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1�Ù 8a�ÿÝ

�o´ÿÝ? {ü/ù, ÿÝ´^5ÿþ8Ü���óä. ~X, ¦^Ï
~�ÿÝ (LebesgueÿÝ)ÿþ R¥��«m [a, b)�, ���ÿþ(J´
b− a. @oéu��Ä���8 Ω, ·�XÛÀ½Ùf8a¿éÙ¥�8Ü
?1ÿþ(=½ÂTf8aþ�ÿÝ)? ÏLÆS LebesgueÿÝ, ·���,
Ï~¿� Ω�¤kf8Ñ�±ÿþ (=�ÿ), Ïd·�ÄkI�ïÄXÛ
½Â�ÿ8a. �d, k£� Lebesgue�ÿ8a¤ä��Ä�A�: (1) �
¹�8Ú�8; (2)éu8Ü��êg$� (=8Ü��!¿!�)´µ4�.
·�òäkùü�A��d Ω��
f8¤|¤�a, ¡� σ�ê (�), §
ò´·�n�¥�“�ÿ8a”.

@oXÛ3�� σ �êþ½ÂÿÝQ? 4·�£�®ÆL� R þ�
LebesgueÿÝ.

c¡JL, ·�ÄkéN´½Â«m�ÿÝ�, = [a, b) �ÿÝ�
b − a (∀b > a), Ïd·�Äk3d«m|¤�8aþ½Â
TÿÝ, ,�2
ÏL�
Ün�Ããr§½Â��ÿ8aþ. XÛòù�Ã{í2����
/Q? XÓ σ �ê�½Â, ·�kwwd«m¤|¤�8a¤ä��A�:
(1) �¹�8Ú�8; (2) éu�µ4, �ù�ü�8Ü���L¤k��
Óa8Ü�Ø�¿. ·�ò Ω¥äkùü�A��f8a¡��8�ê. 

b�®²3���8�êþ½Â
ÿÝ, ·�2�{òÙ*Ü��A� σ�

êþ, ùÒ´�Ù�Ø%½n—ÿÝ*Ü½n. �d, XÛd�8�ê)¤ σ

�ê, B´·�Äk�ïÄ�SN, ÙØ%(JÒ´üNa½n.
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§1.1 8a�üNa½n

§ 1.1.1 �8�ê

XÓc¡�)º, ± Rþ�«m¤|¤�8a�A��Ä:, Ú\�8
�ê�Vg. 38Ü�$�¥, ·�ò^

∑
�L8Ü�Ø�¿.

½Â 1.1. XJ Ω�f8aS ÷v

1) Ω, ∅ ∈ S ,

2) A,B ∈ S ⇒ A ∩B ∈ S ,

3) A1, A ∈ S , A1 ⊂ A ⇒ ∃n > 1 9 A1, A2, · · · , An ∈ S üüØ�, ¦

A =
n∑

i=1
Ai,

K¡�� Ω¥����8�ê.

5� 1.2. 3½Â 1.1� 1)Ú 2)¤á�^�e, 3)�du:

3′ e A ∈ S , K ∃n > 1 9 A1, A2, · · · , An ∈ S üüØ�, ¦� Ac =
n∑

i=1
Ai.

y² 3) ⇒ 3′): du A ⊂ Ω, d 3)� ∃n > 19 A1, A2, · · · , An ∈ S üüØ

�, �� AØ�, ¦� Ω = A +
n∑

i=1
Ai, l
 Ac =

n∑
i=1

Ai.

3′) ⇒ 3)µd 3′) � ∃n > 1 9 A2, · · · , An ∈ S üüØ�, ¦� Ac
1 =

n∑
i=2

Ai, K A = A1 +
n∑

i=2
Ai ∩A. �

~ 1.3. Ω = [0,+∞), S = {[a, b) : 0 6 a 6 b 6 +∞}, KS ´�8�ê.

��d�8�ê� σ �ê�LÞ, ·�Ú\8�ê, §éu8Ü�k�
g$�þµ4, Ï
��C σ �ê. �¡·�òw�, d�8�ê)¤8�
ê´�~���.

§ 1.1.2 8�ê

½Â 1.4. XJ Ω�f8aF ÷v

1) Ω ∈ F ,

2) A,B ∈ F ⇒ A−B ∈ F ,

K¡�� Ω¥���8�ê (½ Boole�ê).
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5� 1.5. 3½Â 1.4� 1)¤á�^�e, 2)�e�?¿��^��dµ

2′) A,B ∈ F ⇒ A ∪B,Ac, Bc ∈ F ;

2′′) A,B ∈ F ⇒ A ∩B,Ac, Bc ∈ F .

y² ·�òy² 2′′) ⇒ 2′) ⇒ 2) ⇒ 2′′).

2′′) ⇒ 2′): d 2′′), F éu{��µ4, l
 A,B ∈ F %¹ A ∪ B =
(Ac ∩Bc)c ∈ F .

2′) ⇒ 2)µ� A,B ∈ F . d 2′)� F éu{�¿µ4, l
 A − B =
A ∩Bc ∈ F .

2) ⇒ 2′′)µ� A,B ∈ F . d 2)� Ac = Ω − A,Bc = Ω − B ∈ F , ?

A ∩B = A−Bc ∈ F . �

·K 1.6. � F ´ Ω ¥�8�ê, K ∀A,B ∈ F , k Ac, Bc, A ∩ B,A ∪
B,A−B ∈ F .

w,, 8�ê�½´�8�ê. e¡�½nw�·�XÛd�8�ê)
¤8�ê.

½n 1.7. eS ´�8�ê, K

F =

{
n∑

k=1

Ak : n > 1, Ak ∈ S (1 6 k 6 n)üüØ�

}
´�¹S ���8�ê, P�F (S ).

y² ky F ´8�ê. w,½Â 1.4 � 1) ¤á. d	, ∀A,B ∈ F ,
∃A1, A2, · · · , An ∈ S 9 B1, B2, · · · , Bm ∈ S , ©OüüØ�� A =
n∑

i=1
Ai, B =

m∑
i=1

Bi. K A ∩ B =
∑
i,j

Ai ∩ Bj . d½Â 1.1� 2)� A ∩ B ∈ F .

l
F ék��µ4.

d5� 1.5, �y F �8�ê, �Iy²e A ∈ F , K Ac ∈ F . �

A =
n∑

i=1
Ai ∈ F , Ai ∈ S . K Ac =

n⋂
i=1

Ac
i . d5� 1.2� Ac

i �L� S ¥ü

üØ�8Ü�Ú, � Ac
i ∈ F . duF éuk��µ4, l
 Ac ∈ F .

��XJ F ′ ⊃ S ´8�ê, d8�ê�k�¿µ45�� F ′ ⊃ F .
�

~ 1.8. ~ 1.3¥�S Ø´8�ê, é¿$�Øµ4. d½n 1.7,

F (S ) =

{
n∑

i=1

[ai, bi) : n > 1, 0 6 a1 6 b1 6 a2 6 b2 · · · 6 an 6 bn

}
.
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§ 1.1.3 σ �ê

Uì Lebesgue �ÿ8a�A�, ·��¦ σ �êéu�ê$�µ4.
du¿���±ÏL{$�
�pL«, ·��±{ü/�¦Ùéu{$�
9�ê� (½¿)$�µ4.

½Â 1.9. XJ Ω�f8a A ÷v

1) Ω ∈ A ,

2) e A ∈ A , K Ac ∈ A ,

3) e An ∈ A , n = 1, 2, · · · ,K
∞⋃

n=1
An ∈ A ,

K¡�� Ω¥��� σ�ê.

5� 1.10. σ�ê´8�ê.

5� 1.11. 3½Â 1.9¥, � 1)� 2)¤á�^��, 3)�du

3′)e An ∈ A , n = 1, 2, · · · , K
∞⋂

n=1
An ∈ A .

y² =3¿
∞⋂

n=1
An =

( ∞⋃
n=1

Ac
n

)c

. �

5� 1.12. Ω¥?¿õ� σ�ê��E´ Ω¥� σ�ê.

y² � {Ar : r ∈ Γ}´�x σ�ê, A =
⋂

r∈Γ

Ar.

1) du?� r ∈ Γ, ∅,Ω ∈ Ar, K ∅,Ω ∈ A .

2) e A ∈ A , K ∀r ∈ Γk A ∈ Ar. l
 Ac ∈ Ar (r ∈ Γ), � Ac ∈ A .

3) e A1, A2, · · · ∈ A , K ∀r ∈ Γk A1, A2, · · · ∈ Ar, l

∞⋃

n=1
An ∈ Ar.

�
∞⋃

n=1
An ∈ A . �

~ 1.13. A = {∅,Ω}´ Ω¥��� σ�ê, A = {A : A ⊂ Ω}´ Ω¥��
� σ �ê. �� σ �ê~�P� 2Ω, ù´du Ω¥�z�f8��éAu
{0, 1}Ω¥���|�: Ω 3 ω 7→ 1A(ω), Ù¥ 1A � A�«5¼ê.

½n 1.14. � C ´ Ω���f8a. K�3 Ω¥� σ�ê A0, ¦�

1) C ⊂ A0,

2) X A � Ω¥� σ�ê� A ⊃ C , K A ⊃ A0.
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y² du�� σ�ê�¹ C , ��3�¹ C � σ�ê. - A0 ´�¹ C �

¤k σ �ê��, Kd5� 1.12� A0 ´ σ �ê, ��¹ C . d	 ∀σ �ê
A ⊃ C , k A ⊃ A0. �

·�¡½n 1.14¥� σ�ê´d C )¤� σ�ê, P� σ(C ).

e¡�½nL², ��8�ê)¤ σ �ê�, �k)¤8�ê, 2d8
�ê)¤ σ�ê.

½n 1.15. eS ´ Ω¥��8�ê, K σ(S ) = σ(F (S )).

y² du σ(F (S )) ⊃ S , K σ(F (S )) ⊃ σ(S ). ��, du σ(S ) ´
�¹ S �8�ê, � σ(S ) ⊃ F (S ), 
 σ(S ) ´ σ �ê, ¤± σ(S ) ⊃
σ(F (S )). �

~ 1.16. 3 Rd ¥, d¤km8)¤� σ �ê¡� Borel� (½ Borel σ �

ê), Borel�¥���¡� Borel8, §�¹¤k�m8Ú48, ��dm8
a½48a¤)¤� σ �ê�Ó. 3���ÿÀ�m¥, dm8½48a)
¤� σ�ê�¡� Borel σ�ê, ½ Borel�.

§ 1.1.4 üNa½n

�éuê�4�
ó, 8ÜS��4�=éüNO½üNüü«�/k
½Â, �A�4�©O´üNOS��¿�üNüS���. ù´ü«AÏ
�´u�y�8Ü��ê$�. ·�Ïdr�yüN8ÜS�4��µ45
��8a´Ä� σ�ê�'�Ú½. �d, Ú\üNa�Vg.

½Â 1.17. Ω¥f8aM XJéüNS��4�µ4, =:

1) X An ∈ M , n = 1, 2, · · · ,� A1 ⊂ A2 ⊂ · · · ,K
∞⋃

n=1
An ∈ M ;

2) X An ∈ M , n = 1, 2, · · · ,� A1 ⊃ A2 ⊃ · · · ,K
∞⋂

n=1
An ∈ M .

K¡�� Ω¥���üNa.

c¡·�®²òd�8�ê)¤�8�ê�(�á�Ù
, @oXÛd
8�ê)¤ σ�êQ? Uì½Â, ·�I�r8�ê¥?¿�ê�8Ü<5
$�. 
e¡�½nòw�·�, �IrüNS��4�B\=��) σ �

ê.

½n 1.18. Ω¥�8a� σ�ê��=�§Q´8�êq´üNa.
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y² =Iy²¿©5. e F Q´8�êq´üNa, ∀A1, A2, · · · ∈ F , -

Bn =
n⋃

i=1
Ai, K {Bn} ⊂ F �üO. duF ´üNa, K

∞⋃
n=1

Bn =
∞⋃
i=1

Ai ∈

F , l
F � σ�ê. �

½n 1.19. � C ´ Ω¥?�8�ê, K�3 Ω¥�üNaM0÷vµ

1) M0 ⊃ C ,

2) ∀�¹ C �üNaM , kM ⊃ M0.

¡ù��üNa�d C )¤�üNa, P�M (C ).

½n 1.20. �F ´8�ê, KM (F ) = σ(F ).

y² �Iy²M (F )´ σ�ê, 
d½n 1.18�Iy²Ù�8�ê.

a) A ∈ M (F ) ⇒ Ac ∈ M (F ): -M1 = {A : Ac ∈ M (F )}. ∀ ü
üS� {An} ⊂ M1, k {Ac

n} ⊂ M (F )�üO. duM (F )�üNa, k
∞⋃

n=1
Ac

n ∈ M (F ), l

∞⋂

n=1
An =

( ∞⋃
n=1

Ac
n

)c

∈ M1. aq�yM1éuüN

OS��4��µ4. ÏdM1��¹F �üNa, l
��¹M (F ). �
∀A ∈ M (F ) k Ac ∈ M (F ).

b)  yX A ∈ F , K ∀B ∈ M (F ) k A
⋂

B ∈ M (F ). �d-
MA = {B ∈ M (F ) : A ∩B ∈ M (F )}, KMA ⊃ F . X {Bn} ⊂ MA ü

O, K {A
⋂

Bn} ⊂ M (F )üO, � A ∩
( ∞⋃

n=1
Bn

)
∈ M (F ), l


∞⋃
n=1

Bn ∈

MA(F ). Ó�?nüü�/, � MA ´üNa. � MA ⊃ M (F ). =
∀B ∈ M (F ), k A ∩B ∈ M (F ).

c)  y ∀A,B ∈ M (F ), k A ∩ B ∈ M (F ). d b)�MA ⊃ F ��

üNa, �MA ⊃ M (F ), l
 A ∩B ∈ M (F ). �

þ¡�y²E|éN´Ýº. ��/, �y²,8a C1 äk,«5�,
·�òäkù«5��¤k8Ü|¤��#�8a C2, �Iy² C1 ⊂ C2

=�. k��Øy�B, I©¤êÚ�¤, ÒÐ'þ¡y²M (F )é��µ
45, ©¤ b)!c)üÚ�¤�N´
. ù��E|�¡¬�E¦^.

�yüNa´uu�é�ê� (¿)µ4. üNa�8�ê�å/¤ σ

�ê. e¡·�Ú\,�é~^��±/¤ σ�ê�8a.

½Â 1.21. (1) XJ Ω¥f8a C é�µ4, K¡�� πX.

(2) XJ Ω¥f8a C ÷v



§1.1 8a�üNa½n 9

1) Ω ∈ C ;

2) A,B ∈ C , A ⊂ B =⇒ B −A ∈ C ;

3) {An} ⊂ C üO =⇒
∞⋃

n=1
An ∈ C .

K¡ C � Ω¥��� λX.

5� 1.22. e C ´ λX, K§´üNa.

y² e{An} ⊂ C ü~, K {Ac
n} ⊂ C üO. l


∞⋃
n=1

Ac
n ∈ C , �

∞⋂
n=1

An =

Ω−
∞⋃

n=1
Ac

n ∈ C . �

5� 1.23. X C Ó�´ πXÚ λX, K C ´ σ�ê.

y² d½n 1.18�5� 1.22, �Iy² C ´8�ê, 
d πX½Â9 λX

�½Â 2), ù´w,�. �

XÓ8a C �)�� σ�ê�üNa, §��)�¹§��� λX, P
� λ(C ).

½n 1.24. � C ´ πX, K λ(C ) = σ(C ).

y² du λ(C ) ⊂ σ(C )� λ(C )�üNa, d½n 1.18�Iy λ(C )�8�
ê. d λX�½Â�, λ(C )éu8Ü�{µ4, l
�Iy²§éu��µ
4. �d, ©üÚy².

1) � A ∈ λ(C ), B ∈ C ,  y A ∩ B ∈ λ(C ). Xc)º, - CB =
{A : A ∩B ∈ λ(C )}. du C � π X, k CB ⊃ C . d CB �½Â9 λ(C )
� λ X�¯¢, ´�y CB �´ λ X, l
 CB ⊃ λ(C ), = ∀A ∈ λ(C ) k
A ∩B ∈ λ(C ).

2) � B ∈ λ(C ), d 1) � CB ⊃ C �� λ X, l
 CB ⊃ λ(C ). �
∀A,B ∈ λ(C )k A ∩B ∈ λ(C ). �

k
þ¡�O�, ·���
e¡�­�½n.

½n 1.25 (üNa½n). � C Ú A ´ Ω�ü�f8a� C ⊂ A .

1) e A ´ λX, C ´ πX, K σ(C ) ⊂ A ,

2) e A ´üNa, C ´8�ê, K σ(C ) ⊂ A .

ù�½n´8aÜ©�Ì�½n, �~k^, Ù¦^�{Xeµ
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�®� C ¥�äk5� S, y² σ(C ) ¥�Eäk5� S. �d, -
A = {B : Bk5� S}, K A ⊃ C . 2y C � πX½8�ê, �A� A �

λX½üNa, K σ(C ) ⊂ A .

���!Ì�SN�o(, e¡�Ñ·�¤Æ��«8a�m�'X
ã.

5 1.26. 1) σ�ê⇒8�ê⇒�8�ê⇒ πX

2) πX + λX⇒ σ�ê⇒ λX

3) λX⇒üNa, üNa +8�ê⇒ σ�ê

§ 1.1.5 ¦È�m�¦È σ �ê

� Ωi, i = 1, · · · , n´ n�8Ü(�m), Ai ´ Ωi ¥� σ �ê. - C =
{A1 × · · · ×An : Ai ∈ Ai}, C ¥�8Ü¡�Ý/. ´� C ��8�ê, ¡
σ(C )� A1, · · · ,An�¦È σ�ê, P� A1 × · · · ×An.

½n 1.27 ((ÜÇ). ∀n > 3, 1 6 k 6 n, k A1 × A2 × · · · × An = (A1 ×
· · · ×Ak)× (Ak+1 × · · · ×An).

½n 1.27�d¦È σ �ê�½Â�üNa½n��. ·�r§�y²
3�öSK.

§1.2 8¼ê�ÿÝ

·�Q®ïÄ
8a, �e5Ò�é8a¥�8Ü?1ÿþ, ?
Ú\
ÿÝ�Vg. 3Nõ�ÿ, ·�#N8Ü�ÿþ��K (~Xÿþ,/«²
þí§�). Ïd, ÿþ�(JÒ´,8a¥�z�8ÜéAX¢ê�m¥�
���, ùÒ´8¼ê.

§ 1.2.1 8¼ê

½Â 1.28. � C ´ Ω���f8a, K½Â3 C þ���u (−∞,+∞]�
¼ê Φ¡� C þ���8¼ê. �½8¼êØð�∞.
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ùp, ·�#N¼ê�� +∞, ±BCX LebesgueÿÝ. Xd, ÒØ¨
#NÿÝ�� −∞ , ÄKÃ{?Øe¡��\5. �¦8¼ê�±$�, �
�½8¼ê�����k��.

Ï~ïÄäk±e5��8¼ê.

1)�\5 XJ ∀A,B ∈ C Ø�� A∪B ∈ C k Φ(A + B) = Φ(A) + Φ(B),
K¡ Φ��\8¼ê.

2)k��\5 XJ ∀A1, · · · , An ∈ C üüØ��
n∑

i=1
Ai ∈ C , k

Φ

(
n∑

i=1

Ai

)
=

n∑
i=1

Φ(Ai),

K¡ Φ�k��\8¼ê.

3) σ �\5 XJ ∀A1, A2, · · · ∈ C üüØ��
∞∑
i=1

Ai ∈ C , Ñk

Φ

( ∞∑
i=1

Ai

)
=

∞∑
i=1

Φ(Ai),

K¡ Φ� σ�\8¼ê.

4)k�5 XJ ∀A ∈ C , k Φ(A) ∈ R, K¡ Φ´k�8¼ê.

5) σ k�5 XJ ∀A ∈ C ,∃ {An}n>1 ⊂ C ¦� Φ(An) ∈ R (∀n > 1), �

A =
∞⋃

n=1
An, K¡ Φ� σk�8¼ê.

½Â 1.29. XJ8¼ê Φä σ�\5, K¡Ù���ÎÒÿÝ; XJ§��
�K�, K¡Ù���ÿÝ; XJ?�Úk Φ(Ω) = 1, K¡���5ÿÝ½
VÇÿÝ. XJ Φ��K��äkk��\5, K¡��k��\ÿÝ.

3¿, ÎÒÿÝ�k��\ÿÝþ�7´ÿÝ, ùk:“xê�ê”��
�. e¡'u8¼ê5��·K´w,�.

·K 1.30. � Φ´ C þ�8¼ê, K

1) k��\5⇒�\5;

2) XJ ∅ ∈ C , K σ�\5⇒k��\5;

3) XJ C ´8�ê, Kk��\5⇔�\5;

4) X Φ�\� ∅ ∈ C , K Φ(∅) = 0.
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�8a�5��Ð�, Ùþ�8¼ê�5���´L. e¡·�?ØØ
Ó8aþ8¼ê�5�.

5� 1.31. 1) (���~~~555)� Φ ´8�ê F þ��\8¼ê, A,B ∈ F ,
A ⊂ B, K Φ(B) = Φ(A) + Φ(B − A). X Φ(A) < ∞, K Φ(B − A) =
Φ(B)− Φ(A).

2) (üüüNNN555)� µ´�8�êS þ�k��\ÿÝ,XJA ⊂ B,A, B ∈ S ,
K µ(A) 6 µ(B).

3) (kkk���555)� Φ ´�8�ê S þ�k��\8¼ê, e Φ(B) < ∞,
A ⊂ B, K Φ(A) < ∞. AO/, XJ Φ(Ω) < ∞, K Φ´k�8¼ê.

4) (σ kkk���555)� Φ´�8�ê S þ�k��\8¼ê, XJ Ω =
∞⋃

n=1
An,

An ∈ S ,Φ(An) < ∞ (∀n > 1), Ké ∀A ∈ S ,∃ {A′
n} ⊂ S üüØ�,

¦� A =
∞∑
i=1

A′
n� Φ(A′

n) < ∞ (∀n > 1).

y² �y² 2)Ú 4), {öw,.

2) d�8�ê5��, �3 A1, · · · , An ∈ S üüØ��� A Ø�,
¦� B = A + A1 + · · · + An. d µ �k��\5��K5� µ(B) =

µ(A) +
n∑

i=1
µ(Ai) > µ(A).

4) ky Ω�L«¤�êõ� Φ�k��üüØ�8�¿. ∀n > 1, -

B1 = A1, Bn = An −
n−1⋃
k=1

Ak, d�8�ê½Â� ∃Bn1, · · · , Bnkn ∈ S üü

Ø�, Bn =
kn∑
i=1

Bni , Ï
 Ω =
∞∑

n=1

kn∑
i=1

Bni
­#?Ò=

∞∑
k=1

B′
k, {B′

k} ⊂ S üü

Ø�. d 3) � Φ(An) < ∞ (∀n > 1)%¹ Φ(Bk) < ∞ (∀k > 1). Ï
-
A′

n = An ∩B′
n=�.

·K 1.32. 1) (gggkkk������\\\555)� µ ´8�ê F þ�k��\ÿÝ. e

A ∈ F , A1, · · · , An ∈ F , A ⊂
n⋃

k=1

Ak, K µ(A) 6
n∑

k=1

µ(Ak);

2) (ggg σ ���\\\555)� µ´8�ê F þ�ÿÝ. e A ∈ F , A1, · · · , An, · · · ∈
F , A ⊂

∞⋃
n=1

An, K µ(A) 6
∞∑

n=1
µ(An).

y² 1)d8B{�, �Iy² n = 2��/. düN5��\5�

µ(A) 6 µ(A1 ∪A2) = µ(A1 + (A2 −A1))

= µ(A1) + µ(A2 −A1) 6 µ(A1) + µ(A2).
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2)- A0 = ∅. düN5� σ�\5�

µ(A) = µ

( ∞⋃
n=1

An ∩A

)
= µ

 ∞∑
n=1

A ∩

An −
⋃

i6n−1

Ai


=

∞∑
n=1

µ

An −
⋃

i6n−1

Ai

 6
∞∑

n=1

µ(An). �

½Â 1.33. � Φ´8a C þ�8¼ê. e?� A ∈ C 9S� C 3 An ↑ A

k lim
n→∞

Φ(An) = Φ(A), K¡ Φ 3 A ?eëY. e?� A ∈ C 9 S�

C 3 An ↓ A¦� Φ(An) < ∞é, n¤á, Ñk lim
n→∞

Φ(An) = Φ(A), K¡
Φ3 A?þëY. 3 A?QþëYqeëY, K¡ Φ3 A?ëY. XJ Φ3
C ??ëY, K¡ Φ�ëY8¼ê.

3¿, éuþëY�¦ ∃n¦� Φ(An) < ∞. Ï�XØ\d��, Nõ
{ü��/Ñ�üØ
. X Ω = R, Φ� LebesgueÿÝ, An = (n,∞), K
Anü~ªu ∅, � Φ(∅) = 0 6= ∞ = lim

n→∞
Φ(An).

½n 1.34. � Φ´8�êF þ� σ�\8¼ê, K ΦëY.

y² du ∅ ∈ F , l
 Φk��\. XF 3 An ↑ A ∈ F , K A =
∞⋃

n=1
An =

A1 +
∞∑

n=2
(An − An−1). X ∃n¦ Φ(An) = ∞, K Φ(A) = ∞ = lim

n→∞
Φ(An).

� ∀nk Φ(An) < ∞, Kd σ�\5��~5�

Φ(A) = Φ(A1) +
∞∑

n=2

Φ(An −An−1) = Φ(A1) +
∞∑

n=2

[Φ(An)− Φ(An−1)]

= Φ(A1) + lim
n→∞

n∑
k=2

[Φ(Ak)− Φ(Ak−1)] = lim
n→∞

Φ(An),

l
 ΦeëY. ,��¡, � An ü~ªu A, � ∃n0 ¦� Φ(An0) < ∞. K
An0 −AnüOªu An0 −A, �deëY5� Φ(An0 −An) → Φ(An0 −A).
dd9�~5� Φ(An) → Φ(A). �

íØ 1.35. 8�êþ�ÿÝ7ëY.

e¡�½nL², � Φäk�\5�, ëY5���Ñ σ�\5. dd,
(Ü½n 1.34, ëY5Ï~��� σ�\5��d5�5¦^.
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½n 1.36. � Φ´8�ê F þ�k��\8¼ê, e Φ÷ve�^��
�, K Φ´ σ�\�.

a) ΦeëY,

b) Φ´k�8¼ê, 3�8 ∅?ëY.

y² � a) ¤á. e {An}n>1 ⊂ F üüØ�� A =
∞∑

n=1
An ∈ F , -

Bn =
n∑

k=1

Ak, K BnüOªu A. deëY5�k��\5�,

Φ(A) = lim
n→∞

Φ(Bn) = lim
n→∞

Φ

(
n∑

k=1

Ak

)
= lim

n→∞

n∑
k=1

Φ(Ak) =
∞∑

k=1

Φ(Ak).

� b)¤á, {An}n>1� {Bn}n>1Xþ. duA−Bn ∈ F �A−Bn ↓ ∅,
Kd3 ∅?�ëY5��~5� 0 = lim

n→∞
Φ(A−Bn) = Φ(A)− lim

n→∞
Φ(Bn).

� Φ(A) =
∞∑

k=1

Φ(Ak). �

§ 1.2.2 ÿÝ�m

½Â 1.37. � A ´ Ω¥� σ �ê, µ´ A þ�ÿÝ, K¡ (Ω,A )��ÿ
�m, (Ω,A , µ)�ÿÝ�m. AO/, XJ µ´VÇÿÝ, K¡ (Ω,A , µ)�
VÇ�m. A ¥8Ü¡� A �ÿ8, ½{¡�ÿ8. X µ�VÇÿÝ, �¡
A ¥8Ü�¯�. Ï~^ PL«VÇÿÝ.

dc¡0��ÿÝ�5�N´��e¡�VÇ5�. ù
5�3ÆSÐ
�VÇØ�®�\y²/0�L. � (Ω,A ,P)�VÇ�m, K P÷v:

1)�K5 P(A) > 0, ∀A ∈ A .

2)�55 P(Ω) = 1.

3) σ �\5 (l
k��\5) P
( ∞∑

n=1
An

)
=

∞∑
n=1

P(An).

4)�~5 (l
üN5) A ⊂ B,A, B ∈ A , K P(B −A) = P(B)− P(A) ⇒
P(B) > P(A).

5)\{úªP(A
⋃

B) = P(A)+P(B)−P(A
⋂

B). ��/, ∀ {An}∞n=1 ⊂ A ,
k

P

(
n⋃

k=1

Ak

)
=

n∑
k=1

P(Ak)−
∑

16<j6n

P(Ai∩Aj)+· · ·+(−1)n−1P(A1∩· · ·∩An).
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6)ëY5 � A,An ∈ A , n > 1, K An ↑ A ⇒ P(An) ↑ P(A);An ↓ A ⇒
P(An) ↓ P(A).

~ 1.38 (AÛV.). Ω ⊂ R ´ Lebesgue�ÿ8� 0 < |Ω| < ∞, Ù¥ | · |
L« Lebesgue ÿÝ. � A ´ Ω ¥¤k� Lebesgue �ÿf8|¤�8a,
P(A) = |A|

|Ω| , A ∈ A . K (Ω,A ,P)´��VÇ�m.

§1.3 ÿÝ*Ü½n9ÿÝ���z

�X�Ùm©Ü©¤)º�, ÿÝÏ~=�B3����8a (X�8
�ê)þ½Â, ,�2òÙ*Ü� σ �êþ. �!Ì�ò¢C¼êØ¥½Â
� LebesgueÿÝ�g�Ä�Ñ5, ±��­��ÿÝ*Ü½n. ·�kò
�8�êþ�ÿÝ*Ü���8�êþ, 2?�Ú*Ü��� σ�êþ.

§ 1.3.1 �8�êþ�ÿÝ*Ü���8�êþ�ÿÝ

½Â 1.39. � C1 ⊂ C2´ Ω�ü�f8a, µi´½Â3 Ci (i = 1, 2)þ�ÿ
Ý (½k��\ÿÝ). XJé ∀A ∈ C1, k µ1(A) = µ2(A), K¡ µ2 ´ µ1 3

C2þ�*Ü, 
¡ µ1´ µ23 C1þ���, P� µ1 = µ2|C1
.

½n 1.40. � µ´�8�êS þ�ÿÝ (½k��\ÿÝ), K µ3F (S )
þ�3���*Ü µ̃.

y² d½n 1.7 �, ∀A ∈ F (S ), ∃B1, · · · , Bn ∈ S üüØ�, ÷v A =
n∑

i=1
Bi. ½Â µ̃(A) =

n∑
i=1

µ(Bi). ky² µ̃(A) � {Bi} �À�Ã'. X�k

B′
1, · · · , B′

n′ ∈ S üüØ�, ¦� A =
n′∑

i=1
B′

i, K B′
i =

n∑
j=1

B′
i ∩ Bj . du

B′
i ∩Bj ∈ S , dk��\5�, µ(B′

i) =
n∑

j=1
µ(B′

i ∩Bj). l


n′∑
i=1

µ(B′
i) =

n′∑
i=1

n∑
j=1

µ(B′
i ∩Bj) =

n∑
j=1

n′∑
i=1

µ(B′
i ∩Bj)

=
n∑

j=1

µ(Bj) = µ̃(A).
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� µ̃(A)� {Bi}�À�Ã'.

2y µ̃´ÿÝ (k��\ÿÝ). �K5���5w,, k��\5�w

,, 8y² σ �\5. � A1, A2, · · · ∈ F (S )üüØ�, � A =
∞∑

n=1
An ∈

F (S ), � B1, · · · , Bk ∈ S üüØ�, ÷v A =
k∑

i=1
Bi. ,	, ∀n > 1,

� Cn1, · · · , Cnkn ∈ S üüØ�, ÷v An =
kn∑
i=1

Cni. K ∀i 6 k, Bi =

∞∑
n=1

An ∩Bi =
∞∑

n=1

kn∑
l=1

Bi ∩Cnl´S ¥üüØ�8Ü�¿. d µ� σ�\5

� µ(Bi) =
∞∑

j=1

kj∑
l=1

µ(Bi ∩ Cjl). dd9k��\5�

µ̃(A) = µ̃

(
k∑

i=1

Bi

)
=

k∑
i=1

∞∑
n=1

kn∑
l=1

µ(Bi ∩ Cnl)

=
∞∑

n=1

kn∑
l=1

k∑
i=1

µ(Bi ∩ Cnl) =
∞∑

n=1

µ̃(An). �

íØ 1.41. � µ´�8�êS þ�k��\ÿÝ, A,A1, · · · , An ∈ S .

a) X A1, · · · , AnüüØ��
n∑

i=1
Ai ⊂ A, K

n∑
i=1

µ(Ai) 6 µ(A).

b) X
n⋃

i=1
Ai ⊃ A, K

n∑
i=1

µ(Ai) > µ(A).

� µ� σ�\�, þã(Øé n = ∞�¤á.

§ 1.3.2 �8�ê!8�êþ�ÿÝ*Ü��� σ �êþ�ÿÝ

½n 1.42 (ÿÝ*Ü½n). � µ ´ Ω ¥�8�ê S þ�ÿÝ, K µ 3

σ(S )þ�3��*Ü. e µ´ σk��, KT*Ü´���.

XÓ¢C¼êØ¥éu LebesgueÿÝ�?n, ·�k^CX�Ã{½
Â Ωz�f8�	ÿÝ, 2y²d	ÿÝ�u�� σ �ê�äk σ �\5,
l
´��ÿÝ. e¡	ÿÝ�½ÂÃ{�¢C¼êØ¥�����.

½Â 1.43. � µ´�8�êS þ�ÿÝ. ?¿ A ⊂ Ω, ¡

µ∗(A) = inf

{ ∞∑
n=1

µ(An) : A ⊂
∞⋃

n=1

An, An ∈ S

}
� A�	ÿÝ, 
½Â3�� σ�êþ�8¼ê µ∗¡�d µ)¤�	ÿÝ.
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5� 1.44. 1) µ∗|S = µ;

2) µ∗(A) 6 µ∗(B),∀A ⊂ B;

3) µ∗
( ∞⋃

n=1
An

)
6

∞∑
n=1

µ∗(An), ∀An ⊂ Ω, n > 1.

y² 1)du A ⊂ A,- A1 = A,An = ∅, n > 2, K µ∗(A) 6 µ(A). ,��¡,

d µ� σg�\5,?�S� {An} ⊂ S ,
∞⋃

n=1
An ⊃ A,k µ(A) 6

∞∑
n=1

µ(An).

l
 µ∗(A) > µ(A).

2)w,.

3) ?� ε > 0 9 n > 1, � An1, An2, · · · ∈ S , ¦
∞⋃
i=1

Ani ⊃ An �

µ∗(An) >
∞∑
i=1

µ(Ani)− ε
2n . l


∞⋃
n=1

∞⋃
i=1

Ani ⊃
∞⋃

n=1
An, �d µ∗�½Â�

µ∗(
∞⋃

n=1

An) 6
∞∑

n=1

∞∑
i=1

µ(Ani) 6
∞∑

n=1

(µ∗(An) +
ε

2n
)

=
∞∑

n=1

µ∗(An) + ε.

