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B, u, vfl FED EAMEAFAE B T 0-2R & 782, W f(2)7ED k421,

6. NS LR MEAR 0 (0 F BEARBE AT PE-2R B 7 R, R2 B Se AR 4T ml DL I —
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9'(C)Ei(2) + E2(Q) _ (o) Ey(z) I f(z) = f(20) Ea2(Q) _ 0,

Z— 20 2 =20 Z =20 ¢ —Co

Hip(2) = gl (KD I A4, Hy'(2) = ¢/[£(2)] - () 0

7



ERIRFENM(RIER): A f(2), g(2)1E 204240, Hf(20) = g(20) =0, ¢'(20) #
0, A
lim f(z) _ f'(20)

S gz) g0

B.ZWA. ¥ NAEBANEVFHCEMEAMRKBRANERYE. ZWAP() =

ap+arz+- -+ a2 R, HP'(2) = a1 +2a22 + - - +na,z""t. Fa, £ 0,

K TR P () I S, i e (P) = n. RAR FOBUSHE A 8 TERS),
Piz)=an(z—a1)(z —a2) (2 — ag).

FP(z) = (z — Q)" Pu(2) Py () # 0, WaFk APHImMB % &, HIP(a) =

P'(a) =--- =P D(a) =0, PI™)(a) # 0. K, 1N F R AN R T A,

B FP(2) A F RAE— DT8P (2) T % e R
[ITC=W

Proof. BP(2) = an(z—0n)(z—a2) - (z—an), WP'(2) = an 3 (z—as) -+ (2~
k=1
ar—1)(z — apq1) - (2 — o), REWE
P'(z) 1 1
= ot :
P(z) z—oo z—ap
BHPHH = {z€C, ImZ% <0}. BEw € H (k=1,---,n). FHUH
Fod H WoARRP (%M. Wz ¢ H,Tmz=3" >0}}\Frﬁ7ﬁ
z—a+a—ag z—a o —a

Z_akzlm =Im —Im

b b b b

Im f’”;)_ (2) # 0. O

Im

>0,

B P(2)%F sl /M Z A P (2) % AL

OHBEY. HER(:) = 5 LPEIAP(2), QA AL, Q)%
BRI R(2) TR, Q(2) F MR R(2) A M. R (2) = Z95LL S5R(2)H
A IR A B A 1.

$ R(2) B Co0 — Coo MU, B Ry (2) = R(1/2),MR1(0) = R(00). # R1(0)
0(00), M R(2) 1Ecolf1 2 s (1K £ M iE ARy (2) TEOMZE s (R A0 . Hdcth, 1
ag+arz+ -+ apz"
bo—ﬁ-blz-f—-l-meWL7

R(2) =

8



|
e @027+ a2+t ay,

boz™ + brzm—1l4 ... 4 bm
#m > n, WOZER(2)m — nbi F &Rl oo R(z)HIm — nfr F &i; BHm <
n, W02 Ry (2)In — mB Al £, B cof& R(2) HIn — mir il ss; #5m = n, U R(c0) =
R1(0) = §= # 0,00. HILHEC b, R(z)ME SN EH)= R(z)MH D
(T EE) = max(m, n), HNR(2) KB

Ri(z)==z2

e N B R B AL A | 2| = 1 U SR B ) R AR A
EREAG?

Proof. fE|2| = 1k, = = LNMIAR(z) = R(L). FINR(2)BUL S, LA
HR(z) = R(L), MR(2) — R(L)TE|2| = 1 LEUERNO. AK€ R(2) — R()7EC L
TE R0 AR MR (=) — R(L) R — M PRI (07 38 5 8, MR 7EC - R IR 2
#, 5R(z) — R(L)E|2| = 1L EBUENOCH IR £) T 6. FULH 2/ R(2) %
L) 24 B LR R(2) R S ().

PR 5 LOE R BRI F I ER TR A 08 (25, iy S0
(28, iy, ), OB B AT AR (2] = 10BRTE 1) 7

i, DR 3 B2 15 L o6 T WA 2| = 105 0




Lecture 3: HBEREE XM ELRBLIEE . EiZ. RIZRBIENEERE

FE b1, JATE T =TT pR (A 2l ). BLE AR Z i th w4
Hoe FEAR AR E. EAVRIER. B3R, RZRECE LRI FE R
FAAIWCSINE SRS AR K 2 30 IR B WSSO [ 4 A, — T R B0 56 58
Y e Ra R IESZ . RIZRBIREETT, JANHWE 2~ 5k
Taiﬁlﬂjiﬂlﬁ’lmx ?kﬂ]%ﬂﬂ%m\{ﬁfrE]’J?FT/E&IG(T%ﬂ%tﬁﬁﬁ?ﬁm%ﬂﬁuﬁ#FE’J

7377 REMARIME—VE), UE B 4ok B FE BO .

1A E U R e, 85 AP & 5 R BN AL Z fn(2), %S, (2) = nf fr(2),
k=0
#iVe > 0, AN, > 0ffiffn > N}, SMTE 2 € Eﬁ

1Su(2) — f(2)] <,
Mk i’f Fa(TESEAE © CE—BUST £(2). R, 25 5 |f(2)|fE B L —50
n=0
gk, MK z Fol(2)TEE |50 BLAHIRCAL.

o] 7 A4 ) 4 T < éﬁ;&zi fn()TEE L —SUSU 7R B4 A /& Ve > 0, AN, >
n=0
0ffif8n > N, X{EEz € B

|fn+1(z) Jr"'Jrfn+p(z)| <e peN

MBI AN BEEEFHEM >0, N > 0#15%4n > NI, MfEEz e EH

|fn(z)| < May,

HSS s, WSS fo(2) 16 B F— 0 H 450,
n=0 n=0

bt JURTERCSS 2ntE{|2] < DAL, 7E{|z] < r < 1} — BB,

TE{|z| > 1} RHL

2. RS Z I Hadarmard A 2. 45 € 8 ioj anz™, B
n=0

1 1
=——————— =liminf
limsup|a,|!/™  nooo |a,|t/n
n—oo



(BN RERISEAR), W2 2| < RIS ROEIEL 22| < Ry < RN 08
—HHAERIEL 2|2 > RIS BB R, A — w2 IS &
R R R AR /N T 20| HO PR A B — B2 X Ule Sl

Proof. f%|z| < Ry < R, WAFERA e > 0ff 3Ry < R —e. I

R = lim inf

n— 00 |an|1/n ’
FTLAEERAN € Nfiifgn > N,

RO+€<W’

|an|(Ro +€)" <1,

42" < (') < (R)
! T\ Ro+e “\Ry+¢/)
TS () W, SR RAEARIEA, 5 ana"TE]2] < Ro b —BrAle
n=0 =

Ro+e
K.

Y NIEE)

A5, Bz > R, WAFER e > 0ffif5 2] > R+e. A
R = liminf !

n— 00 |an|1/”’

FTAAFAE — NS K IE R P Fn, (v € N) 13

R ) 1,
lan, 2™ >1 (v eN).

9@, 2 VAEIEFO (1 — 00) T ENREZEL S anen RS,
n=0
BJa, Wzl <r <z, &

lanz"| = |anzg|

<M (T) .
|20

z
20



3.4, EE%J%%&Z an 2" BIR T3 E UE’J%‘EE’J%Q&ﬁZ nay, 2"~ R 2 K
Eﬁ*ﬁlﬂﬁ‘ﬂ&ﬁi#ﬁ.

Proof. AN

H
lim n»-1 =1
n—oo
It A
lim inf — = lim inf -
n—oo |’I’L(l p— n—00 |an|n

4. — BRI R SO S B T AT, 5 S fo () S AT BRI X 6 [, B) 1952
n=1
GEEere e
()& f(x) = z fn(2)TE]a, b E—30U sk, A £ (2)1E [a, b) LaZSE, N f (2)1E[a, b] &
=1

ELH [ f( szféfn r)dr (a <& <n<b).
(2)EREAf (2)#E [a, b] L 3% 2 f!(x)fE]a, 0] b— ﬁulﬁwzﬂz frlz)TERE €
[a, BT, ) ; Jo (@)ECT f(2), Hf' () fh(x).

I
M8~

n=1

Proof. 55— A58 R AR MERI3eiR . X TAEE L E e > 0, fA7EN, € NIUK
WWiT €, 6 p > O T e Mk, {15

1£(&) = F)] < [ £(8) — j{j *—j{:\fk 2{:1%
k=1
with .
‘ Z )| < eforn > N,
| f1(€) — fe(n)] < € for [§ —nf < bk

< € for n > N..

‘f(n) =Y fx(n)
k=1




2R, £ LdAE P 4n = NI F
1£(€) = F(n)| < 3e

for

€ —n| <  Jain 05 k-

r

n
< / edr < e(b—a)
4

1M

dx

IN

@) =3 fulw)

k=1

A
‘ /5 " fayds - ; /E ! o)

forn > N.and a < & <n <b HEEH

/; f(z)dx = Ti/; fn(x)dz

fora<&<n<hb.
LR AR, Wg(x) = Y. £ (x), WFE
n=1

[ st - i [ it

= Z (fn(ﬁ) - fn(g))

n=1

n=1 n=1
= fn)— f()
fora <& <n<b HTg(x)EESRE, WM ZEATEL, f(x)E(a,b) L
A3 Hf(2) = g(x), NIfTH f/(z) = 32 fi(2). -
n=1

P B B AR B R ) T A Ut F - R RT3,
9 1

, —2" =n""

or

, —2" =inz""L

dy

(") =nz

TEUCIA AL |2 < REBEGES apznit LT — AN Sisd. PR 5%

n=0
KT a, yiB WK A 7 19 B AH USSR R 8, R I e R H0E UK R PR N
SKIE AL b BATELE I — Wi 5 H0H 6 2 AT - B2 TR



5. EEERE. AT =M AR A

Sl :E2n+1 oo x2n
smmx = nzz;)(—l) m, COST = nz:%(—l) (2n>'

A S R 2 e R B R Be Wi R

n

=z
o E —, z€C.
n!
n=0

SRS FBE TR TR FTH, (e%) = e*. MIESZ. A5%AITE B eh Bt T g %k
AL Yz =0 (0 € R)E, FA 14 N ARk A 3R

0

et? = cosf + isiné.

BR AL 2> B B R IR 1 T 2

RER B R BOR R I T

et = e%e¥, 2w e C.

Proof. #—: [EceC, H(e*-e7%) =e* e —e” . % = 0ffle” - % =
constant = e¢. &c =z + w, fFE.

W [HBw e C, BIEEBRHE(2) = 2T — e ATUERIF(0) = 0.l 440
R EEACR FIEAL, F/(2) = F(2). FHIEMIF(2) =0. @ XEEEWT

E={z¢eC, F(z)=0}.
O € EME # 0. HF()ESMMERCHIMHTE. NHEiiWHERCHKIFF
T
flceE, re(0,1/2),EE0 € [0,2r],6

r i0
/ dF (c+te )dt
t=0

F(c+ re'?) o

/ F'(c+te'?)etfdt
t=0

= / F(c+ tet?)etdt
t=0



P,

|F(c+ret?) < /O|F(c—|—teio)eie|dt
t=

/ |F(c—|—teig)’dt
t

=0

7 sup |F(c+tei6)|
0<t<r

IN

1 .
— sup |F(c+tele)| ,
0<t<r

IN

Y NIOEE)

1
sup  |F(z)| <5 sup |F(2)],
z€B(c,1/2) z€B(c,1/2)

BWWEF (2)1EB(c, 1/2) EAERO. B EATFE, XK CREBE, M E = C. O

ER: Bu(r) = |F(c+ret?))|, i

5w = 0.

