(z)−R( 1
z̄ )´��k���kn¼ê,l3Cþ�kk��"

:, �R(z)−R( 1
z̄ )3|z| = 1þ���0(kÃ��":)gñ. Ïdkz´R(z)�"

:(4:)��=� 1
z̄´R(z)�":(4:).

555¿¿¿:z� 1
z̄3¥4ÝK_N�e�¥¡�:©O�

(
z+z̄

1+|z|2 ,
z−z̄

i(1+|z|2) ,
|z|2−1
1+|z|2

)
Ú
(

z+z̄
1+|z|2 ,

z−z̄
i(1+|z|2) ,

1−|z|2
1+|z|2

)
, �±w�ùü�:'u»�(|z| = 1�¥¡�) é

¡,ÏdÏ~¡z� 1
z̄'uü �±|z| = 1é¡.
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Lecture 3: ddd���???êêê½½½ÂÂÂ������XXX¼¼¼êêê999���êêê!!!���uuu!!!{{{uuu¼¼¼êêê���������¼¼¼êêê

3þ�!, ·�½Â
E��¼ê(½�X¼ê). y3·���?Ød�?
ê½Â�Ä���X¼ê. §�´�ê!�u!{u¼ê.Äk·�I�?Ø�
?ê�Âñ59¦Âñ�»�úª,¿y²3Âñm��S,���?ê(¢½
Â
���X¼ê. ,�|^�u!{u¼ê��VÐm, ·�0�î.úª9
�ê¼ê�½Â. ·�ò|^È©�O�IOE|(�^5y²ý½Ð©^��
~�©�§)���5), y²�ê¼ê��ê5Æ.

1.ÄÄÄ���½½½ÂÂÂ999½½½nnn. �ÄECþE�¼ê�?ê
∞∑
n=0

fn(z), �Sn(z) =
n−1∑
k=0

fk(z),

e∀ε > 0, ∃Nε > 0¦�n ≥ Nε�, é?¿z ∈ Ek

|Sn(z)− f(z)| < ε,

K¡
∞∑
n=0

fn(z)38ÜE ⊂ Cþ������ÂÂÂñññuf(z). AO/, e
∞∑
n=0
|fn(z)|3Eþ��

Âñ, K¡
∞∑
n=0

fn(z)3Eþ���������ýýýéééÂñ.

���ÜÜÜ���OOOOOOKKKµµµ?ê
∞∑
n=0

fn(z)3Eþ��Âñ�¿�^�´∀ε > 0, ∃Nε >

0¦�n ≥ Nε�, é?¿z ∈ Ek

|fn+1(z) + · · ·+ fn+p(z)| < ε, p ∈ N.

`̀̀???êêê���OOO{{{µµµe�3~êM > 0, N > 0¦��n > N�, é?¿z ∈ Ek

|fn(z)| ≤Man,

�
∞∑
n=0

anÂñ, K
∞∑
n=0

fn(z)3Eþ���ýéÂñ.

'X, AÛ?ê
∞∑
n=0

zn3{|z| < 1}SÂñ, 3{|z| ≤ r < 1}S��Âñ,

3{|z| ≥ 1}SuÑ.

2.¦¦¦ÂÂÂñññ���»»»���Hadarmardúúúªªª. �½�?ê
∞∑
n=0

anz
n, �

R =
1

lim sup
n→∞

|an|1/n
= lim inf

n→∞

1

|an|1/n

1



(=��?ê�Âñ�»), K�|z| < R�,�?êÂñ; �|z| ≤ R0 < R�,�?ê
���ýéÂñ; �|z| > R�,�?êuÑ. AO/, �?ê3�:z0�Âñ5¿
�XT�?ê3�»�u|z0|�4��þ���ýéÂñ5.

Proof. b�|z| ≤ R0 < R, K�3,�ε > 0¦�R0 < R− ε. Ï�

R = lim inf
n→∞

1

|an|1/n
,

¤±�3,�N ∈ N¦�n > N�,

R0 + ε <
1

|an|1/n
,

ù¿�X
|an|(R0 + ε)n < 1,

lk

|anzn| ≤
(
|z|

R0 + ε

)n
≤
(

R0

R0 + ε

)n
.

du
∞∑
n=0

(
R0

R0+ε

)n
Âñ, �d`?ê�O{�,

∞∑
n=0

anz
n3|z| ≤ R0þ��ýéÂ

ñ.

,��¡, b�|z| > R, K�3,�ε > 0¦�|z| > R+ ε. Ï�

R = lim inf
n→∞

1

|an|1/n
,

¤±�3��4O���êS�nν (ν ∈ N) ¦�

R+ ε >
1

|anν |1/nν
(ν ∈ N),

AO/,
|anνznν | > 1 (ν ∈ N).

Ï�{anνznν}ØªCu0 (ν →∞),¤±�?ê
∞∑
n=0

anz
n ØÂñ.

��, �|z| ≤ r < |z0|, �Ä

|anzn| = |anzn0 |
∣∣∣∣ zz0
∣∣∣∣n ≤M (

r

|z0|

)n
.

2



3.íííØØØ. d�?ê
∞∑
n=0

anz
nÅ�¦����#��?ê

∞∑
n=1

nanz
n−1Ú��?ê

äk�Ó�Âñ�».

Proof. Ï�

|nan|
1

n−1 =
(
|an|

1
n

) n
n−1

n
1

n−1

�
lim
n→∞

n
1

n−1 = 1,

¤±

lim inf
n→∞

1

|nan|
1

n−1

= lim inf
n→∞

1

|an|
1
n

.

4.������ÂÂÂñññ���¼¼¼êêê���???êêê���ÅÅÅ���������555. �
∞∑
n=1

fn(x)´k�4«m[a, b]þ�E

�¼ê�?ê.

(1)ef(x) =
∞∑
n=1

fn(x)3[a, b]þ��Âñ,z�fn(x)3[a, b]þëY,Kf(x)3[a, b]þ

ëY�
∫ η
ξ
f(x)dx =

∞∑
n=1

∫ η
ξ
fn(x)dx (a ≤ ξ < η ≤ b).

(2)ez�f ′n(x)3[a, b]þëY,
∞∑
n=1

f ′n(x)3[a, b] þ��Âñ,�
∞∑
n=1

fn(x)3:ξ ∈

[a, b]Âñ,K
∞∑
n=1

fn(x)Âñuf(x), �f
′(x) =

∞∑
n=1

f ′n(x).

Proof. 1��(Ø|^IO�3ε{K. éu?¿�½�ε > 0, �3Nε ∈ N=�
6uε, δε,k > 0�6uεÚk, ¦�

|f(ξ)− f(η)| ≤

∣∣∣∣∣f(ξ)−
n∑
k=1

fk(ξ)

∣∣∣∣∣+
n∑
k=1

|fk(ξ)− fk(η)|+

∣∣∣∣∣f(η)−
n∑
k=1

fk(η)

∣∣∣∣∣
with ∣∣∣∣∣f(ξ)−

n∑
k=1

fk(ξ)

∣∣∣∣∣ < ε for n ≥ Nε

|fk(ξ)− fk(η)| < ε for |ξ − η| < δε,k∣∣∣∣∣f(η)−
n∑
k=1

fk(η)

∣∣∣∣∣ < ε for n ≥ Nε.

3



(J, 3þãØ�ª¥-n = Nε��

|f(ξ)− f(η)| < 3ε

for
|ξ − η| < min

1≤k≤Nε
δ ε
Nε
,k.

� ∣∣∣∣∣
∫ η

ξ

f(x)dx−
n∑
k=1

∫ η

ξ

fk(x)dx

∣∣∣∣∣ ≤
∫ η

ξ

∣∣∣∣∣f(x)−
n∑
k=1

fk(x)

∣∣∣∣∣ dx
<

∫ η

ξ

εdx ≤ ε(b− a)

for n ≥ Nε and a ≤ ξ < η ≤ b. Ïdk∫ η

ξ

f(x)dx =

∞∑
n=1

∫ η

ξ

fn(x)dx

for a ≤ ξ < η ≤ b.

�Ä1��(Ø. �g(x) =
∞∑
n=1

f ′n(x), Kk∫ η

ξ

g(x)dx =

∞∑
n=1

∫ η

ξ

f ′n(x)dx

=

∞∑
n=1

(fn(η)− fn(ξ))

=

∞∑
n=1

fn(η)−
∞∑
n=1

fn(ξ)

= f(η)− f(ξ)

for a ≤ ξ < η ≤ b. dug(x)´ëY¼ê, �â�È©Ä�½n�, f(x)3(a, b)þ

���f ′(x) = g(x), lkf ′(x) =
∞∑
n=1

f ′n(x).

ü�¼ê¦È½û���5{K�·^uE��. AO/,

(zn)′ = nzn−1,
∂

∂x
zn = nzn−1,

∂

∂y
zn = inzn−1.

3Âñ��|z| < Rþ,�?ê
∞∑
n=0

anz
n½Â
���X¼ê. �Ï´: é�?ê

'ux, yÅ�¦ ����ÓÂñ�»��?ê, Ïdd�?ê½Â�¼ê3Â
ñ��þäkëY��� �ê�÷v�Ü-iù�§.
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5. ���êêê¼¼¼êêê. |^¢n�¼ê��VÐª�

sinx =

∞∑
n=0

(−1)n x2n+1

(2n+ 1)!
, cosx =

∞∑
n=0

(−1)n x2n

(2n)!
.

|^Âñ��?ê½Â���êêê¼¼¼êêêezXeµ

ez ,
∞∑
n=0

zn

n!
, z ∈ C.

é�?êÅ�'ux¦ ���, (ez)′ = ez. l�u!{uÚ�ê¼ê��?ê
��, �z = iθ (θ ∈ R)�, ·�ke¡�îîî...úúúªªª

eiθ = cos θ + i sin θ.

î.úª���AÏ�/´

eiπ = −1, ei2π = 1.

�ê¼ê����êêê555ÆÆÆXeµ

ez+w = ezew, z, w ∈ C.

Proof. {{{���µµµ �½c ∈ C, d(ez · ec−z)′ = ez · ec−z − ez · ec−z = 0�ez · ec−z =
constant = ec. -c = z + w, �y.
{{{���µµµ �½w ∈ C, �Ä�¼êF (z) = ez+w − ezew,�±w�F (0) = 0.d�X
¼ê�óª¦�{K�, F ′(z) = F (z). e¡y²F (z) ≡ 0. ½Â8ÜEXe

E = {z ∈ C, F (z) = 0} .

d0 ∈ E�E 6= ∅. dF (z)�ëY5�E´C¥�4f8. e¡`²E´C¥�m
f8.

�c ∈ E, r ∈ (0, 1/2),�½θ ∈ [0, 2π],k

F (c+ reiθ) =

∫ r

t=0

dF (c+ teiθ)

dt
dt

=

∫ r

t=0

F ′(c+ teiθ)eiθdt

=

∫ r

t=0

F (c+ teiθ)eiθdt

5



Ïd,

|F (c+ reiθ)| ≤
∫ r

t=0

∣∣F (c+ teiθ)eiθ
∣∣ dt

=

∫ r

t=0

∣∣F (c+ teiθ)
∣∣ dt

≤ r sup
0≤t≤r

∣∣F (c+ teiθ)
∣∣

≤ 1

2
sup

0≤t≤r

∣∣F (c+ teiθ)
∣∣ ,

lk

sup
z∈B(c,1/2)

|F (z)| ≤ 1

2
sup

z∈B(c,1/2)

|F (z)|,

¿�XF (z)3B(c, 1/2)þð�0. ÏdE�m8,qÏC´ëÏ8,�E = C.

555¿¿¿: �u(r) = |F (c+ reiθ)|, d

u(r) ≤
∫ r

t=0

u(t)dt, u(0) = 0

��u ≡ 0.

Proof. �v(r) = e−r
∫ r
t=0

u(t)dt, Kk

v′(r) = −e−r
∫ r

t=0

u(t)dt+ e−ru(r) = e−r
[
u(r)−

∫ r

t=0

u(t)dt

]
≤ 0,

lk
v(r) ≤ 0,

=

u(r) ≤
∫ r

t=0

u(t)dt ≤ 0,

Ïdku ≡ 0.

��/, ·�kÈ©/ª�GrönwallØ�ªµ�α, β, u´[a, b]þ�¢�¼ê,
β, uëY.
(1)eβ ≥ 0, u÷v

u(t) ≤ α(t) +
∫ t

a

β(s)u(s)ds,

6



Kk

u(t) ≤ α(t) +
∫ t

a

α(s)β(s)e
∫ t
s
β(r)drds.

(2)�?�Ú, eα�~, K

u(t) ≤ α(t)e
∫ t
a
β(s)ds.

�â�ê5ÆÚî.úª,·�k

ex+iy = ex(cos y + i sin y), x, y ∈ R

ù¿�X|ez| = ex > 0, ��ê¼êezk±Ï2πi, =ez+2πi = ez.

XJòECþ�E�¼êw = f(z)w�dz²¡þ��«��w²¡þ�
�«��N�, eN�´ü�, K¡TN�´üüü����. @og,�¯K´:
ez3N��«�þ´ü�? �ez1 = ez2 , Kkz1 − z2 = 2kπi (k ∈ Z). Ï
d��°Ý�2π��/«�Dk = {z = x+ iy ∈ C, 2kπ < y < 2(k + 1)π} (k =
0,±1,±2, · · · )��ez�ü�5«�.'X�«�D0 = {z = x+ iy ∈ C, 0 < y < 2π},
KezòD0ü�/N�E = C \ {z ≥ 0}.

���XXX¼¼¼êêê������¼¼¼êêêµµµ�w = f(z)3«�DSü��X, �f ′(z) 6= 0, G =
f(D), e�¼êz = g(w)3GSëY, Kg(w)3GS�X�g′(w) = 1

f ′[g(w)] .

Proof. �½w0 ∈ G, z0 = g(w0) ∈ D, d

g(w)− g(w0)

w − w0
=

g(w)− g(w0)

f [g(w)]− f [g(w0)]
=

1
f [g(w)]−f [g(w0)]
g(w)−g(w0)

��(Ø.

�ê¼ê��¼ê¡�éééêêê¼¼¼êêê. äN/,éuz 6= 0,÷vew = z�Eêw¡
�z�éê, P�w = log z. d�ê¼ê�±Ï5�, log z´Ã¡õ��.

