
hw1-solutions

Problem 1. ^8B{y²Cauchy-SchwarzØ�ª.

Problem 2. (1)y²:�3z ∈ C÷v|z − a| + |z + a| = 2|c| (a, c ∈ C)��=
�|a| ≤ |c|.
(2)eþã^�÷v, Á¦|z|��������.

Problem 3. (1)y²µ�0 < θ < π
2�§sin (2m+ 1) θ = (sin θ)

2m+1
Pm
(
cot2 θ

)
Ù

¥Pm (x) =
∑m
k=0 (−1)

k

(
2m+ 1
2k + 1

)
xm−k.

y²µdDeMoiveúª§�

cos (2m+ 1) θ + i sin (2m+ 1) θ = (cos θ + i sin θ)
2m+1

=
∑2m+1
j=0

(
2m+ 1

j

)
ij (sin θ)

j
(cos θ)

2m+1−j

�j�Ûê§=j = 2k + 1, k = 0, 1, · · · ,m�§

ki sin (2m+ 1) θ =
∑m
k=0

(
2m+ 1
2k + 1

)
i2k+1 (sin θ)

2k+1
(cos θ)

2m−2k

∴ sin (2m+ 1) θ =
∑m
k=0 (−1)

k

(
2m+ 1
2k + 1

)
(sin θ)

2k+1
(cos θ)

2m−2k

= (sin θ)
2m+1∑m

k=0 (−1)
k

(
2m+ 1
2k + 1

)(
sin2 θ

)k−m (
cos2 θ

)m−k

1



= (sin θ)
2m+1∑m

k=0 (−1)
k

(
2m+ 1
2k + 1

)(
cot2 θ

)m−k

= (sin θ)
2m+1

Pm
(
cot2 θ

)

(2)y²µsin π
n sin 2π

n · · · sin
(n−1)π

n = n
2n−1 .

J«µ�Ä�§(z + 1)
n − 1 = 0Ø�"�(n− 1) ���¦È.

y²µ�ω = cos 2π
n + i sin 2π

n ,Kω−1, ω2−1, · · · , ωn−1−1��§(z + 1)
n−

1 = 0�(n− 1)��"�§

d��½n��(ω − 1)
(
ω2 − 1

)
· · ·
(
ωn−1 − 1

)
= (−1)

n−1
n,

∴ |ω − 1|
∣∣ω2 − 1

∣∣ · · · ∣∣ωn−1 − 1
∣∣ = n

∵
∣∣ωk − 1

∣∣ = 2 sin kπ
n

∴
∏n−1
k=1 2 sin kπ

n = n

=2n−1 sin π
n sin 2π

n · · · sin
(n−1)π

n = n

∴ sin π
n sin 2π

n · · · sin
(n−1)π

n = n
2n−1

Problem 4. �½'uECþz��§az + bz̄ + c = 0, Ù¥a, b, c ∈ C.

(1)éÑù��§�k��)�^�§¿O�ù�)¶

(2)éÑù��§kÃ¡)�^�¶
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(3)éÑù��§Ã)�^�.

)µd®��
az + bz̄ + c = 0 (0.1)

b̄z + āz̄ + c̄ = 0 (0.2)

(0.1)× ā− (0.2)× b�

(|a|2 − |b|2)z + āc− bc̄ = 0 (0.3)

e|a|2 − |b|2 6= 0,Kk��)

z =
bc̄− āc
|a|2 − |b|2

;

e|a|2 − |b|2 = 0, Kāc− bc̄ = 0.
(i)�|a|2 = |b|2 = 0�, c = 0kÃ¡); c 6= 0Ã).
(ii)�|a|2 = |b|2 6= 0�, �a = reiα, b = reiβ(r > 0), c = |c|eiθ, Kāc− bc̄ = 0C¤

|c|(ei2θ − ei(α+β)) = 0.

d��§(0.1)C¤
reiαz + reiβ z̄ + |c|eiθ = 0.

ec = 0, K�§(0.1)�

reiα−β2 z + rei β−α2 z̄ = 0

L«���§, kÃ¡).
ec 6= 0, Kei2θ = ei(α+β), �§(0.1)�

reiα−θ2 z + rei β−θ2 z̄ = 0

�L«���§, kÃ¡).
nÜ��:
(1)|a|2 6= |b|2�, k��)z = bc̄−āc

|a|2−|b|2 ;

(2)|a|2 = |b|2 = 0, c = 0½ö|a|2 = |b|2 6= 0, āc− bc̄ = 0�, kÃ¡);
(3)|a|2 = |b|2 = 0, c 6= 0½ö|a|2 = |b|2 6= 0, āc− bc̄ 6= 0�, Ã).

Problem 5. �ÑE/ªe�ý�!V�Ú�Ô��§.

dz = x+ iy,�

{
x = z+z̄

2
y = z−z̄

2i
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ý�µdx2

a2 + y2

b2 = 1§� (z+z̄)2

4a2 − (z−z̄)2
4b2 = 1

½
(
b2 − a2

)
z2 +

(
b2 − a2

)
z̄2 + 2

(
b2 + a2

)
zz̄ − 4a2b2 = 0

V�µdx2

a2 −
y2

b2 = 1§� (z+z̄)2

4a2 + (z−z̄)2
4b2 = 1

½
(
b2 + a2

)
z2 +

(
b2 + a2

)
z̄2 + 2

(
b2 − a2

)
zz̄ − 4a2b2 = 0

�Ô�µdy2 = 2px§�(z − z̄)2
+4p (z + z̄) = 0½z2+z̄2−2zz̄+4pz+4pz̄ =

0

dx2 = 2py§�(z + z̄)
2 − 4pi (z − z̄) = 0½z2 + z̄2 + 2zz̄ − 4piz + 4piz̄ = 0

Problem 6. y²: 3k�E²¡CþL:a and 1
ā (a ∈ C, |a| 6= 0, 1)���ü

 �±R���.

y²:du©ª�5C�w = f(z) = a−z
1−azòü �|z| = 1N¤ü �|w| = 1,

òa, 1
ā©ON¤0,∞, �òLa, 1

ā��N¤Lw = 0���. 3w²¡¥Lw =
0����ü �|w| = 1��, d©ª�5C�z = f−1(w)���5�z²¡þ
La, 1

ā���ü �|z| = 1��.

Problem 7. y²: :z, z′ ∈ C3¥4ÝKe��´�»�ü�à:��=
�zz̄′ = −1.

y²µ�zÚz′´ uiù¥¡þ'u�»é¡�ü�:�§

kd (z, z′) =
|z−z′|√

(1+|z|2)(1+|z′|2)
= 1

⇐⇒ |z − z′|2 =
(

1 + |z|2
)(

1 + |z′|2
)

⇐⇒ |z − z′|
∣∣z̄ − z̄′∣∣ = (1 + zz̄)

(
1 + z′z̄′

)
4



⇐⇒ zz̄z′z̄′ + z′z̄ + zz̄′ + 1 = 0

⇐⇒
(
zz̄′ + 1

)
(z′z̄ + 1) = 0

⇐⇒ zz̄′ = −1

Problem 8. ¦E²¡Cþ±a��%R��»��3¥4ÝK_N�e��
���».

)µ£{�¤��O�

|z − a| = R⇔ zz̄ − āz − az̄ + |a|2 = R2,

òz = x1+ix2

1−x3
�\§��3¥4ÝK_N�e���

{
− (a+ ā)x1 + i (a− ā)x2 +

(
1 +R2 − |a|2

)
x3 = R2 − 1− |a|2

x2
1 + x2

2 +
(
x3 − 1

2

)2
=
(

1
2

)2

∴d��»�

√
1
4 −

(R2−1−|a|2)
2

(a+ā)2−(a−ā)2+(1+R2−|a|2)
2

=

√
1
4 −

(R2−1−|a|2)
2

4|a|2+(1+R2−|a|2)
2

= R√
4|a|2+(1+R2−|a|2)

2

£{�¤|^ålúª
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�ϕ : C∞ → S2´¥4ÝK_N�§Kd (ϕ (z) , ϕ (z′)) =
|z−z′|√

(|z|2+1)(|z′|2+1)

(i)ea ∈ R+,ey���»D = d (ϕ (a−R) , ϕ (a+R))

�D = sup
|z−a|=R

d (ϕ (z) , ϕ (a+R)),z = a+R (cos θ + i sin θ),θ ∈ [0, 2π]

Kd (ϕ (z) , ϕ (a+R)) = |z−(a+R)|√
(1+|z|2)(1+|a+R|2)

=
R
√

(cos θ−1)2+sin2 θ√
(1+a2+R2+2aR cos θ)(1+|a+R|2)

= R
√

2−2 cos θ√
(1+a2+R2+2aR cos θ)(1+|a+R|2)

�±w�cos θ = −1,=z = a − R�§d (ϕ (z) , ϕ (a+R))�����D =
2R√

1+|a−R|2
√

1+|a+R|2
.

(ii)ea ∈ C (a 6= 0),du¥¡ål3^=�^e�±ØC§ù´Ï�d (ϕ (λz) , ϕ (λz′)) =

d (ϕ (z) , ϕ (z′)),|λ| = 1,��òa^=��¢¶þ
(
· ā|a|
)

,l�����»�R̃ =

R√
[1+(|a|−R)2][1+(|a|+R)2]

.

Problem 9.�T (z) = az−b
b̄z+ā

´C∞þ���C�,Ù¥a, b ∈ C÷v|a|2+|b|2 = 1.

y²T�±C∞þ�¥¡ålØC.
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1. ?Øe�¼ê�E��5:
(i)f(z) = |z|; (ii)f(z) = z̄; (iii)f(z) = Rez.

2. y²: ¼êf(z) = xy
|z|23C \ 0þëY. Á�Äf´Ä�±ëYòÿ���E²

¡Cþ?

3. �u(x, y) = ex cos y, é��¼êv(x, y)¦�uÚv÷v�Ü-iù�§.

4. y²:e¼êf(z)3Cþ�X, Kf(z̄)�3Cþ�X; ��½,.

y²µ-f(z) = u(x, y) + iv(x, y),Kf(z̄) = u(x,−y)− iv(x,−y)

df(z)3Cþ�X�µu(x, y),v(x, y)3Rþ¢��§�∂u
∂x = ∂v

∂y ,∂u∂y = − ∂v
∂x .

dEÜ¼ê�5���µµu(x,−y),−v(x,−y)3Rþ¢��§

�∂u
∂x = ∂v

∂y = ∂(−v)
∂(−y) , ∂u

∂(−y) = −∂u∂y = ∂v
∂x = −∂(−v)

∂x .

∴ f(z̄)�3Cþ�X.

Ón�y§e¼êf(z̄)3Cþ�X, Kf(z)�3Cþ�X.

5.e¡ùxN�3E©Û¥åX���^.
(1) �z, w ´ü�Eê÷vz̄w 6= 1. y²∣∣∣∣ w − z1− w̄z

∣∣∣∣ < 1 if |z| < 1 and |w| < 1,

� ∣∣∣∣ w − z1− w̄z

∣∣∣∣ = 1 if |z| = 1 and |w| = 1.

y²µ�y| w−z1−w̄z | < 1,�Iy|w − z| < |1− w̄z|.

=y(w − z)(w̄ − z̄) < (1− w̄z)(1− wz̄)

1



=y|w|2 + |z|2 < 1 + |wz|2

d|z| < 1,|w| < 1��(1− |w|2)(1− |z|2) > 0,=1− |w|2− |z|2 + |w|2|z|2 > 0,

∴ |w|2 + |z|2 < 1 + |wz|2

�|z| = 1�|w| = 1�, | w−z1−w̄z | = |
w−z
z(z̄−w̄) | = 1

(2)y²:éu(½�w ∈ D = {z ∈ C, |z| < 1}, N�

F : z 7→ w − z
1− w̄z

÷ve¡�^�:
(i)F òm��N�m��, �3DþE��.
(ii)F (0) = w and F (w) = 0.
(iii)|F (z)| = 1 if |z| = 1.
(iv)F : D→ D ´��V�.

y²µ(i)d(1)�§�|z| < 1�|w| < 1�,|F (z)| < 1.

�F (z) = w−z
1−w̄z = c ∈ D,Kz = w−c

1−w̄c ∈ D

∴ F : D→ D.

∵ ω ∈ D, ∴ 1
ω̄ /∈ D.

∴ F (z) = w−z
1−w̄z = w−z

w̄( 1
w̄−z)

3Dþ??E��.

(ii)d½Âá=��F (0) = w ,F (w) = 0

(iii)�|z| = 1�,zz̄ = 1, F (z) = w−z
1−w̄z = w−z

zz̄−w̄z = w−z
z(z̄−w̄)

∴ |F (z)| = 1
|z| |

w−z
z̄−w̄ | = 1

(iv)∵ F ◦ F (z) =
w− w−z

1−w̄z

1−w̄ w−z
1−w̄z

= z,

2



∴ F : D→ D´V�.

6.�Ä4�I(r, θ) ¦�x = r cos θ �y = r sin θ, l

z = x+ iy = r(cos θ + i sin θ).

y²:34�I(r, θ)e, �Üiù�§L«Xe

∂u

∂r
=

1

r

∂v

∂θ
and

1

r

∂u

∂θ
= −∂v

∂r
.

|^ù
�§y²Xe½Â�éê¼ê

log z = log r + iθ with − π < θ < π

3«�Ω = {r > 0,−π < θ < π}þE��.

y²µdEÜ¼ê¦ �{K��µ

∂u
∂r = ∂u

∂x
∂x
∂r + ∂u

∂y
∂y
∂r = cos θ ∂u∂x + sin θ ∂u∂y .

