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555:
(1)~^��i1X,Y,ZL«oN"

(2) X´��ÅCþ§eX�©Ù¼ê�F(x),KoNX�äk©Ù
¼êF(x)�oN"
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3.������µloNÄ��Ü©�N§¡���§
^(X1,X2, ...,Xn)L«§n���¥¤¹��Nê§¡�����
½��Nþ"

555:(1)(X1, · · · ,Xn)�±w¤��n��Å�þ"

(2)zgÄ�*ÿ��(X1, · · · ,Xn)��|(½�(x1, · · · , xn)¡
���*ÿ�"

(3)��(X1, · · · ,Xn)�U����N¡����m(Sample
Space),P�X .=(x1, · · · , xn) ∈ X

4.{{{üüü���ÅÅÅ������µ÷v±eü^5�

(1)�L5µX1, · · · ,Xn�oNXk�Ó�©Ù.

(2)Õá5µX1, · · · ,Xn´�pÕá��ÅCþ.
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�oNX ∼ F (x)§K��(X1, · · · ,Xn)�éÜ©Ù¼ê
�
∏n

i=1 F (xi ),

eëY.oNX��Ý¼ê�f (x), K��(X1, · · · ,Xn)�é
Ü�Ý¼ê�fn(x1, ..., xn) =

∏n
i=1 f (xi ).

eoNX�lÑ., K��(X1, · · · ,Xn)�éÜ©ÙÇ
�P(X1 = x1,X2 = x2, ...,Xn = xn) =

∏n
i=1 P(Xi = xi ).
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~1µ�,1�¬�kN�§Ù¥g¬ê�M§Ùg¬Ç
�p = M/N, lù1�¬¥?���§^X 5£ãÙ�

þ§X =

{
1, ¤��¬�g¬
0, ¤��¬��¬

KX�©Ù�

P {X = x} = px(1− p)1−x , x = 0, 1.
�ÅÄ���(X1, · · · ,Xn)§ÙéÜ©ÙÇ�
P {X1 = x1, ...,Xn = xn} = p

∑n
i=1 xi (1− p)n−

∑n
i=1 xi , xi = 0, 1.

~2µ,¢½Ø¬Â\Ñl��©ÙN(µ, σ2),VÇ�Ý¼ê

�f (x) = 1√
2πσ2

exp{− (x−µ)2

2σ2 },−∞ < x <∞
�ÅÄ���(X1, · · · ,Xn)§ÙéÜ�Ý

�L(x1, · · · , xn) = (2πσ2)−n/2 exp{−
∑n

i=1(xi−µ)2

2σ2 }
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���.������ããã–©Ù�Ý¼ê­��Cq

1.éÑ��*ÿ�����Ú���,¿r�¹§��«
m[a, b]©¤m�©.

5µ��©�7–18|§±m = 1 + 3.32 log n��|ê,h�|å

a = c0 < c1 < · · · < cm = b, h = ci−ci−1 =
b − a

m
, i = 1, · · · ,m,

2.êÑ��*ÿ�á3�«m(ci−1, ci ]¥��êni ,¡�1i|�
|ªê,fi = ni

n¡�1i|�|ªÇ"

3.Ó�|�êâÑw¤´�Ó�,§�Ñ�u|¥� ci−1+ci
2 ,©|

�n"

4.3x¶þIÑ:ci , i = 0, 1, · · · ,m,±�«m(ci−1, ci ]�.,|ª
Ç�|å�'yi = fi

h = ni
nh�p�Ý/,ù«ã¡�ªÇ��ã"
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~3µL¥�125 �êâL«,G¬¤õ)c¥��¹þ,zUÿ
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1.40 1.28 1.36 1.38 1.44 1.40 1.34 1.54 1.44 1.46
1.80∗ 1.44 1.46 1.50 1.38 1.54 1.50 1.48 1.52 1.58
1.52 1.46 1.42 1.58 1.70 1.62 1.58 1.62 1.76 1.68
1.68 1.66 1.62 1.72 1.60 1.62 1.46 1.38 1.42 1.38
1.60 1.44 1.46 1.38 1.34 1.38 1.34 1.36 1.58 1.38
1.34 1.28 1.08 1.08 1.36 1.50 1.46 1.28 1.18 1.28
1.26 1.50 1.52 1.38 1.50 1.52 1.50 1.46 1.34 1.40
1.50 1.42 1.38 1.36 1.38 1.42 1.34 1.48 1.36 1.36
1.32 1.40 1.40 1.26 1.26 1.16 1.34 1.40 1.16 1.54
1.24 1.22 1.20 1.30 1.36 1.30 1.48 1.28 1.18 1.28
1.30 1.52 1.76 1.16 1.28 1.48 1.46 1.48 1.42 1.36
1.32 1.22 1.72 1.18 1.36 1.44 1.28 1.10 1.06∗ 1.10
1.16 1.22 1.24 1.22 1.34



ênÚO�Ä��£

1�! ÚØ
1�! ênÚO�Ä�Vg
1n! gSÚOþ9Ù©Ù
1o! ÚO¥~^�©Ùx
1Ê! ��oN
18! ¿©ÚOþÚ��ÚOþ

1�!ênÚO�Ä�Vg

L1.2 )c¹�þªêL
 �|©: |¥� ªê �|©: |¥� ªê
0.99–1.09 1.04 3 1.39–1.49 1.44 29
1.09–1.19 1.14 9 1.49–1.59 1.54 19
1.19–1.29 1.24 18 1.59–1.69 1.64 9
1.29–1.39 1.34 32 1.69–1.79 1.74 5

1.79–1.89 1.84 1

5:(1)ªÇ��ã¡È�1,

(2)3R¥·-�hist¶
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¯̄̄êêêµêâ�8¥���§�Ò´��ªÇ¤éA�|¥�¶

���âââ²²²þþþµx̄ = 1
n

∑n
i=1 xi ;

¥¥¥   êêêµòêâU��^Sü�§Øu¥m�@�ê�¶

444���µ��*ÿ����*ÿ���"
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n ÚOþ

½½½ÂÂÂ1µ�(X1, · · · ,Xn)´5goNX�����,
T = T (x1, · · · , xn) ´���mXþ�¢�¼ê,
eT (X1, · · · ,Xn)�´�ÅCþ,�Ø�6u?Û��ëê,K
¡T (X1, · · · ,Xn)�ÚÚÚOOOþþþ(Statistics).

~4.�X1,X2´loNN(µ, σ2)¥Ä������§Ù¥ëêµ®
�§σ2��§�½±e�ª=�´ÚOþº

X1 ·X2−3σ2, X 2
1 +X 2

2 +5σ, X1, X1+5X 2
2 , X1/X2+3µX 2

1

5µ
(1)/ÏÚOþ§�±rf�¤¹&E?1êÆ\ó§¦Ùß
 §l
¦¯K)û"
(2)ÚOþ´���ÅCþ"
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n ÚOþ

½½½ÂÂÂ2µ�(X1, · · · ,Xn)´�goNX����n���,K
(1)X = 1

nΣn
i=1Xi¡���þ�¶

(2)S2 = 1
n−1 Σn

i=1(Xi − X )
2
¡�����§


S =
√

1
n−1 Σn

i=1(Xi − X )
2
���þ��½��IO�¶

(3)Ak = 1
n

∑n
i=1X

k
i ¡����k��:Ý¶

Bk = 1
n

∑n
i=1(Xi − X )

k
����k�¥%å.

5:��¥%ÝB2k�P�S̃2,=S̃2 = 1
nΣn

i=1(Xi − X )2.

AO/,A1 = X , B2 = S̃2 = n−1
n S2.

(4)bs = B3

B
3/2
2

,¡���� Ý;

(5)bk = B4

B2
2
− 3¡���¸Ý;

(6)V = S
X
¡����CÉXê"
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n ÚOþ

PE (X )
4
= µ, D(X )

4
= σ2, E (X k)

4
= αk , E (X − µ)k

4
= µk

½½½nnn1.1:�oNX�©Ù¼êF (x)äk��Ý,(X1, · · · ,Xn)´�
gù�oN�����, Ké��þ�X ,k

E (X ) = µ, D(X ) =
σ2

n
.

½½½nnn1.2:�oNX�©Ù¼êF (x)äk��Ý,(X1, · · · ,Xn)´�
gù�oN�����,Ké����S2,k

E (S2) = σ2,
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n ÚOþ

½½½nnn1.3: �oNX�©Ù¼êF (x)äk2k�Ý,(X1, · · · ,Xn)´�
gù�oN�����,Kék ���ÝAk ,k

E (Ak) = αk , D(Ak) =
α2k − α2

k

n
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���.gggSSSÚÚÚOOOþþþ999²²²���©©©ÙÙÙ¼¼¼êêê
1.½½½ÂÂÂ: �(X1, · · · ,Xn)´�goNX�����,ò§�U��ü
��X(1) ≤ X(2) ≤ · · · ≤ X(n), K¡(X(1),X(2), · · · ,X(n))�gggSSSÚÚÚ
OOOþþþ,¡X(i)�1i �gSÚOþ.
AO:X(1) = min{X1, · · · ,Xn},X(n) = max{X1, · · · ,Xn}©O¡�
��gSÚOþÚ��gSÚOþ"¦����©O¡�4��
Ú4��.
2.½½½ÂÂÂ: �(X1, · · · ,Xn)´�g©Ù¼ê�F (x)�oNX����
�,±νn(x) L«(X1, · · · ,Xn) ¥Ø�Lx�*ÿ���ê,K

¡Fn(x) = νn(x)
n �²²²���©©©ÙÙÙ¼¼¼êêê,{P�EDF.
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555:x(1) ≤ x(2) ≤ · · · ≤ x(n),K²�©Ù¼ê�

Fn(x) =


0, x < x(1);
k
n , x(k) ≤ x < x(k+1), k = 1, · · · , n − 1;
1, x(n) ≤ x ,
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3.5�:(1)0 ≤ Fn(x) ≤ 1¶
(2)üNØ~�mëY¼ê¶
(3)3x = x(k)kmä:,3z�mä:þk�Ý 1

n .

~µloNX¥Ä�Nþ�7���§Ù*ÿ��1, 3, 2.5, 2, 2.5,
3, 2.5§¦X�²�©Ù¼ê"
)µò��d���üS§
k1 < 2 < 2.5 = 2.5 = 2.5 < 3 = 3,d½Â�²�©Ù¼ê�

F7(x) =


0, x < 1;
1
7 , 1 ≤ x < 2
2
7 , 2 ≤ x < 2.5
5
7 , 2.5 ≤ x < 3
1, x ≥ 3,

5:3R¥·-�plot.ecdf
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4. PF (x) = P{X ≤ x}, Fn(x) = νn(x)
n L«{X ≤ x}�ªÇ§�

½x , νn(x),Fn(x)´(X1, ...,Xn)�¼ê, ´�ÅCþ.

P{νn(x) = k} = P{ngÕáÁ�¥Tk kgX ≤ x}

Kνn(x) ∼ b(n,F (x)).

=
(n
k

)
[F (x)]k [1− F (x)]n−k .

d��©Ù�E [νn(x)] = nF (x),KE [Fn(x)] = F (x).
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5.Glivenko½½½nnn: �oNX�©Ù¼ê�F (x),²�©Ù¼ê
�Fn(x),P

Dn = sup
−∞<x<+∞

| Fn(x)− F (x) |,

KkP{ lim
n→∞

Dn = 0} = 1.

555:(1)�né��§dz�|��*ÿ����²�©Ù¼
êFn(x)Ñ´oN©ÙF (x)���ûÐCq"(��íäoN)

(2)ü«Cq�{:ªÇ��ã(�Ý)¶²�©Ù¼ê(©Ù)
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���.gggSSSÚÚÚOOOþþþ���©©©ÙÙÙ
(�)ü�gSÚOþduνn(x) ∼ b(n,F (x))§´�

{νn(x) = 0} = {X(1) > x}, {νn(x) = n} = {X(n) ≤ x}, (1)

{νn(x) = k} = {X(k) ≤ x < X(k+1)}, 1 ≤ k ≤ n − 1, (2)

{νn(x) ≥ k} = {X(k) ≤ x}, 1 ≤ k ≤ n − 1. (3)

eoNXk©Ù¼êF (x), �Ý¼êf (x), KX(i)�©Ù¼ê�

Fi (x) = P{X(i) ≤ x} = P{νn(x) ≥ i}

=
n∑

k=i

(
n

k

)
[F (x)]k [1− F (x)]n−k (4)
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555: (1)��gSÚOþX(n)�©Ù¼ê�Fn(x) = [F (x)]n,

©Ù�Ý¼ê�fn(x) = n[F (x)]n−1f (x).

(2)��gSÚOþX(1)�©Ù¼ê�F1(x) = 1− [1− F (x)]n,

©Ù�Ý¼ê�f1(x) = n[1− F (x)]n−1f (x).

~~~1: �oNX��Ý¼ê

�f (x) =

{
2x , 0 ≤ x < 1
0, Ù¦

§(X1, · · · ,X4)��goN����

�§¦X(3)�©Ù¼ê§¿O�P(X(3) >
1
2 ).
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):Ï�F (x) =


0, x < 0
x2, 0 ≤ x < 1
1, x ≥ 1

,




F3(x) =
4∑

k=3

(4
k

)
[F (x)]k [1− F (x)]4−k

= 4[F (x)]3[1− F (x)] + [F (x)]4

= 4[F (x)]3 − 3[F (x)]4

=


0, x < 0

4x6 − 3x8, 0 ≤ x < 1
1, x ≥ 1

¤±

P(X(3) >
1
2 ) = 1− P(X(3) ≤ 1

2 ) = 1− F3( 1
2 )

= 1− (4( 1
2 )6 − 3( 1

2 )8) = 1− 13
256 = 243

256
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nnn. ©©©   êêê
1.½½½ÂÂÂ:e�ÅCþX�©Ù¼ê�F (x),é?0 < p < 1,¡

F←(p) = inf {x : F (x) ≥ p}

��ÅCþX½©ÙF (x)�© ê¼ê.Pxp = F←(p)§¡xp�
��ÅCþX½©ÙF (x)�p© êAO�p = 1

2�,x 1
2
¡�¥ 

ê.
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2.½½½ÂÂÂ:�(X1, · · · ,Xn)�oNX�����,(X(1), · · · ,X(n))�g
SÚOþ,é?0 < p < 1,¡x∗p = X([np]+1) ���p© ê.Ù

¥[a]L«Ø�La����ê, AO�p = 1
2�,x∗1

2

¡���¥ 

ê.

x∗1
2

=

{
X( n+1

2
), �n�Ûê;

1
2 [X( n

2
) + X( n

2
+1)], �n�óê.
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ooo.444���©©©ÙÙÙ
1.½½½ÂÂÂ:�(X1, · · · ,Xn)´�g©Ù�F (x)�oNX�����,X
J�3~ê�an9bn > 0, ¦(X(n) − an)/bnk�òz�4�©
ÙG (x),K¡G (x)�444������©©©ÙÙÙ.
5µaq�±½Â4��©Ù,4��©ÙÚ4��©ÙÚ¡4
�©Ù.
I.4��©Ù(�¡���(Gumbel)©Ù)

G1(x) = exp(−e−x),−∞ < x <∞,

II.4��©Ù(�¡64ê(Fréchet)©Ù)

G2(x) =

{
exp(−x−k), x > 0;
0, x ≤ 0,

Ù¥k > 0´ëê.
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III.4��©Ù(�¡%Ù�(Weibull)©Ù)

G3(x) =

{
1, x > 0;
exp(−(−x)k), x ≤ 0,

Ù¥k > 0´ëê.
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1o! ÚO¥~^�©Ùx

F (x ; θ)L«X�©Ù,ëêθ�U���8Ü¡�ëëëêêê���mmm, P
�Θ, ¡{F (x ; θ) : θ ∈ Θ}�X�©Ù¼êx.

(1)��©Ùxµ{N(µ, σ2) : (µ, σ2) ∈ Θ}, Ù
¥Θ = {(µ, σ2) : −∞ < µ <∞, σ2 > 0}.

(2)��©Ùxµ{b(n, p) : 0 < p < 1}

(3)Possion©Ùxµ{P(λ) : λ > 0}

(4)þ!©Ùx:{U(a, b) : −∞ < a < b <∞}

(5)�ê©Ùx:{Exp(λ) : λ > 0}
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���.Gamma©©©ÙÙÙxxx

1.½Âµe�ÅCþXäk�Ý¼ê

f (x ;α, λ) =
λα

Γ(α)
xα−1e−λx , x > 0,

K¡X¤Ñl�©Ù�Gamma©Ù,P�Ga(α, λ),Ù¥α > 0´/
Gëê,λ > 0 ´ºÝëê, {Ga(α, λ) : α > 0, λ > 0}¡
�Gamma©Ùx.

2.5�µ
(1)A�¼ê:ϕ(t) = Ee itX = (1− it

λ )−α

(2)E (X ) = α
λ , D(X ) = α

λ2
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(3)�α = 1�,Ga(1, λ)Ò´ëê�λ��ê©Ù.Ga(n2 ,
1
2 )¡�n�

gdÝ�χ2©Ù,P�χ2(n)©Ù,χ2(n)©Ù��Ý¼ê
�f (x , n) = 1

2
n
2 Γ( n

2
)
x

n
2
−1e−

x
2 , x > 0

(4)�\5:�X1 ∼ Ga(α1, λ),X2 ∼ Ga(α2, λ),�X1�X2�pÕ
á,KX1 + X2 ∼ Ga(α1 + α2, λ)

5: (1) χ2(n)©Ù´Gamma©Ù�AÏ�¹§�äk�\5.
(2) gdÝ´�Õá�ÅCþ��ê.
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~~~1µ�X ∼ Ga(α, λ),Ù¥α > 0, λ > 0�~ê§(X1, · · · ,Xn)´
�goN���,¦��Ú

∑n
i=1 Xi�©Ù�Ý¼ê"

)µÏ�Gamma©Ùäk�\5§�Xi , i = 1, 2, ..., nÕáÓ©
Ù§¤±

∑n
i=1 Xi ∼ Ga(nα, λ)
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~~~2µ�X ∼ Ga(α, λ), Y = kX ,y²µY ∼ Ga(α, λk ), k > 0§¿
�¦X̄�©Ù"
)µÏ�X ∼ Ga(α1, λ)§=�Ý¼ê�

f (x ;α, λ) =
λα

Γ(α)
xα−1e−λx , x > 0,

qÏ�Y = kX ,¤±X = Y /k ,Ï
k

f (y ;α, λ) = λα

Γ(α) ( yk )α−1e−λ
y
k

1
k

=
(λ
k

)α

Γ(α) y
α−1e−

λ
k ,

∼ Ga(α, λk ), y > 0

X̄ = 1
n

∑n
i=1 Xi ∼ Ga(nα, nλ)
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~~~3µ�X ∼ N(0, σ2),KY = X 2 ∼ Ga( 1
2 ,

1
2σ2 ).

)µ�y > 0�,Y�©Ù¼ê�

FY (y) = P{Y ≤ y} = P{X 2 ≤ y} = P{−√y ≤ X ≤ √y}
= FX (

√
y)− FX (−√y),

Ù©Ù�Ý¼ê�

fY (y) = [fX (
√
y) + fX (−√y)]

1

2
√
y

=
1√
2πσ

y−
1
2 e−

y

2σ2 ,

Ï�Γ( 1
2 ) =

√
π,ÏdY ∼ Ga( 1

2 ,
1

2σ2 ).
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½½½nnnµ�(X1, ...,Xn)´�g��oNN(0, σ2)�����§
Pχ2 =

∑n
i=1 X

2
i , Kχ2 ∼ Ga(n2 ,

1
2σ2 ).