�z = reiθ (θ ∈ [0, 2π)), w = u+ iv, Kkeu · eiv = reiθ, lkeu = r, v =
θ + 2kπ (k ∈ Z), =

w = log r + i(θ + 2kπ),

½P�
w = log |z|+ i arg z.
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éê¼êk5�
log(z1z2) = log z1 + log z2,

555¿¿¿ù´��8Ü�ª. �z ∈ E, arg z ∈ (0, 2π),

(log z)k = log |z|+ i (arg z + 2kπ) (k = 0,±1, · · · )

´«�Eþ��X¼ê,¡�log z�üüü������XXX©©©||| (ÃÃÃ¡¡¡õõõ),�k[(log z)k]
′ =

1
z .

6. nnn���¼¼¼êêê. ·��±|^ü¢Cþ�u!{u¼ê��?êÐª½Â�¼ê

sin z =

∞∑
n=0

(−1)n z2n+1

(2n+ 1)!
, cos z =

∞∑
n=0

(−1)n z2n

(2n)!
, z ∈ C.

�âez, sin z, cos z��?êÐª��Xe���¼¼¼êêê���§§§

eiz = cos z + i sin z,

Ù¥z = θ ∈ R�AÏ�/=�î.úª. lk

cos z =
eiz + e−iz

2
, sin z =

eiz − e−iz

2i
.

Ïd�ê¼ê�5���û½
n�¼ê�5�.
(1)(sin z)′ = cos z, (cos z)′ = − sin z;
(2)sin z, cos z±2π�±Ï;
(3)cos z´ó¼ê, sin z´Û¼ê;
(4)n�ð�ªþ¤á, 'X,

sin(z1 + z2) = sin z1 cos z2 + cos z1 sin z2,

cos(z1 + z2) = cos z1 cos z2 − sin z1 sin z2,

sin2 z + cos2 z = 1, sin
(π
2
− z
)
= cos z;

(5)sin z=3z = kπ (k ∈ Z)?�", cos z=3z = π
2 + kπ (k ∈ Z)?�".

±þ��¢ê�þ½Â�sinx, cosx�Ì�5�, 3Eê�þ�,¤á, �
�kØÓ�?.
(6) | sin z|, | cos z| 3Cþ´Ã.�. �z = x+ iy, Kk

| cos z|2 = |cosx cos(iy)− sinx sin(iy)|2 ,

du

cos(iy) =
e−y + ey

2
= cosh y,
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sin(iy) =
e−y − ey

2i
= i sinh y,

�k

| cos z|2 = |cosx cosh y − i sinx sinh y|2

= cos2 x cosh2 y + sin2 x sinh2 y

= cos2 x cosh2 y + sin2 x (cosh2 y − 1)

= cosh2 y − sin2 x,

aq/,
| sin z|2 = sinh2 y + sin2 x.

Ó��±½Âtan z , sin z
cos z , cot z , cos z

sin z .

7.���������¼¼¼êêê. éuz ∈ C \ {0}, α = a+ ib, ½Â

w = zα , eα log z.

�log z = log |z|+ i(arg z + 2kπ), arg z ∈ [0, 2π), k ∈ Z, Kk

zα = e(a+ib)(log |z|+i(arg z+2kπ)) = ea log |z|−b(arg z+2kπ) · ei[b log |z|+a(arg z+2kπ)].

P
ρk = ea log |z|−b(arg z+2kπ), θk = b log |z|+ a(arg z + 2kπ),

Kk
w = zα = ρke

θk , |zα| = ρk.

eb 6= 0, Kw = zα´Ã¡õ�¼ê; eb = 0, Kα = a ∈ R, d�k

w = zα = ea log |z| · eia(arg z+2kπ),

�
(1)�α = a = n ∈ Z�, zα = zn´ü��;

(2)�α = a = p
q ∈ Q�, zα = e

p
q log |z| · ei

p
q arg z · ei

p
q 2kπ = |z|

p
q · ei

p
q arg z · ei

p
q 2kπ,

Ïdéu�½�z, zαkq�ØÓ��;
(3)�α = a�Ãnê�, zα´Ã¡õ��.

'X�ª¼ê
√
z, �z ∈ E = C \ {z ≥ 0}, arg z ∈ (0, 2π),

(
√
z)k =

√
|z|ei

arg z+2kπ
2 (k = 0, 1)

´Eþ��X¼ê, ¡�
√
z�ü��X©|(ü�), �[(

√
z)k]

′ = 1
2(
√
z)0

.
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Lecture 4: ���ÜÜÜ-���iii½½½nnn!!!���ÜÜÜÈÈÈ©©©úúúªªª999���???êêê!!!âââKKK???êêêÐÐÐmmm

�©½Â��û�4�, òù�½Âl¢¼êòÿ�E¼ê, ·�0�
E

Cþ�E�¼êE���½Â. y3·���?Ø3EC¼êp, �oéAX�

È©Ä�½n. Äk·�0�Stokes½n, ���È©Ä�½n�p�aq. ·

�ò=I�2���/. 2��Stokes½n=�������½½½nnn. p��Stokes½n�Ï

·�3�2,�À�en)'��{. ·�ò?Ø2��Stokes½nN��Ñ�

X¼ê��Ü-�i½nÚ�ÜÈ©úª, l�Ñ�V?êÐmÚâK?êÐ

m.

1.ÚÚÚ������©©©///ªªª���			���©©©½½½ÂÂÂ���éééuuuªªª���ÄÄÄ. �È©Ä�½n�p�aqAT

´ ∫
boundary of domain

(object) =

∫
domain

(object)
′
,

�Ï´3�È©Ä�½n

f(b)− f(a) =

∫
[a,b]

f ′(x)dx

p¡, object´¼êf , Ù�ê´f ′, domain´«m[a, b], Ù>.´{b} − {a}, Ïd

k ∫
boundary of domain

(object) = f(b)− f(a)

Ú ∫
domain

(object)
′

=

∫
[a,b]

f ′(x)dx =

∫
[a,b]

df.

3p��/object´���©/ªω, �·�Ø�Ø½Â§��êdω. dω�½

Â�±dN�l«���>.5Ú�. ke¡n«éuª��Ä:

(1)Ï>.�>.´�8, �Akd(dω) = 0.

(2)�>.�L§�Ì¦Èúª. 'X, �R = [a, b]× [c, d], k

∂R = [(a, c), (b, c)] + [(b, c), (b.d)] + [(b, d), (a, d)] + [(a, d), (a, c)].

1



,��¡, d

∂[a, b] = {b} − {a}, ∂[c, d] = {d} − {c}

·���

(∂[a, b])× [c, d] = ({b} − {a})× [c, d] = [(b, c), (b, d)]− [(a, c), (a, d)]

Ú

[a, b]× (∂[c, d]) = [a, b]× ({d} − {c}) = [(a, d), (b, d)]− [(a, c), (b, c)].

Ïdk

∂ ([a, b]× [c, d]) = (∂[a, b])× [c, d]− [a, b]× (∂[c, d]) .

éu5/, Ak

d(ω ∧ η) = (dω) ∧ η ± ω ∧ (dη).

(3)�ω´��¼êf�, dω = df .

2.���©©©///ªªª���			���©©©. eF´m8U ⊂ Rnþ�¢��¼ê, a ∈ U , K

(dF )(a) : Rn → R

´��¢�5N�. �Ò´`, §´(Rn)
∗

= Hom (Rn,R)¥�����, �±L

«�

(dF )(a) =

n∑
j=1

(
∂F

∂xj

)
a

(dxj)(a).

·�`Rn¥����þ�±�Óu���©�f. �Ï´: ��þv =

(v1, · · · , vn) ∈ Rn, :a = (a1, · · · , an) ∈ Rn, �ÄRn¥�^L:a���v��

2



�, �½��¼êϕ, ·��±½Â��¢êXe:

ϕ 7→ d

dt
ϕ(a1 + v1t, · · · , an + vnt) |t=0=

n∑
j=1

vj
∂ϕ

∂xj
(a).

Ïdv��Óu�©�fξ : ϕ 7→
∑n
j=1 vj

∂ϕ
∂xj

(a) = ξ(ϕ). �L5�´�U�, �

½���©�fξ, ·��±�vj = ξ(xj), l�����þv = (v1, · · · , vn).

Ïd·�U` (
∂

∂x1

)
a

, · · · ,
(

∂

∂xn

)
a

∈ Rn

´Rn��|¢Ä. ,��¡,

(dx1)a , · · · , (dxn)a ∈ (Rn)
∗

´§�éóÄ, ùpdxi

(
∂
∂xj

)
, ∂xi

∂xj
= δij .

·�½Â��mTaRn��©�f�m, =,

TaRn = R
(

∂

∂x1

)
a

⊕ · · · ⊕ R
(

∂

∂xn

)
a

.

§�éó�m�±L«�

(TaRn)
∗

= R(dx1)a ⊕ · · · ⊕ R(dxn)a.

ÜÜÜþþþÈÈÈ: �V,W´ü�¢�þ�m, f ∈ V ∗, g ∈W ∗, ½Â¢�5N�f ⊗ g :

V ×W → RXe:

(f ⊗ g)(v, w) , f(v)g(w).

¤kù��¢�5N��¤�8Ü¡�V ∗ÚW ∗�ÜÜÜþþþÈÈÈ, P�V ∗ ⊗W ∗. §

´��¢�þ�m. �V ∗ = spanR{f1, · · · , fm}, W ∗ = spanR{g1, · · · , gn},

3



K{fj ⊗ gk}1≤j≤m,1≤k≤n �¤
V ∗ ⊗W ∗��|Ä. ù¿�X

dimR (V ∗ ⊗W ∗) = (dimR V
∗) (dimRW

∗)

			ÈÈÈ:

V ∗ ∧ V ∗ , {T ∈ V ∗ ⊗ V ∗, T (v1, v2) = −T (v2, v1)} .

��/, �∧k(V ∗) = V ∗ ∧ V ∗ ∧ · · · ∧ V ∗, ⊗k (V ∗) = V ∗ ⊗ V ∗ ⊗ · · · ⊗ V ∗, K

∧k(V ∗) ,
{
T ∈ ⊗k(V ∗), T (vσ(1), · · · , vσ(k)) = (−1)σT (v1, · · · , vk)

}
,

Ù¥σ ∈ p(k)L«'u�I(1, · · · , k)�?¿��. ∧k(V ∗)´���þ�m. e

3⊗k(V ∗)þ¡½Â�¡z�fAXe:

A(T ) ,
1

k!

∑
σ∈p(k)

(−1)σσT, T ∈ ⊗k(V ∗),

Ù¥σT (v1, · · · , vk) , T (vσ(1), · · · , vσ(k)). �±�y: �½T ∈ ⊗k(V ∗), T ∈

∧k(V ∗)��=�A(T ) = T .

éuf, g ∈ V ∗, 	Èf ∧ g½Â�f ⊗ g��¡z, =,

f ∧ g , f ⊗ g − g ⊗ f ∈ ∧2(V ∗).

����e¡5�

f ∧ f = 0, f ∧ g = −g ∧ f.

��/, éf1, · · · , fk ∈ V ∗,

f1 ∧ f2 ∧ · · · ∧ fk ,
∑

σ∈p(k)

(−1)σfσ(1) ⊗ fσ(2) ⊗ · · · ⊗ fσ(k) ∈ ∧k(V ∗).

eV ∗ = spanR{f1, · · · , fm}, K{fi1 ∧ · · · ∧ fik}1≤i1<···<ik≤m�¤
∧k(V ∗)��

4



|Ä. Ù�ê´
(
n
k

)
.

�½m8U ⊂ Rnþ� ���©©©k-///ªªª

ω =
∑

1≤j1<···<jk≤n

ωj1,··· ,jk(x1, · · · , xn)dxj1 ∧ · · · ∧ dxjk ,

eωj1,··· ,jk(x1, · · · , xn)3Uþ��, K¡ω3Uþ��.

·�½Âω�			���©©©, P�dω, ´Uþ�k + 1-/ª

dω ,
∑

1≤j1<···<jk≤n

dωj1,··· ,jk ∧ dxj1 ∧ · · · ∧ dxjk .

555¿¿¿: ù�½Â��Ix1, · · · , xnÀ�Ã'.

3.Stokes½½½nnn. b�Ω´Rn¥�k.m8, äk1w>.∂Ω. �

ω =
∑

1≤j1<···<jn−1≤n

ωj1,··· ,jn−1
dxj1 ∧ · · · ∧ dxjn−1

´Ω�m��þ���1w(n− 1)-/ª, Kk

∫
Ω

dω =

∫
∂Ω

ω.

ùp∂Ω�±·�/~f¤©ã1w. ��/, Stokes½néuRN¥k©ã1w

>.�n-�©ã1w«��¤á.

n=2(������úúúªªª). 3þã^�e, �1-/ªω = P (x, y)dx+Q(x, y)dy, Kk

∫
∂Ω

Pdx+Qdy =

∫
Ω

(
∂Q

∂x
− ∂P

∂y

)
dx ∧ dy.

n=3(pppdddúúúªªª). 3þã^�e,�2-/ªω = Pdy∧dz+Qdz∧dx+Rdx∧dy,
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Kk

∫
∂Ω

Pdy ∧ dz +Qdz ∧ dx+Rdx ∧ dy =

∫
Ω

(
∂P

∂x
+
∂Q

∂y
+
∂R

∂z

)
dx ∧ dy ∧ dz.

n=3(ddd÷÷÷���dddúúúªªª). 3þã^�e, �1-/ªω = Pdx+Qdy +Rdz, Kk

∫
∂Ω

Pdx+Qdy +Rdz =

∫
Ω

(
∂R

∂y
− ∂Q

∂z

)
dy ∧ dz +

(
∂P

∂z
− ∂R

∂x

)
dz ∧ dx+

(
∂Q

∂x
− ∂P

∂y

)
dx ∧ dy.

4.���ÈÈÈ©©©. (1)�¢Cþ�E�¼êf(t) = u(t) + iv(t)3(a, b)þëY, K

∫ b

a

f(t)dt ,
∫ b

a

u(t)dt+ i

∫ b

a

v(t)dt.

§´E�5�, =, ∫ b

a

cf(t)dt = c

∫ b

a

f(t)dt, c ∈ C,

�÷v ∣∣∣∣∣
∫ b

a

f(t)dt

∣∣∣∣∣ ≤
∫ b

a

|f(t)|dt.

(2) �γ : z = z(t), t ∈ [a, b]´E²¡þ�©ã1w�, ECþE�¼

êf(z)3γþëY, K

∫
γ

f(z)dz ,
∫ b

a

f(z(t))z′(t)dt.