∂u
∂θ = ∂u

∂x
∂x
∂θ + ∂u

∂y
∂y
∂θ = −r sin θ ∂u∂x + r cos θ ∂u∂y .

∂v
∂r = ∂v

∂x
∂x
∂r + ∂v

∂y
∂y
∂r = cos θ ∂v∂x + sin θ ∂v∂y .

∂v
∂θ = ∂v

∂x
∂x
∂θ + ∂v

∂y
∂y
∂θ = −r sin θ ∂v∂x + r cos θ ∂v∂y .

A^∂u
∂x = ∂v

∂y ,∂u∂y = − ∂v
∂xá=��

∂u
∂r = 1

r
∂v
∂θ , 1

r
∂u
∂θ = −∂v∂r .

e¡`²:�f(z) = u(r, θ) + iv(r, θ), z = x + iy = reiθ, eu(r, θ), v(r, θ)3
:(r, θ)��, �÷v±þ4�I��Ü-iù�§, Kf(z)3:z��. dux =
x(r, θ), y = y(r, θ)3(r, θ)äkëY�� �, �ä�'

J =
∂(x, y)

∂(r, θ)
= r > 0,

dÛ¼ê½n�, �3r = r(x, y), θ = θ(x, y)3(x, y)k��ëY �,�

∂r

∂x
= cos θ,

∂r

∂y
= sin θ,

∂θ

∂x
= − sin θ

r
,
∂θ

∂y
=

cos θ

r
,

�u, v3(x, y)���÷v

∂u

∂x
=
∂v

∂y
,
∂u

∂y
= −∂v

∂x
.
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Ïdf(z)3:z��.

�log z = u+ iv,K∂u
∂r = 1

r ,∂v∂θ = 1,∂u∂θ = 0,∂v∂r = 0.

÷v∂u
∂r = 1

r
∂v
∂θ , 1

r
∂u
∂θ = −∂v∂r �

∂u
∂r ,∂v∂θ ,∂u∂θ ,∂v∂r3«�r > 0,−π < θ < πþëY,

∴ log z3«�r > 0,−π < θ < πþ��.

7.�f = u + iv3D = {z ∈ C, |z| < 1}þE��. y²: ef÷ve¡?�^�K
3Dþð�~�.
(i)Ref3Dþð�~�;
(ii)Imf3Dþð�~�;
(iii)|f |3Dþð�~�;

y²µ�f = u+ iv,dfE����,u,v¢���÷vux = vy,uy = −vx.

(i)eu = C,Kux = uy = 0,∴ vy = ux = 0,vx = −uy = 0.

∴ u,v3DS�~ê.�f�~ê.

(ii)ev = C,Kvx = vy = 0,∴ ux = vy = 0,uy = −vx = 0.

∴ u,v3DS�~ê.�f�~ê.

(iii)e|f | = C = 0,w,kf = 0.

e|f | = C 6= 0,Kf 6= 0,∴ u2 + v2 = C2 6= 0,

©Oéx§y�©,2A^C.-R.�§,��

{
vvx + uvy = 0
−uvx + vvy = 0

d���gàg�§|XêÝ
1�ªØ�0,

�vx = vy = 0,∴ ux = vy = 0,uy = −vx = 0.
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∴ u,v3DS�~ê.�f�~ê.nþ,f�~ê.

8. (1)�Q ´õ�ªkn�ØÓ�α1, · · · , αn, �P ´Ý< n�õ�ª, y²:

P (z)

Q(z)
=

n∑
k=1

P (αk)

Q′(αk)(z − αk)
.

y²µ�

Q(z) = α

n∏
i=1

(z − αi),

K

Q′(z) = α

n∑
j=1

n∏
i6=j

(z − αi),

∴

Q′(αk) = α

n∏
i 6=k

(αk − αi).

∴

P (z)−
n∑
k=1

P (αk)

Q′(αk)(z − αk)
Q(z) =

n∑
k=1

P (αk)
∏n
i=1(z − αi)∏n

i 6=k(αk − αi)(z − αk)
=

n∑
k=1

P (αk)
∏n
i6=k(z − αi)∏n

i 6=k(αk − αi)

�z = α1, · · · , αn�,þª�u0,=α1, · · · , αn´þª�n��.

q∵ degP < n§�þª�gê< n,�kn��.

�þªð�0,=

P (z) =

n∑
k=1

P (αk)

Q′(αk)(z − αk)
Q(z),

∴
P (z)

Q(z)
=

n∑
k=1

P (αk)

Q′(αk)(z − αk)
.

(2)|^(1) ¥�úªy²: éu�½�Eêck, �3���Ý�un�õ�
ªP÷vP (αk) = ck.
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y²µd(1)�

P (z) =

n∑
k=1

ck
∏n
i 6=k(z − αi)∏n

i 6=k(αk − αi)
,

�÷vP (αk) = ck, k =, · · · , n,��35�y.

ey��5:ekR(z)÷vR(αk) = ck, k =, · · · , n,Kd(1)��

R(z) =

n∑
k=1

R(αk)Q(z)

Q′(αk)(z − αk)
=

n∑
k=1

ckQ(z)

Q′(αk)(z − αk)
=

n∑
k=1

ck
∏n
i6=k(z − αi)∏n

i 6=k(αk − αi)
= P (z)

nþ,P (z)�3���.

9.�kn¼êR(z)÷v: �|z| = 1�|R(z)| = 1,?ØR(z)�":Ú4:N�©
Ù? �ÑR(z)���/ª.

):(i)�kn¼êR(z)÷v:�|z| = 1�,|R(z)|2 = 1,Kkn¼êM(z) =

R(z)R( 1
z̄ )÷v:�|z| = 1�,M(z) = 1.

Ï��~��kn¼ê�z��k�g,�M(z) = const,=M(z) = 1.

lkR( 1
z̄ ) = 1

R(z)
.∀z ∈ C

ùL²,z´R(z)�k�":⇔ 1
z̄´R(z)�k�4:.(ez3ü ��S,K 1

z̄3
ü ��	) .

(ii)�(an)0≤n≤N´R(z)3ü ��S��É�":Ú4:,Ù��mn(e´
":,Kmn > 0,e´4:,Kmn < 0).Ø��an = 0(Ù¥m0 = 0´�U�),

K

S(z) = zm0

N∏
n=1

(
z − an
1− anz

)mn

´��kn¼ê§��R(z)k�Ó�":Ú4:,¿÷v�|z| = 1�,|S(z)| = 1.

Ïd,R(z)
S(z)´��Ã":½4:�kn¼ê§��~ê.
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∴

R(z) = λS(z) = λzm0

N∏
n=1

(
z − an
1− anz

)mn .

Ù¥λ ∈ C,|λ| = 1.

10.òkn¼êR(z) = 1
z(z+1)2(z+2)3Ðm¤Ü©©ª�Ú.
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1.?Ø�X¼ê�{fn(z) = nzn, n ≥ 1}�Âñ5���Âñ5.

2.e lim
n→∞

|an|
|an+1| = R, Áy²

∞∑
n=0

anz
n�Âñ�»�R.

3. û½�?ê
∞∑
n=1

anz
n�Âñ�», Ù¥:

(1) an = (log n)2

(2) an = n!

(3) an = n2

4n+3n

(4) an = (n!)3

(3n)!

Hint: n! ∼ cnn+ 1
2 e−n c > 0.

(5)¦e¡�AÛ?ê�Âñ�»

F (α, β, γ; z) = 1 +

∞∑
n=1

α(α+ 1) · · · (α+ n− 1)β(β + 1) · · · (β + n− 1)

n!γ(γ + 1) · · · (γ + n− 1)
zn.

Here α, β ∈ C and γ 6= 0,−1,−2, · · · .

(6)¦e¡r�Bessel function�Âñ�»:

Jr(z) =
(z
2

)r ∞∑
n=0

(−1)n

n!(n+ r)!

(z
2

)2n
,

Ù¥r ´�ê.

)µ(1)�n→∞�,k n
√
1 ≤ n

√
(logn)2 ≤ n

√
n2,

q∵ limn→∞
n
√
n2 = 1,∴ limn→∞

n
√

(logn)2 = 1.

∴

R =
1

limn→∞ sup n
√
|an|

=
1

limn→∞
n
√

(logn)2
= 1.

1



(2)∵

lim
n→∞

|an+1|
|an|

= lim
n→∞

(n+ 1)!

(n)!
= lim
n→∞

(n+ 1) = +∞

dProblem 2.��,

R = 0.

(3)∵

lim
n→∞

n

√
n2

4n + 3n
= lim
n→∞

n
√
n2

n
√
4n + 3n

=
1

4

∴

R =
1

limn→∞ sup n
√
|an|

=
1

limn→∞
n

√
n2

4n+3n

= 4.

(4)dStirlingúª��,

lim
n→∞

n

√
(n!)3

(3n)!
= lim
n→∞

n

√
(cnn+

1
2 e−n)3

c(3n)3n+
1
2 e−3n

= lim
n→∞

n

√
c2n

33n+
1
2

= lim
n→∞

n
√
c2n

n
√

33n+
1
2

=
1

27

∴

R =
1

limn→∞ sup n
√
|an|

=
1

limn→∞
n

√
(n!)3

(3n)!

= 27.

(5)∵

lim
n→∞

|an+1|
|an|

= lim
n→∞

α(α+1)···(α+n−1)(α+n)β(β+1)···(β+n−1)(β+n)
(n+1)!γ(γ+1)···(γ+n−1)(γ+n)

α(α+1)···(α+n−1)β(β+1)···(β+n−1)
n!γ(γ+1)···(γ+n−1)

= lim
n→∞

(α+ n)(β + n)

(n+ 1)(γ + n)
= 1

2



dProblem 2.��,

R = 1.

(6)

Jr(z) =
(z
2

)r ∞∑
n=0

(−1)n

n!(n+ r)!

(z
2

)2n
=

∞∑
n=0

(−1)n

n!(n+ r)!22n+r
z2n+r

∵

lim
n→∞

n

√
(−1)n

n!(n+ r)!22n+r
= 0

( �âlimn→∞
n
√
n! = +∞ )

∴

R =
1

limn→∞
n

√
(−1)n

n!(n+r)!22n+r

= +∞.

4.(½
∞∑
n=0

(
z

1+z

)n
�Âñ��.(�Y:{Rez > −1

2 }).

5.ef(z) =
∞∑
n=0

anz
n, |z| < R, ¦

∞∑
n=0

n3anz
n.

6.ef(z) =
∞∑
n=0

anz
n, an ∈ R, |z| < R, �f(−z) = f(z), y²f(z)3J¶þ�

¢�.

7. �f(z) =
∞∑
n=0

anz
n, |z| < R, y²f(z) 3Âñ���?�:?k�?êÐm.

Hint: �Äz = z0 + (z − z0),

zn = (z0 + (z − z0))n =

n∑
k=0

(
n

k

)
zk0 (z − z0)n−k,

3



Ù¥
(
n
k

)
= n!

k!(n−k)! . 5¿�?ê�ü.

y²:

{�:(5¿:¢ê�?êýéÂñ�ü½n�±í2�Eê�?ê)

�

f(z) =

+∞∑
n=0

anz
n =

+∞∑
n=0

n∑
k=0

an

(
n

k

)
zk0 (z − z0)n−k, |z| < R

e|z − z0| < R− |z0|,K|z − z0|+ |z0| < R,

+∞∑
n=0

n∑
k=0

|an
(
n

k

)
zk0 (z−z0)n−k| =

+∞∑
n=0

n∑
k=0

|an|
(
n

k

)
|z0|k|z−z0|n−k =

+∞∑
n=0

|an|(|z0|+|z−z0|)n

∵
∑+∞
n=0 anz

n3{|z| < R}SýéÂñ,�þªÂñ.

∴
+∞∑
n=0

n∑
k=0

an

(
n

k

)
zk0 (z − z0)n−k

3{|z − z0| < R− |z0|}þýéÂñ,�±ü.

lk

f(z) =

+∞∑
n=0

n∑
k=0

an

(
n

k

)
zk0 (z−z0)n−k =

+∞∑
k=0

+∞∑
n=k

an

(
n

k

)
zk0 (z−z0)n−k =

+∞∑
m=0

(

+∞∑
n=m

an

(
n

m

)
zn−m0 )(z−z0)m.

{�:|^�X¼ê�VÐm�y²L§.

4



d

f(z) =

+∞∑
n=0

anz
n, |z| < R

��f(z)3DR(0)þ�X.

�½z0 ∈ DR(0),�r < R− |z0|,KDr(z0) ⊂ DR(0).

d�ÜÈ©úª,é?¿z ∈ Dr(z0).

f(z) =
1

2πi

∫
|ξ−z0|=r

f(ξ)

ξ − z
dξ =

1

2πi

∫
|ξ−z0|=r

f(ξ)

+∞∑
n=0

(z − z0)n

(ξ − z0)n+1
dξ

=

+∞∑
n=0

(
1

2πi

∫
|ξ−z0|=r

f(ξ)

(ξ − z0)n+1
dξ)(z − z0)n.

8. (1)�z = x+ iy, y²: |y| ≤ | sin z| ≤ e|y|.

(2)¦2i, ii, (−1)2i��.

(3)��X¼êf(z)´z
1
33«�C\{z ≤ 0}S���ü��X©|,�f(i) = −i,

¦f(−i)��.

)µ(1)y²:∵ sinz = sin(x+ iy) = sinxcosiy + cosxsiniy = sinxcoshy +

icosxsinhy

∴ |sinz| =
√
sin2xcosh2y + cos2xsinh2y =

√
sin2xcosh2y + (1− sin2x)sinh2y =√

sin2x+ sinh2y

∴ |sinz| =
√
sin2x+ sinh2y ≥

√
sinh2y = |sinhy| ≥ |y|

5



∴ |sinz| =
√
sin2x+ sinh2y ≤

√
sin2x+ cos2x+ sinh2y = | e

y+e−y

2 | ≤ e|y|

nþ,|y| ≤ | sin z| ≤ e|y|.