Proof. Bu(r) =e™" [,_ u(t)dt, NH

V' (r)=—e " /tio u(t)dt + e "u(r)=e" {u(r) — /tio u(t)dt] <0,

NIIES]
v(r) <0,
gp .
u(r) < / w(t)dt <0,
t=0
Rt Hu = 0. O

— B, FATE R R P Gronwall N FE R Fa, B, ui[a, b] I SE R AL,
B, uiE 4k,
(D)#B > 0, uifh &

u(t) < aft) + / B(s)u(s)ds,



A t
u(t) <a(®)+ [ al9)s(s)e s

(2)F 25, ok, W

u(t) < aft)els P)ds,

HREHEHON AR BB 2 2 FRAT A
et = ¢¥(cosy + isiny), z,y €R

KERE|e?| = e® > 0, 1M HAaE ek Be* A i H2r1, Ble* 2™ = o2,

1 S S B S A PR K = f(2) B A 2T b — AN X S B P T - —
AN DX R W G, A R A, T BRI A B . TR A B R I R 2
CAEBREIIIX I E A7 e = e, W2 — 20 = 2kni (k € Z).
PR B SE FE N2 A I X IR D), = {2z = o + iy € C,2kr <y < 2(k + D)7} (k =
0,41, 42, - ) fE e B X . B X IR Dy = {z = 2+ iy € C,0 < y < 27},
We¥s Do M HBUNE = C\ {2 > 0}.

SRR EE: Ko = fR)EXBDHNBEM2240 Hf'(2) #0, G =
f(D), £z = g(w)fEGHNIZELE, Wg(w)fEGH A2 Hg' (w) = m.

Proof. [ilEwy € G, 2o = g(wo) € D, H

g(w) — g(wo) _ g(w) — g(wo) 1

- = _ = Tlo()=Jg(wo)]
w — Wwo f[g(’LU)] f[g(wo)] W

R4, O

Ao B ) S PR R o B Rk . FLAh, T2 #£ 0, e = 2R B w kR
PN2BIEL, W = log 2. HIFE KR E ) A TR, log 2/ TE 55 2 fEL Y.

Wz =rel? (0 €10,2m)), w=wu+iv, WHe" el? =rel? NiiHe" =7, v=
0+ 2%k (k€ 7), B
w = logr + i(0 + 2kn),
ifE

w = log |z| + iarg 2.



POEA A SR
log(z122) = log 21 + log 22,

HEEXR - NMEEEA. %z e E, argz € (0,2m),

(log z) =log|z| + i (arg z + 2kw) (k=0,%1,---)
%Biﬁ/@EJ:E‘Jé%EI%L M Alog 2 E & A5y 32 (FEF5 %), M HAT[(log 2)x] =
6. =MEB. AT LM HI B SEAR B IE X AR 5% BR AU R U X SCRE B B

[eS) )
Z2n+1 Z2n

sinz = ;(71)"m, cosz = ;(71)”W, zeC.
fR#fe?, sin 2, cos 2R REUE TS W N R BT 2

e** = cosz + isin z,

Hrhz = 0 € REVFFIRIE TRV AL A 20 AITTAH

B eiz + efiz ) B eiz _ efiz
cosz = ————,sinz = ————
EA] e 5 50 o ) 1 5T 7 4 8 T = A BR R 1R
(1)(sinz)" = cosz, (cosz) = —sinz;

(2)sin z, COSZU\27Tj]}—JHE
(3)cos z /e BRI AL, sin z /& A BRIHL;
(4)=mtESEAI AL, Hedn,

sin(z + z2) = sin 21 cos z + €os 21 sin 2,
cos(z1 + 22) = €08 21 €Os 2o — sin 21 sin 2,

) 2 _ (T .
sin®z + cos® z = 1, sin (2 z) COS 2;
(5)sin 2f7Ez = kr (k € Z)IENZE, cos 2iNHEz = § + kr (k € Z)AZE

DL EAT W SEHU b g U sine, cos o FE B, 72 HUR FAKRAR kAL, H
WHAFZAL.
(6) |sinz|, |cosz| FEC ERLFM. #z =a + iy, WA

| cos 2|2 = |cos x cos(iy) — sinzsin(iy)]?,
HF

e Y +4e¥
2

cos(iy) = = coshy,

8



eV — eV

sin(iy) = - = isinhy,
2i
A
|cosz|> = |cosz coshy — isinz sinhy|’
= cos?z cosh?y +sin®z sinh?y
= cos?z cosh®y +sin?z (cosh®y — 1)
= cosh®y — sin®z,
ESPR: N

|sin z|? = sinh? y + sin® z..

Ejiﬂ‘u%)‘(tanz 4 sinz cot z A cosz

cos z’ sinz*

TR X T2 C\{0}, a=a+ib, EX

A
w=z*2 ealogz.

Wlog z = log |z| + i(arg z + 2km), argz € [0,2n), k € Z, W

2O — e(a+ib)(10g |z|+i(arg z+2k7m)) _ e® log |z|—b(arg z+2km) ei[b log |z|+a(arg z+2km)]

id
pi, = ealoslzl=blarg z42km) g, plog|z| 4 a(arg z + 2km),

JUES)

w = 2% = ppe’, |2%] = py.
#ib # 0, Mw = 22— TT ZEKE; b =0, Mo =a € R, KA

w= 2% = % log |z| | eia(arg 2—0—21671')7
H

(Do =a=necZI, z* = 2" HBIEH];

(2)%[6! R % c @Hﬂ‘, 20 e%log|z| . 6i%auvgz
BEx T45 € 1 2, 22 ¢ M A FEIRIE;

(3) Mo = a N TCHES, 2E T ZH .

i%Qkﬂ' iLargz _iB2km
s

2
- e :|Z|Q~@q e a

PR R 2/ 2, 8z € E = C\ {z > 0},argz € (0,27),

arg z+2km

(Vahe = VIzle 2 (k=0,1)

REE L ASERE, By ER RSP, BV = 5l



Lecture 4: F[PG- =B, MRS AXKBERE. BRI

Ty 7€ SCRZET IR, KX AN 2 NS B BUEIh B S 8, AN H TR
A () S AE BR R AT A 5E . BIAEFRATAR ZE R AE AR R B, A4 0 NS T
P HEAE B, B aTRA TN HStokesiE B, 1F NTAR 4 FE A BRI 4201, 3,
TR T5 ZL24E 1B . 248 ¥ StokesiE BRI AR MR B, =1 4E 1 Stokes & #E 45 Bl
TATVE S FE AL B N B ARG AR . AT I8 24E 1) Stokes & BB T 4
21 oK B AT G-y 5 SRR P AR 4 A 2K, AT H 28 B R B0 T R B B e
It

1.5 2350 1% S EI S oy 8 SCHJE R N5 RE . TR 7 B A B ) v 4R SR DL 1%

=]
=

/ (object) = / (object)”,
boundary of domain domain

i PR A AE R 3 B A S B

[a,b]

B, object /2 BRELf, HFHE f/, domain X [A][a, b], HLFZE{b} — {a}, L
H
(object) = /() — f(a)

/boundary of domain

Pl

/ _ (object)’ = f'(z)dz :/ df.

domain [a,b] [a,b]

TEm4ENE Tobject & — M7 T Rw, T HILATAEAE LR FHdw. dwif]5E
SCAT B /B X ISR BT AR 51 . A T i =H U kA%

(1) R A A 2 25, HUNA d(dw) = 0.

(2)BUL AR AR R R A I B, BXR = [a,b] ¥ [¢,d], B

OR = [(a,¢), (b, )] + [(b; ), (b-d)] + [(b, d), (a, d)] + [(a, d), (a; ¢)].



Fy— 5, th
9la,b] = {b} — {a}, Olc,d] = {d} — {c}

HA 2

(Ola, b]) x [e,d] = ({b} = {a}) x [¢,d] = [(b, ), (b, d)] = [(a; c), (a, d)]
Qi

[a, 0] x (Ole, d]) = [a,b] x ({d} —{c}) = [(a,d), (b,d)] = [(a, ), (b, c)].

SN E]
0 ([a,b] x [e,d]) = (9]a, b]) x [¢,d] — [a,b] x (O[c,d]) .

JAR M, R
dwAn) = (dw) At wA (dn).

(3) BwsE— DR HLfIT, dw = df.

2. RIS . EFRITEU C R ERSER R EL, a € U, W

(dF)(a) :R" = R

AR, R, B2 (R?)" = Hom (R, R)FH—/NIEk, nifbiE
™A

FATRR ) — A R AT PLEEE T — DM E 1. JRBEE: By =
(v1,-++,vn) € R, Kla = (ar,-- ,a,) € R?, HER 5K miadi N0 E



2, 45— R, BATATLGE S NSEEInE:

d "9
P &Sﬁ(al +oit,  an +vnt) [1=0= ;vﬂ'&f(a)

B0 TSR T B TE 2 0 o Y0, 0y 22 (a) = £(p). RITRBRT M, 2
AT, BATATBA By, = (z;), WIS ANy = (01, -+, o).

o o .

RER™ 2 SEHE. 53— 7,

PH e ATTRE 15

(dzl)a PR (dxn)a € (Rn)*

CHORHBE, X Bdr; (52-) 2 22 = oy

HATE XDV AT R Aoy 5542 18], BI,

W (D )
TaR _R(al‘l)a@ GBR((?[E”)G

B X 2 () T AR R

(TaR")* — R(dl'l)a DD R(dxn)a

RER: RV, WREANSLRESN, f eV, ge W, X REMEN fog:
V x W — RUIF:

(f @ 9)(v,w) £ f(v)g(w).
Fﬁﬁiﬁsﬁ?lﬂ’ﬂi%ﬁﬁﬂ%%ﬁ@)ﬁE‘Jé%é%ﬁ?ﬂV*%ﬂW*E‘J?’&ﬁiﬂ\, WAV @ W &

/I\;ri'%ll &V* = spanR{flv"' 7fm}a W= = Spal’lR{gl,"' 7gn};



SIS, ISR

AR
VEAV* 2T e V*@V* T(v1,v9) = —T(vg,v1)}.

— i, ARV = VEAVEA AV, @F (V) =V @V e - @ V*,
/\k(V*) = {T S ®k(v*)7 T(Ua'(l)v e ava(k)) = (_1)GT(’U17 e avk)} )
Hrbo € p(k)RARKTIRIRQ, - k)BFHERE S ARV R —ADRET .

FEQF (V) LThi € SURFRLSE T AR

1

Mﬂé%iZ:GD%1T6®WWL

aep(k)
:/H\:EPUT(Ula"' 7Uk7) é T(UU(1)>"' ;vg(k))- mugﬁiﬁ Z%%T € ®k(V*), T (S
=T.

APV BACHA(T)

ST f,ge V*, AMRF A g SUNF ® gl [ Fr4k, BRI,
fAgE fRg—g®fen (V).