§kXe5�:

(i)
∫
γ
f(z)dz�È©�ëêÀ�Ã';

(ii)
∫
γ− f(z)dz = −

∫
γ
f(z)dz;

(iii)eγ = γ1 + · · ·+ γn, K
∫
γ
f(z)dz =

∫
γ1
f(z)dz + · · ·+

∫
γn
f(z)dz;

(iv)
∣∣∣∫γ f(z)dz

∣∣∣ ≤ ∫γ |f(z)||dz|.
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5.Stokes½½½nnnNNN���ííí������ÜÜÜ½½½nnn. e∂Q
∂x −

∂P
∂y = 0, Kk

∫
∂Ω
Pdx + Qdy = 0.

éuECþ�E�¼êf(z), �Ü-iù�§´∂f
∂x −

1
i
∂f
∂y = 0. ef(z)´�X�,

�Q = f, P = 1
i
f , ·�ò��

∫
∂Ω

Pdx+Qdy =

∫
∂Ω

(
1

i
fdx+ fdy

)
=

1

i

∫
∂Ω

f(dx+ idy) =
1

i

∫
∂Ω

fdz = 0.

l��e¡��Ü½nµ

½½½nnn(���ÜÜÜ): b�Ω´Cþ�k.«�, äk©ã1w�>., U´Ω̄�m�

�, f(z)´Uþ��X¼ê�f ′(z)3UþëY, Kk

∫
∂Ω

f(z)dz = 0.

�i�K
f ′(z)3UþëY�^�, U?
�Ü½n

½½½nnn(���iii): b�Ω´Cþ�k.«�, äk©ã1w�>., U´Ω̄�m�

�, f(z)´Uþ��X¼ê, Kk

∫
∂Ω

f(z)dz = 0.

Äk, ·�y²�«AÏ�/: Ω´��mÝ/.

½½½nnn(���iii½½½nnn���AAAÏÏÏ���///-÷÷÷ÝÝÝ///>>>...ÈÈÈ©©©): b�R´Cþ�4Ý/«�,

U´R�m��, f(z)´Uþ��X¼ê, Kk

∫
∂R

f(z)dz = 0.

�i½n�'�: 3a ∈ R?, 3������> 1��Ea(z)�¿Âe, �

7



X¼êf(z)�±dÝ≤ 1�õ�ªPa(z) = f(a) + f ′(a)(z − a)%C. dP ′a(z) =

f ′(a)ëY� ∫
∂Ra

Pa(z)dz = 0.

éuo±��la�4Ý/Ra,∣∣∣∣∫
∂Ra

Ea(z)dz

∣∣∣∣ ≤ la sup
∂Ra

|Ea| ≤ l2aεa,

Ù¥

εa = sup
z∈Ra−{a}

∣∣∣∣Ea(z)

z − a

∣∣∣∣ .
y3��½4Ý/R�o±�´l. ·�rR©¤k2��Ó�fÝ/, ¿3z�f

Ý/¥�:a. �
)º·��[!, ·�ÄkwùAÏ�/: Ea(z)3z�fÝ

/þk���.εk → 0 (k →∞). Ï
∫
∂R
f(z)dz´k2�fÝ
>.È©�Ú, �

z�fÝ
þ�È©k���. l2

k2 εk, �
∫
∂R
f(z)dzk.l2εk → 0 (k →∞).

Proof. ��Ä��5¯K('X, ëY¼ê3k.4«mþ���ëY5)�, �

«?n�ªÒ´|^«��;5±9«�S�Ü�4���35. b�∣∣∣∣∫
∂R

f(z)dz

∣∣∣∣ = α > 0,

e¡íÑgñ. ·�òR©¤o����fÝ
, ÀJÙ¥��R(1)÷v∣∣∣∣∫
∂R(1)

f(z)dz

∣∣∣∣ ≥ α

4
.

^R(1)�OR, EþãL§��R(ν)÷v∣∣∣∣∫
∂R(ν)

f(z)dz

∣∣∣∣ ≥ α

4ν
.

Rν�¥%aν/¤
���Ü�, ªCu:a ∈ R̄. f(z)3:a�E��5¿�X:

8



é?¿ε > 0, �3δε > 0¦�

f(z) = f(a) + (z − a)f ′(a) + E(z)

��0 < |z − a| < δε�

|E(z)| ≤ |z − a|ε.

�ε < α
l2 . �3νε ∈ N¦��ν ≥ νε�, Rν ⊂ {|z − a| < δε}. �ν ≥ νε, A^±þ

�[!�Ra = R(ν),

la =
l

2ν
, Pa(z) = f(a) + (z − a)f ′(a), Ea(z) = E(z), εa ≤ ε,

��Xegñ
α

4ν
≤
∣∣∣∣∫
∂R(ν)

f(z)dz

∣∣∣∣ ≤ l2aεa ≤ l2

4ν
ε <

α

4ν
.

÷÷÷ÝÝÝ///>>>...ÈÈÈ©©©������iii½½½nnn���íííØØØ: �U´Cþ���üëÏm8,

f(z)´Uþ��X¼ê, K�3Uþ��X¼êF (z)¦�F ′(z) = f(z). ¡F (z)

´f(z)3Uþ����¼¼¼êêê.

Proof. U´üëÏ«�¿�X: U¥?�ëY�4��±ëYÂ ¤U¥

���:. AO/, §¿�Xë�U¥ü:�ü^õ>/´»(�¹Y²Úç

�>)�±ÏLO\½ö~�Ý/>.k�Ú�p=z. �½:z0 ∈ U , ½

ÂF (z)�f(z)dz÷ë�z0, z�õ>/´»(�¹Y²Úç�>) �È©. d÷Ý

/>.È©��i½n�, F (z)´ûÐ½Â�, �ù��õ>/´»À�Ã'.

�õ>/´»��z����ã´Y²�, d�È©Ä�½n��∂F
∂x = f . �õ

>/´»��z����ã´ç���, d�È©Ä�½n��∂F
∂y = if . l

df(z)�ëY5�, F (z)3Uþz�:Ñ´�X��F ′(z) = f(z).

���iii½½½nnn���yyy²²²: b½U´üëÏ�, K3Uþ�3f(z)��¼êF (z).

9



Ï�f(z)dz÷U¥©ã1w´»�È©�uF (z)3´»à:����, ¤

±
∫
∂Ω
f(z)dz = 0.

���¹, ·�À�Ω¥�k��ãγ1, · · · , γpî�∂Ω(à:3∂Ω�1wÜ

©), ¦�Ω \ ∪pj=1γj´üëÏ�. éuε > 0, �γj,ε = {z ∈ C, d(z, γj) ≤ ε},

Ωε = Ω \ ∪pj=1γj,ε éε > 0¿©�, Ω̄ε�,�m��´üëÏ�, lk

∫
∂Ωε

f(z)dz = 0.

-ε→ 0, ·�k ∫
∂Ω

f(z)dz = lim
ε→0

∫
∂Ωε

f(z)dz = 0.

Ïd�¤
�i½n�y².

555¿¿¿: �i½n�¡��Ü-�i½n½ö�Ü½n.

b�C¥k.m8Ω�©ã1w>.∂Ω = C − C0, Ù¥C0, C1´ü�ëÏ©

|¿�½_��½�. ef(z)3Ω̄�m��Uþ�X, Kd�i½n�,

∫
C

f(z)dz =

∫
C0

f(z)dz.

ù�aqu��¢¼êg(x)3k.4«m[a, b]þ��/, g′(x)3[a, b]þð�0¿

�Xg(a) = g(b). 3¢��/, ù��§¦�¼ê3ü:����, 3E�

�/, �§¦�¼ê÷ü^4�È©��. 3E��/, ·���Ø 4

�C0���:, ^¼ê3T:��O�÷C0�È©.

b�Ω´k.m8�këÏ�©ã1w�>.C, f(z)´Ω̄�m��Uþ��

X¼ê. �a ∈ Ω, Cr = {|z − a| = r}, ùpr > 0¿©�¦�Dr(a) , {|z − a| ≤

r} ⊂ Ω. ^Ω \Dr(a)O�Ω, �i½n�Ñ

∫
C

f(z)dz =

∫
Cr

f(z)dz.

10



·��±�4�r → 0, �´
∫
Cr
f(z)dzò{ü/�Ñ0, ùé·�Ã^. �

�f(z)3:z = a����«�ª´^ f(z)
z−aO�f(z). ,�k

∫
C

f(z)

z − a
dz =

∫
Cr

f(z)

z − a
dz.

Ï� ∫
Cr

f(z)

z − a
dz =

∫
Cr

f(a)

z − a
dz +

∫
Cr

f(z)− f(a)

z − a
dz,

·��±O�

∫
Cr

f(a)

z − a
dz = f(a)

∫
Cr

dz

z − a

=

∫ 2π

θ=0

d(a+ reiθ)

(a+ reiθ)− a

= f(a)

∫ 2π

θ=0

ireiθdθ

reiθ

= 2πif(a)

¿�O ∣∣∣∣∫
Cr

f(z)− f(a)

z − a
dz

∣∣∣∣ ≤ 2πr sup
z∈Cr

∣∣∣∣f(z)− f(a)

z − a

∣∣∣∣
Ïdéu3�¹©ã1w�{ü4�C9C���¤k:�m8þ�X�¼

êf(z), a´C���«�¥?¿:, ·�ke¡����ÜÜÜÈÈÈ©©©úúúªªª:

f(a) =
1

2πi

∫
C

f(z)

z − a
dz.

��/, eΩ´k.m8�k©ã1w�>., f(z)´U ⊃ Ω̄þ��X¼ê,

K�ÜÈ©úª�Ñ

f(a) =
1

2πi

∫
∂Ω

f(z)

z − a
dz, a ∈ Ω.

�ÜÈ©úªA^�Ω = {|z − a| < r}��/��Xe(Ø: ef(z)3{|z −

11



a| < r}þ�X, K

f(z) =

∞∑
n=0

cn(z − a)n, |z − a| < r.

Ì��{´: �ÜÈ©úª

f(z) =
1

2πi

∫
|ζ−a|=r

f(ζ)

ζ − z
dζ, |z − a| < r

w�·�erÈ©)º¤iùÚ�4�, Kf(z)�±L«�k�Ú

∑
j

f(ζj)(∆ζ)j
1

ζj − z
, |ζj − a| = r

�4�, Tk�Ú´/X 1
ζj−z¼ê�EXêf(ζj)(∆ζ)j�E�5|Ü, Ïd�·

�ò
1

ζj − z
=

1

(ζj − a)− (z − a)
=

1

ζj − a
1

1− z−a
ζj−a

Ðm¤AÛ?ê
1

ζj − a

∞∑
n=0

(
z − a
ζj − a

)n
¿�l4�L§�,·��±��f(z)´{|z−a| < r}þÂñ��?ê

∑∞
n=0 cn(z−

a)n. î��y²L§Xe:

Proof. �½z÷v|z − a| < r = |ζ − a|,

1

ζ − z
=

1

ζ − a
1

1− z−a
ζ−a

=

∞∑
n=0

(z − a)n

(ζ − a)n+1

3|ζ − a| = rþ��Âñ. ¦±f(ζ)dζ�3{|ζ − a| = r}þÅ�È©�

∫
|ζ−a|=r

f(ζ)dζ

ζ − z
=

∞∑
n=0

(∫
|ζ−a|=r

f(ζ)dζ

(ζ − a)n+1

)
(z − a)n.

12



Ïd·����?êÐm

f(z) =

∞∑
n=0

cn(z − a)n, |z − a| < r,

Ù¥

cn =
1

2πi

∫
|ζ−a|=r

f(ζ)dζ

(ζ − a)n+1
.

·��±^�Ó�[!���X¼ê�ê��ÜÈ©úª. Âñ��?ê

1

ζ − z
=

∞∑
n=0

(z − a)n

(ζ − a)n+1

Å��©kg��

k!

(ζ − z)k+1
=

∞∑
n=k

n(n− 1) · · · (n− k + 1)(z − a)n−k

(ζ − a)n+1
.

¦±f(ζ)dζ�3{|ζ − a| = r}þÅ�È©�

k!

∫
|ζ−a|=r

f(ζ)dζ

(ζ − z)k+1
=

∞∑
n=k

n(n− 1) · · · (n− k + 1)(z − a)n−k
∫
|ζ−a|=r

f(ζ)dζ

(ζ − a)n+1

=

∞∑
n=k

n(n− 1) · · · (n− k + 1)(z − a)n−k2πicn.

,��¡, é�?ê

f(z) =

∞∑
n=0

cn(z − a)n

Å��©kg�

f (k)(z) =

∞∑
n=0

n(n− 1) · · · (n− k + 1)cn(z − a)n−k.

'�ùü�L�ª,·������XXX¼¼¼êêê���êêê������ÜÜÜÈÈÈ©©©úúúªªª: ef(z)3{|z−a| <

13



R} (0 < r < R)þ�X, K

f (k)(z) =
k!

2πi

∫
|z−a|=r

f(ζ)dζ

(ζ − z)k+1
, |z − a| < r.

·��U�����������///eee���XXX¼¼¼êêê���êêê������ÜÜÜÈÈÈ©©©úúúªªª. eΩ´k.m8�

k©ã1w�>., f(z)´U ⊃ Ω̄þ��X¼ê, Kéuk ∈ N ∪ {0}, z ∈ Ω

f (k)(z) =
k!

2πi

∫
∂Ω

f(ζ)dζ

(ζ − z)k+1
.

�Ï´: �a ∈ Ω, 0 < r < R�R¿©�¦�DR(a) ⊂ Ω. |^m��DR(a)þ�

X¼êk-��ê��ÜÈ©úª, ·���

f (k)(z) =
k!

2πi

∫
|ζ−a|=r

f(ζ)dζ

(ζ − z)k+1
, |z − a| < r.

,��¡, �½z, é'uζ ∈ U \ {z}��X¼ê f(ζ)
(ζ−z)k+1 9��∂

(
Ω \Dr(a)

)
^�Ü-�i½n��

∫
|ζ−a|=r

f(ζ)dζ

(ζ − z)k+1
=

∫
∂Ω

f(ζ)dζ

(ζ − z)k+1
.

Ïdéuk ∈ N ∪ {0}, z ∈ Ω,

f (k)(z) =
k!

2πi

∫
∂Ω

f(ζ)dζ

(ζ − z)k+1
.
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6.ééé���XXX¼¼¼êêê������ÜÜÜÈÈÈ©©©úúúªªª¦¦¦���¿¿¿������ÈÈÈ©©©������©©©gggSSS������ppp������

êêêúúúªªª. Äk, ·�y²e¡�···KKK: �α < β, γ < c < d < δ´¢ê,

f(x, y)´(α, β)× (γ, δ)þ�EEE���¼ê÷v∂f
∂x3(α, β)× (γ, δ)þëY. �

F (x) =

∫ d

y=c

f(x, y)dy, α < x < β,

KdF
dx�3, 3(α, β)þëY�÷v

dF

dx
(x) =

∫ d

y=c

∂f

∂x
(x, y)dy, α < x < β.