~~~4µ�X ∼ U(0, 1), KY = −α lnX ∼ Exp( 1
α), α > 0.

3.χ2©Ù,�«½Â�ª

(1)eXi ∼ N(0, 1), i = 1, 2, ..., n, i .i .d .,KY =
X 2

1 + X 2
2 + · · ·+ X 2

n ∼ χ2(n)

(2)eXi ∼ N(µ, σ2), i = 1, 2, ..., n, i .i .d .,K
∑n

i=1(Xi−µ
σ )2 ∼ χ2(n)

~~~5µ�(X1, ...,X4)´5g��oNN(0, 4)��
�§T = a(X1 − 2X2)2 + b(3X3 − 4X4)2, ¦~êa, b, ¦
�T ∼ χ2(2).
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4.χ2©Ù�5�

(1)χ2(n)©Ù�A�¼êφ(t) = (1− 2it)−
n
2 ;

(2)�X ∼ χ2(n), KEX = n,VarX = 2n;

(3)�Xi ∼ χ2(ni ), i = 1, 2, ..., k , ��pÕá,
K
∑k

i=1 Xi ∼ χ2(
∑k

i=1 ni ).

Cochran©©©)))½½½nnn: �X1, ...,Xn´ÕáÓ©Ù��ÅC
þ§Xi ∼ N(0, 1), i = 1, 2, ..., n,Qi (i = 1, ..., k) ´X1, ...,Xn��
g.§Ù��ni . XJQ1 + · · ·+ Qk =

∑n
i=1 X

2
i �
∑k

i=1 ni = n,
KQi ∼ χ2(ni ), i = 1, 2, ..., k ,�Q1, · · · ,Qk�pÕá.
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���.Beta©©©ÙÙÙxxx

1.½Â:e�ÅCþXäk�Ý¼ê

f (x ; a, b) =
Γ(a + b)

Γ(a)Γ(b)
xa−1(1− x)b−1, 0 < x < 1

K¡X¤Ñl�©Ù�Beta©Ù,P�Be(a, b),Ù
¥a > 0, b > 0´ü�ëê.{Be(a, b) : a > 0, b > 0}¡�Beta©©©
ÙÙÙxxx.

2.5�µ
(1)E (X ) = a

a+b , D(X ) = ab
(a+b)2(a+b+1)

(2)�a = b = 1�,Be(1, 1)©ÙÒ´(0, 1)þ�þ!©ÙU(0, 1)
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3.½nµeX1 ∼ χ2(n1),X2 ∼ χ2(n2),�X1,X2�pÕá,K

(1)F = X1/n1

X2/n2
∼ F (n1, n2), Ù¥F (n1, n2)L«gdÝ�n1,

n2�F©Ù.
(2) X1

X1+X2
∼ Be(n1

2 ,
n2
2 )

4.(Ø
(1)eX ∼ F (n1, n2),K CX

1+CX ∼ Be(n1
2 ,

n2
2 ) Ù¥C = n1/n2,��½

,.
(2)eX1 ∼ χ2(n1),X2 ∼ χ2(n2),�X1,X2�pÕá,
KY1 = X1 + X2�Y2 = X1/X2�pÕá.
(3)eX ∼ F (n1, n2), K 1

X ∼ F (n2, n1).
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nnn t©©©ÙÙÙ

1.½Âµ��ÅCþX ∼ N(0, 1),Y ∼ χ2(n),�X ,Y�pÕá,K
¡�ÅCþT = X√

Y /n
¤Ñl�©Ù�n�gdÝ�t©Ù,P

�T ∼ t(n).
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2.5�µt(n)©Ù��Ý¼ê�

t(x ; n) =
Γ(n+1

2 )

Γ(n2 )
√
nπ

(1 +
x2

n
)−

n+1
2 , −∞ < x <∞

(1)�n = 1�,t(x ; 1) = 1
π

1
1+x2=�Cauchy©Ù.

�n > 2�,KE (T ) = 0, D(T ) = n
n−2

(2)eX ∼ t(n),KX 2 ∼ F (1, n).
(3)eX ∼ t(n),KY = n

n+X 2 ∼ Be(n2 ,
1
2 ).

(4)limn→∞ t(x ; n) = 1√
2π
e−

x2

2

t©Ù�4�©Ù´IO��©Ù"
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ooo ���êêê...©©©ÙÙÙxxx

1.½Âµ�F = {f (x ; θ) : θ ∈ Θ}´©Ùx,e��(X1, · · · ,Xn)�
�Ý¼ê(½©Ù�)f (x1, · · · , xn; θ)�±L«¤

f (x1, · · · , xn; θ) = a(θ) exp{
k∑

j=1

Qj(θ)Tj(x1, · · · , xn)}h(x1, · · · , xn)

¿�§�| {x : f (x1, · · · , xn; θ) > 0}Ø�6uθ,K¡d©Ùx
��ê.©Ùx,{¡���êêêxxx"
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~~~1:y²��©Ùx{b(m, p) : 0 < p < 1}´�ê.©Ùx. ��
�mX = {(x1, ..., xn) : xi = 0, 1, ...,m, i = 1, 2, ..., n}.
y²µ��(X1, · · · ,Xn)�éÜVÇ©Ù�

f (x1, · · · , xn; p) = [
n∏

i=1

(
m

xi

)
]p

n∑
i=1

xi
(1− p)

nm−
n∑

i=1
xi

= (1− p)nm exp{
n∑

i=1

xi ln
p

1− p
}

n∏
i=1

(
m

xi

)
,

�a(p) = (1− p)nm,Q1(p) = ln p
1−p ,T1(x1, · · · , xn) =

n∑
i=1

xi , h(x1, · · · , xn) =
n∏

i=1

(m
xi

)
.

~~~2µþ!©Ùx{U(−θ, θ) : θ > 0}Ø´�ê.©Ùx,ù´Ï�
§�| {x : f (x ; θ) > 0} = (−θ, θ)�6u��ëêθ.
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~~~1:y²��©Ùx{b(m, p) : 0 < p < 1}´�ê.©Ùx. ��
�mX = {(x1, ..., xn) : xi = 0, 1, ...,m, i = 1, 2, ..., n}.
y²µ��(X1, · · · ,Xn)�éÜVÇ©Ù�

f (x1, · · · , xn; p) = [
n∏

i=1

(
m

xi

)
]p

n∑
i=1

xi
(1− p)

nm−
n∑

i=1
xi

= (1− p)nm exp{
n∑

i=1

xi ln
p

1− p
}

n∏
i=1

(
m

xi

)
,

�a(p) = (1− p)nm,Q1(p) = ln p
1−p ,T1(x1, · · · , xn) =

n∑
i=1

xi , h(x1, · · · , xn) =
n∏

i=1

(m
xi

)
.

~~~2µþ!©Ùx{U(−θ, θ) : θ > 0}Ø´�ê.©Ùx,ù´Ï�
§�| {x : f (x ; θ) > 0} = (−θ, θ)�6u��ëêθ.
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~~~3µ�XÑl��©ÙN(µ, σ2),���m�n�î¼�
mRn.Px = (x1, · · · , xn),@o��(X1, · · · ,Xn)�©Ù�Ý�

f (x;µ, σ2) = (
1√
2πσ

)n exp{−
n∑

i=1

1

2σ2
(xi − µ)2}

= (
1√
2πσ

)n exp{−nµ2

2σ2
+

nµ

σ2
x̄ −

n∑
i=1

x2
i

2σ2
}

= (
1√
2πσ

)n exp{−nµ2

2σ2
} exp{nµ

σ2
x̄ − 1

2σ2

n∑
i=1

x2
i },
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~~~3µ�XÑl��©ÙN(µ, σ2),���m�n�î¼�
mRn.Px = (x1, · · · , xn),@o��(X1, · · · ,Xn)�©Ù�Ý�

f (x;µ, σ2) = (
1√
2πσ

)n exp{−
n∑

i=1

1

2σ2
(xi − µ)2}

= (
1√
2πσ

)n exp{−nµ2

2σ2
+

nµ

σ2
x̄ −

n∑
i=1

x2
i

2σ2
}

= (
1√
2πσ

)n exp{−nµ2

2σ2
} exp{nµ

σ2
x̄ − 1

2σ2

n∑
i=1

x2
i },
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��¦

a(µ, σ2) = (
1√
2πσ

)n exp{−nµ2

2σ2
}, Q1(µ, σ2) =

nµ

σ2
,

Q2(µ, σ2) = − 1

2σ2
,

T1(x) = x̄ , T2(x) =
n∑

i=1

x2
i , h(x) = 1

Ïd��©Ùx{N(µ, σ2) : −∞ < µ <∞, σ2 > 0} ´�ê.©

Ùx.
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1.½Âµe�Å�þX�éÜ©Ù�Ý¼ê�

f (x) =
1

(2π)
n
2 |B|

1
2

exp{−1

2
(x − a)

′
B−1(x − a)}

Ù¥B��½
,|B|�Ù1�ª.B−1´B�_Ý
,K¡�Å�
þX¤Ñl�©Ù�õõõ���������©©©ÙÙÙ,{P�X ∼ Nn(a,B).

2.A�¼êµ��Å�þX ∼ Nn(a,B),KÙA�¼ê�

ϕ(t) = exp{ia′t − 1

2
t
′
Bt}

Ù¥t ′ = (t1, · · · , tn)
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3.Ï" �� ���

�X = (X1, · · · ,Xn)

′
, Y = (Y1, · · · ,Ym)

′
´ü��Å�þ,

Z = (Zij)r×s´�ÅÝ
,P

E (X ) = (E (X1), · · · ,E (Xn))
′
,

E (Z ) = (E (Zij))r×s ,

Var(X ) = E (X − E (X ))(X − E (X ))
′

=


D(X1) Cov(X1,X2) · · · Cov(X1,Xn)

Cov(X2,X1) D(X2) · · · Cov(X2,Xn)
· · · · · · · · · · · ·

Cov(Xn,X1) Cov(Xn,X2) · · · D(Xn)


Ù¥D(Xi )�Xi���,Cov(Xi ,Xj)�XiÚXj����.
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Cov(X ,Y ) = (Cov(Y ,X ))
′

= E (X − E (X ))(Y − E (Y ))
′

=

 Cov(X1,Y1) · · · Cov(X1,Ym)
...

. . .
...

Cov(Xn,Y1) · · · Cov(Xn,Ym)


4.ρij =

Cov(Xi ,Xj )√
D(Xi )D(Xj )

¡�Xi�Xj�m��5�'Xê,{¡��'

Xê.
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5.5�
(1)X ∼ Nn(a,B), KéX�?�f�
þX̃

′
= (Xk1 , ...,Xkm)(m ≤ n), kX̃ ∼ Nm(ã, B̃), Ù

¥ã = (ak1 , ..., akm)
′
, B̃´B¥�3k1, ..., km1�¤��m�fÝ


. AO/§Xj ∼ N(aj , bjj), j = 1, 2, ..., n.

(2)X ∼ Nn(a,B), KEX = a,Var(X ) = B.

(3)eX = (X1,X2)
′ ∼ Nn(a,B), X1´n1��þ§X2´n2��

þ§n1 + n2 = n, X1 ∼ Nn1(a1,B11),X2 ∼ Nn2(a2,B22), Ù

¥a1 ∈ Rn1 , a2 ∈ Rn2 , B =

(
B11 B12

B21 B22

)
, KX1,X2�pÕ

á⇔ Cov(X1,X2) = B12 = 0.
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(4)X ∼ Nn(a,B), r(A) = m,A ∈ Rm×n, b = (b1, ..., bm)
′ ∈ Rm,

KY = AX + b ∼ Nm(Aa + b,ABA
′
).

(5)eX ∼ Nn(a,B), K�3����C�Γ, ¦�Y = Γ(X − a)�
�©þ´�pÕá§þ�Ñ�"���©Ù�ÅCþ"AO/§
eX ∼ Nn(0, σ2In), KY = ΓX ∼ Nn(0, σ2In).
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��� ������oooNNNÚÚÚOOOþþþ���©©©ÙÙÙ

½½½nnnµµµ�(X1, · · · ,Xn)´�g��oNN(µ, σ2)�����,
X = 1

n

∑n
i=1 Xi , S2 = 1

n−1

∑n
i=1(Xi − X )2 ©O���þ�Ú

����,K
(1) X ∼ N(µ, σ

2

n );

(2)

n∑
i=1

(Xi−µ)2

σ2 ∼ χ2(n);

(3) (n−1)S2

σ2 ∼ χ2(n − 1);

(4) X Ú S2�pÕá.

íííØØØ1µT = X−µ
S

√
n ∼ t(n − 1)



ênÚO�Ä��£

1�! ÚØ
1�! ênÚO�Ä�Vg
1n! gSÚOþ9Ù©Ù
1o! ÚO¥~^�©Ùx
1Ê! ��oN
18! ¿©ÚOþÚ��ÚOþ

1Ê! ��oN

íííØØØ2µ�(X1, · · · ,Xn1)´�g��oNN(µ1, σ
2
1)����

�,(Y1, · · · ,Yn2) ´�g��oNN(µ2, σ
2
2)����

�,�(X1, · · · ,Xn1)Ú(Y1, · · · ,Yn2)�pÕá,K

(1) F =
S2

1/σ
2
1

S2
2/σ

2
2
∼ F (n1 − 1, n2 − 1);

(2) e σ2
1 = σ2

2 = σ2, K

T =
(X − Y )− (µ1 − µ2)

Sw

√
1
n1

+ 1
n2

∼ t(n1 + n2 − 2),

Ù¥X = 1
n1

∑n1
i=1 Xi Y = 1

n2

∑n2
i=1 Yi ,

S2
1 = 1

n1−1

∑n1
i=1(Xi − X )2, S2

2 = 1
n2−1

∑n2
i=1(Yi − Y )2,

S2
w =

(n1−1)S2
1 +(n2−1)S2

2
n1+n2−2 , S2

w¡������Ü¿��.
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~1:
)�¬�ØÜ�Çp,u�
�ÅÄ�
10��¬?1u
�,uy13�Ú19��ØÜ�¬,P�X3 = 1,X9 = 1,Ù{Ñ´
Ü�¬,PXi = 0, i = 1, 2, · · · , 10, �i 6= 3, i 6= 9.�+�¯9u
�(J�,u�
�
Xe�«£�:
(1) 10��¬¥k2�ØÜ�¬,=

∑10
i=1 Xi = 2;

(2)19��¬ØÜ�,=X9 = 1.
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1.½Âµ�(X1, · · · ,Xn)´läk©Ùx{F (x ; θ) : θ ∈ Θ}�oN
¥Ä������, T (X1, · · · ,Xn)´�ÚOþ.XJ3�
½T (X1, · · · ,Xn) = te,(X1, · · · ,Xn)�^�©Ù���ëêθÃ
', K¡ÚOþT (X1, · · · ,Xn)´©Ùx{F (x ; θ) : θ ∈ Θ} �¿©
ÚOþ,½¡§´θ�¿¿¿©©©ÚÚÚOOOþþþ

~2µy²T1 =
∑n

i=1 Xi´p�¿©ÚOþ,
T2 = XjØ´¿©Ú
Oþ.
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éuü:©ÙoN,���n����éÜ©Ù�

P{X1 = x1, · · · ,Xn = xn} = p
∑n

i=1 xi (1− p)n−
∑n

i=1 xi ,

Ù¥xi�0=1. ÚOþT1 =
∑n

i=1XiÑl��©Ùb(n, p),¤±3
�½T1 =

∑n
i=1Xi = ke,��(X1, · · · ,Xn)�^�©Ù

P{X1 = x1, · · · ,Xn = xn|T1 = k; p}

=
P{X1 = x1, · · · ,Xn = xn,

∑n
i=1Xi = k ; p}

P{T1 = k; p}

=
pk(1− p)n−k(n
k

)
pk(1− p)n−k

=
1(n
k

) ,
�pÃ',=ù�^�©Ù®Ø�¹k'p�?Û&E
.
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�T1 =
∑n

i=1Xi´p�¿©ÚOþ,½T1´ü:©Ùx�¿©ÚO
þ.
3�½T2 = Xj = k^�e,��(X1, · · · ,Xn)�^�©Ù

P{X1 = x1, · · · ,Xn = xn|T2 = k ; p} = p

∑
i 6=j

xi
(1− p)

n−
∑
i 6=j

xi−1

�pk',��T2 = XjØ´¿©ÚOþ.
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2.½½½nnnµ(Ïf©)½n)�oNX�ëY.�ÅCþ,äk©Ù�
Ýx{f (x ; θ) : θ ∈ Θ}, (X1, · · · ,Xn)�gX�����,KÚO
þT (X1, · · · ,Xn)�θ�¿©ÚOþ�¿©7�^��µ���é
ÜVÇ�Ý¼ê�©)�

L(x1, · · · , xn; θ) =
n∏

i=1

f (xi ; θ)

= h(x1, · · · , xn)g(T (x1, · · · , xn), θ)

Ù¥h(x1, · · · , xn)´�K¼ê��θÃ',g(T (x1, · · · , xn), θ)=Ï
LT (x1, · · · , xn) = t�6u(x1, · · · , xn).
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~~~3µ�(X1, · · · ,Xn)´�gü:©Ùb(1, p)oN�����,Ù
éÜVÇ©Ù�

P{X = x1, · · · ,Xn = xn; p} = p
∑n

i=1xi (1− p)n−
∑n

i=1xi

= (1− p)n(
p

1− p
)
∑n

i=1xi

�
T (x1, · · · , xn) =

∑n

i=1
xi , h(x1, · · · , xn) = 1,

g(T (x1, · · · , xn), p) = (1− p)n(
p

1− p
)T

K

P{X = x1, · · · ,Xn = xn; p} = h(x1, · · · , xn) · g(T (x1, · · · , xn), p),

dÏf©)½n��T (X1, · · · ,Xn) =
∑n

i=1Xi´p�¿©ÚOþ.
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~~~3µ�(X1, · · · ,Xn)´�gü:©Ùb(1, p)oN�����,Ù
éÜVÇ©Ù�

P{X = x1, · · · ,Xn = xn; p} = p
∑n

i=1xi (1− p)n−
∑n

i=1xi

= (1− p)n(
p

1− p
)
∑n

i=1xi

�
T (x1, · · · , xn) =

∑n

i=1
xi , h(x1, · · · , xn) = 1,

g(T (x1, · · · , xn), p) = (1− p)n(
p

1− p
)T

K

P{X = x1, · · · ,Xn = xn; p} = h(x1, · · · , xn) · g(T (x1, · · · , xn), p),

dÏf©)½n��T (X1, · · · ,Xn) =
∑n

i=1Xi´p�¿©ÚOþ.
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3.e©Ùkn�ëê,Kθ´ëê�þ,e½n^�¤á,K
¡T (X1, · · · ,Xn) �'uθ�éééÜÜÜ¿¿¿©©©ÚÚÚOOOþþþ

~~~4.�X ∼ N(µ, σ2),θ = (µ, σ2)´��ëê�þ, y²:
(X ,

∑n
i=1X

2
i )´(µ, σ2)�éÜ¿©ÚOþ.
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yµ(X1, · · · ,Xn)´�goN�����,ÙéÜ�Ý¼ê�

L(x1, · · · , xn; θ) =
∏n

i=1
f (xi ; θ)

=
1

(
√

2πσ)n
exp{− 1

2σ2

∑n

i=1
(xi − µ)2}

=
1

(
√

2πσ)n
exp{− 1

2σ2

∑n

i=1
x2
i +

nµ

σ2
x − nµ2

2σ2
}.