(2)2i = eilog2 = ei(log2+i2kπ) = eilog2 · e−2kπ(k ∈ Z)

ii = eilogi = ei[(log|i|+i(π2 +2kπ)] = e−
π
2−2kπ(k ∈ Z)

(−1)2i = e2ilog(−1) = e2i[(log|−1|+i(π+2kπ)] = e−2π−4kπ(k ∈ Z)

(3)f(z) = z
1
3 = e

1
3 logz = e

1
3 [(log|z|+i(argz+2kπ)] = e

log|z|
3 ei(

argz
3 + 2kπ

3 )(k ∈ Z)

df(i) = e
log|i|

3 ei(
argi

3 + 2kπ
3 ) = ei(

π
6 + 2kπ

3 ) = −i = ei
3π
2 ��k = 2

∴ f(z) = e
log|z|

3 ei(
argz

3 + 4π
3 )

∴ f(−i) = e
log|−i|

3 ei(
arg(−i)

3 + 4π
3 ) = ei(−

π
6 + 4π

3 ) = e
7π
6 i = −

√
3
2 −

1
2i

6



������4-)))���

1. (1) O� ∫
γ

xdz,

Ù¥γ ´l0 �1 + i���ã.

(2) O� ∫
|z|=r

xdz,

Ù¥|z| = r����±(�¡�AO`²�4�þ���). (�Y:iπr2)

):(1)γ�ëê�§�:z = (1 + i)t, t ∈ [0, 1].�

∫
γ

xdz =

∫ 1

0

t(1 + i)dt =
(1 + i)t2

2

∣∣∣∣1
0

=
(1 + i)

2

2. (1) O� ∫
|z|=1

ez

z
dz.

(�Y:2πi)

(2) O� ∫
|z|=2

1

z2 + 1
dz.

(�Y: 0)

3. (1) O� ∫
|z|=1

|z − 1||dz|.

(�Y: 8)

(2) O� ∫
|z|=ρ

|dz|
|z − a|2

,

1



Ù¥|a| 6= ρ. Hint: |^zz̄ = ρ2 Ú|dz| = −iρdzz .

): (2)

∫
|z|=ρ

|dz|
|z − a|2

=

∫
|z|=ρ

−iρ
z(z − a)(z̄ − ā)

dz =

∫
|z|=ρ

−iρ
(ρ2 − āz)(z − a)

dz = −iρ
∫
|z|=ρ

1
ρ2−āz

z − a
dz

e|a| < ρ,-f(z) = 1
ρ2−āz ,d�ÜÈ©úª��

∫
|z|=ρ

|dz|
|z − a|2

= −iρ
∫
|z|=ρ

1
ρ2−āz

z − a
dz = −iρ · 2πif(a) =

2πρ

ρ2 − |a|2

∫
|z|=ρ

|dz|
|z − a|2

=

∫
|z|=ρ

−iρ
z(z − a)(z̄ − ā)

dz =

∫
|z|=ρ

−iρ
(ρ2 − āz)(z − a)

dz = −iρ
∫
|z|=ρ

1
ā(a−z)

z − ρ2

ā

dz

e|a| > ρ,k ρ2

|ā| < ρ,-f(z) = 1
ā(a−z) ,d�ÜÈ©úª��

∫
|z|=ρ

|dz|
|z − a|2

= −iρ
∫
|z|=ρ

1
ā(a−z)

z − ρ2

ā

dz = −iρ · 2πif(
ρ2

ā
) =

2πρ

|a|2 − ρ2

4.�f(z) ´�¹4�γ�«�þ��X¼ê. y²

∫
γ

f(z)f ′(z)dz

´XJê.(ùpb½f ′(z)´ëY�)

y²:�f(z) = u+ iv,K

∫
γ

f(z)f ′(z)dz +

∫
γ

f(z)f ′(z)dz =

∫
γ

f(z)d(f(z)) +

∫
γ

f(z)d(f(z))

=

∫
γ

(u− iv)d(u+ iv) +

∫
γ

(u+ iv)d(u− iv) = 2

∫
γ

udu+ 2

∫
γ

vdv = 0

�
∫
γ
f(z)f ′(z)dz�XJê.

2



5.�Ω´��«�, f(z) ∈ H(Ω) �÷v|f(z)− 1| < 1. y²

∫
γ

f ′(z)

f(z)
dz = 0

Ù¥γ´Ω¥�?�4�.(ùpb½f ′(z)´ëY�)

6. �P (z) ´��õ�ª, O�

∫
|z−a|=R

P (z)dz̄.

Answer: −2πiR2P ′(a).

):�ω = z − a,Kω̄ = z̄ − ā, dz̄ = dω̄, dz = dω.

dωω̄ = R2��ω̄ = R2

ω , dω̄ = −R
2

ω2 dω.�

∫
|z−a|=R

P (z)dz̄ =

∫
|z−a|=R

−R2P (z)

(z − a)2
dz

duP(z)3Cþ�X,�k

P ′(a) =
1

2πi

∫
|z−a|=R

P (z)

(z − a)2
dz

∴ ∫
|z−a|=R

P (z)dz̄ = −2πiR2P ′(a).

7. m8Ω ⊂ R2(�I�x, y)þ�NÚ¼êu½Â�2gëY��¼êu(x, y)�

3Ωþ÷v
∂2u

∂x2
+
∂2u

∂y2
= 0.

(1) eu ´m8Ω ⊂ Cþ�¢�NÚ¼ê, y²∂u
∂z ´Ωþ��X¼ê. Ù¥�©

3



�f ∂
∂z ½Â�

∂

∂z
=

1

2

(
∂

∂x
− i

∂

∂y

)
.

(2) �D = {|z| < 1}, u(x, y)´D þ���NÚ¼ê. y²f(z) = 2
∫
Cz

∂u
∂z dz´D

þûÐ½Â��X¼ê, �u(x, y)�f(z)�¢Ü����¢~ê. Ù¥Cz´D¥

��¹Y²ÚR��ã�õ>/´».

y²:(1)∵

∂2u

∂z∂x
+i

∂2u

∂z∂y
=

1

2
(
∂2u

∂x2
−i

∂2u

∂x∂y
) +i · 1

2
(
∂2u

∂x∂y
−i

∂2u

∂y2
) =

1

2
(
∂2u

∂x2
+
∂2u

∂y2
) = 0

� ∂2u
∂z∂x = 1

i
∂2u
∂z∂y ,

∵ u�2��ê´ëY�,

∴ ∂
∂x

(
∂u
∂z

)
, ∂
∂y

(
∂u
∂z

)
3ΩþëY,

∴ ∂u
∂z3Ωþ�X.

(2)�½,�z0 ∈ D,�Cz�lz0�z�õ>/´»,z = x+iy, z0 = x0+iy0.½

Âf(z) = 2
∫
Cz

∂u
∂z dz,K

f(z) =

∫
Cz

(
∂u

∂x
− i

∂u

∂y
)d(x+ iy) =

∫
Cz

(
∂u

∂x
dx+

∂u

∂y
dy) + i

∫
Cz

(
∂u

∂x
dy − ∂u

∂y
dx)

�

Ref(z) =

∫
Cz

(
∂u

∂x
dx+

∂u

∂y
dy) = u(x, y)− u(x0, y0) = u(x, y) + C

Ù¥C�~ê.

4



������5-)))���

1. �g(ζ)´©ã1w�γþ�ëY¼ê. éu?¿g,ên ∈ N, ½Â

Fn(z) ,
∫
γ

g(ζ)

(ζ − z)n
dζ.

y²:é?¿n ∈ N, Fn(z)3C \ γþ�X, �F ′n(z) = nFn+1(z). Hint:�½:z0 ∈

C \ γ, k`²F1(z)3:z0ëY,2`²F1(z) 3:z0E���F
′
1(z0) = F2(z0); �

�|^8Bb��ÄFn(z).

2. �f(z)´�¼ê, ÷véu,���ên9¿©��|z|k|f(z)| < |z|n. y

²:f(z)´��õ�ª.

3. �f(z)3DR(0) = {z ∈ C, |z| ≤ R}þ�X, é?¿z ∈ DR(0)k|f(z)| ≤ M ,

Ù¥M´�~ê. ¦|f (n)(z)|3Dρ(0) ⊂ DR(0)þ�þ..

4.�D = {z ∈ C, |z| ≤ 1}, f(z)3Dþ�X�÷v|f(z)| ≤ 1
1−|z| . ¦|f

(n)(0)|��

Z�O.

y²:d�ÜÈ©úªk

f (n)(0) =
n!

2πi

∫
|z|=r

f(z)

zn+1
dz

Ù¥0 < r < 1,u´|^È©Ø�ª

∣∣∣f (n)(0)
∣∣∣ ≤ n!

2π

∫
|z|=r

|f(z)|
|z|n+1

|dz| ≤ n!

2π

∫
|z|=r

|dz|
(1− |z|)|z|n+1

=
n!

(1− r)rn

�g(r) = rn(1− r),dg′(r) = rn−1 [n− (n+ 1)r] = 0��,

�r = n
n+1�,g(r)����,Ïd

∣∣∣f (n)(0)
∣∣∣ ≤ (n+ 1)!(1 +

1

n
)n (n = 1, 2, · · · )

1



5.�U´C¥�«�, f(z) ∈ U , �½:z0 ∈ U . `²f(z)3:z0��êØ�U÷

v: é?¿��ênþk|f (n)(z0)| > n!nn.

6. �f(z) ´�%ü ��D \ {0} = {z ∈ C, 0 < |z| < 1} þ��X¼ê, �

3D \ {0}þ´²��È�, =÷v

∫
D\{0}

|f(z)|2dx ∧ dy < +∞.

(1)ÏL�¤e¡nÚ(i), (ii), (iii)�[!y²: é?¿0 < r0 < 1,k
∫
|z|=r0 f(z)dz =

0.

(i)
∫
|z|=r f(z)dz �r (0 < r ≤ r0)À�Ã'.

(ii)
∫
|z|=r0 f(z)dz = 1

r2−r1

∫
r1<|z|<r2 ieiθf(reiθ)rdrdθ for 0 < r1 < r2 < r0.

(iii)|^
∫

r2
2 <|z|<r2

|f(z)|2dx ∧ dy → 0 for 0 < r2 < r0 as r2 → 0 Úe¡

�Hölder’s Ø�ª: e1 < p <∞, 1
p + 1

q = 1 �

∫
Ω

|f |pdx ∧ dy < +∞,
∫

Ω

|g|qdx ∧ dy < +∞,

K ∣∣∣∣∫
Ω

fgdx ∧ dy
∣∣∣∣ ≤ (∫

Ω

|f |pdx ∧ dy
) 1

p
(∫

Ω

|g|qdx ∧ dy
) 1

q

.

(2) �n ∈ N ∪ {0}, 3(1)¥^f(z)zn O�f(z)y²:
∫
|z|=r f(z)zndz = 0 for

0 < r < 1.

(3) b½e¡�Fp�?êÐm½n¤á: eg(θ) ´Rþ�E�ëY��¼ê,

±Ï�2π (=, g(θ + 2π) = g(θ) for θ ∈ R), K

g(θ) =

∞∑
n=−∞

cne
inθ,

2



Ù¥

cn =
1

2π

∫ 2π

θ=0

g(θ)e−inθdθ, n ∈ Z.

|^(2) y²: ef(z) ´D \ {0} þ�²��È�X¼ê, Kf(z) 3D \ {0}þ�

L«��?ê, Ïd�±�Xòÿ���D.

Hint: �½0 < r < 1 �ÄR þ±Ï�2π �E�¼êg(θ) = f(reiθ)�Fp�

?êÐm.

y²:(1)�0 < r1 < r2 ≤ r0, éf(z)3Ω = {r1 ≤ |z| ≤ r2}þ^�Ü))�

i½n� ∫
∂Ω

f(z)dz = 0

lk ∫
|z|=r2

f(z)dz +

∫
{|z|=r1}−

f(z)dz = 0.

= ∫
|z|=r2

f(z)dz =

∫
|z|=r1

f(z)dz.

�
∫
|z|=r0 f(z)dz = 0�0 < r < r0Ã'.

-z = reiθ,é0 < r1 < r2 < r0,k

∫
|z|=r0

f(z)dz =

∫ 2π

0

f(reiθ)ieiθdθ =

∫ r2

r1

1

r2 − r1
dr

∫ 2π

0

f(reiθ)ieiθdθ

=
1

r2 − r1

∫
r1<|z|<r2

ieiθf(reiθ)rdrdθ.

3



∣∣∣∣∣ 1

r2 − r1

∫
r1<|z|<r2

ieiθf(reiθ)rdrdθ

∣∣∣∣∣ =
1

r2 − r1

∣∣∣∣∣
∫
r1<|z|<r2

ieiθf(reiθ)dx ∧ dy

∣∣∣∣∣
≤ 1

r2 − r1

(∫
r1<|z|<r2

|f(reiθ)|2dx ∧ dy
) 1

2
(∫

r1<|z|<r2
|ieiθ|2dx ∧ dy

) 1
2

=

√
π(r2

2 − r2
1)

r2 − r1

(∫
r1<|z|<r2

|f(reiθ)|2dx ∧ dy
) 1

2

�r1 = r2
2 ,�

∣∣∣∣∣
∫
|z|=r0

f(z)dz

∣∣∣∣∣ ≤ √3π

(∫
r2
2 <|z|<r2

|f(reiθ)|2dx ∧ dy

) 1
2

-r2 → 0,�
∫
|z|=r0 f(z)dz = 0.