Proof. Ï�∂f
∂x3(α, β)× (γ, δ)þëY, d��È©gS�Fubini½n��,

∫ ξ

x=a

(∫ d

y=c

∂f

∂x
(x, y)dy

)
dx =

∫ d

y=c

(∫ ξ

x=a

∂f

∂x
(x, y)dx

)
dy,

Ù¥a, ξ ∈ (α, β). d�È©Ä�½n�,

∫ ξ

x=a

∂f

∂x
(x, y)dx = f(ξ, y)− f(a, y)

Ïd

∫ ξ

x=a

(∫ d

y=c

∂f

∂x
(x, y)dy

)
dx =

∫ d

y=c

f(ξ, y)dy −
∫ d

y=c

f(a, y)dy,

=, ∫ ξ

x=a

(∫ d

y=c

∂f

∂x
(x, y)dy

)
dx = F (ξ)−

∫ d

y=c

f(a, y)dy.

2g|^�È©Ä�½n, ü>'uξ¦���

∫ d

y=c

∂f

∂x
(ξ, y)dy =

d

dξ
F (ξ).

1



Lecture 5: ���áááÛÛÛ:::���333êêê½½½nnn

1.���áááÛÛÛ:::. e���X¼êf(z)3:z = a ∈ C�,�%m��{0 < |z − a| <

R} (R > 0)þ�X, K¡:z = a´f(z)����áááÛÛÛ:::. :z = a��áÛ:n

Ø´�
ïÄ�zªCua�f(z)�O�1�. ¦^�óä´f(z)3òz�m�

�{0 < |z − a| < R} (R > 0)þ�âK?êÐm

f(z) =

∞∑
n=−∞

cn(z − a)n,

Ù¥

cn =
1

2πi

∫
|ζ−a|=r

f(ζ)dζ

(ζ − a)n+1
, n ∈ Z, r ∈ (0, R).

f(z)3:z = a�âK?ê¥�K�g�Ü©

−1∑
n=−∞

cn(z − a)n

¡�âK?ê�ÌÌÌÜÜÜ. �âÌÜk"�!k��"�9Ã��"��±ò�á

Û:©¤na.

(1)������ÛÛÛ:::: cn = 0 for n < 0. ù¿�Xd�?ê

∞∑
n=0

cn(z − a)n

½Â�¼ê´{|z − a| < R}þ��X¼ê, ´�½¼êf(z)�òÿ. �Ï´T�

?ê�Âñ�»R0 ≥ R.

Proof. dHadarmardúª�,

1

R0
= lim sup

n→∞
|cn|1/n.

du|cn|1/n ≤ M(r)1/n

r , Ù¥M(r) = sup|z|=r |f(z)|, éu?¿r ∈ (0, R)¤á,

1



� 1
R0
≤ 1

r , i.e. R0 ≥ réu?¿r ∈ (0, R)¤á. Ïd��R0 ≥ R.

��Û:�,�«�x: f(z)3:a�,�%��Sk..

Proof. 7�5: ecn = 0 for n < 0, Kf(z)�±òÿ¤{|z − a| < R}þ��X¼

ê, Ïd�30 < R0 < R¦�f(z)3{0 < |z − a| ≤ R0}þk..

¿©5: du

cn =
1

2πi

∫
|ζ−a|=r

f(ζ)dζ

(ζ − a)n+1
, n ∈ Z, r ∈ (0, R),

ef(z)3{0 < |z − a| ≤ R0} (0 < R0 < R)þk., K�r → 0��cn = 0 for

n < 0.

(2)444:::: cn = 0 (n < −k)and c−k 6= 0 for some k > 0. ùp���êk¡

�f(z)34:z = a����.

4:�,�«�x: limz→a |f(z)| = +∞. �k�,�«�xµlimz→a |(z −

a)kf(z)|´��k��ê.

Proof. 7�5: ecn = 0 (n < −k)and c−k 6= 0 for some k > 0, Kf(z)�L«�

f(z) =
g(z)

(z − a)k
,

Ù¥

g(z) =

∞∑
n=0

cn−k(z − a)n,

�g(a) = c−k 6= 0, Ïdk

lim
z→a
|f(z)| = lim

z→a

|g(z)|
|z − a|k

= +∞

2



Ú

lim
z→a
|(z − a)kf(z)| = |g(a)| = |c−k| > 0.

¿©5: �limz→a |f(z)| = +∞, K�30 < R0 < R¦�|f(z)| ≥ 1 for 0 <

|z − a| < R0. �

h(z) =
1

f(z)
,

K�X¼êh(z)3{0 < |z − a| < R0}Sk., ��z = a´h(z)���Û:, l

k

h(z) =

∞∑
n=0

dn(z − a)n, 0 < |z − a| < R0.

dlimz→a |f(z)| = +∞�limz→a |h(z)| = 0, l�3��êk¦�dk 6= 0

�dn = 0 for 0 ≤ n < k, �k

h(z) = (z − a)kq(z),

Ù¥

q(z) =

∞∑
n=0

dn+k(z − a)n.

duq(z)3{|z − a| < R0}þ�X�q(a) = dk 6= 0, �30 < R1 < R0¦

�q(z)3{|z − a| < R1}Ã":, �k

1

q(z)
=

∞∑
n=0

en(z − a)n, |z − a| < R1,

Ù¥e0 6= 0. l

f(z) =
1

h(z)
=

1

(z − a)kq(z)
=

1

(z − a)k

∞∑
n=0

en(z − a)n =

∞∑
n=−k

en+k(z − a)n

9âKXê���5�cn = en+k, lkcn = 0 for n < −k �c−k 6= 0. ù¿�

Xz = a´f(z)�k�4:.

3



(3)������ÛÛÛ:::: cn 6= 0 for ÃÃÃ¡¡¡KKK���êêên.

��Û:�,�«�x(Casorati-Weierstrass½n): éu?¿0 < r < R,

{0 < |z − a| < r}3N�f(z)e��3C¥´È��(C¥�?Û��mf8Ñ�

¹,��:). �é{`, �X¼ê3��Û:�?Û�%��S�±?¿�C

?ÛEê.

Proof. 7�5: �y{. b��3,�0 < r < R¦�{0 < |z − a| < r}3f(z)e

��3C¥Ø´È��, =�3C¥�,���m8U¦�U�T�8Ø��. Ø

���5, b�U = {|w − b| < ρ} (ρ > 0). �g(z) = 1
f(z)−b , 0 < |z − a| < r,

d|g(z)| ≤ 1
ρ�, :z = a´g(z)���Û:, Ïdg(z)½Â
{0 < |z − a| < r}þ

���Øð�"��X¼ê. �k´g(z)3z = a����, K�k = 0�,

z = a´f(z) = 1
g(z) + b���Û:; �k > 0�, z = a´f(z)�k�4:. ù

�z = a´f(z)���Û:gñ.

¿©5: �y{. b��áÛ:z = aØ´f(z)���Û:, K�o´��Û:,

�o´4:. e´��Û:, K�±Ö¿½Âf(a)¦�f(z)3{|z − a| < R}þ

�X, l�30 < r < R¦�|f(z)| < |f(a)| + 1 for 0 < |z − a| < r, �±w

�d�{0 < |z − a| < r}3N�f(z)e��83C¥ØÈ�, gñ. e´4:,

Klimz→a |f(z)| = +∞, l�30 < r < R¦�|f(z)| ≥ 1 for 0 < |z − a| < r,

�k{0 < |z − a| < r}3N�f(z)e��83C¥ØÈ�, gñ.

555¿¿¿:ez = ∞´f(z)��áÛ:, Kf(z)3z = ∞�âK?êÐmª¥��

�g��ÙÌÜ. ù«�¹e²~�Äz = 0��f
(

1
z

)
��áÛ:.

~1, y²±Ã¡�:����Û:��¼ê´õ�ª.

~2, ¦k�E²¡Cþ�¤k�XgÓ�N��¤�8ÜAut(C).

Picard���½½½nnn: �X¼ê3��Û:�?Û�%��S�±ÃÃÃ¡¡¡ggg��?

4



ÛEê, �õk��~	.

Picard���½½½nnn:�~���¼ê�±��?ÛEê, �õk��~	.

2.æææXXX¼¼¼êêê.�U´C¥�m8, E´U�lÑf8, éuU \ Eþ��X¼êf(z),

eE¥¤k:Ñ´f(z)�4:, K¡f(z)´Uþ�æX¼ê.

3.���áááÛÛÛ:::���333êêê. �f(z)3{0 < |z − a| < R}þ�X, f(z)3�áÛ:z = a�

3ê½Â�

Resz=af(z) ,
1

2πi

∫
|z−a|=r

f(z)dz,

Ù¥0 < r < R. ÏLéâKÐmª

f(z) =

+∞∑
n=−∞

cn(z − a)n

Å�È©��

Resz=af(z) = c−1.

�é{`, éuäk�áÛ:��X¼ê, ¼ê3T�áÛ:�3ê�u¼ê3

T�áÛ:��%��þ�âKÐmª¥�−1g�Xê.

ez = a´f(z)���Û:, KResz=af(z) = 0.

ez = a´f(z)�k�4:, K

f(z) =

∞∑
n=−k

cn(z − a)n,

Ù¥c−k 6= 0. �k

(z − a)kf(z) =

∞∑
n=0

cn−k(z − a)n,

5



����

Resz=af(z) = c−1 =
1

(k − 1)!
lim
z→a

dk−1

dzk−1

(
(z − a)kf(z)

)
=

1

(k +m− 1)!
lim
z→a

dk+m−1

dzk+m−1

(
(z − a)k+mf(z)

)
,m ∈ Z+.

AO/, em = 1, KResz=af(z) = limz→a(z − a)f(z); �?�Ú/, ef(z) =

ϕ(z)
ψ(z) , Ù¥ϕ(z), ψ(z)3:z = aE��÷vϕ(a) 6= 0, ψ(a) = 0, ψ′(a) 6= 0, K

Resz=af(z) = lim
z→a

(z − a)
ϕ(z)

ψ(z)
= lim
z→a

ϕ(z)
ψ(z)−ψ(a)

z−a

=
ϕ(a)

ψ′(a)
.

555¿¿¿:

Resz=∞f(z) =
1

2πi

∫
{|z|=R}−

f(z)dz =
1

2πi

∫
|z|=1/R

f

(
1

z

)
−1

z2
dz = −Resz=0

[
f

(
1

z

)
1

z2

]
.

4.333êêê½½½nnn. b�Ω´Cþ�k.«�, äk©ã1w�>.∂Ω, U´Ω̄�m��.

�a1, · · · , ap´Ω¥�ØÓ:, f(z)´U \ {a1, · · · , ap}þ��X¼ê, Kk

∫
∂Ω

f(z)dz = 2πi

p∑
j=1

Resz=ajf(z).

Proof. �üüØ������Drj (aj) (j = 1, · · · , p)¦�Drj (aj) ⊂ Ω. éf(z)3Ω\

∪jDrj (aj)þ^�Ü-�i½n�

∫
∂(Ω\∪jDrj

(aj))
f(z)dz = 0,

¿�X

∫
∂Ω

f(z)dz =

p∑
j=1

∫
|z−aj |=rj

f(z)dz = 2πi

p∑
j=1

Resz=ajf(z).

6
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Lecture 6: ^̂̂333êêê½½½nnnOOO���½½½ÈÈÈ©©©

Type1: ∫ 2π

θ=0

R(cos θ, sin θ)dθ,

Ù¥R(x, y)´kn¼ê(b½R(cos θ, sin θ)3z�:θ ∈ [0, 2π]��k�).

�z = eiθ, K

cos θ =
1

2

(
z +

1

z

)
, sin θ =

1

2i

(
z − 1

z

)
, dθ =

dz

iz
.

-f(z) = R
(
1
2

(
z + 1

z

)
, 1
2i

(
z − 1

z

))
1
iz , Kf(z)´æX¼ê. dR(cos θ, sin θ)3

z�:θ ∈ [0, 2π]��k��, f(z)3�±{|z| = 1}þvk4:. f(z)3ü �

�{|z| < 1}S�kk��4:a1, · · · , an, lk

∫ 2π

θ=0

R(cos θ, sin θ)dθ =

∫
|z|=1

f(z)dz = 2πi

n∑
j=1

Resz=ajf(z).

~1, ¦I =
∫ 2π

θ=0
dθ

1−2a cos θ+a2 (a ∈ R, 0 < a < 1). (�Y: 2π
1−a2 )

Type2: ∫ ∞
x=−∞

P (x)

Q(x)
dx,

Ù¥P (x), Q(x)´õ�ª÷vdegQ(x) ≥ degP (x) + 2�Q(x)3¢¶þvk":.

�R¿©�¦�Q(x)3þ�²¡�":a1, · · · , an3{|z| < R, Imz > 0}S.

d3ê½n�,

∫ R

x=−R

P (x)

Q(x)
dx+

∫
CR

P (z)

Q(z)
dz = 2πi

n∑
j=1

Resz=aj
P (z)

Q(z)
,

Ù¥CR =
{
Reiθ, 0 ≤ θ ≤ π

}
. -R→∞, degQ(x) ≥ degP (x)+2�y

∫
CR

P (z)
Q(z)dz →

1



0, l�� ∫ ∞
x=−∞

P (x)

Q(x)
dx = 2πi

n∑
j=1

Resz=aj
P (z)

Q(z)
.

aq/, �±�Äe�²¡.

~2, ¦I =
∫∞
x=−∞

dx
(x2+1)3 . (�Y: 3π8 )

Type3: ∫ ∞
x=−∞

P (x) cosx

Q(x)
dx,

∫ ∞
x=−∞

P (x) sinx

Q(x)
dx,

Ù¥P (x), Q(x)´¢Xêõ�ª÷vdegQ(x) ≥ degP (x) + 1�Q(x)3¢¶þ�

U©Okcosx, sinx�":��ü":	vkÙ¦":.

3þ�²¡^æX¼ê

f(z) =
P (z)eiz

Q(z)
,

�Ï´�y > 0�,|eiz| = e−y < 1, 3e�²¡^æX¼ê

f(z) =
P (z)e−iz

Q(z)
.

�Ï´�y < 0�,|e−iz| = ey < 1.