- ε ↓ 0=�. �

XJ µ∗ ´�� σ �êþ�ÿÝ, @o�35¯KÒ)û
, �I- µ̃

� µ∗|σ(S ) =�. ,
ù´Ø�U�, 3¢C¼êØ¥®²k�~. ��y
µ∗ � σ �\5, ·�I�ò σ �ê �, =Ïé σ �ê A ∗ ⊃ σ(S )¦ µ∗

3 A ∗þ�ÿÝ.

ëì¢C¼êØ¥ÀJ�ÿ8��{, ·�ÀJ@
3	ÿÝ¿Âe�
±©�Ù§8Ü
�±�\5�8Ü���ÿ�8Ü.

½Â 1.45. � A ⊂ Ω, XJ ∀D ⊂ Ωk

µ∗(D) = µ∗(A ∩D) + µ∗(Ac ∩D).

K¡ A´ µ∗�ÿ�.

- A ∗ =
{
A ⊂ Ω : A´ µ∗�ÿ8

}
. ·�I�y²: A ∗ ´�¹ S �

σ�ê, µ∗´A ∗þ�ÿÝ.�d,·�k?Ø µ∗ÚA ∗�5�. d5� 1.44
� 3), �ò µ∗�ÿ8�½Â�Xe{z.
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5� 1.46. A ´ µ∗ �ÿ8��=� ∀ D ⊂ Ω, k µ∗(D) > µ∗(A ∩ D) +
µ∗(Ac ∩D).

5� 1.47. A ∗ ⊃ S .

y² � A ∈ S , D ⊂ Ω. ∀ε > 0, � {An} ⊂ S ¦
∞∑

n=1
An ⊃ D,µ∗(D) >

∞∑
n=1

µ(An)− ε. K

µ∗(Ac ∩D) + µ∗(A ∩D) 6
∞∑

n=1

[µ(An ∩A) + µ(Ac ∩An)]

=
∞∑

n=1

µ(An) 6 µ∗(D) + ε.

- ε ↓ 0� µ∗(D) > µ∗(A ∩ D) + µ∗(Ac ∩ D). �d5� 1.46� A ∈ A ∗.
�

½n 1.48. (1) A ∗´ σ�ê� A ∗ ⊃ σ(S );

(2) e {An} ⊂ A ∗ üüØ�, A =
∞∑

n=1
An, K ∀D ⊂ Ω, µ∗(D ∩ A) =

∞∑
n=1

µ∗(D ∩An);

(3) µ∗3 A ∗þ���´ A ∗þ�ÿÝ;

y² (1)ky A ∗ ´8�ê. Ï� A ∗ ⊃ S , � ∅,Ω ∈ A ∗. ´� A ∈ A ∗ %

¹ Ac ∈ A ∗. y�Iy A,B ∈ A ∗ ⇒ A ∩B ∈ A ∗. ¯¢þ, dg�\5�

µ∗(D) = µ∗(A ∩D) + µ∗(Ac ∩D)

= µ∗(A ∩B ∩D) + µ∗(A ∩Bc ∩D) + µ∗(Ac ∩D)

> µ∗(A ∩B ∩D) + µ∗((Ac ∪Bc) ∩D).

�d5� 1.46� A ∩B ∈ A .

2y A ∗´üNa. ∀An ↑ A,An ∈ A ∗. dg�\5k (- A0 = ∅ )

µ∗(D) = µ∗(A1 ∩D) + µ∗(Ac
1 ∩D)

= µ∗(A1 ∩D) + µ∗(A2 ∩Ac
1 ∩D) + µ∗(D ∩Ac

2)

= · · · =
n∑

n=1

µ∗((Ai −Ai−1) ∩D) + µ∗(D ∩Ac
n)

>
n∑

i=1

µ∗((Ai −Ai−1) ∩D) + µ∗(D ∩Ac).

(1.3.1)
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- n →∞�

µ∗(D) > µ∗(D ∩Ac) +
∞∑
i=1

µ∗(D ∩ (Ai−1 −Ai)) > µ∗(D ∩Ac) + µ∗(D ∩A).

l
 A ∈ A ∗. düNa½n� A ∗´ σ�ê.

(2)� A =
∞∑

n=1
An, An ∈ A ∗ üüØ�, K A ∈ A ∗. d σ g�\5, �

Iy² µ∗(D ∩ A) >
∞∑

n=1
µ∗(D ∩ An). 3 (1.3.1)¥- A = D¿± A ∩D�

O D, ±
n∑

i=1
Ai �O An, � µ∗(D ∩ A) >

n∑
i=1

µ∗(D ∩ An). - n ↑ ∞=�¤

¦.

(3)3 (2)¥- D = Ω=� µ∗3 A ∗þ� σ�\5. �

½n 1.42�y. Ï� A ∗ ⊃ σ(S ), ò µ∗ �u σ(S )þw,E´ÿÝ, �
µ∗(A) = µ(A), A ∈ S . l
 ∃µ 3 σ(S ) þ*Ü. � µ 3S þ´ σ k�

�, K�3 {An} ⊂ S üüØ�¦� Ω =
∞∑

n=1
An � µ(An) < ∞, n > 1.

X µ1, µ2 Ñ´ µ 3 σ(S )þ�*Ü, �Iy µ1(A ∩ An) = µ2(A ∩ An), A ∈
σ(S ), n > 1. �d-Mn = {A : A ∈ σ(S ), µ1(A ∩An) = µ2(A ∩An)}, K
Mn ⊃ S . d µ3 F (S )þ*Ü��5�Mn ⊃ F (S ), �düNa½n,
�Iy²M ´üNa. ùdÿÝ�ëY5á�. �

íØ 1.49. eS ´ Ω¥��8�ê, P´S þ�VÇ, K P3 σ(S )þk
���*Ü.

§ 1.3.3 ÿÝ���z

½Â 1.50. � (Ω,A , µ)´��ÿÝ�m. XJ�3 A ∈ A ¦ B ⊂ A�

µ(A) = 0, K¡ B� µ"ÿ8. XJ¤k µ"ÿ8ÑáuA , K¡ (Ω,A , µ)
´��ÿÝ�m.

½n 1.51. � (Ω,A , µ)´��ÿÝ�m, -

Ā = {A ∪N : A ∈ A , N � µ"ÿ8} ,

� µ̄(A ∪N) = µ(A), A ∈ A , N � µ"ÿ8. K (Ω, Ā , µ̄)´��ÿÝ�m,
¡�� (Ω,A , µ)���z.
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y² dg�\5��ê�"ÿ8�¿E�"ÿ8, � Ā é�ê¿µ4. �
Iy Ā é{µ4. � A∪N ∈ Ā , A ∈ A , N �"ÿ8. �B ∈ A ¦ B ⊃ N

� µ(B) = 0, K (A ∪ N)c = Ac ∩ N c = Ac ∩ Bc + Ac ∩ (N c − Bc). du
Ac ∩ (N c − Bc) ⊂ Ω − Bc = B, 
 µ(B) = 0, K Ac ∩ (N c − Bc)´"ÿ8.
q Ac ∩Bc ∈ A , �(A ∪N)c ∈ A .

2y (Ω, Ā , µ̄)���5. � N̄ ´ µ̄"ÿ8, K ∃B̄ ∈ Ā ¦ µ̄(B̄) = 0
� B̄ ⊃ N̄ . � B̄ = A∪N , A ∈ A , N � µ"ÿ8. K 0 = µ̄(B̄) = µ(A). �
B ∈ A , B ⊃ N ¦ µ(B) = 0. ·�k N̄ ⊂ B̄ ⊂ A ∪B, � µ(A ∪B) = 0. K
N̄ ´ µ"ÿ8, l
 N̄ ∈ Ā . �

½n 1.52. e µ ´�8�ê S þ�ÿÝ, µ∗ ´d µ )¤�	ÿÝ. e
A ⊂ Ω� µ∗(A) < ∞, K ∃B ∈ σ(S ), ¦: (i) A ⊂ B, (ii) µ∗(A) = µ(B),
(iii) ∀C ⊂ B −A� C ∈ σ(S ), k µ∗(C) = 0.

¡ù�� B� A��ÿCX.

y² ∀n > 1, � {Fnk
}k>1 ⊂ S ÷v A ⊂

∞⋃
k=1

Fnk
,
∞∑

k=1

µ(Fnk
) 6 µ∗(A) + 1

n .

- Bn =
∞⋃

k=1

Fnk
, K µ∗(A) 6 µ∗(Bn). - B =

∞⋂
n=1

Bn, K B ∈ σ(S ), B ⊃ A

� µ∗(B) = µ∗(A). e C ∈ σ(S ), C ⊂ B − A, K A ⊂ B − C. � µ∗(A) 6

µ∗(B − C) = µ(B) − µ(C). dd9 µ∗(B) = µ∗(A) < ∞ � µ∗(C) = 0.
�

½n 1.53. � µ´�8�ê S þ� σ k�ÿÝ, µ∗ ´d µ)¤�	ÿÝ,
K (Ω,A ∗, µ∗)´ (Ω, σ(S ), µ)���z.

y² �Iy A ∗ = Ā . � Ā ∈ Ā , K ∃A ∈ σ(S ), N � µ "ÿÝ¦

Ā = A ∪N , ´� A ∗�¹¤k µ"ÿ8, l
 Ā ∈ A ∗.

��,XA ∈ A ∗, µ∗(A) < ∞,-B´A��ÿCX�C´B−A��

ÿCX.KA = (B−C)∪(C−(B−A)),Ù¥B−C ∈ σ(S ), C−(B−A)�
µ"ÿ8. � A ∈ Ā . � µ∗(A) = ∞�, d µ� σk�5� ∃ {An}n>1 ⊂ S

¦
∞∑

n=1
An = Ω� µ(An) < ∞, n > 1. dc¡Øy� A ∩ An ∈ Ā , n > 1. �

A =
∞∑

n=1
An ∩A ∈ Ā . �

½n 1.54. � µ´�8�êS þ� σk�ÿÝ, K µ3A ∗þ�*Ü´�

��.
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y² du µ´ σk��, µ3 σ(S )þ�*Ü´���, =� µ∗3 σ(S )þ
���. X�3 µ�,�� A ∗þ�*Ü µ1, ∀A ∪N ∈ A ∗ = Ā , A ∈ σ(S )
� N � µ"ÿ8, k

µ∗(A ∪N) = µ∗(A) = µ1(A) 6 µ1(A ∪N) 6 µ1(A) + µ1(N)

= µ∗(A) + µ1(N) = µ∗(A ∪N) + µ1(N).

� B ∈ σ(S )¦ B ⊃ N,µ(B) = 0, k µ1(N) 6 µ1(B) = µ(B) = 0. l

µ∗(A ∪N) = µ1(A ∪N). �

½n 1.55. � µ ´�8�ê S þ�ÿÝ, K ∀A ∈ A ∗ ¦ µ∗(A) < ∞,
∀ε > 0, ∃Aε ∈ F (S )¦ µ∗(A∆Aε) < ε.

y² ∀ε > 0,∃ {Bn}n>1 ⊂ S ¦
∞⋃

n=1
Bn ⊃ A � µ∗(A) 6

∞∑
n=1

µ∗(Bn) 6

µ∗(A)+ ε
2 . Ï�µ∗(A) < ∞,�

∞∑
n=1

µ∗(Bn) < ∞. �n0 > 1¦
∑

n>n0

µ∗(Bn) <

ε
2 . - Aε =

n0∑
n=1

Bn, Bε =
∑

n>n0

Bn. K Aε ∈ F (S ). d µ∗ � σ g�\5�

µ∗(Bε) < ε
2 . l
düN5� µ∗((Aε ∪ Bε) − A) < ε

2 . du Aε − A ⊂ Bε

� A− Aε ⊂ (Aε ∪ Bε)− A, K µ∗(A∆Aε) = µ∗((A− Aε) + (Aε − A)) < ε.
�
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§1.4 Ö¿�SK

1. y²·K 1.6.

2. y²5� 1.10.

3. � C ´8a, K ∀A ∈ σ(C ), �3 C ��êf8a C1¦ A ∈ σ(C1).

4. (�ê)¤) σ �ê A ¡��ê)¤�, XJ�3�ê�f8a C ¦

� σ(C ) = A . y²Bd´�ê)¤�.

5. � Cn´üNþ,�f8a.

(a) e Cn´�ê, K
∞⋃

n=1
Cn´�ê;

(b) e Cn´ σ�ê, Þ~`²
∞⋃

n=1
Cn�±Ø´ σ�ê;

6. y²½n 1.19.

7. � C �f8a. y²e A ∈ σ(C ), K�3�êfa CA ⊂ C ¦�

A ∈ σ(CA).

8. y² σ�êØ�U´�êÃ¡�, =�o´k��, �o´Ø�ê�.

9. � Ωi, i = 1, · · · , n ´ n �8Ü(�m), Ai ´ Ωi ¥� σ �ê. y²
C = {A1 × · · · ×An : Ai ∈ Ai}, C ��8�ê.

10. y²½n 1.27.

11. Þ~`²��8aþ��\ÿÝ�7´k��\�.

12. Þ~`²�8�êS)¤� σ�êØU��5�Lã�

σ(S ) =

{ ∞∑
n=1

An : ∀n > 1, An ∈ S

}
.

�XJ Ω�õ�ê�, Xþ�Lã´�(�.
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13. � (Ωn,An, µn), n > 1 ´��ÿÝ�m, Ωn pØ��. - Ω =
∞∑

n=1
Ωn,A = {A ⊂ Ω : ∀n > 1, A ∩ Ωn ∈ An} , µ(A) =

∞∑
n=1

µn(A∩Ωn), A ∈

A . y² (Ω,A , µ)´��ÿÝ�m.

14. � Ω��Ã¡8, - F �d Ω¥�k�8½{8�k�8�8Ü|
¤�8a, 
édüa8Ü, P©O�� 0½ 1.

(a) y²F ´�ê, P´k��\�;

(b) e Ω��êÃ¡8, K PØ�U�ê�\;

(c) e Ω�Ø�ê8, K P´�ê�\.

15. y²·K 1.30.

16. � Ω��Ø�ê8, - F �d Ω¥��ê8½{8��ê8�8Ü
|¤�8a, 
édüa8Ü, P©O�� 0½ 1. y² P´�ê�\
�.

17. VÇ�m (Ω,A ,P)¡���f�, XJ P(A) > 0, A ∈ A , @o�3
B ∈ A ¦� B ⊂ A, 0 < P(B) < P(A).

(a) y²e P(A) > 0, ε > 0, @o�3 B ∈ A ¦� B ⊂ A, 0 <

P(B) < ε;

(b) y²e P(A) > x > 0, @o�3 B ∈ A ¦� B ⊂ A, 0 < P(B) =
x;

(c) y²�3 {B1, B2, · · · }¦� P(A)´ {P(B1),P(B2), · · · }�à|
Ü;

(d) y² (R,B)þ� LebesgueÿÝ λ´��f�.

18. y²íØ 1.35.

19. � ([0, 1],B([0, 1]), µ) ´k�ÿÝ�m, ÷v µ({x}) = 0,∀x ∈ [0, 1].
∀ε >, y²

(a) ∀x ∈ [0, 1], �3«m I 3 x¦� µ(I) 6 ε;
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(b) �3 [0, 1]�Èf8 A¦� µ(A) 6 ε.

20. y²íØ 1.41.

21. Þ~`² µ∗�7´�� σ�êþ�ÿÝ.

22. y²5� 1.46.

23. Á�E�~`²� µØ´ σk��, §l�8�ê*Ü��� σ�ê

þ�*Ü�UØ��.

24. � µ∗ ´ µ )¤�	ÿÝ. KÿÝ�m (Ω,A , µ) ´�����=�
A ⊃ {A ∈ Ω : µ∗(A) = 0}.

25. S ´�8�ê, µ´S þk�ÿÝ. P (Ω,A ∗, µ∗)´ µ*Ü� σ(S )
���z, -

µ∗(A) = sup

{∑
n

µ(An) : An ∈ S üüØ�,
∑

n

An ⊂ A

}
,

A∗ = {A ⊂ Ω : µ∗(A) = µ∗(A)} .

Áy: A ∗ ⊃ A∗

26. � (Ω,A , µ)�ÿÝ�m, µ∗ �d µ)¤�	ÿÝ. y² N ⊂ Ω� µ

"ÿ8��=� µ∗(N) = 0.

27. (a) 3 (0, 1]þ�3� Borel�ÿ8.

(b) 3 2(0,1] þØ�3²£ØC�VÇÿÝ. l
 LebesgueÿÝØ�
U*Ü� (0, 1]þ.

28. 3ÿÝ�m (Ω,A , µ)¥, Ai, Bi ⊂ Ω÷vµ∗(Ai∆Bi) = 0,Kµ∗
( ∞∑

i=1
Ai

)
=

µ∗
( ∞∑

i=1
Bi

)
.

29. - C = {Ca,b = [−b,−a) ∪ (a, b] : 0 < a < b}, ½Â µ(Ca,b) = b− a. y
² µ3 σ(C )þ�±*Ü���ÿÝ. ¯ [1, 2]´ µ∗�ÿ�í?
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30. �¼ê f 3 [0,∞) î�üO,î�]� f(0) = 0. ∀A ⊂ (0, 1], ½Â
µ∗(A) = f(λ∗(A)) (λ∗� Lebesgue	ÿÝ). y² µ∗�	ÿÝ, =§÷
v µ∗(∅) = 09�K5, üN5�g�ê�\5.

31. � (Ω,A ,P�VÇ�m, A /∈ A . - A1 = σ(A ∪ {A}), y² P�±*
Ü� A1þ�VÇÿÝ.

32. - f : R 3 x 7−→ x
3 ∈ R, A0 = [0, 1]. K An+1 = f(An) + 2

3f(An) (n >

0)üNeü. An�4�P�C,¡��Cantor8. y²C� Lebesgue
ÿÝ� 0.





1�Ù �ÅCþ��ÿ¼ê

cÙ·�®²ïá
ÿÝ�m�Vg, dd��Ñ�ÅCþ9Ù©Ù¼
ê�únz½Â.

½Â 2.1. 1) � (Ω,A ,P) ´VÇ�m, ξ : Ω → R ´¢¼ê. XJ ∀x ∈
R, {ω : ξ(ω) < x} ∈ A , K¡ ξ ´ (Ω,A ,P)þ�¢�ÅCþ. XJ η , ζ

´¢�ÅCþ, K¡ ξ = η + i ζ � (Ω,A ,P)þ�E�ÅCþ.

2) XJ ξ1, · · · , ξn ´ (Ω,A ,P) þ�¢ (E) �ÅCþ, K¡�þ�¼ê
(ξ1, · · · , ξn)´ (Ω,A ,P)þ� n�¢ (E)�Å�þ (½Cþ).

3) � (ξ1, · · · , ξn)´ (Ω,A ,P)þ���¢�Å�þ, K¡

F : Rn 3 (x1, x2, · · · , xn) 7→ P(ξi < xi : 1 6 i 6 n)

�ù��Å�þ�©Ù¼ê.

4) � (ξ1, · · · , ξn), (η1, · · · , ηn)´VÇ�m (Ω,A ,P)þ�ü��Å�þ,e

P(ξi 6= ηi) = 0, 1 6 i 6 n,

K¡ùü��Å�þ´A��½ (P� a.s.)���. XJ§�äk�Ó
�©Ù¼ê, K¡§�´Ó©Ù�.

�Ùkòþ¡��ÅCþVgòÿ����ÿ�mþ��ÿ¼ê, ,�
X­?Ø�ÿ¼ê��E9Âñ½n, §�ò¤�½ÂÚïÄ�ÿ¼êÈ©
��ÅCþÏ"�nØÄ:.
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§2.1 �ÿ¼ê

§ 2.1.1 Ä�Vg95�

�B� Rþ� Borel σ�ê, R̄ = [−∞,∞], B̄ = σ(B ∪{∞}∪{−∞}),
� R̄n � R̄� n�¦È�m, B̄n �Ùþ�¦È σ �ê. Ó�/§�±½Â
2ÂE²¡ C̄� n�¦È�m C̄n, 9Ùþ�¦È σ�ê B̄n

c .

½Â 2.2. 1) � (Ω,A )� (E,E )´ü��ÿ�m, f ´l Ω� E �N�.
XJ ∀B ∈ E , f−1(B) , {ω ∈ Ω : f(ω) ∈ B} ∈ A , K¡ f �l (Ω,A )
� (E,E )��ÿN�.

2) AO/, XJ f ´l (Ω,A )� (R̄, B̄)þ��ÿN�, K¡ f �¢�ÿ

¼ê. X f ´l (Ω,A )� (R̄n, B̄n)þ��ÿN�, K¡ f � n�¢�

ÿ¼ê. e f = f1 + i f2, f1, f2´ n�¢�ÿ¼ê, K¡ f � n�E�ÿ

¼ê.

XÃAO`², e¡¤���ÿ¼êþ�¢�ÿ¼ê.

3) ¡ f−1(B)�B3 f e�_�.� C ´E�f8a,K¡ {f−1(B) : B ∈
C }� C 3 f e�_�, P� f−1(C ).

´�, f : (Ω,A ) → (E,E )�ÿ��=� f−1(E ) ⊂ A .

5� 2.3. � f ´l Ω� E �N�, K

1) f−1(E) = Ω, f−1(∅) = ∅;

2) f−1(Bc) = [f−1(B)]c, B ⊂ E;

3) f−1(B1 −B2) = f−1(B1)− f−1(B2), B1, B1 ⊂ E;

4) f−1

( ⋃
γ∈Γ

Bγ

)
=
⋃

γ∈Γ

f−1(Bγ), Bγ ⊂ E, γ ∈ Γ;

5) f−1

( ⋂
γ∈Γ

Bγ

)
=
⋂

γ∈Γ f−1(Bγ), Bγ ⊂ E, γ ∈ Γ.

{ó�, _��8Ü�?¿$����.

5� 2.4. � E ´ Eþ� σ�ê, K f−1(E )´ Ω¥¦� f �ÿ��� σ�

ê.

5� 2.5. � C ´ E �f8a, f : Ω → E . K f−1(σ(C )) = σ(f−1(C )).

y² f−1(σ(C ))´ σ �ê��¹ f−1(C ), � f−1(σ(C )) ⊃ σ(f−1(C )). l
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�Iy

A , {C ⊂ E : f−1(C) ∈ σ(f−1(C ))} ⊃ σ(C ),

¯¢þ, ·�k 1) A ⊃ C ; 2) f−1(E) = Ω ∈ σ(f−1(C )) ⇒ E ∈ A ; 3)
C ∈ A ⇒ f−1(Cc) = (f−1(C))c ∈ σ(f−1(C )) ⇒ Cc ∈ A ; 4) {Cn}n>1 ⊂

A ⇒ f−1

( ∞⋃
n=1

Cn

)
=

∞⋃
n=1

f−1(Cn) ∈ σ(f−1(C )) ⇒
∞⋃

n=1
Cn ∈ A . ¤±

A ⊃ σ(C ). �

½n 2.6. 1) f ´ (Ω,A )þ�ÿ¢¼ê��=�´ ∀x ∈ R, {f < x} ∈ A .

2) f = (f1, · · · , fn) ´ (Ω,A ) þ� n ��ÿ¢¼ê�¿©7�^�´

∀1 6 k 6 n, fk ´ (Ω,A )þ��ÿ¢¼ê.

y² 1)7�5w,. - S = {[−∞, x) : x ∈ R}, K σ(S ) = B̄, �d5�
2.5� f−1(B̄) = f−1(σ(S )) = σ(f−1(S )) ⊂ σ(A ) = A . 
d5� 2.4�
f−1(B̄)´¦ f �ÿ��� σ�ê, l
 f ´ (Ω,A )þ��ÿ¼ê.

2)7�5: ∀Ak ∈ B̄, {fk ∈ Ak} = {f ∈ R̄ × · · · × Ak × · · · × R̄} ∈ A .
� fk �ÿ.

¿©5: - S = {{fk < r} : 1 6 k 6 n, r ∈ R}. du B̄n =
σ({{x : xk < r} : 1 6 k 6 n, r ∈ R}), ·�k f−1(B̄n) = σ(S ) , 
d
fk (1 6 k 6 n)��ÿ5�S ⊂ A . l
 f−1(B̄n) ⊂ A , = f �ÿ. �

½n 2.7. e (Ωi,Ai), i = 1, 2, 3´n��ÿ�m, (Ω1,A1)
f−→ (Ω2,A2)

g−→
(Ω3,A3)Ñ�ÿ, K g ◦ f ´l (Ω1,A1)� (Ω3,A3)��ÿN�.

y² d (g ◦ f)−1(B) = f−1(g−1(B))á�. �

½n 2.6� 1)L², �ÅCþÒ´VÇ�mþk��ÿ¼ê; ½n 2.6
� 2)L², ���þ�¼ê�ÿ��=�Ùz�©þþ�ÿ; 
½n 2.7´
`�ÿN��EÜE�ÿ.

íØ 2.8. 1) � g ´ (R̄n, B̄n)þ�¢ (E)�ÿ¼ê, f1, · · · , fn ´ (Ω,A )
þ�¢�ÿ¼ê, K g(f1, · · · , fn)´ (Ω,A )þ�¢ (E )�ÿ¼ê.

2) � g ´ (C̄n, B̄n
c )þ�¢ (E)�ÿ¼ê, f1, · · · , fn ´ (Ω,A )þ�E�

ÿ¼ê, K g(f1, · · · , fn)´ (Ω,A )þ�¢ (E)�ÿ¼ê.

íØ 2.9. 1) � g´ (R̄n, B̄n)þ�¢ (E)�ÿ¼ê, f1, · · · , fn´(Ω,A ,P)
þ��ÅCþ. e P(|g(f1, · · · , fn)| = ∞) = 0, K g(f1, · · · , fn) ´
(Ω,A ,P)þ���¢ (E)�ÅCþ.
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2) � g ´ (C̄n, B̄n
c )þ�¢ (E)�ÿ¼ê, f1, · · · , fn ´ (Ω,A ,P)þ�E

�ÅCþ. X |g(f1, · · · , fn)| < ∞ ,K g(f1, · · · , fn)´ (Ω,A ,P)þ��
�¢ (E)�ÅCþ.

§ 2.1.2 �ÿ¼ê��E

·�òl�ÿ8�«5¼êÑu, ¦^�5|Ü�4��EÑ¤k¢�
ÿ¼ê.

½Â 2.10. 1) ∀A ⊂ Ω, ½Â A�«5¼ê�

1A(ω) =

{
1, e ω ∈ A,

0, Ù§.

2) e Ak ∈ A , k = 1, · · · , nüüØ�� Ω =
n∑

k=1

Ak, a1, · · · an ∈ R̄n, K¡

¼ê f =
n∑

k=1

ak1Ak
�{ü¼ê.

3) e3 2)¥� n = ∞, K¡ f �Ð�¼ê.

5� 2.11. 1) 1A´ (Ω,A )þ��ÿ¼ê��=� A ∈ A ;

2) Ð�¼ê�{ü¼ê´ (Ω,A )þ��ÿ¼ê.

y² � f =
n∑

k=1

ak1Ak
, K ∀B ∈ B̄, f−1(B) =

⋃
k:ak∈B

Ak ∈ A . �

½n 2.12. 1) �ÿ¼ê´{ü¼ê��Å:Âñ4�;

2) �ÿ¼ê´Ð�¼ê����4�;

3) k.�ÿ¼ê´{ü¼ê����4�;

4) �K�ÿ¼ê´�K{ü¼ê� (Ð�¼ê�)�Øü4� (��4�).

y² 1) ∀n > 19 ω ∈ Ω, -

fn =
n2n−1∑

k=−n2n

k

2n
1{ k

2n 6f< k+1
2n } + n1{f>n} − n1{f<−n}

K fn´{ü¼ê�

|fn − f |1{−n6f<n} <
1
2n

;� f = ∞�, fn = n;� f = −∞�, fn = −n.

� fnÅ:Âñu f .
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2)-

fn =
∞∑

k=−∞

k

2n
1{ k

2n 6f< k+1
2n } +∞1{f=∞} −∞1{f=−∞}

K fn�Ð�¼ê, ÷v

|fn − f |1{|f |<∞} <
1
2n

; �� |f | = ∞�, fn = f.

l
 fn��Âñu f .

3)X f k., Kd 1)�{ü¼ê fn��Âñu f .

4)X f �K, K 1)Ú 2)¥¤�E�¼êS� fnüNeü. �

� f ´ Ωþ¢¼ê, ½Â f+ = max{f, 0}, f− = max{−f, 0}. ¿©O
¡� f ��Ü�KÜ.·�k f = f+−f−, |f | = f+ +f−, f+ = |f |+f

2 , f− =
|f |−f

2 .

½n 2.13. �ÿ¼ê��Ü�KÜE��ÿ¼ê. Ï
?Û�ÿ¼ê�L
¤�K�ÿ¼ê��.

§ 2.1.3 �ÿ¼ê�$�

·K 2.14. � {fn}n>1´ Ωþ��¢¼ê.

1) {fn}n>1�þ!e4��þe(.Ñ�3, �

lim
n→∞

fn = lim
n→∞

inf
k>n

fk = sup
n

inf
k>n

fk,

lim
n→∞

fn = lim
n→∞

sup
k>n

fk = inf
n

sup
k>n

fk.

2) {fn}n>1�4� lim
n→∞

fn�3��=� ∀ω ∈ Ω, lim
n→∞

fn(ω) = lim
n→∞

fn(ω).

½n 2.15. 1) � {fn}n>1 ´�ÿ�m (Ω,A )þ���¢�ÿ¼ê�, K
sup
n>1

fn, inf
n>1

fn, lim
n→∞

fn, lim
n→∞

fnÑ´¢�ÿ¼ê.

2) � {fn}n>1´�ÿ�m (Ω,A )þ���E�ÿ¼ê�. XJ lim
n→∞

fn�

3, K§�´�ÿ¼ê.

y² 5¿� ∀x ∈ R,{
inf
n>1

fn < x

}
=
⋃
n>1

{fn < x} ∈ A ,



32 1�Ù �ÅCþ��ÿ¼ê

l
 inf
n>1

fn�ÿ. du sup
n>1

fn = − inf
n>1

(−fn), � sup
n>1

fn�ÿ.

��, ∀x ∈ Rk{
lim

n→∞
fn < x

}
=

∞⋃
m=1

∞⋃
n=1

⋃
k>n

{
fk < x− 1

m

}
∈ A .

� lim
n→∞

fn�ÿ. 
 lim
n→∞

fn = − lim
n→∞

(−fn), ¤± lim
n→∞

fn��ÿ. �

½n 2.16. � g´D ⊂ R̄nþ�ëY¼ê, K g´ (D,D ∩ B̄n)þ�ÿ¼ê.
¦^ C̄n�O R̄n�, (ØE¤á.

y² Ø�� g´¢¼ê. ∀m > 1, r R̄n ©�¤�ê�>�� 1/2m �pØ

���á�¬, =

Aj1,··· ,jn =
[

j1

2m
,
j1 + 1

2m

)
× · · · ×

[
jn

2m
,
jn + 1

2m

)
, j1, · · · , jn ∈ Z ∪ {+∞,−∞},

� j = −∞ ��½ [ j
2m , j+1

2m ) = {−∞}, � j = +∞ ��½ [ j
2m , j+1

2m ) =
{+∞}. rù
��¬­#ü�, P¤ {Am

i : i,m ∈ N}.

�½ xim ∈ Am
i , ½Â

gm(x) =
∞∑
i=1

1Am
i ∩D(x)g(xim),

K gm�ÿ, �d g�ëY5� gm(x) m→∞−−−−→ g(x), l
 g�ÿ. �

½n 2.17. � D ⊂ C̄n, f1, · · · , fk ´ (Ω,A )þ�ÿ¼ê, (f1, · · · , fk)(Ω) ⊂
D. � g´ Dþ�ÿ¼ê, K g(f1, · · · , fk)´�ÿ¼ê.

y² du�ÿ¼ê�EÜ´�ÿ¼ê. �

íØ 2.18. �ÿ¼ê�k¿Â�Ú!�!È!ûE´�ÿ�.

íØ 2.19. � ξ1, · · · , ξn ´ (Ω,A ,P)þ� n��ÅCþ, g´ Cn þk�ë

Y¼ê, K g(ξ1, · · · , ξn)´�ÅCþ. AO/, �ÅCþ�k¿Â�Ú!�!
È!ûE´�ÅCþ.

§ 2.1.4 ¼ê/ª�üNa½n

½Â 2.20. �L ´ Ωþ��¼êx, ÷v^�µf ∈ L ⇒ f+, f− ∈ L . X
J¼êx L÷v:
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1) 1 ∈ L;

2) L¥k��¼ê�k¿Â��5|Üáu L;

3) XJ fn ∈ L, 0 6 fn ↑ f , f k.½ f ∈ L , K f ∈ L;

K¡ L�L X,

½n 2.21 (¼ê/ª�üNa½n). eL X L�¹,� πX C ¥¤k8

Ü�«5¼ê, K L�¹��áuL �'u σ(C )�ÿ�¢¼ê.

y² - Λ = {A : 1A ∈ L}, K Ω ∈ Λ,Λéý�µ4, éüNO8�¿µ4,
l
 Λ´ λX. qÏ Λ ⊃ C , � C � πX, �düNa½n� Λ ⊃ σ(C ). d
d9½Â reft2.20� 2)� L�¹¤k σ(C )�ÿ�{ü¼ê. � f ∈ L �

'u σ(C )�ÿ, K f+, f− ∈ L �'u σ(C )�ÿ, l
�3�K{ü¼ê
� fn ↑ f+, l
d 3)� f+ ∈ L. Ón f− ∈ L, � f = f+ − f− ∈ L. �

¼ê/ªüNa½n�A^g´´: �y²¼êx F ¥¼êäk,«

5� A0, Ú\ L ⊃ F , ¦ L ,
{
f : f ä5� A0

}
� L X, 2Ú? π X C

¦ C ¥8Ü�«5¼êþáu L, �¤k'u σ(C )�ÿ�¼êa�¹ F .
u´d½n 2.21� F ¥¼êäk5� A0.

e¡�½n´½n 2.21���äNA^.

½n 2.22. � Ω ´�8Ü, (E,E ) ´�ÿ�m, f : Ω → E �N�. -
σ(f) = f−1(E ), K ϕ : Ω → R̄´ σ(f)�ÿ¼ê�¿�^�´�3 (E,E )þ
�ÿ¼ê g¦ ϕ = g ◦ f . e ϕk� (k.), K g��k� (k.)�.

y² ¿©5dEÜ¼ê��ÿ5=�.

7�5: - L = {g ◦ f : g ∈ E }, K

1) 1Ω = 1E ◦ f ∈ L;

2) ∀g1 ◦ f, g2 ◦ f ∈ L9 a1, a2 ∈ R¦ a1(g1 ◦ f) + a2(g2 ◦ f)k¿Â, ·
�k

a1g1 ◦ f + a2g2 ◦ f = [(a1g1 + a2g2)1A] ◦ f,

Ù¥ A =
{
x ∈ E : a1g1(x) + a2g2(x)�3

}
. l
 a1g1 ◦ f + a2g2 ◦ f ∈ L.