HHEAAS N
IANF=0, fAg=—gNf

_‘%ﬂ{—j‘a Xﬂ‘flv 7fk € V*a

SiNfa N N i & Z (=17 fo(1) ® fo2) @+ @ forry € NF(VF).
aep(k)

%V* = SpanR{fh T 7fm}’ D—lu{fh ARRRA fik}1§i1<---<ik§m*@}ﬁT/\k(v*)ﬁgg



HLIE. LR (7).
BEFFED C R™ LR MO -TER

w= z : wjla"',jk(xla"' 7xn)dxj1/\"'/\d$jk,
1<ji<<jr<n

Frwjy o o (@1, 2 ) TEU BRI, R IEU B AT

HATE Xwt My, i hdw, U ERE + 1-E5K

dwé Z dwjl,"wjk /\d:l?jl /\/\d:r]k

1<j1 < <jr<n
R ZAE LGB RT, - -, 2 EBOER.
3.StokesE H. RIKQER" T HIA FITE, BAGIFILH00. K
w = Z lev...yjn_1d$j1 /\"'/\d.’Ejn_l
1<j1<<gn—1<n

FEQIIT AR BB — DI (n — 1)-E, WA

/dw:/ w.
Q o0

X B OQAT LA 24 305 55 i 7 BOGTE. — M, Stokess€ B TRYN d45 43 BOb
LT HIn-4E 53 BOGTE X8 T

n=2(#MAK). /£ LIRFKM T, B1-ERw = P(x,y)dz + Q(x,y)dy, NH

/ de—i—Qdy:/ (8@_8P> dzx A dy.
Q a\odx Oy

n=3(®mHMAR). /£ LBRFMT, H2-EAXw = PdyAdz+QdzNdx+ RdzAdy,



JUES)

de/\dz+de/\dm+Rdm/\dy:/

R
++)dm/\dy/\dz.
Q

o0

n=3({fEmHHAN). £ LRFZNT, M- w = Pdz + Qdy + Rdz, MAH

B OR 0Q oP OR oP
BQPd:r—i—Qdy—i—Rdz—/Q(ay—ag)dy/\dz—&-(az—&E>dz/\d:c+(ax—8y)dx/\dy.

4By, (1) SRR ZERES (1) = u(t) + 1v(t)1E (e, b) LiESE, N
b b b
/nﬂﬂﬁé/ﬂmﬂﬁ+i/qﬁMt

b b
/ cf(t)dt:c/ f(®)dt, ceC,

/a " poyar

(2) Wy : 2 = 2(t), t € [a,))REFIH LB MLE SEEEMENK
Bf () ey bakst,

ERELMER, B,

Hi# e )
< / ors

Af(z)dzé/abf(z(t))zf(t)dt_

EAH IR

() [, f(2)dz 5B iM&RSEIERTK;

(i) [, f(2)dz =~ [, F(2)dz

()HEy =y 4+, W[ f(2)dz = [ f(z)dz+--+ [ f(2)dz
()|, F()dz| < [, 1F (=)=

iv)



5.StokessE BB HE S M PEE B, 792 — 98 — 0, W [, Pdz + Qdy = 0.
T EAARENEERES(2), W@-%@%‘;ﬁﬁ%% - %2—5 = 0. Af(z) A4,
WQ = f, P=1f, BAVERE
1 1 _ 1
/ Pd:z:+Qdy:/ (_fdm+fdy> = - fldx + idy) = - fdz=0.
o0 a0 \1 1 Joq 1

o0

AT A5 281 T T ] 78 R B

SE (7)) BRBQEC EIA R XK, BA2BOLH KL S, URQKIFR
R, f(2) U LRl B ] f ()20 LESE, AT

f(z)dz = 0.
o0

WL T f () FEU LS, Sl 1 7E E B

BB (HEY): BIQRC LA X, BA 0BG Ma s, U=ZQMFF4R
1, f(2)RU_ LA gis %, WE

/aQ f(z)dz = 0.

B, BANEM —RRRFRE L Qo —NIFHETE.

5E B (7 B 2 B AR RS - W R T L AR ) IR RAC Y AT [X 35K,
URERIKITFARI, f(2) U Lf4=2im %y, WA

f(z)dz =0.
OR

W E B R fEa € RAE, FEZE KRB IMIE, (2)E LR, &



AR ()TN E< 1M Z AP, (2) = f(a) + f'(a)(z — a)iBIL. HPL(2) =
[ ()BS85

/ P,(z)dz = 0.
OR,
X B K AL LR,

E,(2)dz| <l sup|Ey| < e,
OR, OR,
Hrp
E
€, = sup a(2) .
zER,—{a} z—a

BULE B4 52 PR RIT M KL, AT HE RIS IR AR I A6, JRAERAST
SRS, R T RRRRANAIT, BATE B KRNI B, (o) FEGA T4
A — Bl Fher — 0 (k — 00). B[, f(2)dz k2 THRFEARBA 2 M, B
FA TR LB B Lo, 8, f(2)d8 T2 — 0 (k — o).

Proof. 2475 [ — Sk (el AU bL 4, HEEE R e AT 5 P XTI _E 1 — SO S ) I, —
o &b 27 AR R FH DX 5 AR DX A AT P B A BR PR A7 A B

=a>0,

(2)dz

OR

TS PG . AT R BRI 2S5 AR, R — R

/ f(z)dz
ORM)

HRORER, EH R RO)H 2

/ f(z)dz
OR™)

RV Loa, R T —ARTPE, 1T T e € R, f(2)fE Ral) A M IR

>

A~ R

>

SR



ML Re > 0, f1ES. > 0f#13

HM0 < |z — a| < 65
|E(2)] < |z — ale.

Ble < &. f7fEv. € Nf#13 40 > v i, RV € {|z —a| < 0.}, Bl > ve, RIFALL L
T 2R, = RW),

12 «
<PPey < —e< —
6746<4”

< /8 RO

WS HE T AR S I B B 2 MR WURC F I — A O 3 T 4,
F)RU L4555 8, WA TEU LA B8P () B F (2) = f(2). FRF(2)
B f(2)FEU b 1B B .

Proof. U%ﬁ‘ﬁéiﬁ;[iﬁi%ﬁé U AT — 3% S5 1) P il 22 mT DLO%E SR04 i
B —AN L KR, B RURE U T AU % 2 308 B AR (KT A
IERUNCIRVSiii] i‘ﬂu&%m/}\%ﬁﬁ/ FUH MRD M Ak, [ 58 sz € U, E
M F(2) A f(2)dzB B 20, 2 2 1A TE RS (R B KPR ) FRSr. R
T FAR G B 5 BN, F(2) 72 RIF € LI, S5IXAE I 2 108 A2 e BUE K.
W2 30 Y B 4% Bk 2 (0 B 5 — BUR KK, AR AR e B ol = f. %
W AR Bk N G — BOZ R E NN, B AR B AT RIGE = 1f. AT
B f (2) FIEERESN, F(2)EU LR— R eaifi HF (2) = f(2). O

HEE B MAEY: BUEUR RIEE K, WAEU EAF LS (2) 1 B R B (2).



DA f (2)d2ARU 1 2 Boot i i 42 1 B 0 55 1 F (2) 48 %42 o ol U 2 22, P
Ul foq f(2)dz = 0.

— RO, BATIEROQP BA PR By, - -+, v, BOEROQ (i R AEOQII LT &
75), BEARQN\ Ul_ R R, X Te > 0, ¥y, = {z € C,d(z,7;) < €},
Qe = Q\ UL ;. Xe > 0780/, QIFEATFARIZ SIEIB K, ATTTA

/me F(2)dz = 0.

Le— 0, B|AAH
f(z)dz = lim f(z)dz =
a0 =0 Jaq,
DRI 58 1 6% o B AR IE B

R W E BAR RO UG-t 5 5 B e ] 7 i B

BBCHA FITERQN 2 BOLIEILF 00 = C — Co, HHCo, CLAPINIER S
SORLE eI B E . 4 f (2) FEQIITFARIRU b4l U b oty 57 5 30,

/ f)dz= [ f(z)da
C Co

EAN KT — T R B g (2) 1 T X A [a, ) LIS, o (v)7E[a, b)) EIE A0
FEg(a) = g(b). TESLMITEIY, XA T FRAE 1T R BLE 7 AU AR 55, TIZE 51
T, T FRAE 1S bR B 6 2 DA i 2R B o A S, R SIS, R B 4 1A it
L Co BN, R B % AUBUE B AR Co IR

ﬁquEﬁﬁﬂ:%ﬂjﬁﬁ 17> BOGIH A FC, f(2) QM IFBIRU 114

ML WaeQ, C={|z—a|=r}, XEr > 0/MEHD,(a) £ {|z —a| <
r} C Q. FIQ\ D, (a) &R0, 5 e #4 H

/Cf(z)dz = /CT f(z)dz

10



FATIT LU R — 0, {ELRL [, f(=)ds 60 B30 4 H10, 36 X0 3R 411 6 A,
B f (2)FE 8z = aBUEK) — %ﬁPﬁfﬁz&ﬁﬁ’;(j%ﬁf(z). RIEH

an

)y [ 1),
cr—a C, zZ—a
ESp]
f(z) f(z) = f(a)
CTE” Tz—ad Jr/ z—a %
AT AT
f(a) dz
S\ 4, =
szaz f(a)/crza
B /27T d(a + ret?)
 Jo—o (a+ret?) —a
2m i if 0
= S [ TR
6=0
= 2rif(a)
it
/ 1 dz < 27r sup M
zZ—a zeC\ zZ—a

PRt T2 A 20 BOG T 187 80 P i 2O B C BB T A R T 4 L A 4 R
Hf(2), arCHE B ER R, FATT T HA a5 2 5

L[ f)

27ri Cz—a

fla) =

— R, HQRA FITERA S BOGHIIL S, f(2)RU D QEfaaimg,
VAT PG AR 23 23 A

f(a)—L /(z) dz, a € Q.