(2)df(z)�X��f(z)zn�X.q

∫
D\{0}

|f(z) · zn|2dx ∧ dy <
∫
D\{0}

|f(z)|2dx ∧ dy <∞

d(1)��
∫
|z|=r f(z)zndz = 0é0 < r < 1Ún ∈ N ∪ {0}.

(3)�0 < r < 1,-g(θ) = f(reiθ),�n ≤ −1�,

cn =
1

2π

∫ 2π

θ=0

g(θ)e−inθdθ =
1

2π

∫ 2π

θ=0

f(reiθ)e−inθdθ

=
1

2π

∫
|z|=r

f(z)rn

izn+1
dz =

rn

2πi

∫
|z|=r

f(z)

zn+1
dz = 0

∴

f(z) =

∞∑
n=0

cne
inθ =

∞∑
n=0

cn
rn
zn =

∞∑
n=0

anz
n, z ∈ D \ {0}

Ù¥an = cn
rn

= 1
2πi

∫
|z|=r

f(z)
zn+1 dz�0 < r < 1�À�Ã'.

4



-f(0) = a0,Kf(z) =
∑∞
n=0 anz

n, z ∈ D

Ïd,f(z)�òÿ�Dþ��X¼ê.

7. �η ∈ R, f ´�.«�Ω = {z = x+ iy ∈ C,−1 < y < 1, x ∈ R}þ��X¼

ê÷v

|f(z)| ≤ A(1 + |z|)η, ∀z ∈ Ω.

y²:éz��ên ≥ 0 �3An > 0 ¦�

|f (n)(x)| ≤ An(1 + |x|)η, ∀x ∈ R.

Hint: |^�ÜØ�ª.

y²:é∀x ∈ R,�C =
{
z
∣∣|z − x| = 1

2

}
,K

|f (n)(x)| ≤ n!||f ||C
( 1

2 )n
, ||f ||C = sup

z∈C
|f(z)|

qz ∈ C�,1 + |z| ≤ 1 + |x|+ |z − x| = 3
2 + |x| < 2(1 + |x|),�

|f (n)(x)| ≤ n!2n||f ||C ≤ n!2n ·A(1 + |z0|)η < n!2n ·A2η(1 + |x|)η

�An = n!2n+ηA,K|f (n)(x)| ≤ An(1 + |x|)η.

8.�Ω´Cþ�k.«�, ϕ : Ω → Ω´���X¼ê. y²: e�3:z0 ∈ Ω¦

�

ϕ(z0) = z0, ϕ
′(z0) = 1,

Kϕ ´ðÓN�.

Hint: Äk�z����/�z0 = 0��/, ,�30NCkϕ(z) = z +

anz
n+O(zn+1),�Äk�ϕ�EÜN�ϕk = ϕ◦ · · · ◦ϕ,`²ϕk(z) = z+kanz

n+

5



O(zn+1) (z → 0). ��|^�ÜØ�ª¿4k → ∞. ùpf(z) = O(g(z)) (z →

0) L«�3�~êC¦�|f(z)| ≤ C|g(z)| (z → 0).

y²:Ø��z0 = 0,ÄK-h(z) = ϕ(z + z0)− z0,

Kh(0) = ϕ(z0)− z0 = 0, h′(0) = ϕ′(z0) = 1,Kh÷v^�.

q3z = 0NC�Ð�ϕ(z) = z + a2z
2 + · · · ,

�an�1���0Xê,Kϕ(z) = z + anz
n +O(zn+1)

�ϕk = ϕ ◦ · · · ◦ϕ,Kϕ2(z) = ϕ(z+anz
n +O(zn+1)) = z+ 2anz

n +O(zn+1).

eϕk(z) = z + kanz
n +O(zn+1),

Kϕk+1(z) = ϕ(z + kanz
n +O(zn+1)) = z + (k + 1)anz

n +O(zn+1)

�ϕk(z) = z + kanz
n +O(zn+1)

�||ϕk||Ω = sup
x∈Ω
|ϕk(z)|,duΩk., ϕ : Ω→ Ω,

�∃M > 0,¦�||ϕk||Ω ≤M .

∃r > 0¦�Dr(0) ⊂ Ω.d�ÜØ�ª�,
∣∣ϕ(n)
k (0)

∣∣ ≤ n!M
rn

qϕ
(n)
k (0) = kan · n!

�kan · n! ≤ n!M
rn ,lan ≤ M

krn ,�k → +∞�,an → 0

6



lϕ(z) = z.

9. �R > 1, z0 ∈ C�|z0| = 1. �h(z)´{|z| < R}þ��X¼ê÷vh(z0) 6= 0.

�m ´����ê�

f(z) =
h(z)

(z − z0)m
.

y²: e
∑∞
n=0 anz

n L«f 3{|z| < 1}þ��?êÐm, K

lim
n→∞

an
an+1

= z0.

Hint: f(z) �L«�Xe/ª

m∑
k=1

Ak
(z − z0)k

+ g(z)

Ù¥A1, · · · , Am ∈ C, Am = h(z0) 6= 0 �g(z) =
∑∞
n=0 bnz

n Âñ�»��

�R, é?¿|z0| < r < R 9�K�ên, �3�êB ¦�|bn| ≤ B
rn . |^bn

ÚA1, · · · , AmL«an.

y²:�

f(z) =

m∑
k=1

Ak
(z − z0)k

+ g(z), g(z) =

∞∑
n=0

bnz
n

q
Ak

(z − z0)k
= (−1)kAk

∞∑
i=0

Cik+i−1

zi

zk+i
0

�

an =

m∑
k=1

(−1)kAkC
n
k+n−1

1

zk+n
0

+ bn

�

lim
n→∞

an
an+1

= lim
n→∞

∑m
k=1(−1)kAkC

n
k+n−1

1

zk+n
0

+ bn∑m
k=1(−1)kAkC

n+1
k+n

1

zk+n+1
0

+ bn+1

7



q|bn| ≤ B
rn , |z0| < r < R, |z0| = 1,�limn→∞ bn = 0,Ïd

lim
n→∞

an
an+1

= z0.

10.(1)�u(z)´«�Ωþ�NÚ¼ê, e�3:z0 ∈ Ω¦�u(z0) = sup
z∈Ω

u(z),

Ku´~�.

(2)(Hadamardn�½n)�U = {z ∈ C, 0 < r1 < |z| < r2 < +∞}, f(z)3Uþ�

X, 3UþëY, M(r) = max
|z|=r

|f(z)|. y²: lnM(r)3[r1, r2]þ´ln r�à¼ê,

=�r ∈ [r1, r2]�§Ø�ª

lnM(r) ≤ ln r2 − ln r

ln r2 − ln r1
lnM(r1) +

ln r − ln r1

ln r2 − ln r1
lnM(r2)

¤á.

8



������6-)))���

1.�D = {|z| < 1}, f(z) ´D þ��X¼ê. y²N�f��8��»

d = sup
z,w∈D

|f(z)− f(w)|

÷v

2|f ′(0)| ≤ d.

y²:-F (z) = f(z)−f(−z)
d ,

KF (z) ∈ H(D), |F (z)| ≤ 1, F (0) = 0, F ′(0) = 2f ′(0)
d .

dSchwarzÚn�,|F ′(0)| ≤ 1,=2|f ′(0)| ≤ d.

2. �f(z) ´�¼ê÷véz��:z0 ∈ C, �VÐmª

f(z) =

∞∑
n=0

cn(z − z0)n

¥��k���VXê�". y²f ´��õ�ª.

y²:(�y{)b�fØ´õ�ª,Ké∀n > 0, f (n)(z) 6≡ 0.

Ï�f´�¼ê,�é∀k > 0, f (k)(z)���¼ê,�Øð�0.

lf (k)(z)�õk�ê�":.

df�?¿��ê�":|¤�8Ü,´�ê��ê8�¿,´�ê�.

qé∀z0 ∈ C,∃n0 > 0, cn0
· n0! = f (n0)(z0) = 0,=z0�f

(n0)(z)�":,

lC�f�?¿��ê�":8,�CØ�ê,gñ!

�f�õ�ª.

3.|^�ÜØ�ª½ö����n)ûe¡¯K.

1



(1)y²: ef(z) ´�¼ê÷vé?¿R > 0, ,�k ≥ 0Ú~êA,B > 0k

sup
|z|=R

|f(z)| ≤ ARk +B,

Kf(z)´��Ý≤ k�õ�ª.

(2)�w1, · · · , wn ´E²¡ü �±þ�:. y²: �3ü �±þ���:z

¦�z �¤kwj (1 ≤ j ≤ n)ål�¦È���1; �3ü �±þ���:w ¦

�w �¤kwj (1 ≤ j ≤ n)ål�¦È�u1.

(3) y²: e�¼êf�¢Ü´k.�, Kf´~�.

y²:(1)éf(z)3z = 0?��VÐm,k

f(z) =

∞∑
n=0

f (n)(0)

n!
zn

é∀R > 0,d�ÜØ�ª�

∣∣∣f (n)(0)
∣∣∣ ≤ n!

Rn
sup
|z|=R

|f(z)|

Ïdé,
k ≥ 0Ú,
~êA,B > 0,k

∣∣f (n)(0)
∣∣

n!
≤

sup
|z|=R

|f(z)|

Rn
≤ ARk +B

Rn

�n > k�R→∞�,k
|f(n)(0)|

n! → 0.

�f(z)´��gê�u�uk�õ�ª.

(2)�Ä�X¼ê

f(z) = Πm
j=1(z − wj)

Kf(z)´���~��¼ê,÷v

|f(0)| = Πm
j=1|wj | = 1

2



éf(z)3Dþ^����n,�

|f(0)| ≤ max
|z|=1

|f(z)|

�?�Úk

|f(0)| < max
|z|=1

|f(z)|

(∵ f(z)�~�)

∴ ∃z0, |z0| = 1,¦�|f(z0)| > 1.

q∵ |f(ωj)| = 0,d|f(z)|3{|z| = 1}þëY��

∃z1, |z1| = 1,¦�|f(z1)| = 1.

(3)eRe(f) ≤M , g(z) = ef(z),Kg(z)��¼ê�|g(z)| = eRe(f) ≤ eM .

d4��½n��,g(z) ≡ C,C�~ê.

�f(z) ≡ logC,qfëY�logC�ØÓü�©|�2πi, Ïdfð�~ê.

eRe(f) ≥M1, K� g(z) = e−f(z), y²Óþ.

4.ù�¯K`²�X¼ê�þ�ÂñN���§���Âñ. �U ´C¥�mf

8. ½Â¼ê�þ��ê�

‖ f ‖L2(U)=

(∫
U

|f(z)|2dx ∧ dy
)1/2

,

þ(.�ê�

‖ f ‖L∞(U)= sup
z∈U
|f(z)|.

(1)�f �¹Dr(z0) = {|z−z0| ≤ r}���þ��X¼ê. y²é?¿0 < s < r

�3~êC > 0 (�6us Úr) ¦�

‖ f ‖L∞(Ds(z0))≤ C ‖ f ‖L2(Dr(z0)) .

3



(2) y²: e�X¼ê�{fn} ´þ��ê‖ · ‖L2(U)e��Ü�, K{fn} 3U þ

S4��Âñ�,��X¼ê.

Hint: |^�X¼ê�²þ�5�.

y²:(1)�â²þ�úª,kf2(z) = 1
2π

∫ 2π

0
f2(z + reiθ)dθ.Ïdk

∫ d

0

|f(z)|2rdr ≤ 1

2π

∫ d

0

∫ 2π

0

|f(z + reiθ)|2rdrdθ =
1

2π

∫
Dd(z)

|f(z)|2dx ∧ dy

�
d2

2
|f(z)|2 ≤ 1

2π

[
‖ f ‖L2(Dd(z))

]2
Ïd

|f(z)| ≤ 1√
πd
· ‖ f ‖L2(Dd(z))

�d = r − s,Ké∀z ∈ Ds(z0)kDd(z) ⊂ Dr(z0).�

|f(z)| ≤ 1√
π(r − s)

· ‖ f ‖L2(D(r−s)(z))≤
1√

π(r − s)
· ‖ f ‖L2(Dr(z0))

Ïd

sup
z∈Ds(z0)

|f(z)| =‖ f ‖L∞(Ds(z0))≤
1√

π(r − s)
‖ f ‖L2(Dr(z0)) .

(2)dK��,é∀ε > 0, ∃N > 0,¦��m,n ≥ N�,‖ fm − fn ‖L2(U)< ε.

éU¥?�;8V ,∀z ∈ V ,�3U¥z�m��B(z, rz),

¦�{B(z, rz)|z ∈ V }�U�mCX,

Kkk�fCX{B(zi, rzi)} , i = 1, 2, · · · ,M

d(1)�,‖ fm − fn ‖L∞(Dri
(zi))≤ C ‖ fm − fn ‖L2(U).

Ïd‖ fm − fn ‖L∞(V )≤‖ fm − fn ‖L∞(
⋃M

i=1 B(zi,rzi ))≤ C ‖ fm − fn ‖L2(U)< Cε.

�sup
z∈V
|fm − fn| < ε,

�{fn}3U�?�;8þ��Âñ�f ,q{fn}�X,�f��X¼ê.
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5.�D = {|z| < 1},f(z)3Dþ�X,�f(0) = 1. XJéz�z ∈ D, Ref(z) ≥ 0¤

á, |^SchwarzÚny²:

(1)Ø�ª
1− |z|
1 + |z|

≤ Ref(z) ≤ |f(z)| ≤ 1 + |z|
1− |z|

éz�z ∈ DÑ¤á.