3) e ϕn ∈ L,ϕn ↑ ϕ, K ∃gn ∈ E ,¦ ϕn = gn ◦ f . - g = sup
n>1

gn, K

g ∈ E � ϕ = g ◦ f , � ϕ ∈ L. 2�L � σ(f)��ÿ¼êa, K L�L X.
e C ∈ σ(f), K�3 B ∈ E ¦ C = f−1(B), � 1C = 1B ◦ f , l
 L�¹¤

k σ(f)�ÿ�«5¼ê. d½n 2.21�, L�¹L . l
1�Øä�y. �
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�, X ϕk. (k�), � ϕ = g ◦ f , K�± g1{|g|6||ϕ||∞}(g1{|g|<∞})�O g.
�

íØ 2.23. � f ´ Ωþ n�¢¼ê. K ϕ'u f−1(B̄n)�ÿ�¿�^�´
�3 (R̄n, B̄n)þ�ÿ¼ê g¦ ϕ = g ◦ f .

½n 2.24. � L ´ R̄n þ¢¼ê�N, L´ R̄n þ�¹k.ëY¼ê� L

X, K L�¹L ¥�� Borel�ÿ¼ê.

y² �S = {A : A´ R̄n¥m«m },KS ´ πX, σ(S ) = R̄n. ∀A ∈ S ,
- d(x,Ac) = inf {|x− y| : y 6∈ A}. ∀m > 1, -

fm(x) =


0, x 6∈ A

1, x ∈ A, d(x,Ac) > 1
m ,

md(x, Ac), x ∈ A, d(x,Ac) 6 1
m .

K fmëY, fm ↑ 1A, l
 1A ∈ L. 2d½n 2.21=�¤y(Ø. �

§2.2 ©Ù¼ê�©ÙÆ

d�Å�þ©Ù¼ê�½ÂN´wÑ§äke¡½n¥¤£ã�o

�A�. Ù¥, éu Rn þ¼ê F 9 a, b ∈ Rn, a 6 b, ∆b,aF � F 3«m

[a, b)þ��©. � n = 1�, ∆b,aF ½Â� F (b)− F (a). 
ép��/, �
a = (a1, · · · , an), b = (b1, · · · , bn) �, - ∆b,aF = ∆b1,a1∆b2,a2 · · ·∆bn,anF ,
Ù¥ ∆bi,ai

�¼êé1 i�©þ��©.

½n 2.25. � F ´�� n�¢¼ê, §´�� n��Å�þ�©Ù¼ê�

�=�

(a) F Øü�4b,aF > 0;

(b) F éz�©þ�ëY ({¡�ëY);

(c) X ∃1 6 i 6 n¦ xi → −∞, K F (x) → 0 ;

(d) F (∞,∞, · · · ,∞) , lim
n→∞

F (n, · · · , n) = 1.

·�=Iy²¿©5, =µéz�÷v (a)–(d)�¼ê F , �EVÇ�m
(Ω,A ,P)9Ùþ n���ÅCþ ξ, ¦§�©Ù¼êÒ´ F . du  Ø�
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uVÇÿÝ, Ï
·�òy²���2�(Ø. �d, kÿ2©Ù¼ê�½
Â.

½Â 2.26. Rn þ�k�¢¼ê F XJ÷v�ëY59�©�K5, =
∀a 6 bk ∆b,aF > 0, K¡�� Rnþ��©Ù¼ê.

½n 2.27. � F ´ Rn þ�©Ù¼ê, K3Bn þ�3���ÿÝ µF ÷v

µF ([a, b)) = ∆b,aF, a 6 b. Ï
 µF 3k�«mþ��k�, §���z¡
�d F )¤� Lebesgue-Stieltjes ( L-S )ÿÝ.

y² -

C =

{
[a, b) ,

n∏
k=1

[ak, bk) : a 6 b, ak ∈ [−∞,+∞), bk ∈ (−∞,+∞]

}
Ù¥ ak = −∞ �, [ak, bk)n)¤ (−∞, bk), K C ´ Rn¥�8�ê.

½Â C þ�8¼êµµF ([a, b)) = ∆b,aF, a 6 b. � b ½ a �,©þ

� ±∞�, µF ([a, b))n)��T©þªu ±∞��4�. ´y µF ´k�

�\�. du µF 3k�«mþ��k�, �
´ σ k��.  y µF ´

σ �\�. � A ∈ C , {Ak}k>1 ⊂ C üüØ��
∞∑

k=1

Ak = A. e¡y²

∞∑
k=1

µF (Ak) = µF (A).

a)ky
∞∑

k=1

µF (Ak) 6 µF (A).

kòµF *Ü�F (C )þ,dk��\5�
n∑

k=1

µF (Ak) = µF

(
n∑

k=1

Ak

)
6

µF (A). - n →∞=�.

b)2y
∞∑

k=1

µF (Ak) > µF (A).

Ø�� A ´k�«m, ÄK± A(N) = A ∩ I(N) �O A, ± A
(N)
k =

Ak ∩ I(N) �O Ak, 2- N ↑ ∞ =�. ùp I(N) = [−N,N)n. - A =
[a, b), Ak = [a(k), b(k)), a 6 b, a(k) 6 b(k), k > 1.

d F ��ëY5, ∀ε > 0,∃δ > 0, ¦

µF (A)− ε < µF ([a, b− ~δ)).

Ù¥ ~δ = (δ, · · · , δ). d	, éz� k > 1, �3 δ(k) > 0¦

µF ([a(k) − ~δ(k), b(k))) 6 µF (Ak) +
ε

2k
.
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du

[a, b− ~δ] ⊂ [a, b) =
∞⋃

k=1

[a(k), b(k)) ⊂
∞⋃

k=1

(a(k) − ~δ(k), b(k)),

dk�CX½n, �3 N > 1¦

[a, b− ~δ] ⊂
N⋃

k=1

(a(k) − ~δ(k), b(k))

l


µF ([a, b)) 6 µF ([a, b− ~δ)) + ε 6 ε +
N∑

k=1

µF ((a(k) − ~δ(k), b(k)))

6 2ε +
∞∑

k=1

µF (Ak).

- ε ↓ 0=�¤¦. l
 µF � C þ σk�ÿÝ,dÿÝ*Ü½n (½n 1.42)
�§3Bn = σ(C )þ�3���*Ü. �

½n 2.25 �y² � µF ´d F �Ñ�Bn þ�ÿÝ, d (c)Ú (d)� µF

´VÇÿÝ. 3VÇ�m (Ω,A ,P) = (Rn,Bn, µF )þ½Â ξ(x) = x, K ξ´

n��ÅCþ, � P(ξ < x) , µF ((−∞, x)) = F (x). �

�«Ou��©Ù¼ê, ÷v½n 2.25� (a)–(d)�©Ù¼ê¡�VÇ
©Ù¼ê.

~: - F (x1, · · · , xn) = x1x2 · · ·xn, K F ´ Rnþ©Ù¼ê� µF � Rn

þ LebesgueÿÝ.

½Â 2.28. d n��ÅCþ ξ �©Ù¼ê)¤� (Rn,Bn)þVÇÿÝ, ¡
� ξ�VÇ©Ù, P� Pξ. Pξ U��(½VÇ©Ù�5Æ, ¡�©ÙÆ.

Xµ©Ù¼ê!A�¼ê!lÑ.�ÅCþ�©Ù�!ëY.�ÅCþ

�©Ù�Ý�þ´©ÙÆ.

§2.3 Õá�ÅCþ

½Â 2.29. �
{
ξ(t) = (ξt,1, · · · , ξt,mt) : t ∈ T

}
´ (Ω,A ,P)þ¢�Å�þx.
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e ∀{t1, · · · , tl} ⊂ T 9 x(ti) ∈ Rmti , i = 1, · · · , l, k

P(ξ(t1) < x(t1), · · · , ξ(tl) < x(tl)) =
l∏

i=1

P
(
ξ(ti) < x(ti)

)
.

K¡
{
ξ(t) : t ∈ T

}
��xÕá�Å�þ, {¡

{
ξ(t) : t ∈ T

}
Õá. Ó��½

ÂE�Å�þ�Õá5.

e¡�5�´w,�.

5� 2.30. 1) {ξ(t) : t ∈ T}Õá��=� ∀T ′ ⊂ T, |T ′| < ∞, {ξ(t) : t ∈
T ′}Õá.

2) �
⋃
r∈I

Tr = T, Tr üüØ�, |Tr| < ∞. - ξ̄(r) = (ξ(t) : t ∈ Tr). e

{ξ(t) : t ∈ T}Õá, K {ξ̄(r) : r ∈ I}Õá.

½n 2.31. � ξ(k), k = 1, · · · , n´ n�¢ (E)�Å�þ, K§�Õá�¿
�^�´µ∀B(mk) ∈ B(mk), k

P

(
n⋂

k=1

{ξ(k) ∈ B(mk)}

)
=

n∏
k=1

P
(
ξ(k) ∈ B(mk)

)
.

y² ¿©5w,. 8y7�5. �y n = 2��/, é n > 2�/�¦^8
B{.

1) - Sk = {(−∞, bk) : bk ∈ R(mk)}, k = 1, 2, K Sk ´ Rmk þ� π X

� σ(Sk) = B(mk). �½ (−∞, b) ∈ Bm2 , -

C1 =
{

A1 ∈ B(m1) : P(ξ(1) ∈ A1, ξ
(2) < b) = P(ξ(1) ∈ A1)P(ξ(2) < b)

}
.

K C1 ⊃ S1. 8y C1´ λX.

w, Ω ∈ C1. X A(n) ↑ A1, A
(n) ∈ C1, K {ξ(1) ∈ A(n)} ↑ {ξ(1) ∈ A1}.

l
dVÇ�ëY5 A1 ∈ C1. d	, X A1 ⊃ A′
1� A1, A

′
1 ∈ C1, K

P(ξ(1) ∈ A1 −A′
1, ξ(2) < b) = P(ξ(1) ∈ A1, ξ

(2) < b)− P(ξ(1) ∈ A′
1, ξ

(2) < b)

= P(ξ(1) ∈ A1)P(ξ(2) < b)− P(ξ(1) ∈ A′
1)P(ξ(2) < b)

= P(ξ(1) ∈ A1 −A′
1)P(ξ(2) < b).

� A1 −A′
1 ∈ C1, l
 C1´ λX. düNa½n� C1 ⊃ B(m1).
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2)� ∀A1 ∈ B(m1). -

C2 = {A2 ∈ B(m2) : P(ξ(1) ∈ A1, ξ
(2) ∈ A2) = P(ξ(1) ∈ A1)P(ξ(2) ∈ A2)}.

Kd 1), C2 ⊃ S2, �Ó��y² C2´ λX. l
y�(Ø. �

íØ 2.32. �
{
ξ(k) : k = 1, · · · , n

}
Õá. fk : Rmk → Rm′

k ´k� Borel�
ÿ¼ê, K

{
fk(ξ(k)) : k = 1, · · · , n

}
Õá.

y² ∀Ak ∈ B(m′
k), k f−1

k (Ak) ∈ B(mk), K

P

(
n⋂

k=1

{fk(ξ(k)) ∈ Ak}

)
= P

(
n⋂

k=1

{ξ(k) ∈ f−1
k (Ak)}

)

=
n∏

k=1

P(ξ(k) ∈ f−1
k (Ak))

=
n∏

k=1

P(fk(ξ(k)) ∈ Ak). �

íØ 2.33.
{
ξ(k) : k = 1, · · · , n

}
Õá��=� (ξ(1), · · · , ξ(n))�©Ù¼ê

�L¤

F (x(1), · · · , x(n)) =
n∏

k=1

Fk

(
x(k)

)
,

Ù¥ Fk ´ Rmk þ�¢¼ê.

y² 7�5: w,, � Fk � ξ(k)�©Ù¼ê=�.

¿©5: Ø�� Fk �K, ÄK± |Fk|�O Fk. du

P(ξ(k) < x(k)) = P(ξ(k) < x(k), ξ(i) < ∞, i 6= k)

= F (∞, · · · , x(k),∞, · · · ,∞)

= Fk(x(k))
∏
i6=k

Fi(∞),

l
d
n∏

i=1
Fi(∞) = 1� ξ(k)�©Ù¼ê� Fk(x(k))/Fk(∞). dd�

F (x(1), · · · , x(n)) =
n∏

k=1

Fk(x(k)) =
n∏

k=1

Fk(x(k))
Fk(∞)

%¹ ξ(1), · · · , ξ(n)Õá.
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§2.4 �ÿ¼êS��Âñ

� (Ω,A , µ)´��ÿÝ�m. XJ,'X3, µ"ÿ8	??¤á,
K¡�'u µA�??¤á, P� µ-a.e.½ a.e.¤á. ¡ù�"ÿ8¡�~
	8. 3ù�!, ¤?Ø��ÿ¼êÑ´ a.e.k��.

§ 2.4.1 A�??Âñ

½Â 2.34. � {fn}´�ÿ¼ê�, f ´�ÿ¼ê. e�3N ∈ A , µ(N) = 0,

¦� ∀ω 6∈ N k fn(ω) → f(ω), n → ∞, K¡ {fn}A�??Âñu f , P�
fn

a.e.−−→ f.

XJ ∀ω 6∈ N , � n, m → ∞�, fn(ω) − fm(ω) → 0, K¡ {fn}A�?
?�pÂñ, P� fn − fm

a.e.−−→ 0.

´�, fn − fm
a.e.−−→ 0��=� fn+m − fn

a.e.−−→ 0(n → ∞)é m��¤

á.

5� 2.35. 1) X fn
a.e.−−→ f , K?Ûf� {fnk

}÷v fnk

a.e.−−→ f.

2) X fn
a.e.−−→ f, fn

a.e.−−→ f ′, K f = f ′ a.e.

3) X fn
a.e.−−→ f, gn = fn a.e., f = g a.e., K gn

a.e.−−→ g.

4) X f
(k)
n

a.e.−−→ f (k), k = 1, · · · ,m, g� RmþëY¼ê, K

g(f (1)
n , · · · , f (m)

n ) a.e.−−→ g(f (1), · · · , f (m)).

½n 2.36. � {fn}��ÿ¼ê�, K�3�ÿ¼ê f ¦ fn
a.e.−−→ f ��=�

{fn}A�??�pÂñ.

y² X fn
a.e.−−→ f , K�3"ÿ8 N ¦ fn(ω) → f(ω), ω 6∈ N , l
 ∀ω 6∈

N, {fn(ω)}n>1 ´ Cauchy�, =� n, m → ∞�, fn(ω) − fm(ω) → 0. �
{fn}n>1A�??�pÂñ.

��,X {fn}A�??�pÂñ,K�3"ÿ8N¦ ∀ω 6∈ N, {fn(ω)}n>1

´ Cauchy�, l
k4�, P� f(ω). � ω ∈ N �, - f(ω) = 0. du�ÿ
¼ê�4���ÿ, l
 f �ÿ� fn

a.e.−−→ f . �

e¡½n�dA�??Âñ�A�??�pÂñ�½Âá�.

½n 2.37. � f, fn, n > 1´k��ÿ¼ê.
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1) fn
a.e.−−→ f ��=� ∀ε > 0, µ

( ∞⋂
n=1

∞⋃
m=n

{|fm − f | > ε}
)

= 0. AO/, �

µk��,

fn
a.e.−−→ f ��=� ∀ε > 0, µ

( ∞⋃
m=n

{|fm − f | > ε}

)
→ 0(n →∞).

2) fn − fm
a.e.−−→ 0��=� ∀ε > 0, µ

( ∞⋂
n=1

∞⋃
v=1

{|fn+v − fn| > ε}
)

= 0. A

O/, � µk��, fn − fm
a.e.−−→ 0��=�

∀ε > 0, µ

( ∞⋃
v=1

{|fn+v − fn| > ε}

)
→ 0(n →∞).

§ 2.4.2 �ÿÝÂñ

½Â 2.38. � {fn}n>1 ´k��ÿ¼êS�, f �ÿ. XJ ∀ε > 0, µ(|fn −
f | > ε) → 0(n →∞), K¡ {fn}n>1�ÿÝ µÂñu f , P� fn

µ−→ f.

XJ ∀ε > 0,

sup
v>1

µ(|fn+v − fn| > ε) → 0, n →∞,

K¡ {fn}�ÿÝ µ�pÂñ, P� fn+v − fn
µ−→ 0.

´�, e fn
µ−→ f , K f a.e.k�. e¡�5�´w,�.

5� 2.39. 1) fn
µ−→ f, K?Ûf� fnk

µ−→ f .

2) fn
µ−→ f, fn

µ−→ f ′, K f = f ′ a.e.

3) fn
µ−→ f, gn = fn a.e., g = f a.e., K gn

µ−→ g.

½n 2.40. � f, fn : Ω → Rm �ÿ� D ⊃ f(Ω), D ⊃
∞⋃

n=1
fn(Ω). X

g : D → R��ëY� fn
µ−→ f , K g(fn)

µ−→ g(f).

y² ∀ε > 0,∃δ > 0, � x, y ∈ D� |x − y| < δ �, k |g(x) − g(y)| < ε. K

{|g(fn)− g(f)| > ε} ⊂ {|fn − f | > δ}, �y. �

íØ 2.41. e fn
µ−→ f, gn

µ−→ g, K fn + gn
µ−→ f + g.

½n 2.42. 3½n 2.40¥, e µ´ (Ω,A )þk�ÿÝ� D´m8, K g�

�¤ëY¼ê.
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y² -

DN = {x ∈ Rn : |x| 6 N, d(x,Dc) > N}, d(x,∅) = ∞.

K DN ´k.48 (Ï� d(·, Dc) ëY). d� N ↑ ∞ � DN ↑ D �

µ(f−1(D\DN )) ↓ 0. ∀ε ∈ (0, 1), du g ´ DN+1 þ��ëY¼ê, ��
3 δN > 0¦ ∀x, y ∈ DN+1, |x− y| < δN �, |g(x)− g(y)| < ε. K

An : = {|g(fn)− g(f)| > ε} ⊂ (An ∩ {fn, f ∈ DN+1}) ∪ {f /∈ DN}

⊂ {|fn − f | > δN} ∪ {f /∈ DN} .


 lim
n→∞

µ(An) 6 0 + µ(f−1(D\DN )). - N ↑ ∞� lim
n→∞

µ(|g(fn)− g(f)| >
ε) = 0.

��`²ü«Âñ5�'X.

½n 2.43. � {fn}n>1´k��ÿ¼êS�.

1) XJ fn
µ−→ f, K�3f� {fnk

}¦ fnk

a.e.−−→ f.

2) XJ fn+v − fn
µ−→ 0, K�3f� {fnk

}9k��ÿ¼ê f ¦ fnk

a.e.−−→ f

� fnk

µ−→ f.

3) e µ´k�ÿÝ, K fn
a.e.−−→ f %¹ fn

µ−→ f.

y² 1) ∀k > 1,∃nk ↑ ∞¦ µ(|fn − f | > 2−k) < 2−k, n > nk. - f ′k = fnk
,

K µ(|f ′k − f | > 1
2k ) < 2−k, n > nk. l
 ∀ε > 09 k′ > 1¦ 2−k′ 6 ε,

µ

( ∞⋂
k=1

∞⋃
v=1

{|f ′k+v − f | > ε}

)
6

∞∑
v=1

µ(|f ′k′+v − f | > ε) 6
∞∑

v=1

2−(k′+v) = 2−k′ .

- k′ ↑ ∞, d½n 2.37� 1)=�.

2) X 1)� nk ↑ ∞¦

sup
v>1

µ(|fnk+v − fnk
| > 2−k) < 2−k,

K ∀ε > 09 k′ > 1¦ 2−k′ 6 ε,

µ

( ∞⋂
k=1

∞⋃
v=1

{|f ′k+v − f ′k| > ε}

)
6

∞∑
i=0

µ(|f ′k′+i+1 − f ′k′+i| > ε)

6
∞∑
i=0

2−(k′+i) = 2−k′+1.
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- k′ ↑ ∞, d½n 2.37� 2)� {fnk
}A�??�pÂñ, l
A�??Â

ñu,k��ÿ¼ê f .

2y f ′k
µ−→ f. d f ′k

a.e.−−→ f � ∃"ÿ8 N , ∀ω 6∈ N, f ′k(ω) → f(ω). K

{|f ′k − f | > ε} ⊂ N
⋃( ∞⋃

i=1

{|f ′k+i − f ′k+i−1| > 2−iε}

)
,

dd�� ε > 21−k �k

µ(|f ′k − f | > ε) 6
∞∑
i=1

µ
(
|f ′k+i − f ′k+i−1| > 2−(k+i−1)

)
6

∞∑
i=1

2−(k+i−1) = 21−k.

3) � µk�� fn
a.e.−−→ f . K

µ(|fn − f | > ε) 6 µ

( ∞⋃
m=n

{|fm − f | > ε}

)
.

dd(Ü fn
a.e.−−→ f 9ÿÝ�þëY5�

lim
n→∞

µ(|fn − f | > ε) 6 µ

( ∞⋂
n=1

∞⋃
m=n

{|fm − f | > ε}

)
= 0. �

½n 2.44. �3k��ÿ¼ê f ¦ fn
µ−→ f ��=� fn+v − fn

µ−→ 0.

y² 7�5w,, ¦^n�Ø�ª=�.  y¿©5.

� fn+v − fn
µ−→ 0. dþ�½n, �3f� fnk

µ−→, f . K

lim
k→∞

µ(|fk − f | > ε)

6 lim
k→∞

µ
(
|fk − fnk

| > ε

2

)
+ lim

k→∞
µ
(
|fnk

− f | > ε

2

)
= 0. �

§ 2.4.3 �©ÙÆÂñ

½Â 2.45. � {ξn}n>1��Å�þS�, ξn�©Ù¼ê� Fn, ξ�©Ù¼ê

� F . eé F �?¿ëY: x0k Fn(x0) → F (x0), K¡ ξn�©ÙÆÂñu

ξ. P� Fn
c−→ F ½ ξn

d−→ ξ.
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½n 2.46. X ξn
P−→ ξ, K ξn

d−→ ξ.

y² ¦^VÇØ�ª |P(A) − P(B)| 6 P(A4B), Ù¥ A4B = (A − B) ∪
(B −A)� A� Bé¡�. � e��©þ� 1��þ, K

|Fn(x)− F (x)| = |P(ξn < x)− P(ξ < x)|

6 P(ξn < x, ξ ∈ (−∞, x)c) + P(ξn ∈ (−∞, x)c, ξ < x)

6 P(ξn < x, ξ > x + εe)+ P(ξn > x, ξ < x− εe)+ P(x− εe 6 ξ < x + εe)

6 P(|ξ − ξn| > ε) + F (x + εe)− F (x− εe).

X x´ F �ëY:, k- n ↑ ∞, 2- ε ↓ 0=� Fn(x) → F (x). �

íØ 2.47. � a ∈ Rn, K ξn
P−→ a��=� ξn

d−→ a.

y² �Iy²¿©5. du ∀ε > 0, a − ε� a + εþ� ξ ≡ a�©Ù¼ê

F �ëY:, � F (x) = 1(a,∞). Kd ξn
d−→ a� P(|ξn − a| > ε) = P(ξn <

a− ε) + P(ξn > a + ε) → 0(n →∞). �

aq/, N´y²Xe�ü�½n.

½n 2.48. e ξn − ξ′n
P−→ 0� ξ′n

d−→ ξ , K ξn
d−→ ξ.

½n 2.49. XJ ξn
d→ ξ, ηn

d→ a~ê, K ξn + ηn
d→ ξ + a.
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§2.5 Ö¿�SK

1. y²5� 2.3.

2. y²íØ 2.8.

3. y²íØ 2.9.

4. y²½n 2.13.

5. ©Ù¼ê´Ä´Øü�? ÁÞ�~½�Ñy².

6. 3 (Rn,Bn)�k�«mþ�k���ÿÝ, ¡� L-SÿÝ. y²z�
L-SÿÝÑ´,©Ù¼ê)¤� Lebesgue-StieljesÿÝ.

7. y²e F (x) = P(ξ < x)´ëY�, K η = F (ξ)äk (0, 1)þ�þ!
©Ù.

8. y²5� 2.30.

9. ��ÅCþ ξ, ηÕá, Ù©Ù¼ê©O� F,G , ¦ ξ + η�©Ù¼ê.

10. � ξ1, ξ2, · · · ´ i.i.d.�ÅCþS�, ©ÙÆ� µ. �½ A ∈ B, µ(A) >

0, ½Â τ = inf {k : ξk ∈ A}. y² ξτ �©ÙÆ� µ(· ∩A)/µ(A).

11. � ξ, ξ̃ ÕáÓ©Ù, - η = ξ − ξ̃ (¡ η � ξ �é¡z). y² P(|η| >

t) 6 2P(|ξ| > t
2).

12. XJ πX C1, · · · ,CnÕá, @o σ(C1), · · · ,CnÕá.

13. (a) � {An}n>1 �Õá¯�S�, - T =
∞⋂

n=1
σ {An, An+1, · · · }. y

² ∀A ∈ T , k P (A) = 0½ 1.

(b) � {ξn}n>1 �Õá�ÅCþS�, - T =
∞⋂

n=1
σ {ξn, ξn+1, · · · }.

y² ∀A ∈ T , k P (A) = 0½ 1.

14. y²5� 2.35
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15. y²½n 2.37

16. y² ξn
P−→ ξ��=�

E
(

|ξn − ξ|
1 + |ξn − ξ|

)
→ 0.

17. � ξ1, ξ2, · · · ∈ {1, 2, · · · , r}ÕáÑl©Ù P(ξi = k) = p(k) > 0, 1 6

k 6 r. - πn(ω) = p(ξ1(ω)) · · · p(ξn(ω)), y²

−n−1 log πn
P−→ H , −

r∑
k=1

p(k) log p(k).

ùp H ¡� Shannon&E�.

18. - ξn = 1An , K ξ
P−→ 0��=� P(An) → 0.

19. XJ f 'u σ(C )�ÿ, @o�3 C ��êfa Cf ¦� f ∈ Cf .

20. � F �©Ù¼ê.

(a) y²
∫

R(F (x + c)− F (x)) dx = c;

(b) éëY©Ù¼ê F , y²
∫

R F (x) dF (x) = 1/2.

21. e�ÅCþS� {ξn}n>1üNþ,� ξn
P−→ ξ, K ξn

a.e.−−→ ξ.

22. (a) e ξn
a.e.−−→ ξ, K

Sn ,
1
n

n∑
k=1

ξk
a.e.−−→ ξ;

(b) e ξn
P−→ ξ, K Sn

P−→ ξ´Ä¤á?

23. y²3lÑ�VÇ�m�VÇÂñ�du a.e.Âñ.

24. (Egorov½n) � (Ω,A , µ)´k�ÿÝ�m, �ÿ¼ê fn
a.e.−−→ f , y²

∀ε > 0,∃N ∈ A , µ(N) 6 ε¦� fn3 N cþ��Âñ� f .
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25. e ξn�©ÙÂñu ξ, K E|ξ| 6 lim
n→∞

E|ξn|.

26. é?¿é�ÅCþS� ξn, �3�êS� an¦� anξn
d−→ 0.

27. ��ÅCþ ξn, ξ©Oäk�Ý¼ê fn, f . y²e fn
a.e.−−→ f K ξn

d−→ ξ.

28. Þ~`²� g=�ëY¼ê�, ½n 2.40�(ØØ¤á.

29. y²½n 2.48Ú½n 2.49.

30. � ξn, ξ �©Ù¼ê©O� Fn, F . e ξn
d−→ ξ, Ké F �?¿ëY: x

k P(ξn 6 x) → P(ξ 6 x),P(ξn > x) → P(ξ > x).

31. ��ÅCþS� {ξn}n>1ÕáÓ©Ùä©Ù¼ê F . -

Fn(x)
1
n

n∑
k=1

1(−∞,x)(ξk).

y² sup
x∈R

|Fn(x)− F (x)| P−→ 0.

32. � {Pn}n>1´ (Ω,A )þ��VÇÿÝ.e ∀A ∈ A ,k Pn(A) → P(A),
K P´VÇÿÝ.

33. XJ©Ù¼ê Fn ⇒ F∞, @o�3�ÅCþ {ξn}n>1 äk©Ù Fn ¦

� ξn
a.s.−−→ ξ∞.
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·�3Ð�VÇØ¥ÆS
XÛO�lÑ.�ÅCþÚëY.�ÅC

þ�êÆÏ", cö�êÆÏ"�½Â��ÅCþ���'u©Ù��\�
Ú, 
�ö�êÆÏ"K�½Â¤ðÓ¼ê'u©Ù�Ý�È©. @o, X
Û½Â���ÅCþ�êÆÏ"Q?

,��¡, 3êÆ©Û¥·�ÆS
¼ê�iùÈ©, §�±w¤´�
©�_$�. �½Â���¼ê�È©, 3¢C¼êØ¥Ú\
 LebesgueÈ
©. TÈ©�­�¿Â3u{ø
iùÈ©�½Â¥¤¦^�égCþ�©
�Ã{, l
�±í2���ÿÝ�mþ.

XJ`�ÿ8�ÿÝ´éT8Ü�ÿþ(J, @o¼ê�È©K�À�
éT¼ê�ÿþ(J. �ÿþ���ÿ¼ê (½½Â�ÿ¼ê�È©), þ�
Ù¤0���ÿ¼ê��E�4�½nu�ò�'­���^.

���ÿÝ�mþ��ÿ¼ê�È©¼�½Â��, ���ÅCþ�ê
ÆÏ"�½ÂÒC��~{ü
, §Ò´ðÓ¼ê'u�ÅCþ©Ù�È
©.

§3.1 È©�½ÂÚ5�

§ 3.1.1 È©�½Â

� (Ω,A , µ)���ÿÝ�m, f � Ωþ¢�ÿ¼ê. ·�òl�K{ü
¼êm©½ÂÈ©. � f = 1A(A ∈ A )�, dué f �ÿþ�Óué A�

ÿþ, f �È©g,½Â� µ(A). dd(ÜÈ©Aä���55�, ·�Ú
\�K{ü¼êÈ©�½Â. du·�NN¼ê��Ã¡, �½ 0×∞ = 0.
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½Â 3.1. � f ´�K{ü¼ê§f =
n∑

k=1

ak1Ak
, ak ∈ [0,∞], A1, · · · , An ∈

A üüØ�,
n∑

k=1

Ak = Ω. K¡
∫
Ω f dµ =

n∑
k=1

akµ(Ak)� f 3 Ωþ'u µ

�È©. � A ∈ A , ¡
∫
A f dµ =

∫
Ω f1A dµ� f 3 Aþ'u µ�È©.

´�§±þ�½Â´Ün�, =
∫
Ω f dµ���{ü¼ê f �L«Ã'.

duÈ©´¦^ÿÝ5ÿþ¼ê, Ï~�P µ(f) =
∫
Ω f dµ.

5� 3.2. � f, g´�K{ü¼ê.

1) f 6 g ⇒ µ(f) 6 µ(g).

2) ∀c > 0, µ(cf) = cµ(f).

3) - µf (A) =
∫
A f dµ, K µf � A þ�ÿÝ§�?��K{ü¼ê g k∫

Ω g dµf =
∫
Ω fg dµ.

e¡·�½Â�K�ÿ¼ê�È©.

½Â 3.3. e f ´�K�ÿ¼ê§K¡

∫
Ω

f dµ = sup
{∫

Ω
g dµ : 0 6 g 6 f, g�{ü¼ê

}

� f 3 Ωþ'u µ�È©. ∀A ∈ A , ½Â
∫
A f dµ =

∫
Ω f1A dµ.

5� 3.4. X 0 6 f 6 g, K µ(f) 6 µ(g).

½n 3.5 (üNÂñ½n). e {fn}n>1�K�ÿ§� fn ↑ f ,K lim
n→∞

µ(fn) =
µ(f).

y² Äk§Ï� µ(fn)Øü§Ï
4��3. qdu fn 6 f ,� lim
n→∞

µ(fn) 6

µ(f), �Iy²��Ø�ª. ?�{ü¼ê 0 6 g 6 f, g =
m∑

j=1
aj1Aj +

∞1Am+1 ¦ g 6 f . du lim
n→∞

fn > g, K ∀ε ∈ (0, min
16j6m

aj)9 N > 1, � n

¿©��k fn >
m∑

j=1
(aj − ε)1Aj∩{|fn−f |6ε} + N1Am+1∩{|fn|>N} , gn. dd
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9 µ�eëY5�

lim
n→∞

µ(fn) > lim
n→∞

µ(gn)

=
m∑

j=1

(aj − ε) lim
n→∞

µ(Aj ∩ {|fn − f | 6 ε}) + Nµ(Am+1 ∩ {|fn| > N})

=
m∑

j=1

(aj − ε)µ(Aj) + Nµ(Am+1).

d ε ÚN �?¿5� lim
n→∞

µ(fn) > µ(g).l
d g�?¿5� lim
n→∞

µ(fn) >

µ(f). �

½Â 3.6. 1) � f ´¢�ÿ¼ê§f+, f− ©O´�Ü�KÜ§e µ(f+)�
µ(f−)��k��k�§K¡ f �È©�3¿½Â f 3 Ωþé µ�È©

�

µ(f) =
∫

Ω
f dµ = µ(f+)− µ(f−).

e µ(f)k�§K¡ f �È. é A ∈ A ¦ 1Af È©�3, ½Â
∫
A f dµ =∫

Ω f1A dµ.

2) � f = f1 + i f2 ´�ÿE¼ê, XJ f1, f2 È©�3§K½Â
∫
Ω f dµ =∫

Ω f1 dµ + i
∫
Ω f2 dµ.

·K 3.7. e f = g a.e.�È©�3, K µ(f) = µ(g).

§ 3.1.2 È©�5�

e¡�½no(
�ÿ¼êÈ©�~^5�. duy²{ü��
LebesgueÈ©�k'y²����, �lÑ.

½n 3.8. � f, g�¢�ÿ¼ê.

1) �55�

a) XJ
∫
Ω f dµ +

∫
Ω g dµ �3, K f + g È©�3�

∫
Ω(f + g) dµ =∫

Ω f dµ +
∫
Ω g dµ.

b) e
∫
Ω f dµ�3� A ∩B = ∅, K

∫
A+B f dµ =

∫
A f dµ +

∫
B f dµ.

c) e c ∈ R,
∫
Ω f dµ�3, K

∫
Ω cf dµ�3, �

∫
Ω cf dµ = c

∫
Ω f dµ.

2) üN5

a) � f, gÈ©�3� f > g, a.e. K ∀A ∈ A ,
∫
A f dµ >

∫
A g dµ.
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b) � f È©�3, K |
∫
Ω f dµ| 6

∫
Ω |f |dµ.

c) � f > 0, K
∫
Ω f dµ = 0��=� f = 0 a.e.

d) � N �"ÿ8, K
∫
N f dµ = 0.

3) �È5

a) f �È��=�
∫
Ω |f |dµ < ∞; � f �È�, f a.e.k�.

b) � |f | 6 g� g�È, K f �È.

c) e f, g�È§K f + g�È.

d) e
∫
Ω fg dµ�3, K |

∫
Ω fg dµ|2 6

∫
Ω |f |

2 dµ
∫
Ω |g|

2 dµ.