�h(x1, · · · , xn) = 1,

g(T (x1, · · · , xn), θ) =
1

(
√

2πσ)n
exp{− 1

2σ2

∑n

i=1
x2
i +

nµ

σ2
x− nµ2

2σ2
}

dÏf©)½n��
T (X1, · · · ,Xn) = (X ,

∑n
i=1X

2
i )´θ = (µ, σ2)�éÜ¿©ÚOþ.



ênÚO�Ä��£

1�! ÚØ
1�! ênÚO�Ä�Vg
1n! gSÚOþ9Ù©Ù
1o! ÚO¥~^�©Ùx
1Ê! ��oN
18! ¿©ÚOþÚ��ÚOþ

18! ¿©ÚOþÚ��ÚOþ

5:T (X1, · · · ,Xn)´θ�éÜ¿©ÚOþØUíÑTi´θi�¿©Ú
Oþ. ÏdØU`²X ,

∑n
i=1 X

2
i ©O´µ, σ

2�¿©ÚOþ.

4.½½½nnnµ�T (X1,X2, · · · ,Xn)´θ�¿©ÚOþ, v = ψ(t)´ü�
�_¼ê, KV = ψ(T )�´θ�¿©ÚOþ.
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���.������ÚÚÚOOOþþþ

1.½Â: �{F (x ; θ) : θ ∈ Θ}´��©Ùx, XJ
dEθ [g(X )] = 0,∀θ ∈ Θ, o�íÑPθ{g(X ) = 0} = 1, ∀θ ∈ Θ, K
¡©Ùx{F (x ; θ) : θ ∈ Θ}´���.

~~~1. ��©Ùx{b(n, p) : 0 < p < 1}´���.

~~~2. ��©Ùx{N(0, σ2) : σ2 > 0}´Ø���.
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2.½Â: �(X1, · · · ,Xn)´�g©Ùx{F (x ; θ) : θ ∈ Θ}����
�, eÚOþT (X1, · · · ,Xn)�éA©Ùx{FT (t; θ) : θ ∈ Θ}´�
��, K¡T´���.

5: T���, �©Ùx{F (x ; θ) : θ ∈ Θ}�UØ��.

~~~3. y²: é©Ùx{N(0, σ2) : σ2 > 0}, T =
∑n

i=1 X
2
i ´��Ú

Oþ.

~~~4. �(X1, · · · ,Xn)´�gþ!©Ùx{U(0, θ) : 0 < θ < 1}��
���, y²ÚOþT = max

1≤i≤n
Xi´θ�¿©��ÚOþ.
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y: (X1, · · · ,Xn)�éÜ�Ý¼ê�

L(x1, x2, · · · , xn; θ) =
n∏

i=1

f (xi ; θ) =
1

θn
1{0< max

1≤i≤n
xi<θ}.

dÏf©)½n, T = max
1≤i≤n

Xi´θ�¿©ÚOþ.

�T�©Ù¼ê�FT (t; θ), é0 < t < θ,

FT (t; θ) = P{ max
1≤i≤n

Xi ≤ t; θ} = [F (t; θ)]n = (
t

θ
)n.

∴ f T (t; θ) = ntn−1

θn , 0 < t < θ.



ênÚO�Ä��£

1�! ÚØ
1�! ênÚO�Ä�Vg
1n! gSÚOþ9Ù©Ù
1o! ÚO¥~^�©Ùx
1Ê! ��oN
18! ¿©ÚOþÚ��ÚOþ

18! ¿©ÚOþÚ��ÚOþ

�é∀0 < θ < 1, g(t)÷v

Eθ[g(T )] =

∫ θ

0
g(t)f T (t; θ)dt =

n

θn

∫ θ

0
g(t)tn−1dt = 0,

=
∫ θ

0 g(t)tn−1dt = 0,∀0 < θ < 1, ü>'uθ¦�,

g(θ)θn−1 = 0, a.s.,∀0 < θ < 1, ∴ g(θ) = 0, a.s.∀0 < θ < 1.

¤±, T�éA©Ùx��, T = max
1≤i≤n

Xi´θ�¿©��ÚOþ.

�
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3.½½½nnn: �{f (x ; θ) : θ = (θ1, . . . , θk) ∈ Θ}´¹k�ëê��êx,
��(X1, · · · ,Xn)�éÜ©Ù�ÝäkXe/ª

L(x1, · · · , xn; θ) = a(θ) exp{
k∑

j=1

Qj(θ)Tj(x1, · · · , xn)}h(x1, · · · , xn),

XJΘ�¹�k�Ý/, �Q = (Q1, · · · ,Qk)����¹�k�m
8, KT (X1, · · · ,Xn) = (T1(X1, · · · ,Xn), · · · ,Tk(X1, · · · ,Xn))´
k�ëê�þθ = (θ1, . . . , θk) �¿©��ÚOþ.
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~~~5. �(X1, · · · ,Xn)´�gPoisson©Ùx{P(λ) : λ > 0}���
��, y²: T (X1, · · · ,Xn) =

∑n
i=1 Xi´λ�¿©��ÚOþ.

y²:

P{X1 = x1, · · · ,Xn = xn;λ} = e−nλ
λ
∑n

i=1 xi

x1! · · · xn!

= e−nλe
∑n

i=1 xi lnλ 1

x1! · · · xn!
.

∴ {P(λ) : λ > 0}´üëê�êx. Θ = {λ : λ > 0}�¹��m«
m, Q(λ) = lnλ����¹��m«m, d½n,
T (X1, · · · ,Xn) =

∑n
i=1 Xi´λ�¿©��ÚOþ. �
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~~~6. �(X1, · · · ,Xn)´�g��©Ù
x{N(µ, σ2) : −∞ < µ <∞, σ2 > 0}�����, y²:
(
∑n

i=1 Xi ,
∑n

i=1 X
2
i )´(µ, σ2)�¿©��ÚOþ.

y²: (X1, · · · ,Xn)�éÜ�Ý¼ê�

L(x1, · · · , xn;µ, σ2)

= (
1√
2πσ

)n · exp{− 1

2σ2

∑n

i=1
(xi − µ)2}

= (
1√
2πσ

)n · exp{− 1

2σ2

∑n

i=1
x2
i +

µ

σ2

n∑
i=1

xi}· exp{−nµ2

2σ2
}.

{(µ, σ2) : −∞ < µ <∞, σ2 > 0}�¹2�m8,
Q(µ, σ2) = ( µ

σ2 ,− 1
2σ2 ) ����¹2�m«m, ¤±,

(
∑n

i=1 Xi ,
∑n

i=1 X
2
i )´(µ, σ2)�¿©��ÚOþ. �
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(�)�ëê�O¯KµoN�©Ùa.��§I�d��
�EÚOþ��OoN�©Ù¼ê½�Ý¼ê"

(�)ëê�O¯KµoN©Ùa.®�§Ù¥¹k��ë
ê§Id��5�O��ëê"

~~~1.Æ)�¤1X ∼ N(µ, σ2), �ëêµ, σ2��§IÏL�
�5�O"

~~~2.®�,¢½3ü �mSu)�Ï¯��g
êX ∼ P(λ), �λ��§IÏL��5�O"
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���.éééuuuëëëêêê���OOO§§§UUU¯̄̄KKK���555���ØØØÓÓÓ©©©���üüüaaa

1.:�Oµ·��ÀJ��ÚOþθ̂(X1, · · · ,Xn)����ë
êθ��O.

2.«m�Oµ¦��ëêθ���, =¦��«m¦±���VÇ
�¹��ëê.
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���.ÝÝÝ���OOOµµµ ^��Ý��oNÝ����Oþ

(�)Ý�O�g�µ¢�´d"��ê½Æ§eEξk�3§K

lim
n→∞

P(|1
n

n∑
i=1

ξki − Eξki | ≥ ε) = 0.

=ξk → Eξk(PÂñ)§¤±�^��Ý�OoNÝ§¦���ë
êθ,=O��K"
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1�! Ý�OÚ4�q,�O

(�)Ý�O��{µ�X ∼ F (x ; θ), θ = (θ1, · · · , θk)´��ëê
�þ,eF (x ; θ)�k�Ý�3,

αν(θ) =

∫ ∞
−∞

xν dF (x ; θ), 1 ≤ ν ≤ k

´θ = (θ1, · · · , θk)�¼ê.�(X1, · · · ,Xn)´�goNX����
�,Kde��§|

1
n

∑n
i=1 Xi = α1(θ1, · · · , θk);

1
n

∑n
i=1 X

2
i = α2(θ1, · · · , θk);

...
1
n

∑n
i=1 X

k
i = αk(θ1, · · · , θk),

��θ = (θ1, · · · , θk)��|)θ̂ = (θ̂1, · · · , θ̂k), Ù
¥θ̂ν = θ̂ν(X1, · · · ,Xn), ¿±θ̂ν ��ëêθν��Oþ,
ν = 1, · · · , k , K¡θ̂ν���ëêθν�ÝÝÝ���OOOþþþ.
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1�! Ý�OÚ4�q,�O

~~~1:¦oNX�þ�EX = µÚ��DX = σ2�Ý�O.
)µ(X1, · · · ,Xn)´�goNX�����,eoN���Ýα2�
3,Kkα2 = σ2 + µ2,{

X = 1
n

∑n
i=1 Xi = µ;

1
n

∑n
i=1 X

2
i = α2 = µ2 + σ2.

±d�§|�)��µ, σ2��O

µ̂ = X ;

σ̂2 =
1

n

n∑
i=1

X 2
i − X

2
=

1

n

n∑
i=1

(Xi − X )2 = S̃2.

¤±,oNþ�µÚ��σ2�Ý�O,©O´��þ�XÚ����
¥%ÝS̃2. ù�(Øé?ÛoNÑ¤á.
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1�! Ý�OÚ4�q,�O

~~~2: �X��Ý¼ê�f (x) =

{
λe−λx , x > 0

0, x ≤ 0

)µX = 1
n

∑n
i=1 Xi = EX = 1

λ , ¤±λ̂ = 1
X
�λ�Ý�O.
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~~~3: �X ∼ U(θ1, θ2),ÙVÇ�Ý¼ê�

f (x ; θ1, θ2) =

{ 1
θ2−θ1

, θ1 < x < θ2;

0,Ù§,

Ù¥θ1 < θ2,¦θ = (θ1, θ2)�Ý�O.

))): dþ!©ÙU(θ1, θ2)�5�,kEX = θ1+θ2
2 ,DX = (θ2−θ1)2

12 .
Ïd���§|{

X = θ1+θ2
2 ;

S̃2 = 1
n

∑n
i=1 X

2
i − X

2
= (θ2−θ1)2

12 .

±d�§|�)��θ1, θ2��O,�{
θ̂1 = X −

√
3S̃ ;

θ̂2 = X +
√

3S̃ ,

d=¤¦�θ1, θ2�Ý�O.
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~~~4:�X ∼ Γ(α, β), α > 0, β > 0, =�Ý¼ê�

f (x ;α, β) =

{
βα

Γ(α)x
α−1e−βx , x > 0

0, x ≤ 0

¦α, β�Ý�O.

)))µµµdΓ©Ù�5�, EX = α
β ,DX = α

β2 , Ïd���§|{
X = α

β ;

S̃2 = α
β2 .

� {
α̂ = X

2

S̃2
;

β̂ = X

S̃2
.
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555µ(1)Ý�O�*{B

(2)�¦oN��:Ý�3§eØ�3KØU^§X�Ü©
Ù

(3)vk¿©|^F (x ; θ)éθ¤Jø�&E
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���.444���qqq,,,���OOO