(2)þãØ�ª¥�Ò3zÉu"�¤á,��=�

f(z) =
1 + eiθz

1− eiθz
, θ ∈ R.

6. �f(z)´{Imz ≥ 0}þ�k.ëY¼ê, 3{Imz > 0}þ�X. y²: ef(z)3

¢¶þ�¢�, Kf(z)�~�.

7.�f´m��DR0 = {|z| < R0} (R0 > 0)þ��X¼ê.

(1)y²: éu0 < R < R0 Ú|z| < R, k

f(z) =
1

2π

∫ 2π

ϕ=0

f(Reiϕ)Re

(
Reiϕ + z

Reiϕ − z

)
dϕ.

Hint: 5¿�XJw = R2

z̄ , K f(ζ)
ζ−w 3{|ζ| = R}þ�È©�". |^ù�5�

Ú����ÜÈ©úªy²���ð�ª.

(2) �z = reiθ, y²

Re

(
Reiϕ + z

Reiϕ − z

)
=

R2 − r2

R2 − 2Rr cos(ϕ− θ) + r2

(3)�u ´D = {|z| < 1}þ�2�ëY��¼ê÷v

∆u =
∂2u

∂x2
+
∂2u

∂y2

3Dþð�"(=�Dþ�NÚ¼ê)�ëY�D�>.. í�e¡�ÑÑÑtttÈÈÈ©©©úúú

5



ªªª

u(z) =
1

2π

∫ 2π

ϕ=0

Pr(ϕ− θ)u(eiϕ)dϕ

Ù¥z = reiθ (r < 1), Pr(β) ´ü ��þ�ÑÑÑtttØØØ, deª�Ñ

Pr(β) =
1− r2

1− 2r cosβ + r2
.

Hint: A^(1) Ú(2) �Dþ¢Ü�u��X¼ê.

(4)|^ÑtÈ©úª)e¡�Dirichlet¯K: �u0(eiϕ)´ü �±þ�ëY¼

ê, K

u(z) =
1

2π

∫ 2π

ϕ=0

Pr(ϕ− θ)u0(eiϕ)dϕ

´ü ��þDirichlet¯K ∆u = 0, z ∈ D

u |∂D= u0

�), �T)´���.

(5)|^Dirichlet¯K�)y²: «�þäkþ�5��ëY¼ê�½´NÚ¼

ê.

6



y²:(1)�w = R2

z̄ ,K
∫
|z|=R

f(ζ)
ζ−wdζ = 0. �

f(z) =
1

2πi

∫
|z|=R

f(ζ)

ζ − z
dζ

=
1

2πi

[∫
|z|=R

f(ζ)

ζ − z
dζ −

∫
|z|=R

f(ζ)

ζ − w
dζ

]

=
1

2πi

[∫ 2π

ϕ=0

f(Reiϕ)
dReiϕ

Reiϕ − z
−
∫ 2π

ϕ=0

f(Reiϕ)
dReiϕ

Reiϕ − R2

z̄

]

=
1

2π

[∫ 2π

ϕ=0

f(Reiϕ)
Reiϕdϕ

Reiϕ − z
−
∫ 2π

ϕ=0

f(Reiϕ)
z̄dϕ

z̄ −Re−iϕ

]
=

1

2π

∫ 2π

ϕ=0

f(Reiϕ)

[
Reiϕ

Reiϕ − z
− z̄

z̄ −Re−iϕ

]
dϕ

=
1

4π

∫ 2π

ϕ=0

f(Reiϕ)

[
2Reiϕ

Reiϕ − z
− 1 + 1− 2z̄

z̄ −Re−iϕ

]
dϕ

=
1

4π

∫ 2π

ϕ=0

f(Reiϕ)

[
Reiϕ + z

Reiϕ − z
+
Re−iϕ + z̄

Re−iϕ − z̄

]
dϕ

=
1

2π

∫ 2π

ϕ=0

f(Reiϕ)Re

(
Reiϕ + z

Reiϕ − z

)
dϕ.

(2)

Re

(
Reiϕ + z

Reiϕ − z

)
=

1

2

(
Reiϕ + z

Reiϕ − z
+
Re−iϕ + z̄

Re−iϕ − z̄

)
=

1

2
· (Reiϕ + z)(Re−iϕ − z̄) + (Re−iϕ + z̄)(Reiϕ − z)

(Reiϕ − z)(Re−iϕ − z̄)

=
1

2
· 2R2 − 2zz̄

R2 − z̄Reiϕ − zRe−iϕ + zz̄

=
R2 − zz̄

R2 − 2Re(z̄Reiϕ) + zz̄

=
R2 − r2

R2 − 2Re[rRei(ϕ−θ)] + r2

=
R2 − r2

R2 − 2Rr cos(ϕ− θ) + r2

(3)dhw4-P7��:∃Dþ��X¼êf(z),¦�u(z) = Ref(z).

7



�½z = reiθ, r < 1,é∀R÷vr < R < 1k

f(z) =
1

2π

∫ 2π

ϕ=0

f(Reiϕ)
R2 − r2

R2 − 2Rr cos(ϕ− θ) + r2
dϕ

�¢Ü��:

u(z) =
1

2π

∫ 2π

ϕ=0

u(Reiϕ)
(R2 − r2)

R2 − 2Rr cos(ϕ− θ) + r2
dϕ

∵ u(z)3DþëY,∴-R→ 1�

u(z) =
1

2π

∫ 2π

ϕ=0

(1− r2)u(eiϕ)

1− 2r cos(ϕ− θ) + r2
dϕ

(4)dPr(ϕ − θ) = Re
(
eiϕ+z
eiϕ−z

)
Ú∆ = 4 ∂2

∂z∂z̄�, ∆Pr(ϕ − θ) = 0,lé?

¿z ∈ D, k∆u(z) = 0.

e¡y²:é?¿ξ = eiθ0 ∈ ∂D, lim
z∈D,z→ξ

u(z) = u0(ξ). dÑtÈ©úª

� 1
2π

∫ 2π

ϕ=0
Pr(ϕ− θ)dϕ = 1.

du03ü �±þ�ëY5�, ∀ε > 0,∃π > δ > 0¦�|ϕ − θ0| < δ�,

|u0(eiϕ)− u0(eiθ0)| < ε.

éu|ϕ− θ0| ≥ δ,�|θ − θ0| < δ
2�, |ϕ− θ| ≥ |ϕ− θ0| − |θ − θ0| > δ

2 , d�k

1− 2r cos(ϕ− θ) + r2 > 2r(1− cos
δ

2
).

2d lim
r→1

1−r2
r = 0�, �3η > 0¦�|1− r| < η�,

1− r2

r
<

(1− cos δ2 )ε

M

8



ùpM = sup
ϕ∈[0,2π]

|u0(eiϕ)|.

|u(z)− u0(ξ)| = |u(reiθ)− u0(eiθ0)|

=
1

2π

∣∣∣∣∫ 2π

ϕ=0

Pr(ϕ− θ)[u0(eiϕ)− u0(eiθ0)]dϕ

∣∣∣∣
≤ 1

2π

(∫
|ϕ−θ0|<δ

+

∫
|ϕ−θ0|≥δ

)
Pr(ϕ− θ)

∣∣u0(eiϕ)− u0(eiθ0)
∣∣ dϕ

<
ε

π
.

��5: �kü�)u, v, KNÚ¼êu− v3>.þ���". dNÚ¼ê�

�(�)��n�, u− v ≡ 0, =u ≡ v.

(5)�U ⊂ C´��«�, u(z)´Uþ�ëY¢�¼ê÷v, éz�:z0 ∈ U ,

�3¿©�r0 > 0, �0 < r ≤ r0�,

u(z0) =
1

2π

∫ 2π

θ=0

u(z0 + reiθ)dθ.

�½�:z0 ∈ U ,e¡`²u(z)3z0NÚ.

�v0(eiθ) = u(z0 + r0e
iθ), KÏL)Dirichlet¯K����±v0(eiθ)�>.

��3Dr0(z0)¥NÚ�¼êv(z). 3Dr0(z0)þ�Äu − v, duu, vÑkþ�5

�, ¤±u − v�kþ�5�, lu − v3>.∂Dr0(z0)þ��������.

u−v3∂Dr0(z0)þ���",�ké?¿z ∈ Dr0(z0),u(z) = v(z). Ïdu(z)3

:z0NÚ. dz0�?¿5�, u(z)3UþNÚ.

9



������7-)))���

1. �ζ = eπi/2n (n´g,ê). (1)y²

ζ + ζ3 + ζ5 + · · ·+ ζ2n−1 =
i

sin(π/2n)
.

(2)�γ´±1, 1 + i, − 1 + i, − 1�º:�Ý/>.(���), O�e¡È©�

� ∫
γ

dz

z2n + 1
.

y²:(1) duζ = eπi/2n 6= 0�

ζ + ζ3 + ζ5 + · · ·+ ζ2n−1

=
ζ(1− ζ2n)

1− ζ2

=
1− eπi

e−πi/2n − eπi/2n

=
2

e−πi/2n − eπi/2n

=
i

eπi/2n−e−πi/2n
2i

=
i

sin(π/2n)
.

(2)f(z) = 1
z2n+134Ý/«�Skn���4:ζ, ζ

3, ζ5, · · · , ζ2n−1,Ù¥ζ =

eπi/2n.

1



en´óê,Kùn�4:þ3SÜ, d�

∫
γ

dz

z2n + 1
= 2πi

n∑
k=1

Res
z=ζ2k−1

f(z)

= 2πi

n∑
k=1

1

2n(ζ2k−1)2n−1

= 2πi

n∑
k=1

1

2n(−ζ1−2k)

= −πi

n

n∑
k=1

ζ2k−1

= −πi

n
· i

sin(π/2n)

=
π

n sin(π/2n)
.

en´Ûê,Kζ2·
n+1
2 −1 = ζn = e

π
2 i = i3Ý/>.Dþ,d�

∫
γ

dz

z2n + 1
= 2πi

n∑
k=1

Res
z=ζ2k−1

f(z)− πiRes
z=i

f(z)

=
π

n sin(π/2n)
− πiRes

z=i
f(z)

=
π

n sin(π/2n)
− πi · 1

2ni2n−1

=
π

n sin(π/2n)
− π

2n

2. O�e�È©:

(1)
∫ π

2

x=0
1

a+sin2 x
dx (a > 0); (�Y: π

2
√
a(a+1)

)

(2)
∫∞
x=−∞

1
(1+x2)n+1 dx (n´��ê); (�Y: (2n)!π

4n(n!)2 )

(3)
∫∞
x=−∞

x2−x+2
x4+10x2+9dx; (�Y: 5π12 )

(4)
∫∞
x=0

x sin x
x2+1 dx. (�Y: π2e )

3. O�e�È©:

(1)
∫∞
x=0

x1/3

1+x2 dx;

2



(2)
∫∞
x=0

log(x2+1)
x2+1 dx (J«: �Äf(z) = log(z+i)

z2+1 ).

):(1)�f(z) = z1/3

1+z2 , z = reiθ, − π
2 < θ < 3π

2 , z
1
3 = r

1
3 ei

θ
3

È©´��Ω = {z|ε < |z| < R�Imz > 0}�>.,d3ê½n�:

∫
CR

f(z)dz −
∫
Cε

f(z)dz +

∫ −ε
−R

f(z)dz +

∫ R

ε

f(z)dz = 2πiRes
z=i

f(z)

�R→∞�, ∫
CR

f(z)dz = 0

�ε→ 0�, ∫
Cε

f(z)dz = 0

∫ −ε
−R

f(z)dz =

∫ −ε
−R

(−x)
1
3 ei

π
3

1 + x2
dx = ei

π
3

∫ R

ε

x
1
3

1 + x2
dx,

∫ R

ε

f(z)dz =

∫ R

ε

x
1
3

1 + x2
dx

q

2πiRes
z=i

f(z) = 2πi lim
z→i

(z − i) · z1/3

1 + z2
= 2πi · e

iπ6

2i
= π · eiπ6

�

(ei
π
3 + 1)

∫ ∞
0

x
1
3

1 + x2
dx = 2πiRes

z=i
f(z) = π · eiπ6

Ïd ∫ ∞
0

x
1
3

1 + x2
dx =

π · eiπ6
ei
π
3 + 1

=
π

ei
π
6 + e−i

π
6

=
π

2 cos π6
=

π√
3

(2)�Äf(z) = log(z+i)
z2+1

�Ω = {z||z| < R�Imz > 0},

ÀJlog(z + i)��X©|÷varg(z + i) ∈
(
−π2 ,

3π
2

)
, d3ê½n�:

∫
CR

f(z)dz +

∫ R

x=−R
f(x)dx = 2πiRes

z=i
f(z)

3



Ù¥

2πiRes
z=i

f(z) = 2πi lim
z→i

(z − i) · log(z + i)

z2 + 1
= 2πi · log 2i

2i

= π log 2i = π log 2 + i · π
2

2

∫ 0

x=−R
f(x)dx =

∫ 0

−R

log(x+ i)

x2 + 1
dx

=

∫ 0

x=R

log(−x+ i)

x2 + 1
d(−x)

=

∫ R

x=0

log(−x+ i)

x2 + 1
dx

∫ R

x=−R

log(x+ i)

x2 + 1
dx =

∫ R

x=0

log(−x+ i) + log(x+ i)

x2 + 1
dx

=

∫ R

x=0

log | − x+ i|+ i arg(−x+ i) + log(x+ i) + i arg(x+ i)

x2 + 1
dx

=

∫ R

x=0

log(x2 + 1) + iπ

x2 + 1
dx

∣∣∣∣∫
CR

log(z + i)

z2 + 1
dz

∣∣∣∣ ≤ log(R+ 1) + π

R2 − 1
· πR→ 0 (R→∞)

��R→∞�

∫ ∞
x=0

log(x2 + 1) + iπ

x2 + 1
dx = π log 2 + i · π

2

2

�¢Ü� ∫ ∞
x=0

log(x2 + 1)

x2 + 1
dx = π log 2

4. y²: �f(z)´ü ��D = {|z| < 1}þ��X¼ê"eζ ∈ D, K

f(ζ) =
1

π

∫ ∫
|z|<1

f(z)

(1− z̄ζ)2
dx ∧ dy

4



(J«: ^4�IL«¡È�È©,Ù¥'u�Ý�½È©Ü©�±=z��È

©, l�±|^3ê½n.)