íØ 3.9. e f ´ Aþ��K���ÿ¼ê, K ∀c > 0k µ({f > c} ∩A) 6
1
c

∫
A f dµ.

y² � g = c1A∩{f>c}, K g 6 1Af, �
∫
Ω g dµ 6

∫
A f dµ, = cµ({f > c} ∩

A) 6
∫
A f dµ. �

§3.2 Âñ½n

ÄuüNÂñ½n, ·�Ú\Xeü�­��Âñ½n.

½n 3.10 (Fatou-Lebesgue½n). � g, h´¢�È¼ê, {fn}n>1´¢�

ÿ�¼ê�.

1) e ∀n > 1, g 6 fn, K
∫
Ω lim

n→∞
fn dµ 6 lim

n→∞

∫
Ω fn dµ.

2) e ∀n > 1, fn 6 g, K lim
n→∞

∫
Ω fn dµ 6

∫
Ω lim

n→∞
fn dµ.

3) e g 6 fn ↑ f ½ ∀n > 1, g 6 fn 6 h, a.e., fn
a.e.→ f , K lim

n→∞

∫
Ω fn dµ =∫

Ω f dµ.

y² du g 6 fn, K g− > fn
−, l


∫
Ω fn

− dµ < ∞, �
∫
Ω fn dµ�3. Ó

n3 2)� 3)¥
∫
Ω fn dµ��3.

1)- gn = infk>n(fk − g), K gn > 0�

gn ↑ lim
n→∞

(fn − g) = lim
n→∞

fn − g.
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düNÂñ½n,∫
Ω

lim
n→∞

fn dµ−
∫

Ω
g dµ = lim

n→∞

∫
Ω

inf
k>n

(fk − g) dµ

6 lim
n→∞

∫
Ω
(fn − g) dµ = lim

n→∞

∫
Ω

fn dµ−
∫

Ω
g dµ.

2)�I�	 −fn, d 1)á�.

3) � g 6 fn ↑ f �, 0 6 fn − g ↑ f − g, düNÂñ½n=�. �
g 6 fn 6 h a.e. � fn

a.e.→ f �, - N ´"ÿ8¦�3 N c þk g 6 fn 6

h, fn → f . K g1Nc 6 fn1Nc 6 h1Nc . d 1) Ú 2) � lim
n→∞

∫
Ω fn dµ =

lim
n→∞

∫
Ω fn1Nc dµ =

∫
Ω lim

n→∞
fn1Nc dµ =

∫
Ω f1Nc dµ =

∫
Ω f dµ. �

½n 3.11 (��Âñ½n). � g ´�È¼ê, |fn| 6 g a.e. XJ fn
a.e.→ f ½

fn
µ→ f, K

∫
Ω fn dµ →

∫
Ω f dµ.

y² d½n 3.10� 3), �Iy fn
µ→ f ��/.

dÈ©�üN5, �Iy lim
n→∞

∫
Ω |fn − f |dµ = 0. eØ¤á, K�3

nk ↑ ∞9 ε > 0, ¦
∫
Ω |fnk

− f |dµ > ε, ∀k > 1. du fnk

µ→ f , �3f�
fn′k

a.e.→ f , l
 lim
n→∞

∫
Ω |fn′k

− f |dµ = 0, gñ. �

íØ 3.12. � {fn}n>1 ´�ÿ¼ê�, e fn �K½
∞∑

n=1

∫
Ω |fn|dµ < ∞, K

∞∑
n=1

fn�È©�3, �
∫
Ω

∞∑
n=1

fn dµ =
∞∑

n=1

∫
Ω fn dµ.

y² - gn =
n∑

k=1

fn. � fn �K�, gn ↑
∞∑

n=1
fn, KdüNÂñ½ná�. e

∞∑
n=1

∫
Ω |fn|dµ < ∞, - g′ =

∞∑
n=1

|fn|, g′n =
n∑

k=1

|fk|, K 0 6 g′n ↑ g′. düNÂ

ñ½n,

∞∑
n=1

∫
Ω
|fn|dµ = lim

n→∞

∫
Ω

g′n dµ =
∫

Ω
g′ dµ =

∫
Ω

∞∑
n=1

|fn|dµ,

K g′ �È� |gn| 6 g′. du
∞∑

n=1

∫
Ω |fn|dµ < ∞ � g′ a.e. k�, � gn

a.e.→
∞∑

n=1
fn. d��Âñ½n=�. �
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íØ 3.13. e
∫
Ω f dµ �3, K ∀A ∈ A , {An}∞n=1 ⊂ A üüØ�¦ A =

∞∑
n=1

An, k
∫
A f dµ =

∞∑
n=1

∫
An

f dµ.

y² d f±1A =
∞∑

n=1
f±1An , k

∫
A f± dµ =

∞∑
n=1

∫
An

f± dµ. du f È©�

3, Kþã?ê��k��k�, Ïd�±Å��~, l
�¤¦(Ø. �

½Â 3.14. � f È©�3, ¡ÎÒÿÝ µf (A) ,
∫
A f dµ,A ∈ A � f �Ø

½È©.

íØ 3.15. e f �È, K� µ(An) → 0�, k
∫
An

f dµ → 0.

y² e
∫
An

f dµ 9 0, du |
∫
An

f dµ| 6
∫
|f |dµ < ∞, K�3 nk ↑ ∞

¦
∫
Ank

f dµ → ε 6= 0. � {nk} �f� {n′k}, ¦ µ
(
An′k

)
6 1

2k . -

Bk =
∞⋃

i=k

An′i
, K µ(Bk) 6 1

2k−1 , l
 Bk ↓ B =
∞⋂

k=1

Bk ´"ÿ8. d

d� 1An′
k

f 6 |1Bk
f | → 0, a.e. d��Âñ½n�

∫
An′

k

f dµ → 0. ù�

nk ↑ ∞,
∫
Ank

f dµ → ε 6= 0gñ. �

3±þÂñ½n¥, S� n ↑ ∞��¤?ÛëYëê t → t0. l
d�
�Âñ½n��e¡�íØ.

íØ 3.16 (�ê�È©Ò��). � T ⊂ R´m8. ∀t ∈ T, ft �È. ∀ω ∈
Ω, ft(ω) 3 t0 :��, K d

dtft(ω)|t0 ´�ÿ¼ê. XJ�3�È¼ê g 9

ε > 0¦� |t− t0| < ε�
∣∣∣ft−ft0

t−t0

∣∣∣ 6 g, K
(

d
dt

∫
Ω ft dµ

)
|t0 =

∫
Ω

dft

dt |t0 dµ.

íØ 3.17. � {ft}t∈(a,b)��x¢�È¼ê, dft

dt �3. X�3�È¼ê g¦

�
∣∣∣ dft

dt

∣∣∣ 6 g, K3 (a, b)þk d
dt

∫
ft dµ =

∫
d
dtft dµ.

y² ¦^�©¥�½n, ∀t0 ∈ (a , b)k
∣∣∣ft−ft0

t−t0

∣∣∣ 6 g, t ∈ (a, b). díØ 3.16
á�. �

íØ 3.18 (��È©gS). (1)� {ft}t∈(a,b) ��x¢�È¼ê÷v ∀ω ∈
Ω, ft(ω)é tëY, �3�È¼ê g¦� ∀t ∈ (a, b)k |ft| 6 g. K∫ b

a

(∫
Ω

ft dµ

)
dt =

∫
Ω

(∫ b

a
ft dt

)
dµ.

(2) X3?Ûk�«mþ, þª¤á, �
∫∞
−∞ |ft|dt 6 h, h �È, K∫∞

−∞
(∫

Ω ft dµ
)

dt =
∫
Ω

(∫∞
−∞ ft dt

)
dµ.
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y² (1)� a = t0 < t1 < · · · < tn = b� [a, b]�?�©�, K∫ b

a
ft dt = lim

n→∞

n∑
i=1

(ti − ti−1)fti .

du
n∑

i=1
(ti − ti−1)fti 6 (b − a)g, d��Âñ½n´�

∫
Ω ft dµ'u tëY.

�d��Âñ½n9È©��55�∫
Ω

(∫ b

a
ft dt

)
dµ = lim

n→∞

n∑
i=1

(ti − ti−1)
∫

Ω
fti dµ =

∫ b

a

(∫
Ω

ft dµ

)
dt.

(2) du
∫∞
−∞ |ft|dt 6 h, K gn =

∫ n
−n ft dt ÷v gn →

∫∞
−∞ ft dt �

|gn| 6 h, d��Âñ½ná�. �

íØ 3.19 (��¦ÚÒ). � {fnm}n,m>1 ��x¢ê, ÷vfnm > 0 ½

�3ê� {gn} ¦
∞∑

m=1
|fnm| 6 gn (∀n) �

∞∑
n=1

gn < ∞, K
∞∑

m=1

∞∑
n=1

fnm =
∞∑

n=1

∞∑
m=1

fnm.

y² � Ω = N, µ ´OêÿÝ, g(n) = gn, K g �È. - fm(n) = fnm, K
∞∑

m=1
|fm| 6 g. düNÂñ½��Âñ½n�

∞∑
m=1

∞∑
n=1

fnm =
∞∑

m=1

∫
Ω

fm dµ =
∫

Ω

∞∑
m=1

fm dµ =
∞∑

n=1

∞∑
m=1

fnm. �

íØ 3.20. � {fnm}n,m>1 ��x¢ê, ¦� 0 6 fnm ↑ fn (m ↑ ∞)

½�3ê� {gn}n>1 ¦ |fnm| 6 gn,
∞∑

n=1
gn < ∞, � lim

m→∞
fnm = fn. K

lim
m→∞

∞∑
n=1

fnm =
∞∑

n=1
fn.

§3.3 êÆÏ"

§ 3.3.1 êiA�

½Â 3.21. � ξ ´VÇ�m (Ω,A ,P) þ����ÅCþ, XJ ξ 3 Ω þ
'u P �È©�3, KòÙ½Â� ξ �êÆÏ", P� Eξ =

∫
Ω ξ dP. X

E|ξ| < ∞, K¡Ï"k�.
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d½Â�, êÆÏ"äkÈ©�¤k5�.

½n 3.22 (¦{½n). XJVÇ�m (Ω,A ,P)þ��ÅCþ ξ1, ξ2, · · · , ξn

´Õá�, §��Ü�K½�Üäkk�êÆÏ", K E(ξ1 · · · ξn) =
Eξ1 · · ·Eξn.

y² =y n = 2�/, éu���/^8B{=�. � ξ, ηÕá.

(1) � ξ, η ��K{ü¼ê, ξ =
n∑

i=1
ai1Ai (ai 6= aj , i 6= j), η =

m∑
i=1

bi1Bi (bi 6= bj , i 6= j). K ∀i, j, P(Ai ∩Bj) = P(Ai)P(Bj)�

ξη =
n∑

i=1

m∑
j=1

aibj1Ai∩Bj , Eξη =
n∑

i=1

m∑
j=1

aibjP(Ai)P(Bj) = EξEη.

(2)éu�K� ξ, η, d (1)¿¦^�K�ÿ¼ê��E�üNÂñ½n
=�.

(3) � ξ, η äkk�êÆÏ". du (ξ+, ξ−) � (η+, η−) Õá� ξ =
ξ+ − ξ−, η = η+ − η−, d (2)�êÆÏ"��55�=� E(ξη) = EξEη.
�

½Â 3.23. 1) � ξ = (ξ1, · · · , ξn)´ n��ÅCþ, K¡ n�¼ê

(t1, · · · , tn) 7→ ϕξ(t1, · · · , tn) , Ee
i

n∑
j=1

tjξj

� ξ�A�¼ê.

2) � ξ��ÅCþ, Ï" Eξ�3. ¡ Dξ , E|ξ − Eξ|2� ξ���.

3) � ξ ��ÅCþ, r > 0. ¡ E|ξ|r � ξ � r�Ý, E|ξ − Eξ|r � ξ � r�

¥%Ý.

4) � ξ, η�ü��ÅCþ¦� Eξ� Eη�3. ¡ bξ,η = E(ξ −Eξ)(η − Eη)
� ξ � η ��'Ý. e DξDη 6= 0�k�, ¡ rξ,η = bξ,η√

DξDη
� ξ, η ��

'Xê.

5) � ξ = (ξ1, · · · , ξn). - Eξ = (Eξ1, . . . ,Eξn), bij = bξi,ξj
. ¡

B(ξ) =

 b11 . . . b1n

. . . . . . . . .

bn1 . . . bnn


� ξ��'�
. ò B(ξ)��P¤ r(B(ξ))½ r(ξ).
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·K 3.24. 1) �ÅCþ ξ1, · · · , ξn�pÕá��=�

ϕξ1,··· ,ξn
(t1, · · · , tn) = ϕξ1(t1) · · ·ϕξn

(tn), t1, · · · , tn ∈ R.

2) X ξ1, · · · , ξnÕá����3, K D(ξ1 + · · ·+ ξn) = Dξ1 + · · ·+ Dξn.

3) X ξ, ηÕá�Ï"�3, K bξ,η = 0.

4) � ξ��Å�þ¦� B(ξ)k½Â, K B(ξ) > 0 (�K½).

5) XJ E|ξ|r < ∞, K ∀0 < s < rk E|ξ|s < ∞.

y² �y² 1), 4), 5), {öw,.

1) �Iy²¿©5. �EÕá� ξ̃1, · · · , ξ̃n ¦�ÙA�¼ê©O�

ϕξ1
(t1), · · · , ϕξn

(tn). K (ξ̃1, · · · , ξ̃n) � (ξ1, · · · , ξn) äk�Ó�A�¼ê,
l
d_=úª (½n 6.5) �§�Ó©Ù. dd9 ξ̃1, · · · , ξ̃n �pÕá�

ξ1, · · · , ξn��pÕá.

4) ∀t1, · · · , tn, k

n∑
i,j=1

bijtitj = E

∣∣∣∣∣
n∑

i=1

ti(ξi − Eξi)

∣∣∣∣∣
2

> 0.

5)�I5¿� ∀0 < s < r� |ξ|s 6 1 + |ξ|r. �

§ 3.3.2 L-SÈ©L«

c¡0��Ï"½Â�6uVÇ�m (Ω,A ,P). 
 Eξ ´ ξ �©Ù

5�, =�6u Pξ, §´ R þ�VÇÿÝ. Ïd, �
BuO�, ·�ò
¦^'u Pξ �È©5½ÂÏ", ¿¡��Ï"� L-S È©L«. ��
/, � f : (Ω,A ) → (E,E ) ´�ÿN�, µ ´ (Ω,A ) þ�ÿÝ, K½Â
µf (B) , µ(f−1(B)) (B ∈ E ), §´ E þ�ÿÝ§¡� µ3 (E,E )þd f p

��ÿÝ. ξ�VÇ©Ù Pξ ´ P3 (R,B)þ�d ξp��VÇÿÝ.

½n 3.25 (È©C�½n). � f : (Ω,A ) −→ (E,E )�ÿ, g´ (E,E )þ�
�ÿ¼ê�'u µf È©�3, µ´ (Ω,A )þ�ÿÝ. K g ◦ f 'u µÈ©�

3� ∀B ∈ E , k
∫
f−1(B) g ◦ f dµ =

∫
B g dµf .

y² (1)� g´«5¼ê, g = 1B
′ , B′ ∈ E . K∫

B
g dµf = µf (B ∩B

′
) = µ(f−1(B ∩B

′
))

=
∫

f−1(B)
1f−1(B′) dµ =

∫
f−1(B)

1B′ ◦ f dµ.
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(2)dÈ©��55��(Øé{ü¼ê¤á, 2düNÂñ½n�(
Øé�K¼ê¤á. ��du��¼ê�L��!KÜ��§l
�(Ø¤
á. �

½Â 3.26. � µ´ (Rn,Bn)þ� L-SÿÝ,©Ù¼ê� F . � f ´ (Rn,Bn)
þ��ÿ¼ê. ¡ f 'u µ �È©��� L-S È©, P¤

∫
Rn f dµ =∫

Rn f dF .

½n 3.27. � ξ = (ξ1, · · · , ξn)´ (Ω,A ,P)� n�¢�ÅCþ, ©Ù¼ê�
F , K ∀G ∈ Bn, k P(ξ ∈ G) =

∫
G dF ,

∫
Rn 1G dF.

y² d½Â 3.26á�. �

½n 3.28. � ξ� F X½n 3.27. - gk (k = 1, · · · ,m)´ Rnþ�k�¢�

ÿ¼ê, - ηk = gk(ξ1, · · · , ξn). K (η1, · · · , ηm)�©Ù¼ê´

Fη1,··· ,ηm(y1, · · · , ym) =
∫
{x: gk(x)<yk,∀k}

dF.

y² d½n 3.27�, �ª = P(gk(ξ) < yk,∀k) =
∫
{x:gk(x)<yk,∀k} dF . �

½n 3.29. � ξ � η Xþ½n, g ´ Rn þk�¢¼ê¦� g(ξ1, · · · , ξn)�
Ï"�3, K Eg(ξ1, · · · , ξn) =

∫
Rn g dF.

y² dÈ©C�½n,
∫

Rn g dF =
∫

Rn g dPξ =
∫
ξ−1(Rn) g ◦ ξ dP = Eg ◦ ξ.

�

íØ 3.30. � ξ ´ (Ω,A ,P) þ¢��ÅCþ, ©Ù¼ê� F , K Eξ =∫
R xdF (x).

·K 3.31. � µ� (Ω,A )þÿÝ, ρ > 0�ÿ. XJ�ÿ¼ê f 'u ν(A) ,∫
A ρ dµ�È©�3§K ρf 'u µ�È©�3, �

∫
Ω ρf dµ =

∫
Ω f dν. dd,

·��P dν = ρ dµ .

~ 3.32. � ξ �Ï"�3�lÑ.�ÅCþ, P(ξ = ai) = pi,
∞∑
i=1

pi = 1.

§3 R þ�©ÙÆ� Pξ({ai}) = pi,Pξ(A) =
∑

ai∈A

pi. K Eξ =
∫

R xdF =∫
R xdPξ =

∞∑
i=1

aipi.

~ 3.33. � ξ �Ï"�3�ëY.�ÅCþ, ©Ù�Ý� ρ(x). K Pξ(A) =
P(ξ ∈ A) =

∫
A ρ(x) dx, � Eξ =

∫
R xdF =

∫
R xdPξ =

∫
R xρ(x) dx.
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þ¡ü�~fL², ·�¤½Â��ÅCþ�êÆÏ"´éÐ�VÇØ
¤0��lÑ.�ëY.�ÅCþêÆÏ"�í2.

§3.4 r g²þ� Lr �m

½Â 3.34. � (Ω,A , µ)�ÿÝ�m, r > 0. K¡

Lr(µ) = {ξ : ξ� Ωþ�ÿ¼ê, µ(|ξ|r) < ∞}

� µ� Lr �m. X fn, f ∈ Lr(µ)� µ(|fn − f |r) → 0 (n → ∞), K¡ fn '

u µ± rg²þÂñu f , P¤ fn
Lr(µ)−−−→ f.

P ||f ||r = µ(|f |r)1/r∧1, r > 0. ·�òy² (Lr(µ), || · ||r)´ Banach�
m, L2(µ)3SÈ 〈f, g〉 , µ(fg)e´ Hilbert�m. ·��ò?Ø rg²þ

Âñ��ÿ¼ê�Ù§Âñ5�m�'X. �d, k0��
²;�Ø�ª.

§ 3.4.1 A�­�Ø�ª

·K 3.35. e a > 0, b > 0, 0 < α < 1, α + β = 1, K aαbβ 6 aα + bβ��Ò

¤á��=� a = b.

y² du log´]¼ê, � log(aα + bβ) > α log a + β log b = log(aαbβ), �
´��Ò¤á��=� a = b. �

·K 3.36 (HölderØ�ª). � r > 1, 1
r + 1

s = 1. K

µ(|f g|) 6 (µ(|f |r))
1
r (µ(|g|s))

1
s .

�màk���Ò¤á��=� ∃c1, c2Ø��",¦� c1|f |r+c2|g|s = 0, µ-
a.e.

y² � f = 0 ½ g = 0 ½m�Ã¡�Ø�ªw,¤á. �Ø�� 0 <

µ(|f |r), µ(|g|s) < ∞. -

a =
|f |r

µ(|f |r)
, b =

|g|s

µ(|g|s)
, α =

1
r
, β =

1
s
,
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d·K 3.35��

|f g|
||f ||r||g||s

6
|f |r

rµ(|f |r)
+

|g|s

sµ(|g|s)
.

ü>Ó�é µ�È©=�¤IØ�ª, �ª¤á��=�þ¡Ø�ª¥�
�ª µ-a.e.¤á, d·K 3.35= |f |r

µ(|f |r)
= |g|s

µ(|g|s) , a.e. �� c1 = 1
µ(|f |r)

, c2 =
− 1

µ(|g|s) =�. �

íØ 3.37 (Jessen Ø�ª). ∀r > 1,E|ξ| 6 (E|ξ|r)
1
r , ��Ò¤á��=�

|ξ|r a.s.�~ê.

·K 3.38 (��Å� Cr Ø�ª). ∀a1, · · · , an ∈ R, k |a1 + · · ·+ an|r 6

n(r−1)+(|a1|r + · · ·+ |an|r). � r > 1��Ò¤á��=� a1 = · · · = an; �
r = 1��Ò¤á��=� aiÓÒ; � r < 1��Ò¤á��=� ai¥�õ

k��Ø´".

y² (1) r > 1 �/. � ξ ÷v P(ξ = ai) = 1
n , 1 6 i 6 n. K E|ξ| =

1
n

n∑
i=1

|ai|,E|ξ|r = 1
n

n∑
i=1

|ai|r. d JessenØ�ª, n−r

(
n∑

i=1
|ai|
)r

6 1
n

n∑
i=1

|ai|r,

�¤yØ�ª¤á, ��ª¤á��=� |ξ|�~ê, = |ai| = |aj |,∀i, j. 
∣∣∣∣ n∑
i=1

ai

∣∣∣∣ = n∑
i=1

|ai|��=� aiÓÒ, l
 ai = aj ,∀i, j.

(2) r 6 1�/. �Iy aiØ���"�/. 5¿

|ak|
n∑

i=1
|ai|

6
|ak|r(
n∑

i=1
|ai|
)r , r 6 1.

ü>é k¦Ú=�¤IØ�ª. � r = 1�, �Ò¤á��=� ai ÓÒ. 


� r 6 1�, �Ò¤á��=� ∀k, |ak|/
n∑

i=1
|ai| = 1½ 0, = ai �k���

". �

·K 3.39 (Cr Ø�ª). � f1, · · · , fn ´�ÿ¼ê, K µ(|f1 + · · ·+ fn|r) 6

n(r−1)+
n∑

i=1
µ(|fi|r), ��Ò¤á��=�

1) r > 1�, ∀i 6= j, fi = fj , a.e.; ½

2) r < 1�, µ(|fi|)¥�õ���"; ½

3) r = 1�, fi a.e.ÓÒ.
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·K 3.40 (MinkowskiØ�ª). � r > 1, f, g ∈ Lr(µ). K (E|f + g|r)
1
r 6

(E|f |r)
1
r + (E|g|r)

1
r , ��Ò¤á��=�

1) r > 1�, �3Ø��"�ÓÒ� c1, c2¦ c1f − c2g = 0, a.e.; ½

2) r = 1�, f, g a.e.ÓÒ.

y² =y r > 1. d HölderØ�ª,

µ(|f + g|r) 6 µ(|f ||f + g|r−1) + µ(|g||f + g|r−1)

6 ||f ||r(µ(|f + g|r))
r−1

r + ||g||r(µ(|f + g|r))
r−1

r .

�Ò¤á��=��3Ø��"� c1, c2 ÚØ��"� c3, c4 ¦ |f |rc1 +
|f + g|rc2 = 0, c3|g|r + c4|f + g|r = 0� f, gÓÒ. dd�¤I(Ø. �

§ 3.4.2 Lr �m

�¦ || · ||r ´�ê, ·�r Lr(µ)¥ü� µ-a.e.���¼êÀ��Ó. =
Lr(µ)¥z���´�� µ-a.e.��e��da.

½n 3.41. � r > 0. K (Lr(µ), || · ||r)´���5D��m.

y² w,, ||f ||r = 0��=� f = 0, µ-a.e. � ∀f ∈ Lr(µ), ||f ||r = 0��
=� f = 0. ´� Lr(µ)´�5�m�d Cr Ø�ª (� r < 1)9Minkowski
Ø�ª (� r > 1)´� || · ||r ÷vn�Ø�ª. l
 (Lr(µ), || · ||r)´���
5D��m. �

½n 3.42. � {fn} ⊂ Lr(µ), K {fn}3 || · ||r eÂñu,¼ê f ∈ Lr(µ)�
�=�§3 || · ||r e� Cauchy�. Ï
�5D��m (Lr(µ), || · ||r)´��
�5D� (Banach)�m.

y² dn�Ø�ª, �Iy¿©5. � {fn}3 Lr(µ)¥� Cauchy�. d"
�Ø�ª�� n, m →∞�k

µ(|fn − fm| > ε) 6
1
εr

µ(|fn − fm|r) → 0.

l
 {fn} �p�ÿÝÂñ, ��3f� nk ↑ ∞ 9, f ¦ fnk

a.e.−−→ f .
dd� ∀m > 1, k fm − fnk

a.e.−−→ fm − f (nk → ∞). Kd Fatou Ún

µ(|fm − f |r) = µ

(
lim

nk→∞
|fm − fnk

|r
)

6 lim
nk→∞

µ(|fm − fnk
|r). du {fn}3

Lr(µ)¥� Cauchy�, dd-m →∞� lim
m→∞

µ(|fm − f |r) = 0. �
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·K 3.43. (1)� µk�. e fn
Lr(µ)−−−→ f , K ∀r′ ∈ (0, r), fn

Lr′ (µ)−−−−→ f .

(2) fn
Lr(µ)−−−→ f , K µ(|fn|r) → µ(|f |r).

y² (1)Ú (2)�©Od HölderØ�ªÚ || · ||r �n�Ø�ª��. �

§ 3.4.3 ��«Âñ5�m�'X

½Â 3.44. � (Ω,A , µ)�ÿÝ�m, {ft, t ∈ T}´�x¢�ÿ¼ê.

1) e lim
µ(A)→0

sup
t∈T

µ(|ft|1A) = 0, K¡ {ft, t ∈ T}È©��ëY.

2) e lim
n→∞

sup
t∈T

µ(|ft|1{|ft|>n}) = 0, K¡ {ft, t ∈ T}���È.

3) e sup
t∈T

µ(|ft|) < ∞, K¡ {ft, t ∈ T}È©��k..

3¿, � µ�Ã¡ÿÝ�, ���È5�7�Ñ�È5.

½n 3.45. � µ�k�ÿÝ, {fn}n>1 ⊂ Lr(µ), K±eA^�d:

1) fn
Lr(µ)−−−→ f ;

2) fn
µ−→ f � {|fn − f |r}n>1È©��ëY;

3) fn
µ−→ f � {|fn|r}n>1È©��ëY;

4) fn
µ−→ f � {|fn|r}n>1���È.

y² du |||1Afn||r − ||1A(fn − f)||r| 6 ||1Af ||r, {|fn − f |r}n>1 �È©�

�ëY5�du {|fn|r}n>1 �È©��ëY5, ¿?�Ú�du {|fn|r}n>1

����È5 (�ÙSK 28). � 2), 3), 4)�d. =Iy 1) ⇔ 2).

1) ⇒ 2) du µ(|fn − f | > ε) 6 ε−rµ(|fn − f |r), 1)%¹ {fn}n>1 �ÿ

ÝÂñu f . �y {|fn − f |r}n>1 �È©��ëY5, é ∀ε > 0, � nε > 1
¦ ∀n > nεk µ(|fn − f |r) < ε. Kk

sup
n>1

∫
A
|fn − f |r dµ 6 ε +

nε∑
n=1

µ(1A|fn − f |r).

du�½ n, lim
µ(A)→0

µ(1A|fn − f |r) = 0, l


lim
µ(A)→0

sup
n>1

µ(1A|fn − f |r) 6 ε.

d ε�?¿5, � {|fn − f |r}n>1È©��ëY.
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2) ⇒ 1) - An = {|fn − f | > ε}, K µ(An) → 0. l
dÈ©��ëY
5, µ(1An |fn − f |r) 6 sup

m>1
µ(1An |fm − f |r) → 0, n →∞. �

lim
n→∞

µ(|fn − f |r) 6 lim
n→∞

µ(|fn − f |r1{|fn−f |>ε}) + εr = εr.

d ε�?¿5� fn
Lr(µ)−−−→ f. �

§3.5 σ �\8¼ê�©)

c¡0�L��È©�3¼ê�Ø½È©´�� σ �\8¼ê. ´�
��Ø½È© ϕ =

∫
• f dµäkXe5�: X µ(A) = 0, K ϕ(A) = 0. ·�

¡äkù�5��8¼ê´'u µýéëY�. @o�L5��ýéëY σ

�\8¼êUÄ�¤Ø½È©? ù´�!�Ø%¯K. �d, ·�kò σ �

\8¼ê©)�ü�ÿÝ��, 2?�ÚïÄ©Ù¼ê�©), l
�ÑT
¯K���¡£�.

§ 3.5.1 σ �\8¼ê�©)½n

·���?Û��¼ê�±©)¤ü��K¼ê��, @o�� σ

�\8¼ê�Ä©)¤ü�ÿÝ��Q? �d, k�ÄØ½È© ϕ(A) =∫
A f dµ. - ϕ+(A) =

∫
A f+ dµ, ϕ−(A) =

∫
A f− dµ. K ϕ+ Ú ϕ− �ÿ

Ý, � ϕ = ϕ+ − ϕ−. 
éu�� σ �\8¼ê·�TNo�Q? 3¿,
- C = {f > 0} , D = {f 6 0}, þ¡� ϕ+ � ϕ− �©OL¤ ϕ+(A) =
ϕ(A ∩ C), ϕ−(A) = −ϕ(A ∩D). Ïd, éu��� ϕ, XUé� D ∈ A ¦

ϕ(D) = inf
A∈A

ϕ(A), K�- ϕ−(A) = −ϕ(D ∩A), ϕ+(A) = ϕ(Dc ∩A). �d,

ky²e¡½n.

½n 3.46. � ϕ ´ (Ω,A ) þ�σ �\8¼ê, K ∃D ∈ A ¦ ϕ(D) =
inf

A∈A
ϕ(A).

y² � {An}¦ ϕ(An) ↓ inf
A∈A

ϕ(A). du inf
A∈A

ϕ(A) 6 0, �� ϕ(An)k�.

-A =
∞⋃

n=1
An. ?� k > 1, k A = Ak + (A − Ak) =: Ak,1 + Ak,2. ∀n > 2,



62 1nÙ êÆÏ"�È©

k

A = An,2 +
2∑

i1,i2,...,in−1=1

A1,i1 ∩A2,i2 ∩ . . . ∩An−1,in−1 ∩An,1.

�X nO�, ù�é A�y©�5�[. ézgy©, ·�=�Ñ ϕ��K

��8Ü. �*þ, �y©�5�[�, ¤�Ñ��8Ü�¿�5��Cu
¤¦�8Ü D. Äud, éz� n > 1, -

Bn =
∑

16i1,i2,...,in62
ϕ(A1,i1

∩A2,i2
∩···∩An,in )60

A1,i1 ∩A2,i2 ∩ · · · ∩An,in =:
kn∑
i=1

A′
n,i.

d ϕ� σ�\59 Bn�½Â� ϕ(Bn) 6 ϕ(An). 2-

D ,
∞⋂

n=1

∞⋃
k=n

Bk = lim
n→∞

∞⋃
k=n

Bk.

du1 n + 1gy©[u1 ngy©, Ïd Bn+1 ¥�¹��8Ü A′
n+1,i �

o�¹u Bn, �o� Bc
nØ�. ?�m > n, k

Bn ∪ · · · ∪Bm = Bn +
∑

A
′
n+1,i∩Bn=∅

A
′
n+1,i +

∑
A
′
n+2,i∩(Bn∪Bn+1)=∅

A
′
n+2,i

+ · · ·+
∑

A
′
m,i∩(Bn∪···∪Bm−1)=∅

A
′
m,i.

Ïdd ϕ � σ �\59 ϕ(A′
i,j) 6 0 � ϕ(Bn ∪ · · · ∪ Bm) 6 ϕ(Bn) 6

ϕ(An). - m ↑ ∞, dÎÒÿÝ�eëY5 (3¿ ϕ(An) k�) � −∞ <

ϕ

( ∞⋃
k=n

Bk

)
6 ϕ(An). ��dÎÒÿÝ�þëY5�

ϕ(D) = lim
n→∞

ϕ

( ∞⋃
k=n

Bk

)
6 lim

n→∞
ϕ(An) = inf

A∈A
ϕ(A). �

íØ 3.47. XJ ϕ´ A þ σ �\8¼ê, K�3 D ∈ A , ¦ ∀A ∈ A k

ϕ(A ∩D) = inf
B∈A∩A

ϕ(B), ϕ(A ∩Dc) = sup
B∈A∩A

ϕ(B).

y² � D ∈ A ¦ ϕ(D) = inf
A∈A

ϕ(A), ϕ(Dc) = sup
A∈A

ϕ(A). K ∀A ∈ A 9

B ∈ A∩A , ϕ(A∩D)+ϕ(D−A) = ϕ(D) 6 ϕ(B∪(D−A)) = ϕ(B)+ϕ(D−A).
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du ϕ(D) 6 0, K ϕ(A ∩D), ϕ(D − A)þk�, l
 ϕ(A ∩D) 6 ϕ(B). Ï
d inf

B∈A∩A
ϕ(B) 6 ϕ(A ∩D) 6 inf

B∈A∩A
ϕ(B), = ϕ(A ∩D) = inf

B∈A∩A
ϕ(B).

,��¡, ∀B ∈ A ∩ A , ϕ(A ∩ Dc) + ϕ(A ∩ D) = ϕ(A) = ϕ(B) +
ϕ(Bc∩A). du ϕ(A∩D) = inf

B∈A∩A
ϕ(B)k�, ϕ(A∩Bc) > inf

B∈A∩A
ϕ(B) =

ϕ(A ∩ D), K ϕ(A ∩ Dc) = ϕ(B) + ϕ(Bc ∩ A) − ϕ(A ∩ D) > ϕ(B). l

sup

B∈A∩A
ϕ(B) 6 ϕ(A ∩ Dc) 6 sup

B∈A∩A
ϕ(B), = ϕ(A ∩ Dc) = sup

B∈A∩A
ϕ(B).

�

½n 3.48 (Hahn ©)½n). � ϕ´ (Ω,A )þ� σ �\8¼ê, D ∈ A

¦� ϕ(D) = inf
A∈A

ϕ(A). - ϕ+(A) = ϕ(A ∩ Dc), ϕ−(A) = −ϕ(A ∩ D), K

ϕ+, ϕ−þ� A ÿÝ, � ϕ = ϕ+ − ϕ−.

´� ϕ+ � ϕ− �½Â� D À�Ã'. ·�¡ùü�ÿÝ©O� ϕ�

þ§eC�, 
¡ ϕ , ϕ+ + ϕ−� ϕ�C�. 3©z¥�C��P� |ϕ|. 3
¿, ��/ |ϕ(A)| 6= |ϕ|(A).