(���)���nnnµ4�q,�O´ïá34�q,�nÄ:�þ"

~~~1.���f¥k4�¥§çxü«§ê8�'�1:3§�Ø�=
�õ§yl¥k�£�?�3�§uyk2�x¥§¯x¥¤Ó�
'~º
)µ�x¥¤Ó�'~�p§Kp = 1

4½
3
4 ,eXL«?�3¥¤¹

x¥�ê§KX ∼ b(3, p),¤±P(X = 2) = C 2
3 p

2(1− p)
�p = 1

4�§P(X = 2) = 9
64 ,

�p = 3
4�§P(X = 2) = 27

64 . Ï�27
64 >

9
64 ,¿�X = 2���5

gp = 3
4�oN'5gp = 1

4�oN��U5�,¤±·�@�x
¥¤Ó�'~�3

4"

555µµµVÇ���¯���Uu)
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(���)½½½ÂÂÂ: �(X1, · · · ,Xn)��gäkVÇ©Ù
x{f (x ; θ) : θ ∈ Θ} �lÑ.oNX�����,Ù
¥θ = (θ1, · · · , θk)´���k�ëê�þ, (X1, · · · ,Xn) �*ÿ
�(x1, · · · , xn) �VÇ�

L(x1, · · · , xn; θ)
∆
=

n∏
i=1

f (xi ; θ),

L(x1, · · · , xn; θ)¡�θ�qqq,,,¼¼¼êêê(Likelihood Function).eθ̂¦

L(x1, · · · , xn; θ̂) = sup
θ∈Θ

L(x1, · · · , xn; θ)

¿±θ̂��ëêθ��O�,K¡θ̂�θ�4�q,�O�,Ù�A�
ÚOþθ̂(X1, · · · ,Xn) ¡�θ�444���qqq,,,���OOOþþþ.{P
�MLE½ML�O.
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(nnn)¦¦¦444���qqq,,,���OOO������{{{

(1)k¦q,¼êL(x1, · · · , xn; θ)
∆
=
∏n

i=1 f (xi ; θ)
∆
= L(θ)

(2)Ï�L(θ)�ln L(θ)k�Ó�4��:§¤
±ln L(θ̂) = supθ∈Θ ln L(θ̂) ,eL ��, ln L(θ)'uθ1, · · · , θk©O¦
�ê§¿-Ù�u0§�∂ ln L(θ)

∂θi
= 0, i = 1, · · · , k§¡�q,�§

|; ¦)�§|§�θ̂¿y²θ̂¦L(θ)����, θ̂=�θ�4�q,
�O;
eLØ��, K^Ù¦�{¦Ñ4�q,�O�.
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~~~2: �X��Ý¼ê�f (x) =

{
λe−λx , x > 0

0, x ≤ 0
,¦ëêλ�4

�q,�O"

)))µ�(x1, · · · , xn)´��(X1, · · · ,Xn)��|*ÿ�,q,¼ê�

L(x1, · · · , xn;λ) =
n∏

i=1

f (xi ;λ) =
n∏

i=1

λe−λxi = λne−λ
∑n

i=1 xi

Kln L(x1, · · · , xn;λ) = n lnλ− λ
∑n

i=1 xi
-∂ ln L

∂λ = n
λ −

∑n
i=1 xi = 0

²�y, λ̂ = 1
X
´λ�4�q,�O"
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~~~3:�oNXäkþ!©Ù,�Ý¼ê�

f (x , θ) =

{
1
θ , 0 ≤ x ≤ θ;
0, Ù§,

Ù¥θ > 0´��ëê,¦θ�4�q,�O.
)))µµµ�(x1, · · · , xn)´��(X1, · · · ,Xn)��|*ÿ�,q,¼ê�

L(θ) =

{
1
θn , 0 ≤ xi ≤ θ;
0, Ù§,

�¦L��§7L¦θ��§�θ = max
1≤i≤n

xi = x(n)�§�¦L�

�§�θ̂ = X(n)�ëêθ�4�q,�Oþ.
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~~~4: �oNX ∼ N(µ, σ2),Ù¥θ = (µ, σ2)���ëê�þ,ëê
�mΘ = {(µ, σ2) : −∞ < µ <∞, σ2 > 0}, ¦µ, σ2�4�q,�
O.
)))µµµ �(x1, · · · , xn)´��(X1, · · · ,Xn)��|*ÿ�,u´q,¼
ê�

L(µ, σ2) = (
1√
2πσ

)n exp{− 1

2σ2

n∑
i=1

(xi − µ)2},

ü>�éê�

l(µ, σ2) = ln L(µ, σ2) = −n

2
ln 2π − n

2
log σ2 − 1

2σ2

n∑
i=1

(xi − µ)2,

©O¦þª'uµÚσ2� �ê,¿-§��0,�q,�§|{
∂ ln L
∂µ = 1

σ2

∑n
i=1(xi − µ) = 0;

∂ ln L
∂σ2 = − n

2σ2 + 1
2σ4

∑n
i=1(xi − µ)2 = 0,
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)�� {
µ̂ = 1

n

∑n
i=1 xi = x ;

σ̂2 = 1
n

∑n
i=1(xi − x)2 = s̃2

n .

N´�yµ̂, σ̂2÷v'Xª

L(µ̂, σ̂2) = sup
−∞<µ<∞,σ2>0

L(µ, σ2),

¤±XÚS̃2
n©O´µÚσ

2�4�q,�O.
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555µµµ(1)4�q,�O¿©|^
oN©Ù¤Jø�&E§'Ý
{�O`§AO´é�����¹"

(2)7L��oN�©Ù§�k�Ø´¦Ñ4�q,�§|
�)"

(3)e¼êg(θ)äkü��¼ê§�θ̂´θ�MLE§Kg(θ̂)´

g(θ)�MLE .
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���!!!ÃÃÃ   ���OOO

1.½½½ÂÂÂµ�oNXäk©Ùx{F (x ; θ) : θ ∈ Θ}, (X1, · · · ,Xn)´�
gù�oN�����, θ̂ = θ̂(X1, · · · ,Xn)´��ëêθ����
Oþ,XJéu��θ ∈ Θ,Ñk

Eθ[θ̂(X1, · · · ,Xn)] = θ

K¡θ̂(X1, · · · ,Xn)�θ�ÃÃÃ   ���OOO,{P�UE.
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~~~1: �oNX�þ��µ,���σ2,(X1, · · · ,Xn)��goN��
�§K
(1)E (X ) = µ;
(2)oNX�k��:Ýmk = E (X k)�3§K��k��:ÝAk÷
vE (Ak) = mk .

)))µÏ�E (Xi ) = E (X ) = µ,D(Xi ) = D(X ) = σ2, i =
1, · · · , n,�X1, · · · ,Xn�pÕá§K
E (X ) = 1

n

∑n
i=1 E (Xi ) = 1

n

∑n
i=1 µ = µ,¤±X´µ�Ã �O"

E (Ak) = E ( 1
n

∑n
i=1 X

k
i ) = 1

n

∑n
i=1 E (X k

i ) = mk ,¤±Ak´mk�Ã
 �O"
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2.eE (θ̂) 6= θ,K¡§´k �§�¡¼êb(θ, θ̂) = E (θ̂)− θ
�θ̂� .

3.ek��θ��Oθ̂n = θ̂n(X1, · · · ,Xn),é��θ ∈ Θ÷
v lim

n→∞
Eθ(θ̂n) = θ§= lim

n→∞
bn = 0,K¡θ̂n�θ�ìCÃ �O

þ"
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~~~2µµµ(Y)

�yS2 = 1
n−1

∑
i=1 (Xi − X )

2
§S̃2 = 1

n

∑n
i=1(Xi − X )2 ´Ä

�σ2�Ã �O"

)))µdTh1.2�E (S2) = σ2,¤±S2´σ2�Ã �O"
E (S̃2) = E (n−1

n S2) = n−1
n σ2 6= σ2§¤±S̃2Ø´σ2�Ã �O§

 �E (S̃2)− σ2 = (n−1
n − 1)σ2 = −σ2

n "

� lim
n→∞

E (S̃2) = σ2§¤±S̃2´σ2�ìCÃ �O.



ëê�O
1�! Ý�OÚ4�q,�O
1�! �Oþ�`û5OK
1n! Rao–Cramer Ø�ª

1�! �Oþ�`û5OK

4.eéθ�?�¢�¼êg(θ),XJ�3�OþT (X1, · · · ,Xn), ¦
�é��θ ∈ Θ, kEθ(T ) = g(θ),Kg(θ)¡���O¼ê.
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~~~3µ�(X1, · · · ,Xn)´l��oNN(µ, σ2)¥Ä������,d

½n�X ∼ N(µ, σ
2

n ), (n − 1)S2/σ2 ∼ χ2(n − 1). �,X´µ��

�Ã �O,�X
2
Ø´µ2�Ã �O,

Eµ(X
2
) = DX + (EX )2 =

σ2

n
+ µ2 6= µ2.

Ó�,�,S2´σ2���Ã �O,�S�Ø´σ�Ã �O.¯¢
þ

Eσ(
√
n − 1S/σ) =

∫∞
0

√
x · x

n−1
2 −1

2
n−1

2 Γ( n−1
2

)
e−

x
2 dx

= 1

2
n−1

2 Γ( n−1
2

)
2

n
2 Γ(n2 )

=
√

2Γ( n
2

)

Γ( n−1
2

)
,

=Eσ(S) = σ[
√

2
n−1

Γ( n
2

)

Γ( n−1
2

)
] 6= σ.
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��,SØ´σ�Ã �O,§� �

b(σ, S) = σ[

√
2

n − 1

Γ(n2 )

Γ(n−1
2 )
− 1].

�N´dù�k �O?U��σ�Ã �O

σ̂ =

√
n − 1

2

Γ(n−1
2 )

Γ(n2 )
S .
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555µµµ(1)eθ̂´θ�k �O§�E (θ̂) = a + bθ,(a,b 6= 0�~ê),K

�±�E��θ�Ã �Oθ̂∗ = θ̂−a
b "

(2)eθ̂´θ�Ã �O§Ø
f´�5¼ê	§¿ØUí
Ñf (θ̂)´f (θ)�Ã �O"
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~~~4. �oNXÑlþ!©Ù,�Ý¼ê�

f (x ; θ) =

{
1
θ , 0 < x < θ;
0, Ù§,

(X1, · · · ,Xn)´�gù�oN�����§
(1)¦θ�Ý�O, �yÃ 5"
(2)¦θ�MLE, �yÃ 5"

)))µµµduEX = θ
2 ,�θ̂ = 2X´θ�Ý�O,�§´Ã �.

dc�θ̂L = X(n)´θ�4�q,�O.

Eθ(θ̂L) =
∫ θ

0 x · nθ ( xθ )n−1dx = n
n+1θ, =θ̂LØ´θ�Ã �

O,�θ̂L´θ�ìCÃ �O.
dθ̂L = X(n)�±�Eθ���Ã �Oþθ̂

∗ = n+1
n X(n).
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�Äθ�ùü�Ã �Oþθ̂�θ̂∗���,

Dθ(θ̂) = Dθ(2X ) = 4Dθ(X ) = 4
nDθ(X ) = θ2

3n ;

Dθ(θ̂L) =
∫ θ

0 x2 · n xn−1

θn dx − ( n
n+1θ)2

= nθ2

(n+1)2(n+2)
,

¤±

Dθ(θ̂∗) = Dθ(
n + 1

n
θ̂L) =

(n + 1)2

n2
Dθ(θ̂L) =

θ2

n(n + 2)
.

w,,Dθ(θ̂∗) ≤ Dθ(θ̂),
��né�

�,klimn→∞
Dθ(θ̂∗)

Dθ(θ̂)
= limn→∞

3
n+2 = 0. ��θ̂∗Úθ̂���Ñ3ë

êý�θ�±�ÅÄ,�θ̂∗'θ̂���8¥,��θ��Oþ,
θ̂∗'θ̂Ð.
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���!!!������������������ÃÃÃ   ���OOO

1.½Âµ�T1(X1, · · · ,Xn)���¼êg(θ)�Ã �Oþ,eéu
?¿�θ ∈ ΘÚ?¿�g(θ)�Ã �OþT (X1, · · · ,Xn),Ñk

Dθ[T1(X1, · · · ,Xn)] ≤ Dθ[T (X1, · · · ,Xn)],

K¡T1(X1, · · · ,Xn)´g(θ)� ������������������ÃÃÃ   ���OOOþþþ,{P
�UMVUE.

PU
∆
= {T : Eθ(T ) = g(θ),Dθ(T ) <∞, é�� θ ∈ Θ}, ���

¼êg(θ)���k��Ã �Oþ�8Ü.

U0
∆
= {T : Eθ(T ) = 0,Dθ(T ) <∞, é�� θ ∈ Θ}, �êÆÏ"

�",��k���Oþ�8Ü.
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2.½½½nnn: �T1 ∈ U,KT1´g(θ)�������Ã �O�¿�^
��:é��θ ∈ ΘÚT0 ∈ U0,kEθ(T1T0) = 0.

3.íííØØØ: �T1,T2©O´ëêθ���¼êg1(θ), g2(θ)�����
��Ã �Oþ, Kb1T1 + b2T2´b1g1(θ) + b2g2(θ)�����
��Ã �Oþ, Ù¥b1, b2��½~ê.

4.½½½nnn: U , {T : Eθ(T ) = g(θ),Varθ(T ) <∞,∀θ ∈ Θ}, K�õ
�3��g(θ)�������Ã �Oþ.
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nnn!!!���ÜÜÜ���OOOþþþ

1.½½½ÂÂÂµ�Tn = Tn(X1, · · · ,Xn)´g(θ)��Oþ, eé?
Ûθ ∈ Θ, Tn�VÇÂñug(θ),K¡Tn´g(θ)����ÜÜÜ���OOO"

555µµµ(1),�«Lãµ∀ε > 0, limn→∞ P{|Tn − g(θ)| ≥ ε} = 0.

(2)�Ü5´34�¿ÂeÚ\�§·^����¹"

(3)eTn±VÇ1(A�??)Âñug(θ),
=Pθ{limn→∞ Tn(X1, · · · ,Xn) = g(θ)} = 1, K¡Tn´g(θ)�rrr���
ÜÜÜ���OOO"

(4)eTn´g(θ)�r�Ü�O,§�´g(θ)��Ü�O.
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2.yyy²²²���ÜÜÜ���OOO������{{{

(1)½Â§|^�'ÈÅØ�ªP{|X − EX | ≥ ε} ≤ DX
ε2 .

(2)½n§�Tn´g(θ)����Oþ§elimn→∞ ETn = g(θ),
limn→∞DTn = 0,KTn´g(θ)��Ü�O"
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~~~5µµµ �oNXÑlþ!©Ù,�Ý¼ê�

f (x ; θ) =

{
1
θ , 0 < x < θ;
0, Ù§,

(X1, · · · ,Xn)´�gù�oN�����§y²µθ̂ = X(n)´θ�
�Ü�O"
)µθ̂ = X(n)��Ý¼ê�

fn(x ; θ) =

{
n( xθ )n−1 1

θ = n
θn x

n−1, 0 < x < θ;
0, Ù§,

E (θ̂) =
∫ θ

0 x · n
θn x

n−1dx = n
n+1θ,

E (θ̂2) =
∫ θ

0 x2 · n
θn x

n−1dx = n
n+2θ

2,

D(θ̂) = E (θ̂2)− [E (θ̂)]2 = n
n+2θ

2 − [ n
n+1θ]2 = n

(n+1)2(n+2)
θ2
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(���{{{1)
Ï�limn→∞ E (θ̂) = θ, lim

n→∞
D(θ̂) = 0 ¤±d½nθ̂ = X(n)´θ�

�Ü�O"
(���{{{2)

P{|θ̂ − θ| ≥ ε} = P{|θ̂ − n
n+1θ −

1
n+1θ| ≥ ε}

≤ P{|θ̂ − n
n+1θ|+

1
n+1θ ≥ ε}

= P{|θ̂ − n
n+1θ| ≥ ε−

1
n+1θ}

= P{|θ̂ − E (θ̂)| ≥ ε− 1
n+1θ}

≤ D(θ̂)

(ε− 1
n+1

θ)2

= nθ2

(n+1)2(n+2)(ε− 1
n+1

θ)2

−→ 0, n→∞
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1�! �Oþ�`û5OK

3.½½½nnn: �(X1, · · · ,Xn)´�gäk©Ùx{F (x ; θ) : θ ∈ Θ}�o
NX�����, eE |X |p <∞, Ù¥p´,���ê,K��
�k��:Ý(1 ≤ k ≤ p) Ak = 1

n

∑n
i=1 X

k
i ´oNk�

Ýαk = Eθ(X k)��Ü�O.

4.½½½nnn: XJTn´θ��Ü�Oþ,g(x)3x = θëY,Kg(Tn)�
´g(θ)��Ü�Oþ.
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111nnn!!! Rao–Cramer ØØØ���ªªª
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1n! Rao–Cramer Ø�ª

���. Rao–Cramer ØØØ���ªªª

1.½½½ÂÂÂµeüëê©Ù�Ýx(½üëêVÇ©Ù
x){f (x ; θ) : θ ∈ Θ}÷vXe^�µ
(1)ëê�mΘ´ê¶þ���m«m;

(2)�ê∂f (x ;θ)
∂θ é��θ ∈ ΘÑ�3;

(3)8ÜSθ
∆
= {x : f (x ; θ) > 0}�θÃ'(Sθ¡�| );

(4) ∂
∂θ

∫
f (x ; θ)dx =

∫ ∂f (x ;θ)
∂θ dx = 0,é��θ ∈ Θ;

(5)é?θ ∈ Θ,k

0 < I (θ)
∆
= Eθ[ ∂∂θ ln f (X ; θ)]2

=
∫

(∂ ln f (x ;θ)
∂θ )2f (x ; θ)dx ,

K¡ù�©Ù�Ýx(VÇ©Ùx)�Rao–Cramer ���KKK©©©ÙÙÙxxx,Ù
¥^�(1)–(5) ¡����KKK^̂̂���, I (θ)¡�T©Ù�Ýx�Fisher&
E¼ê.
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1n! Rao–Cramer Ø�ª

1n! Rao–Cramer Ø�ª

~~~1µ�yPoisson©Ùx
{f (x ;λ) = λx

x! e
−λ, x = 0, 1, 2, · · · : λ > 0} ´Rao–Cramer�K©

Ùx.
)µ(1)ëê�m{λ > 0}´�m«m;

(2) ∂f (x ;θ)
∂λ = λx−1

x! (x − λ)e−λ,é��λ > 0�3;
(3) f (x ;λ) > 0,é���K�êx9λ¤á;
(4)

∞∑
x=0

λx−1

x!
(x − λ)e−λ =

∞∑
x=1

λx−1

(x − 1)!
e−λ −

∞∑
x=0

λx

x!
e−λ = 1− 1 = 0;

(5) ln f (x ;λ) = x log λ− ln x!− λ, ∂ log f (x ;λ)
∂λ = x

λ − 1, Ïd

Eλ[
∂ ln f (X ;λ)

∂λ
] = 0, I (λ) = Eλ[

∂ ln f (X ;λ)

∂λ
]2 = Dλ(

X

λ
− 1) =

1

λ
,

�Poisson©Ùx´Rao–Cramer�K©Ùx.
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1n! Rao–Cramer Ø�ª

~~~2µµµ��©Ùx{N(µ, 1) : −∞ < µ <∞}´Rao–Cramer�K©
Ùx.
))):é¤�Ä���©Ù�Ý

f (x ;µ) =
1√
2π

e−
1
2

(x−µ)2
,

^�(1)–(4)´w,÷v�,�I�y^�(5)�÷v.¯¢þ,du

∂ ln f (x ;µ)

∂µ
= x − µ,

�

Eµ[
∂ ln f (X ;µ)

∂µ
]2 = Eµ(X − µ)2 = Dµ(X ) = 1.

¤±��©Ùx{N(µ, 1) : −∞ < µ <∞}´Rao–Cramer�K©
Ùx.
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555µµµ

(1)~^�üëê©ÙxÑ´Rao–Cramer�K©Ùx,�þ!©Ù
x{U(0, θ) : θ > 0} Ø´Rao–Cramer�K©Ùx, Ï�§�|
 Sθ = {x : f (x ; θ) > 0}´���6uθ�m«m.

(2)O�I (θ)���{B�{µI (θ) = −Eθ
(
∂2 ln f (X ;θ)

∂θ2

)
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1n! Rao–Cramer Ø�ª
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2.½½½nnnµ(Rao–CramerØ�ª) �oNX�VÇ©Ù�Ý
x{f (x ; θ) : θ ∈ Θ}´Rao–Cramer�K©Ùx,��¼
êg(θ)´Θþ���¼ê,(X1, · · · ,Xn)´�goNX����
�.eT (X1, · · · ,Xn)´g(θ)���Ã �Oþ,�é��θ ∈ Θ,÷
v

∂
∂θ

∫
T (x1, · · · , xn)L(x1, · · · , xn; θ)dx1 · · · dxn

=
∫
T (x1, · · · , xn) ∂∂θL(x1, · · · , xn; θ)dx1 · · · dxn,

, (∗)

Ù¥L(x1, · · · , xn; θ) =
∏n

i=1 f (xi ; θ)´��(X1, · · · ,Xn)�éÜ©
Ù�Ý¼ê. Ké��θ ∈ Θ,k

Dθ(T ) ≥ [g ′(θ)]2

nI (θ)
(1)

Ù¥I (θ)´T©Ùx�Fisher&E¼ê.
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1n! Rao–Cramer Ø�ª

AO�g(θ) = θ�, Dθ(T ) ≥ 1
nI (θ) .

XJ(1)¥�Ò¤á, K∃C (θ) 6= 0, s.t.

∂ ln L(x1, · · · , xn; θ)

∂θ
= C (θ)[T (x1, . . . , xn)− g(θ)]a.s.

555µµµ (1)¡÷vþã½n¥�K^���OþT��5�Oþ"

(2)¡Rao—CramerØ�ª¤5½�e.�C–Re..

(3)e��Ã �OT�����ù�e.,�g(θ)���Ã �
OÑ÷v^�(*),KTÒ´g(θ)�UMVUE.

(4)lÑ5oNµ�Ý¼ê→VÇ©Ù, È©→¦Ú
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(5)nI (θ)��, Varθ(T )��e.�$, =g(θ)�U��O��O
(. ¤±I (θ)3�½¿ÂþL«éX?1*ÿ¤Jø�'u��
ëêθ�²þ&E.

(6)C-RØ�ª�éC-R�Kx¤á. X½n¥^���Ø÷v,
C-RØ�ª�UØ¤á.
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1n! Rao–Cramer Ø�ª

~: �(X1, ...,Xn)´oNX�����, X��Ý¼ê�

f (x ; θ) = e−(x−θ), x > θ.

Ï�{x : f (x ; θ) > 0} = {x > θ}, ¤±Ø´C-R�Kx.
/ªþO�C-Re.:

I (θ) = E

[
∂ ln f (X ; θ)

∂θ

]2

= E (1) = 1, e.
1

n

θ̂ = X(1) −
1

n
, f (t; θ) = ne−(nt−nθ+1), t > θ − 1

n
.

E (θ̂) = θ, E (θ̂2) = θ2 +
1

n2
, D(θ̂) =

1

n2
<

1

n
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~3:�oNXäkBernoulli©Ù
x{b(1, p) : p ∈ (0, 1)}, (X1, · · · ,Xn)´�gù�oN���,
¦p��5Ã �O���e..
): N´�yBernoulli©Ùx´Rao–Cramer�K©Ùx,k

f (x ; p) = px(1− p)1−x , x = 0, 1, 0 < p < 1,

�

I (p) =
∑1

x=0
[
∂ ln f (x ; p)

∂p
]2f (x ; p) =

1

p(1− p)
,

�p��5Ã �O���e.�

1

nI (p)
=

p(1− p)

n
.

p̂ = X´p�Ã �O,
D(X ) = p(1−p)
n ��Rao–CramerØ�ª

�e..
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~~~4µµµ�X��Ý¼ê�f (x ;λ) =

{
λe−λx , x > 0;
0, x ≤ 0,

,

(X1, · · · ,Xn) ´�goNX���,��ëêλ > 0, ¦��¼
êg(λ) = 1

λ��5Ã �Oþ�C–Re..

)µ�ê©Ùx´Rao–Cramer�K©Ùx§��x > 0�§

ln f (x ;λ) = −λx + lnλ

∂2 ln f (x ;λ)

∂λ2
=
∂2(−λx + lnλ)

∂λ2
=

∂

∂λ
(−x +

1

λ
) = − 1

λ2

¤±I (λ) = −E (∂
2 ln f (x ;λ)
∂λ2 ) = −E (− 1

λ2 ) = 1
λ2

C-Re.: [g ′(λ)]2

nI (λ) = 1
nλ2 .

E (X ) = E (X ) = 1
λ = u(λ), D(X ) = 1

nD(X ) = 1
n

1
λ2 = 1

nλ2 ,

X�����C-Re..
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���.kkk������OOOþþþ

1.½½½ÂÂÂµ�oNX�VÇ©Ù�Ý
x{f (x ; θ) : θ ∈ Θ}´Rao–Cramer�K©Ùx,g(θ)´��¼ê,
T = T (X1, · · · ,Xn)´g(θ)��Oþ.
(1)eEθ(T ) = g(θ),K¡

eθ(T ) =
[g ′(θ)]2

nI (θ)
/Dθ(T )

�g(θ)�Ã �OþT����ÇÇÇ.
(2)eEθ(T ) = g(θ),�eθ(T ) = 1,K¡T�g(θ)�kkk������OOOþþþ.
(3)�Tn = Tn(X1, · · · ,Xn)´g(θ)���Ã �O,e

lim
n→∞

eθ(Tn) = e0,

K¡e0�Tn�ìììCCC���ÇÇÇ;�e0 = 1�,¡Tn´g(θ)�ìììCCCkkk������OOO.
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~~~5µ�XÑlΓ(r , 1
λ),=

f (x ; θ) =

{
1

λrΓ(r)x
r−1e−

x
λ , x > 0;

0, x ≤ 0,

Ù¥r > 0®�,λ > 0��§(X1, · · · ,Xn)�X���§y
²µ 1

nr

∑n
i=1 Xi ´λ�k��O"

yyyµµµ Ï�E ( 1
nr

∑n
i=1 Xi ) = 1

nr nrλ = λ,¤± 1
nr

∑n
i=1 Xi´λ�Ã 

�O"
�y^�§§´Rao-Cramer�K©Ù
x§ln f (x , λ) = −r lnλ− ln Γ(r) + (r − 1) ln x − x

λ , K

∂ ln f (x ;λ)

∂λ
= − r

λ
+

x

λ2
,
∂2 ln f (x ;λ)

∂λ2
=

r

λ2
− 2x

λ3
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¤±

I (λ) = −E (
r

λ2
− 2X

λ3
) = − r

λ2
+

2λr

λ3
=

r

λ2

¤±C-Re.� 1
nI (λ) = 1

n r
λ2

= λ2

nr


D( 1
nr

∑n
i=1 Xi ) = 1

n2r2

∑n
i=1 D(Xi ) = nrλ2

n2r2 = λ2

nr��C-Re.§

¤± 1
nr

∑n
i=1 Xi ´λ�k��O"
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2.½½½ÂÂÂµé��¼êg(θ)�?¿ü�Ã �OþT1ÚT2, ¡

e(T1|T2) =
Dθ(T1)

Dθ(T2)

��OþT1'uT2����ééé���ÇÇÇ;XJe(T1|T2) < 1,K¡T1'T2

k�.

555µµµ�Ò´eD(T1) < D(T2),KT1'T2k�"
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1o! Rao–Blackwell½n

1.½½½nnn(Rao-Blackwell½n) �T (X1, ...,Xn)´©Ù
x{F (x ; θ) : θ ∈ Θ} ���¿©ÚOþ§V´g(θ)���Ã �
Oþ§K

V0 = V0(T ) = E (V |T )

´g(θ)���Ã �Oþ�Varθ(V0) ≤ Varθ(V ), ∀θ ∈ Θ. Ù¥�
Ò¤á�¿�^�´V3a.s.¿Âe´T�¼ê.
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555: (1) ½nJø
�«Uõ�O��{§e®��Ã �O
þ§K��E�#�Ã �Oþ�Ù��'��Oþ����¶
(2) ������Ã �Oþ(UMVUE)�½´¿©ÚOþ�¼
ê§ÄKU½n��{��E'��Oþk������O¶
(3) eg(θ)�d¿©ÚOþ�E�Ã �Oþ´a.s.���, Kd
Ã �Oþ�½´������Ã �Oþ.
(4) d¿©ÚOþ�E�Ã �Oþ�¿©Ã �Oþ.
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1o! Rao–Blackwell½n

2.½½½nnn 3Rao-Cramer�K^�e, g(θ)�Ã �O
þT (X1, ...,Xn)´k��Oþ§KT (X1, ...,Xn)´¿©ÚOþ.

3.½½½nnn(Lehmann-Scheffe½n) �(X1, ...,Xn)´�g©Ù
x{F (x ; θ) : θ ∈ Θ}�����, T (X1, ...,Xn)´θ�¿©��ÚO
þ. XJ����6uT (X1, ...,Xn)��O
þh[T (X1, ...,Xn)]�g(θ)�Ã �O§K§´g(θ)������
����Ã �Oþ.
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1o! Rao–Blackwell½n

~~~1µµµ�(X1, ...,Xn)´�gü:©Ùx{b(1, p) : 0 < p < 1}��
���, ¦p�������Ã �Oþ.

~~~2µµµ�(X1, ...,Xn)´�gþ!©Ùx{U(0, θ) : 0 < θ < 1}��
���, ¦θ�������Ã �Oþ.