�Q(x)3¢¶þkü":x0�, f(z) = P (z)eiz

Q(z) 3È©�þk��ü

4:z = x0, ·�I�?�È©�, ^�:�%�»�R�þ���>

.~±x0�%�»�ε > 0�þ���. éuQ(x)�z�ü":x0(�R¦

�|x0| < R)Ñ�±ù��.

��/,�z0´æX¼ê�ü4:,K3z0��%��S,

f(z) =
c−1
z − z0

+

∞∑
n=0

cn(z − z0)n.

2



-Cε,α(z0) =
{
z0 + εeiθ, α ≤ θ ≤ α+ π

}
(ε > 0, α ∈ R), K

lim
ε→0

∫
Cε,α(z0)

f(z)dz = πic−1,

¿�X

lim
ε→0

1

2πi

∫
Cε,α(z0)

f(z)dz =
1

2
c−1,

¡�æX¼ê3ü4:����333êêê, �α ∈ RÀ�Ã'.

e¡I�y²

lim
R→∞

∫
CR

P (z)eizdz

Q(z)
= 0,

Ù¥CR =
{
Reiθ, 0 ≤ θ ≤ π

}
. Ï�3þ�²¡k|eiz| ≤ 1, edegQ(z) ≥

degP (z) + 2, Kk

lim
R→∞

∫
CR

P (z)eizdz

Q(z)
= 0.

edegQ(z) = degP (z) + 1, KI�^e¡�©ÜÈ©

∫
CR

P (z)eizdz

Q(z)
=

[
P (z)eiz

Q(z)i

]z=R
z=−R

−
∫
CR

(
d

dz

P (z)

Q(z)

)
eiz

i
dz.

du ∣∣∣∣∣
[
P (z)eiz

iQ(z)

]z=R
z=−R

∣∣∣∣∣ ≤
∣∣∣∣P (−R)Q(−R)

∣∣∣∣+ ∣∣∣∣P (R)Q(R)

∣∣∣∣
�

d

dz

P (z)

Q(z)
=
P ′(z)Q(z)− P (z)Q′(z)

Q(z)2

©1�Ý'©f�Ý���2, ��(Ø.

�R→∞, ε→ 0, �

∫ ∞
x=−∞

P (x)eix

Q(x)
dx = 2πi

∑
Ima>0

Resz=a
P (z)eiz

Q(z)
+ πi

∑
Ima=0

Resz=a
P (z)eiz

Q(z)
.

3



�¢ÜÚJÜ�

∫ ∞
x=−∞

P (x) cosx

Q(x)
dx = Re

(
2πi

∑
Ima>0

Resz=a
P (z)eiz

Q(z)
+ πi

∑
Ima=0

Resz=a
P (z)eiz

Q(z)

)
,

∫ ∞
x=−∞

P (x) sinx

Q(x)
dx = Im

(
2πi

∑
Ima>0

Resz=a
P (z)eiz

Q(z)
+ πi

∑
Ima=0

Resz=a
P (z)eiz

Q(z)

)
.

~3, ¦(1)I =
∫∞
x=−∞

cos x
x2+1dx(�Y:πe ), (2)I =

∫∞
x=−∞

sin x
x dx(�Y:π).

Type4:^õ�¼ê�ü��X©|O�½È©.

(1)I =
∫∞
x=0

√
x

x2+1dx (�Y:
√
2
2 π).

(2)I =
∫∞
x=0

log x
x2+1dx (�Y:0).

(3)I =
∫ 1

x=0
dx

xα(1−x)1−α (0 < α < 1) (�Y: π
sinαπ ).

4



Lecture 7: ^̂̂333êêêOOO���ÃÃÃ¡¡¡ÚÚÚ999æææXXX¼¼¼êêêÜÜÜ©©©©©©ªªªÐÐÐmmm

1.^̂̂333êêêOOO���ÃÃÃ¡¡¡ÚÚÚ. aquO�

∫ ∞
x=−∞

P (x)

Q(x)
dx,

Ù¥P (x), Q(x)´õ�ª÷vdegQ(x) ≥ degP (x) + 2�Q(x)3¢¶þvk":,

·�?Ø^3ê��{?nlÑ�Ã¡Ú(�O½È©), 'X, O�

∞∑
n=−∞

P (n)

Q(n)
,

Ù¥P (x), Q(x)´õ�ª÷vdegQ(x) ≥ degP (x) + 2�Q(n) 6= 0 (∀n ∈ Z).

�{´: �ECþ�æX¼êf(z), Ù4:�¹z = n ∈ Z. ^��4

�Cn¦��nO�, dCn���«�O�����C (n→∞), �k

lim
n→∞

∫
Cn

f(z)dz = 0, Resz=nf(z) =
P (n)

Q(n)
,

�
∞∑

n=−∞

P (n)

Q(n)
= −

∑
a 6∈Z

Resz=af(z).

�f(z) = P (z)
Q(z)π cotπz,w,f(z)´Cþ�æX¼ê,4:�Q(z)�":a1, · · · , ak9z =

n ∈ Z. Cn´±(n+ 1
2 )(±1±i)�º:���/. �n¿©�¦�a1, · · · , ak3CnS,

Kd3ê½n�,

∫
Cn

f(z)dz = 2πi

n∑
s=−n

Resz=sf(z) + 2πi

k∑
j=1

Resz=ajf(z).

1



(1)��O���

Resz=nf(z) = Resz=n
P (z)

Q(z)

π cosπz

sinπz

= lim
z→n

P (z)

Q(z)

π(z − n) cosπz
(−1)n sinπ(z − n)

=
P (n)

Q(n)
.

(2)�|y| > 1
2π�,| cotπz| ≤ M1; �z = 1

2 + iy, − 1
2 < y < 1

2�, | cotπz| ≤ M2,

qcotπ(z + 1) = cotπz, �cotπz3Cn(∀n)þ��k.. Ï�degQ − degP ≥ 2,

¤±

lim
n→∞

∫
Cn

P (z)

Q(z)
π cotπzdz = 0.

(3)�n→∞�

∞∑
n=−∞

P (n)

Q(n)
= −

k∑
j=1

Resz=aj

(
P (z)

Q(z)
π cotπz

)
.

~1, ¦
∑∞
n=−∞

1
n2+a2 (a > 0).(�Y: π cothπa

a )

aq/, �±O�
∞∑

n=−∞
(−1)nP (n)

Q(n)
,

Ù¥P (x), Q(x)´õ�ª÷vdegQ(x) ≥ degP (x) + 2�Q(n) 6= 0 (∀n ∈ Z). ù

«�¹�f(z) = P (z)
Q(z)π cscπz. EþãL§��

∞∑
n=−∞

(−1)nP (n)
Q(n)

= −
k∑
j=1

Resz=aj

(
P (z)

Q(z)
π cscπz

)
,

Ù¥a1, · · · , ak´Q(z)�pÉ":.

2



2.æææXXX¼¼¼êêê���ÜÜÜ©©©©©©ªªªÐÐÐmmm. �f(z)´Cþ�æX¼ê, 4:{an}1≤n<∞�ü

4:÷v0 < |a1| ≤ |a2| ≤ · · ·�Resz=anf(z) = bn. b�k��4�Cn¦

�Cn���«��¹a1, · · · , an, ÃÙ¦4:. Rn = dist(0, Cn)→∞ (n→∞),

Cn�ÝLn = O(Rn), =
Ln

Rn
≤ K(k��ê), �3�K�êp¦�3Cnþ, f(z) =

o(Rp+1
n ), =limn→∞

|f(z)|
Rp+1

n
= 0. Kk

f(z) =

p∑
ν=0

f (ν)(0)

ν!
zν +

∞∑
n=1

bn

(
1

z − an
+

1

an
+

z

a2n
+ · · ·+ zp

ap+1
n

)
.

Proof. �½:z 6= 0, �n¿©�¦�Cn��:z. �ÄF (w) = f(w)
wp+1(w−z) ,

éF (w)3Cnþ^3ê½n�

∫
Cn

F (w)dw = 2πi

n∑
j=1

Resw=ajF (w) + 2πiResw=0F (w) + 2πiResw=zF (w).

dResw=ajf(w) = bj�

Resw=ajF (w) =
bj

ap+1
j (aj − z)

.

3{|w| < ε < |z|}S,

1

w − z
=
−1
z

1

1− w
z

= −
(
1

z
+
w

z2
+
w2

z3
+ · · ·

)
,

lk

F (w) =
−1
wp+1

(
1

z
+
w

z2
+
w2

z3
+ · · ·

)[
f(0) + f ′(0)w +

f ′′(0)

2
w2 + · · ·

]
,

¿�X

Resw=0F (w) =
−1
z

[
f (p)(0)

p!
+

1

z

f (p−1)(0)

(p− 1)!
+

1

z2
f (p−2)(0)

(p− 2)!
+ · · ·+ 1

zp
f(0)

]
.

3



qk

Resw=zF (w) =
f(z)

zp+1
.

�n→∞�

∞∑
n=1

Resw=anF (w) + Resw=0F (w) + Resw=zF (w) = 0,

¿�X

f(z) = f(0) + zf ′(0) + · · ·+ zp

p!
f (p)(0) +

∞∑
n=1

bnz
p+1

ap+1
n (z − an)

=

p∑
ν=0

f (ν)(0)

ν!
zν +

∞∑
n=1

(
bn

z − an
+
bn
an

+
bn
a2n
z + · · ·+ bn

ap+1
n

zp
)
,

þ¡�����ª¦^
zp+1 = zp+1 − ap+1
n + ap+1

n = (z − an)
∑p
ν=0 z

νap−νn +

ap+1
n .

3.���uuu¼¼¼êêê���ÃÃÃ¡¡¡¦¦¦ÈÈÈÐÐÐmmm. du

∞∑
n=−∞

1

n2 + a2
=
π cothπa

a
(a > 0),

�
∑∞
n=−∞

1
n2+z2 ,

π cothπz
z ´Cþ�æX¼ê, d�X¼ê���5�

∞∑
n=−∞

1

n2 + z2
=
π cothπz

z
.

^izO�z�

∞∑
n=−∞

1

n2 − z2
=

π cothπiz

iz

=
π (eπiz + e−πiz)

iz (eπiz − e−πiz)

= −π cotπz
z

,

4



½ö

π cotπz =

∞∑
n=−∞

z

z2 − n2
,

�±��

π cotπz =
1

z
+

∞∑
n=1

2z

z2 − n2

=
1

z
+

∞∑
n=1

(
1

z + n
+

1

z − n

)
=

1

z
+

∑
n∈Z\{0}

(
1

z − n
+

1

n

)
.

Tð�ª

π cotπz =
1

z
+

∑
n∈Z\{0}

(
1

z − n
+

1

n

)

L«{�¼ê�ÜÜÜ©©©©©©ªªªÐÐÐmmm.

du
d

dz
(log sinπz) = π cotπz,

k
d

dz

(
log

sinπz

πz

)
=

∑
n∈Z\{0}

(
1

z − n
+

1

n

)
.

|^ ∫ z

ζ=0

(
1

ζ − n
+

1

n

)
dζ = log

((
1− z

n

)
e

z
n

)
,

·���
sinπz

πz
= C

∏
n∈Z\{0}

(
1− z

n

)
e

z
n ,

Ù¥C´�½~ê. �z = 0,�C = 1. ·�k

sinπz = πz
∏

n∈Z\{0}

(
1− z

n

)
e

z
n .

5



ùpÃ¡¦È�Âñ5L«éÏ��éê��éAÃ¡Ú�Âñ5.
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Lecture 8: iiiùùùZeta¼¼¼êêê

1.Gamma¼¼¼êêê���ÃÃÃ¡¡¡¦¦¦ÈÈÈÐÐÐmmm. ¢Gamma¼êÚBeta¼ê½ÂXe

Γ(x) ,
∫ ∞
t=0

tx−1e−tdt, x > 0, B(x, y) ,
Γ(x)Γ(y)

Γ(x+ y)
.

d©ÜÈ©�Γ(s+ 1) = sΓ(s), l�â

Γ(s) =
Γ(s+ 1)

s
=

Γ(s+ 2)

(s+ 1)s
= · · · = Γ(s+ n)

(s+ n− 1)(s+ n− 2) · · · (s+ 1)s
, s > −n

�òΓ(s)òÿ�R \ {0,−1,−2, · · · }. éux > 0, y > 0,

Γ(x)Γ(y) =

(∫ ∞
t=0

tx−1e−tdt

)
·
(∫ ∞

u=0

uy−1e−udu

)
(u = tv)

=

∫ ∞
t=0

tx+y−1e−t(1+v)

(∫ ∞
v=0

vy−1dv

)
dt (w = t(1 + v))

=

(∫ ∞
w=0

wx+y−1e−wdw

)
·
(∫ ∞

v=0

vy−1

(1 + v)x+y
dv

)
= Γ(x+ y) ·

∫ ∞
v=0

vy−1

(1 + v)x+y
dv,

lk

B(x, y) =

∫ ∞
v=0

vy−1

(1 + v)x+y
dv,

|^v = λ
1−λ�

B(x, y) =

∫ 1

λ=0

λy−1(1− λ)x−1dλ,

'ux, yé¡. AO/,�Äx+ y = 1��/, k

Γ(x)Γ(1− x) =
π

sinπx
, 0 < x < 1

¡�¢¢¢Gamma¼¼¼êêê���îîî...������ÆÆÆ.

1



|^λ = 1
2 −

1
2

√
µ, kλ(1− λ) = 1

4 −
1
4µ, dλ = − dµ

4
√
µ , lk

B(x, x) =

∫ 1

λ=0

λx−1(1− λ)x−1dλ

= 2

∫ 1
2

λ=0

λx−1(1− λ)x−1dλ

=
1

2

∫ 1

µ=0

(
1

4
− 1

4
µ)x−1µ−

1
2 dµ

= 21−2x

∫ 1

µ=0

(1− µ)x−1µ−
1
2 dµ

= 21−2xB(x,
1

2
),

l��

Γ(2x)Γ(
1

2
) = 22x−1Γ(x)Γ(x+

1

2
)

¡�¢¢¢Gamma¼¼¼êêê���\\\���úúúªªª.

EGamma¼ê½Â�

Γ(z) =

∫ ∞
t=0

tz−1e−tdt, Rez > 0

�d¼ê�§Γ(z + 1) = zΓ(z)òÿ�Cþ�æX¼ê, �

Resz=0Γ(z) = lim
z→0

zΓ(z) = lim
z→0

Γ(z + 1) = Γ(1) = 1,

Resz=−nΓ(z) = lim
z→−n

(z + n)Γ(z) = lim
z→−n

Γ(z + n+ 1)

(z + n− 1) · · · (z + 1)z
=

(−1)n

n!
.

|^¢Gamma¼ê�î.��Æ9æX¼ê���5��EEEGamma¼¼¼êêê���

îîî...������ÆÆÆ

Γ(z)Γ(1− z) =
π

sinπz
.