2ri a0 < —a

IR AR FIO = {2 — af < r} ORI F 2510 5 F(2)7E{| —

11



al <r}bAgl

oo
z) = ch(z —a)", |z—al <r.
n=0

FHEARIE: MTPEAR > A5

1 1)
@ =5 | Fd leal <

T YRERA T SE AR AR BB R AT AR R, U f (=) ™I LA IR A BRAN

> FGIAQ); c (G —al=r
J

ORI, 2 R T L B M SR M () (AC) IR PEAL 2, BRI 24

iT¥s
1 1 1 1

G—2 (¢G—a)—(z—a) _Cj*al—ﬁ
S VIRGELE .
1 z—a\"
Cj—a,;)(Cj—a)

I ERER R BRI FR A, FATAT DAAF B f (2) 52 {|2—a| < r} BUSHIRZED 7 cn(2—
a)™. RS HIE R IR A R

Proof. BlE2WiE|z —a| <r=1¢—al,

1 1 (z—a)"
C—z_(—al—zg Z ¢—a)ntt

fE[C — af = r E 20l UL F(Q)dCRTE{|C — af = r} RIZIR 15

F(QdC <= I ACS LIS I
/|Ca|r (-2 Z </Ca|7" (S a)n-‘rl) ( "

n=0

12



DRl R BRAT 145 B 2 K T

o0
= ch(z —a)" |z—al<r
n=0

1 f(©)d¢

Cp = —— >
2mi |¢—al=r (C - a)n+1

FATTAT LU A [ F) 4715 4 2 = 200 R 5 By v AR 3 A 3 WS e 8

1 = (z—a)"
s

BRI Y kAR AT A3

k

E! = nn—1)(n—k+1)(z—a)""
(SRR o

FeLh f(OdCIEAE{|C — a| = r} EIRIRIN 13

F(Q)d¢ 2 ~ ok F(Q)d¢

k!/|(a_r (C_Z)k+1 z:: K 1 n i )(Z a) /|(a_r (C_a)n+l

= 3 nn—1)---(n—k+1)(z — a)" *2ric,.

n=~k
G35 1, o N
= Z en(z—a)”
n=0
BRI kIR
f®(2) = i nn—1)-(n—k+1)ecy(z—a)" "
n=0

HASX A FRIA I, AT 2 22 R B R BIIRT AR AR 45 f (2)fE{]2—a] <

13



R} (0 <r < R) L4540, |

f(k)(z) = E/ 7f(§)d§ |z —al <.
|z—al=r

27i (¢ — 2)kt+1’

A TBALEE — BT T A E R SRR RS AR, FORHE RIFER
4 BORI LT, f(2)5U > QLA s, WX Tk e NU {0}, z € Q

JRRE: Wa € Q, 0 <r < RHRAD/MERDR(a) C Q. FIHIFRHE DR (a) 14
20 R B k-Br R B RTPE A A 3K, AT 3

f(k)(z) = E/ 7]0(0(% |z —a| <.
I

27 —al|=r (C - Z)k+1 ’

5y, W2z, MHRTC € U\ {2 a s L Ko (Q\Tr(a))
FE o] - 7 5 o 3 T

/ f(Q)d¢ :/ f(¢)d¢
(c—aj=r (C = 2K Joq (¢ — 2)k+L"

X TFE e NU {0}, 2z € Q,

T 2mi Joq (C— )M

14



6N EARBMMARSFARXKREHZHBE S ERSRFBREGH S
AR, B BAHEV FHMGE: #a < 8, v < ¢ < d < SRILH,
Fla,y) (e, B) x (v, 0) LM B AR EH 2 SL1E (o, B) x (v,0) LiESE. #

d
F(z) = / flz,y)dy, o <z < B,
y=c
T AE F7E, 75 (o, §) L L2

dF 4 af
%(iﬂ) - L_caaj(x7y)dyv a<z< ﬁ

Proof. ?‘Q%E(Oz,ﬁ) X (v, 6) FEESE, HAZHA S IR I Fubini & BE ] %1,

[ (L Fwmm)a= [ ([

Hrha, € € (o, B). BRI EEAE A,

|
g [y

¢
v=a %(”3’ y)dz = f(&y) — f(a,y)
EJl:
3 a g . )
/w:a </u— Bi(m’y)dy> dr = /y_cf(&y)dy - /y_cf(a,y)dy,
Eﬂa

/ia (/yd_c ch(x’y)dy) dx = F(£) - /y:f(a,y)dy.

PP AR 7 B A B, IIL R T ORI 1S

4 of d
| G = e



Lecture 5: IV A S 5BHEH

LI E A AN R ()ER 2 = a € CRREZOLHFIAIE{0 < |2z —a| <
R} (R > 0) b4, WSz = aef(2)NINSLHF . sz = a0 A B
WRN T A8 T ol f(2) 3G KAT . EH I TR 2 f(2) 2R I T 3]
{0 < |z —a| < R} (R > 0) L& IR EURIT

f= Y enlz—a)
Hr
cnzL J(OdS ne€Z, r € (0,R).

27Ti K_‘l| (C a)"“’
F()TE Rz = al¥ A I R I TS 2

-1

Z en(z —a)®

n=-—oo

PRI BB 8. RS EHA T A RAET A TG IR AFZF 1 AT LUK IR
BRI =R
(1)72‘:%)5 cn =0 for n < 0. XM HRHREL

Z cn(z

n=0
TE SLHIRRBUE] |2 — a| < R} LAAREL, 245w RELf (=) . JR 2% 7
RHAIWSCEE Ry > R.
Proof. HHadarmard 2 350,

1
— = limsup |e,|/™.
e THOOPInI

thFlea[V/m < MO SR (r) = supyz, |£(2)], W FAEEr € (0, RS



A < 1ie Ro>rittFAERr € (0, R)MIL. HULFIRy > R, O

A EAF R S P f (2) 7 a3 £ O AT N A 5.

Proof. WhEAE: Fie, =0 for n < 0, W f(2) 7T LLIESRE] |2 — a| < R} EWI44lR
K, FIAFTEO < Ro < RIEMRf(2)7E{0 < |z —a| < Ro} LA F.
woatE: BT

1 f(€)d¢

n = 5% =, n€Z re(0,R),
2mi [(—al=r (C_a)n+1 ( )

C

#f(2)TE{0 < |z —a| < Ro} (0 < Ry < R) LS, MHLr — 07 fFc,, = 0 for
n < 0. O

()% ¢, =0 (n < —k)and c_j # 0 for some k > 0. X H [ 1IE 8 EEFR
R (2)TEM 52 = affIBY.

W R B 5 —FhZIE: lim, ., | f(2)] = +oo. BMER 7 —FhZIHE : lim, ., |(z —
a)k f(2)|— A PRIEEL.

Proof. WhEA: Fe, =0 (n < —k)and c_ # 0 for some k > 0, Il f(2)A] KRN

oo .
g(z) = Z Cn—k(z—a)”,

n=0

Hg(a) = c_p #0, FItAH

tim |f(2)] = tim 22

z—a z—a |z—a|k



Al
lim |( — 0)*f(2)] = lg(a)| = |e_x| > 0.

z—a

7oy PE Wlim, L, |f(2)] = +oo, WAFTEOD < Ry < RIEMR|f(2)] > 1 for 0 <

|z —a| < Rg. ¥

M4 20K #h (2)1E{0 < |z — a| < Ro}WNAH T, Az = asgh(z) M0 ZaF L, A
ﬁ o0
h(z) = dn(z—a)", 0<|z—al < Ro.

n=0
Hlim, ., |f(2)] = +ooKllim,_,, |h(2)| = 0, MM 17 1E IFE B H LML Rd, # 0
Hd,=0for 0<n <k, #f

Horf N
4(z) = dusilz — )",
n=0

H Tq(2)fE{|z — a| < Ro}. a4 Hq(a) = dr. # 0, {750 < Ry < Roff
Bq(2)1E{|z — a| < R1}EF R, WA

1 = .
Wz)—;en(z—a) , |z —a| < Ry,
ﬁ\:':'jeo 350. }}\
1 1 1 = >
f(Z) = h(Z) = (Z . a)kq(z) = (Z _ a)k Z%en(z - a)n = ;k 6n+k(2’ - a)”

J B R EIME— MR ep, = entk, MITHCc, =0 for n < —k He_p # 0. IXEK
Ez = aref(2) kB, O



(3)AFRA A: e # 0 for Fo35 50K,

AR A S 5 B %) i (Casorati-Weierstrass i #): X FAE&E0 < r < R,
{0 < |z — a] < r}EBS f(2) T KBAECH R A% 1 (CH TR T T4 A 6
BRAE A, Br) iU, 42 al ek BUE AR AT A AR (T 250 AR N T DU R BRE
(ERCIF=E/8

Proof. B REE. BIAFEREN < r < RIFF{0 < |z —a| < r}Ef(2) F
FHRIECH ARBE ), BIAFAECH RN IETITRUMERU 5IZBEAHZ. A
Re— ek, KU = {|w —b| < p} (p > 0). ¥g(z) = ﬁ, 0<|z—al <,
Hlg(2)| < %%ﬂ, Mz = aeg(z)n] £, Blitkg(2) @ X T7{0 < |z —a| <r}L
= DNAERNFR 2R Bhdg(2)Ez = afIiH KB, W4k = O,
2 = axf(z) = (z) + b AT LA A Bk > 0B, 2 = afE f(2) kM Bl . iX
Yz = a2 f(2) ARTRTT A JE.

FOE: SOEVE. BREIOLA iz = a2 f(2) BIABTAT A, B2 8 n] 55 55,
oW, A e Al ar WA BUR 7858 X f (a) 45 f (2)7E{]z — a| < R} L
A, N0 < r < RIEA|f(2)] < |f(a)] +1 for 0 < |z —a| < r, ALLE
FIHI{0 < |z —a| < rHEMSf(2) FHARELECTH AW E, FE. AR A,
Mim, . | f(2)] = 400, MTIAELED < r < RIELF|f(2)] > 1 for 0 < |z —a| < T,

WA {0 < |2 — a] < rIEMSSf(2) FIOREETECTH R RIS, T, 0
VERK A 2 = 0of f () PSR AL, W (2)7E2 = coffyi MILHUR I 2 i) IE
TR E . | wrﬁ/ﬂegzﬁ%r@z_o«mf( AL 25 5.

P11, IR BLIE 953 s N AEAS BT 1 0 B BR 0 2 T

B2, SKRAREZ-FHC_LRFTH 220 B RIS B85 Aut(C).

Picard K2 B: 44l bR AR A 5T AF /i AOAR A 25 0o &R A AT RATE 55 IR 214



W2H, 2245k
Picard /8 B AR #8108 s B0 IRGEMET 24, B2 H —AM5h.

2. WA BB URCT TS, ERUNERTE, XFU \ ELREaimiif(2),
HEFRFTA SH#GE f(2) IR AL, WIFRf(2)/2U b 1At s 44

3.OUSEAF AT M. V()0 < |2 — a] < R} EAM, f() M7 2 = al
B HUE SCN
L1
Res,—of(2) = 71 /|za|—r f(2)dz,

HA0 <r < R.IEEXF I

Z I As K]
Res,—of(2) = c_1.

AR, X T RA IS AR A A 2l e B, BREE IS AT ) B S T R A
ZANAL T R 250 B 45 s e O 3 18 — LRI AR

iz = afe f(z) I E7 5, WRes,—. f(z) = 0.
Fz = aref(z) ks, N
f(Z) = Z Cn(z - a’)na
n=—=k

ﬂ:EPc_k 7é 0. E&ﬁ



HAEA 15

1 ) dk—l A
Resz:af(z) =Cc-1 = (k — 1)' zh—r>1111 dzk—1 ((Z - (I) f(Z))

1 dk+m—1

_ \k+m +
(k—i—m—l)!zh—r:}z dzktm—1 ((z =)™ f(2)) ,m € Z".

t[%‘cjnlljﬂij‘, %m = 1, U'\URGSz:af(Z) = hmz—)q(z - Cl)f(Z), Ei&—‘%ﬁﬂﬁ, %f(z) =
£ S () () TE A = ST BIRE () 70, 6(a) = 0, ¥/(a) #0, 1

. () .. (2) (a)
Res.—q f(2) = lim (z — a)w(z) = lim @ - zf/(a)'

S

ak

.
1+

1 1 1\ -1 1
Res,—oo f(2) = o1 /{Z_R}_ f(z)dz = o1 \z\:l/Rf <Z) Z—de = —Res,—¢ [f (z

4 BBCER. BRQRC ERE R, B BOCH IR0, URQRITFA,
Bar, - ay ROFEIRRE S, f(2)RU\ {ay, -, ay} FH2ARE WA

P
f(z)dz = 27i Z Res.—q, f(2).