5
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1.�z0´�X¼ê��áÛ:, Kz0´f(z)���Û:��=�

lim
z→z0

(z − z0)f(z) = 0.

y²:”⇒ ”duz0´f(z)���Û:,�f(z)3z0��%��¥k., lk

lim
z→z0

(z − z0)f(z) = 0

”⇐ ” �

f(z) =

∞∑
n=−∞

cn(z − z0)n

K

(z − z0)f(z) =
∞∑

n=−∞
cn(z − z0)n+1.

d lim
z→z0

(z − z0)f(z) = 0�,z0´(z − z0)f(z)���Û:, lk∀n < −1, cn = 0

�c−1 = 0,

=é∀n < 0, cn = 0,Ïdz0´f(z)���Û:.

2. �f(z) ´�%m��

Dr(z0) \ {z0} = {0 < |z − z0| < r}

þ��X¼ê. e�3A > 0, 0 < ε < 1 Ú0 < r′ < r ¦�

|f(z)| ≤ A

|z − z0|1−ε

é?¿0 < |z − z0| < r′ ¤á, Kz0 ´f(z) ���Û:.

1



y²:d®���|(z − z0)f(z)| ≤ A|z − z0|ε,K�z → z0�,k

lim
z→z0

|(z − z0)f(z)| = 0

�

lim
z→z0

(z − z0)f(z) = 0

dProblem 1��,z0´f(z)���Û:.

3. (1)y²: ez0´f(z)��áÛ:, Kz0Ø�U´e
f(z)�4:.

(2)y²: ez0´f(z)��áÛ:�3z0�,��%��SRef(z)½Imf(z) kþ

.½e., Kz0´f(z)���Û:.

(3)y²: ez0´f(z)��áÛ:�3z0�,��%��SkRef(z) ≤ −c log |z−

z0|, Ù¥c´���~ê, Kz0´f(z)���Û:.

y²:(1) (i)ez0´f(z)���Û:,K�z → z0�,k

lim
z→z0

f(z) = a

a���k�ê,Ïd

lim
z→z0

ef(z) = ea

��k�ê,�z0´e
f(z)���Û:.

(ii)ez0´f(z)���Û:,KdCasorati-Weierstrass½n�,

∃{zn} → z0, s.t. f(zn)→ 0 ⇒ ef(zn) → 1

{z′n} → z0, s.t. f(z
′
n)→ 1 ⇒ ef(z

′
n) → e

�z0´e
f(z)���Û:.

2



(iii)ez0´f(z)�k�4:,K�3z0����Dr(z0),¦�

f(z) =
g(z)

(z − z0)k

Ù¥g(z)3Dr(z0)S�X�Ø�0,K

F (z) =
1

f(z)
=

(z − z0)k

g(z)

3Dr(z0)S�X,�F (z0) = 0.

dmN�½n�,F (Dr(z0))´m8,=∃δ > 0, s.t. Dδ(0) ⊂ F (Dr(z0)).

lkC \D 1
δ
(0) ⊂ f(Dr(z0) \ {z0}),�

∃{zn} → z0, s.t. f(zn)→ −∞ ⇒ ef(zn) → 0

{z′n} → z0, s.t. f(z
′
n)→ +∞ ⇒ ef(z

′
n) → +∞

�z0´e
f(z)���Û:.

nþ,ez0´f(z)��áÛ:,Kz0Ø�U´e
f(z)�4:.

(2) ∵
∣∣ef(z)∣∣ = eRef(z),

∣∣e−f(z)∣∣ = e−Ref(z),
∣∣e−if(z)∣∣ = eImf(z),

∣∣eif(z)∣∣ =

e−Imf(z),

∴Ref(z)½Imf(z) kþ.½e.©O¿�X
∣∣ef(z)∣∣ , ∣∣e−f(z)∣∣ , ∣∣e−if(z)∣∣ , ∣∣eif(z)∣∣k

.,

∴ z0©O�e
f(z), e−f(z), e−if(z), eif(z)���Û:,

d(1)�z0�f(z)���Û:.

(3) ∵ Ref(z) ≤ −c log |z − z0|

∴
∣∣ef(z)∣∣ = eRef(z) ≤ e−c log |z−z0| = |z − z0|−c

∴ ∃¿©�n > c,¦�

lim
z→z0

(z − z0)nef(z) = 0

∴ z0´e
f(z)���Û:½4:.

d(1)��z0Ø�U´e
f(z)�4:.

3



�z0´e
f(z)���Û:�z0´f(z)���Û:.

4.y²: *¿E²¡C∞þ�æX¼ê´kn¼ê.

y²:�f(z)�C∞þ�æX¼ê,ef(z)3C∞þkÃ¡õ�4:zj ,e:

�{zj}k.,K�3Âñf�{zjk}4��k�Eêzc,d�zcØ´�áÛ:,g

ñ.e:�{zj}Ã.,K�3f�4��Ã¡�:,d�Ã¡�:Ø´�á

Û:,gñ.Ïd,f(z)3C∞þ�kk��4:,�3Cþ�kk��4:,�

�z1, · · · , zt,�©O�m1, · · · ,mt,Kf(z)3zi�,��%���âKÐª�Ì

Ü�

Bi(z) =

−1∑
n=−mi

cn(z − zi)n

ez = ∞´f(z)�4:,Kf(z)3z = ∞NC�âKÐª�ÌÜB(z)´��õ�

ª,-g(z) = f(z)− B1(z)− · · · − Bt(z)− B(z), Kg(z)3C∞þ�X,�g(z)�~

ê,��C,Kf(z) = C +B(z) +B1(z) + · · ·+Bt(z)�kn¼ê.

5.¦*¿E²¡C∞�æXgÓ�+Aut(C∞), =C∞þ¤kæXgÓ�N��

¤�8Ü.

6.|^log(1 + z
n )�ü��X©|��VÐmy²

lim
n→∞

(1 +
z

n
)n = ez

3?�;8þ��Âñ.

y²:

log(1 + ω) =

+∞∑
j=0

(−1)j ω
j+1

j + 1
, |ω| < 1

é?�;8K ⊂ C,∃R(= maxz∈K |z|+ 1) > 0,¦�K ⊂ B(0, R).

4



�Ä¿©�n > R,∀z ∈ K, |z| ≤ R < n,k
∣∣ z
n

∣∣ ≤ R
n < 1,�

fn(z) = n log(1 +
z

n
), f(z) = z

K

fn(z) = n

+∞∑
j=0

(−1)j
(
z
n

)j+1

j + 1
= z − 1

2
· z

2

n
+

1

3
· z

3

n2
− · · ·

Ïdk

|fn(z)− f(z)| =
∣∣∣n log(1 + z

n
)− z

∣∣∣
=

∣∣∣∣z [−1

2
·
( z
n

)
+

1

3
·
( z
n

)2
− · · ·

]∣∣∣∣
≤ |z|

∞∑
k=2

1

k

∣∣∣ z
n

∣∣∣k−1
≤ |z|

∞∑
k=1

∣∣∣ z
n

∣∣∣k
= |z| ·

∣∣ z
n

∣∣
1−

∣∣ z
n

∣∣
≤ R2

n−R
→ 0 (n→∞)

��n→∞�,fn(z)3Kþ��Âñ�f(z).

|efn(z) − ef(z)| = |ef(z)||efn(z)−f(z) − 1| ≤ eR|efn(z)−f(z) − 1|

dez3z = 0�ëY5�,∀ε > 0,∃δ > 0, s.t.|ez − 1| < εé|z| < δ.

dfn(z)3Kþ��Âñ�f(z)�,∃δ > 0, s.t.|fn(z)− f(z)| < δén > N, ∀z ∈ K.

�|efn(z) − ef(z)| < εeRén > N,∀z ∈ K.

Ïd,{efn(z)}3Kþ��Âñ�ef(z),

�{(1 + z
n )
n}3Kþ��Âñ�ez.

7.

5



(1) y²(ez − 1)−1 3�:z0 = 0�âKÐmª´Xe/ª:

1

z
− 1

2
+

∞∑
k=1

(−1)k−1 Bk
(2k)!

z2k−1

ùpBk ¡�Ëã|ê.

(2) O�B1, B2, B3.

(3)|^Ëã|êL«tan z = sin z
cos z 3�:z0 = 0��VÐmªÚcot z = cos z

sin z 3

�:z0 = 0�âKÐmª.

y²:(1)du

lim
z→0

z

ez − 1
= 1

�0�(ez − 1)−1���4:,�

1

ez − 1
=

1

z
+ c0 +

+∞∑
n=1

cnz
n

K

c0 = lim
z→0

(
1

ez − 1
− 1

z

)
= −1

2

�

1

ez − 1
=

1

z
− 1

2
+

+∞∑
n=1

cnz
n

Ï�

(
1

ez − 1
− 1

z
+

1

2

)
+

(
1

e−z − 1
+

1

z
+

1

2

)
=
ez + e−z − 2

2− ez − e−z
+ 1 = 0

¤± 1
ez−1 −

1
z +

1
2´Û¼ê,Ïdc2k = 0, k ≥ 1, Pc2k−1 = (−1)k−1 Bk

(2k)! ,K

1

ez − 1
=

1

z
− 1

2
+

∞∑
k=1

(−1)k−1 Bk
(2k)!

z2k−1

6



(2)

(ez − 1) · 1

ez − 1
=

( ∞∑
k=1

zk

k!

)[
1

z
− 1

2
+

∞∑
k=1

(−1)k−1 Bk
(2k)!

z2k−1

]
= 1

d�mü>éAXê����:B1 = 1
6 , B2 = 1

30 , B3 = 1
42 .

(3)

cot z =
i(eiz + e−iz)

eiz − e−iz
= i

(
1 +

2

e2iz − 1

)
=

1

z
−
∞∑
k=1

22kBk
(2k)!

z2k−1

tan z = cot z − 2 cot 2z

=
1

z
−
∞∑
k=1

22kBk
(2k)!

z2k−1 − 1

z
+

∞∑
k=1

2 · 22kBk
(2k)!

22k−1 · z2k−1

=

∞∑
k=1

22k(22k − 1)Bk
(2k)!

z2k−1

7
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1. b�uØ´���ê, |^3ê½né

f(z) =
π cotπz

(u+ z)2

3�±|z| = N + 1
2 (N´�ê, N ≥ |u|)þÈ©, ¿�N →∞, y²

∞∑
n=−∞

1

(u+ n)2
=

π2

(sinπu)2
.

y²:�CN = {z||z| = N + 1
2},�â3ê½n,

∫
CN

f(z)dz = 2πi

n∑
j=−n

Res
z=j

f(z) + 2πi Res
z=−u

f(z)

�z = x+iy,�|y| > 1
2π�,| cotπz| ≤M1;�z =

1
2+iy, − 1

2 ≤ y ≤
1
2�,| cotπz| ≤

M2,qcotπ(z + 1) = cotπz,�cotπz3CNþ��k.,�

lim
n→∞

∫
CN

f(z)dz = 0

q

Res
z=j

π cotπz

(u+ z)2
=

1

(u+ j)2
, Res
z=−u

π cotπz

(u+ z)2
= − π2

sin2 πu

¤±�N →∞�,k

2πi ·
∞∑

n=−∞

1

(u+ n)2
− 2πi · π2

(sinπu)2
= 0.

=
∞∑

n=−∞

1

(u+ n)2
=

π2

(sinπu)2
.

1



2. �P (x), Q(x)´õ�ª÷vdegQ(x) − degP (x) ≥ 2�Q(n) 6= 0 (∀n ∈ Z), y

²
∞∑

n=−∞
(−1)nP (n)

Q(n)
= −

k∑
j=1

Resz=aj

(
P (z)

Q(z)
π cscπz

)
,

Ù¥a1, · · · , ak´Q(z)�pÉ":.

y²:�f(z) = P (z)
Q(z)

π
sinπz ,�Cn´±(n+ 1

2 ) · (±1± i)�º:���/,�â3

ê½n, ∫
Cn

f(z)dz = 2πi

n∑
j=−n

Res
z=j

f(z) + 2πi

k∑
j=1

Res
z=aj

f(z)

�z = x+ iy,�|y| ≥ 1
2π�,Ø��y ≤ − 1

2π ,K∣∣∣∣ 1

sinπz

∣∣∣∣ = ∣∣∣∣ 2i

eiπz − e−iπz

∣∣∣∣ = 2

∣∣∣∣ eiπz

e2iπz − 1

∣∣∣∣ ≤ 2eπy

e−2πy − 1
≤ 2e−

1
2

e− 1

�|y| ≤ 1
2π�,�Äz = 1

2 + iy,− 1
2 ≤ y ≤

1
2 ,K∣∣∣∣ 1

sinπz

∣∣∣∣ = 2

∣∣∣∣ eiπz

e2iπz − 1

∣∣∣∣ = 2

∣∣∣∣ e−πy

e−2πy + 1

∣∣∣∣ ≤ 2e
π
2

e−π + 1

Ïd, 1
sinπz3Cnþ��k.,�

lim
n→∞

∫
Cn

f(z)dz = 0

q

Res
z=n

f(z) = lim
z→n

P (z)

Q(z)

π(z − n)
sinπz

= (−1)nP (n)
Q(n)

,

¤±�n→∞�,k

2πi

∞∑
n=−∞

(−1)nP (n)
Q(n)

+ 2πi

k∑
j=1

Res
z=aj

(
P (z)

Q(z)

π

sinπz

)
= 0

=
∞∑

n=−∞
(−1)nP (n)

Q(n)
= −

k∑
j=1

Res
z=aj

(
P (z)

Q(z)
π cscπz

)
.