�u¼ê�Ã¡¦ÈÐmïÆGamma¼ê�Ã¡¦ÈÐm. �«O

�Gamma¼êÃ¡¦ÈÐm��{´�Äéê�êΓ′(z)
Γ(z)�Ã¡ÚÐm, ,

2



�¦È©��ê. �½z, h´Cþ÷vRez > h > 0, |^

1

h
=

∫ 1

t=0

th−1dt

��

Γ(z − h)Γ(h)

Γ(z)
=

∫ 1

t=0

(1− t)z−h−1th−1dt =
1

h
+

∫ 1

t=0

[(1− t)z−h−1 − 1]th−1dt.

m>�È©�30����p'uh´�X�, ���VÐm�

Γ(z − h)Γ(h)

Γ(z)
=

1

h
+

∫ 1

t=0

[(1− t)z−1 − 1]t−1dt+ o(h),

ù´B(z − h, z)'uCþh3h = 0�âKÐm. ,��¡

Γ(z − h)Γ(h)

Γ(z)
=

1

Γ(z)
(Γ(z)− hΓ′(z) + · · · )

(
1

h
+A+ · · ·

)
,

Ù¥A´~ê. '�þ¡üª�~ê���

Γ′(z)

Γ(z)
=

∫ 1

t=0

[1− (1− t)z−1]t−1dt+A, Rez > 0.

|^
1

t
=

1

1− (1− t)
=

∞∑
n=0

(1− t)n

�

Γ′(z)

Γ(z)
= A+

∫ 1

t=0

∞∑
n=0

[(1− t)n − (1− t)n+z−1]dt = A+

∞∑
n=0

(
1

n+ 1
− 1

n+ z

)
,

=
Γ′(z)

Γ(z)
+

1

z
=

∞∑
n=1

(
1

n
− 1

n+ z

)
− C,

Ù¥C´�½~ê. éþªü>È©��ê��

1

Γ(z)
= eCzz

∞∏
n=1

(
1 +

z

n

)
e−

z
n .

3



-z = 1�

1 = eC
∞∏
n=1

(
1 +

1

n

)
e−

1
n ,

Ïd

C = − log

∞∏
n=1

(
1 +

1

n

)
e−

1
n = lim

N→∞

(
1 +

1

2
+ · · ·+ 1

N
− logN

)

�uîîî...~~~êêêγ. ����Γ(z)�Ã¡¦ÈÐm

1

Γ(z)
= eγzz

∞∏
n=1

(
1 +

z

n

)
e−

z
n .

|^¢Gamma¼ê�\�úª9æX¼ê���5��EEEGamma¼¼¼êêê���

\\\���úúúªªª

Γ(2z)Γ(
1

2
) = 22z−1Γ(z)Γ(z +

1

2
).

2.iiiùùùZeta¼¼¼êêê���æææXXXòòòÿÿÿ. iùZeta¼ê½Â�

ζ(s) =

∞∑
n=1

1

ns
, Re s > 1.

ùp
∑∞
n=1

1
ns3{Re s ≥ σ0 > 1}þ��Âñ, lL«{Re s > 1}þ��X¼

ê, �Ï´: �s = σ + iτ ,∣∣∣∣ 1

ns

∣∣∣∣ =

∣∣∣∣ 1

es logn

∣∣∣∣
=

∣∣∣∣ 1

eσ logneiτ logn

∣∣∣∣
=

∣∣∣∣ 1

nσ

∣∣∣∣
≤ 1

nσ0


∑∞
n=1

1
nσ0Âñ.

4



éuRe s > 1,

∫ ∞
t=0

ts−1

et − 1
dt =

∫ ∞
t=0

∞∑
n=1

ts−1e−ntdt (nt→ t)

=

∞∑
n=1

1

ns

∫ ∞
t=0

ts−1e−tdt

= Γ(s)ζ(s),

¿�X

ζ(s) =
1

Γ(s)

∫ ∞
t=0

ts−1

et − 1
dt.

·�^��È©½Âζ(s)�æXòÿ, 5;�^�Re s > 1Ø÷v��È¼ê

3(0,∞)þ��È5¯K. ���Cl+∞Ñu÷¢¶þÜ©r��:, ÷���

7�:�±, ,�÷¢¶eÜ©r�+∞, KéuRe s > 1,

ζ(s) =
−1

2i sin sπΓ(s)

∫
C

(−w)s−1

ew − 1
dw.

Proof. �(−w)s−1 = e(s−1) log(−w)�½Â3C \ [0,+∞)þ�ü��X©|,

log(−w) = log ρ+ iφ, φ ∈ (−π, π), Kk

∫
C

(−w)s−1

ew − 1
dw =

∫ 0

ρ=∞

e(s−1)(log ρ−iπ)

eρ − 1
dρ+

∫ ∞
ρ=0

e(s−1)(log ρ+iπ)

eρ − 1
dρ

=
(
e(s−1)πi − e−(s−1)πi

)∫ ∞
ρ=0

e(s−1) log ρ

eρ − 1
dρ

= 2i sin((s− 1)π)

∫ ∞
ρ=0

e(s−1) log ρ

eρ − 1
dρ

= −2i sinπs

∫ ∞
ρ=0

e(s−1) log ρ

eρ − 1
dρ

= −2i sinπsΓ(s)ζ(s).

5



�^�Re s > 1Ø÷v�, ·��±^

ζ(s) =
−1

2i sin sπΓ(s)

∫
C

(−w)s−1

ew − 1
dw =

iΓ(1− s)
2π

∫
C

(−w)s−1

ew − 1
dw

½Âζ(s)3��Cþ�æXòÿ.

3.iiiùùùZeta¼¼¼êêê���444:::888ÜÜÜ. duÈ©
∫
C

(−w)s−1

ew−1 dw´�¼ê, Γ(1− s)�4:

�s = 1, 2, · · · ∈ Z+, �ζ(s)3{Re s > 1}S�X, Ïdζ(s)���U�ü4:

´s = 1. Ï
1

2πi

∫
C

1

ew − 1
dw = 1

�

Γ(1− s) =
−1

s− 1
+ · · ·

�Ress=1ζ(s) = 1. |^

ζ(s) =
iΓ(1− s)

2π

∫
C

(−w)s−1

ew − 1
dw

Ú
s

es − 1
= 1− 1

2
s+

∞∑
n=1

(−1)n−1 Bn
(2n)!

s2n

·���, é?¿�K�êk, s = −k, 0 < ε < 1,

1

2πi

∫
C

(−w)s−1dw

ew − 1
=

1

2πi

∫
|w|=ε

(−w)−k−1dw

ew − 1

= Resw=0
(−1)k+1

wk+1(ew − 1)

=


−1
2 k = 0

0 k = 2m

(−1)m−1Bm
(2m)! k = 2m− 1

6



qÏ�Γ(1 + k) = k!, léum ∈ Z+,k

ζ(0) = −1

2
, ζ(−2m) = 0, ζ(1− 2m) =

(−1)mBm
2m

.

ùps = −2m (m ∈ Z+)¡�iùZeta¼ê�²�":.

4.iiiùùùZeta¼¼¼êêê���¼¼¼êêê���§§§.

ζ(1− s) = 21−sπ−s cos
πs

2
Γ(s)ζ(s).

Proof. ���Cnl+∞m©, ÷X¢¶þÜ©�(2n + 1)π, ,�÷X(±1 ±

i)(2n + 1)π�º:�Ý/_���±£�(2n + 1)π, 2÷X¢¶eÜ©�+∞.

d3ê½n�

1

2πi

∫
Cn−C

(−w)s−1

ew − 1
dw =

n∑
m=1

[
Resw=2mπi

(−w)s−1

ew − 1
+ Resw=−2mπi

(−w)s−1

ew − 1

]

=

n∑
m=1

[
(2mπi)s−1 + (−2mπi)s−1

]
= (2π)s−1

[
(i)s−1 + (−i)s−1

] n∑
m=1

ms−1

= (2π)s−1 · 2e
iπ2 s − e−iπ2 s

2i

n∑
m=1

ms−1

= 2 · (2π)s−1 sin
π

2
s

n∑
m=1

ms−1.

b½Re s < 0, d
∫
Cn

(−w)s−1

ew−1 dw → 0 (n→∞)�

2i sin sπΓ(s)ζ(s) = 4πi · (2π)s−1ζ(1− s) sin
π

2
s, Re s < 0,

lk

ζ(1− s) = 21−sπ−s cos
πs

2
Γ(s)ζ(s), s ∈ C.

7



dGamma¼ê�\�úª�

Γ(s) = 2s−1Γ(
s+ 1

2
)Γ(

s

2
)π−

1
2

½Â

ξ(s) ,
1

2
s(s− 1)Γ(

s

2
)π−

s
2 ζ(s),

¼ê�§{z�

ξ(1− s) = ξ(s).

8



Lecture 9: ËËË������nnn���VVV���½½½nnn

1.ËËË������nnn. �U´C¥m8, f(z) ∈ H(U), a ∈ U , ez = a´f(z)�k(≥ 1)�"

:, K

f(z) = (z − a)kg(z),

Ù¥g(z) ∈ H(U)÷vg(a) 6= 0. �f(z)�éê�ê�

d

dz
log f(z) =

f ′(z)

f(z)
=

k

z − a
+
g′(z)

g(z)
,

ùp g′(z)
g(z)3:a����S�X, �UÐ¤±a�%��V?ê, Ïdz = a´é

ê�ê��áÛ:, Ì�Ü©� k
z−a .

�Ω´C¥�k.m8, äk©ã1w>., U´Ω�m��. ef(z) ∈

H(U)�3∂ΩþØ�", KéUþæX¼ê f ′

f ^3ê½n��f(z)3ΩS�o

":�ê(Oê)�u

]zeros(f,Ω) =
1

2πi

∫
∂Ω

f ′

f
dz =

1

2πi

∫
∂Ω

d log f.

aq/, ef(z)´Uþ�æX¼ê�3∂ΩþÃ":Ú4:, KéUþæX¼

ê f ′

f ^3ê½n��f(z)3ΩS�o":�ê(Oê)-o4:�ê(Oê)�u

]zeros(f,Ω)− ]poles(f,Ω) =
1

2πi

∫
∂Ω

f ′

f
dz =

1

2πi

∫
∂Ω

d log f.

,��¡,

1

2πi

∫
∂Ω

d log f =
1

2πi

∫
∂Ω

(d log |f |+ id arg f) =
1

2π

∫
∂Ω

d arg f.

Ïd, �±��XeË��n

ËËË������nnn: �Ω´C¥�k.m8, äk©ã1w>., U´Ω�m��.

1



ef(z)´Uþ�æX¼ê�3∂ΩþÃ":Ú4:, K

]zeros(f,Ω)− ]poles(f,Ω) =
1

2π
∆∂Ω arg f.

555:*¿E²¡C∞þæX¼ê�":�ê(Oê)�4:�ê(Oê)��.

2.VVV���½½½nnn. �Ω´C¥�k.m8, äk©ã1w>., U´Ω�m��.

ef(z)´Uþ�æX¼ê�3∂ΩþÃ":Ú4:, g(z)�´Uþ�æX¼ê,

3∂Ωþk|g| < |f |, K

]zeros(f,Ω)− ]poles(f,Ω) = ]zeros(f + g,Ω)− ]poles(f + g,Ω).

Proof. éu0 ≤ t ≤ 1, f(z) + tg(z)3∂Ωþvk":Ú4:, �k

1

2πi

∫
∂Ω

f ′ + tg′

f + tg
dz = ]zeros(f + tg,Ω)− ]poles(f + tg,Ω),

m>o´���ê, 'ut ∈ [0, 1]�ëY5¿�X§´��~ê, �3t = 0�

���3t = 1�����.

3.|||^̂̂VVV���½½½nnnyyy²²²���êêêÆÆÆÄÄÄ���½½½nnn. �Än�õ�ªF (z) = a0 + a1z +

· · · + anz
n (an ∈ C \ {0}, n ≥ 1, a0, · · · , an−1 ∈ C). �f(z) = anz

n, g(z) =∑n−1
k=0 akz

k. éu¿©��R, �|z| = R�|f | > |g|, 3Ω = {|z| < R}þ^V�½

n�

]zeros(f,Ω) = ]zeros(f + g,Ω),

lk

]zeros(F,Ω) = n.

4.Hurwitz½½½nnn. �Ω´C¥�«�, fn(z) ∈ H(Ω)3Ω¥S4��Âñu�~

�(�X) ¼êf(z). efn(z)3Ωþ´ü��, Kf(z)3Ωþ�´ü��.

2



Proof. b��3ü�ØÓ:a1, a2 ∈ Ω¦�f(a1) = f(a2) = b. Ï�f(z)�~�,

¤±f(z)− b3ΩþØð�", l":�á. ù¿�X�3,�r > 0, ε > 0¦�

ü�4��{|z − aj | ≤ r}3Ω¥Ø��, ��|z − aj | = r (j = 1, 2)�

|f(z)− b| ≥ ε.

du{fn(z)}3ΩþS4��Âñ�f(z),�3¿©�n ∈ N¦�3;8{|z−a1| ≤

r} ∪ {|z − a2| ≤ r}þk

|fn(z)− f(z)| < ε.

du

fn(z)− b = f(z)− b+ (fn(z)− f(z)) ,

�3{|z − aj | = r} (j = 1, 2)þ

|fn(z)− f(z)| < ε ≤ |f(z)− b|,

|^V�½n, ·���fn(z)− b�f(z)− b3{|z − aj | < r} (j = 1, 2)Sk�Ó

�":�ê, ù¿�Xfn(z)− bkü�pÉ":, �fn(z)3Ωþü�gñ.

5.|||^̂̂VVV���½½½nnnyyy²²²mmmNNN���½½½nnn. �Ω´C¥�«�, f(z) ∈ H(Ω). z0 ∈ Ω,

Dr(z0) ⊂ Ω (r > 0), w0 = f(z0), z0´f(z) − w0�n�":(n ≥ 1). éu¿©

��r > 0,�3ε > 0¦�é?¿b ∈ Dε(w0), f(z) − b3Dr(z0)Skn�ü":,

=Dε(w0) ⊂ f(Dr(z0)).

3



Lecture 10: ���///NNN���

1.EEE���êêê���AAAÛÛÛ555���. �U ⊂ C´«�, f(z) ∈ U , z0 ∈ U , f ′(z0) 6= 0.