~~~3µµµ�(X1, ...,Xn)´�gëê�λ�Poisson©Ù�����, Ù

¥λ > 0���ëê, ¦Pλ(k) = λk

k! e
−λ, k = 0, 1, 2...������

�Ã �Oþ.
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���.'''uuuoooNNN���bbb������±±±©©©���üüü���aaa

(�)�oNX�©ÙF (x ; θ)a.®�§Ù¥ëêθ��§=é��
ëêθJÑb�§¡ùab��ëêb�u�"

(�)�oNX�©Ù��§�é��©Ù¼êa.½§�,
A
�JÑb�§¡ùab���ëêb�u�"
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~~~1µ,h¬úi�×CdwhI½­þ�10Kg§u�Ü�l½
|þ�ÅÄ�10×§¡�­þ©O�10.2, 9.7, 10.1, 10.3, 10.1,
9.8, 9.9, 10.4, 10.2, 9.8, b�z×h¢S­þX ∼ N(µ, σ2), Ù
¥σ = 0.1,¯Túi�×Ch�­þ´ÄÎÜIOº

~~~2µ�l,Ö¥Ä�100�§P¹��¥<M�Ø��ê§U
Ä@���<M�Ø��êXÑlÑt©Ùº

b�u�µ�âloN¥�����*ÿ�5�äb�´Ä¤á
��«§S.

�b�("b�)µ�âu�(JO��±áý½Ø�áý(�±
�Â)�b�, ±H0L«.

�Jb�(éáb�)µ��b�Ø�N�b�, ±H1L«.



b�u�
1�! Ä�Vg
1�! ëêb�u�

1�! Ä�Vg

���.bbb���uuu���ggg���
1. läN¯KÑu§�E·��ÚOþT (X1, . . . ,Xn), ò�
�(X1, . . . ,Xn)¥�¹�k'&E8¥3�å.

2. u�: �½��ä5K, ¦�â��*ÿ�(x1, ..., xn)��Ñ´
Äáý�b�H0�û½, z�ù��5KÒ´�«u�.

W : áý�¶W : �É�¶u�¼ê: áý�W�«5¼ê.

φ(x1, ..., xn) =

{
1, (x1, ..., xn) ∈W

0, (x1, ..., xn) ∈W

W = {(x1, ..., xn) : φ(x1, ..., xn) = 1, (x1, ..., xn) ∈ χ}
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3. �½ÚOþT�§(½�.�c.

(1) �Kµ�g*ÿ¥�VÇ¯�u)��U5é�.

~~~: �oNX ∼ N(µ, 1), Ù¥µ���ëê, �Äb�u�¯K:

H0 : µ = 0, H1 : µ 6= 0.

Ä���(X1, . . . ,X10), -T = X��u�ÚOþ, �d��*ÿ
���x̄ = 0.8, �ä´ÄáýH0.
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(2) wÍ5Y²µézgu�§(½���α, ��¯�u)�V
Ç�udα�§Ò@�´���VÇ¯�§¡dα�u��wÍ
5Y².
éþ~§�½wÍ5Y²α, 3�b�¤á�^�
e§X ∼ N(0, 1n ),

P(|X | ≥ c) = α, P(
√
n X ≥

√
nc) =

α

2
,

∴ P(
√
n X <

√
nc) = 1− α

2
, ∴ c =

u1−α
2√
n

n = 10,�α = 0.05,⇒ c = 0.62,

�T (x1, ..., xn) = X (x1, ..., xn) ≥ 0.62�§áý�b�H0.
5µ�É�b�Ø´3Ü6þy²
�b���(§�du��
��Å5§Ø¿�X§�½´�(�b�.
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nnn.üüüaaa���ØØØ
1.�b�H0�(�,du����Å5
á\
áý�,Ï
�Ñ
áýH0��Ø�ä,¡§�
111���aaa���ØØØ,P�1�a�Ø�VÇ
�α§(áý�Ø)

P{áýH0|H0�(} = α

2.éáb�H1�(,du����Å5
á\�É�,Ïd�Ñ�
É�b�H0��Ø�ä,¡§�
111���aaa���ØØØ,P�1�a�Ø�
VÇ�β,(B��Ø)

P{�ÉH0|H1�(} = β

5µ�1�a�ØVÇ����Ò´u��wÍY².
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H
HHH

HHH
HHH

HH

oN

��

�ÉH0

áýH0

�(

1�a�Ø

1�a�Ø

�(

H0�( H1�(

3.��Ä���1�a�Ø�VÇα,
Ø�Ä�1�a�Ø�V
Ç,ù��u�¡�wÍ5Y²�α�wÍ5u�.
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4.wÍ5u����Ú½
(1) JÑb�µ�â¯K��¦ïá�b�H0Úéáb�H1;
(2) ÀÚOþµ�âH0�SNÀ���Ü·�u�ÚOþT ,(½
§�Ä�©Ù,�ÑÄ�©Ù�© ê;
(3) �½wÍY²µα��������,X0.05, 0.01, 0.10�;
(4) (½áý�µ3�b�H0�(�^�e,¦ÑU¦

P{(X1, · · · ,Xn) ∈W |H0} ≤ α

¤á�áý�W ,áý�W�¤À�ÚOþTÚb�k',~^u
�ÚOþTÚ�A��.�cL«.
(5) éH0�Ñíäµ'�u�ÚOþT�*ÿ�tÚ�A��.
�c ,w��*ÿ�´Äá\áý�. XJ��*ÿ
�(x1, · · · , xn) ∈W ,Káý�b�H0,ÄK�ÉH0.
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���.êêêÆÆÆÏÏÏ"""���uuu���
1. Uuuu���µ�X ∼ N(µ, σ20),(X1, · · · ,Xn)��goN���,Ù
¥σ20®�§�u�
(1) H0 : µ = µ0 ←→ H1 : µ 6= µ0

�H0¤á�,X ∼ N(µ0,
σ2
0
n ),KX−µ0

σ0

√
n ∼ N(0, 1).

�U = X−µ0
σ0

√
n�u�ÚOþ§é�½�wÍ5Y²α, �¦

P{(X1, · · · ,Xn) ∈W |H0} = α,

Ak
P{u1 < U < u2|H0} = 1− α.

duU ∼ N(0, 1)äké¡5,���

P{|U| > u1−α
2
|H0} = α.

Ù¥uα´IO��©Ù�α© ê.
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Ïd��u��áý��

W = {(x1, · · · , xn) : |u| =
|x − µ0|
σ0

√
n > u1−α

2
}

= {u < uα
2
½ u > u1−α

2
}

O�U�*ÿ�u,�L��u1−α
2
"

e|u| > u1−α
2

,Káý�b�H0,=@�oN�êÆÏ"µ�µ0�m

kwÍ�É¶
ÄK, e|u| ≤ u1−α

2
, K�ÉH0, =@�*ÿ(J��b�H0Ãw

Í�É.
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(2) H0 : µ = µ0 ←→ H1 : µ > µ0

�U = X−µ0
σ0

√
n�u�ÚOþ§é�½�wÍ5Y²α, d

P{U > u1−α|H0} = α.

�L��.:u1−α, �áý��W = {u > u1−α},,�O�u§
eu > u1−α,KáýH0,ÄK�ÉH0.
(3) H0 : µ = µ0 ←→ H1 : µ < µ0

�U = X−µ0
σ0

√
n�u�ÚOþ§é�½�wÍ5Y²α, d

P{U < uα|H0} = α.

�L��.:uα, �áý��W = {u < uα},,�O�u§
eu < uα,KáýH0,ÄK�ÉH0.



b�u�
1�! Ä�Vg
1�! ëêb�u�

1�! ëêb�u�

555µµµ

(a)ù«u��Uu�¶

(b) (1)�Výu�§(2),(3)�üýu�
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~~~1µ�½pnÆ).�¬�§êÆ¤1�²þ©�70©§�Å
Ä�10¶I)�¬�¤1Xe§

65, 72, 89, 56, 79, 63, 92, 48, 75, 81,

e®�I)�¬�¤1Ñl��©Ù§�IO��10©§¯I)
�¬�²þ¤1´Ä�70©º(α = 0.05)

)))µ�H0 : µ = 70, H1 : µ 6= 70

æ^Uu�§À�ÚOþU = X−µ0
σ0

√
n, �H0¤á�, U∼N(0, 1)

é�½�wÍ5Y²α,dP{|U| > u0.975|H0} = 0.05§�L
�u1−α

2
= u0.975 = 1.96

¤±áý��W = {|u| > 1.96},

|u| = |x−µ0|

σ0

√
n = |72−70|

10

√
10 = 0.63 < u0.975

¤±�ÉH0,=3wÍ5Y²0.05e�±@�I)�¬�²þ¤
1�70©"
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~~~1µ�½pnÆ).�¬�§êÆ¤1�²þ©�70©§�Å
Ä�10¶I)�¬�¤1Xe§

65, 72, 89, 56, 79, 63, 92, 48, 75, 81,

e®�I)�¬�¤1Ñl��©Ù§�IO��10©§¯I)
�¬�²þ¤1´Ä�70©º(α = 0.05)

)))µ�H0 : µ = 70, H1 : µ 6= 70

æ^Uu�§À�ÚOþU = X−µ0
σ0

√
n, �H0¤á�, U∼N(0, 1)

é�½�wÍ5Y²α,dP{|U| > u0.975|H0} = 0.05§�L
�u1−α

2
= u0.975 = 1.96

¤±áý��W = {|u| > 1.96},

|u| = |x−µ0|

σ0

√
n = |72−70|

10

√
10 = 0.63 < u0.975

¤±�ÉH0,=3wÍ5Y²0.05e�±@�I)�¬�²þ¤
1�70©"
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~~~2µ,�)��«��§ÙÆ·X ∼ N(µ, 2002),lL�5w§
���²þÆ·�1500h,yæ^#ó²§3¤)����¥Ä
�25�§ÿ�²þÆ·�1675h,¯æ^#ó²�§��Æ·´Ä
kwÍJpº(α = 0.05)

)))µ�H0 : µ = 1500, H1 : µ > 1500

æ^Uu�§À�ÚOþU = X−µ0
σ0

√
n �H0¤á�, U∼N(0, 1)

é�½�wÍ5Y²α,áý��W = {u > u1−α}
�L�u1−α = u0.95 = 1.645

u = x−µ0

σ0

√
n = 1675−1500

200

√
25 = 4.375 > 1.645

¤±áýH0,@���Æ·kwÍJp"



b�u�
1�! Ä�Vg
1�! ëêb�u�

1�! ëêb�u�

~~~2µ,�)��«��§ÙÆ·X ∼ N(µ, 2002),lL�5w§
���²þÆ·�1500h,yæ^#ó²§3¤)����¥Ä
�25�§ÿ�²þÆ·�1675h,¯æ^#ó²�§��Æ·´Ä
kwÍJpº(α = 0.05)

)))µ�H0 : µ = 1500, H1 : µ > 1500

æ^Uu�§À�ÚOþU = X−µ0
σ0

√
n �H0¤á�, U∼N(0, 1)

é�½�wÍ5Y²α,áý��W = {u > u1−α}
�L�u1−α = u0.95 = 1.645

u = x−µ0

σ0

√
n = 1675−1500

200

√
25 = 4.375 > 1.645

¤±áýH0,@���Æ·kwÍJp"
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2. tuuu���µ�X ∼ N(µ, σ2),(X1, · · · ,Xn)��goN���,Ù
¥σ2��§�u�
(1)H0 : µ = µ0 ←→ H1 : µ 6= µ0

À�ÚOþT = X−µ0
S

√
n

H0∼ t(n − 1)£^�����OoN�
�¤

é�½�wÍ5Y²α, dP{|T | > t1−α
2

(n − 1)|H0} = α�L¦

ÑT�Vý© :, �áý�W = {|t| > t1−α
2

(n − 1)}, ed��
*ÿ�O�|t| > t1−α

2
(n − 1), KáýH0, ÄK�ÉH0.
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555µµµ

(1)ù«u�¡�Výtu�.

(2)üýtu�
H0 : µ = µ0, H1 : µ > µ0,áý��W = {t > t1−α(n − 1)}
H0 : µ = µ0, H1 : µ < µ0,áý��W = {t < tα(n − 1)}
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~~~3µ,«g5rÝXÑl��©Ù§�EX = 50(Kg/mm2),8U
Cõg��|^#{õ
9¬g§lù9¬g¥z¬Ä��§ÿ�
rÝ©O�µ
56.01§52.45§51.53§48.52§49.04§53.38§54.02§52.13§52.15§
¯æ^#{Ùg5rÝþ�´Äk²wJpº(α = 0.05)
)))µ�H0 : µ = 50, H1 : µ > 50

oN����§À�ÚOþT = X−µ0
S

√
n.

éwÍ5Y²α = 0.05,�L�t0.95(8) = 1.86, Ï
áý�
�W = {t > 1.86},
d���x̄ = 52.14,s = 2.24,Kt = 52.14−50

2.24

√
9 = 2.87 > 1.86

¤±áýH0,=@�rÝk²wJp"
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~~~3µ,«g5rÝXÑl��©Ù§�EX = 50(Kg/mm2),8U
Cõg��|^#{õ
9¬g§lù9¬g¥z¬Ä��§ÿ�
rÝ©O�µ
56.01§52.45§51.53§48.52§49.04§53.38§54.02§52.13§52.15§
¯æ^#{Ùg5rÝþ�´Äk²wJpº(α = 0.05)
)))µ�H0 : µ = 50, H1 : µ > 50

oN����§À�ÚOþT = X−µ0
S

√
n.

éwÍ5Y²α = 0.05,�L�t0.95(8) = 1.86, Ï
áý�
�W = {t > 1.86},
d���x̄ = 52.14,s = 2.24,Kt = 52.14−50

2.24

√
9 = 2.87 > 1.86

¤±áýH0,=@�rÝk²wJp"
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���.���������uuu���
�X ∼ N(µ, σ2),(X1, · · · ,Xn)��goN���,�u
�H0 : σ2 = σ20 ←→ H1 : σ2 6= σ20

(1)eµ = µ0®�,�H0¤á�,À�ÚOþ

χ2 =

∑n
i=1(Xi − µ0)2

σ20
∼ χ2(n)

�é�½�wÍ5Y²α,dP(k1 < χ2 < k2) = 1− α(½k1, k2§
�áý�

W = {(x1, · · · , xn) : χ2 < χ2
α
2

(n)½χ2 > χ2
1−α

2
(n)}.

Ù¥χ2
α(n)´χ2(n)©Ù�α© ê.
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1�! ëêb�u�

(2)eµ��,^X�Oµ,À�ÚOþ

χ2 =

∑n
i=1(Xi − X )2

σ20
∼ χ2(n − 1)

é�½�wÍ5Y²α,áý��

W = {(x1, · · · , xn) : χ2 < χ2
α
2

(n − 1)½χ2 > χ2
1−α

2
(n − 1)}.
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1�! ëêb�u�

~~~4: ,«���¦Ù>{�IO�Ø��L0.005Ω,83)��
�1��¥��¬9�§ÿ�S = 0.007Ω,¯3α = 0.05e§U@
�ù1�����wÍ �íº
)µ�H0 : σ2 = (0.005)2H1 : σ2 > (0.005)2

µ��§�ÚOþχ2 = (n−1)S2

σ2
0

H0∼ χ2(9− 1)

dα = 0.05,�L�χ2
0.95(8) = 15.5,¤±áý�W = {χ2 > 15.5}

d��χ2 = 8∗0.0072
0.0052

= 15.68 > 15.5,¤±áýH0,@�ù1���
�wÍ �"
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~~~4: ,«���¦Ù>{�IO�Ø��L0.005Ω,83)��
�1��¥��¬9�§ÿ�S = 0.007Ω,¯3α = 0.05e§U@
�ù1�����wÍ �íº
)µ�H0 : σ2 = (0.005)2H1 : σ2 > (0.005)2

µ��§�ÚOþχ2 = (n−1)S2

σ2
0

H0∼ χ2(9− 1)

dα = 0.05,�L�χ2
0.95(8) = 15.5,¤±áý�W = {χ2 > 15.5}

d��χ2 = 8∗0.0072
0.0052

= 15.68 > 15.5,¤±áýH0,@�ù1���
�wÍ �"
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nnn.êêêÆÆÆÏÏÏ"""���'''���
�(X1, · · · ,Xn1), (Y1, · · · ,Yn2)´©O�g��oNN(µ1, σ

2
1),

N(µ2, σ
2
2)�ü�{ü�Å��,
�b�ùü����m�´�

pÕá�.©O^X ,Y ,S2
1 ,S

2
2L«ùü����þ�Ú��

X =
1

n1

n1∑
i=1

Xi , Y =
1

n2

n2∑
j=1

Yj ,

S2
1 =

1

n1 − 1

n1∑
i=1

(Xi − X )2, S2
2 =

1

n2 − 1

n2∑
j=1

(Yj − Y )2.

H0 : µ1 = µ2 ←→ H1 : µ1 6= µ2



b�u�
1�! Ä�Vg
1�! ëêb�u�

1�! ëêb�u�

(1)®�σ21, σ
2
2

�ÄX − Y ,du�½ü����m�Õá5,

E (X − Y ) = µ1 − µ2,

D(X − Y ) =
σ21
n1

+
σ22
n2
.

Ïd3�b�H0 (µ1 = µ2)¤á�,ÚOþ

U =
X − Y√
σ2
1

n1
+

σ2
2

n2

∼ N(0, 1).