09 =

Proof. WHFHAMZINARD,, (a;) (j =1, ,p)fEID,, (a;) C Q. X f(2)TEQ\

U; Dy (a) £ FRTPE-E AT

/ J(z)dz =0,
a(Q\ujDTj(aj))
BRE

/{m f(z)dz = ; /|z—aj|=7-,~ f(z)dz = 27i j; Res.—q, f(2).






Lecture 6: FBEe#itHeR s

Typel: )
/ R(cos0,sind)db,
0=0

HA R(z, y) A TR H (B E R(cos 0, sin ) fERE— £160 € [0, 2n | BUEHFR).

Wz = e N

o =1 (41, wno= L (1), =
2 z 2i z iz

Lf)=R(5(z+1), % (z=1)) L, Wf(z)2 AR H. HR(cos b, sin ) 7E

z iz?

B{lz| < BN RAEARMSar, -, an, WA

27

R(cos8,sind)df = / f(z)dz = 2mi z”: Res.—q, f(2).

6=0 |z|=1

Jj=1

1, KT = [ edlo— (a€R, 0<a<1). (BE2,)

cos 0+a? 1—a?

Type2:
< P(x)
—dx,
‘A:_m (z)

HP(x), Q(z) 2 2 W3 L degQ(z) > degP(z) + 2H.Q () 7S Hl L35 % 4.

RT3 KAEFQ(x)fE L FHME fay, -, a, fE{|z| < R, Imz > 0} .
FH B 20e B,

" Plx) T P(z) 2 =27l Y es @
[ wa@et |, e )

HriCr = {Rei, 0 <0 <7}. R — o0, degQ(x) > degP(a)+2fRIE [, 5 dz —



0, M AT 45

- P(QC) = 27i Y es P(z)
[ g 2 Resemo 5y

FAblth, T BAFS RS T 211

w

B2, RT = [[Z_ ot (B 5:5F)

T=—00

Type3:

[ p%)(;(;s% [ P(gz)osci)n ~d,

HAP(x), Q(x)2& 5L 22 Wi EdegQ(x) > degP(z) + 1HQ(x)7E 54 AT
HE 43 A cos x, sin x 2 J5AE N2 5 NS A A .

TE 25~ 1 FH .24 bR 2
_ P(z)e*
&= "6
JR IR My > OFF |eX?| = e¥ < 1, 75 - F1H FH 3044 bR 25
_ P(z)e**
T0="0m

JRIEE My < O, |e™%| = e¥ < 1.

HQ(x)fE S b A BT o, f(2) = FQ RS ML B A
Wiz = mo, AT EAEIERUY M4, HIR A 0 0 R L I 42
Tk Lhao 0 45 Re > O B AL 0T Qo) B AN 28 T g (LR
f3o| < R)HSTT LLERER.

— JBE 20 A8 AL PR BT BN DU E 20 PR 25 Lo BB 3N

C_1

flz)= Jchn(z—zO)”.

zZ— 20

n=0



L Cealzo) ={20+ee?, a<fh<a+m} (e>0,aeR), N

lim f(z)dz = mic_q,
e—0 Ce.a(20)

502 iy (9 25

PRI A0 R BAE AR i (R E B, Sa e RIEHRUER.

N T AR
. P(z)e**dz
lim

R—o0 Cr Q(Z)

HrhCr = {Re'?,0<0 <7}. FATE LRFHEH A < 1, HdegQ(z) >

degP(z) + 2, WA )
) P(z)e**dz
A /CR o

#rdegQ(z) = degP(z) + 1, WIF5EH T IH )7 H AR

LGt = [ade) o L Gad) T

=0,

il

d P(z) _ P'(2)Q(z) — P()Q'(2)

dzQ(z) Q(2)?
S EHAEE L TR A R2, AIREE L.

R — o00,e =0, 5

> P(x)er P(z)e*? ) P(z)e**
/x=—oo Q) dx—27r11ma>0ResZ:a Q0 + i Z ReszzaiQ(z) .

Ima=0



HUSI R R P A5

*  P(zx)cosx , o[ 2ri o P(z)e*? -
[T =R (2 2, Resema o0y

Ima>0

iz

*  P(x)sinw , w [ 2r1 o5 P(z)e
[ e = (2 2 Resmamors

Ima>0

B3, RO = [°_ Lde(BFFT), ) = [,-

rz=—00 x2+1 r=

Typed: H 28 R EUK B 2 407 3T FE R
W = [ Fodae (BR:L2n).

=0 z2+1
@ = [Z, Frde (HR0).
B3 = fxl:O la(lgﬁ (O<a<l) (%:izsinﬂwr)'

sinz g

— 00 x

pad

=

ESVOR



Lecture 7: FEE0HHE 55 A &4 R EEE 54 g FE

LHBEEHHELTIM. KET i E

= P)
[ @
HpP(x), Q(z) 22 W= LdegQ(z) > degP(x) + 2H.Q(x)fE Skl LA %4,
PR FH B A 5 iR A B B R TE 75 A (A ARy, b, THEE

o~ L)
2 Q)
HP(x), Q(x) &2 Wi £ degQ(x) > degP(x) +2HQ(n) # 0 (Vn € Z).

L MECEM AR Ef (), KRB &z =n e Z. H—5IH
LC, TR R, O, B HI XIS KR EFBANC (n — oo), T HA

nll_)n;o . f(2)dz =0, Res,—,f(2) = o)’

H

Z (nni Z Res.—q f(2

n=-—00 a7l

Hf(z) = ggzgwco‘wrz AR f(2)2C ERAlsm %, WA NQ () MIE May, -, ap Xz =
n € Z. Cpfebh(n+35) (£1+£1) WU ET . Bn s KfifRar, - apfEC, W,
T e R e B A,

/ f(z)dz =271 Z Res,=sf(z +27TIZRGSZ a; f

S=—n



(1) B EAG

P(z) meosmz

Res:=nf(2) Res ~"Q(z) sinmz
~ lm P(z) w(z—n)cosmz
z=n Q(z) (~1)"sinm(z —n)
P
Qn)’

(2)%4)y| > =B cotmz| < My; Mz =141y, — 1 <y < 30, [cotmz| < Mo,
Neotm(z 4+ 1) = cot wz, #Wcot m2fEC, (Vn) L —3F A . K NdegQ — degP > 2,
LA

lim P(z)

wecotmzdz = 0.
n—o0o C, (Z)

(3)Hln — cofd

> P Z esem, (P rconrns).

Bl *fo:,oo ﬁﬂla (a>0).(BF%: %hm)

el T LATHEE

o0

P
> (-1 oL

n=—oo

HehP(z), Q(x) 2 2 Wialil degQ(z) > degP(x) + 2HQ(n) # 0 (Vn € Z). iX
PIEOLELf (2 ) =13 Plz ;ﬂ'CSCﬂ'Z. HE RIS

i (-1 (7:; ZReSz a]( Ez;m}smrz>

n=-—oo j=1

Hrbtay, - ar RQ(2) M H 5% .



2. WA R B RBFF. Bf(2)RC MR, W {an b i<ncoo N
W sl 20 < Jar| < Jag| < -+ HRes.—q, f(2) = b, B&A—F A #LC, fE
O AHE XA Far, -, a,, BHABKLL R, = dist(0,C,) — oo (n — o),
CoKIEL, = O(R,), Bl &= < K(AWIER), fA7E IR RIESpERTEC, £, f(2) =
o(RPHY), Bllim,, 00 L = 0. 4

1
RET

p [e%s}
F®)(0) 1 1 z 2P
_ v b, R I
F)=) e +nz::1 e ettt

v=0

Proof. [H5€ fiz # 0, Mn7 0 KEHRC, B H Sz HEF(w) = %,
Xt F(w)fEC,, b ¥ $oe 245

/ F(w)dw = 27i Z Resy=q, F'(w) + 2miRes,y—o F(w) + 2miRes,—. F'(w).
Ch

=1
HIResy—a, f(w) = b Al

b;
abtt

Resy—q, F(w) = —5———.
5 (a‘j - Z)

fE{w| < e <[|2[}A,

1 -1 1 1w w?
- _ —— ,+7+73+... ,
z

w—z z1-% z 22

Wit
— 2 "
F) = (24 5+ ) [r0 4 rows TPz 4]
i
_ CL[f®0) 1) 1 f*7P(0) 1
Reswmor() = 2 |00 T Sy e ]



XA

ResumFw) = £
Hln — ocofd
ZResw an F(w) + Resy—oF(w) + Resy—. F(w) = 0,
BIRE
F&) = SO0+ O+ S0 +Z = i)
_ ifﬁ(o)zug’;(& bn+2n L 2+1Z”)

FTRE AR T 22 = 22— a2t alt = (2 — a,) TP 2al Y +

p+1
ab™r. O

3. ESZR B LS FARRIT. T

> 1 mcothma
Z n2+a2_ a (a>0)’

n—=—oo

Y by, meothns B b (7400 B, 40 B — 1

i 1 B mcothmz
n2+22 z '
n=—o00
Mi &M%
i 1 B mwcothmiz
n? — 22 iz
n=—oo

T (eﬂ'iz + e*ﬂ'iz)
iz (eﬂiz _ e—ﬂiz)

mcotmz

)

z



o

oo

z
meot e = E —_
22 —n?’

n=—oo

7T LA 5

z
1
z
1

1 z
+ 2 _ 2
1 1
+nz<z+n+z—n>
1 1
Py (n+n)

7Z\{0}
1 1 1
mecotmz = — + E ( + )
z z—m n
neZ\{0}

=2
wTecotmz = — Zi

:1Z

oo

=1

€Z\

[FEE N

TR ARV 2 7 RTT

S i
— (logsinmz) = mcot mz,
A .
(%)= = ()
il .
[ () aemme((0-2))
AT 3

sinﬁz:C 1_5 e%,
TZ neg\[{o}( n)

HhORMGEE. B =080 =1. 1A

. Z\ =z
sinmz = mwz H 1——Jen.

n€z\ {0}
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Lecture 8: & Zetath$l

1.GammaR B L FH B IF. LCammaRH A Betaih FE L~

['(z)T(y)
Tz +y)

I(x) é/ t*te7tdt, x >0, B(z,y) =
t=0

B2 EBAR 3 R0 (s 4 1) = sD(s), MR

_Ds+1) _T(s+2) L(s +n) s> —n
P(s) = s (s+1s  (s+n—-1(+n—-2)---(s+1)s’ ”

T (s) I ER\ {0, 1, -2, }. M T >0,y >0,

Mx)'(y) = (/OO tm_le_tdt) . (/00 uy_le_“du> (u = tv)
t=0 u=0
= / toty—let(14v) (/ vy_ldv> dt (w=1t(14v))
t=0 v=0
= (/OO w“‘“‘y_le_“’dw) . (/oo Uy_ldv>
w=0 v=0 (1 + U)Zer
[ee] Uy—l
= F(ac+y)-/vzo el
NIIES]

[ee] ,Uy—l
B(x,y) = /vzo 7(1 pmrE dv,

FHv = 2144 1
Bz, y) :/ AL = )L,
A=0

Kfa, yd o, Fealit, % g + y = 10, A

Mx)Ir'l—=z)= ,0<a <1

sinmTx

52 Gamma BR B RKh7 2 8.



FA =2 -0 AAX1-N) =1 —3u dr= —4%, INIE:]

1
B(z, ) :/ AT = N A
A

LINTIE
F(2I)F(%) =2%-1r () (z + %)

PrNSEGamma B8 B INAE 2 5.
2 Gammabk HE N
I(z) = /OO t*"le~tdt, Rez >0
=0
AT BRBTRED (2 4+ 1) = 20 (2) R ZBC R Ak %, H
Res,=ol'(2) = lim 2I'(2) = li_r)% MNz+1)=T1)=1,

z—0

. o L I'z+n+1) (=1
Resz:_nF(z) - zl—l>n—1n(z T TL)F(Z) - 21—1>I£1n (Z +n — 1) . (Z + ]-)Z o n!