�γ(t) (0 ≤ t ≤ 1) ´Lz0�1w�, γ(0) = z0. KΓ(t) = f(γ(t))´L:w0 =

f(z0)�1w�, Γ(0) = w0. dΓ′(t) = f ′(γ(t))γ′(t)�Γ′(0) = f ′(z0)γ′(0),ù¿

�XargΓ′(0)−argγ′(0) = argf ′(z0)�γ(t)�À�Ã'.Ïd,3N�w = f(z)�

e, 3z0?ü^1w��Y����9^=���±ØC, ¡�f(z)3z0?�

��5.

df ′(z0) = lim
z→z0

f(z)−f(z0)
z−z0 �

|f ′(z0)| = lim
z→z0,z∈γ

∣∣∣∣f(z)− f(z0)

z − z0

∣∣∣∣ = lim
z→z0,z∈γ

∣∣∣∣w − w0

z − z0

∣∣∣∣ .
Ïd, 3N�w = f(z)�e, ?¿±z0�º:��n�/N¤±w0�º:�>

n�/, §���©n�/´�q�.

±þùü�5�¡�N���/5. �±w�, ef(z) ∈ H(U), f ′(z) 6= 0,

Kf(z)´���///NNN���.

2.VVV���XXXNNN���.

(1) �U ⊂ C´«�, f(z) ∈ H(U), Kf(U)´��«�.

(2) ew = f(z)3Uþü��X, òUN¤G, K�¼êz = g(w)3Gþü��X

òGN¤U . Ïdü��XN��¡�VVV���XXXNNN���, g,´�/N�.

(3) ½½½nnn: �U ⊂ C´«�, γ´US©ã1w{ü4�, ÙSÜΩγ ⊂ U .

ef(z) ∈ H(U)�òγ��N�¤{ü4�Γ, Kw = f(z)3Ωγþü�, òΩγN

¤Γ�SÜΩΓ.

3.äääkkk���"""EEE���êêê������ÜÜÜiiiùùù���§§§���,,,���«««)))ººº: ���������������½½½������¢¢¢���555

NNN���. ��lR2 = C�R2 = C�¢�5N�´��E�5Ó���=�§´�

����½��. ùp�½�¿�X¢�5N�éA���Ý
1�ª�u".

1



Proof. �T =

a b

c d

 : R2 → R2 ´��¢�5N�. b�T��Ý��, K

〈
T

1

0

 , T

0

1

〉 = 0,

〈
T

1

1

 , T

−1

1

〉 = 0,

¿�X

ab+ cd = 0, a2 + c2 = b2 + d2.

dua, cØ��", Ø�b�a 6= 0(c 6= 0´��aq�). �λ ∈ R¦�d = λa,

�\ab + cd = 0�b = −λc. da2 + c2 = b2 + d2�a2 + c2 = λ2(c2 + a2), l

λ = ±1. ��λ = 1�,

T =

 a b

−b a


�λ = −1�,

T =

a b

b −a


Ï�T�½�, ¤±detT > 0. �λ = 1�

T =

 a b

−b a

 ,

ù¿�X¢�5N�T´E�5Ó�.

,��¡, b�¢�5N�´E�5Ó�, K

T =

 a b

−b a

 ,

Ù¥detT = a2 + b2 > 0. lk

T tT =

a −b

b a

 a b

−b a

 = (a2 + b2)I2.

2



dR2¥ü��þ�m�Y�{uúª�

(T ~ξ) · (T~η)

‖ T ~ξ ‖‖ T~η ‖
=

~ξtT tT~η√
~ξtT tT ~ξ

√
~ηtT tT~η

=
~ξt~η√

~ξt~ξ
√
~ηt~η

=
~ξ · ~η

‖ ~ξ ‖‖ ~η ‖

ù¿�X~ξ, ~ηY��uT ~ξ, T~ηY�, =T����. detT = a2 + b2 > 0¿�XT�

½�.

4.ÛÛÛÜÜÜüüü������XXX¼¼¼êêê���,,,���«««���xxx. �z = x + iy, w = u + iv, U ⊂ C´

«�, Kw = f(z) ∈ H(U), f ′(z) 6= 0�duw = f(z)´¢���½�N

�(x, y) 7→ (u(x, y), v(x, y)),�ò(u, v)-�m�îªÝþdu2+dv2.£�(x, y)-�

mþ,´(x, y)-�mþîªÝþdx2+dy2��¼êλ(x, y)�. ù��¼êλ(x, y)¡

����///ÏÏÏfff.

Proof. ew = f(z)V�XN�, Kä�'Ý


T =

∂u
∂x

∂u
∂y

∂v
∂x

∂v
∂y

 =

a −b

b a



3



Ù¥a = ∂u
∂x , b = ∂v

∂x . .£Ýþ�

f∗(du2 + dv2) = f∗

(du dv
)du

dv


=

(
dx dy

)
T tT

dx
dy


=

(
dx dy

)
((a2 + b2)I2)

dx
dy


= (a2 + b2)

(
dx dy

)dx
dy


=

((
∂u

∂x

)2

+

(
∂v

∂x

)2
)

(dx2 + dy2)

= |f ′(z)|2(dx2 + dy2),

Ù¥|f ′(z)|2´�/Ïf.

,��¡, e

f∗(du2 + dv2) = λ(x, y)(dx2 + dy2),

Ù¥λ(x, y) > 0, �ä�'Ý


T =

∂u
∂x

∂u
∂y

∂v
∂x

∂v
∂y

 ,

Kd

f∗(du2 + dv2) = f∗

(du dv
)du

dv

 =
(
dx dy

)
T tT

dx
dy


Ú

λ(x, y)(dx2 + dy2) =
(
dx dy

)
(λ(x, y)I2)

dx
dy



4



�� (
dx dy

)
T tT

dx
dy

 =
(
dx dy

)
(λ(x, y)I2)

dx
dy


�T tT = λ(x, y)I2. l��T����, qdf�½��detT > 0, �k�

Ü-iù�§
∂u

∂x
=
∂v

∂y
,
∂u

∂y
= −∂v

∂x
.

5.1���EEE666///���iiiùùù¥¥¥¡¡¡. �

S2 =
{

(x1, x2, x3) ∈ R3, x2
1 + x2

2 + x2
3 = 1

}
,

N(0, 0, 1)´�4:, CL«(x1, x2)-²¡, z = x+iyL«C¥�:, fN : S2 \N →

C´¥4ÝKN�

x =
x1

1− x3
, y =

x2

1− x3
,

Ù_N�f−1
N �

x1 =
2x

1 + x2 + y2
, x2 =

2y

1 + x2 + y2
, x3 =

x2 + y2 − 1

x2 + y2 + 1
.

��O���f−1
N N�e�p�Ýþ�

(f−1
N )∗

(
dx2

1 + dx2
2 + dx2

3

)
=

4

(1 + |z|2)2
dzdz̄.

S(0, 0,−1)´H4:, CL«(x1, x2)-²¡, z′ = x′ + iy′L«C¥�:, fS :

S2 \ S → C´¥4ÝKN�

x′ =
x1

1 + x3
, y′ =

x2

1 + x3
,

5



Ù_N�f−1
N �

x1 =
−2x′

1 + x′2 + y′2
, x2 =

2y′

1 + x′2 + y′2
, x3 =

1− x′2 − y′2

1 + x′2 + y′2
.

EÜN�fS ◦ f−1
N : (x, y) 7→ (x1, x2, x3) 7→ (x′, y′)�

x′ =
x

x2 + y2
, y′ =

y

x2 + y2
,

��O���

det

∂x′

∂x
∂x′

∂y

∂y′

∂x
∂y′

∂y

 = det

 y2−x2

(x2+y2)2
−2xy

(x2+y2)2

−2xy
(x2+y2)2

x2−y2
(x2+y2)2

 =
−1

(x2 + y2)2
,

�fS ◦ f−1
N ´�½��. �
¦��½�, ·��ÄN�

(x, y) 7→ (x1, x2, x3) 7→ (x′,−y′),

´C \ {0}�C \ {0}��½��/N�, Ïd½Â
��V�XN�. ��O��

�

(x+ iy)(x′ − iy′) = 1.

Ïd,·����IãS2\N±z = x+iy�E�I,�IãS2\S±z′ = x′−iy′�

E�I, §�ÏLzz′ = 1V�X�'. ù¦�S2¤�E1��E6/, ¡�iiiùùù

¥¥¥¡¡¡, g,�Óu*¿E²¡C∞. Ýþds2 = 4
(1+|z|2)2 dzdz̄ ¡�¥¥¥ÝÝÝþþþ½ýýý���

ÝÝÝþþþ.

6.©©©ªªª���555CCC���. ��©ª�5C�(#'¿dC�)T : S2 → S2½Â�

w = T (z) ,
az + b

cz + d
, a, b, c, d ∈ C, ad− bc 6= 0.

6



��O���

T ′(z) =
ad− bc

(cz + d)2
, z = T−1(w) =

dw − b
−cw + a

.

��©ª�5C�T´S2þ�æXgÓ�.

�z1, z2, z3, z4 ∈ S2´4�pÉ�:,

(z1, z2, z3, z4) ,
z1 − z3

z1 − z4
:
z2 − z3

z2 − z4

¡�ùo�:����''', Ù¥

(∞, z2, z3, z4) , lim
z1→∞

(
z1 − z3

z1 − z4
:
z2 − z3

z2 − z4

)
.

(1)©©©ªªª���555CCC���������'''. �z1, z2, z3, z4 ∈ S2´4�pÉ:, wj = T (zj) =

azj+b
czj+d (j = 1, 2, 3, 4), Kk

wj − wk =
azj + b

czj + d
− azk + b

czk + d

=
(azj + b)(czk + d)− (azk + b)(czj + d)

(czj + d)(czk + d)

=
(ad− bc)(zj − zk)

(czj + d)(czk + d)
,

l��

(w1, w2, w3, w4) = (z1, z2, z3, z4).

555¿¿¿:�,3©ª�5C�¥k4�E~êa, b, c, d, �ù4�~êØ´�pÕá�,

Ï�ù4�~ê¦±�Ó��"EêØUC©ª�5C����. �3©ª�5

C�¥=k3�Eëê. 3S2þ�½ü|ØÓ�Eê(z1, z2, z3)Ú(w1, w2, w3), �

3���©ª�5C�w = T (z)¦�T (zj) = wj (j = 1, 2, 3), äNL��

w1 − w3

w1 − w
:
w2 − w3

w2 − w
=
z1 − z3

z1 − z
:
z2 − z3

z2 − z
.

7



(2)S2þþþ���æææXXXgggÓÓÓ���+++

Aut(S2) =

{
T (z) =

az + b

cz + d
, a, b, c, d ∈ C, ad− bc = 1

}
.

Proof. Äk, T (z) = az+b
cz+d , (a, b, c, d ∈ C, ad − bc = 1) ´S2þ�æXgÓ�N

�.

��, ef(z)´S2þ�æXgÓ�N�, K�3©ª�5C�T¦�g =

f ◦ T ∈ Aut(S2)÷vg(0) = 0, g(∞) = ∞. l��g ∈ Aut(C), �g(z) =

az + b (a, b ∈ C, a 6= 0), Ïdf(z)´©ª�5C�.

(3)©©©ªªª���555CCC���òòò������½½½������¤¤¤���888ÜÜÜNNN¤¤¤888ÜÜÜggg���. E²¡Cþ����

�½���§L«Xeµ

αzz̄ + bz + b̄z̄ + γ = 0, α, γ ∈ R, b ∈ C, ∆ = |b|2 − αγ > 0.

�Ä©ª�5C�

w =
az + b

cz + d
, ad− bc 6= 0,

ec 6= 0, K

w =
a

c
+

bc−ad
c

cz + d
,

¿�X©ª�5C��±©)�N��EÜ

z 7→ cz + d 7→ 1

cz + d
7→

bc−ad
c

cz + d
7→ w.

du²£½ö¦�"Eê�±8ÜØC, ��I�yN�z 7→ 1
z�±8ÜØC,

3TN�e��½���§C¤

γzz̄ + b̄z + bz̄ + α = 0,

8



����½���§.

(4)©©©ªªª���555CCC������������½½½������½½½���. o��É:3Ó���½�þ

��=�Im(z1, z2, z3, z4) = 0. ez1 → z2 → z3´�½��C�½�, K

¡{z|Im(z, z1, z2, z3) > 0}�Cm>; {z|Im(z, z1, z2, z3) < 0}�C�>. �T´

��©ª�5C�, γ = T (C), KTòC��>Úm>©ON¤γ'u½

�T (z1)→ T (z2)→ T (z3)) ��>Úm>.

'X, ¦©ª�5C�T (z)òD = {z||z| > 1, |z − 1| < 2}�/N�¤G =

{w|0 < Rew < 1}.

(5)©©©ªªª���555CCC������ééé¡¡¡555. e©ª�5C�T÷vT (R∪{∞}) = R∪{∞},K�

3a, b, c, d ∈ R, ad− bc 6= 0¦�Tz = az+b
cz+d . ù¿�XTz = T z̄. eT (R∪{∞}) =

C(�), Kw = Tz�w∗ = T z̄'uCé¡��=�T−1w = T−1w∗. 555¿¿¿:ù��

x�T�À�Ã'. Ïd, ·�kXe½Â:

�C(�½��)L:z1, z2, z3, e(z∗, z1, z2, z3) = (z, z1, z2, z3), K¡z, z∗'''

uuuCééé¡¡¡. eC´��, Ø��z3 = ∞, Kk(z∗, z1, z2,∞) = (z, z1, z2,∞), ¿�

X
z∗ − z2

z1 − z2
=

z − z2

z1 − z2
,

l��

z∗ = z2 + (z1 − z2)
z − z2

z1 − z2
.

eC´�±|z − a| = R, K

(z, z1, z2, z3) = (z − a, z1 − a, z2 − a, z3 − a)

= (z̄ − ā, R2

z1 − a
,
R2

z2 − a
,
R2

z3 − a
)

= (
R2

z̄ − ā
, z1 − a, z2 − a, z3 − a)

= (
R2

z̄ − ā
+ a, z1, z2, z3),

9



��

z∗ =
R2

z̄ − ā
+ a.

©ª�5C��é¡5. äN/, �C1, C2´�½��, T´©ª�5C�,

eT (C1) = C2, zÚz∗'uC1é¡, KT (z)ÚT (z∗)'uC2é¡.