2



3. y²
1

13
− 1

33
+

1

53
− 1

73
+ · · · = π3

32
.

J«µÃ¡Ú�L«�

1

13
− 1

33
+

1

53
− 1

73
+ · · · = 1

24

∞∑
n=−∞

(−1)n

(n+ 1
2 )

3
.

y²:

1

13
− 1

33
+

1

53
− 1

73
+· · · =

∞∑
n=0

(−1)n

(2n+ 1)3
=

1

2

∞∑
n=−∞

(−1)n

(2n+ 1)3
=

1

24

∞∑
n=−∞

(−1)n

(n+ 1
2 )

3
.

�f(z) = π cscπz
(z+ 1

2 )
3 ,dProblem2�:

∞∑
n=−∞

(−1)n

(n+ 1
2 )

3
= − Res

z=− 1
2

f(z) = − lim
z→− 1

2

1

2
(π cscπz)′′ =

π3

2

¤±
1

13
− 1

33
+

1

53
− 1

73
+ · · · = π3

32
.

4. |^æX¼ê�Ü©©ªÐm½ny²

csc z =
1

z
+

∑
n∈Z\{0}

(−1)n
(

1

z − nπ
+

1

nπ

)
.

y²:�f(z) = csc z − 1
z ,4:{nπ}, (n ∈ Z \ {0})�ü4:,

�4�Cn = {z||z| = (n + 1
2 )π},KRn = dist(0, Cn) = nπ + 1

2 → ∞(n →

∞),�Cn�ÝLn = 2πRn = O(Rn),dProblem2�

|f(z)| ≤ | csc z|+
∣∣∣∣1z
∣∣∣∣ ≤ | csc z|+ 1

3



3Cnþ��k.,�f(z) = o(Rn),q

Res
z=nπ

f(z) = (−1)n

dæX¼ê�Ü©©ªÐm½n�

f(z) =
∑

n∈Z\{0}

(−1)n
(

1

z − nπ
+

1

nπ

)

=

csc z =
1

z
+

∑
n∈Z\{0}

(−1)n
(

1

z − nπ
+

1

nπ

)
.

5. |^æX¼ê�Ü©©ªÐm½ny²

1

ez − 1
=

1

z
− 1

2
+ 2z

∞∑
n=1

1

z2 + 4n2π2
.

y²:�f(z) = 1
ez−1 −

1
z ,4:{2nπi}, (n ∈ Z \ {0})�ü4:,�

f(0) = lim
z→0

f(z) = −1

2

�4�Cn = {z||z| = (2n+ 1
2 )π},

KRn = dist(0, Cn) = 2nπ + 1
2 →∞(n→∞),

�Cn�ÝLn = 2πRn = O(Rn),q

lim
n→∞

∣∣∣ 1
ez−1 −

1
z

∣∣∣
Rn

= 0

�f(z) = o(Rn),q

Res
z=2nπi

f(z) = 1

4



dæX¼ê�Ü©©ªÐm½n�

f(z) = −1

2
+

∞∑
n=1

(
1

z + 2nπi
− 1

2nπi
+

1

z − 2nπi
+

1

2nπi

)

= −1

2
+ 2z

∞∑
n=1

1

z2 + 4n2π2

=
1

ez − 1
=

1

z
− 1

2
+ 2z

∞∑
n=1

1

z2 + 4n2π2
.

6. |^sin z3z = π
2?�Ã¡¦Èúªy²e¡�Wallis’s¦Èúª

π

2
=

2 · 2
1 · 3

· 4 · 4
3 · 5

· · · 2m · 2m
(2m− 1) · (2m+ 1)

· · · .

y²:∵

sinπz = πz
∏

n∈Z\{0}

(1− z

n
)e

z
n

∴-z = 1
2 ,k

1 =
π

2

∏
n∈Z\{0}

(1− 1

2n
)e

1
2n

=
π

2

∞∏
n=1

2n− 1

2n
· 2n+ 1

2n
e

1
2n−

1
2n

=
π

2

∞∏
n=1

2n− 1

2n
· 2n+ 1

2n

∴
π

2
=

∞∏
n=1

2n

2n− 1
· 2n

2n+ 1
=

2 · 2
1 · 3

· 4 · 4
3 · 5

· · · 2m · 2m
(2m− 1) · (2m+ 1)

· · · .

7. (1)(Poisson-Jensenúª) �f(z)´4��{|z| ≤ R} (0 < R <∞)þ�Øð�

5



"�æX¼ê,3{|z| = R}þÃ":½4:, a1, · · · , apÚb1, · · · , bq©O´f(z)3

m��{|z| < R}þ�":Ú4:(þEOê). Kéum��{|z| < R}S?�

Éuai (i = 1, · · · , p) �bj (j = 1, · · · , q)�:z, k

log |f(z)| =
1

2π

∫ 2π

θ=0

log |f(Reiθ)|ReRe
iθ + z

Reiθ − z
dθ

−
p∑
i=1

log

∣∣∣∣ R2 − aiz
R(z − ai)

∣∣∣∣+ q∑
j=1

log

∣∣∣∣ R2 − bjz
R(z − bj)

∣∣∣∣ .

(2)(Jensenúª) �f(z)´4��{|z| ≤ R} (0 < R <∞)þ�Øð�"�æX¼

ê, a1, · · · , apÚb1, · · · , bq©O´f(z)3m��{|z| < R}þ�"�":Ú4:(þ

EOê). �f(z) = cfz
ord0f + · · · , ord0f ∈ Z, and cf ´Ä��"�Xê. K

log |cf | =
1

2π

∫ 2π

θ=0

log |f(Reiθ)|dθ −
p∑
i=1

log

∣∣∣∣Rai
∣∣∣∣+ q∑

j=1

log

∣∣∣∣Rbj
∣∣∣∣− (ord0f) logR.

6
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1. (1)¦�§

z8 − 4z5 + z2 − 1 = 0

3ü ��{|z| < 1}S����ê(Oê).

(2)^Ë��ny², �α, β´�¢ê, �Ä�§

z2n + α2z2n−1 + β2 = 0.

en´Ûê, KT�§kn − 1��(Oê)äk�¢Ü; en´óê, KT�§

kn��(Oê)äk�¢Ü.

y²: (1).�f(z) = −4z5,g(z) = z8 + z2 − 1,K3ü �±þ,|g(z)| < |f(z)|,

dV�½n�]zeros(f + g,Ω) = ]zeros(f,Ω) = 5,

=�§z8 − 4z5 + z2 − 1 = 03ü ��{|z| < 1}Sk5��(Oê) .

(2).�f(z) = z2n + α2z2n−1 + β2,Ω = {z||z| < R,Rez > 0}

�z = iy�,f(iy) = (−1)ny2n + (−1)n−1α2y2n−1i + β2

�CR = {z||z| = R,Rez > 0}�,

∆CRargf = ∆CRarg

[
z2n(1 +

α2

z
+

β2

z2n
)

]
= ∆CRarg(z2n) + ∆CRarg

(
1 +

α2

z
+

β2

z2n

)
= 2nπ + ∆CRarg

(
1 +

α2

z
+

β2

z2n

)

��R→∞�,∆CRargf = 2nπ.

�n�óê�,f(iy) = y2n + β2 − α2y2n−1i,

� 1
2π∆∂Ωargf = 1

2π (2nπ − 0) = n = ]zeros(f,Ω).

�n�Ûê�,f(iy) = −y2n + β2 + α2y2n−1i,

� 1
2π∆∂Ωargf = 1

2π (2nπ − 2π) = n− 1 = ]zeros(f,Ω).

=n�óê�,�§kn��(Oê)äk�¢Ü; n�Ûê�,�§kn− 1��(O

1



ê)äk�¢Ü.

2. (1)^Ë��ny², og�§

z4 + z3 + 4z2 + 2z + 3 = 0

3m�1���Ω = {Rez > 0, Imz > 0}Svk�.

(2)|^õ�ªz4 + z3 + 4z2 + 2z + 3�XêÑ´¢ê�¯¢, y²�§

z4 + z3 + 4z2 + 2z + 3 = 0

3m�1o��Svk�, 3m�1�,n��S�kü��.

y²:(1).�f(z) = z4 + z3 + 4z2 + 2z + 3, ΩR = {z||z| < R,Rez > 0, Imz > 0}

Ly = {z = iy, y > 0}, Lx = {z = x > 0}.

�z = iy�,f(iy) = y4 − y3i − 4y2 + 2yi + 3 = (y4 − 4y2 + 3) + (2y − y3)i

argf(iy) = arctan y(2−y2)
(y2−1)(y2−3) . �±w�, �y →∞�,∆Ly−argf = −2π.

�z = x�,f(x) = x4+x3+4x2+2x+3 > 0,�±w�,�x→∞�,∆Lxargf =

0.

�CR = {z||z| = R,Rez > 0, Imz > 0}�,

∆CRargf = ∆CRarg(z4) + ∆CRarg

(
1 +

1

z
+

4

z2
+

2

z3
+

3

z4

)
= 2π + ∆CRarg

(
1 +

1

z
+

4

z2
+

2

z3
+

3

z4

)

��R→∞�,∆CRargf = 2π.

Ïd 1
2π∆∂ΩRargf = 1

2π (2π − 2π + 0) = 0 = ]zeros(f,ΩR).

2



=f(z)3m�1���Svk�.

(2).duf(z)�XêÑ´¢ê,�f(z)�":´�ÝÑy�.

d(1)�f(z)3m�1o��Svk�.

duf(z)3m�1�,n��S�":´¤éÑy�,��I`²f(z)3K¢¶þ

Ã":=�.

�z = −x, (x > 0),Kf(z) = x4−x3 + 4x2− 2x+ 3 = x2(x2−x+ 4) + (−2x+ 3)

�0 < x < 1�,ü�þ��,�f(z) > 0.

qf(z) = x3(x− 1) + [2x(2x− 1) + 3]

�x > 1�,ü�þ��,�f(z) > 0.

qf(1) = 5 > 0,Ïdf(z)3K¢¶þ����,Ã":.

3. (1)y²�§z4 − 6z + 3 = 03{|z| < 1}Sk���, 3{1 < |z| < 2}Skn

��(Oê).

(2)¦�§z4 − 8z + 10 = 03{|z| < 1}S9{1 < |z| < 3}S���ê(Oê).

y²:(1).�f(z) = z4 − 6z + 3, g(z) = −6z,

3{|z| = 1}þ,k|f − g| = |z4 + 3| ≤ 4 < 6 = |g|

dV�½n��]zeros(f, {|z| < 1}) = ]zeros(g, {|z| < 1}) = 1

=f(z)3{|z| < 1}Sk���.

�h(z) = z4,

3{|z| = 2}þ,k|f − h| = | − 6z + 3| ≤ 15 < 16 = |h|

dV�½n��]zeros(f, {|z| < 2}) = ]zeros(h, {|z| < 2}) = 4

�f(z)3{|z| < 2}Sko��(Oê).

qf(z)3{|z| = 1}þÃ�,

Ïdf(z)3{1 < |z| < 2}Skn��(Oê).

(2).�f(z) = z4 − 8z + 10, g(z) = 10,

3{|z| = 1}þ,k|f − g| = |z4 − 8z| ≤ 9 < 10 = |g|

dV�½n��]zeros(f, {|z| < 1}) = ]zeros(g, {|z| < 1}) = 0

=f(z)3{|z| < 1}Svk�.

�h(z) = z4,

3{|z| = 3}þ,k|f − h| = | − 8z + 10| ≤ 34 < 81 = |h|

3



dV�½n��]zeros(f, {|z| < 3}) = ]zeros(h, {|z| < 3}) = 4

�f(z)3{|z| < 3}Sko��(Oê).

qf(z)3{|z| = 1}þÃ�,

Ïdf(z)3{1 < |z| < 3}Sko��(Oê).

4. �Ω´C¥�«�, fn(z) ∈ H(Ω)3ΩþÃ":, e{fn(z)}3ΩþS4��Â

ñ�f(z), Kf(z)3Ωþð�", ½öf(z)3ΩþÃ":.

y²:ef(z) 6≡ 0�∃a ∈ Ω¦�f(a) = 0,

�¿©�r > 0,¦�B(a, r) ∈ Ω, f(z)3B(a, r)þÃÙ¦":.

�ε = min|z−a|=r |f(z)| > 0,3{|z − a| = r}þ,|f(z)| ≥ ε > 0.

Ï�{fn(z)}3ΩþS4��Âñ�f(z),

K∃¿©��n,¦�é∀z ∈ B(a, r),k|fn(z)− f(z)| < ε
2 < |f(z)|

dV�½n��]zeros(f,B(a, r)) = ]zeros(fn, B(a, r)) = 0

�a´f(z)�":gñ�

�f(z)3Ωþð�",½f(z)3ΩþÃ":.

5. (1)�D = {|z| < 1}, ef(z) ∈ H(D), �f(0) = 0, f ′(0) = 1, é?¿z ∈

Dk|f(z)| ≤M , KM ≥ 1�

f(D) ⊃ D 1
6M

(0) =

{
|z| < 1

6M

}
.