ÄK,UÑlþ�Ø�"���©Ù.�é�½�wÍ5Y²α,A
�áý�W = {|u| > u1−α

2
}.
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(2) σ21 = σ22 = σ2(�������)

aquc¡tu�¥�?Ø,�oN�����,AT^�����
OoN��,
�du�½ü�oN�����,·�^ü���

�Ü¿��S2
w =

(n1−1)S2
1+(n2−1)S2

2
n1+n2−2 �Oσ21 = σ22. d½n

X − Y − (µ1 − µ2)

Sw

√
1
n1

+ 1
n2

∼ t(n1 + n2 − 2).

Ïd3�b�H0 (µ1 = µ2)¤á�,ÚOþ

T =
X − Y

Sw

√
1
n1

+ 1
n2

∼ t(n1 + n2 − 2)

���H0�u�ÚOþ.é�½�wÍY²α,�áý
�W = {|t| > t1−α

2
(n1 + n2 − 2)} ùÒ´ü���tu�.
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(3) σ21 6= σ22, n1 = n2 = n (�����Ø�,�������)
½ÂZi = Xi − Yi , i = 1, · · · , n, w,,Zi�pÕá.P

E (Zi ) = E (Xi − Yi ) = µ1 − µ2 = d ,

D(Zi ) = DXi + DYi = σ21 + σ22 = σ2,

KZi ∼ N(d , σ2), i = 1, · · · , n. Ïd,�duu�b�

H0 : d = 0←→ H1 : d 6= 0

ùpσ2��, dtu�,P

Z =
1

n

n∑
i=1

Zi , S2 =
1

n − 1

n∑
i=1

(Zi − Z )2,

K�H0 (d = 0)¤á�, k

T =
Z

S

√
n ∼ t(n − 1)

ùÒ´�éÁ��tu�.
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ooo. ���������'''���

H0 : σ21 = σ22 ←→ H1 : σ21 6= σ22

1. µ1, µ2®®®���

P

S∗21 =
1

n1

n1∑
i=1

(Xi − µ1)2, S∗22 =
1

n2

n2∑
i=1

(Yi − µ2)2

æ^Fu�§ÀÚOþ

F =
S∗21
S∗22

H0∼ F (n1, n2).

�é�½�wÍ5Y²α,��áý�

W = {F < Fα
2

(n1, n2)½ F > F1−α
2

(n1, n2)}
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2. µ1, µ2������

PS2
1 = 1

n1−1
∑n1

i=1(Xi − X )2, S2
2 = 1

n2−1
∑n2

i=1(Yi − Ȳ )2

æ^Fu�§ÀÚOþ

F =
S2
1

S2
2

H0∼ F (n1 − 1, n2 − 1).

�é�½�wÍ5Y²α,��áý�

W = {F < Fα
2

(n1 − 1, n2 − 1)½ F > F1−α
2

(n1 − 1, n2 − 1)}

555µFα(n1, n2) = 1
F1−α(n2,n1)
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ÊÊÊ. ���������oooNNN���ëëëêêêbbb���uuu���

1. üüü������������oooNNN���ëëëêêêuuu���
�oNX ∼ b(1, p), (X1, ...,Xn)�goNX , u�b�

H0 : p = p0 H1 : p 6= p0

∵ EX = p, Var(X ) = p(1−p),∴ U =
X − p0√
p0(1− p0)

√
n

H0∼ N(0, 1)

é�½�wÍ5Y²α, W = {|u| > u1−α
2
}.

5µþã¯K¡�'Ç�b�u�.



3.3 Neyman-Pearson基本
引理与随机化检验



2

一、功效函数

称样本观察值落在拒绝域的概率为检验的功效函数，
记为

QÎÎ= qqb q ),()( WXP

由定义知
在qÎQ0 时，β(q ) 是犯第一类错的概率.
在qÎQ1 时,1-b(q ) 是犯第二类错的概率.

功效函数是假设检验中最重要的概念之一.因为同一个原假设可以
有许多检验法，其中自然有优劣之分.这区分的依据，就取决于
检验的功效函数.
  显然，在qÎQ0 时，即H0为真时,希望功效函数β(q )尽量小.
在qÎQ1时,即H1为真时,希望功效函数β(q )尽量大.

注意: q 取值
在全空间Q
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Neyman和Pearson的假设检验理论基本思想：

  寻找先控制犯第一类错误的概率在某一个范围内，然后寻找
使犯第二类错误的概率尽可能小的检验(Neyman-Pearson原则).

即对选定的一个较小的数a(0<a<1)在满足

 β(q )≤a，qÎQ0,
的检验中，寻找在qÎQ1时,β(q )尽可能大的检验.

在qÎQ0 时,β(q )≤a的检验称为水平为a的检验.



二、 检验函数和随机化检验

检验函数定义：设j(x) 为定义在样本空间 χ 上的可测函数，满
足条件0≤j(x)≤1.在有了样本观测值x后,计算j(x),然后以
概率j(x)拒绝原假设,以概率1-j(x) 接受原假设, 则称j(x)
为检验函数.若j(x) 能取(0,1)内之值,称j(x)为随机化检验. 若
仅取0,1两个值，则称j(x)为非随机化检验，其拒绝域由满足
条件j(x)=1的那些x构成. 功效函数可写为

î
í
ì

Ï
Î

=
Wx
Wx

x
0,
1,

)(j
拒绝域

( ) ( ) [ ( )],q qb q j q= Î = ÎQP X W E X

非随机化检验函数：



三、Neyman-Pearson基本引理

最大功效检验的定义: 对如下简单假设检验，

设j(x)是该检验水平为a 的检验.如果对任意一个水平为a 的检验
j1(x)，都有

则称检验j(x)是水平为a 的最大功效检验，记为MPT.

( ) ( )
1 1 11 1 1[ ( )] [ ( )]E X E Xq q j jj j b q b q³ Û ³

0 0 1 1: :q q q q= « =H H



Neyman-Pearson基本引理:

对检验问题

)(:,: 101100 qqqqqq ¹== HH

(1)对给定的a (0<a<1)存在一个检验函数j(x)及常数k≥0，使

0
[ ( )] (I)E Xq j a=

)II(
);();(,0
);();(,1

)(
01

01

î
í
ì

<
>

=
qq
qq

j
xkLxL
xkLxL

x

(2)由(I)和(II)确定的检验函数j(x)是水平为a 的MPT. 反之，如果
j(x)是水平为a 的MPT，则一定存在常数k≥0，使j(x)满足(II)式.



证明: 要证,存在形如(II)的检验函数，使(I)成立.
对任一实数c ,令

)};();({)( 01 qqy XcLXLPc >=

因此

þ
ý
ü

î
í
ì

£=- c
XL
XLPc

);(
);()(1
0

1

q
qy 是                  的分布函数,

);(
);(

0

1

q
q

XL
XL

是非降，右连续.

(1)对给定的a (0<a<1)存在一个检验函数j(x)及常数k≥0，使

0
[ ( )] (I)E Xq j a=

)II(
);();(,0
);();(,1

)(
01

01

î
í
ì

<
>

=
qq
qq

j
xkLxL
xkLxL

x



所以 非增，右连续，且

(III)   
);(
);()()0(

1,0)(00,)(

0

1 —
þ
ý
ü

î
í
ì

==--

=-=+¥

c
XL
XLPcc
q
qyy

yy

给定aÎ(0,1)，有且只有下列两种情况：

在第(i)种情况下定义

î
í
ì

£
>

=
);();(,0
);();(,1

)(
001

001

qq
qq

j
xLcxL
xLcxL

x

则 { }1 0 0 0[ ( )] ( ; ) ( ; ) ( )j q q y a= > = =E X P L X c L X c

aj =)]([ XE证)(cy

)0()(,0(ii)
)(,0(i)

000

00

-£<³

=³

ccc
cc

yay
ay

使得存在

使得存在



定义

ï
ï
î

ïï
í

ì

<

=
--

-
>

=

);();(,0

);();(,
)()0(

)(
);();(,1

)(

001

001
00

0

001

qq

qq
yy

ya
qq

j

xLcxL

xLcxL
cc

c
xLcxL

x

则

0 1 0 0

0
1 0 0

0 0

1 0 0

0 0

[ ( )] 1 { ( ; ) ( ; )}

( ) { ( ; ) ( ; )}
( 0) ( )

0 { ( ; ) ( ; )}
( ) [ ( )]

E X P L x c L x

c P L x c L x
c c
P L x c L x

c c

q j q q

a y q q
y y

q q
y a y a

= ´ >

-
+ ´ =

- -

+ ´ <

= + - =

于是取k=c0，则以上定义的j(x)是水平为a 的检验函数.

)0()(,0(ii) 000 -£<³ ccc yay使得存在
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(2)的证明:先证满足(I),(II)的检验函数j(x)是MPT.
设j*(x)是任意一个水平为a 的检验函数，

0

*[ ( )]E Xq j a£

记 { } { }* *: ( ) ( ) , : ( ) ( )S x x x S x x xj j j j+ -= > = <

则在S+上j*(x)非负j(x)>0，因而由(II)知 0);();( 01 ³- qq xkLxL

同理在S－上j(x)<1，因而 0);();( 01 £- qq xkLxL

因此在 S+∪S－上总有

0]);();()][()([ 01
* ³-- qqjj xkLxLxx

于是

0]);();([0

]);();()][()([

21
)S(

01

21
S

01
*

³-×+

--

ò

ò

-+

-+

-
n

S

n
S

dxdxdxxkLxL

dxdxdxxkLxLxx









c

qq

qqjj

从而

{ }
1 1 0 0

0

* *

*

[ ( )] [ ( )] { [ ( )] [ ( )]}

[ ( )] 0

E X E X k E X E X

k E X

q q q q

q

j j j j

a j

- ³ -

= - ³

所以j(x)是MPT. )II(
);();(,0
);();(,1

)(
01

01

î
í
ì

<
>

=
qq
qq

j
xkLxL
xkLxL

x

0
[ ( )] (I)E Xq j a=



最后证明:若j*(x)是水平为a 的MPT,则一定存在非负常数k,
使j*(x)满足(II)式.
设j(x)是满足(I),(II)的检验函数,由上知j(x)是水平为a的MPT.
若j*(x)是水平为a 的MPT，则

1 1

*[ ( )] [ ( )]E X E Xq qj j³

又因j(x)是水平为a 的MPT,所以
1 1

*[ ( )] [ ( )]E X E Xq qj j£
因此

1 1

*[ ( )] [ ( )].E X E Xq qj j=
由于j(x)满足(II)，所以(由前段证明过程)

0.]);();()][()([ 01
* ³-- qqjj xkLxLxx ①

因
0 0

*[ ( )] [ ( )],E X E Xq qj a j£ = 所以

{ }1 1 0 0

*
1 0 1 2

* *

[ ( ) ( )][ ( ; ) ( ; )]

[ ( )] [ ( )] [ ( )] [ ( )] 0

nx x L x kL x dx dx dx

E X E X k E X E Xq q q q

j j q q

j j j j

- -

= - - - £

ò 

②

但由①此式大于或等于零. 于是上式积分只能为零，因此

0,]);();()][()([ 01
* =-- qqjj xkLxLxx

即在集 ).(a.s)()(}0);();(|{ *
01 xxxkLxLx jjqq =¹- 上

这证明了j*(x)满足(II)式(a.s.). 证完.

1 0

1 0

1, ( ; ) ( ; )
( ) (II)

0, ( ; ) ( ; )
q q

j
q q

>ì
= í <î

L x kL x
x

L x kL x



定义似然比:
);(
);()(
0

1

q
ql

xL
xLx = 由N-P引理知似然比检验l(x)是

MPT,MPT是似然比检验.
l(x)是连续时有

0

0

1, ( ) ( )
( )

0, ( ) ( )
x k H

x
x k H

l
j

l
³ì

= í <î

拒绝

接受

MPT的性质: 设j(x)是N-P基本引理中水平为a的最大功效检验

(MPT)函数，则

11( ) [ ( )]E Xj qb q j a= ³
又设0<a <1, 则 的充分必要条件

L(x;q1)=L(x;q0)   a.s.

aqbj =)( 1



N-P引理的应用举例

例1 设 X1,…,Xn取自N(q, 1).

2( )
21( ; )

2

q

q
p

-
-

=
x

f x e

要检验 1.:,0: 1100 ==== qqqq HH 取水平为a (0< a <1).

构造似然比统计量

þ
ý
ü

î
í
ì -=

þ
ý
ü

î
í
ì
-

þ
ý
ü

î
í
ì

--
==

å

å

Õ

Õ

=

=

=

=

2
exp

2
1exp

)1(
2
1exp

);(

);(
)(

1

2

1

2

1
0

1
1 nxn

x

x

xf

xf
x

n

i
i

n

i
i

n

i
i

n

i
i

q

q
l

由N-P引理

拒绝域为 { } { }cxkxW ³=³= )(l
当H0为真时 )1,0(~

n
NX

由 aj qq =³= }{)]([
00

cXPXE
Þ==Þ=< -

- n
ucucnnXnP a

aq a 1
1 ,}c{1

0
－ .1

þ
ý
ü

î
í
ì ³= -

n
uxW a

确定c 值



3.4  一致最大功效检验

设j(x)是水平为a的检验.如果对任意一个水平为a的检验
j1(x) ，都有

1[ ( )] [ ( )],E X E Xq qj j³

则称检验j(x)是水平为a的一致最大功效检验，记为UMPT.

"qÎQ1

复合检验问题

1100 :,: QÎQÎ qq HH



例2 单参数指数型分布族

{ } (I)    )()()(exp)();( —xhxTQcxL ××= qqq

其中c(q )>0,假设Q(q )是q 的严增(或严减)函数,则在q1<q2时，

其似然比
{ }2 2

2 1
1 1

( ; ) ( )( ) exp [ ( ) ( )] ( )
( ; ) ( )
L x cx Q Q T x
L x c

q ql q q
q q

= = × -

是T(x)的严增(或严减)函数.由定义知单参数指数型分布族(I)
关于充分统计量T(x)具有非降(或非增)MLR.

单调似然比(MLR)定义：
  设{f (x;q):qÎQ}是含实参数q 的概率密度族，如存在实值统
计量T(X)，使对任意q1<q2都有
  (1) 

  (2)似然比              关于T(x)非降(或非增).
);(
);()(
1

2

q
ql
xf
xfx =

{ } 0);();( 21 >¹ qq XfXfP

则称概率密度族{f (x;q ): qÎQ}关于T(x)具有非降(或非增)单调
似然比(MLR).



MLR分布族的性质:设{f (x;q ): qÎQ}关于T(x)具有非降(增)MLR.
若y(t)是t 的一个非降(非增)函数，则Eq [y(T(X))]是q 的一个非
降(非增)函数.

证明：设q1<q2，需证 [ ] [ ]))(())((
21

XTEXTE yy qq £
记 )};();(:{)},;();(:{ 2121 qqqq xLxLxBxLxLxA >=<=
则对任意的x1ÎA和x2 ÎB，有

1 2 2 2
1 2 1 2

1 1 2 1

( ; ) ( ; )( ) 1 , ( ) 1 ( ) ( )
( ; ) ( ; )

q ql l l l
q q

= > = < Þ >
L x L xx x x x
L x L x

因为似然比l(x)是T(x)的非降函数，所以可推知T(x1)³T(x2).

又由于y(t)是t的非降函数,所以y(T(x1))³y(T(x2))

令 }:))((sup{,}:))((inf{ BxxTbAxxTa Î=Î= yy

则由以上过程知, a³b.于是
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证完.

2 1

2 1 1 2

1 2 1 2

2 1 1 2 2 1 1 2

2 1 1 2

[ ( ( ))] [ ( ( ))]

( ( ))[ ( ; ) ( ; )]

0 , ( ) { : ( ; ) ( ; )}

[ ( ; ) ( ; )] [ ( ; ) ( ; )]

[ ( ; ) ( ; )]

q qy y

y q q

q q

q q q q

q q

W

-

= -

= + + =W- È = =

³ - + -

= -

ò

ò ò ò

ò ò





 



n

n
A B C

n n
A B

E T x E T x

T x L x L x dx dx dx

dx dx dx C A B x L x L x

a L x L x dx dx dx b L x L x dx dx dx

a L x L x dx dx 2 1 1 2

2 1 1 2

[ ( ; ) ( ; )]

( ) [ ( ; ) ( ; )] 0

q q

q q

- -

= - - ³

ò ò

ò





n n
A A

n
A

dx b L x L x dx dx dx

a b L x L x dx dx dx

}:))((sup{,}:))((inf{ BxxTbAxxTa Î=Î= yy

)};();(:{)},;();(:{ 2121 qqqq xLxLxBxLxLxA >=<=



例3.设{f (x;q): qÎQ}关于T(x)具有非降单调似然比MLR.
1) 取y(t)=t, 则y(t)是t的非降函数(实际严增函数).由MLR的性质知，
T(x)的均值Eq[T(X)]是q的一个非降函数.

2)对任意给定的t0,定义

î
í
ì

>
£

=
0

0

0,
1,

)(
tt
tt

ty

则y(t)是t的非增函数.

由MLR的性质知Eq[y(T(X))]是q的非增函数.

即对q1<q2有 1 2
[ ( ( ))] [ ( ( ))]E T X E T Xq qy y³

即
1 20 0{ ( ) } { ( ) }P T X t P T X tq q£ ³ £

{f (x;q ): qÎQ}关于T(x)具有非降MLR.
若y(t)是t 的一个非降(非增)函数,
则Eq[y(T(X))]是q 的一个非降(非增)函数.

此不等式说明概率密度族关于T(x)具有非降MLR时，
T(x)的分布函数Fq(t)=Pq{T(X)£ t }是q的非增函数.

t0



3)设X~b(n,p),其中0<p<1为未知参数.其概率密度为

÷÷
ø

ö
çç
è

æ
×
þ
ý
ü

î
í
ì

×÷÷
ø

ö
çç
è

æ
-

-=-÷÷
ø

ö
çç
è

æ
= -

k
n

k
p
pppp

k
n

pxf nknk

1
lnexp)1()1();(

是单参数指数型分布族.这里                                是p的严增函数,

此分布关于T(x)=x具有非降MLR.
由1)二项分布均值Ep[T(X)]=Ep[X]=np是p的非降函数(实际严增);

÷÷
ø

ö
çç
è

æ
-

=
p
ppQ

1
ln)(

å
£

--××÷÷
ø

ö
çç
è

æ
=£

xk

xnx
p pp

x
n

xXP )1(}{

由2)知其分布函数                                                     

是p的非增函数(严降).



简单假设的最佳检验法:
      N-P基本引理：f (x;q0), f (x;q1)是两个不同总体的密度函数,

) (:,: 101100 qqqqqq ¹== HH则关于假设

(1) 对给定的a(0<a<1), $j(x)及k³0
使

)I()(
0

ajq =xE

)II(
);();(,0
);();(,1

)(
01

01

î
í
ì

<
>

=
qq
qq

j
xkLxL
xkLxL

x

(2) j(x)是水平为a的MPT.(犯第二类错误的概率最小)

反之,如j(x)是水平为a的MPT,则一定$ k³0,使j(x)满足(II)(a.s.)



为给出复杂假设的最佳检验法：

1.先扩充最大功效检验的定义(UMPT)

   为找出UMPT还要利用似然比统计量 )(
);(
);()( 12
1

2 qq
q
ql >= ，
xL
xLx

2.定义单调似然比(MLR)：存在统计量T(X),对"q1<q2,

);(
);()(
1

2

q
ql
xL
xLx = 是T(X )的非降(非增)函数.

则称密度族{f (x;q): qÎQ} 关于T(X )具有非降(非增)单调似然比.