I 52 Gamma bR H )RR 5 5 L7 0 2 R 250 R ME— 1 7T 13 2 Gamma BR £
MR S S A

™

Pz)Ir1-z =

sinmz’

1F 5% 28 B 0 6 55 e AR R T @ i Gammabf B0 L 5 e . — ot
ﬁGammaEliﬂl%%’ﬁ*ﬂ@ﬂ‘ﬁ’ﬂﬁ?ﬁ%%ﬁgﬁiﬁﬁﬁwg BT 55 g I, 2R




JE KRBV BUREL. [H5E 2, hREE R L Rez > h > 0, I

1 1
~ = / th=1dt
h t=0

1

t=0

AT TAEO /IR B OG Th2 =20, mI = #h R IT 15

XREB(z

Hrp AR

HH

Vs
&

()

I'(z)

B

Hrhos

REIEO L [ it et o)

T'(z) h
by ) KT AR RN — OIS BT BT
I'(z—h)'(h) 1 , 1
o = i@ -G ) (A ),
HHL LB TSR BT
I'(z) _ ! z—17,—1
T(2) _/tzo[l_(l_t) Jt7dt+ A, Rez > 0.
1 1 >, N
R P S

1

1 ©<© o]
o\ _ \n+z-—1 — _
A+/t_onz_%[(1 " —(1—1) |dt A+7;)(n+1 .

e () e

FrE WAL 0 EPTAR S B EUS 2

1 c = z 2
=e“* 1 7) “n,
T'(z) ¢ 2711:[1( +n ¢

3

1

' 1
= / (1 — t)z—h—lth_ldt = E +/ [(1 _ t)Z—h—l _ 1]th_1dt.
t=0

).



4>
N
I
—
an

T (1)t
i
(Al 1
C:—logﬁ (1+1)e—i = lim (1+1+-~-+1—logN)
it n N—o0 2 N
ETRRBLE Ry, G150 (2) ML 75 AR I

oo

KR, [

n=1

M) FH S Gannma R 50 N 2 2 K% 7. 20 o 50 F) E — 17 7T 45 R Gamma R 3
A
1

r(%)r(%) =270 (2 + 5).

2B S Zetal B WA FEI. 222 Zetal BUE XN

() =Y o Res > 1.
n=1
Ty i {Re 5 2 o0 > LR =800 TR (Re s > 1) B9 2205
éﬁﬂ E% -VX-LS =0+ i7—7

1 1

es logn

1

e’ log neir logn

1

ne
1

noo

TS0, L sk,



% FRe s > 1,

0o ys—1 00
1 _

t=0 0n=1

1 o0

ts_le_tdt

MM\

nS

Il
'13
—

8),

BRE )
1 s
C(s) = @LO pa—
BATH BB R 8 LC(s) A LE 4, KBS 25 1 Re s > TANTH A2 B 4 A R 2
TE(0, 0o ) b AT A4 1] 8. 5 BB 1 O M+-o0 H R 3 Sl 3840 7 21 Ji psi, 9 1E 75 1)
GeJi e — ], SR JE IS R 4 2 Bl 400, WIXTFRe s > 1,
_ o s—1
C(s) = — ! /( w) dw.
C

2isin sw'(s) ev —1

Proof. % (—w)*~! = els=Dlos(=w)3y 5= LLEC \ [0, +o0) b K B {H 4 4l 43 52,
log(—w) =logp +i¢, ¢ € (—m, ), WH

_an)s—1 0 (s—1)(log p—im) oo (s—1)(log p+im)
[S i = [ S [ S
c ev—1 P er —1 p=0 el —1

=00

s—1) 1
_ (e(s—l)ﬂi _e—(s—l)wi) /°° el )ngdp
p=0 e —1

0 e(s—l) log p

= 2isin((s — 1)7) /p=0 ] dp
0 e(s—l)logp

= —2isin7rs/ —dp
p=0 e’ —1

= —2isinws[(s)(s).



M%AFRe s > 1A R, FATAT LA

()= — ! /C(—w)s—ldw: ir(1 — ) /C (cwy

2i sin s7[(s) ev —1 2m

TE X () FERANC LR AT TS,

3.8 8 Zeta B B M A A, TR [ SO dw BmEL T(1— o) 4

HNs = 1,2,--+- € ZT, {H(s)/E{Re s > 1} 44, IJH:C( )ME— T BE [ B A A
s =1.

1 1
— dw=1
2mi Joew —1
H
Pl—s)= ——+
—5) =
s—1

il

BA1E, sHMEEAE U ESE, s = -k 0<e< 1,

1wy tdw 1 (—w)~FLldw
2ri Jo e —1 2mi Je. ev—1
(-1
= R ‘w: _—
eb Owh+T(ew — 1)
-1
= 0 k=2m

C P k=2m -1



SEHT(L + k) = kI, TR Fm € 2+ 4

B 1 B 3 B (_1)7rLBm
K Hs = —2m (m € 2+ )RS Zetall $Ui T LT A
4.3 5 ZetalR B R E T E.
C(1—s)=2"*1"%cos %F(s)((s)

Proof. W& EC, \+oo T U, W 2l L& B(2n + V), SR E & (1 +
1)(2n + 1) AT T I 5 — A B 2 (2n + 1), B3 SCH R 585 2 +oo.
HH B € B

s—1

dw - Z |:Resw_2m7ri(_u’l)0)1 + Resw:72m7ri(w7
e” — ev —

1 (_w)s—l
27T1 C,—C ew — 1

= Z [(2m7i)* " 4+ (—2mmi)* ]

fERe s <0, M [ Cw) g — 0 (n — oo) &

ew—1

21 sin s7(s)¢(s) = 4mi - (2m)*~1¢(1 — s) sin gs, Re s <0,

Y NIOEE)

C(1— ) = 2757~ cos %Sr(s)g(s), seC.
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s_1m, S+ 1 5. 1
E X
e L r)nics)
£(s) £ (s = PGS ,
PRE T FE RN

§(1 =) =&(s).



Lecture 9: %5 ff 5 3 517 8K e 2

LigMRE. WURCTIHE, f(2) e H(U), a €U, ¥z = a2 f () k(= DI
52,

f(2) = (z = a)*y(2),
Hrtig(2) € H(U)ilLg(a) # 0. BLf (=) HIXTHL S 5%

d

alogf(z) - f(2) T Z—a * g(z)’
ﬁi%ﬁﬁaﬁ‘]’]‘@ﬁiﬁwéﬁ%, WRRE R R Lha N D 228 L, Rtk = afe Xt
BB A L RN ka.

z—

WOQRCH H R4, B4 B U R, UROMIFALR. %f(2)
H(U)HAEOQ RIS, WU b 30448 b8 0L 1) B 8505 B T 49 £ (2) E QA 1 4
EEMGIERET

1 f

ﬂzerOS(fv Q) Py —dz =

= = — dlog f.
211 Joo f 211 Jog e

HAUH, H5f(2)RU F 0T 4 R % L ZEOQ b TE S A B A, U E T 4
0 BT B AT £ (2) TEQUP 16 % 2L B0 - B B ) % T

ﬁzeros(fy Q) - ﬁpoles(f; Q) L f—dz =

= = — dl .
2mri a0 f 2ri o0 ng

77 I,
1 1 . 1
— | dlogf=— [ (dloglf|+idargf)= o~ [ dargf.
211 Joq 211 Joq 27 Jaq

DAL, AT DAAS 2 4 A i PR
AR WQRECTH A R ITE, AR 2 BOLI LS, URQK T 4R 8.



P () RU 0T 4 EL7E 09 B SR,
ﬁzeros(f7 Q) - ﬁpoles(fv Q) = %ASQ arg f

T 78 BT C o b V40 R 1) 2 1B (T B2 SR AN B (T F ) A4S

2% e B, WQRCT A RITE, BA 7 BOGEIL I, URQHK IT A6 .
i f(2) U b4 ok £ B /E0Q T8 % AR £, g(2) 2 U b 0 4l iR 5L,
TEOQ LA g < |f], W

ﬁzeros(fa Q) - ﬁpoles(f» Q) = ﬁzeros(f + g, Q) - ﬁpoles(f + g, Q)

Proof. XIFT0 <t <1, f(2) + tg(2)fEOQ L&A T KA, Hfh

1 f’+tgd
271 Joq f+tg

hzeros (f + tga Q) - ﬁpoles(f + tgv Q)7

AR —DMEH, MR Tt € [0, RIESE RS TR — M, e = 0/
WU S51EE = T HUE RS O

SH MG EHIEHRBEFELAEH. FENZHAF(2) = ag + a12 +
4 an2™ (a, € C\ {0}, n > 1,a9, -+ ,an_1 € C). W f(2) = a,2", g(2) =
ShCoaRz®. XTI KIR, 2|z = RE|f| > |g], 7EQ = {|2| < R} FAfH#E
15

fzeros (f,§2) = Hzeros(f + 9,92),

NTIES]
ﬁzeros (Fv Q) =n.

4. HurwitzE #. RQLCHHIXIK, f.(2) € HEQ)EQH A M — B0 T
EL(A4E) RS (2). A fn(2)TEQ LR B, W f(2)7EQ Lt /2 B ).



Proof. fRRAATEM NI fHar, az € UETG f(ar) = flaz) = b. FAF(2)IEHFE,
FrLAf(2) — bIEQEATE N, NI R SIGL. X EREFIEEDr > 0,6 > 0ffifF
PIN ARz — a;] < rHEQPAMZE, HE|z —aj| =7 (5 = 1,2)R

[f(z) = bl > e

HF{fn(2) EQ LW P —EUSIEN £ (2), FAAETE 7 Kn € NEREEEE |2 —a1] <
r}U{lz —as| <r} bEH
|fa(2) = f(2)| <e

BT
fa(2) =b=f(2) =b+ (fu(2) = f(2)),

BAE{]z —ajl =1} (G =1,2) L
[fn(2) = f(2)] <e<[f(z) —bl,

MR ACGE R, FAVHGE f,,(2) — 05 f(2) — 0FE{|2 — aj| <7} (j = 1,2) WA AANH
M R, RERE fo(2) — VAMADERE R, 5 [ () QR FE. O

5.7 Fi 4% B 2 BEAE B R B AT E BE. WQRECTH XK, f(2) € H(Q). 2z € Q,
D,(20) € Q (r > 0), wo = f(20), 20/ f(2) — wollInBh ZE & (n > 1). XtF 75
INEIr > 047 1Ee > OfERXERD € De(wo), f(2) — bED,(20) W B HE 5,
B De(wo) C f(Dr(20))-



Lecture 10: LB BLET

LESEWMILMER. ®U Cc CRXE, f(2) € U, 2 € U, f'(20) # 0.
By(t) (0 <t < 1) ZiLzfEH L, v(0) = 2. WI(t) = f(v(t) @ Rwo =
£ (z0) FIMGIH I 22, T(0) = wo. HIT'(t) = f(v(£))y' (£)HIT'(0) = f'(20)7'(0), XF
kA argl” (0) —argy’(0) = argf’(20) H(t) IR K. Bk, £ w = f(2)2
N, FE2o AL 56 2 K A RN ST e 7 T DR FF AN, RN f (2) FE 20 AL Y
PRAE.