(2)�DR(z0) = {|z − z0| < R}, ef(z) ∈ H(DR(z0)), �f(z0) = 0, |f ′(z0)| =

µ > 0, é?¿z ∈ DR(z0)k|f(z)| ≤M , K

f(DR(z0)) ⊃ DR2µ2

6M

(0) =

{
|z| < R2µ2

6M

}
.

4



y²:(1).f(z) = z +
∑∞
n=2 anz

n, |z| < 1,

d�ÜØ�ª,|an| ≤ M
rn , 0 < r < 1

�r → 1,�|an| ≤M ,AO1 = |a1| ≤M .

�|z| = r(0 < r < 1)�,

|f(z)| ≥ |z| − |
∞∑
n=2

anz
n| ≥ r −

∞∑
n=2

Mrn = r −Mr2 ·
∞∑
n=0

rn = r −Mr2 · 1

1− r

-ϕ(r) = r − Mr2

1−r , 0 < r < 1,k

ϕ(
1

4M
) =

1

4M
−M ·( 1

4M
)2· 1

1− 1
4M

=
1

4M
− 1

4(4M − 1)
≥ 1

4M
− 1

4 · 3M
=

1

6M

�|z| = 1
4M�,|f(z)| ≥ 1

6M > 0

∀a ∈ D 1
6M

(0),�|z| = 1
4M�,|f(z)| ≥ 1

6M > |a|

dV�½n,f(z)− a3D 1
4M

(0)S":�ê�f(z)�Ó.(���1)

�D 1
6M

(0) ⊂ f(D 1
4M

(0)) ⊂ f(D).

(2).�g(z) = f(Rz+z0)
µR , z ∈ D,

Kg(z) ∈ H(D), g(0) = 0, g′(0) = 1, |g(z)| ≤ M
µR .

d(1)�g(D) = 1
µRf(DR(z0)) ⊃ D µR

6M
(0),

�f(DR(z0)) ⊃ DR2µ2

6M

(0).

6. (1)(½±�:�%�����¦�N�w = z + z2��3T��þ´��N

�.

�Y:{|z| < 1
2}

(2)(½±�:�%�����¦�N�w = ez��3T��þ´��N�.

�Y:{|z| < π}

5
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1. �Aut(H)L«þ�²¡H��XgÓ�+, Áy²: (1)

Aut(H) =

{
f(z) =

az + b

cz + d
, a, b, c, d ∈ R, ad− bc = 1

}
.

(2)

Aut(H) ∼= SL(2,R)/{±I2}.

y²:(1).�ÄN�

g :D ϕa→ H f→ H
ϕ−1
b→ D

0 7→ a 7→ b 7→ 0

Ù¥a, b ∈ H,Kg ∈ Aut(D)�g(0) = 0,�g = eiθz. q´�

ϕ−1
a =

z − a
z − a

, ϕ−1
b =

z − b
z − b

K

ϕa =
az − a
z − 1

, ϕb =
bz − b
z − 1

Kdg = ϕ−1
b ◦ f ◦ ϕa��

f = ϕb◦g◦ϕ−1
a =

(eiθ b̄− b)z + bā− eiθab̄

(eiθ − 1)z + ā− eiθa
=

i(ei θ2 b̄− e−i θ2 b)z + i(e−i θ2 bā− ei θ2 ab̄)

i(ei θ2 − e−i θ2 )z + i(e−i θ2 ā− ei θ2 a)

-

A = i(ei θ2 b̄−e−i θ2 b), B = i(e−i θ2 bā−ei θ2 ab̄), C = i(ei θ2−e−i θ2 ), D = i(e−i θ2 ā−ei θ2 a)

1



KkA,B,C,D ∈ R�

AD −BC = −(a− ā)(b− b̄) = 4Ima · Imb > 0

-A′ = A√
AD−BC , B

′ = B√
AD−BC , C

′ = C√
AD−BC , D

′ = D√
AD−BC ,K

f =
A′z +B′

C ′z +D′
, (A′, B′, C ′, D′ ∈ R)

�

A′D′ −B′C ′ = 1

Ïd

Aut(H) =

{
az + b

cz + d
, a, b, c, d ∈ R, ad− bc = 1

}
.

(2).∀F ∈ SL(2,R), F =

a b

c d

 , ad− bc = 1

ϕ : SL(2,R)→ Aut(H), F 7→ az + b

cz + d

´÷�,q

ϕ(F1 · F2) = ϕ

a1a2 + b1c2 a1b2 + b1d2

c1a2 + d1c2 c1b2 + d1d2


=

(a1a2 + b1c2)z + (a1b2 + b1d2)

(c1a2 + d1c2)z + (c1b2 + d1d2)

=
a1 · a2z+b2

c2z+d2
+ b1

c1 · a2z+b2
c2z+d2

+ d1

= ϕ(F1) ◦ ϕ(F2)

�ϕ´÷Ó�,d+Ó�Ä�½n��

SL(2,R)/kerϕ ∼= Aut(H)

2



eϕ(F ) = id,KF = ±I2,�kerϕ = ±I2,Ïd

Aut(H) ∼= SL(2,R)/{±I2}.

2. é���/N�ò«�Ω = {|z| < 1, |z − 1| < 1} N¤ü ��D = {|w| <

1}.

):©ª�5N�f(z) =
z− 1+

√
3i

2

z− 1−
√

3i
2

= z−ei
π
3

z−e−iπ
3
òΩN¤�/«�

{
2π
3 ≤ argf ≤ 4π

3

}
.

^=N�g(z) = e−i 2π
3 f(z)òΩN¤�/«�

{
0 ≤ argg ≤ 2π

3

}
.

N�h(z) = g(z)
3
2òΩN¤þ�²¡.

N�l(z) = h(z)−i
h(z)+iòΩN¤ü ��.

Ïd�/N��

l(z) =

[(
z−ei

π
3

z−e−iπ
3

)
e−i 2π

3

] 3
2 − i[(

z−ei
π
3

z−e−iπ
3

)
e−i 2π

3

] 3
2

+ i

3. ¦�/N�ò�Ô�y2 = 2px (p > 0)�	ÜN¤ü ��D = {|w| < 1}¦

�z = 0, z = −p2©ON�w = 1, w = 0.

):�f(z) =
√
z − p

2 ,kf(0) =
√

p
2 i, f(−p2 ) =

√
pi,

�g(z) =
√
pi−f(z)

f(z)−(
√

2−1)
√
pi

,kg(0) = 1, g(−p2 ) = 0.

Ïd�/N��

g(z) =

√
pi−

√
z − p

2√
z − p

2 − (
√

2− 1)
√
pi

4. ¦�/N�òV�x2 − y2 = a2 (a > 0)m>©|�SÜN¤ü �

�D = {|w| < 1}¦��:!º:©ON�w = 0, w = −1.

): m>©|��:!º:©O�
(√

2a, 0
)
!(a, 0),

�

f = z2 − a2, g = if, w = eiθ · g − ia2

g + ia2

3



qw(a) = −1,�eiθ = 1,nþ,

w =
z2 − 2a2

z2
= 1− 2a2

z2

5(£££mmm-2011). é��äN��/N�òm8U = {|z| > 1} \ (−∞,−1]N¤ü

 ��D = {|w| < 1}.

):N�w1 = − 1
zòUN¤D \ [0, 1).

N�w2 =
√
w1òD \ [0, 1]N¤{z||z| < 1, Im(z) > 0}.

N�w3 = −w2+1
w2−1ò{z||z| < 1, Im(z) > 0}N¤{z|Re(z) > 0, Im(z) > 0}.

w4 = w2
3ò{z|Re(z) > 0, Im(z) > 0}N¤{z|Im(z) > 0}.

w = w4−i
w4+iòþ�²¡N¤ü ��.

Ïd�/N��

w =

(√
− 1
z+1√
− 1
z−1

)2

− i(√
− 1
z+1√
− 1
z−1

)2

+ i

6(£££mmm-2012). �E���/N�ò«�

U =

{
|z − i

2
| < 1

2

}
\
{
|z − i

4
| ≤ 1

4

}

N�ü ��D = {|w| < 1}.

):N�w1 =
z− i

2

z , w2 = ei2πw1òUN¤þ�²¡,

N�w = w2−i
w2+iòþ�²¡N¤ü ��.

Ïd�/N��

w =
eiπ 2z−i

z − i

eiπ 2z−i
z + i

7(£££mmm-2014). y²: e�3�/N�ò��«�{r1 < |z| < r2}N¤��«

�{ρ1 < |z| < ρ2}, K r2
r1

= ρ2

ρ1
.

4



8(£££mmm-2016). y²: N�w = f(z) = 1
2

(
z + 1

z

)
ò{z ∈ S2, |z| > 1}N¤S2 \

[−1, 1].

y²:�w = u+ iv, z = reiθ,Ku+ iv = 1
2 (reiθ + 1

r e
−iθ),Ïd

u = 1
2 (r + 1

r ) cos θ

v = 1
2 (r − 1

r ) sin θ

�|z| = ρ(ρ > 1)�,
u2

1
4 (ρ+ 1

ρ )2
+

v2

1
4 (ρ− 1

ρ )2
= 1

�²¡þ��ý�,

�|z| = 1�,w({|z| = 1}) = [−1, 1].

�ρ > 1ÅìO��, ý���¶á¶ÅìO���5��, ��×H��E

²¡.

9. (1)�ü ��D = {|z| < 1}, f(z) ∈ H(D) ∩ C0(D), 3DþØ�"�, �

�|z| = 1�, |f(z)| = 1. y²: f(z) ´~�.

(2)�ü ��D = {|z| < 1}, f(z) ∈ H(D) ∩ C0(D), ��|z| = 1�, |f(z)| = 1.

y²: f(z) ´kn¼ê.

y²:(1)½Â

F (z) =

f(z), |z| ≤ 1

1

f( 1
z̄ )
, |z| > 1

dK¿��,F (z)3|z| ≤ 1, |z| > 1þëY,

é∀z0 ∈ {z
∣∣|z| = 1}, �|z| > 1�,k

lim
z→z0,|z|>1

F (z) = lim
z→z0,|z|>1

1

f( 1
z̄ )

= lim
1
z̄→

1
z0

=z0,| 1z̄ |<1

1

f
(

1
z̄

) =
1

f(z0)
= f(z0) = F (z0).

�F (z)3CþëY.

qF (z)3|z| < 1þ�X,dSchwarz���n��,F (z)3Cþ�X.

5



Ï�f(0) 6= 0, ¤± lim
z→∞

F (z) = 1

f(0)
´k�Eê. �F (z)�k.�¼ê,d4�

�½n��F (z)�~ê,Ïdf(z)�~ê.

(2)�Ä

F (z) =

f(z) |z| ≤ 1

1

f( 1
z̄ )
|z| > 1

d(1)��X¼êF (z)3Cþ�U�Û:�f(z)�":. ef(z)3DþÃ":,K

d(1)�f(z) ≡ C.

ef(z)3Dþk":,d�X¼ê":��á59D´;8�f(z)3Dþ�kk�

�":,�þ3D = {|z| < 1}S,��z1, · · · , zk,K 1
z1
, · · · , 1

zk
(�U¹∞)�F (z)�

4:. �F (z)�C∞þ�æX¼ê, l�kn¼ê,Ïdf(z)�kn¼ê.

10. �ü ��D = {|z| < 1}, ü �±C = {|z| = 1}, f(z) ∈ H(D). é

uCþ�:w, e�3w�m��U ÚUþ��X¼êg¦�3D ∩ Uþf = g, K

¡w´f����KKK:::. XJCþvkf��K:, @o·�`Dþ��X¼êfØU�

XòÿBLC. �

f(z) =

∞∑
n=0

z2n for |z| < 1.

5¿�T?ê�Âñ�»´1. y²: fØU�XòÿBLC.

Hint: �Äθ = 2πp
2k

, Ù¥p, k ∈ Z+. �z = reiθ, K|f(reiθ)| → ∞ (r → 1−).

y²:�θ = 2πp
2k
, p, k ∈ N∗, z = reiθ,

K

|f(reiθ)| =

∣∣∣∣∣
∞∑
n=0

r2nei2
nθ

∣∣∣∣∣ ≤
∣∣∣∣∣
k∑

n=0

r2nei
2πp

2k−n

∣∣∣∣∣+

∞∑
n=k+1

r2n

é∀M > 0,∃δ,¦�(1− δ)2M+1

> 1− 1
M+1 = M

M+1 .
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�1 > r > 1− δ�,

∞∑
n=0

r2n >

M+1∑
n=0

(1− δ)2n > (M + 1) · (1− δ)2M+1

> (M + 1) · M

M + 1
= M.

�

lim
r→1−

∞∑
n=0

r2n = +∞

Ïd

lim
r→1−

∣∣f(reiθ)
∣∣ = +∞

b�ω´���K:§K�3ω���m��U , U ⊂ C, g�U�þ���X

¼ê,¦�3D ∩ Uþ, f = g.duE =
{
eiθ|θ = 2πp

2k
, p, k ∈ N∗

}
⊂ {z||z| = 1}È

�,�3eiθ ∈ E,¦�eiθ ∈ U ,Kk

lim
r→1−

∣∣g(reiθ)
∣∣ = lim

r→1−

∣∣f(reiθ)
∣∣ = +∞

�g�Xgñ��CþØ�3�K:,·K�y.

11. �©ª�5C�Tz = az+b
cz+d , a, b, c, d ∈ C, ad − bc = 1. y²µe−2 <

a+d < 2, KT´ý�.¶ea+d = ±2, KT´�Ô.¶ea+d < −2, or, > 2,

KT´V..

12. �©ª�5C�T÷v:�3,�n ∈ Z¦�Tnz = z, KT´ý�..
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