·K 3.49. � f �ÿ� µ(f−) < ∞. - ϕ � f �Ø½È©, K ϕ+ =∫
• f+ dµ, ϕ− =

∫
• f− dµ.

y² - D = {f 6 0}, K ϕ(D) =
∫
D f dµ = inf

A∈A
ϕ(A). Ïd −ϕ(D ∩ A) =∫

D∩A(−f) dµ =
∫
A f− dµ. �

§ 3.5.2 Ø½È©� Lebesgue©)½n

� (Ω,A , µ)´��ÿÝ�m, ·�ò�	 σ�\8¼ê ϕ� µ�'X.

½Â 3.50. 1) XJ ∀A ∈ A ¦ µ(A) = 0, k ϕ(A) = 0, K¡ ϕ´'u µý

éëY�, P¤ ϕ � µ.

2) XJ�3 N ∈ A ¦ µ(N) = 0, 
 ϕ(N c) = 0, K¡ ϕ´� µÛÉ�.

½n 3.51. � ϕ� σk��\8¼ê, µ´ σk�ÿÝ. K ϕ � µ��=�

�3�ÿ¼ê f ¦ µ(f−) < ∞� ϕ =
∫
• f dµ.

¿©5w,, 
7�5de¡����(Ø�Ñ.

½n 3.52 (Lebesgue ©)½n). � µÚ ϕX½n 3.51 . K ϕ�y©¤

ϕ = ϕc + ϕs, Ù¥ ϕc ´,k��ÿ¼ê'u µ�Ø½È©, ϕs ´� µÛÉ

� σ�\8¼ê, �ù��©)´���.
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y² 1)©)���5

d σk�5,Ã�� ϕ´k��. �kü«©) : ϕ = ϕc+ϕs = ϕ′c+ϕ′s.
� N1, N2 � µ "ÿ8¦ ϕs(N c

1) = ϕ′s(N
c
2) = 0. - N = N1 ∪ N2, K

µ(N) = 0� ϕs(N c) = ϕ′s(N
c) = 0. ∀A ∈ A k ϕc(A ∩N) + ϕs(A ∩N) =

ϕ′c(A ∩ N) + ϕ′s(A ∩ N) � ϕs(A ∩ N c) = ϕ′s(A ∩ N c) = 0. K ϕs(A) =
ϕs(A ∩N) = ϕ′s(A ∩N) = ϕ′s(A). aq/, ϕc(A) = ϕ′c(A).

2)©)��35.

i) � µ, ϕ´k�ÿÝ. -

Φ =
{

f : f > 0,

∫
A

f dµ 6 ϕ(A),∀A ∈ A

}
, α = sup

f∈Φ
µ(f).

´� Φ Ø�� α ∈ [0, ϕ(Ω)]. � {fn}n>1 ⊂ Φ ¦ αn , µ(fn) ↑ α 6

ϕ(Ω) < ∞. - gn = sup
k6n

fk, K 0 6 gn ↑ f = sup
k>1

fk. �½ n > 1, -

Ak = {ω : gn(ω) = fk(ω)}. K
n⋃

k=1

Ak = Ω. 2- Bk = Ak −
k−1⋃
i=1

Ai, K {Bk}

üüØ��
n⋃

k=1

Bk = Ω. � ∀A ∈ A

∫
A

gn dµ =
n∑

k=1

∫
A∩Bk

fk dµ 6
n∑

k=1

ϕ(Bk ∩A) = ϕ(A).

l

∫
A f dµ 6 ϕ(A). dd9 α�½Â� µ(f) = α.

-

ϕc(A) =
∫

A
f dµ, ϕs(A) , ϕ(A)−

∫
A

f dµ.

∀n > 1§- ϕn = ϕs − µ
n , d Hahn©)�y²�§�3 Dn ∈ A ¦

ϕn(Dn ∩A) 6 0, ϕn(Dc
n ∩A) > 0,∀A ∈ A .

- D =
∞⋂

n=1
Dn. K ∀nk

D ⊂ Dn, ϕs(D ∩A) 6
1
n

µ(D ∩A).

� ϕs(D ∩A) = 0,∀A ∈ A .
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�y µ(Dc) = 0, �Iy ∀nk µ(Dc
n) = 0. ¯¢þ,∫

A

(
f +

1
n
1Dc

n

)
dµ = ϕc(A) +

1
n

µ(A ∩Dc
n)

= ϕ(A)− ϕs(A) +
1
n

µ(A ∩Dc
n) = ϕ(A)− ϕn(A ∩Dc

n)− ϕs(A ∩Dn)

6 ϕ(A)− ϕs(A ∩Dn) 6 ϕ(A).

dd�� f + 1
n1Dc

n
∈ Φ. � α >

∫
Ω(f + 1

n1Dc
n
) dµ =

∫
Ω f dµ+ 1

nµ(Dc
n) = α.

l
 1
nµ(Dc

n) = 0, = µ(Dc
n) = 0.

ii) � µ� ϕ� σ k�ÿÝ. �3 {An}n>1 üüØ�¦
∞⋃

n=1
An = Ω�

µ(An), ϕ(An) < ∞ (∀n). d i)�3 ϕ
(n)
c , ϕ

(n)
s ¦

ϕ(An ∩ •) = ϕ(n)
c (An ∩ •) + ϕ(n)

s (An ∩ •),

ϕ(n)
c (An ∩ •) =

∫
An∩•

f (n)dµ.

� Nn� µ"ÿ8, ¦� ∀A ∈ A , ϕ
(n)
s (N c

n ∩A ∩An) = 0. -

f =
∞∑

n=1

1Anf (n), ϕc(A) =
∫

A
f dµ, ϕs(A) =

∞∑
n=1

ϕ(n)
s (An ∩A).

2-N =
∞⋃

n=1
Nn. K ∀A ∈ A k ϕ

(n)
s (N c∩A∩An) 6 ϕ

(n)
s (N c

n∩A∩An) = 0.

dd� ϕs(N c ∩A) =
∑
n

ϕs
(n)(N c ∩A ∩An) = 0. � ϕs� µÛÉ.

iii) ���/. d Hahn©)½nk ϕ = ϕ+−ϕ−. 
d ii)�, ϕ+� ϕ−

k©)ϕ+ = ϕc
++ϕs

+, ϕ− = ϕc
−+ϕs

−. Kϕ = (ϕc
+−ϕc

−)+(ϕs
+−ϕs

−).
�

�� Lebesgue©)½n���íØ, e¡� Radon-Nikodym½n£�

�!�Ì�¯K.

½n 3.53 (Radon-Nikodym ½n). � µ´ A þ� σ k�ÿÝ, e ϕ´

σk�¿'u µýéëY�ÎÒÿÝ, K�3�ÿ¼ê f ¦ dϕ = f dµ� f

d ϕ-a.e.��(½.

½n 3.54 (Radon-Nikodym ½n�í2). µXþ, ϕ´'u µýéëY

� σ�\8¼ê. K�3�ÿ¼ê f ¦� dϕ = f dµ, Ù¥ f d ϕ-a.e.��
(½.
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y² =y µ´k�ÿÝ
 ϕ´ÿÝ�/. �

B = {A ∈ A : ϕ3 Aþ σk�},

- s = sup
B∈B

µ(B), � {Bn}n>1 ⊂ B, µ(Bn) ↑ s. - B =
∞⋃

n=1
Bn. K B ∈ B,

s = µ(B). du ϕ3 B ∩A þ σk�, d½n 3.53, �3 f1 ¦ ϕ(A ∩ B) =∫
A∩B f1 dµ,A ∈ A . -

f(ω) =

{
f1(ω), ω ∈ B,

∞, ω /∈ B,

K ∀A ∈ A ¦ µ(A∩Bc) > 0, k
∫
A f dµ = ∞. ,��¡, X µ(A∩Bc) > 0,

K ϕ(A ∩ Bc) = ∞. XØ,, K ϕ 3 B ∪ A þ σ k�� µ(B ∪ A) =
µ(Bc ∩A) + µ(B) > s, � s = sup

B∈B
µ(B)gñ. l
 ∀A ∈ A k

∫
A

f dµ =
∫

A∩B
f dµ+

∫
A∩Bc

f dµ = ϕ(A∩B)+∞·µ(A∩Bc) = ϕ(A). �

½Â 3.55. � (Ω,A , µ) ´ σ k�ÿÝ�m, ϕ ´'u µ ýéëY� σ �

\8¼ê, K�3 µ-a.e. ��� f ¦ dϕ = f dµ. ¡ f � ϕ 'u µ �

Radon-Nikodym�ê, P¤ dϕ
dµ = f .

íØ 3.56. � ν � µ´ A þ� σk�ÿÝ, ν � µ. X f ´�ÿ¼ê, K f

'u ν �È©�3��=� f dν
dµ 'u µ�È©�3, � ∀A ∈ A ,

∫
A f dν =∫

A f dν
dµ dµ.

§ 3.5.3 ©Ù¼ê�©)½n

òþ¡�©)½nA^u©Ù¼êp�� L-S ÿÝ� Lebesgue ÿÝ
dx, ��Ñe¡�©Ù¼ê�©)½n.

½n 3.57. Rn þ?�k.�©Ù¼ê F Ñ�±��/©)¤n�©Ù¼

ê�Ú, = F = Fc + Fd + Fs, Ù¥ Fc p�� L-SÿÝ'u dxýéëY,
Fd p�� L-SÿÝ| 3���õ�ê8þ, 
 Fs p�� L-SÿÝ� dx

´ÛÉ��3?Ûü:þ��� 0. ù��©)3�©¿Âe´���, =
X F ��©)¤ F = F ′

c + F ′
d + F ′

s, K Fc − F ′
c, Fd − F ′

d, Fs − F ′
s ��©�

0. Fc, Fd, Fs©O¡� F �ýéëYÜ©, lÑÜ©ÚÛÉÜ©.



§3.5 σ�\8¼ê�©) 67

y² � µ � F p�� L-S ÿÝ, Kd Lebesgue ©)½n, µ = µc + µ′s,
Ù¥ µc � dx, µ′s 'u µ ÛÉ. - A = {x ∈ Rn : µ′s({x}) > 0}, K A �

õ�ê. ½Â µd(B) =
∑

x∈B∩A

µ′s {x}, - Fd � µd �©Ù¼ê. ��, -

µs = µ′s−µd, K µs´k�ÿÝ, 'u µÛÉ� ∀x ∈ Rn, k µs({x}) = 0. -
Fs = F − Fc − Fd=�.

©)���5d Lebesgue©)���5Ú Fs� Fd�5�á�. �
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§3.6 Ö¿�SK

1. � f �È©�3. y²∫
Ω

f dµ = lim
n→∞

∞∑
i=−∞

i

2n
µ

({
i

2n
6 f <

i + 1
2n

})
.

2. � f ��K�ÿ¼ê. -

¯∫
Ω

f dµ = inf
{∫

Ω
g dµ : g > f, g�{ü¼ê

}
.

Þ~`²
∫̄
Ωf dµ�

∫
Ω f dµ�7�Ó, ¿)º3½Â 3.3¥�ÛØ^∫̄

Ωf dµ?

3. y²½n 3.8.

4. Þ~`² f �E�ÿ¼ê�È©�3, c�Eê, � cf �È©�7�

3. X f �ÈQ?

5. � f ��ÿE¼ê, K |
∫
Ω f dµ| 6

∫
Ω |f |dµ.

6. Þ~`²3½n 3.10� i)¥, ��^� g 6 fnØ��.

7. � {fnm}n,m>1��x�K¢ê. y²

lim
m→∞

∞∑
n=1

fnm >
∞∑

n=1

lim
m→∞

fnm

8. Þ~`²éu�ÅCþ�, rg²þÂñ� a.s.ÂñpØ%¹.

9. � ϕ�k�� σ �\8¼ê, ϕ � µ. K ∀ {An} ⊂ A ¦ µ(An) → 0,
k ϕ(An) → 0. Þ~`² ϕ� σk�� σ�\8¼ê�, ·KØý.
(J«: (0, 1), µ = dx, ϕ =

∫
1
x dµ,An = (0, 1

n).)

10. y²íØ 3.37.
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11. y²·K 3.39

12. � f : R→ R+ , - iA = inf {f(x) : x ∈ A} , A ∈ B , y²

iAP(ξ ∈ A) 6
∫

[ξ∈A]
f(ξ) dP 6 Ef(ξ).

13. � ξ > 0¦� Eξ2 < ∞ . y² P(ξ > 0) > (Eξ)2/Eξ2 .

14. � A1, · · · , An�¯�� A =
n⋃

i=1
Ai . y²

(a) 1A 6
∑n

i=1 1Ai ;

(b) P(A) >
∑n

i=1 P(Ai)−
∑

i<j P(Ai ∩Aj);

(c) P(A) 6
∑n

i=1 P(Ai)−
∑

i<j P(Ai∩Aj)+
∑

i<j<k P(Ai∩Aj ∩Ak).

15. |^ JensenØ�ªy²AÛ²þ��u�ê²þ�, ¿?�Úy²
CarlemanØ�ª

16. � ξ > 0 . y²

lim
t→∞

t

∫
[ξ>t]

1
ξ

dP = 0, lim
t→0

t

∫
[ξ>t]

1
ξ

dP = 0.

17. �ÅCþ ξ, η Õá��=�é?¿�ÿ¼ê f, g k Ef(ξ)g(η) =
Ef(ξ)Eg(η) .

18. � ξn ´üüØ�'��ÅCþS�, Eξn = µ,Var(ξn) 6 C < ∞ . -

Sn = ξ1 + · · ·+ ξn , K Sn/n
L2

−→ µ.

19. � ξn´ÕáÓ©Ù��ÅCþS�, Ñl (−1, 1)þ�þ!©Ù. y²

ξ2
1 + · · ·+ ξ2

n

n

P−→ 1
3
.

l
, - An,ε =
{

x ∈ Rn : (1− ε)
√

n/3 < |x| < (1 + ε)
√

n/3
}

, Ù¥
|x|´î¼ål, K ∀ε > 0 ,

Leb(An,ε ∩ (−1, 1)n)
2n

P−→ 1.
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20. � ξn´ÕáÓ©Ù��ÅCþS�, Ñl {1, 2, · · · , n}þ�þ!©Ù.
- τ

(n)
k = inf {m : | {ξ1, · · · , ξm} | = k} , Tn = τ

(n)
n . y²

Tn − n
∑n

m=1 1/m

n log n

P−→ 0.

l
 Tn/n log n
P−→ 1 .

21. (a) � f � [0, 1]þ��ÿ¼ê�
∫ 1
0 |f(x)|dx < ∞. - ξ1, ξ2, · · · �

ÕáÓ©Ù��ÅCþ, Ñl [0, 1]þ�þ!©Ù,

In =
f(ξ1) + · · ·+ f(ξn)

n
.

y² In
P−→ I ,

∫ 1
0 f(x) dx,

(b) �
∫ 1
0 |f(x)|2 dx < ∞, �O P(|In − I| > a/n1/2).

22. (a) e�Å¯� A1, A2, · · · ÷v
∞∑

n=1
P(An) < ∞, K P( lim

n→∞
An) = 0.

(b) e�Å¯� A1, A2, · · · Õá�
∞∑

n=1
P(An) = ∞, K P( lim

n→∞
An) =

1.

23. � pn ∈ [0, 1). |^þKy²
∞∏

n=1
(1− pn) = 0��=�

∞∑
n=1

pn = ∞.

24. ��ÅCþ ξ ��K�ê�, y² Eξ =
∑
n>1

P(ξ > n). XJ ξ ��ê

�Q?

25. ��ÅCþ ξ ��K¢ê�, y² Eξ =
∫∞
0 P(ξ > x) dx. é��¢ê

���ÅCþQ?

26. � φ > 0¦� lim
x→∞

φ(x)/x →∞. XJ Eφ(|ξt|) 6 C < ∞, t ∈ T , @o

{ξt, t ∈ T}���È.

27. � {fn}�ÿÝ�m (Ω,A , µ)þ¢�ÿ¼ê�, r > 0. X sup
n>1

µ(|fn|r) <

∞, K ∀s ∈ (0, r), {|fn|s}È©��ëY.
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28. y²: X {ξt}t∈T ���È, K7È©��ëY; �� µk��, üö�
d.

29. y²{ü¼ê3 Lr �m¥È�.

30. � 1/p + 1/q = 1, p, q > 1, y² ||f ||p = {µ(fg) : ||g||q 6 1}.

31. XJ�ÅCþS� {ξn}n>1 ��k., @o ξn �VÇÂñ��=�§

�� Lr Âñ.

32. é�ÿ¼ê f , ½Â��þ(.�

||f ||∞ = inf {M : µ({ω : |f(ω)| > M}) = 0} .

(a) y² || · ||÷vn�Ø�ª.

(b) e µ(Ω) < ∞, K ||f ||∞ = lim
r→∞

||f ||r.

33. y² c = Eξ¦ E(ξ − c)2�����.

34. � ξ1, · · · , ξnÕá¿�êÆÏ"� 0, ��k�. - Sk =
k∑

i=1
ξi, y²

(a)

P( max
16k6n

|Sk| > t) 6
1
t2

Var(Sn).

(b) P(max16k6n |Sk| > 3t) 6 max16k6n 3P(|Sk| > t).

35. e ξ, ηÕá� ξ + ηk��Ý, K ξ� η�k��Ý.

36. ��ÅCþ ξäkêÆÏ"m��� σ2.

(a) y²

P(ξ −m > t) 6
σ2

σ2 + t2
, t > 0;

(b) y²

P(|ξ −m| > t) 6
2σ2

σ2 + t2
.
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37. � f � R2þ�à¼ê, y² f(E(ξ, η)) 6 E(f(ξ, η)).

38. �©Ù¼ê F �ëY¼ê.

(a) y² F ��ëY;

(b) e Fn ⇒ F , K Fn��Âñu F .

39. XJ f �È,@o ∀ε > 0�3 δ > 0¦�� µ(A) 6 δ�,
∫
A |f |dµ < ε.

40. XJ f �È, @o

lim
t→∞

∫
R
|f(x + t)− f(x)|dx = 0.

41. ��ÅCþ ξ�È.XJRþ�kî�à�¼ê φ¦�Eφ(ξ) = φ(Eξ),
@o ξ ≡ C, a.s.

42. y²�x�ÅCþ ξt, t ∈ T ���È�¿�^��3¼ê φ : R+ →
R+÷v lim

x→∞
φ(x)/x = ∞¦� sup

t∈T
E(φ(ξt) < ∞.

43. XJÕá�ÅCþ ξ, η©Oäk©ÙÆ µ, ν, @o

P((ξ, η) ∈ B) =
∫

R
P((x, η) ∈ B)µ( dx) =

∫
R
P((ξ, y) ∈ B)ν( dy),∀B ∈ B

9

P(ξ ∈ A(ξ, η) ∈ B) =
∫

R
P((x, η) ∈ B)µ( dx),∀A,B ∈ B.

44. � µ, ν ���þ�VÇÿÝ, ν � µ. y²

dν

dµ
= lim

h→0

ν(x− h, x + h]
µ(x− h, x + h]

, µa.s.x.

45. y² Hahn©)½n (½n 3.48)¥ ϕ+� ϕ−�½Â� DÀ�Ã'.
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46. (Cantor8þ�þ!©Ù) 3 [0, 1]¥�K (1/3.2/3) , 2©O�K�{
ü�«m�¥m�m«m, �ge�, 4�� Cantor8,P� C . ½Â

F (x) =



0, x 6 0;
1, x > 1;
1
2 , x ∈ [13 , 2

3 ;
1
4 , x ∈ [19 , 2

9 ];
3
4 , x ∈ [79 , 8

9 ].
· · · , · · ·

F ¡� Cantor8þ�þ!©Ù¼ê. y²:(1) F ´ëY�, (2) F ´

LebesgueÛÉ�.

47. � µ1, µ2 ´k�ÎÒÿÝ, - µ1 ∨ µ2 = µ1 + (µ2 − µ1)+, µ1 ∧ µ2 =
µ1 − (µ1 = µ2)+, K µ1 ∨ µ2 ´÷v ν > µi(i = 1, 2)���ÎÒÿÝ;
µ1 ∧ µ2´÷v ν 6 µi(i = 1, 2)���ÎÒÿÝ.

48. �µ� (Ω,A )þ�σk�ÿÝ, A �¹ü:8. K8Ü {x ∈ Ω : µ({x}) > 0}
�õ�ê.

49. � An ´üNþ,� σ �êS�, F = σ

(⋃
n

An

)
. � µ, ν ©O´

(Ω,A )þ�k�ÿÝÚVÇÿÝ, - µn, νn ©O´ µ, ν 3 An þ��

�. b� µn � νn, - fn = dµn/ dνn, f = lim
n

fn, y²

µ(A) =
∫

A
f dν + µ(A ∩ {f = ∞}).
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��o�ïÄp�D�Ã¡��mQ?

k<`, ·�)¹3n��m¥, �Iá�Ùn��mÒ�±
. ¯¢
´ù��í? �,Ø´. �(½��<� ��(^n��IÒv

, �
z�<Ø´Õá�, ¦��Ù¦<� , ¤±·�Ï~I�ïÄ�+<, u´
ÒI�¦^�p���m
. Þ��~f, �Ä���:3��þ��Å$
Ä, @o�½����§���´������ÅCþ. 
���x§3�
½� n�������¹, ·�ÒI�^ n���Å�þ. �?�Ú, ��
x§3¤k������¹, ·�I�¦^Ã¡���Å�þ (�ÅL§).
Nõ�ÿ, p��m�w¤$��m�¦È, ÿÝ�m�´Xd.

·�ÄkïÄ¦ÈÿÝ�mþ�È©, ?ØXÛr­È©z�\gÈ©
(= Fubini½n), ,�0�XÛ¦^=£ÿÝ5�E¦È�mþ��¦Èÿ
Ý. ùò´�¡ïÄ^�Ï"��K^�VÇ�Ä:, �´�5ÆS�ÅL
§�­�nØ�â.

§4.1 Fubini½n

·�Äk£Á�eêÆ©Û�¢C¼êØ¥¤ÆL�­È©z\

gÈ©. � A � R2 ¥���ÿ8, f ���'u Lebesgue ÿÝ�È�
¼ê. �O�­È©

∫
A f(x1, x2) dx1 dx2, k(½ x1 2w� x1 �½� x2

�Cz�� Ax1 , {x2 ∈ R : (x1, x2) ∈ A}. KT­È©�z¤\gÈ©∫
R dx1

∫
Ax1

f(x1, x2) dx2. �!�8�´òù«�{í2���¦ÈÿÝ�
mþ.

� (Ω1,A1, µ1)� (Ω2,A2, µ2)�ü� σ k��ÿÝ�m. ·�ïÄ¦
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ÈÿÝ�m (Ω1 ×Ω2,A1 ×A2, µ1 × µ2)þ�È©. aq/, �½ Ω1 ×Ω2þ

�ÿ8 A�'u µ1 × µ2È©�3�¼ê f , ·��8I´y²∫
A

f dµ1 × µ2 =
∫

Ω1

µ1( dω1)
∫

Aω1

f(ω1, ω2)µ2( dω2). (4.1.1)

dúªÒ´ Fubini½n. �d, kÚ\�8 Aω1 ⊂ Ω2.

½Â 4.1. � A ⊂ Ω1 × Ω2. ∀ω1 ∈ Ω1, ¡ Aω1 , {ω2 ∈ Ω2 : (ω1, ω2) ∈ A} ⊂
Ω2� A3 ω1?��8. Ó�½Â Aω2

⊂ Ω1,∀ω2 ∈ Ω2.

w,�8äkXe5�.

5� 4.2. (1) A ∩B = ∅ ⇒ Aωi ∩Bωi = ∅,

(2) A ⊃ B ⇒ Aωi ⊃ Bωi ,

(3)
(⋃

n
A(n)

)
ωi

=
⋃
n

A
(n)
ωi ,

(4)
(⋂

n
A(n)

)
ωi

=
⋂
n

A
(n)
ωi ,

(5) (A−B)ωi = Aωi −Bωi .

�y²þ¡�úª (4.1.1), ÄkI²(�ª�màk¿Â. ¤±·�I
y²Xe¯¢: ∀ω1 ∈ Ω1, �8 Aω1 ∈ A2�

∫
Aω1

f(ω1, ω2)µ2( dω2)´ ω1�

�ÿ¼ê, 'u µ1�È©�3. e¡ÅÚy²ù
Øä.

½n 4.3. �A ∈ A1×A2,K ∀ω1 ∈ Ω1kAω1 ∈ A2, ∀ω2 ∈ Ω2kAω2 ∈ A1.

y² �M = {A ∈ A1 ×A2 : ∀ω1 ∈ Ω1, Aω1 ∈ A2, ω2 ∈ Ω2, Aω2 ∈ A1}. w
,M �¹¤k�ÿÝ/, =�¹8a {A1 ×A2 : A1 ∈ A1, A2 ∈ A2}. 
d
±þ�8�5� (5� 4.2)�M � σ�ê, l
�¹ A1 ×A2. �

½n 4.4. XJ f ´ A1 ×A2 �ÿ�, K ∀ω1 ∈ Ω1, ω2 ∈ Ω2, fω1(·),f(ω1, ·)
´ A2�ÿ�, fω2(·),f(·, ω2)´ A1�ÿ�.

y² d5� 2.4Ú5� 4.2, �Iy ∀B ∈ B k [f−1(B)]ω1 = f−1
ω1

(B). ¯¢
þ, [

f−1(B)
]
ω1

=
{
ω2 ∈ Ω2 : (ω1, ω2) ∈ f−1(B)

}
= {ω2 ∈ Ω2 : fω1(ω2) ∈ B} = f−1

ω1
(B). �

¡ fω1 , fω2 ©O� f 3 ω1, ω2?��¼ê.
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½n 4.5. � f ´ (Ω1 × Ω2,A1 ×A2)þ�K�ÿ¼ê, K∫
Ω1

f(ω1, ω2)µ1( dω1) ∈ A2,

∫
Ω2

f(ω2, ω1)µ2( dω2) ∈ A1.

y² d�ÿ¼ê��E9È©�5�, =Iy f = 1A ∈ A1 × A2 ��/.

düNa½n, =Iy A = A1×A2��/. d�

∫
Ω1

f(ω1, ω2)µ1( dω1) =
µ1(A1)1A2 ∈ A2,

∫
Ω2

f(ω1, ω2)µ2( dω2) = µ2(A2)1A1 ∈ A1. �

½n 4.6 (Fubini½n). e f ´ A1 ×A2�ÿ¢¼ê�È©�3, K∫
Ω1×Ω2

f dµ1 × µ2 =
∫

Ω1

(∫
Ω2

f(ω1, ω2)µ2( dω2)
)

µ1( dω1)

=
∫

Ω2

(∫
Ω1

f(ω1, ω2)µ1( dω1)
)

µ2( dω2).

y² (1)� f = 1A1×A2(Ai ∈ Ai, i = 1, 2)�w,¤á. dd¿¦^üNa
½n� f = 1A(A ∈ A1 ×A2)��ª¤á.

(2)dÈ©��55�9 (1)�� f �{ü¼ê��ª�¤á. dd9
�K�ÿ¼ê��E (=�K�ÿ¼ê´Ð�¼ê�üNþ,�4�)±9
üNÂñ½n, � f ��K�ÿ¼ê��ª�¤á.

(3)é���È©�3� f , k f = f+− f−. � f−�È©k�. dd9
(2)�

∞ >

∫
Ω1×Ω2

f− dµ1 × µ2 =
∫

Ω1

µ1( dω1)
∫

Ω2

f−(ω1, ·) dµ2.

�é µ1-a.e. ω1,
∫
Ω2

f−(ω1, ·) dµ2 < ∞. l

∫
Ω2

f(ω1, ·) dµ2 �3��u∫
Ω2

f+(ω1, ·) dµ2 −
∫
Ω2

f−(ω1, ·) dµ2. dd(ÜÈ©��55�9 (2)��
ªéù�� f ¤á. �

�,·�=é A = Ω1 × Ω2 �y²
 Fubini½n, �éu���ÿ8
A , �Iò f �¤ f1A =�Ñ (4.1.1). d	, d8B{, N´òT½ní2
�k�¦È�mþ.

� (Ωi,Ai, µi), 1 6 i 6 n� n� σk�ÿÝ�m, f �Ω , Ω1×· · ·×Ωn

þ�ÿ¢¼ê, 'u µ1 × · · · × µn�È©�3, K∫
Ω

f dµ1 × · · · × µn =
∫

Ωi1

dµi1

∫
Ωi2

dµi2 · · ·
∫

Ωin

f dµin ,

Ù¥ (i1, · · · , in)� (1, · · · , n)�?�ü�. T�ª�¿g´m>�z�gÈ
©þ�3����\gÈ©�u�>�­È©.
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§4.2 Ã¡¦ÈVÇ�m

� T ´��Ã�8 (¹Ã¡õ���). ∀t ∈ T, (Ωt,At,Pt)´VÇ�m.
- ΩT =

∏
t∈T

Ωt = {ω : ω = (ωt)t∈T , ωt ∈ Ωt, t ∈ T}.

@o, ·�I����o��Ã¡¦È σ�êQ? <�Äk����U
´dÃ¡¦ÈÝ/a

{∏
t∈T At : At ∈ At, t ∈ T

}
)¤� σ �ê. �3ù�

�8ÜþÃ{½ÂVÇÿÝ, Ï�Ã¡¦È
∏

t∈T Pt(At)Ï~Ø�3. �d,
·�ò=#N Pt(At)¥=kk��Ø´ 1, ±¦�TÃ¡¦È�z�k�¦
È, l
�½Â. ù�´·�=�u?ØÃ¡¦ÈVÇÿÝ, 
Ø�?Ø��
�Ã¡¦ÈÿÝ��Ï.

�âþ¡©Û, kÚ\Î8�Vg.

½Â 4.7. r/X

BTN ×
∏

t/∈TN

Ωt

�8Ü¡��ÿÎ8, Ù¥ TN ⊂ T �k�8, BTN ∈ ATN
,

∏
t∈TN

At. ¡

BTN �TÎ8�. (.Ø��!). - A T ����ÿÎ8��N, §´��
8�ê. ½ÂÃ¡¦È σ�ê� AT = σ(A T ), �P¤

∏
t∈T

At.

½n 4.8. 3 (ΩT ,AT )þ�3��VÇ P÷v

P
(
ATN × ΩT C

N

)
=

∏
t∈TN

Pt

(ATN
)
, (4.2.1)

Ù¥

TN ⊂ T k�, ΩT C
N

=
∏

t/∈TN

Ωt, ATN ∈ ATN
.

y² (1) (4.2.1)½Â
 A T þ���8¼ê, �d, Iy¤½Â�¼ê��
Î8L�ª�À�Ã'.

� ATN × ΩT C
N

= AT ′N × Ω(T ′N )C , TN ⊂ T k�, ATN ∈ ATN
. - T ′′

N =
TN ∩ T ′

N . K�3 AT ′′N ∈
∏

t∈T ′′N

At¦

ATN = AT ′′N ×
∏

t∈T ′N−T ′′N

Ωt, A
T ′N = AT ′′N ×

∏
t∈T ′N−T ′′N

Ωt.
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l


( ∏
t∈TN

Pt

)
(ATN ) =

( ∏
t∈T ′′N

Pt

)
(AT ′′N ) =

( ∏
t∈T ′N

Pt

)
(AT ′N ).

(2) Päkk��\5.

� {Ak}n
k=1 ⊂ A T pØ��. ∀1 6 k 6 n, - Tk � T ¥k�f8�

ATk ∈
∏

t∈Tk

At ¦ Ak = ATk × ΩT c
k
, K

n∑
k=1

Ak =: A0 ∈ A T . - T0 ⊂ T �k

�8, AT0 ∈
∏

t∈T0

At¦ A0 = AT0 × ΩT c
0
.

- TN =
n⋃

k=0

Tk, A
TN
k = ATk ×

∏
t∈TN−Tk

Ωt, K Ak = ATN
k × Ω(TN )c , n >

k > 0. ´�
{

ATN
k

}n

k=1
⊂
∏

t∈TN

At üüØ�, �
n∑

k=1

ATN
k = A. du

∏
t∈TN

Pt

´ÿÝ, �d P�½Â9ÿÝ�k��\5�
n∑

k=1

P(Ak) = P(A0).

(3)du A T �8�ê� Pk��\, �y P� σ �\5, =Iy²Ù
3 ∅?ëY. ¦^�y{.

� {An}n>1 ⊂ A T üNeü� ∃ε > 0 ¦ P(An) > ε, ∀n > 1.  

y
∞⋂

n=1
An 6= ∅. ∀n > 1, ∃ k�8 Tn ⊂ T ±9 ATn

n ∈
∏

t∈Tn

At ¦ An =

ATn
n ×

∏
t/∈Tn

Ωt.

- T∞ =
∞⋃

n=1
Tn, K T∞�ê, P¤ T∞ = {t1, t2, · · · } . �y

∞⋂
n=1

An 6= ∅,

�I�y ∃(ω̄t1 , · · · , ω̄tn , · · · ) ∈
∏

t∈T∞

Ωt, ¦
∞⋂

j=1
Aj(ω̄t1 , · · · , ω̄tn , · · · ) 6= ∅, Ù

¥ Aj(ω̄t1 , · · · , ω̄tn , · · · )� Aj 3 (ω̄t1 , · · · , ω̄tn , · · · )?��8.

Äk-B
(j)
1 =

{
ωt1 ∈ Ωt1 : Pt1(Aj(ωt1)) > ε

2

}
,Ù¥ Pt1� P3A T\{t1}

þ�ÝK. ��/, é T ′ ⊂ T , P PT ′ � P3 A T\T ′ þ�ÝK. du

Pt1(Aj(ωt1)) =

 ∏
t∈Tj\{t1}

Pt

(ATj

j (ωt1)
)

´'u At1 �ÿ�, l
 B
(j)
1 ∈ At1 �

ε 6 P(Aj) = Pt1(Aj(ωt1)) =

 ∏
t∈Tj\{t1}

Pt

(ATj

j (ωt1)
)

=
∫

Ωt1

Pt1 (Aj(ωt1)) dPt1 6
∫

B
(j)
1

dPt1 +
∫

Ωt1

ε

2
dPt1 6 Pt1

(
B

(j)
1

)
+

ε

2
,
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dd� Pt1(B
(j)
1 ) > ε

2 . d
{

B
(j)
1

}∞
j=1
�üN5� Pt1

(
∞⋂

j=1
B

(j)
1

)
> 0, �

∃ω̄t1 ∈
∞⋂

j=1
B

(j)
1 .

��/, �é, k > 1®k (ω̄t1 , · · · , ω̄tk) ∈ Ωt1 × · · ·Ωtk ¦

P{t1,··· ,tk}(Aj(ω̄t1 , · · · , ω̄tk) >
ε

2k
,∀j.

-

B
(j)
k+1 =

{
ωtk+1

∈ Ωtk+1
: P{t1,··· ,tk,tk+1}(Aj(ω̄t1 , · · · , ω̄tk , ωtk+1

) >
ε

2k+1

}
,

K

ε

2k
6 P{t1,··· ,tk}(Aj(ω̄t1 , · · · , ω̄tk)

=
∫

Ωtk+1

P{t1,··· ,tk,tk+1}(Aj(ω̄t1 , · · · , ω̄tk , ωtk+1
) dPtk+1

(ωtk+1
)

6 P(B(j)
k+1) +

ε

2k+1
.

u´P(B(j)
k+1) > ε

2k+1 ,∀j,= ∃ω̄tk+1
∈

∞⋂
j=1

B
(j)
k+1�P{t1,··· ,tk,tk+1}(Aj(ω̄t1 , · · · , ω̄tk , ω̄tk+1

) >

ε
2k+1 ,∀j. l
 ∃ {ω̄ti ∈ Ωti}i>1¦�

∞⋂
j=1

Aj(ω̄t1 , · · · , ω̄tn) 6= ∅,∀n > 1.