EEfI(Zo) — lim f(Z):f(Zo)%n
z— 20 %0

w — Wo

f(z) = f(20)

Z— 20

= lim
Z2—20,2€E€Y

[/'(20)] = _lim

Z—+20,2E€7Y

zZ— 20

B, W w = f(2)Z T, B Bhzo TR /N = A TR Awo 49 T A D T I
=T, eI =M IE AR,

DAL X AR AR NS 3T, AT RLE 2, % f(2) € H(U), f'(2) # 0,
W f (2) & 3E T WS

2. 4= AR

(1) WU c CRXIE, f(2) € H(U), W (U)X

(2) Hw = f()fEU Lt g, HUBRG, WKz = g(w)fEG LR 440
WGWLRU . DR gt 2l U AR g A 2E B, B R LR MU

(3) EH: WU C CRIXIR, v2UW 7 BOGTE 8 i 2, A, c U,
*if(z) € H(U) B¥y—— Wi s fai 2T, Wlw = f(2)FEQ, L8, HQ., il
FRT T A B Q.

SEHAEEE S TER ST RRM 7 — PR R K/NMRE 17 B S 2 ik
W, —/NAR? = CEIR? = CHUSELLIEMUZ — MR LR 2 HACE E R R
FR/MRGE T . 3% BLORE 1R RR AT S 2R PR SR B2 (9 — B B AT 1 K T %



Proof. WT = (a 2) :R? — R? 2 —ASLERVEMUR . BT IR A RN, T
c

(r () ()=o) (20

ab+cd=0, a®> 4+ =b* + d°.

BWE

H T a, AERE, APiEHa # 0(c # 02 TEREBIN). B € RFER = Aa,
RNab + cd = 0130 = —Ac. Ha? + ? = b? + d*Fla® + 2 = N\%(c? + a?), M
MA = £1. #HN = 18],

BN = -1,

IR IR LG VMR T R 2Rk A

F3—J7 0, BRBESELR U R AN F R, T

a b
T = ,

HrhdetT = a® +b* > 0. I

—-b b
Tt — a a _ (a2 + b2)1'2.
b a -b a



HTR? F A i) 2 2 (] 14 A AR 54 2 3

Ty _  &r'ri i &
I\ TEMTTI \farremrry  Jagmm €N

KRS, PRAETTE, Tigests, TR RN, det T = a® +b? > 0IRE T
SE [

4[4 BBM A —MAE. Kz =2+ iy, w = u+iv, U C Ci&
X, Mw = f(z) € HU), f'(z) # 0FMN Tw = f(2)& LA AR E ) B
Tz, y) = (u(z,y),v(z,v)), HFF(u, v)- 220 PIERRE Edu?+do? $i [ 3 (2, y)-723
8] L, 2 (2, y)- 250 L BRXE Eda? 4+ dy? B IE BRI (2, ) 5. XA IE RO (2, y)
NILTEH T

Proof. Hiw = f(z) A2, WHERT EERE RE

ou ou
v v
Er dy b a



Hoftg = 2 p= 2 FERERN

fdu? +dv?) = f ((du av) (ZZ))
= (e a7 (Zy)
= (v dy) (@ +1)E) (Z)
= @+ (do dy) (Z)
_ (($)2+(§x)2) (d2? + dy?)

= |f(2)P(da? + dy?),

b/ (2) PRILTER 7.

H—HH, &
fH(du® + dv?) = A(z,y)(da® + dy?),

HA(z,y) > 0, HAERT HLHRE

(M au)

T = ox Jy

aw o |’

ox oy

f*(du® + dv?) = f* (du dv) du = (da: dy) T'T da
dv dy

dx
Az, y)(dz® + dy?) = (da: dy) (Az,y) L) ( )

W e

Pl

dy



(daz dy) T (Zz) = (dw dy) (A, y)12) (Zz)

HT'T = XNa,y)lo. T AT FITOR K/, XOH fARGE 1R f3det T > 0, 8 ]

[ig =l
ou Ov Ou ov

ox 9y 9y Oz

5 14RME 2 R ERKM. X
5? = {(x1,22,33) €R®, 2} + 235 + 23 =1},

N(0,0,1)2dbMk i, CRIR (21, x0)-"FIHI, 2 = 2+ iy RRCH A, fv: S2\N —
Cre BRAR 5 5 LSt

I )
:1:’: =
1—1737 4 1 —333’
I
2 2y 22 +y?—1
xr = X = T = —mm-----—
1 1+$2+y2’ 2 1+$2+y2’ 3 $2+y2+1
BT H A M RS S RN
(D) (da? + dad+ dad) = — 2 dedz,
N (1+]2[%)?

S(0,0, —1) & F K s, CRIR(z1,22)-F1H, 2/ = 2’ + iy RNCHII A, fs -
S2\ S — CREERM IR w it

/ L1 / L2

r = , Yy = )
14+ 23 14+ 23




FC T £

-2z 2y’ 1—a? -y

1+1"2+y’27x2 1+x/2+y/2’ T3 = 1+x’2+y'2.

T =

E%H%Qj‘fs Of]T]I : (%y) — (1'1,1'27.’173) = (x’7y’)y\j

/ € / Yy

T = ) = )
9:2+y2y x2+y2

B AS

9z’ 9z’ y2712 —2zy 1
21,2)2 21,2)2 —
det | 9% OV | —qet | GTR GTROT) -
oy’ oy’ —2xy z2—y? (sz + y2)2 ’

dr oy e LR e

WM fs o fr RIRERIM. T HEERE R, TATHE FE L
(z,y) = (.%‘17.7;2,,%3) = (mlv_y/)v

FC\ {0} BIC\ {0} AR E ML TS, R X7 — WA gipest. B8t &HnT
H

(z +iy)(a’ —1y') = 1.

K, AR ARFREISP\N Llz = a+iy NEAFR, hrEIS2\SLL2 = 2/ —iy'
SARR, BB 22 = DRRAIARSE. RS2V 14 ZiRE, IOVEE 8
BRI, HRER T R E TP HCs. FEhds? rdzdz FRIBREE B o [
EE.

= <1+\ B)

6.0 Rk, — D LA (L WA )T - % — 525 SN

w=T(z) 2 ——, a,b,c,d € C, ad —bc # 0.



BT R

ad — be
(cz +d)?’

dw —b

—cw + a

T'(2) = z2=T"Yw) =

AL A AT /2 52 E AL R

Wz, 29, 23, 24 € SREANE T,

Z1 — k3 R9 — Z3

A
(21722723724) - .
21— R4 22— 24

PROTRR A IR b, o

A q- 21 — 23 22— %3
(00, 29,23,24) = lim | ——: =———=|.
21700 \ 21 — 24 B9 — 24

(A RNEHZRRZ. B2, 20,23,24 € SPRANE R, w; = T(z5) =

(= 1,2,3,4), WA

azj +b azp+b

cz; +d ezt d

(azj + b)(czi + d) — (azi + b)(cz; + d)
(czj +d)(czi + d)

(ad —be)(z; — zk)

(czj +d)(cz +d)’

Wy — Wk

L NITEIES:

(’(1)1,’[1/2,11)3, w4) = (Zla 22,23, 24)'

RGBS AN I A AN RH K a, b, ¢, d, (HIZANHE A EIALE,
PRI I A Kofe LT R R AR 22 R B 28 70 SRR AL B R UL #AE 70 SR 1k
B AN E S £S? L4 E WA R E R (21, 22, 23) F (w1, wo, ws3), 77
FEME— ) 7> SEME AR Hw = T ()BT (2) = w; (5 =1,2,3), BiEERIEN

w1, — w3 W2 — W3 Z1 — k3 R9 — Z3

W] —w Wy —w 21—2 za—2




(2)S L1020 1 R

az+b

Aut(S?) = {T(z) = id a,b,e,d € C, ad — bec = 1}.

Proof. B4, T(z) = Zzzis, (a,b,c,d € C, ad — bc = 1) #&S? L1346 H [F] 44wt
.

RZ, #f(z)/2S? W40 5 [F) A B, 0 A7 7E 4 sUZ PR A8 T ff 15 g
foT € Aut(S?)ifi /£g(0) = 0, g(oo) = co. MM AT Hlg € Aut(C), #g(z)
az+b (a,b € C,a #0), Bk f ()25 NG,

(B)r A& B ELRAMBNESREESES. T HCE - KINEH
2 B[R 1 5 FE R AT

azZ+bz+b2+v=0, ,YER, beC, A=|b]*—ay>0.

# ey e AR 4
az+b
w—m, adfbc¢0,
Hic#0, N
bc—ad
e + cz+d’

B 7 LM HT LA o IR &

bc—ad

— d— = —— = w.
Frrezt cz+d cz+d v

T PR EE RIEFE BT EG AL, MATRIEBS 2 — LRFEGAA,
FEAZIWST T B2 BB 5 R AL A

y2Z+ bz +bZ+a =0,



BN E BRI 7E.

O RAELERRRELRBE K E R, WAMHRESER - HLSHE L
M HAN HIm(2q, 20, 23,24) = 0. Fzg — 20 — 2z A B H ZCH E W, N
FR{z|Im(z, 21, 22, 23) > OPNCH U; {2|Im(z, 21, 22,23) < OPACKE . WTR
— AL E, v = T(C), WTHKCH £ 1045 3 5 5 B iy % T &
MT(21) = T(22) — T(z3)) BIALLRAL.

tetn, SR REWBHRT () KD = {z||z]| > 1,|z — 1] < 2} LB KRG =
{w|0 < Rew < 1}.

(5) 5 RN A B AR FRYE. 290 RGBT LT (RU{c0}) = RU{co}, NIFF
fEa,b,c,d € R,ad—be # Off 4Tz = 2248 X FERAETz = Tz, #T(RU{o0}) =
C(A), Mw = TzHw* = TR FOMBY AN AT 1w = T-Tw*. FERXAZI
S5 THEEEUTC . B, BT QR e X

WO (A B H 28)1d Rz, 29, 23, #5(2%, 21, 22, 23) = (2,21, 22, 23), MFRz, 2* R
TOXFR. HCREL, Nz = oo, WA (2%, 21, 20,00) = (2, 21, 22,00), HE
H

2% — 29 Z— 29

21 — 22 21*2’2’

LNITIEES
z*zzz+(z1—z2)z_z2.
21 — 22
HCORAH|z — al = R, N
(2,21,22,23) = (2—a,21—a,22—a,23—a)
R? R? R?
= (2_647 ) ) )
Z1—a Z9—a zZz3—a
R2
= (7 7721_04722_0'7’23_04)
zZ—a
R2
= (z——=+a,2,2,2),
zZ—a



AR

I RGBS HAR X TR, B, VO, Oy BB L4, THR 40 A M e
FT(C1) = Cy, 2F2* % F-CLRFR, WT(2) MIT(2*) % T CoRt 5.