ï
î

ï
í

ì

<
=
>

= )I(
)(0,
)(,
)(1,

))((
cxT
cxT
cxT

xT dj

其中常数δ(0 £δ£1)和c由下式确定

[ ]
0
( ( )) (II)E T Xq j a=

(2) 此检验的功效函数 [ ]( ) ( ( ))E T Xqb q j=

是非降的,且集合{q :0<β(q)<1}上是严格增加的.

单边假设检验(复合假设的检验)
定理. 设{f (x;q): qÎQ}关于实值统计量T(x)具有非降MLR，
则关于单边检验问题
                               H0:q £q0， H1:q >q0
(1) 存在水平为a的UMPT检验函数

(3) 若    是满足                      的任一检验函数,j [ ]
0
( )E xq j a=

则 0( ) ( ), ,j jb q b q q q£ < 即检验(I)犯第一类错误的概率最小.
前提



证明(1):先考虑简单原假设H0:q=q0,对简单备择假设H1:q =q1
(q1>q0)检验问题.从N-P基本引理，应在

);(
);()(
0

1

q
ql

xL
xLx = 比较大时,拒绝原假设.由定理条件

l(x)是T(x)的非降函数，所以应在T(x)比较大时，拒绝原假设.

• 当T(x)为连续型r.v时，取 

î
í
ì

<
³

=
cxT
cxT

xT
)(0,
)(1,

))((j

c由 [ ] aj qq =³= })({))((
00

cxTPxTE 确定, 拒绝域为 }.)({ cxTW ³=

• 当T(x)为离散型r.v时，取
1, ( )

( ( )) , ( )
0, ( )

j d
>ì

ï= =í
ï <î

T x c
T x T x c

T x c
c由 })({})({

00
cxTPcxTP ³££> qq a 确定, 取

{ }
{ }cxTP

cxTP
=

>-
=

)(
)(

0

0

q

qa
d

因此无论T(x)连续还是离散都满足(I)和(II).
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在T(x)=c时,设l(x)=k.
由于l(x)是T(x)的非降函数

})(:{})(:{
})(:{})(:{
cxTxkxx
cxTxkxx

<Í<
>Í>

l
l

满足(I)的检验j(T(x))Þ
必满足N-P基本引理中(II),
满足(II)的检验j(T(x)) Þ
必满足N-P基本引理中(I),
于是由N-P基本引理的推论, j(T(x))是简单假设检验问题

) (:   : 011100 qqqqqq >== HH 对

水平为a的MPT.由以上过程知检验j(T(x))与q1无关,只要求q1>q0,
所以j(T(x))也是单边假设检验问题

H0:q =q0    对   H1: q >q0          

的水平为a的UMPT.

ï
î

ï
í

ì

<
=
>

= )I(
)(0,
)(,
)(1,

))((
cxT
cxT
cxT

xT dj
下面接着证明检验(I)是UMPT。

l

Tc

k

H0:q£q0   对 H1:q >q0

1 0

1 0

1, ( ; ) ( ; )
( ) (II)

0, ( ; ) ( ; )
q q

j
q q

>ì
= í <î

L x kL x
x

L x kL x
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j(T(x))关于T(x)非降, 由MLR分布族的性质知

[ ]))(()( xTE jqb q= 是q的非降函数.故q £q0时

ajj qq =£ ))](([))](([
0

xTExTE

对原假设H0:q £q0,   j(T(x))是水平为a的检验.

综上所述, j(T(x))是单边假设检验问题

0100 :   : qqqq >£ HH 对

的水平为a的UMPT.

H0:q£q0   对 H1:q >q0

证明:前面已知, β(q )=Eq [j(T(x))] 是q的非降函数.下证β(q ) 在
{q :0<β(q )<1}上严格增加,即对q2>q1,要证β(q2)>β(q1).

由N-P基本引理, j(T(x))也是    H0:q=q1 ↔ H1:q=q2  (q2 >q1) 的
水平为                                    的MPT.  因此在0<a1<1时,由MPT性质有[ ] )())(( 11 1

qbja q == xE

[ ] ).()())(( 1122
qbaqbjq =>=xE

(2) β(q )=Eq [j(T(x))]是非降的,且在{q :0<β(q)<1}上是严格增加的.



(3)若     是满足                      的任一检验函数,j [ ]
0
( )E xq j a=

则 0( ) ( ),j jb q b q q q£ <

证明:任取q2<q0, 考虑   H0:q =q0  ↔  H1:q =q2      (III) 
的水平为a*=1-a的检验.
由NP基本引理，

);(
);(

0

2

q
q
xL
xL 比较大时拒绝原假设.

由条件，
);(
);()(
2

0

q
ql
xL
xLx = 关于T(x)非降,于是

);(
);(

0

2

q
q
xL
xL

关于T(x)非增.

因此T(x)比较小时拒绝原假设, 即拒绝域W={T(x)<c}.

如定义j*=1-j ，则
0

* *( ) 1Eq j a a= = -
即j*是(III)的水平为a*的MPT.
因此对任一水平为a*的检验

* *2 2( ) ( )
j j
b q b q³

0
( )* * *E xqj j aé ù £ë û， ，都有



今取检验 1*j j= - 则

即 1*j j= - 是水平为a*的检验

所以也有

b

a

2q 0q

0H
1H

( )jb q

( )jb q

* *2 2( ) ( )
j j
b q b q³已有

2 2 2 0( ) ( ) .j jb q b q q q£ <，即

证毕.

满足(I),(II)的检验j，
在水平为a的检验中犯
第 二类错误的概率最小.
在 [ ]

0
( )E xq j a=

的检验中q <q0时犯第一类
错误的概率最小。

0( ) ( ),j jb q b q q q£ <要证

2

*
2 2 2 21 ( ) ( ) ( ) [ ( )] 1 ( )* * E Xj q jj j

b q b q b q j b q- = ³ = = -



§3.5  区间估计

引例  已知 X ~ N ( µ ,1),

不同样本算得的 µ  的估计值不同，
因此除了给出 µ 的点估计外, 还希望根据
所给的样本确定一个随机区间,  使其包含
参数真值的概率达到指定的要求.

µ的无偏、有效点估计为 X

随机变量常数



如引例中，要找一个区间,使其包含 µ 的
真值的概率为0.95.   ( 设 n = 5 )

÷
ø
ö

ç
è
æ

5
1,~ µNX ( )1,0~

5
1

NX µ-
Þ

取 05.0=a

查表得 96.12/ =az



这说明

即

称随机区间

为未知参数 µ 的置信度为0.95的置信区间.

÷
ø
öç

è
æ +- 5

196.1,5
196.1 XX



反复抽取容量为5的样本,都可得一
个区间,此区间不一定包含未知参数 µ 
的真值, 而包含真值的区间占95%.

置信区间的意义

若测得 一组样本值, 

它可能包含也可能不包含µ 的真值, 反复
则得一区间(1.86 – 0.877, 1.86 + 0.877)

抽样得到的区间中有95%包含 µ 的真值.

86.1=x算得



)5
1,5

1(
22
aa zXzX +-当置信区间为 时

区间的长度为
5
12

2
az —— 达到最短

?2/az为何要取



97.3

)13.2(84.1
33

2 1

=

--=- -aa zz

92.3

)96.1(96.1
22 1

=

--=- -aa zz

-2 -1 1 2

0.1

0.2

0.3

0.4

3
2az

31 a-z

-2 -1 1 2

0.1

0.2

0.3

0.4

2
az

21 a-z

取  a = 0.05



设 q 为待估参数, a 是一给定的数, 
( 0<a<1). 若能找到统计量 1 2

ˆ ˆ,q q , 使

则称 为 q 的置信水平为1   a的

置信区间或区间估计.
置信下限
置信上限

置信区间的定义

1̂q
2̂q

-



q a反映了估计的可靠度, a越小, 越可靠.

q置信区间的长度            反映了估计精度   2 1
ˆ ˆq q-

a越小, 1-a越大, 估计的可靠度越高,但

q a确定后, 置信区间 的选取方法不唯一, 

常选最小的一个.

几点说明

越小,  估计精度越高.2 1
ˆ ˆq q-

这时,           往往增大, 因而估计精度降低.2 1
ˆ ˆq q-



求参数
置信区间

保 证
可靠性

先

提 高
精 度

再

处理“可靠性与精度关系”的原
则



q 寻找一个样本的函数

它含有待估参数,  不含其它未知参数, 
它的分布已知,  且分布不依赖于待估参
数 (常由q 的点估计出发考虑 ).

)5/1,(µNX～

5/1
),,,,( 21

µµ -
=
XXXXg n

例如

求置信区间的步骤

— 称为枢轴量

)1,0(~ N
取枢轴量



q给定置信度 1 - a ,定出常数 a , b ,使得
aq -=<< 1)),,,(( 21 bXXXgaP n

( 引例中 )96.1,96.1 =-= ba

q由 bXXXga n << ),,,( 21 q 解出

得置信区间 1 2
ˆ ˆ( , )q q

引例中 

1 2
ˆ ˆ 1 1( , ) ( 1.96 , 1.96 )5 5X Xq q = - +

1 2
ˆ ˆ,q q



(一) 一个正态总体 X ~N ( µ ,s 2)的情形

置信区间常用公式

(1) 方差s 2=s0
2已知, µ 的置信区间

推导 由 选取枢轴量



由

解

得 µ 的置信度为            的置信区间为a-1



(2)  方差s 2未知 , µ 的置信区间 

1~ n
XT tS

n

µ
-

-
=

由 确定 1 2( )nt a
-

故 µ 的置信区间为 1 12 2( ) , ( )n n
S SX t X t
n n

a a
- -

æ ö- +ç ÷
è ø

推导      选取枢轴量

1 12 2( ) , ( ) (2)n n
S SX t X t
n n

a a
- -

æ ö- +ç ÷
è ø





(3)  当 µ 已知时,  方差s 2 的 置信区间

2 2

1 1

2 2
2 2

( ) ( )
, (3)

( ) (1 )

n n

i i
i i

n n

X X

a a

µ µ

c c

= =

æ ö- -ç ÷
ç ÷
ç ÷-ç ÷
è ø

å å


2
2 2

1
~

n
i

n
i

X µc c
s=

-æ ö= ç ÷
è ø

å取枢轴量                                    ，

得 s 2的置信度为          置信区间为 a-1

由概率

2
2( )n
ac



(4)  当 µ 未知时,  方差s 2 的置信区间

-2 2 4 6 8 10

0.025

0.05

0.075

0.1

0.125

0.15

2
a

2
2 2

12

( 1) ~ n
n Sc c
s -

-
=选取

得 s 2 的置信区间为 

2 2

2 2
1 12 2

( 1) ( 1), (4)
( ) (1 )n n

n S n S
a ac c- -

æ ö- -
ç ÷-è ø



2
a

2
1 2( )n

ac -

•
2
1 2(1 )n

ac - -
•

则由



例1 某工厂生产一批滚珠,  其直径 X 服从

解 (1) )6/06.0,(~ µNX )01.0,(µN即

)1,0(~
1.0

NX µ- 96.1025.0
2

== zza

正态分布 N( µ,s 2),  现从某天的产品中随机

(1) 若s 2=0.06, 求µ 的置信区间
 (2) 若s 2未知,求 µ 的置信区间
 (3) 求方差s 2的置信区间.

抽取 6 件, 测得直径为
15.1 , 14.8 , 15.2 , 14.9 , 14.6 , 15.1

置信度
均为0.95



由给定数据算得 95.14
6
1 6

1
== å

=i
ixx

由公式 (1)  得 µ 的置信区间为

)15.15,75.14(
)1.096.195.14,1.096.195.14(

=
´+´-

(2)  取 5~
6

XT tS
µ-

= 5 (0.025) 2.5706t =查表

由给定数据算得 95.14=x

226.0.051.0)6(
5
1 2

6

1

22 ==-= å
=

sxxs
i

i



5 5( (0.025), (0.025) )
6 6

(14.71, 15.187 )

s sx t x t- +

=

由公式 (4)  得s 2 的置信区间为

(3)  选取枢轴量
2

2 2
52

5 ~Sc c
s

=

2 2
5 5(0.025) 12.833, (0.975) 0.831c c= =

2 2

2 2
5 5

5 5( , ) (0.0199, 0.3069 )
(0.025) (0.975)
s s

c c
=

查表得

.051.02 =s

由公式 (2)  得 µ 的置信区间为



为取自总体 N ( µ1, s 1
2 ) 的样本,

为取自总体 N ( µ2, s 2
2 ) 的样本,

置信度为 1 - a
分别表示两样本的均值与方差

(二)  两个正态总体的情形



相互独立,  

的置信区间为

(1) 已知,              的置信区间



(2)         未知( 但  )            的置信区间



的置信区间为



取枢轴量

(3) 方差比 2
2

2
1

s
s
的置信区间 ( µ1 , µ2  未知)

2
1

2 2 2
1 1 2

1, 122 2
12 2

2
2

/ ~
/ n m

S
S SF F
S

s
ss

s

- -= =

因此, 方差比 2
2

2
1

s
s 的置信区间为

( ) ( )
2 2
1 1
2 2
2 1, 1 2 1, 1

1 1,
2 1 2n m n m

S S
S F S Fa a- - - -

æ ö
ç ÷ç ÷-è ø

)9(



例2 某厂利用两条自动化流水线罐装番
茄酱.  现分别 从两条流水线上抽取了容量
分别为13与17的两个相互独立的样本

1321 ,,, XXX  1721 ,,, YYY 与

已知
22

2
22

1 7.4,4.2
,5.9,6.10
gsgs
gygx

==

==

假设两条流水线上罐装的番茄酱的重量
都服从正态分布,  其均值分别为 µ 1与 µ 2



(2)  枢轴量为

2
1

2 2 2
1 1 2

12,1622 2
12 2

2
2

/ ~
/

S
S SF F
S

s
ss

s

= =

查表得 12, 16

12, 16
16, 12

(0.025) 2.89

1 1(0.975)
(0.025) 3.16

F

F
F

=

= »

2
2

2
1

s
s

由公式(9)得方差比         的置信区间为
2 2
1 1
2 2
2 1, 1 2 1, 1

1 1,
(0.025) (0.975)

( 0.1767, 1.6136 )
n m n m

S S
S F S F- - - -

æ ö
ç ÷ç ÷
è ø
=



(三)  单侧置信区间

定义  对于给定的 a (0 < a < 1) , q是待估参数
),,,( 21 nXXX  是总体 X 的样本, 

若能确定一个统计量
1 1 1 2
ˆ ˆ ( , , , )nX X Xq q= 

使得
则称 1 2

ˆ ˆ( , ) ( ( , ))q q+¥ -¥或

为置信度为1 - a的单侧置信区间.

2 2 1 2
ˆ ˆ ( , , , ) )nX X Xq q= （或

1̂q 单侧置信下限
2̂q 单侧置信上限



例3 已知灯泡寿命X 服从正态分布,  从中

随机抽取 5 只作寿命试验,  测得寿命为

   1050 , 1100 , 1120 ,  1250 ,  1280 (小时) 

求灯泡寿命均值的单侧置信下限与寿命

方差的单侧置信上限.   

解         22 ,,),(~ sµsµNX 未知

.9950)5(
4
1 5

1

22 =-= å
=

xxs
i

i

,1160,5 == xn

( 0.05)a =



(1)  选取枢轴量 4~
X tS

n

µ-

4 4( ) (0.05) 2.1318t ta = =

4 (0.05) 1064.9
5
sx tµ = - ´ =

(2)  选取枢轴量
2

2
42

( 1) ~n S c
s
-

2
4 (0.95) 0.711c =

2
2

2
4

4ˆ 55977
(0.95)
ss

c
= =
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1.CCCþþþ���mmm���'''XXX������©©©���üüüaaaµµµ
(1)��(½�'X§�Ò´Cþ�m�'X�±^¼ê)Ûª
L�Ñ5¶Xy = f (x)
(2)�(½�'X§y�x���k'§�ØU��(½§�¡�
�''X.

2.£££888©©©ÛÛÛïïïÄÄÄ���ÌÌÌ���SSSNNNµµµ
(1)ÏL*	½¢�êâ�?n§éÑCþm�''X�½þê
ÆL�ª–²�úª§=?1ëê�O§¿(½²�£8�§�
äN/ª¶
(2)u�¤ïá�²�£8�§´ÄÜn¶
(3)|^Ün�£8�§é�ÅCþY?1ýÿÚ��¶
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~1µ�ïÄû¬d���Èþ�m�'X§y3Â8
,û¬
3��/«25��mãS²þd�x(�) Ú�Èo�y(��)§Á
ïÄy�x�m�'X.

x 35.3 29.7 30.8 58.8 61.4 71.3 74.4 76.7 70.7
y 10.98 11.13 12.51 8.40 9.27 8.73 6.36 8.50 7.82
x 46.4 28.9 28.1 39.1 46.8 48.5 59.3 70.0 70.0
y 8.24 12.19 11.88 9.57 10.94 9.58 10.09 8.11 6.83
x 72.1 58.1 44.6 33.4 28.6 57.7 74.5
y 7.68 8.47 8.86 10.36 11.08 9.14 8.88
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���.ÄÄÄ���VVVggg
1.½Â:�£8Cþx��ACþ(ÏCþ)y�mkù��'
X§y = β0 + β1x + ε,Ù¥β0, β1 ´��ëê§ε´�Å�§�b
½E (ε) = 0,D(ε) = σ2,K¡d�.����5£8�..
eε ∼ N(0, σ2)§K¡������5£8�..

2.�né*ÿ�(xi , yi ), i = 1, · · · , n§z�é(xi , yi )Ñ
kyi = β0 + β1xi + εi ,�E (εi ) = 0,Var(εi ) = σ2, i =
1, · · · , n§Cov(εi , εj) = 0, i 6= j . ·�F"À��^£8�
�ỹ = β0 + β1x¦§�Cùn�:.
dd�±�Oβ0, β1, P�β̂0, β̂1, ¡Ù�£8Xê.
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���.ëëëêêêβ0, β1������OOO
éuz��xi ,�±��£8��ỹ = β0 + β1xþéA:�p�
Iỹi = β0 + β1xi , |yi − ỹi |�x
yi�ỹi�m� l§Ý.

Q(β0, β1) =
n∑

i=1

(yi − ỹi )
2 =

n∑
i=1

(yi − β0 − β1xi )2

L«o� l²�Ú{
∂Q
∂β0

= −2
∑n

i=1(yi − β0 − β1xi ) = 0
∂Q
∂β1

= −2
∑n

i=1(yi − β0 − β1xi )xi = 0.

d�§|¡��5�§|, ={
nβ0 + β1

∑n
i=1 xi =

∑n
i=1 yi

β0
∑n

i=1 xi + β1
∑n

i=1 x
2
i =

∑n
i=1 xiyi ,
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)�
β̂0 = y − β̂1x

β̂1 =

∑n
i=1 xiyi − nx y∑n
i=1 x

2
i − nx2

=

∑n
i=1(xi − x)(yi − y)∑n

i=1(xi − x)2

Px = 1
n

∑n
i=1 xi , y = 1

n

∑n
i=1 yi

Sxx =
n∑

i=1

(xi − x)2,Syy =
n∑

i=1

(yi − y)2, Sxy =
n∑

i=1

(xi − x)(yi − y)

Kβ̂1 =
Sxy
Sxx
, β̂0 = y − β̂1x©O¡�β0, β1����¦�O§ù«

�{¡����¦{, ŷ = β̂0 + β̂1x �²�£8�
�(y = β̂0 + β̂1x).
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(1) E (β̂0) = β0§E (β̂1) = β1,=β̂0, β̂1©O´β0, β1�Ã �O¶

(2) Var(β̂0) = (
1

n
+

x2

Sxx
)σ2 =

∑n
i=1 x

2
i

nSxx
σ2

Var(β̂1) =
σ2

Sxx
,Cov(β̂0, β̂1) = − x

Sxx
σ2

555���2µCov(β̂1, y) = 0, =β̂1�yØ�'.