�½ ω̃ ∈
∏

t6∈T∞
Ωt, - ω ∈

∏
t∈T Ωt¦�

ωt =

{
ω̄t, e t ∈ T∞,

ω̃t, e t 6∈ T∞.

K ∀j,∃Nj ¦ Tj ⊂
{
t1, · · · , tNj

}
, 
 Aj(ω̄t1 , · · · , ω̄tNj

) 6= ∅, l
 ω ∈ Aj ,∀j,
= ω ∈

⋂
j

Aj . �

½n 4.9. � {Ft}t∈T ´�xVÇ©Ù¼ê, @o�3�x�ÅCþ {ξt}t∈T

¦ ξt�©Ù¼êT� Ft.

y² � Pt´ Ftp�� (R,B)þVÇÿÝ.- (Ωt,At,Pt) = (R,B,Pt),Ω =
RT ,A = BT ,P = PT . K (ξt(ω) , ωt)t∈T ´ (Ω,A ,P)þ��ÅCþ, �
P(ξt < xt) = Pt((−∞, xt)) = Ft(xt). Õá5w,. �
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§4.3 =£ÿÝ�=£VÇ

£��e¦ÈÿÝ�m (Ω1×Ω2,A1×A2, µ)9 Fubini½n, XJ µØ

´¦ÈÿÝ, XÛz\gÈ©? �d, ·�I�¦^=£VÇ.

½Â 4.10. � (Ω1,A1), (Ω2,A2)�ü��ÿ�m. λ : Ω1 ×A2 → [0,∞]÷
v:

1) ∀ω1 ∈ Ω1, λ(ω1, ·)� (Ω2,A2)þ�ÿÝ;

2) ∀A ∈ A2, λ(·, A)� A1�ÿ¼ê,

K¡ λ� (Ω1,A1)� (Ω2,A2)þ���=£ÿÝ, {¡� Ω1×A2þ�=£

ÿÝ. X ∃Ω2 ��êy© {Bn} ⊂ A2 ¦ λ(ω1, Bn) < ∞ (∀n > 1, ω1 ∈ Ω1),
K¡ λ� σk��. �?�Ú, X sup

ω1∈Ω1

λ(ω1, Bn) < ∞ (∀n > 1), K¡ λ�

�� σk��. X ∀ω1 ∈ Ω1, λ(ω1, ·)�VÇÿÝ, K¡ λ�=£VÇ.

=£VÇ�1��A^´�E¦È�mþ��¦ÈÿÝ§?
ò Fubini
½ní2�¦È�mþ'u��ÿÝ�­È©z\gÈ©. �d, ·�I�
e¡�½n.

½n 4.11. � λ� Ω1×A2þ� σk�=£ÿÝ, f ´A1×A2þ��K�

ÿ¼ê, K
∫
Ω2

f(ω1, ω2)λ(ω1, dω2)´ A1�ÿ�.

y² d�ÿ¼ê��E9È©�5�, =Ié f �«5¼êy². 

düNa½n, =I�	 f = 1A×B, A ∈ A1, B ∈ A2 ��/. d�∫
Ω2

f(ω1, ω2)λ(ω1, dω2) = λ(ω1, B)1A(ω1), Ï
'u ω1 ´ A1 �ÿ�.
�

½n 4.12. � (Ωi,Ai), i = 1, 2, · · · , n´ n��ÿ�m, � Ω(k) =
∏k

i=1 Ωi,

A (k) =
∏k

i=1 Ai, k = 1, · · · , n. e λ1 � A1 ÿÝ, λk ´Ω(k−1) ×Ak þ σ k

�=£ÿÝ, k = 2, · · · , n, K ∀B ∈ A (n)

λ(n)(B) =
∫

Ω1

· · ·
∫

Ωn

1B(ω1, · · · , ωn)λn(ω1, · · · , ωn−1, dωn) · · ·λ1( dω1).

´ÿÝ. e λi(i > 2)´�� σk��, K λ(n)´ σk��.

y² d½n 4.11�, λ(n)(B)�½Â´Ün�. düNÂñ½n� λ(n) ´ σ

�\�, l
�ÿÝ.
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8y λ(n)� σk�5. d8B{, �Ié n = 2y².

du λ1� σk��, λ2��� σk��,K ∃Ω1�Ω2��ê©� {An}
9 {Bn}¦λ1(An) < ∞, sup

ω1∈Am

λ2(ω1, Bn) < ∞,m, n > 1. K {Ai ×Bj}i,j>1

� Ω1 × Ω2��ê©��

λ(2)(Ai ×Bj) =
∫

Ai

λ1( dω1)
∫

Bj

λ2(ω1, dω2) =
∫

Ai

λ2(ω1, Bj)λ1( dω1)

6 sup
ω1∈Ai

λ2(ω1, Bj)λ1(Ai) < ∞. �

½n 4.13 (­È©z\gÈ©). �λ(n)X½n 4.12¤½Â, f´ (Ω(n),A (n))
þ�ÿ¼ê, K f 'u λ(n)�È©�3�¿©7�^��∫

Ω1

...

∫
Ωn

f±(ω1, ..., ωn)λn(ω1, · · · , ωn−1, dωn) · · ·λ1( dω1) , I(f±)

¥��k��k�. �È©�3�,∫
Ω(n)

f dλ(n) =
∫

Ω1

· · ·
∫

Ωn

f(ω1, ..., ωn)λn(ω1, · · · , ωn−1, dωn) · · ·λ1( dω1).

y² � f = 1B, B ∈ A (n) �, d½n 4.12��ª¤á. d�K�ÿ¼ê�
�E9È©�5��é�K�ÿ¼ê�¤á. ��/, k f = f+ − f−. � f

�È©�3, Ø��
∫
Ω f− dλ(n) < ∞, Kk I(f−) =

∫
Ω(n) f− dλ(n) < ∞. �

�½,. l
È©�3��=� I(f±)¥��k��k�. d�k∫
f dλ(n) =

∫
f+ dλ(n) −

∫
f− dλ(n) = I(f+)− I(f−)

=
∫

Ω1

dλ1

{∫
Ω2

· · ·
∫

Ωn

f+ dλn · · · dλ2 −
∫

Ω2

· · ·
∫

Ωn

f− dλn...dλ2

}
= · · · =

∫
Ω1

· · ·
∫

Ωn

(f+ − f−) dλn · · · dλ1 =
∫

Ω1

· · ·
∫

Ωn

f dλn · · · dλ1. �

��?ØÃ¡��/.

½n 4.14 (Tulcea½n). � (Ωn,An), n > 1��ê��ÿ�m, (Ω(n),A (n))
Xþ½Â. - Ω(∞) =

∏∞
i=1 Ωi,A (∞) =

∏∞
i=1 Ai. � Pn(ω1, · · · , ωn−1, dωn)

� Ω(n−1) ×An þ�=£VÇ, P1 ´ A1 þ�VÇ, K3 A (∞) þ�3��

�VÇ P(∞)¦ P(∞)(B(n) ×
∏

k>n Ωk) = P(n)(B(n)), B(n) ∈ A (n), n > 1. Ù
¥ P(n)(B(n)) =

∫
Ω1
· · ·
∫
Ωn

1B(n) dPn · · · dP1� A (n)�VÇÿÝ.
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y² � D ��ÿÎ8�N. K D �8�ê� P(∞) 3 D þk��\, 3 φ

?ëY (d{�Ã¡¦ÈVÇaq). � P(∞) � D þ�VÇÿÝ, ���*
Ü¤ A (∞)þ���VÇÿÝ. �
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§4.4 Ö¿�SK

1. y²5� 4.2.

2. � f ´ σ k�ÿÝ�m (Ω,A , µ)þ��K�ÿ¼ê, λ´ Lebesgue
ÿÝ. y²

(a)
∫
Ω f dµ = µ× λ({(ω, x) : 0 < x < f(ω)});

(b) ∀x ∈ R, µ× λ({(ω, x) : x = f(ω)}).

3. � T = (r cos θ, r sin θ)´ [0,∞)× [0, 2π) 7→ R2��N�. ½Â [0,∞)
þ�ÿÝ µ(A) =

∫
A r dr, λ ´ Lebesgue ÿÝ, K µ × λ ´ R2 þ�

LebesgueÿÝ.

4. � f, g´�K�ÿ¼ê, y² µ(fg)m 6 µ(f)m−1µ(fgm).

5. � F,G� [a, b]þ�©Ù¼ê, �vk�Ó�ØëY:. y²∫
[a,b)

G(x) dF (x) = F (b)G(b)− F (a)G(a)−
∫

[a,b)
F (x) dG(x).

6. e ∅ 6= A1 ×A2 ∈ A1 ×A2, K Ai ∈ Ai, i = 1, 2.

7. e µ2 {ω2 : (ω1, ω2) ∈ A} = µ2 {ω2 : (ω1, ω2) ∈ B}é¤k ω1 ¤á, K
µ1 × µ2(A) = µ1 × µ2(B).

8. � (Ωi,Ai), i = 1, 2, 3 �n��ÿ�m, λ � Ω2 × A3 þ� σ k�

=£VÇ, f ´ A1 × A3 �ÿ¼ê. e ∀(ω1, ω2) ∈ Ω1 × Ω2, È©
g(ω1, ω2) ,

∫
Ω3

f(ω1, ω3)λ(ω2, dω3)�3. y² g´ A1 ×A2�ÿ�.

9. � µk ´Ak þ� σk�ÿÝ, k = 1, 2, A ∈ A1 ×A2, Keã(Ø�d:

(a) µ1 × µ2(A) = 0,

(b) µ1(Aω2) = 0, µ2-a.e.,

(c) µ2(Aω1) = 0, µ1-a.e..
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10. eÝ
 P = (pij)∞i,j=1 ÷v pij > 0,
∞∑

j=1
pij = 1,∀i > 1, ¡ P �=£V

ÇÝ
. - λ(i, A) =
∑
j∈A

pij , y² λ´=£VÇ.

11. � Ω1 = Ω2 = N, µ1, µ2�OêÿÝ,

f(i, j) =


i, i = j;
−i, j = i + 1;
0, Ù¦ i, j.

y²
∫
Ω1

(∫
Ω2

f dµ2

)
dµ1 = 0,

∫
Ω2

(∫
Ω1

f dµ1

)
dµ2 = ∞.

12. Á�Ñ÷ve�^��¼ê f : [0, 1]× [0, 1] → [0, 1]:

(a) ∀x ∈ [0, 1], f(x, y) 'u y Borel �ÿ, ∀y ∈ [0, 1], f(x, y) 'u x

Borel�ÿ,

(b) f 'uB([0, 1]× [0, 1])Ø�ÿ,

(c)
∫ 1
0

(∫ 1
0 f(x, y) dy

)
dx�

∫ 1
0

(∫ 1
0 f(x, y) dx

)
dyþ�3�Ø��.

13. � µk, νk ©O� (Ωk,Ak)þ σ k�ÿÝ, νk � µk, k = 1, 2, K ν1 ×
ν2 � µ1 × µ2�

d(ν1 × ν2)
d(µ1 × µ2)

(ω1, ω2) =
dν1

dµ1
(ω1)

dν2

dµ2
(ω2), µ1 × µ2 − a.e.

14. � (Ωt,At)t∈T ��x�ÿ�m, Ct ⊂ At, σ(Ct) = At, t ∈ T , K∏
t∈T At = σ(∪t∈T J−1

t (Ct)), Ù¥ Jt�
∏

t∈T Ωt 3 ω → ωt ∈ Ωt.

15. y²e¡�8Ü'uB∞�ÿ:

(a)
{

x ∈ R∞ : sup
n

xn < a

}
,

(b)
{

x ∈ R∞ :
∞∑

n=1
|xn| < ∞

}
,

(c)
{

x ∈ R∞ : lim
n→∞

xn�3k�
}

,

(d)
{

x ∈ R∞ : lim
n

xn 6 a
}

.





1ÊÙ ^�VÇ�^�Ï"

du­m�Ô�3�«���éX§·�  I�3�½���^�

eïÄ�
þ�Cz"~X§�Aé 2008c�u�7K�Å, �I�?ªª
Ñ�²Le-�Y, Ù¥�)N���±|E. @oüE�ÌÝ�õ��é
8c²L�uÐâ´�Ü·�Q? �d,I�?Ø��±|Eé²L�I (X
GDP)�K�, =�x3�½��±|E�¹e²L�I�©Ù. ��/, ·
�r¯KÄ��: 3�½�
�ÅCþ�cJeïÄ,�
�ÅCþ�©
Ù. du�½�
�ÅCþ�����Ò´�½dù
�ÅCþ)¤� σ�

ê¥���¯�, ¤±T¯K�ª8(¤ïÄ�½ σ�êe�^�VÇ�^

�Ï". �d, ·�lÙ���½¯�e�^�VÇùå.

� (Ω,A ,P)�VÇ�m, B ∈ A � P(B) > 0. @o P(·|B) , P(·∩B)
P(B) �

´ A þ�VÇÿÝ, ¡��½¯� B e�^�VÇ. k
^�VÇÒ�±
òÈ©�3��ÅCþ ξ �^�Ï"½Â� ξ éu^�VÇ�È© E(ξ|B).
Ó�/, X P(Bc) > 0, K·�k�½¯� Bc e�^�VÇ P(·|Bc)9^�
Ï" E(·|Bc). u´�±UXe�ª½Â ξ 3�½ σ �ê C = {B,Bc, ∅,Ω}
e�^�Ï": X B u), K½Â� E(ξ|B), ÄK½Â� E(ξ|Bc). l
, ξ

3�½ σ�ê C e�^�Ï"�

E(ξ|C ) = 1BE(ξ|B) + 1BcE(ξ|Bc),

§´'u C �ÿ��ÅCþ.

�Ù�8�´Ú\�½ A �f σ �êe�^�VÇÚ^�Ï", ¿^
�ïÄ=£VÇ9¦È�mþ���VÇÿÝ.
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§5.1 �½ σ �êe�^�Ï"

Äk, ·�éN´òc¡Ú\�^�Ï"í2�d�ê��f)¤�
σ �êþ. ��/, � C � σ �ê, B ∈ C . XJ ∀B′ ∈ C , B′ ⊂ B, Kk
B′ = B½ B′ = ∅, ·�Ò¡ B� C ����f.

½Â 5.1. � (Ω,A ,P) �VÇ�m, {Bn}n>1 ⊂ A � Ω ��ê©�, -
C = σ({Bn : n > 1}). � ξ�Ï"�3��ÅCþ, K¡

E(ξ|C ) =
∞∑

n=1

E(ξ|Bn)1Bn

� ξ3�½ σ�ê C e�'u P�^�Ï".

XÛòd½Âí2���f σ �ê C þQ? �d, ·�IJõÑ^�
Ï"Ø�6u C L«�A�, ,��âdA�5­#½Â^�Ï". d
E(ξ|C )�½ÂN´y²e¡�·K.

·K 5.2. �Eξ�3, {Bn}n>1 ⊂ A �Ω��ê©�, C = σ({Bn : n > 1}).
K E(ξ|C )'u C �ÿ�÷v∫

B
ξ dP =

∫
B
E(ξ|C ) dP, ∀B ∈ C .

XJ η�'u C �ÿ�¼ê (�U� ±∞�)¦� Eξ1B = Eη1B,∀B ∈ C ,
K η = E(ξ|C ).

�âþ¡·K, ·�Ú\�½�� σ�êe�^�Ï".

½Â 5.3. � C ⊂ A � σ �ê, ξ �Ï"�3��ÅCþ. ξ 3 C �e ('
u P)�^�Ï" E(ξ|C )½Â�÷ve�úª�'u C �ÿ�¼ê∫

B
E(ξ|C ) dP =

∫
B

ξ dP,∀B ∈ C .

��y½Â 5.3 �Ün5, Iy² E(ξ|C ) ��3��5. �d, -
ϕ(B) =

∫
B ξ dP, B ∈ C ,K ϕ´ C þ σ�\8¼ê, ϕ � P|C . l
�3 PC -

a.s.��� f ∈ C ¦ dϕ = f dP|C , =: ∀B ∈ C , ϕ(B) =
∫
B f dP =

∫
B ξ dP.

½Â 5.4. � C ⊂ A � σ �ê, A ∈ A . ¡ P(A|C ) = E(1A|C )� A3 C

e ('u P)�^�VÇ.
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�â^�Ï"�½Â9È©�5�, �½ σ �êe�^�Ï"U«


Ï"�¤k5�. 3¿^�Ï"´ PC -a.s. ½Â�, ¤kù
5��´3
PC -a.s.¿Âe¤á�.

5� 5.5. �e¡�9��ÅCþÏ"�3.

(1) E(E(ξ|C )) = Eξ.

(2)e ξ ∈ C , K E(ξ|C ) = ξ.

(3) (üN5) ξ 6 η ⇒ E(ξ|C ) 6 E(η|C ).

(4) (�55) E(aξ + bη|C ) = aE(ξ|C ) + bE(η|C ), a, b ∈ R.

(5) (Fatou-LebesgueÂñ½n) � η, ζ �È. e ∀n > 1, η 6 ξn,P-a.e. K

E
(

lim
n→∞

ξn|C
)

6 lim
n→∞

E(ξn|C ).

e∀n > 1, ξn 6 ζ, K lim
n→∞

E(ξn|C ) 6 E
(

lim
n→∞

ξn|C
)

(6)(��Âñ½n)� ξ, η �È, e η 6 ξn ↑ ξ, ½ö ∀n > 1, |ξn| 6 η,�

ξn → ξ a.s. K E(ξn|C ) → E(ξ|C ), a.s.

XÓÈ©Âñ½n�y², þ¡J��^�Ï"��«Âñ½nþ�d
üNÂñ½n�Ñ (�SK 3). d	, È©�Ï"��
Ø�ª (X Jensen
Ø�ª, HölderØ�ª, MinkowskiØ�ª�)��g,í2�^�Ï"�
/.

íØ 5.6. � η ∈ C ,Eξη,Eξ�3, K E(ξη|C ) = ηE(ξ|C ).

y² du E(ξη|C )� ηE(ξ|C )þ'u C �ÿ, d^�Ï"�½Â��y²∫
C

ξη dP =
∫

C
ηE(ξ|C ) dP, C ∈ C .

dÈ© (½^�Ï")��55�!üNÂñ½n, �Ié ξ� η�«5¼ê

�y²T�ª.

� ξ = 1A, η = 1B, A ∈ A , B ∈ C . K∫
C

ηE(ξ|C ) dP =
∫

C∩B
ξ dP = P(A ∩B ∩ C) =

∫
C

ξη dP. �

íØ 5.7. e ξn
r−→ ξ, r > 1, K E(ξn|C ) r−→ E(ξ|C ).

y² d JensenØ�ª9^�Ï"�5�,

E|E(ξn|C )− E(ξ|C )|r = E|E(ξn − ξ|C )|r 6 E(E(|ξn − ξ|r|C ))

= E|ξn − ξ|r → 0 (n →∞). �
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e¡�½nL², ξ 3 C e�^�Ï"�w¤ ξ 3 C �z��fþ�

²þ. ù�5�¡�^�Ï"�²w5.

½n 5.8. E(ξ|C )3 C �z��fþ�~ê�. e P(B) > 0, B ��f, K
∀ω ∈ B, E(ξ|C )(ω) = 1

P(B)

∫
B ξ dP.

y² � B � C ¥��f, X ∃ω1, ω2 ∈ B ¦ E(ξ|C )(ω1) 6= E(ξ|C )(ω2), K
∅ 6= {ω ∈ B : E(ξ|C )(ω) = E(ξ|C )(ω1)}  B, � B´��fgñ!

� P(B) > 0, B��f. du E(ξ|C )3 Bþ�~�, k

E(ξ|C )P(B) =
∫

B
E(ξ|C ) dP =

∫
B

ξ dP,

l
 E(ξ|C )|B = 1
P(B)

∫
B ξ dP. �

íØ 5.9. � {Bn}n>1 ⊂ A � Ω ��ê©�, C = σ({Bn : n > 1}), K

E(ξ|C ) =
∞∑

n=1
E(ξ|Bn)1Bn . AO/, � C = {φ,Ω}�, E(ξ|C ) = Eξ.

·K 5.10. � C � σ(ξ) Õá, K E(ξ|C ) = Eξ; X C ⊂ C ′, K E(ξ|C ) =
E(E(ξ|C ′)|C ).

y² ∀B ∈ C , k 1B � ξÕá. �∫
B
E(ξ|C ) dP =

∫
B

ξ dP = E1Bξ = (E1B)Eξ = P(B)Eξ =
∫

B
Eξ dP.

d B ∈ C �?¿5� E(ξ|C ) = Eξ.

� C ⊂ C ′, K ∀B ∈ C k∫
B
E(ξ|C ′) dP = E[1BE(ξ|C ′)] = E(E(ξ1B|C ′)) = Eξ1B =

∫
B

ξ dP.

l
 E(ξ|C ) = E(E(ξ|C ′)|C ). �

��, ·�y² E(ξ|C )´ ξ3'u C �ÿ¼êa¥� L2�Z%C.

·K 5.11 (�Zþ�%C). � ξ ∈ L2(P),C ⊂ A �f σ�ê. K E(ξ|C ) ∈
L2(PC ), � E(ξ|C )´ ξ3 L2(PC )¥�Zþ�%Cµ∀η ∈ L2(PC ), k

E|ξ − E(ξ|C )|2 6 E|ξ − η|2, E(|ξ − E(ξ|C )|2|C ) 6 E(|ξ − η|2|C ).
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y² �Iy�ö. d Jensen Ø�ª, |E(ξ|C )|2 6 E(|ξ|2|C ), � E(ξ|C ) ∈
L2(PC ). ∀η ∈ L2(PC ), k

E(|ξ − η|2|C ) = E(|ξ − E(ξ|C )|2|C ) + E(|η − E(ξ|C )|2|C )

− 2E((η − E(ξ|C ))(ξ − E(ξ|C ))|C ).

du η − E(ξ|C ) ∈ C , k

E((η − E(ξ|C ))(ξ − E(ξ|C ))|C ) = (η − E(ξ|C ))E((ξ − E(ξ|C ))|C ) = 0.

� E(|ξ − η|2|C ) > E(|ξ − E(ξ|C )|2|C ). �

§5.2 �½¼êe�^�Ï"

� ξ, η �ü��ÅCþ, Eξ �3, - C = σ(η). ´�?� y ∈ R,
{η = y} ´ C ��f, Ï
 E(ξ|C ) 3 {η = y} þ�~�, l
 E(ξ|C ) ´
η �¼ê, =�3�ÿ¼ê g : R → R, ¦ E(ξ|C ) = g(η). ��/, �
f : (Ω,A ) → (Ω′,A ′)��ÿN�, - σ(f) , f−1(A ′), §´ A �f σ �

ê.

½n 5.12. � Eξ �3, f Xþ, K E(ξ|σ(f)) = g ◦ f . Ù¥ g : Ω′ → R��
ÿ¼ê¦� ∀A′ ∈ A ′,

∫
A′ g dPf =

∫
f−1 ξ dP. ùp, Pf , P ◦ f−1(A′)� P3

A ′d f p��VÇÿÝ.

y² du E(ξ|σ(f)) � σ(f) �ÿ�, K ∃g : (Ω′,A ′) → (R,B) �ÿ,
¦ E(ξ|σ(f)) = g ◦ f . dÈ©C�úª�^�Ï"�½Â�, ∀A′ ∈
A ′,

∫
A′ g dPf =

∫
f−1(A′) g ◦ f dP =

∫
f−1(A′) ξ dP. �

3½n 5.12¥- ξ = 1A, A ∈ A , ·���e¡íØ.

íØ 5.13. � f ´ (Ω,A ) � (Ω′,A ′) ��ÿN�, Ù¥ A ∈ A . K
P(A|σ(f)) = g ◦ f , g : (Ω′,A ′) → (R,B)�ÿ, ÷v∫

B′
g dPf = P(A ∩ f−1(B′)),∀B′ ∈ A ′.

3²;VÇØ¥, ·�k½Â
3�½¯� B e�^�VÇ P(·|B), 2
ò^�Ï" E(ξ|B)½Â� ξ 'u^�VÇ�È©. �!¥?Ø��½ σ �
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êe�^�Ï"�^�VÇ�½Â�Ð�L5
, ·�k½Â^�Ï", 2
��ÅCþ�«5¼ê��^�VÇ. @o·��Ä�±c@�ò^�V
Ç P(·|C )w¤��VÇÿÝ, ¿dd�Ñ^�Ï" E(ξ|C ) =

∫
Ω ξ dP(·|C )?

XJ�½ ω ∈ Ω,P(·|C )(ω) �VÇÿÝ, K
∫
Ω ξ dP(·|C )(ω) k¿Â. �´,

éuz�¯� A, P(A|C )=´A���(½�. �d, ·�I�éz� A,
3 P(A|C ) ��da¥�½��·���L PC (·, A) ¦�éz� ω ∈ Ω,
PC (·, A)�VÇÿÝ. ùÒ´�K^�VÇ.

§5.3 �K^�VÇ

½Â 5.14 (�K^�VÇ). � (Ω,A ,P) �VÇ�m, C ⊂ A �f σ �

ê. � PC � Ω×A þ�=£VÇ. XJ ∀A ∈ A k PC (·, A) = E(1A|C ) =
P(A|C ), K¡ PC � P3�½ C e'u��K^�VÇ.

e¡, ·�©O?Ø�K^�VÇ�5�, �359ÙA^.

§ 5.3.1 �K^�VÇ�5�

½n 5.15. e PC ´�½ C e�K^�VÇ, ξ ´Ï"�3��ÅCþ, K
E(ξ|C ) =

∫
Ω ξPC (·, dω).

y² d�K^�VÇ�½Â!�ÿ¼ê��E9È©�5�á��½n.
�

½n 5.16. � C ⊂ C ′ ⊂ A ´f σ �ê, PC � PC ′ ´�K^�VÇ,
ξ ∈ C , ξ′ ∈ C ′¦ Eξξ′9 Eξ�3. K∫

(ξ′ξ)(ω)PC (·, dω) =
∫

ξ′(ω)
[∫

ξ(ω)PC ′(ω′, dω)
]
PC (·, dω′)).

y² d�K^�VÇ�½Â9^�Ï"�5�á�. �

§ 5.3.2 ^�©Ù

� ξT = {ξt : t ∈ T} � (Ω,A ,P) þ�x�ÅCþ, �ïÄ§�©Ù,

�I�Ä σ �ê σ(ξT ) , σ

( ⋃
t∈T

σ(ξt)
)

. ¯¢þ, ?� Borel �ÿ8Ü
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B ⊂ RT =
∏
t∈T

Rk PξT
(B) , P(ξT ∈ B) = P(ξ−1

T (B)). §(½
 ξT �©Ù.

Ïd, 3�Ä�K^�VÇ�, �r A U¤ σ(ξT ).

½Â 5.17. � C ⊂ A ´f σ �ê, XJ PC � Ω × σ(ξT )þ�=£VÇ�
∀A ∈ σ(ξT )k PC (·, A) = P(A|C ), K¡ PC � ξT 3 C e��K^�©Ù.

Ï~ σ(ξT )� C �mÃ�¹'X. � C ⊂ σ(ξT )�, �K^�©Ù´
(Ω, σ(ξT ),P)3 C e��K^�VÇ. 
� ξ, ξ′ ∈ σ(ξT )�, ½n 5.16é�
K^�©Ù¤á.

·���, ξT �©Ù PξT
´¦Èî¼�m RT þ�VÇÿÝ. aq/,

·�Ú\ ξT 3�½ C e�·Ü^�©Ù, §´ (Ω,C )×BT þ�=£VÇ.

½Â 5.18. � (Ω,A ,P) ´VÇ�m, ξT ´�ÅCþx, C ⊂ A �f σ

�ê, PC
ξT
� (Ω,C ) × BT þ�=£VÇ. XJ ∀B ∈ BT k PC

ξT
(·, B) =

P(ξ−1
T (B)|C ), K¡ PC

ξT
� ξT 3 C �e�·Ü^�©Ù.

½n 5.19. � g : RT → R´ Borel�ÿ�, Eg(ξT )�3. e ξT 3 C e�^

�©Ù PC �·Ü^�©Ù PC
ξT
�3, K

E(g(ξT )|C ) =
∫

Ω
g(ξT (ω))PC (·, dω) =

∫
RT

g(xT )PC
ξT

(·, dxT ).

y² � g = 1B, B ∈ BT �w,. ���/dd9�ÿ¼ê��E�È©!
^�Ï"�5���. �

½n 5.20. X ξT 3 C e�^�©Ù�3, KÙ·Ü^�©Ù��3. e
ξT (Ω) ∈ BT , K_·K�¤á.

y² X ξT 3C e�^�©ÙPC �3,KkPC
ξT

(ω, B) = PC (ω, ξ−1
T (B)), B ∈

BT . ��, PC
ξT
�3� ξT (Ω) ∈ BT , K ∀A ∈ σ(ξT )�3 B ∈ BT ¦ A =

ξ−1
T (B), � ξT (A) = B ∩ ξT (Ω) ∈ BT . l
�- PC (·, A) = PC

ξT
(·, ξT (A)).

�

§ 5.3.3 �35

½n 5.21. � ξ = (ξ1, ξ2, · · · , ξn)´ (Ω,A ,P)þ n��ÅCþ, C � A �

f σ�ê, K PC
ξ �3. l
� ξ(Ω) ∈ Bn�, ξ3 C e�^�©Ù�3.

y² ��E PC
ξ (ω, ·), I(½�A�VÇ©Ù¼ê. �d, ∀r ∈ Q̄n, À½�

� C �ÿ¼ê F (r)¦ F (r) = P(ξ < r|C ). K F ÷v:
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1) ∀a, b ∈ Q̄n, a 6 bk ∆a,bF = P(ξ ∈ [a, b)|C ), a.s.

2) ?�S� rm →∞k lim
m→∞

F (rm) = 1, a.s.

3) ?�S� rm¦Ù¥,�©þªu −∞, k lim
m→∞

F (rm) = 0, a.s.

4) ∀r0 ∈ Qn, lim
Qn3r↑r0

F (r) = F (r0), a.s.

�(½ PC
ξ , ·�I�UE F ¦þãÃ^::¤á. du Q̄n �ê, d

1) �3"ÿ8 N1 ¦ ∀ω 6∈ N1 k ∆a,bF (ω) > 0,∀a, b ∈ Q̄n, a 6 b. d
	, d 2)� 3) ��3"ÿ8 N2 ¦ ∀ω 6∈ N2 k lim

m→∞
F (m, · · · ,m)(ω) =

1 � lim
m→∞

F (ri
m)(ω) = 0, 1 6 i 6 n, Ù¥ ri

m ∈ Q̄n ¦�1 i �©þ�

−m, Ù{©þ� ∞. 2d 4), �3"ÿ8 N3 ¦ ∀ω 6∈ N3,∀r0 ∈ Qn k

lim
m→∞

F (r0 − 1/m)(ω) = Fr0(ω). du ∆a,bF > 0(∀a 6 b)%¹ F �üN5,

´�� ω 6∈ N , N1 ∪N2 ∪N3 �, F (·)(ω)�� Qn þ�¼ê÷v�©�K

5!�K5��ëY5.

-

FC (ω, r) =

{
F (r)(ω), ω ∈ N ;
1(0,∞)(r), ω ∈ N c, r ∈ Qn.

∀x ∈ Rn, - FC (ω, x) = lim
r↑x

FC (ω, r). K ∀ω ∈ Ω, FC (ω, ·)äkVÇ©Ù¼

ê�A�, Ï
p� (R,B)þ��VÇÿÝ PC
ξ (ω, ·)¦ PC

ξ (ω, (−∞, x)) =
FC (ω, x), ω ∈ Ω, x ∈ Rn.

�y² PC
ξ �·Ü^�©Ù, -

Π = {(−∞, r) : r ∈ Qn} ,Λ =
{

B ∈ Bn : PC
ξ (·, B) = P(ξ ∈ B|C )

}
.

K Π� πX, Λ ⊃ Π� Λ´ λX. l
 Λ = Bn. �

½n 5.22. � (Ω,A ,P) = (Rn,Bn,P), K?�f σ �ê C , �K^�VÇ
PC o�3.

y² - ξ(x) = x, x ∈ Rn. K σ(ξ) = Bn, PC
ξ =´ P3�½ C e��K^

�VÇ. �

c¡·�
)�, �±¦^=£VÇ�E¦È�mþ�VÇÿÝ. ��
�K^�VÇ�A^, ·�y² Rn þ�?ÛVÇÿÝþ�ÏL=£VÇ5

�E.
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½n 5.23. � P´ (Rn,Bn)þ�VÇ, K ∃Bþ�VÇ P19 Rk−1 ×Bþ

�=£VÇ Pk(x1, x2, · · · , dxk), k = 2, · · · , n¦

P(B) =
∫

R
· · ·
∫

R
1B(x1, · · · , xn)Pn(x1, · · · , xn−1, dxn) · · ·P1( dx1), B ∈ Rn.

y² � n = 2�, - P2(x1, B2) = PC ((x1, 0),R × B2), B2 ∈ B,C = B ×
R,P1(B1) = P(B1×R). K P̃(B) ,

∫
R dP1(x1)

∫
R 1BP2(x1, dx2)´ (R2,B2)

þ�VÇÿÝ�÷v P̃(B1 ×B2) = P(B1 ×B2), B1, B2 ∈ B. dÿÝ*Ü½
n� P̃ = P. �½né n = 2¤á. é��� n�¦^8B{y².

�½né n¤á,  y n + 1��/. � P(n−1)(B(n−1)) = P(B(n−1) ×
R), B(n−1) ∈ B(n−1) ´c n − 1 �©þ�éÜ©Ù. - C = B(n−1) ×
R,Pn = PC ((x1, · · · , xn−1, 0),R(n−1) × B). XÓ n = 2 �/�y², k
P( dx1, · · · , dxn) = Pn(x1, · · · , xn−1, dxn)P(n−1)( dx1, · · · , dxn−1). du
P(n−1) � Rn−1 þ�VÇ, d8Bb�, P(n−1)( dx1, · · · , dxn−1) �L�
P(n−1)(x1, · · · , xn−2, dxn−1)P(n−2)(x1, · · · , xn−3, dxn−2) · · ·P1( dx1). l

½n�y. �

§5.4 KolmogorovÚ�½n

·�c¡®²
)�, k�¦È�mþ�VÇÿÝ�d�'>�VÇÿ
ÝÚeZ=£VÇ�EÑ5. @o, ·�XÛ�EÃ¡�¦È�mþ�VÇ
ÿÝQ? ��Ä���{´¦^k�¦È�mþ�VÇÿÝ5)¤Ã¡¦
È�mþ�VÇÿÝ. �d, ·�IÚ\Ú�5�Vg. X S � T �k�f

8, KP¤ S ⊂⊂ T .