Proof. 5 CyBCy &SI, W B AR E XI5 4518. 3501, Cott AR S, [l 5E
Gy RGN SHAFS (Cr) = RU {00}, Wz, 2" KT CLXHR, M

Sz* = Sz,
EIRE
SoT-HTz)=SoT Tz,
NHS o T=HCo) = S(C1) = RU {oo}, AT z5T2* KT CoXFR. O

bt ko RAMEB BT (KO, = {|2] = 2SR, = (|2 + 1] = 1)3
BT(—2) =0, T(0) = i.

78 WL M. & LA PR = {Imz > 0}, BAZEED = {|2] < 1}.
()R A 7 REMHRT - H — D LT (20) =0, 20 € H.

)R AL IT - D — D LT (20) =0, 2 € D.

(3)KRFTA 4 N AT - H — H.

8. — MR 2-1 4 Al WL sT. Wt

10



FEFERRES KRR B IR, Wz =retf, w=u+iv, N

1 1 1 . 1 . 1 1
u = Re < (z+ )) = Re ( (r619—|— 6_19)) == (r—l— ) cosf,
2 z 2 r 2 T
(L INY Crn (Yoo L)Y 2L 1Y) g
U—Im<2(z+z>)—1m<2<re —I—Te >>—2<r 7ﬁ)sm&.

FATH

Hrhg € [0, 2n], RamEAEArE (r cos 0, rsin 0)TEBUw = 1 (2 + 1) FHIE.

Y > 10,
{u % (r+ %) cos 6

vz%(r—%)sin@

5 SUI Ml 4 B b KON (r+ L), B RONL (r— L) MO,
O MOAE B2 B2 I e 7 1.

My < 15,

UZ%(T*%)SiHG

{u%(r—&—i)cos&

58 SRy DUR A i KBl L (r+ L), BERCASE (r— 1) HOMIA,
0 MNOZE 21 277 I 12 A0 15 S MRS 4177 1)

Mp — TN, IR AR S A X 18] [— 1, 1) (B A K.

11



Lecture 11:1E3j%

158 X. (1)&Q C CR—ANIXIEL, (S, d)R—MNEEZE, F£ {f(2): Q— (5,d)}
R XIQ LW —ANREIR, E C QR—ATE, HXERe > 0, f£1E5(€) > 0 115
TR 21,20 € B, |21 — 20| < 6, WHEEf € FHA(f(21), f(22)) < ¢, WFEE L

(B FAERREK C QEAEFRES:, NFEQ LA HERIES.

B)VEMNTREEK c O, T8z € K, fT&f ¢ F, FEM(K) > 0ff
BIf(2)] < M(K), MFKFEQ A H—0HE 7.

(4) %5 0 T B AE R0 HTU £}, A7 16 F FU f, EQr PO BT — Boike 8131 £,
R R TR, I 1A P — B B A TE B 8K
Y R WY IR B 58 T R R T

2.Arzela-Ascoli® H (ELRHE). WO C CE X, (S,d)&—NEfE
BN, F={f(2): Q= (S,d)} £&XEHQ Ei—N L wH0R, WF=2IE%R
ERERIE

(1) FAEQ N A5 T 2L,

QIHMERE2 € Q, G, 2 {f(2), f € FMESFEA M.

Proof. B, (1) BRAEREK C MERFEK EAREEE
g1, WA fEe > 0, Mz} {20} C K, {fu} C F 8z — 2] < &,
Td(fr(2n), fu(2))) > Xt T EREL. KR SET Iz, }, {2, T 5 di
B —ANAILIWIR" € K. HFIEM, F£AE{f I FFIEK E—Sule . BUH

[ 7 S e brng. {fo, RO IR BR B f EK & —BUELEM. Bk, £k



'/f%k Z kOHﬂ‘a

A(fr(zni)s Fuic(20,) - <0 Al fni (2nk)s £(2n,)) + d(F (2, £(20,)) + d(F(20,), i (20,)

FIE.

2)8{w,} C G, MEAw,, FESf € FHEMR(fr(2),w,) < 2. HFIEHM
H, AEAE{ fo S — BUBEL, T fn, (2) P Blwy € G.. WA {wn, PISK
Flwg € G.. HILG, C S&ELE.

s, QP ICE ELS (M TR0 { G}, ISR f,.} € F, B1(2)M{ fu(C1)}
HTSHIEANRE, HAEfE 17

FG) DR, (), AEG K
H{ /Y () V& T ST 4R, 1716 751
F2(2), £2(2), - £52(2), - - TG, Gk
BABEHHE, 7246 T4
P F () G Gon L UK

B 207 5

S o (2)}, TE{G AR — AL
HERIEK C 0, p= d(K,00) > 0. £G = {z € C.d(z K) < §}, MG

MELHK Cc G. BI()F{f, HEG LT IEZA, A Ee > 0, /77Ed(e, G) > 0,
fERRMTE R 21, 20 € G, |21 — 22| < 6, SEEn, Hd(fn(21), fa(22)) < e Wy =



min{4, p}, WK C User Do (2), HK %A Em € N3 K C Ur<j<m D g (25)-
MG e Dy (z) G =1, ,m), WG € GAXRAERTK). d1{fn, ()} (G =
Lo m)IBURIEAEN > 0153k, 1 > NBFd(f,, (C5), fn, (G5)) < €(j=1,--+ ,m).
ftEz € K, fefEpfiifiz € Dy (2p), X, € Dy (2), WAz — ¢l < 6o <6, M
MXHERER, Bd(fn(2), f1(()) <€ H—HH

A(fri (2); fi(2)) < d(fri (2); Fric (6p))F (i (Cp)s Fri (o)) +A(fry (Cp)s fii (2)) < 3e.

R o HEK HF— B0, KT REYEAL, { fo, HEQHF NI —B08L. Bk
FI{ fr YT AN, FIEHRL. O

RS = R SR (2) el FAEQr A —20F 7, RS T5AR BAE.

3.Montel & H (4 4 & R). wQ C G — AN, FRQE 144l Bk,
WU 7 T R 24 HAX S FAEQ B A P — 50

Proof. W AL 7850 ¥, #R 4 Arzela-Ascolif® P R 7 iF B FAEQ b P 1] 45 2 3%
g HEREK C Q, Bp = d(K,090) > 0, Uy,ex,1<i<nDe (w;) R KK T B 5.
HIFLEUL<i<n Do (w;) B0 A, AEEM > OBIHER 2 € Do (i) £ (2)] <
M. MAEEe > 0, o = min{§, ;& }, M Tz,w € KHig|z — w| < 9§, fFEw;
Blw —w;| < £, BWRE|2 —wi| <+ 2 < 2. SMERf € F, FE{|¢ —wi| = 2} I

R PEAR 7 22 A5

F&)—Fw) = o L= e =

2 iwgm2 \ (-2 (—w 2 5 (C—2)(¢ —w)
R
— M 3p 6M 6 M
)= ) < E 2 om0 B g < 25
WO FAEK EAEFEHESE MK ARSI FAEQ b A P55 2L O



R () SaiRBURIER, 5 R B E R
(2)— ML, LA PR B0 A Montel i€ B, ELAN

F = {sin(ka)}r_y 5., v €1=(0,2m)

AERIMEREf € F, |f] < L,KHFAEL E—80F 7, HEMERRES{f.} C
F, BA WA — B9 (H R B AT 4)).

b B SR EOR I IR B S T T AR Q B R R
FC= {sinkz}r=12.,

oibz _ —ikz

Hisinkz = Se—, Mzoifi BImzo > 0, 77

letFz0] = e7Fm=0  O(k — t00), |e7 50| = MM 5 o0(k — +00)

IR B FEANIEZE 1A 5.



Lecture 12: RE M4 EH

ZEPG e, %O c CEREEXI, Q£ C 2 € Q, WATEME—FH—MNINOQF
BALFERED = {|2| < 1B AAEBGS f(2)1815 f (20) = 0H.f(20) > 0.

Proof. 8 5 W15 2 5514 B X 4= AL B 2 ME— 1. WS, gre il A 25 I AN W4
AU, W fog™! € Aut(D)H. fog™1(0) =0, (fog')'(0) >0, ATfifog™" =id,
Bif=g.

NHEEMAAENE. Al Ak

F={f(z) € HIQHI,|f(2)] < 1, f(z0) =0, f(20) > 0} .

iIE B

(1)F # &;

(2)#fEg(2) € FEiftg (20) = sup{f'(20), f € F};
(3)9(Q2) = D.

Claiml:F # @. HTQ # C, #ifffEa € CffHQ C C\ {a}, \ifiJ(z) =
z— ofEQ EARE. KOQBER, \/J(2) 0] IEQ B XA A A 26432, 5790
iﬂ?’\le(z),Gg(z) = —Gl<2’), EGl(Q) M GQ(Q) = . iaw() = GQ(Z()), HOZ T

R, Go(2) RIFWUHAIG2 (Q) R FFEE, MUFETEp > OfEFR D, (wo) C Go(£2). B

_ P
"= e W

Wih(z) € H(Q) MM H# 2 h(z)| < 1. &
hl(z):gph(z(})oh: , h2(z):e*iarghi(zo)hl(z)7

JH\IJhQ(Z) e F.
Claim2:##1Eg(2) € FMER g (20) = sup{f'(20), f € F}. Blr > 0ff13D,.(2) C



Q. MERES(2) € F, f'(20) = |f'(20)] < L. &
A\ = sup{f'(z0), f € F},

HH MontelsE ¥ 1, FRAQ L WIERE, #k 850 f, P A2 T 5 [, HEQ LA
M — Bl sk T 24 $g (2), HAf) MEQLENH—BUET ¢ (2), ATTATTF

g (z0) = nliinoo f,’wC (z0) = A >0,
Hlittg(2)AEHE. HHurwitzE B, g(2)EQ LR Hg(20) = limy,, 00 fa, (20) =
0. 81| fu ()] < 111g(2)] = iy soo | g (2)] < 1, BRAEBEKBUR AL g(2)] <
1, Hkg(2) € F.

Claim3:g(Q) = D. JRilF¥:. B¥AF1Ea € Dffiffa ¢ g(Q), FHMET(2) € FIf

87(20) > ¢'(20). %
_9(z)—a
1—ag(z)’

Mgy () C DAREAE, i r] PLE LRE 205 3 g2(2) = /91(2). 1L

91(2)

b= g2(20) = Vg1(20) = V—a,

/7\'\
_b e
T b
Mir(z) e FA )
b
(20) = g9 (o) > o o)
TIE. O

EE: (1)WQRS? LR IEE X IR, NMOQE2iFMETS?, CED. X T2 2 i
i, JATA IS A e B AR S i i A 2GR IR TS, CELD.
(i) CA BE A= 4B R IR T Dl T 47K € 1), (HZCRIE 1D, AH R [ IR B AT BA



= , 2= .
1+ |z| 1—|w]