Proof. eC1½C2´¢¶, Kdé¡�½Â��(Ø. eC1, C2þØ´¢¶, �½

©ª�5C�S¦�S(C1) = R ∪ {∞}, �z, z∗'uC1é¡, K

Sz∗ = Sz,

¿�X

S ◦ T−1(Tz) = S ◦ T−1(Tz∗),

qÏS ◦ T−1(C2) = S(C1) = R ∪ {∞}, �kTz�Tz∗'uC2é¡.

'X, ¦©ª�5C�T (z)òC1 = {|z| = 2}N�¤C2 = {|z + 1| = 1}÷

vT (−2) = 0, T (0) = i.

7.~~~���������///NNN���. �þ�²¡H = {Imz > 0}, ü ��D = {|z| < 1}.

(1)¦¤k©ª�5C�T : H→ D ÷vT (z0) = 0, z0 ∈ H.

(2)¦¤k©ª�5C�T : D→ D ÷vT (z0) = 0, z0 ∈ D.

(3)¦¤k©ª�5C�T : H→ H.

8.������AAAÏÏÏ2-1���XXXNNN���. N�

w =
1

2

(
z +

1

z

)

10



´�ê¼ê�{u¼ê�m�xù. �z = reiθ, w = u+ iv, K

u = Re

(
1

2

(
z +

1

z

))
= Re

(
1

2

(
reiθ +

1

r
e−iθ

))
=

1

2

(
r +

1

r

)
cos θ,

v = Im

(
1

2

(
z +

1

z

))
= Im

(
1

2

(
reiθ +

1

r
e−iθ

))
=

1

2

(
r − 1

r

)
sin θ.

·�^ u = 1
2

(
r + 1

r

)
cos θ

v = 1
2

(
r − 1

r

)
sin θ

Ù¥θ ∈ [0, 2π], L«�»�r��(r cos θ, r sin θ)3N�w = 1
2

(
z + 1

z

)
e��.

�r > 1�, u = 1
2

(
r + 1

r

)
cos θ

v = 1
2

(
r − 1

r

)
sin θ

½Â���±�:�¥%,��¶� 1
2

(
r + 1

r

)
, á�¶� 1

2

(
r − 1

r

)
�ý�,

θl0C�2π�Tý��_����.

�r < 1�, u = 1
2

(
r + 1

r

)
cos θ

v = 1
2

(
r − 1

r

)
sin θ

½Â���±�:�¥%,��¶� 1
2

(
r + 1

r

)
, á�¶�−1

2

(
r − 1

r

)
�ý�,

θl0C�2π�Tý��^����.

�r = 1�,�TÐ´«m[−1, 1](CXüg).
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Lecture 11:���555xxx

1.½½½ÂÂÂ. (1)�Ω ⊂ C´��«�, (S, d)´��Ýþ�m, F , {f(z) : Ω→ (S, d)}

´«�Ωþ���¼êx, E ⊂ Ω´��f8, eé?¿ε > 0, �3δ(ε) > 0 ¦�

é?¿z1, z2 ∈ E, |z1 − z2| < δ, é?¿f ∈ Fkd(f(z1), f(z2)) < ε, KF3Eþ

���ÝÝÝëëëYYY.

(2)eF3?¿;8K ⊂ Ωþ�ÝëY, KF3ΩþSSS444���ÝÝÝëëëYYY.

(3)eé?¿;8K ⊂ Ω, ?¿z ∈ K, ?¿f ∈ F , �3M(K) > 0¦

�|f(z)| ≤M(K), K¡F3ΩþSSS444������kkk....

(4)eéuF¥�?¿¼ê�{fn}, �3f�{fnk}3Ω¥S4��Âñ�f ,

K¡F´���555�. k�S4��Âñ�¡����555ÂÂÂñññ.

555¿¿¿:4�¼êf�UØáuF .

2.Arzela-Ascoli½½½nnn(ëëëYYY¼¼¼êêêxxx). �Ω ⊂ C´��«�, (S, d)´����Ý

þ�m, F = {f(z) : Ω→ (S, d)} ´«�Ωþ���ëY¼êx, KF´�5x

��=�

(1)F3ΩþS4�ÝëY;

(2)é?¿z ∈ Ω, Gz , {f(z), f ∈ F}3S¥äk;�4�.

Proof. 777���555. (1)�y{. b��3;8K ⊂ Ω¦�F3KþØ´�Ýë

Y�, K�3ε > 0, :�{zn}, {z′n} ⊂ K, {fn} ⊂ F ¦�|zn − z′n| < 1
n ,

d(fn(zn), fn(z′n)) ≥ εé¤kn¤á. dK´;8��{zn}, {z′n}�f�Âñ

���ú��4�z′′ ∈ K. dF�5, �3{fn}�f�3Kþ��Âñ. ��

Ó�f��Ink. {fnk}�4�¼êf 3Kþ´��ëY�. Ïd, �3k0¦

1



�k ≥ k0�,

d(fnk(znk), fnk(z′nk)) ≤ d(fnk(znk), f(znk)) + d(f(znk), f(z′nk)) + d(f(z′nk), fnk(z′nk))

<
ε

3
+
ε

3
+
ε

3

= ε.

gñ.

(2)�{wn} ⊂ Gz, éz�wn, �3fn ∈ F¦�d(fn(z), wn) < 1
n . dF�5

�, �3{fnk}S4��Âñ, l{fnk(z)}Âñ�w0 ∈ Gz. �k{wnk}Âñ

�w0 ∈ Gz. ÏdGz ⊂ S´;8.

¿¿¿©©©555. 3Ω¥�kn:�(È��ê){ζk},�Ä¼ê�{fn} ⊂ F ,d(2)�{fn(ζ1)}�

¹uS¥�,�;8, ��3f�

f (1)n1
(z), f (1)n2

(z), · · · , f (1)nk
(z), · · ·3ζ1Âñ

d{f (1)nj (ζ2)}�¹uS¥�,�;8�, �3f�

f (2)n1
(z), f (2)n2

(z), · · · , f (2)nk
(z), · · ·3ζ1, ζ2Âñ

±daí, �3f�

f (s)n1
(z), f (s)n2

(z), · · · , f (s)nk
(z), · · ·3ζ1, ζ2, · · · , ζsÂñ

�é��S�

f (1)n1
(z), f (2)n2

(z), · · · , f (k)nk
(z), · · ·

P�{fnk(z)}, 3{ζk}¥?�:þÂñ.

�½;8K ⊂ Ω, ρ = d(K, ∂Ω) > 0. -G = {z ∈ C, d(z,K) ≤ ρ
2},KG´Ω¥

�;8�K ⊂ G. d(1)�{fn}3Gþ�ÝëY�, ?¿ε > 0, �3δ(ε,G) > 0,

¦�é?¿z1, z2 ∈ G, |z1 − z2| < δ, é?¿n, kd(fn(z1), fn(z2)) < ε. �δ0 =

2



min{δ, ρ}, KK ⊂ ∪z∈KD δ0
2

(z), dK;��3m ∈ N¦�K ⊂ ∪1≤j≤mD δ0
2

(zj).

�ζj ∈ D δ0
2

(zj) (j = 1, · · · ,m), Kζj ∈ G(ùpØ�½áuK). d{fnk(ζj)} (j =

1, · · · ,m)Âñ��3N > 0¦�k, l > N�d(fnk(ζj), fnl(ζj)) < ε (j = 1, · · · ,m).

?¿z ∈ K, �3p¦�z ∈ D δ0
2

(zp), qζp ∈ D δ0
2

(zp), �k|z − ζp| < δ0 ≤ δ, l

é?¿n, kd(fn(z), fn(ζp)) < ε, ?�Úk

d(fnk(z), fnl(z)) ≤ d(fnk(z), fnk(ζp))+d(fnk(ζp), fnl(ζp))+d(fnl(ζp), fnl(z)) < 3ε.

Ïd{fnk}3K¥��Âñ, dK�?¿5�, {fnk}3Ω¥S4��Âñ. d¼ê

�{fn}�?¿5�, F�5.

555¿¿¿:eS = Rn,K^�(2)�¤”F3Ω¥S4��k.”, þã(ØE,¤á.

3.Montel½½½nnn(���XXX¼¼¼êêêxxx). �Ω ⊂ C´��«�, F´Ωþ��X¼êx,

KF´�5x��=�F3ΩþS4��k..

Proof. �Iy²¿©5, �âArzela-Ascoli½n�Iy²F3ΩþS4�Ýë

Y. �½;8K ⊂ Ω, �ρ = d(K, ∂Ω) > 0, ∪wi∈K,1≤i≤nD ρ
4
(wi)´K�mCX.

dF3∪1≤i≤nD 3ρ
4

(wi)þ��k.�,�3M > 0¦�?¿z ∈ D 3ρ
4

(wi)k|f(z)| ≤

M . é?¿ε > 0, �δ = min{ρ4 ,
ερ
6M }, éuz, w ∈ K÷v|z − w| < δ, �3wi¦

�|w−wi| < ρ
4 , ¿�X|z−wi| < δ+ ρ

4 ≤
ρ
2 . é?¿f ∈ F , 3{|ζ −wi| = 3ρ

4 }þ

^�ÜÈ©úª�

f(z)−f(w) =
1

2πi

∫
|ζ−wi|= 3ρ

4

(
f(ζ)

ζ − z
− f(ζ)

ζ − w

)
dζ =

z − w
2πi

∫
|ζ−wi|= 3ρ

4

f(ζ)

(ζ − z)(ζ − w)
dζ

¿�X

|f(z)− f(w)| ≤ |z − w|
2π

M
ρ
4 ·

ρ
2

· 2π · 3ρ

4
=

6M

ρ
|z − w| < 6M

ρ
δ ≤ ε.

�kF3Kþ�ÝëY, dK�?¿5�F3ΩþS4�ÝëY.

3



555¿¿¿: (1)e�X¼êx�5, KÙ�¼êx�5.

(2)���¹e,¢�¼êvkMontel½n, 'X

F = {sin(kx)}k=1,2,··· , x ∈ l = (0, 2π)

�±w�é?¿f ∈ F , |f | ≤ 1,ÏdF3lþ��k., �´é?¿¼ê�{fn} ⊂

F , vkS4��Âñf�($�vkÅ:Âñf�).

¯¢þ, òT¢¼êxòÿ��¹l�m8Ωþ�E¼êx

FC = {sin kz}k=1,2,···,

dsin kz = eikz−e−ikz

2i , �z0÷vImz0 > 0, k

|eikz0 | = e−kImz0 → 0(k → +∞), |e−ikz0 | = ekImz0 →∞(k → +∞)

ÏdFCØ´Å:k.�.
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Lecture 12: iiiùùùNNN���½½½nnn

iiiùùùNNN���½½½nnn. �Ω ⊂ C´üëÏ«�, Ω 6= C z0 ∈ Ω,K�3�����lΩ�

ü ��D = {|z| < 1}�V�XN�f(z)¦�f(z0) = 0�f ′(z0) > 0.

Proof. Äky²÷v^��V�XN�´���. �f, g´÷v^��ü�V�

XN�,Kf ◦g−1 ∈ Aut(D)�f ◦g−1(0) = 0, (f ◦g−1)′(0) > 0,lf ◦g−1 = id,

=f = g.

e¡y²�35. �Ä�X¼êx

F =
{
f(z) ∈ H(Ω)ü�, |f(z)| < 1, f(z0) = 0, f ′(z0) > 0

}
.

y²

(1)F 6= ∅;

(2)�3g(z) ∈ F¦�g′(z0) = sup{f ′(z0), f ∈ F};

(3)g(Ω) = D.

Claim1:F 6= ∅. duΩ 6= C, ��3α ∈ C¦�Ω ⊂ C \ {α}, lJ(z) =

z − α3ΩþØ�". ÏΩüëÏ,
√
J(z)�±3Ωþ½Âü�ü��X©|, ©O

P�G1(z), G2(z) = −G1(z), �G1(Ω) ∩ G2(Ω) = ∅. Pw0 = G2(z0), dΩ´m

8, G2(z)´mN��G2(Ω)´m8, ��3ρ > 0¦�Dρ(w0) ⊂ G2(Ω). �

h(z) =
ρ

G1(z)− w0
,

Kh(z) ∈ H(Ω)ü��÷v|h(z)| < 1. -

h1(z) = ϕh(z0) ◦ h =
h(z0)− h(z)

1− h(z0)h(z)
, h2(z) = e−i arg h

′
1(z0)h1(z),

Kh2(z) ∈ F .

Claim2:���333g(z) ∈ F¦¦¦���g′(z0) = sup{f ′(z0), f ∈ F}. �r > 0¦�Dr(z0) ⊂

1



Ω. é?¿f(z) ∈ F , f ′(z0) = |f ′(z0)| ≤ 1
r . -

λ = sup{f ′(z0), f ∈ F},

K�3fn ∈ F¦�f ′n(z0) > λ − 1
n (n = 1, 2, · · · ), =limn→∞ f ′n(z0) = λ.

dMontel½n�, F´Ωþ��5x, �¼ê�{fn}¥�3f�{fnk
}3ΩþS

4��Âñu�X¼êg(z), �{f ′nk
}3ΩþS4��Âñug′(z), l��

g′(z0) = lim
nk→∞

f ′nk
(z0) = λ > 0,

Ïdg(z)�~�.dHurwitz½n�, g(z)3Ωþü��g(z0) = limnk→∞ fnk
(z0) =

0. d|fnk
(z)| < 1�|g(z)| = limnk→∞ |fnk

(z)| ≤ 1, �â����n�,|g(z)| <

1, Ïdg(z) ∈ F .

Claim3:g(Ω) = D. �y{. b��3a ∈ D¦�a /∈ g(Ω), e¡�Eτ(z) ∈ F¦

�τ ′(z0) > g′(z0). -

g1(z) =
g(z)− a
1− āg(z)

,

Kg1(Ω) ⊂ DØ�"�, l�±½Âü��X©|g2(z) =
√
g1(z). P

b = g2(z0) =
√
g1(z0) =

√
−a,

-

τ(z) =
b

|b|
· g2(z)− b

1− b̄g2(z)
,

Kτ(z) ∈ F�

τ ′(z0) =
1 + |b|2

2|b|
g′(z0) > g′(z0).

gñ.

555¿¿¿: (i)�Ω´S2þ�üëÏ«�, KΩ�XÓ�uS2, C½D. éuiù

¡, ·�kXeüüü���zzz½½½nnn: üëÏiù¡�XÓ�uS2, C½D.

(ii)CØU�XÓ�uD(du4��½n), �´CÓ�uD, �A�Ó�N��±

2



½Â�

w =
z

1 + |z|
, z =

w

1− |w|
.

3