½Â 5.24. � T ���Ã¡�I8, ∀t ∈ T, (Ωt,At)��ÿ�m. ∀T ′ ⊂ T ,
P ΩT ′ =

∏
t∈T ′

Ωt, A T ′ =
∏

t∈T ′
At. � ∀S ⊂⊂ T , A S þ�½��VÇ PS . X

J ∀S ⊂ S′ ⊂⊂ T , k PS(AS) = PS′

(
AS ×

∏
t∈S′\S

Ωt

)
, AS ∈ A S , K¡VÇ

ÿÝx
{
PS : S ⊂⊂ T

}
´Ú��.

½n 5.25 (KolmogorovÚ�½n). �Ωt = Rt = R, t ∈ T,
{
PS : S ⊂⊂ T

}
´Ú�VÇÿÝx. K�3 (RT ,BT )þ���VÇÿÝ P¦ ∀S ⊂⊂ T 9

BS ∈ BS k P(BS × RT\S) = PS(BS).
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y² (1) ½Â�Ün5dVÇÿÝx�Ú�5�y.

(2) � T �ê, Ã�� T = N. d½n 5.23�, ∃RþVÇ P1 9=£

VÇ {Pn(x1, ..., xn−1, dxn) : n > 2}¦ P{1,2,··· ,n} = Pn · Pn−1 · · ·P1,∀n > 2.
d Tulcea½n, TVÇÿÝ�3��.

(3) éuØ�ê�I8 T , � D ��ÿÎ8�N, §´8�ê. ´� P
3 D þ�k��\VÇÿÝ. �yÙ σ �\5, =Iy²3 ∅ ?ëY. �
{An}n>1 ⊂ D , An ↓ ∅. ∀n > 1,∃Tn ⊂⊂ T ¦An = ATn×RT\Tn , ATn ∈ BTn .

- T∞ =
∞⋃

n=1
Tn, K T∞ �ê. d T �ê��(Ø�, P�u DT∞ × RT\T∞

���*Ü¤ RT þ�VÇÿÝ, Ù¥ DT∞ � RT∞ þ�ÿÎ8�N. l

dVÇ�ëY5� P(An) ↓ 0(n →∞). �

5 5.26. ½n 5.25�y²Ì�^�½n 5.23Ú Tulcea½n. �,3 Tulcea
½n¥vké Ωt ���, �½n 5.23=?nî¼�\��/. Ïd, ��
ò½n 5.23¥� R�¤��� Ωt, Iy²?Ûk�¦È�m ΩS þ�VÇ

ÿÝþ�X½n 5.23¥@�d��>�VÇÿÝÚeZ=£VÇL«Ñ5.
�d, Ií2�K^�VÇ�35½n (=½n 5.22 ½½n 5.21 ) . ½n
5.21�y²�6u©Ù¼ê�A��knê8��ê5�È5. duÝþ�
m Ωþ�VÇÿÝþ�dÙ3¥þ��(½, X Ω�3�êÈf8 Ω0, V
ÇÿÝ�d§3�ê8a {B(x, r) : x ∈ Ω0, r ∈ Q+}þ��(½. âd, �
y²���©Ýþ�m (Polish�m)þ�VÇÿÝ7�3�K^�VÇ, ?

ò½n 5.23Ú½n 5.24í2� Polish�mþ.
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§5.5 Ö¿�SK

1. y²·K 5.2.

2. � C � A �f σ �ê, ϕ(B) =
∫
B ξ dP, B ∈ C , K ϕ´ C þ σ �\

8¼ê, ϕ � P|C . l
�3 E[ξ|C ] = dϕ
dPC

,PC -a.e.

3. ��ÅCþ� 0 6 ξn ↑ ξ. y² E(ξn|C ) ↑ E(ξ|C ).

4. y²5� 5.5.

5. y²HölderØ�ªE(ξη|C ) 6 E(|ξ|p|C )1/pE(|η|q|C )1/q, p > 1, 1
p + 1

q =
1.

6. � ξE�ÅCþ, y² |E[ξ|C ]| 6 E[|ξ||C ].

7. Qã¿y²'u^�Ï"� JensenØ�ªÚMinkowskiØ�ª.

8. y²íØ 5.9

9. �C1,C2�A �ü�fσ�ê. Þ~`²E(ξ|C1∩C2) 6∈ E(E(ξ|C1)|C2).

10. P�Nknê� x1, x2, · · · , -

F (x) =
∞∑

n=1

2−n1(xn,∞)(x)

K F ´ Rþ�©Ù¼ê.

11. (�) � An´��üNþ,�f σ�ê, e�ÅCþ� ξn÷v

E(ξn+1|An) = ξn, n > 1,

K¡���S�. y² ξn = E(ξ|An)´�S�.

12. (ê¼L§) � ξn��ÅCþS�, - An = σ({ξm : m 6 n}) . e

E(ξn+1|An) = E(ξn+1|ξn), n > 1,
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K ξn ¡�ê¼L§. � {Xn} ´Õá��ÅCþS�, y² ξn =∑n
m=1 Xm´ê¼L§.

13. � An = σ({ξm : m 6 n}),A nσ({ξm : m > n}) , K ξn �ê¼L§�

�=�e�^���¤á.

(a) E(ξm|An) = E(ξn+1|ξn),m > n > 1,

(b) E(η|An) = E(η|ξn), η ∈ A n, n > 1,

(c) ∀η ∈ An, ζ ∈ A n¦� η, ζ, ηζþ�È,KE[ηζ|ξn] = E[η|ξn]E[ζ|ξn],
n > 1.

14. �Ý
 P = (pij)∞i,j=0 ÷v pij > 0,
∞∑

j=0
pij = 1. ù��Ý
¡��Å

Ý
. �EVÇ�m (Ω,A ,P)9Ùþ��ÅCþS� {ξn}n>0 ¦�

P(ξn+1 = j|ξn = i) = pij , n > 0, i, j > 0.

15. y²e E(ξ|C ) = η� Eξ2 = Eη2 < ∞, K ξ = η, a.s.

16. � ξ ∈ L1(Ω,A ,P). y²�ÅCþx
{
E(ξ|C ) : C � A �f σ�ê

}
���È.

17. � ξ, η´ÕáÓ©Ù��È�ÅCþ, y² E(ξ|ξ + η) = (ξ + η)/2.

18. � ξ1, ξ2, · · · ÕáÓ©Ù�Ï"k�, Sn =
n∑

k=1

ξk. τ ����ê�Ï

"k���ÅCþ÷v {τ = n} ∈ σ {ξ1, · · · , ξn}.

(a) y² ESn = Eξ1Eτ .

(b) � ξ1± p (½ 1− p)�VÇ�� 1 (½−1), τ � Sn�u−N½M

��� n , N,M þ���ê. �O� Eτ .

19. � σ�ê G d πX C )¤. y² f ∈ G �¯� A'u G �^�Ï"

��=� ∫
B

f dP = P(A ∩B),∀B ∈ C .
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20. �ÄVÇ�m (Ω,A ,P) �VÇ�m (Ω′,A ′,P′) ��ÿN� T ¦

� P′ = P ◦ T−1. - C ′ � A ′ �f σ �ê, C =
{
T−1A : A ∈ C

}
.

∀A′ ∈ A ′, y² P(t−1A′|C )(ω) = P′(A′|C ′)(Tω),P− a.s.ω.

21. (a) �¯� A ÷v P(A) > 0, ½ÂVÇ Q(B) = P(B|A). y²é
B ∈ A 9f σ�ê C ,

Q(B|C ) =
P(A ∩B|C )
P(A|C )

,Q− a.s.

(b) � D d©y A1, A2, · · · )¤� σ�ê, C ∨D , σ(C ∪D). y²
é B ∈ A

P(B|C ∨D) =
∞∑

n=1

1An

P(B ∩An|C )
P(An|C )

.

22. (a) � C1 ⊂ C2 �f σ �ê, Eξ2 < ∞. y² E((ξ − E(ξ|C1))2) 6

E((ξ − E(ξ|C2))2).

(b) - Var(ξ|C ) = E((ξ − E(ξ|C )2)|C ). y²

Var(ξ) = E(Var(ξ|C )) + Var(E(ξ|C )).

23. � Ci, i = 1, 2, 3�f σ�ê, Cij = σ(Ci ∪ Cj), 1 6 i, j 6 3. y²eã
^��d:

(a) P(A3|C12) = P(A3|C2),∀A3 ∈ C3;

(b) P(A1 ∩A3|C2) = P(A1|C2)P(A3|C2),∀A1 ∈ C1, A3 ∈ C3;

(c) P(A1|C23) = P(A1|C2),∀A1 ∈ C1.

24. � P� (Ω,A )���©ål�mþ�VÇ, K?�f σ�ê C , �K
^�VÇ PC �3.
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3ÆSVÇØ�·����ÅCþ�A�¼ê���(½§�©Ù, �
�©Ù¼ê�'k�Ð�©Û5�. AO/, �ÅCþ���Ý�dÙA�
¼ê3 0?��A��ê��. �ÙïÄ��k�ÿÝ�A�¼ê, ÿÝ�
fÂñ�du�AA�¼ê�Å:Âñ, �ÿÝ���ÅCþ��©ÙÆ
�, §���du�ÅCþ���©ÙÂñ. ·���Ñ�OE¼ê�A�
¼ê��O{K, ¿?Ø��Ýþ�mþk�ÿÝ�fÂñ��O{K.

§6.1 k�ÿÝ�A�¼ê

§ 6.1.1 ½Â�5�

½Â 6.1. � µ´ (Rn,Bn)þ�k�ÿÝ, K¡¼ê

f(t) =
∫

Rn

ei〈t,x〉µ( dx), t ∈ Rn

� µ�A�¼ê, ½ µ� Fourier-StieltjesC�. ùp 〈·, ·〉´î¼�m¥�
SÈ.

du µk�, ��È¼êk., �A�¼êo�3. w,A�¼ê f ä

kXe5�:

(1) f(0) = µ(Rn); (2) |f(t)| 6 f(0); (3) f̄(t) = f(−t).

·K 6.2. � µk � Rmk þ�k�ÿÝ, fk �ÙA�¼ê, k = 1, 2, · · · , n .
K¦ÈÿÝ µ , µ1 × µ2 × · · · × µn�A�¼ê�

f(t) =
n∏

k=1

fk(t(mk)), t = (t(m1), · · · , t(mn)) ∈ Rm1+···+mn .
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·K 6.3 (OþØ�ª). � f � Rn þk�ÿÝ µ�A�¼ê. K |f(t) −
f(t + h)|2 6 2f(0)[f(0)− Ref(h)], t, h ∈ Rn , l
 f ��ëY.

y² du f(0) = µ(Rn), d SchwarzØ�ª

|f(t)− f(t + h)|2 6 f(0)
∫

Rn

|ei 〈t,x〉 − ei 〈t+h,x〉|2µ( dx)

6 f(0)
∫

Rn

|ei 〈h,x〉 − 1|2µ( dx)

= 2f(0)
∫

Rn

(1− cos〈h, x〉)µ( dx)

= 2f(0)(f(0)− Ref(h)). �

·K 6.4. � µ� (R,B)þ�k�ÿÝ, n > 1.

(1) X f (2n)(0)�3�k�, K ∀r ∈ [0, 2n], k

βr ,
∫

R
|x|rµ( dx) < ∞.

(2) e
∫

R |x|
nµ( dx) < ∞, K ∀0 6 k 6 nk

f (k)(t) = ik
∫

R
xkeitxµ( dx), t ∈ R,

l
 ∫
R

xkµ( dx) = i−kf (k)(0).

§ 6.1.2 _=úª���5½n

��k�ÿÝ�ÄdÙA�¼ê��(½Q, �âe¡�½n, £�´
�½�.

½n 6.5. � f �k�ÿÝ µ �A�¼ê, e a, b ∈ Rn � µ(∂[a, b]) =
µ([a, b]\(a, b)) = 0. K

µ([a, b))= lim
T→∞

1
(2π)n

∫ T

−T
· · ·
∫ T

−T

n∏
k=1

e−itkak−e−itkbk

itk
f(t1, · · · , tn) dt1 · · · dtn.
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y² mà��È¼êëYk., Ï
È©�3k�, P¤ I(T ) . Kd f �

½Â9 Fubini½n,

I(T ) =
∫

Rn

µ( dx)
∫ T

−T
· · ·
∫ T

−T

n∏
k=1

e−itkak − e−itkbk

itk
e
i

n∑
k=1

tkxk

dt1 · · · dtn

=
∫

Rn

(
n∏

k=1

∫ T

−T

e−itkak − e−itkbk

itk
eitkxk dtk

)
µ( dx)

= 2n

∫
Rn

(
n∏

k=1

∫ T

0

sin tk(xk − ak)− sin tk(xk − bk)
tk

dtk

)
µ( dx)

= 2n

∫
Rn

(
n∏

k=1

∫ T (xk−ak)

T (xk−bk)

sin t

t
dt

)
µ( dx).

du
∫ x
0

sin t
t dt'u xk.�

∫∞
−∞

sin t
t dt = π, d��Âñ½n�

lim
T→∞

I(T ) = (2π)nµ((a, b)) = (2π)nµ([a, b)). �

þ¡�½nw�·�, XJ ∀a 6 b� µ(∂[a, b]) = 0, K µ([a, b))dA�
¼ê��(½. �*þ, XJ·�y²÷v µ(∂[a, b]) = 0�«mv
õ, B
�±dA�¼ê��(½ÿÝ µ.

½Â 6.6. XJ [a, b]k.� µ(∂[a, b]) = 0, K¡ [a, b]� µ���ëY«m.

�y µdÙA�¼ê��(½, �Iy µdÙ3ëY«mþ����(

½.

Ún 6.7. � µ� Rnþk�ÿÝ, -

D(µ) = {a ∈ R : ∃k ∈ {1, · · · , n}¦ µ({x : xk = a}) > 0} ,

K D(µ)�õ�ê.

y² -

Dm,k(µ) =
{

a ∈ R : µ({x : xk = a}) >
1
m

}
, m > 1, 1 6 k 6 n,

K D(µ) =
⋃

k,m

Dm,k(µ). du µk�, z� Dm,k(µ)�k�8, l
 D(µ)�

õ�ê. �
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Ún 6.8. - C(µ) = R\D(µ). ∀a, b ∈ Rn, X ak, bk ∈ C(µ), K [a, b]´ µ�

ëY«m.

y² �I5¿

∂[a, b] ⊂
n⋃

k=1

{xk = ak ½ bk}

� µ"ÿ8. �

·K 6.9. � µ1, µ2� Rnþü�k�ÿÝ,XJ µ1� µ23�Ó�ëY«m

þ���Ó, K µ1 = µ2 . l
 Rnþk�ÿÝ�ÙA�¼ê�p��û½.

y² d½n 6.5, �Iy1��Øä. du D(µ1) ∪ D(µ2)�õ�ê, C ,

C(µ1) ∩ C(µ2) 3 R ¥È�. ∀[a, b) ⊂ Rn,∃{b(m)
n }, {a(m)

n } ⊂ C ¦ a
(m)
n ↑

a, b
(m)
n ↑ b . dÿÝ�ëY59 C �½Â�

µ1([a, b)) = lim
m↑∞

µ1([a(m), b)) = lim
m↑∞

lim
m′↑∞

µ1([a(m), b(m′)))

= lim
m↑∞

lim
m′↑∞

µ2([a(m), b(m′))) = µ2([a, b)). �

��?Øk�ÿÝ�©Ù¼ê�'X. du©Ù¼ê\þ~ê�¤p
��ÿÝØC, �(½k�ÿÝ�©Ù¼ê, ·�IòÙIOz. � F �

Rn þ���K©Ù¼ê, ¦��S� {xm} ⊂ Rn �,©þªu −∞�k
F (xm) → 0, K¡����IO©Ù¼ê.

·K 6.10. Rnþ�k�ÿÝ�p�§�IO©Ù¼ê�p��(½.

y² �½k�ÿÝ µ , - F (x) = µ((−∞, x)) , K F �IO©Ù¼ê, p�
µ. ��, � F �p� µ�IO©Ù¼ê, K ∀a < bk ∆a,bF = µ([a, b)).
- a → −∞� F (b) = µ((−∞, b)). ùp −∞�z�©þþ� −∞��þ.
�

§6.2 ÿÝ�fÂñ

§ 6.2.1 ½Â��d½Â

� (E, ρ)�Ýþ�m, B� Borel σ�ê, M� (E,B)k�ÿÝ�N.
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Ún 6.11 (�K5). � µ ∈ M, K ∀A ∈ B, k

µ(A) = inf
G⊃A,Gm

µ(G) = sup
C⊂A,C 4

µ(C).

y² �¦^üNa½n, - C �÷v�y�ª� B ¥¤k8Ü A¤|¤

�8a. �Iy² (1) C �¹�Nm8, §´ πX; (2) C � λX.

ky (1). � A�m8, Kw,1���ª¤á. X A = E, K1��
�ª�¤á. � Ac 6= ∅, K§´��48. d ρ�n�Ø�ª�, � Ac �

ål¼ê d(·, Ac) , inf
y∈Ac

ρ(·, y) � Lipschitz ¼ê. ¯¢þ, � x, y ∈ E ¦

d(x,Ac) > d(y, Ac), K ∀ε > 0,∃yε ∈ Ac ¦ d(y, Ac) > ρ(y, yε) − ε. l
d
n�Ø�ª�

|d(x,Ac)−d(y, Ac)| = d(x,Ac)−d(y, Ac) 6 ρ(x, yε)−ρ(y, yε)+ε 6 ρ(x, y)+ε.

- ε ↓ 0� |d(x,Ac)− d(y, Ac)| 6 ρ(x, y).

- Cn =
{
x ∈ E : d(x,Ac) > 1

n

}
. K Cn �48, Cn ⊂ A. 
 ∀x ∈ A,

du A�m8, ∃n > 1¦ B(x, 1
n) ⊂ A. dd, d(x,Ac) > 1

n , = x ∈ Cn. l

 Cn ↑ A(n → ∞). dÿÝ�ëY5� lim

n→∞
µ(Cn) = µ(A). Ïd1���

ª�¤á. � A ∈ C .

2y (2). �Iy C �üNa, �éý�µ4. � {An}n>1 ⊂ C , An ↑
A (n → ∞). éz� An, �3m8 Gn ⊃ An ¦ |µ(Gn) − µ(An)| 6 2−n; �

�348 Cn ⊂ An ¦ |µ(Cn)− µ(An)| 6 2−n. K G̃n =
∞⋃

m=n
Gm �m8, �

¹ A, � Cn�48, �¹u A. ·�k

lim
n→∞

|µ(G̃n)− µ(A)| = lim
n→∞

∣∣∣∣∣µ
( ∞⋃

m=n

Gm

)
− µ

( ∞⋃
m=n

Am

)∣∣∣∣∣
6 lim

n→∞
µ

( ∞⋃
m=n

(Gm −Am)

)

6 lim
n→∞

∞∑
m=n

2−m = 0,

lim
n→∞

|µ(Cn)− µ(A)| = lim
n→∞

|µ(Cn)− µ(An)|.

� A ∈ C .
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2� A1, A2 ∈ C , A1 ⊃ A2.  y A1 − A2 ∈ C . �d, ∀n > 1 �
Gn ⊃ A1� Cn ⊂ A2¦

|µ(Gn)− µ(A1)|+ |µ(Cn)− µ(A2)| 6
1
n

.

K Gn \ Cn�m8, �¹ A1 −A2, �

|µ(A1 −A2)− µ(Gn \ Cn)| 6 |µ(Gn)− µ(A1)|+ |µ(Cn)− µ(A2)| 6
1
n

.

� A , A1 − A2 ÷v¤¦�1���ª. é¡/, ·��y²§�÷v1�
��ª. l
 A1 −A2 ∈ C . �

3 Borel�ÿ�m (E,B)þ, Ú\XeÏ^�PÒ. ±Bb L«k.�

ÿ¼ê�N, ± Cb(E)L«k.ëY¼ê�N, ± C0(E)L«äk;| ë
Y¼ê�N.

Ún 6.12 (k.ëY¼ê�ÿÝ�û½a). � µ1, µ2 ∈ M . XJ ∀f ∈
Cb(E), k µ1(f) = µ2(f) , K µ1 = µ2.

y² dÚn 6.11,�Iy ∀m8Gkµ1(G) = µ2(G). - g(x) = d(x,Gc), x ∈
E. K ∀x ∈ Gk g(x) > 0, � g� Lipschitz¼ê. - hn(r) = (nr + 1)+ ∧ 1 ,
K hn ◦ g � LipschitzëY¼ê� hn ◦ g ↑ 1G(n ↑ ∞). düNÂñ½n9
µ1(hn ◦ g) = µ2(hn ◦ g)�� µ1(G) = µ2(G). �

½Â 6.13. � {µn} ⊂ M, µ ∈ M.

(1)XJ
sup
A∈B

|µn(A)− µ(A)| → 0, n ↑ ∞,

�d/,
sup

f∈B,||f ||61
|µn(f)− µ(f)| → 0, n ↑ ∞,

K¡ µn��Âñ� µ.

(2)XJ ∀A ∈ B , k
lim

n→∞
µn(A) = µ(A).

�d/, ∀f ∈ Bb, µn(f) → µ(f), K¡ µnrÂñ� µ.

(3)XJ ∀f ∈ Cb(E)k µn(f) → µ(f), K¡ µnfÂñ� µ (P� µk
w−→ µ).

(4)XJ ∀f ∈ C0(E)k µn(f) → µ(f), K¡ µn�Âñ� µ (P� µk
v−→ µ ).
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½Â 6.14. � A ∈ B. XJ µ(Ā) = µ(A◦), K¡�� µëY8.

½n 6.15. � µn, µ ∈ M, n > 1. K±e·K�d.

(1)∀f ∈ Cb(E), k µn(f) → µ(f);

(2)?�k.��ëY¼ê f , k µn(f) → µ(f);

(3)?�k. Lipschitz¼ê f , k µn(f) → µ(f);

(4)?�m8 G ⊂ E, k lim
n→∞

µn(G) > µ(G), µn(E) → µ(E);

(5)?�48 C ⊂ E, k lim
n→∞

µn(C) 6 µ(C), µn(E) → µ(E);

(6)?� µëY8 A, k µn(A) → µ(A).

y² (1) ⇒ (2) ⇒ (3)w,. (4) ⇔ (5)w,.

(3) ⇒ (5). � C ⊂ E �48, -

fm(x) =
1

1 + md(x,C)
, x ∈ E,m > 1.

K fm� LipschitzëY¼ê, fm ↑ 1C . �d��Âñ½n9 (3),

µ(C) = lim
m→∞

∫
E

fm dµ = lim
m→∞

lim
n→∞

∫
E

fm dµn

> lim
n→∞

µn(C).

(4)� (5) ⇒ (6). � A� µëY8, K µ(A) = µ(Ā) = µ(A◦) . u´
d(4)� (5)�

µ(A) = µ(A◦) 6 lim
n→∞

µn(A◦) 6 lim
n→∞

µn(A),

µ(A) = µ(Ā) > lim
n→∞

µn(Ā) > lim
n→∞

µn(A).

l
 (6)¤á.

(6) ⇒ (1). ∀f ∈ Cb(E) , éd µëY8)¤�{ü¼ê5%C f . du
µk�, K

D , {a ∈ R : µ({f = a}) > 0}

´�õ�ê8. ��3 c > ||f ||∞ + 1¦ ±c ∈ Dc, ±9 [−c, c]���©�

In , {−c = r0 < r1 < · · · < rn < rn+1 = c}, n > 2
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¦

{ri} ⊂ Dc, δ(In) , max
16k6n+1

(rk − rk−1) → 0.

-

fn =
n−1∑
i=1

ri1{ri6f<ri+1}.

K

||fn − f ||∞ 6 δ(In) → 0, n →∞.

l


|µ(f)− µm(f)| 6 |µ(f)− µ(fn)|+ |µ(fn)− µm(fn)|+ |µm(fn)− µm(f)|

6 δ(In) (µ(E) + µm(E)) +
n−1∑
i=1

ri |µ(ri 6 f < ri+1)− µm(ri 6 f < ri+1)|

d (6)k-m ↑ ∞, 2- n ↑ ∞, =� (1). �

§ 6.2.2 �;5�f;5

ÿÝ�fÂñ½Â
Mþ���ÿÀ, ¡�fÿÀ. âd, �±?ØT
ÿÀ�m�5�, X8Ü�;5!S��;5�. ·�kl;Ýþ�mÑu.
e¡½nL², XJ E ´;Ýþ�m, KM3fÿÀe´;�m.

½n 6.16. � (E, ρ)�;Ýþ�m, X {µn} ⊂ Mk., K ∃µ ∈ M9f�

{µnk
}¦ µnk

w−→ µ .

y² d�¼©Û��, C(E)3���êe´ Polish�m. � {f1, f2, · · · } ⊂
C(E) ��êÈf8. ∀n, m > 1 , k |µn(fm)| 6 ||fm||∞ · C , Ù¥ C =
max

n
µn(E). K {µn(fm)}n>1 kÂñf�. dé��{K, �3f� {µnk

}
9 {αm} ⊂ R¦

lim
k→∞

µnk
(fm) = αm,m > 1.

d	,du {fn}n>13C(E)¥È, ∀f ∈ C(E),∀ε > 0,∃m0¦ ||fm0−f ||∞ 6

ε. l


|µnk
(f)− µnl

(f)| 6 |µnk
(f − fm0)|+ |µnl

(f − fm0)|+ |µnk
(fm0)− µnl

(fm0)|

6 2εC + |µnk
(fm0)− µnl

(fm0)|.
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k- k, l →∞, 2- ε → 0, �

lim
l,k→∞

|µnk
(f)− µnl

(f)| = 0.

K {µnk
(f)}�Cauchy�, ∃α(f) ∈ R¦µnk

(f) → α(f). ´�α : C(E) → R
�k.�5�¼, d Riesz-Markov-Kakutani½n (� [7, Theorem IV.14]),
�3��� µ ∈ M¦ µ(f) = α(f) . ´� µnk

w−→ µ. �

� E �;�, XJM�f8M′ ¥�ÿÝ�d§�3;8þ����

�%C, K�oÑ/@�§��| ¹u,;8, l
�8(�;�m�/.
âd, ·�Ú\�;�Vg, ¿?Ø§�f;�'X.

½Â 6.17. �M′ ⊂ M. XJM′��k.� ∀ε > 0,∃;8K ⊂ E ¦

sup
µ∈M′

µ(Kc) < ε,

K¡M′��;� (tight).

½n 6.18 (Prohorov½n). � (E, ρ)�Ýþ�m, {µn}n>1 ⊂ M.

(1)X�3��;8 {Km}m>1¦Km ↑ E, � {µn}n>1��k., K§�3
���Âñ�f�.

(2)X {µn}n>1��;�, K§�3fÂñf�.

y² � {Km}m>1 � E ���üO;f8. �½ m , ∃ f� {µmn} 9
µ(m) ∈ M(Km)(Kmþ�k�ÿÝ�N)¦

µmn |Km

w−→ µ(m), n →∞.

ùp µmn |Km ´ µmn 3 Km þ���. dé��{K, ù
S��3�Ó�
f� {µn′}¦

µn′ |Km

w−→ µ(m)(n →∞),m > 1.

´�

µ(m+1)(A ∩Km+1) > µ(m)(A ∩Km), ∀A ∈ B.

¯¢þ, ?�48 A, -

hl =
1

1 + ld(x,A)
,

k

µ(m+1)(A ∩Km+1) = lim
l→∞

µ(m+1)(hl1Km+1)
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= lim
l→∞

lim
n′→∞

µn′(hl1Km+1)

> lim
l→∞

lim
n′→∞

µn′(hl1Km)

= µ(m)(A ∩Km).

l
 ∀A ∈ B, 4� µ(A) = limm→∞ µ(m)(A ∩ Km) �3. K µ ∈ M, �
∀f ∈ Cb(E), µ(m)(f1Km) → µ(f1Km).

(1)duKm ↑ E, ∀f ∈ C0(E)�3m¦ suppf ⊂ Km. �

lim
n′→∞

µn′(f) = lim
m→∞

µ(m)(f) = µ(f).

(2) �;f8� {Km}m>1 ¦ sup
n>1

µn(Kc
m) 6 1/m, m > 1. K ∀f ∈

Cb(E), k

|µn′(f)− µ(f)|

6 |µn′(f1Km)− µ(m)(f1Km)|+ |µn′(f)− µn′(f1Km)|+ |µ(f)− µ(m)(f1Km)|

6 C||f ||∞ + |µn′(f1Km)− µ(m)(f1Km)|+ |µ(f)− µ(m)(f1Km)|,

k- n′ ↑ ∞ , 2-m ↑ ∞, =� µn′
w−→ µ. �

½n 6.19. � E � Polish�m, KM′ ⊂ M´f�é;���=�§´�

;�.

y² d Prohorov ½n, �Iy²7�5. ∀µ ∈ M 9m8� Gn ↑ E, k
µ(Gc

n) ↓ 0 . 8� {µn} ⊂ M′¦ ∀n > 1k

µn(Gc
n) > sup

µ∈M′
µ(Gc

n)− 1/n.

duM′f�é;, ∃µ0 ∈ M9f� µn′
w−→ µ0. u´

lim
n′→∞

sup
µ∈M′

µ(Gc
n′) 6 lim

n′→∞
µn′(Gc

n′)

6 lim
m→∞

lim
n′→∞

µn′(Gc
m) 6 lim

m→∞
µ0(Gc

m) = 0.

du E �©, K E äk�êm¥CX: ∀m > 1,∃{xm,j} ⊂ E ¦ E =
∞⋃

j=1
B(xm,j , 2−m). - G(n, m) =

∞⋃
j=1

B(xm,j , 2−m). K G(n, m) ↑ E(n ↑ ∞).

òc¡(ØA^u Gm = G(n, m), K ∀ε > 0,∃N(ε, m) > 1¦�

sup
µ∈M′

µ(G(n, m)c) 6
ε

2m
, n > N(ε, m).
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- Gε =
∞⋂

m=1
G(N(ε, m),m), KKε , Ḡε �;8, 
�

µ(Kc
ε) 6 µ(Gc

ε) 6
∞∑

r=1

µ(G(N, r)c) 6
∞∑

r=1

ε

2r
= ε, µ ∈ M′. �

þ¡y²¥'u Gε ��é;5gu:8ÿÀÆ¥� Hausdorff½n,
=��Ýþ�m�k.8Ü���k.5�du�é;5. � A ⊂ E, X
∀ε > 0,∃k���»� ε�m¥CX A, K¡ A���k.�.

� E = Rd �, ·�kXe'ufÂñ��d·K, =�ò½n 6.15 (6)
¥� µëY8U� µëY«m.

·K 6.20. � E = Rd, K µn
w−→ µ��=�?¿k� µëY«m [a, b), k

µn([a, b)) → µ([a, b)).

y² �Iy²¿©5. ?� µn ØfÂñu µ, K�3 δ > 0, f ∈ Cb(Rd)9
f� nk →∞¦

|µnk
(f)− µ(f)| > δ, k > 1. (6.2.1)

dÚn 6.7 �Ún 6.8 �, �3�� µ ëY«m Im ↑ Rd. K ∀ε > 0,
�3 m > 1 ¦ µ(Ic

m) 6 ε/2. du� n → ∞ � µn(Im) → µ(Im) �
µn(Rd) → µ(Rd), ·�k lim

n→∞
µn(Ic

m) 6 ε/2. l
�3 n0 > 1¦ ∀n > n0

k µn(Ic
m) < ε. d	, �;8 K1 ¦ ∀n 6 n0 k µn(Kc

1) < ε. K;8
K = K1 ∪ Īm÷v µn(Kc) < ε,∀n > 1. � {µnk

}�;, �3f� n′k 9k�

ÿÝ µ′¦ µn′k

w−→ µ′. AO/, µ′� µ3�Ó�ëY«mþ���Ó, d·K
6.9� µ′ = µ. ù� (6.2.1)gñ. �

§6.3 A�¼ê�fÂñ

�!k?Ø Rn þk�ÿÝS��fÂñ�duÙA�¼ê�Âñ5,
¿�ÑA�¼ê�A�.

½n 6.21. � {µk}� Rnþk�ÿÝS�. K µk
w−→ µ��=� µk �A�

¼êÂñ� µ�A�¼ê.

d��Âñ½n, 7�5´w,�. 
¿©5´e¡�½n 6.25�í
Ø. �y²T½n, ·�I�¦^A�¼ê�Ø½È©, =È©A�¼ê.
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½Â 6.22. � fµ´k�ÿÝ µ�A�¼ê, ¡ fµ�Ø½È©

f̃µ(u1, · · · , un) =
∫ u1

0
· · ·
∫ un

0
fµ(t1, · · · , tn) dt1 · · · dtn

� µ�È©A�¼ê.

du fµ ëY, K fµ � f̃µ �p��(½. ·�kò f̃µ L«¤�ëê�

ëY¼ê'u µ�È©.

Ún 6.23. µ�È©A�¼ê÷v

f̃µ(u1, · · · , un) =
∫

Rn

n∏
k=1

eiukxk − 1
ixk

µ( dx1, · · · , dxn), u1, · · · , un ∈ R.

y² d½Â� Fubini½n, é u = (u1, · · · , un) ∈ Rn,

f̃µ(u) =
∫ u1

0
· · ·
∫ un

0

∫
Rn

ei〈t,x〉µ( dx) dt

=
∫

Rn

µ( dx)
∫

[0,u]
ei〈t,x〉 dt

=
∫

Rn

n∏
k=1

eiukxk − 1
ixk

µ( dx1, · · · , dxn). �

-

F (x, u) =
n∏

k=1

ei ukxk − 1
ixk

, x, u ∈ Rn.

K�½ u, k lim
|x|→∞

F (x, u) = 0. l
 F (·, u)�dk�«mþ�ëY¼ê%

C.

½n 6.24. � {µk}��k.,
{

f̃k

}
k>1
��AÈ©A�¼ê. XJ f̃k → g̃,

K�3k�ÿÝ µ¦ µk
v−→ µ� g̃ = f̃µ.

y² d½n 6.18, µk �3f� µk′ �Âñu,k�ÿÝ µ. duÈ©A�¼
êû½ÿÝ�©Ù, �Iy² f̃µ = g̃. du f̃µ(u) = µ(F (u, ·)), 
 F (u, ·)�
d;| ëY¼ê��%C, ´� µk′

v−→ µ� f̃k → g̃%¹ f̃µ = g̃. �

½n 6.25. e {µk} ��k.� fk → g , Ù¥ g 3 0 ?ëY, K ∃µ ¦
µk

w−→ µ� fµ = g.
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y² d��Âñ½n, fk → g%¹ f̃k → g̃. d½n 6.24!·K 6.209SK
13, �Iy µk(Rn) → µ(Rn). du g̃ = f̃µ , l
 g = fµ, a.e. dx. qdu g�

fµ3 0?ëY, �

µ(Rn) = fµ(0) = g(0) = lim
k→∞

fk(0) = lim
k→∞

µk(Rn). �

e¡0�½n 6.21�ü�­�A^.

½n 6.26 (�ê½Æ). � {ξn}� i.i.d, Eξn = a ∈ R. K

1
n

n∑
k=1

ξk
P−→ a.

y² (1) �Iy ηn := 1
n

n∑
k=1

(ξk − a) �A�¼ê fn(t) → 1 . ¯¢þ, X

Jfn(t) → 1 , Kd½n 6.21 � Pηn

w−→ δ0 (�þ8¥u 0 �VÇ). du
∀ε > 0, (−ε, ε)� δ0ëY8, l


lim
n→∞

P

(∣∣∣∣∣ 1n
n∑

k=1

ξk − a

∣∣∣∣∣ < ε

)
= lim

n→∞
Pηn((−ε, ε)) = δ0((−ε, ε)) = 1.

dd�

lim
n→∞

P

(∣∣∣∣∣ 1n
n∑

k=1

ξk − a

∣∣∣∣∣ > ε

)
= 0.

(2)- ξ′n = ξn − a , K ηn = 1
n

n∑
k=1

ξ′k , �

fn(t) =
n∏

k=1

fξ′k
(t/n) = [f(t/n)]n .

Ù¥ f = fξ′k
. du Eξ′k = 0 , d Taylorúª

fn(t) =
[
Eeitξ′k/n

]n
= (1 + o(t/n))n.

u´�½ t, k

lim
n→∞

log fn(t) = lim
n→∞

log (1 + o(t/n))n = lim
n→∞

n log (1 + o(t/n)) = 0.

l
 limn→∞ fn(t) = 1. �
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½n 6.27 (¥%4�½n). � {ξ(k)}k>1� n� i.i.d�ÅCþ�, Ï"��
�k�, Eξ(k) = m ∈ Rn, �'Ý
 D÷�. K ∀x ∈ Rn, k

lim
N→∞

P

(
1√
N

N∑
k=1

(ξ(k) −m) < x

)
=

1
(2π)n/2|D|1/2

∫
(−∞,x)

e−
1
2
〈t,D−1t〉 dt.

y² - η(k) = ξ(k) −m, K {η(k)} i.i.d, Ï"�". - η(k) �A�¼ê� f ,

K 1√
N

N∑
k=1

η(k)�A�¼ê�

fN (t) =
[
f(t/

√
N)
]N

, t ∈ Rn.

du Eη(k) = 0, d TaylorÐm

f(t/
√

N) = 1− 1
2N

〈t, Dt〉+ o(t2/N).

�½ t ∈ Rn , k

log f(t/
√

N) = − 1
2N

〈t, Dt〉+ o(N−1).

l


log fN (t) = −1
2
〈t, Dt〉+ o(1) → −1

2
〈t, Dt〉, N →∞.

=

lim
N→∞

fN (t) = e−
1
2
〈t,Dt〉,

§´ N(0, D) �A�¼ê. d½n 6.21 � 1√
N

N∑
k=1

η(k) �©ÙÂñ�

N(0, D). �

§6.4 A�¼ê��K½5

�µ�Rnþ�k�ÿÝ, fµ�ÙA�¼ê. ´� ∀m > 19α1, · · · , αm ∈
C, t(1), · · · , t(m) ∈ Rnk

m∑
j,k=1

f
(
t(j) − t(k)

)
αjᾱk =

∫
Rn

∣∣∣∣∣
m∑

k=1

αkei〈t(k),x〉

∣∣∣∣∣
2

µ( dx) > 0.
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��/, ¡äkXþ5��E¼ê f ��K½¼ê, ¡T5��¼ê��K
½5. �!òy², �K½5´A�¼ê�A�.

5� 6.28. XJ f ��K½¼ê, K f(0) > 0, f(−t) = f̄(t), |f(t)| 6 f(0).

y² -m = 2, t(1) = 0, t(2) = t, α1 = 1, α2 ∈ C, Kd�K½5�

f(0)
[
1 + |α2|2

]
+ f(t)α2 + f(−t)ᾱ2 > 0.

(1)- α2 = 0, K f(0) > 0;

(2)- α2 = 1, K 2f(0) + f(−t) + f(t) > 0. l
 Imf(t) = −Imf(−t).
2- α2 = i, K 2f(0) + i(f(t) − f(−t)) > 0. l
 Ref(t) = −Ref(−t). Ï
d f(−t) = f̄(t) .

(3)X f(t) 6= 0 , - α2 = −f̄(t)/|f(t)|, K 2f(0) > 2|f(t)|. l
 f(0) >

|f(t)|. �

Ún 6.29. - Tc = {kc : k ∈ Zn}, c > 0. XJ f ��K½¼ê, K�3k�
ÿÝ µ¦

µ(Rn) = µ([−π/c, π/c]n) = f(0),

� µ�A�¼ê fµ÷v

fµ(t) = f(t), ∀t ∈ Tc.

½n 6.30. X f(t)�3 0?ëY��K½¼ê, K§�,k�ÿÝ�A�
¼ê.

y² dÚn 6.29,�3��k�ÿÝ {µm}¦µm(Rn) = µm([−mπ,mπ]n) =
f(0), ��AA�¼ê fm ÷v fm(t) = f(t), t ∈ 1

mZ
n. ∀t ∈ Rn, �{

t(m)
}

m>1
⊂ T 1

m
¦ |tk − t

(m)
k | 6 1/m, 1 6 k 6 n, m > 1. �d f �ë

Y59 f(t(m)) = fm(t(m))�

f(t) = lim
m→∞

f(t(m)) = lim
m→∞

fm(t(m)).

dd9½n 6.21, �Iy²

lim
m→∞

|fm(t)− fm(t(m))| = 0. (6.4.1)
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�d, ¦^OþØ�ª�

|fm(t)− fm(t(m))|

6
n−1∑
i=0

|fm(t1, · · · , ti, t
(m)
i+1, · · · , t(m)

n )− fm(t1, · · · , ti+1, t
(m)
i+2, · · · , t(m)

n )|

6
n−1∑
i=0

√
2f(0)(f(0)− Refm(ei(ti − t

(m)
i )),

(6.4.2)
�� ei ∈ Rn �1 i�� 1�ü �þ. dué xi ∈ [−mπ,mπ]k |(ti −
t
(m)
i )xi| 6 π, 
 cos θ3 θ ∈ [−π, π]þ'u |θ|�ü¼ê, ·�k

0 6 f(0)− Refm(ei(ti − t
(m)
i ))

=
∫

[−mπ,mπ]n

(
1− cos[(ti − t

(m)
i )xi]

)
µm( dx)

6
∫

[−mπ,mπ]n

(
1− cos

xi

m

)
µm( dx)

= f(0)− Refm

( ei

m

)
.

dd9 (6.4.2)¿¦^ f 3 0?�ëY5á=�� (6.4.1). �
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§6.5 Ö¿�SK

1. y²A�¼ê f äkXe5�: f(0) = µ(Rn); (2) |f(t)| 6 f(0);
(3) f̄(t) = f(−t).

2. y²·K 6.2.

3. e (R,B)þ�k�ÿÝ µ÷v µ(−∞, x) = µ(x,∞), K¡��é¡ÿ
Ý.

(a) µé¡��=�µ(A) = µ(−A), A ∈ B,Ù¥−A = {x : −x ∈ A};

(b) µé¡��=�ÙA�¼ê�¢�¼ê.

4. ��ÅCþ ξ�A�¼ê φ´¢�, K −ξ�A�¼ê�´ φ.

5. XJk�ÿÝ µ�A�¼ê φ÷v
∫
|φ(t)|dt < ∞, @o µäkk.

ëY��Ý¼ê

f(x) =
1
2π

∫
e−i txφ(t) dt.

6. y²·K 6.4.

7. ¡ E(esξ)��ÅCþ ξ�1¼ê (LaplaceC�). Á'�§�A�¼ê
�5�.

8. � ξnÑl��©Ù N(0, σ2
n)� ξn

d−→ ξ. y² σ2
n → σ ∈ [0,∞).

9. � ξ1, ξ2, · · · ÕáÑl {0, 1}þ�þ!©Ù, -

ξ = 2
∞∑

j=1

ξj/3j ,

(½ ξ�©Ù¿¦ÙA�¼ê.

10. Þ~`²�ÂñØ�dufÂñ.

11. y² µk
w−→ µ��=� ∀µëY;8 Ak µk(A) → µ(A).
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12. y² µk
w−→ µ��=� ∀µëYm8 Ak µk(A) → µ(A).

13. 3 Rnþ, µk
v−→ µ��=� ∀µëYk�«m I k µk(I) → µ(I).

14. � g > 0ëY. e ξn
w−→ ξ, K

lim
n→∞

Eg(ξn) > Eg(ξ).

15. XJ©Ù¼ê Fn ⇒ F � F ëY, K sup
x
|Fn(x)− F (x)| → 0.

16. y²�x�ÅCþ ξt, t ∈ T �;�¿�^��3¼ê φ : R+ → R+÷

v lim
x→∞

φ(x) = ∞¦� sup
t∈T

E(φ(ξt) < ∞.

17. � ξn�;. e ηn
P−→ 0, K ξnηn

P−→ 0.

18. � h : R→ R�ÿ�ÙØëY:8Dh�ÿ. e µn
w−→ µ� µ(Dh) = 0,

K µn ◦ h−1 w−→ µ ◦ h−1.

19. � (R,B)þ�k�ÿÝ µäk�Ý p, ÙA�¼ê� f .

(a) y² lim
|t|→∞

f(t) = 0.

(b) e p�È��¼ê p′, K f(t) = o(t−1), |t| → ∞.

(c) ?Ø päk�p��È�¼ê��¹.

20. y²

µ({x}) = lim
T→∞

1
2T

∫ T

−T
e−i txf(t) dt.
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� (E, ρ)�Ýþ�m, P(E)� Borel σ �ê E þ¤kVÇÿÝ�N.
c¡®²0�LVÇÿÝ�fÂñ, @où«Âñ�Ä¦^VÇÿÝ�m¥
�ål5£ãQ? �Ù�Ì�8�´0�P(E)þAa~^�Ýþ, ¡�V
Çål. ù
Ýþ3VÇØ��ÅL§nØ�ïÄ¥´�~­��.

§7.1 fÿÀ�Ýþz

c¡ïÄ�VÇÿÝfÂñ½Â
P(E)þ��ÿÀ, ¡�fÿÀ, §
´VÇØ��ÅL§ïÄ¥�~~^�ÿÀ. �!L², 3Nõ�¹efÿ
À´�±Ýþz�. � (E, ρ)� Polish�m, K3���ê ||f ||∞ = sup

E
|f |

�ek.¼ê�m Cb(E)�´ Polish�m (ë�[13, 14, 15]), l
�3��
{fn}n>1 ⊂ Cb(E)3 Cb(E)¥È�.

-

dw(µ, ν) =
∞∑

n=1

2−n {|µ(fn)− ν(fn)| ∧ 1} , µ, ν ∈ P(E).

½n 7.1. � (E, ρ) � Polish �m, K (P(E), dw) �©Ýþ�m, �?�
{µn}n>1 ⊂ P(E)� µ ∈ P(E), µn

w−→ µ��=� dw(µn, µ) → 0. X E �

ÛÜ;�, K (P(E), dw)´���.

y² (a) dw �ål.

´�, dw(µ, µ) = 0. X dw(µ, ν) = 0, K µ(fn) − ν(fn) = 0(∀n). du
{fn}n>13 Cb(E)¥È, dd� µ(f) = ν(f),∀f ∈ Cb(E), l
 µ = ν. ��,
dw w,÷vn�Ø�ª.
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(b)fÂñ�du� dw Âñ.

w,, X µn
w−→ µ, K dw(µn, µ) → 0. ��, � dw(µn, µ) → 0,  y

∀f ∈ Cb(E)k µn(f) − µ(f) → 0. �½ f ∈ Cb(E), du {fn}3 Cb(E)¥
È, ∀ε > 0,∃n0 > 1¦ ||fn0 − f ||∞ < ε. l


lim
n→∞

|µn(f)− µ(f)| 6 2ε + lim
n→∞

|µn(fn0)− µ(fn0)|

6 2ε + 2n0+1 lim
n→∞

dw(µn, µ)

= 2ε.

d ε�?¿5� µn(f) → µ(f).

(c)�©5.

∀m > 1, Um , {(µ(f1), · · · , µ(fm)) : µ ∈ P(E)} ⊂ Rm. du Rm �©,
� Um��©. l
�3�ê8Pm ⊂ P(E)¦�

Ũm , {(µ(f1), · · · , µ(fm)) : µ ∈ Pm}

3 Um ¥È. KP∞ ,
∞⋃

m=1
Pm �P(E)��êf8, =Iy²§3P(E)

¥'uål dw È�.

¯¢þ, ∀µ ∈ P(E), �3 µm ∈ Pm¦

|µm(fi)− µ(fi)| 6
1
m

, ∀1 6 i 6 m.

l


dw(µm, µ) 6 2−m +
1
m
→ 0 (m →∞).

(d) dw ���5.

� E ÛÜ;, {µn}n>1 ⊂ P(E) 'u dw � Cauchy �, K ∀m >

1, {µn(fm)}n>1 � Cauchy �, l
Âñu,~ê, P¤ φ(fm). d	, �
½ f ∈ Cb(E),∀ε > 0,∃m0 > 1¦� ||fm0 − f ||∞ < ε. l


lim
m,n→∞

|µm(f)− µn(f)| 6 2ε + lim
m,n→∞

|µm(fm0)− µn(fm0)|

= 2ε.

d ε �?¿5� {µn(f)}n>1 �´ Cauchy ê�, l
Âñu,~ê, P¤
φ(f). dÈ©�5�´�

φ : Cb(E) → R
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´�5N�, φ(1) = 1, �X f > 0K φ(f) > 0. d RieszL«½n�3��
� µ ∈ P(E)¦ µ(f) = φ(f),∀f ∈ Cb(E). �[7, Theorem IV.18]. d φ��

E� µn
w−→ µ, l
d (b)� dw(µn, µ) → 0. �

§7.2 �C�ål�WassersteinÍÜ

� (E,E )��ÿ�m, P(E)�Ùþ¤kVÇÿÝ�N. ·�318Ù
®²Ú\
rÂñ�Vg, §3P(E)þ½Â
rÿÀ. �òTÿÀÝþz,
Ú\�C�ål:

||µ− ν||Var = sup
A∈E

(µ(A)− ν(A)) + sup
A∈E

(ν(A)− µ(A)).

´�

||µ− ν||Var = 2(µ− ν)+(E) = 2(ν − µ)+(E) = |µ− ν|(E), (7.2.1)

Ù¥ |µ− ν|�ÎÒÿÝ µ− ν ��C�.

�!�Ì�8�´¦^ÍÜ5�x�C�ål.

½Â 7.2. � µ, ν ∈ P(E), π ∈ P(E × E). XJ

π(A× E) = µ(A), π(E ×A) = ν(A), A ∈ E ,

K¡ π� µ� ν ���ÍÜ. ± C (µ, ν)P µ� ν �ÍÜ�N.

b� D0 = {(x, x) : x ∈ E} ∈ E × E , ·�òy²

||µ− ν||Var = 2 inf
π∈C (µ,ν)

π(Dc
0), (7.2.2)

�e(.�WassersteinÍÜ��. ��EWassersteinÍÜ, kÚ\ü�V
ÇÿÝ�eà µ ∧ ν.

·K 7.3. ?� µ, ν ∈ P(E), k

µ ∧ ν , µ− (µ− ν)+ = ν − (ν − µ)+.
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y² d Hahn©)½n, �3 D ∈ E ¦ (µ− ν)(D) = inf
A∈E

(µ− ν)(A), �

(µ− ν)+(A) , (µ− ν)(Dc ∩A), (ν − µ)+(A) = (ν − µ)(A ∩D), A ∈ E .

�

(µ− (µ− ν)+)(A) = µ(A)− µ(Dc ∩A) + ν(Dc ∩A)

= µ(A ∩D) + ν(A)− ν(D ∩A)

= (ν − (ν − µ)+)(A). �

½n 7.4. �D0 , {(x, x) : x ∈ E} ∈ E × E . K (7.2.2)¤á, �m>�e(
.�WassersteinÍÜ

π0( dx, dy) , (µ ∧ ν)( dx)δx( dy) +
(µ− ν)+( dx)(µ− ν)−( dy)

(µ− ν)−(E)
,

��, Ù¥� µ = ν �, m>1���½�".

y² (a) π0 ∈ C (µ, ν).

w, π0�¦È�m (E×E,E ×E )þ�ÿÝ.� µ = ν�, π0( dx, dy) =
µ( dx)δx( dy), l


π0(A× E) = π0(E ×A) = µ(A), A ∈ E ,

= π0 ∈ C (µ, ν). � µ 6= ν�, k (µ−ν)+(E) > 0. du (µ−ν)− = (ν−µ)+

� µ(E) = ν(E) = 1, ·�k (µ− ν)−(E) = (µ− ν)+(E). ¤±

π0(A× E) = (µ ∧ ν)(A) +
(µ− ν)+(A)(µ− ν)−(E)

(µ− ν)−(E)

= µ(A)− (µ− ν)+(A) + (µ− ν)+(A) = µ(A),

π0(E ×A) =
∫

E
1A(x)(µ ∧ ν)( dx) + (µ− ν)−(A)

= ν(A)− (µ− ν)−(A) + (µ− ν)−(A)

= ν(A).

é¤k A ∈ E ¤á. � π0 ∈ C (µ, ν).

(b) ∀π ∈ C (µ, ν), k

µ(A)− ν(A) = π(A× E)− π(E ×A)

6 π({(x, y) : x ∈ A, y 6∈ A})

6 π(Dc
0).
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l
 ||µ − ν||Var 6 2π(Dc
0). ��y (7.2.2), �Iy ||µ − ν||Var > 2π0(Dc

0).
�y µ 6= ν �/. d (7.2.1)9 π0�½Â�

π0(Dc
0) =

1
(µ− ν)+(E)

∫
Dc

0

(µ− ν)+( dx)(µ− ν)−( dy)

6
1

(µ− ν)+(E)

∫
E×E

(µ− ν)+( dx)(µ− ν)−( dy)

= (µ− ν)−(E) =
1
2
||µ− ν||Var. �

§7.3 Wassersteinål

�!l��{ü�~fÑu, Ú\Ñ$¯K��`$¤� Lp Wasser-
steinål, 3�½�^�e���`ÍÜ��35�Wassersteinål��
�5.

§ 7.3.1 �`Ñ$�Wassersteinål

�k n �/� x1, · · · , xn, §��g)�Ú¿�¤,«�¬. �,c
T�¬��Ñ�I¦©Ù©O� µ = {µ1, · · · , µn}� ν = {ν1, · · · , νn}, =
∀1 6 i 6 n, µi � νi ©O�1 i�/�T�¬��Ñ°��I¦°�. ·�

k µi, νi > 0�
n∑

i=1
µi =

n∑
i=1

νi = 1. = µ� ν �À��m E = {x1, · · · , xn}

þ�VÇÿÝ, µ({xi}) = µi, ν({xi}) = νi, 1 6 i 6 n.

�â½|I¦,I�ò�¬l©Ùµ$x� ν. �π = {πij : 1 6 i, j 6 n}
���$Ñ�Y, πij > 0L«l xi?$ xj ?��¬°�. K

µi =
n∑

j=1

πij , νi =
n∑

j=1

πji, 1 6 i 6 n.

l
 π� µ� ν ���ÍÜ. ��, ∀π ∈ C (µ, ν)�éA��$Ñ�Y.

� ρij > 0�òü �¬l xi ?Ñ$� xj ?¤I¤^, K?�$Ñ�
Y π ∈ C (µ, ν), ¤I$¤�

n∑
i,j=1

ρijπij =
∫

E×E
ρ dπ.
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l
ò�¬l©Ù µ$Ñ¤ ν ¤I�$$¤�

W ρ
1 (µ, ν) , inf

π∈C (µ,ν)

∫
E×E

ρ dπ,

¡�d ρ p�� µ � ν �m� L1 Wasserstein ål. aq/, �½Â Lp

Wassersteinål.

½Â 7.5. � (E, ρ) ���Ýþ�m, ∀p ∈ [1,∞), ½Âd ρ p�� Lp

Wassersteinål�

W ρ
p (µ, ν) , inf

π∈C (µ,ν)

{∫
E×E

ρp dπ

}1/p

, µ, ν ∈ P(E).

duÏ~ ρ�7k., Ïd�¦W ρ
p k�, =�ÄP(E)�Xef�m:

Pp(E) = {µ ∈ P(E) : µ(ρ(o, ·)) < ∞} , p > 1.

ùp o ∈ E �,�½:. dn�Ø�ª´�, Pp(E)�½Â� o ∈ E �À�

Ã'.

§ 7.3.2 �`ÍÜ�éóúª

ky² Polish�mþ� Lp Wassersteinål��`ÍÜ��35.

½n 7.6. � (E, ρ)� Polish�m, K ∀µ, ν ∈ Pp(E)�3 π ∈ C (µ, ν)¦
W ρ

p (µ, ν) = π(ρp).

y² du µ, ν ∈ Pp(E)� µ× ν ∈ C (µ, ν), k

W ρ
p (µ, ν)p 6

∫
E×E

ρp(x, y)µ( dx)ν( dy)

6 2p−1

∫
E×E

(ρp(x, o) + ρp(y, o))µ( dx)ν( dy)

< ∞.

� ∀n > 1, �3 πn ∈ C (µ, ν)¦�

W ρ
p (µ, ν)p > πn(ρp)− 1

n
. (7.3.1)

Ïd, X πn fÂñ�, π0, K π0 =�¤¦. �d, ky² {πn}n>1 ´

�;�. Äk, d½n 6.19 �k�8 {µ, ν} ´�;�, � ∀ε > 0, �3
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;8 K ⊂ E ¦ µ(Kc) + ν(Kc) < ε. l
 ∀π ∈ C (µ, ν), π((K × K)c) 6

π(Kc × E) + π(E × Kc) = µ(Kc) + ν(Kc) < ε. � C (µ, ν) ´�;�.
Ï
�3f� {πnk

}k>1 9 π0 ∈ P(E) ¦� πnk

w−→ π0 (k → ∞). ´�
π0 ∈ C (µ, ν). dd(Ü (7.3.1)�

π0(ρp ∧N) = lim
k→∞

πnk
(ρp ∧N) 6 W ρ

p (µ, ν)p.

2- N ↑ ∞=� π0(ρp) 6 W ρ
p (µ, ν)p. �

dWassersteinål�½ÂN´��Tål�þ.�O, 
e¡�éó
úªKk|u¼�e.�O. �d, kÚ\ü�¼êa. ∀µ, ν ∈ P(E), -

Fµ,ν =
{
(f, g) : f ∈ L1(µ), g ∈ L1(ν), f(x) 6 g(y) + ρ(x, y)p,∀x, y ∈ E

}
.

d	, -

FLip =
{
(f, g) : f, g LipschitzëY� ∀x, y ∈ E, f(x) 6 g(y) + ρ(x, y)p

}
.

½n 7.7 (Kontorovich½n). � (E, ρ)� Polish�m, K ∀µ, ν ∈ Pp(E),

W ρ
p (µ, ν)p = sup

(f,g)∈Fµ,ν

{µ(f)− ν(g)} = sup
(f,g)∈FLip

{µ(f)− ν(g)} . (7.3.2)

y² duFLip ⊂ Fµ,ν , �Iy

sup
(f,g)∈Fµ,ν

{µ(f)− ν(g)} 6 W ρ
p (µ, ν)p 6 sup

(f,g)∈FLip

{µ(f)− ν(g)} .

∀(f, g) ∈ Fµ,ν ,∀π ∈ C (µ, ν), k

µ(f)− ν(g) =
∫

E×E
(f(x)− g(y))π( dx, dy) 6

∫
E×E

ρ(x, y)pπ( dx, dy).

�dW ρ
p �½Â�1��Ø�ª¤á.

du1��Ø�ª�y²�~�¡, ·�Ñ�. a,��Öö�3 [6]
�1n!¥é����(J��[y², 3 [4, Chapter 5]¥��é� p = 1
��éóúª. �
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§ 7.3.3 (Pp(E), W ρ
p )�m

·�ò?ØÝþ�m (Pp(E),W ρ
p )���5�;5.

½n 7.8. � (E, ρ)�ÛÜ; Polish�m,K (Pp(E),W ρ
p )�´ Polish�m.

y² (a) Äky²W ρ
p �Ýþ.

w,, W ρ
p (µ, ν) = 0��=�µ = ν,��Iy²n�Ø�ª. ∀µ1, µ2, µ3 ∈

Pp(E), - π12� π23©O� (µ1, µ2)9 (µ2, µ3)��`ÍÜ, ·�k

W ρ
p (µ1, µ2) = π12(ρp)1/p, W ρ

p (µ2, µ3) = π23(ρp)1/p.

��E µ1 � µ3 �ÍÜ, - π12(x1, dx2)� π12 3�½ x1 e��K^�V

Ç, π23(x2, dx3)� π233�½ x2e��K^�VÇ. K-

π13(A×B) = µ1( dA)
∫

E
π23(x2, B)π12(x1, dx2).

´� π13 ∈ C (µ1, µ3). K

π( dx1, dx2, dx3) , µ1( dx1)π12(x1, dx2)π23(x2, dx3)

� E × E × E þ�VÇÿÝ, �é

ρij(x1, x2, x3) , ρ(xi, xj), 1 6 i, j 6 3

k

π(ρp
ij) = πij(ρp), 1 6 i, j 6 3.

l
d Lp(π)¥�n�Ø�ª�

W ρ
p (µ1, µ3) 6 π(ρp

13)
1/p 6 π((ρ12 + ρ23)p)1/p

6 π(ρp
12)

1/p + π(ρp
23)

1/p

= W ρ
p (µ1, µ2) + W ρ

p (µ2, µ3).

(b)2yW ρ
p ���5.

� {µn}n>1 ⊂ Pp(E)3W ρ
p �e� Cauchy�, K ∀ LipschitzëY¼

ê f 9 π ∈ C (µn, µm),

|µn(f)− µm(f)| 6
∫

E×E
|f(x)− f(y)|π( dx, dy)

6 ||f ||Lip

∫
E×E

ρ(x, y)π( dx, dy).
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�

lim
m,n→∞

|µn(f)− µm(f)| 6 lim
m,n→∞

||f ||LipW
ρ
1 (µm, µn)

6 lim
m,n→∞

||f ||LipW
ρ
p (µm, µn) = 0.

(7.3.3)

duk. LipschitzëY¼ê3 Cb(E)¥È, 3fÿÀÝþ dw �½Â¥�-

fn� LipschitzëY¼ê, l
d (7.3.3)� {µn}n>13 dw�e�´ Cauchy
�, ��3 µ ∈ P(E)¦ µn

w−→ µ. ,��¡, �½ o ∈ E, k

µn(ρ(o, ·)p) 6 2p−1µ1(ρ(o, ·)p) + 2p−1W ρ
p (µ1, µn)p

é n > 1k., � ∃C > 0¦ ∀N > 1

µ(ρ(o, ·)p ∧N) = lim
n→∞

µn(ρ(o, ·)p ∧N) 6 C.

l
 µ ∈ Pp(E)�

lim
n→∞

µn(ρ(o, ·)p) > µ(ρ(o, ·)p). (7.3.4)

d	, ∀ε > 0,∃n0 > 1¦Wp(µn0 , µn)p 6 ε, ∀n > n0. K

µn((N − ρ(o, ·)p)+)

6 µn0((N − ρ(o, ·)p)+) + |µn((N − ρ(o, ·)p)+)− µn0((N − ρ(o, ·)p)+)|

6 µn0((N − ρ(o, ·)p)+) + 2p−1W ρ
p (µn, µn0)

p

6 µn0((N − ρ(o, ·)p)+) + 2p−1ε.

�

lim
n→∞

µn(ρ(o, ·)p) 6 lim
n→∞

µn(ρ(o, ·)p ∧N) + 2p−1ε.

d εé?¿59 µn
w−→ µ�

lim
n→∞

µn(ρ(o, ·)p) 6 lim
n→∞

µn(ρ(o, ·)p ∧N) = µ(ρ(o, ·)p ∧N) 6 µ(ρ(o, ·)p).

dd(Ü (7.3.4) � µ(ρ(o, ·)p) = limn→∞ µn(ρ(o, ·)p). l
 (�SK 6 )
limn→∞ W ρ

p (µn, µ) = 0.

(c)��y²W ρ
p ��©5.



128 1ÔÙ VÇål

∀N > 1, -

P(N)
p (E) =

{
µ ∈ Pp(E) : suppµ ⊂ B̄(o,N)

}
,

Ù¥ B̄(o,N)�± o�¥%± N ��»�4¥. du ∀µ ∈ Pp(E), ´y�
N →∞,

µN ,
µ(· ∩B(o,N)
µ(B(o,N))

W ρ
p−−→ µ,

K
∞⋃

N=1

P
(N)
p (E)3 (Pp(E),Wp)¥È�. Ïd�Iy²z�P

(N)
p (E)´�

©�. du ρ(o, ·)3 B̄(o,N)þk., dSK 6�3P
(N)
p (E)þfÿÀ�

W ρ
p ÿÀ�d. 
d½n 7.1�P

(N)
p (E)3fÿÀ�eþ�©�, Ïd�3

W ρ
p �e�©. �

½n 7.9. �8ÜM ⊂ Pp(E)3W ρ
p �e´;���=�§´f;��

lim
N→∞

sup
µ∈M

µ
(
ρ(o, ·)p1{ρ(o,·)>N}

)
= 0. (7.3.5)

y² (a) 7�5. ´�W ρ
p (µn, µ) → ∞ %¹ ∀ Lipschitz ëY¼ê f k

µn(f) → µ(f), l
W ρ
p ¤p��ÿÀrufÿÀ, �MX3W ρ

p �e;K

�7,f;. Ïd�Iy²M3W ρ
p �e�;5%¹ (7.3.5).

duM3W ρ
p �e;, K ∀ε > 0, �3 µ1, · · · , µn ∈ M¦�

min
16i6n

W ρ
p (µi, µ)p < ε, ∀µ ∈ M.

l
 ∀µ ∈ M,

µ
(
(ρ(o, ·)p −N)+

)
6 max

16i6n
µi

(
(ρ(o, ·)p −N)+

)
+ 2p−1W ρ

p (µi, µ)p

6
n∑

i=1

µi

(
(ρ(o, ·)p −N)+

)
+ 2p−1ε.

�

lim
N→∞

sup
µ∈M

µ
(
ρ(o, ·)p1{ρ(o,·)>N}

)
6 2 lim

N→∞
sup
µ∈M

µ

((
ρ(o, ·)p − N

2

)+
)

6 2pε.

d ε�?¿5á� (7.3.5).
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(b) ¿©5. �Mf;� (7.3.5) ¤á,  yM3 W ρ
p �e;. �d,

�Iy² ∀ S� {µn}n>1 ⊂ M, 7�3 W ρ
p �e�Âñf�. d M �

f;5, Ø�� µn
w−→ µ. � {x1, x2, · · · } � E �Èf8, K ∀ε > 0, k

∞⋃
i=1

B(xi, ε) ⊃ E, Ù¥ B(xi, ε)�± xi �¥%± ε��»�m¥. du8Ü{
ε > 0 : ∃i > 1¦ µ(∂B(xi, ε)) > 0

}
�õ�ê, ∀m > 1, �� εm ∈ (0, 1/m)

¦ B(xi, εm)þ� µëY8. -

Ui = B(xi, εm), Ui+1 = B(xi+1, εm) \

 i⋃
j=1

B(xj , εm)

 ,

K {Ui}i>1 ���üüØ�� µëY8,
∞∑
i=1

Ui = E � Ui ��»�u 1/m.

-rn =
∞∑
i=1

µn(Ui) ∧ µ(Ui), K rn ∈ [0, 1]� limn→∞ rn = 1. -

Qn( dx) = µn( dx)−
∞∑
i=1

µn(Ui) ∧ µ(Ui)
µn(Ui)

1Ui(x)µn( dx),

Q( dx) = µ( dx)−
∞∑
i=1

µn(Ui) ∧ µ(Ui)
µ(Ui)

1Ui(x)µ( dx).

K

πn( dx, dy) ,
∞∑
i=1

1Ui(x)1Ui(y)
µn(Ui) ∧ µ(Ui)
µn(Ui)µ(Ui)

µn( dx)µ( dy)

+
1

1− rn
Qn( dx)Q( dy)

� µn� µ�ÍÜ (X rn = 1K-þª����� 0 ), l


W ρ
p (µn, µ)p 6 πn(ρp) 6 m−p +

2p−1

1− rn
(Qn(ρ(o, ·)p) + Q(ρ(o, ·)p))

6 m−p + 2pNp(1− rn) + 2p−1 sup
k>1

µk

(
ρ(o, ·)p1{ρ(o,·)>N}

)
+ 2p−1µ

(
ρ(o, ·)p1{ρ(o,·)>N}

)
.

k- n → ∞, 2- N → ∞, ��- m → ∞� W ρ
p (µn, µ) → 0(n → ∞).

�
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§7.4 Ö¿�SK

1. � (E, ρ)� Polish�m. Á�Ñ��ÂñÿÀ�d�Ýþ, ¿é�d
5\±y². TÝþ´Ä��?

2. � (E,E )��ÿ�m, y² ∀µ, ν ∈ P(E)k

||µ− ν||Var = 2 sup
A∈E

|µ(A)− ν(A)| = |µ− ν|(E).

3. � (E,E )þ��ÿ¼ê V > 1. ∀µ ∈ P(E), ½Â\�C�

||µ||V ,
∫

E
V (x)µ( dx).

y²

||f ||V , sup
µ∈P(E)

∫
E

f dµ = sup
x∈E

|f(x)|
V (x)

.

4. � (E, ρ)� Polish�m, P(E)�Ù Borel σ �êþ¤kVÇÿÝ�

N. - dVar(µ, ν) = ||µ − ν||Var. y² (P(E), dVar)´��Ýþ�m,
¿Þ~`²§�7�©.

5. � (E,E )��ÿ�m, (Ω,A ,P)´VÇ�m. XJ ξ� Ω� Eþ�ÿ

N�, K¡�� E þ���ÅCþ, Ù©Ù Pξ = P ◦ ξ−1 � E þ��

VÇÿÝ. 8�½ µ, ν ∈ P(E)±9 π ∈ C (µ, ν), Á�E E þ�ü�

�ÅCþ ξ, η, ¦� Pξ = µ,Pη = ν � P(ξ,η) = π.

6. � (E, ρ)� Polish�m, {µn}n>1 ⊂ Pp(E). y²W ρ
p (µn, µ) → 0�

�=� µn
w−→ µ� limn→∞ µn(ρ(o, ·)p) = µn(ρ(o, ·)p), Ù¥ o ∈ E �

��½:.

7. (Lévyål) y²3©Ù¼ê�mþ

ρ(F,G) = inf {ε > 0 : F (x− ε)− ε 6 G(x) 6 F (x + ε) + ε,∀x}

½Â
��ål, ¿�ρ(Fn, F ) → 0��=� Fn ⇒ F .
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8. (Ky Fanål) é�ÅCþ ξ, η½Â

α(ξ, η) = inf {ε > 0 : P(|ξ − η| > ε) 6 ε} .

y²e α(ξ, η) = α, Ké�A�©Ù¼êk ρ(Fξ, Fη) 6 α.

9. -

β(ξ, η) = E
(

|ξ − η|
1 + |ξ − η|

)
.

y²e α(ξ, η) = α, K α2/(1 + α) 6 β(ξ, η) 6 α + (1− α)α/(1 + α).
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