555���3µβ̂0, β̂1 ©O´β0, β1������5Ã �O.
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nnn.ëëëêêêσ2������OOO
ŷi = β̂0 + β̂1xi , i = 1, · · · , n�£8�§K¡ε̂i = yi − ŷi�1i�í
�§i = 1, · · · , n. ½½½ÂÂÂ

Qe =
n∑

i=1

ε̂i
2 =

n∑
i=1

(yi − ŷi )
2 =

n∑
i=1

(yi − β̂0 − β̂1xi )
2

=
n∑

i=1

[(yi − y)− β̂1(xi − x)]2 = Syy − β̂1Sxy

�í�²�Ú,§�Lyi�²�£8��þ:�p�Iŷi�l�²
�Ú,�N
Á���ÅØ�.

555���4. σ̂2 = Qe
n−2�σ

2�Ã �O.
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H0 : β1 = 0↔ H1 : β1 6= 0

�H0¤á�§`²y�x�mÃ�5�''X¶

�H0Ø¤á�§`²y�x�m�5�''XwÍ.
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Syy =
n∑

i=1

(yi − ȳ)2 =
n∑

i=1

[(yi − ŷi ) + (ŷi − ȳ)]2

=
n∑

i=1

(yi − ŷi )
2 +

n∑
i=1

(ŷi − ȳ)2 = Qe + U

Ù¥Qe =
∑n

i=1(yi − ŷi )
2,

U =
n∑

i=1

(ŷi − ȳ)2 =
n∑

i=1

(β̂0 + β̂1xi − β̂0 − β̂1x̄)2 = β̂1
2
Sxx ,

Syy�o�l�²�Ú§U�£8²�Ú§L«£8�ŷi�ÅÄ,
Qe��{(í�)²�Ú, �N
�ÅØ���3
Úå�ÏCþ
�ÅÄ.
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½½½nnn:e�ÅØ�ε ∼ N(0, σ2), K

(1)β̂1 ∼ N(β1,
σ2

Sxx
), (2)β̂0 ∼ N(β0, (

1
n + x2

Sxx
)σ2),

(3)Qe
σ2 ∼ χ2(n − 2),Qe�β̂1�pÕá,

(4)3H0(β1 = 0)¤á^�e, U
σ2 ∼ χ2(1),

F = U
Qe/(n−2) = (n − 2) U

Qe
∼ F (1, n − 2),

(5) β̂1−β1σ̂

√
Sxx ∼ t(n − 2),Ù¥σ̂2 = Qe

n−2
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�ε ∼ N(0, σ2)

1. Fuuu���{{{

ÚOþF = (n − 2) U
Qe

H0∼ F (1, n − 2), é�½�wÍ5Y²α,áý
��W = {F > F1−α(1, n − 2)}.

2. tuuu���{{{

T = β̂1
√
Sxx
σ̂

H0∼ t(n − 2) é�½�wÍ5Y²α,áý�
�W = {|t| > t1−α

2
(n − 2)}

555µ
(1)�á\áý��§áýH0,=@�y�x�m�5'XwÍ§½
ö`£8�§´k¿Â�¶
(2)ÄK@�£8�§ØÜn§ù«�¹dõ«�ÏÚå.
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3. ���'''XXXêêêuuu���{{{(���½½½XXXêêê{{{)

R =
Sxy√
SxxSyy

= β̂1

√
Sxx
Syy

, R2 = β̂1
2Sxx
Syy

=
U

Syy

R: �5�'Xê; R2: �'�ê(�½Xê), |R|,R2��C1, `
²�5�'§Ý�p. é�½�wÍ5Y²α, áý�
�W = {|R| > c}.
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555: R2 = U/Syy : £8²�Ú3ol�²�Ú¥�'~,
T ,F ,R2�m�'X:

U = R2Syy

Qe = Syy − U = (1− R2)Syy , ∴ F = (n − 2)
R2

1− R2
,

T 2 = F = (n − 2) R2

1−R2§�n«u�3��þ´���,�Ü©^

�Ñæ^Fu�.
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ÊÊÊ.ýýýÿÿÿ

1.:::ýýýÿÿÿµ��½x0�§ŷ0 = β̂0 + β̂1x0Ò´y0�:ýÿ.
2.«««mmmýýýÿÿÿµ��½x0�§y0��&Ý�1−α��&«m§¡�
ýÿ«m§=Ïéy1, y2, ¦P{y1 ≤ y0 ≤ y2} = 1− α.
�ε ∼ N(0, σ2), y0��&Y²�1− α��&«m(=ýÿ«m)�

[ŷ0 − δ(x0), ŷ0 + δ(x0)]

Ù¥

δ(x0) = σ̂t1−α
2

(n − 2)

√
1 +

1

n
+

(x0 − x)2

Sxx
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1�! ���5£8�.

555µµµ

(1)ù�«m�Ý�2δ0§¥%3ŷ0§n, α�½, Qe ↓, Sxx ↑, �Jp
ýÿ°Ý.

(2)d��*ÿ��±�ü^­
�y1(x) = ŷ(x)− δ(x),y2(x) = ŷ(x) + δ(x),ùü^­�r£8�
�ŷ(x) = β0 + β1xY3¥m§/¤�^°ÄØ��«�§ù�«
�3x = x̄?�Ä.

(3)3|^£8�§?1ýÿ�§��NþØU��§Ï���
��NØUý¢�NCþ�m�(�'X.

(4) né��, t1−α
2

(n − 2) ≈ u1−α
2

, ex̄lx0Ø��, y0��&Y²

Cq�1− α��&«m(=ýÿ«m)�[ŷ0 − σ̂u1−α
2
, ŷ0 + σ̂u1−α

2
]



�5�.

1�! ���5£8�.
1�! õ��5£8�.�ëê�O
1n! õ��5£8�.�b�u�
1o! ��5£8�.
1Ê! üÏfÁ���©Û
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3.������µ

��¯K´ýÿ��¯K§e�y3,���y1 ≤ y ≤ y2, KC
þxA��3Û?§=(½x1, x2 ¦{

ŷ(x1)− δ(x1) ≥ y1

ŷ(x2) + δ(x2) ≤ y2

K�x ∈ [min{x1, x2},max{x1, x2}]�§Ò±��1− α�VÇ�
yx�éA�yá3«m[y1, y2]S.
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~2µ�ïÄû¬d���Èþ�m�'X§y3Â8
,û¬
3��/«25��mãS²þd�x(�) Ú�Èo�y(��)§Á
ïÄy�x�m�'X.

x 35.3 29.7 30.8 58.8 61.4 71.3 74.4 76.7 70.7
y 10.98 11.13 12.51 8.40 9.27 8.73 6.36 8.50 7.82
x 46.4 28.9 28.1 39.1 46.8 48.5 59.3 70.0 70.0
y 8.24 12.19 11.88 9.57 10.94 9.58 10.09 8.11 6.83
x 72.1 58.1 44.6 33.4 28.6 57.7 74.5
y 7.68 8.47 8.86 10.36 11.08 9.14 8.88
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���5£8�.~1

)))µ

(1)xÑ:ã
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(2)(½£8�§
d��êâx̄ = 1

25

∑25
i=1 xi = 52.60, ȳ = 1

25

∑25
i=1 yi = 9.424

Ï


β̂1 =

∑25
i=1 xiyi −

1
25(
∑25

i=1 xi )(
∑25

i=1 yi )∑25
i=1 x

2
i − 25x2

= −0.0798

β̂0 = y − β̂1x = 13.623

¤±ŷ = 13.623− 0.0798x
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1�! ���5£8�.

3)é£8�§?1wÍ5u�
|^Fu�{µH0 : β1 = 0, H1 : β1 6= 0

F =
U

Qe/(n − 2)

H0∼ F (1, n − 2)

Syy =
∑25

i=1(yi − ȳ)2 = 63.82§U =
∑25

i=1(ŷi − ȳ)2 = 45.59,
Qe =

∑25
i=1(yi − ŷi )

2 = 18.82
�α = 0.05§KF0.95(1, 23) = 4.28,
f = 57.56 > 4.28,¤±á
ýH0 =@�£8�§�N
Tû¬�Èo�y�Ùd�x�m�
�''X.
(4)Ó��O�R2 = U

Syy
= 0.714
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1�! ���5£8�.

(5)|^£8�§é�È�?1ýÿ
�x = x0 = 28.6��§Kŷ0 = 11.34��
éα = 0.05,�Lt1−α

2
(23) = 2.069,��δ(x0) = 1.95

¤±y0��&Y²�95%�ýÿ«m
�[(ŷ0 − δ(x0), ŷ0 + δ(x0))] = [9.39, 13.29]§=rd�½328.6�
�§�Èo�á3«m[9.39,13.29] �VÇ�95%.

(6)e¦�È���3[10,12]�m§Kd{
10 = 13.623− 0.0798x1

12 = 13.623− 0.0798x2

��x����[20.34,45.40].
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888.���zzz������������555£££888������...

1. V­��§: 1y = a + b
x ;

-y ′ = 1
y ,x ′ = 1

x ,Kky ′ = a + bx ′.

2. �¼ê�§:y = axb;
-y ′ = ln y ,x ′ = ln x ,a′ = ln a,Ky ′ = a′ + bx ′.

3. �ê­��§:y = aebx ;
-y ′ = ln y ,a′ = ln a,Ky ′ = a′ + bx .
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1�! ���5£8�.

4. �ê­��§:y = ae
b
x ;

-y ′ = ln y ,x ′ = 1
x ,a′ = ln a,Ky ′ = a′ + bx ′.

5. éê­��§:y = a + b ln x ;
-x ′ = ln x ,Ky = a + bx ′.

6. S.­��§:y = 1
a+be−x .

-y ′ = 1
y ,x ′ = e−x ,Ky ′ = a + bx ′.
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���.êêêÆÆÆ���...
b��ÅCþy�k�Cþx1, · · · , xk�m�3e¡��5'X

y = β0 + β1x1 + · · ·+ βkxk + ε,

Ù¥ε´���ÅCþ,÷vEε = 0,Dε = σ2(σ2���~ê),¡�
�ÅØ�, β0, β1, · · · , βk´��ëê.
�kn|Õá�*ÿ�(yi , xi1 · · · xik),i = 1, · · · , n,Kk

y1 = β0 + β1x11 + · · ·+ βkx1k + ε1,

· · · · · ·
yn = β0 + β1xn1 + · · ·+ βkxnk + εn,

¤á.
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½�¤Ý
/ª�
Y = Xβ + ε,

Ù¥

Y =


y1
y2
...
yn

 , X =


1 x11 · · · x1k
1 x21 · · · x2k
...

...
. . .

...
1 xn1 · · · xnk

 ,β =


β0
β1
...
βk

 , ε =


ε1
ε2
...
εn

 ,

ùpYL«�ÅCþy�ng*ÿ�|¤���þ,¡�*ÿ�
þ,X���´k�gCþx1, · · · , xk3ng*ÿ¥���, β¡��
�ëê�þ,ε¡��ÅØ��þ,÷v

E (ε) = 0, Cov(ε, ε) = Σ.
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¡�.

Y = Xβ + ε, E (ε) = 0, Cov(ε, ε) = Σ

�n��5£8�..

e
Y = Xβ + ε, ε ∼ N(0, σ2In),

K¡�õ����5£8�..



�5�.

1�! ���5£8�.
1�! õ��5£8�.�ëê�O
1n! õ��5£8�.�b�u�
1o! ��5£8�.
1Ê! üÏfÁ���©Û

1�! õ��5£8�.�ëê�O

���.ëëëêêêβ������OOO

Eæ^���¦{§¦yi − (β0 + β1xi1 + · · ·+ βkxik) �²�Ú.
-Q(β) =

∑n
i=1[yi − (β0 + β1xi1 + · · ·+ βkxik)]2����, e^

Ý
L«,

Q(β) = (Y − Xβ)′(Y − Xβ) = Y ′Y − 2β′X ′Y + β′X ′Xβ

∂Q

∂β
= −2X ′Y + 2X ′Xβ = 0

¤±
X ′Xβ = X ′Y (1)

eX´�÷�Ý
§(X ′X )−1�3§Kβ̂ = (X ′X )−1X ′Y
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�5�§|�)�β����¦�Ok±e'Xµ

½½½nnnµµµ
(1)�5�§|�)7´β����¦�O¶
(2)β����¦�O7´�5�§|�).

Ï
β̂=�β����¦�O, β̂ = (β̂0, β̂1, · · · , β̂k)
′
.
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���������¦¦¦���OOO���555���

555���1:E (β̂) = β, β̂´β��5Ã �O.

555���2: Cov(β̂, β̂) = σ2(X ′X )−1.

5: β̂��©þβ̂0, β̂1, · · · , β̂k��¿ØÕá.

S−1 := (X ′X )−1 =


c00 c01 · · · c0k
c10 c11 · · · c1k

...
...

. . .
...

ck0 ck1 · · · ckk


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Cov(β̂i , β̂j) = σ2cij , Var(β̂i ) = σ2cii , i , j = 0, 1, ..., k .

ÀJ¦cii¦�U���OÝ
X . X

cij = δij =

{
0, i 6= j
1, i = j

i , j = 0, 1, ..., k ,

K¡�A�X����.
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½½½ÂÂÂ: é?�k + 1��þC = (c0, c1, ..., ck)′, e�3n���þL,
¦E (L′Y ) = C ′β, K¡C ′β���¼ê, 
��¼êC ′β����
��5Ã �O, ¡�§��Ð�5Ã �O(BLUE).

555���3(Guass-Markov½½½nnn):C ′β̂´C ′β��Ð�5Ã �O, Ù
¥β̂´β����¦�O.

5: C ′β̂Ø�½´C ′β���Ã �O¥�����.

555���4: eε ∼ N(0, σ2In), KC ′β̂´C ′β�UMVUE.
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nnn.ëëëêêêσ2������OOO

^í��þε̂ = Y − X β̂5�E��σ2��O.

555���5: (1) E (ε̂) = 0, (2)Cov(ε̂, ε̂) = σ2
[
In − X (X ′X )−1X ′

]
,

(3)Cov(β̂, ε̂) = 0. í�²�ÚQe = ‖ε̂‖2 = ε̂′ε̂.
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Qe = ‖ε̂‖2 = ε̂′ε̂

= (Y − X β̂)′(Y − X β̂)

= (AY )′(AY ) = Y ′AY

= Y ′Y − Y ′X (X ′X )−1(X ′X )(X ′X )−1X ′Y

= Y ′Y − β̂′X ′X β̂ = Y ′Y − Ŷ ′Ŷ
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555���6: Pσ̂2 = Qe/(n − k − 1), ¡�í���, KkE (σ̂2) = σ2.

555���7: eε ∼ N(0, σ2In), K
(1) β̂ ∼ N(β, σ2(X ′X )−1), ε̂ ∼ N(0, σ2A) ��ö�pÕá.

(2) β̂,Qe�pÕá. (3) Qe
σ2 ∼ χ2(n − k − 1)

(4) β����¦�Oβ̂�´β�4�q,�O, σ2�4�q,�
O�Qe

n .
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JÑb�µ
H0 : β1 = · · · = βk = 0

(1)e�ÉH0, KL²ÃCþ�y�m(¢Ã�5�''X¶

(2)eáýH0,K@�£8�§´k¿Â�§�´ù�(Ø�`²
��k��βi 6= 0,�Ò´`3¤ÀgCþ¥§��k�Ü©
éy5`´­��§�ØL«¤kgCþÑ´­��.
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1.²²²���ÚÚÚ©©©)))µŶ = X β̂�n�Á�:?Y�£8�, o�C�²
�Ú½Â�

Syy =
∑n

i=1(yi − y)2 = (Y − 1y)′(Y − 1y)

= ‖Y − 1y‖2 = ‖Y − Ŷ + Ŷ − 1y‖2

= ‖Y − Ŷ ‖2 + ‖Ŷ − 1y‖2 + 2(Y − Ŷ )′(Ŷ − 1y)

(Y − Ŷ )′(Ŷ − 1y) = (Y − Ŷ )′Ŷ − (Y − Ŷ )′1y

= (AY )′(PY )− (Y − Ŷ )′1y = Y ′APY − (Y − Ŷ )′1y = 0.

Syy = ‖Y − Ŷ ‖2 + ‖Ŷ − 1y‖2 = Qe + U.

Qe = ‖Y − Ŷ ‖2��{(í�)²�Ú, U = ‖Ŷ − 1y‖2�£8²�
Ú, eU >> Qe , KáýH0.
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2.���EEEÚÚÚOOOþþþµ
(1) FÚOþ

�ε ∼ N(0, σ2In), Qe/σ
2 ∼ χ2(n − k − 1), Syy/σ

2 H0∼ χ2(n − 1).

Syy = Qe + U, Qe = Y ′AY , r(A) = n − k − 1,

dCochran©)½n�y²U/σ2
H0∼ χ2(k), Qe�U�pÕá, KÀ

�

F =
U/k

Qe/(n − k − 1)
∼ F (k, n − k − 1)

é�½�wÍ5Y²α,áý�W = {F > F1−α(k , n − k − 1)}.
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(2) R2 = U
Syy

, ¡R2���'Xê.

§�x
�NgCþx1, . . . , xkéuÏCþy��5�'§
Ý.R2��,��Cu1,`²þã�5�'§Ý�wÍ,R2���ï
þ£8�§o�J���êþ�I.

555µµµF = n−k−1
k

R2

1−R2 , ¤±Fu��R2u�´�d�.
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u�xiéy�K�´ÄwÍ§�duu�£8XêH0i : βi = 0
(1)e�ÉH0i§KL²xiéy�K��éu���.5`'��¶
(2)eáýH0i§KL²xiéy(k�½�K�§¡xi�wÍÏf.

�ε ∼ N(0, σ2In), ePS = (cij) = (X ′X )−1,Kd5�

�β̂i ∼ N(βi , σ
2cii ), �β̂i�Qe�pÕá§Ù¥ciiL«Ý
S�

1i�é��.
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1n! õ��5�.�b�u�

1. Tu�µÀ�

T =
β̂i√
c ii
/

√
Qe

n − k − 1

H0i∼ t(n − k − 1),

é�½�wÍ5Y²α, áý�

W = {|t| > t1−α/2(n − k − 1)}

2. Fu�µÀ�

F =
β̂2i
cii
/

Qe

n − k − 1

H0i∼ F (1, n − k − 1)

é�½�wÍ5Y²α, áý�

W = {F > F1−α(1, n − k − 1)}
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1o! ��5£8�.
1Ê! üÏfÁ���©Û

1n! õ��5�.�b�u�

nnn.   £££888²²²���ÚÚÚ
gCþéy�K�,´�l£8�§GØ
ù�gCþ�¤E¤�
K�§¡£8²�Ú�~�Ü©�yéù�gCþ� £8²�
Ú.
e3ŷ = β̂0 + β̂1x1 + · · ·+ β̂kxk¥GØgCþxi ,ØU{ü/!�
ù��
��

ŷ = β̂0 + β̂1x1 + · · ·+ β̂i−1xi−1 + β̂i+1xi+1 + · · ·+ β̂kxk ,

AT­#�O£8Xê,ïá#�£8�§

ŷ∗ = β̂∗0 + β̂∗1x1 + · · ·+ β̂∗i−1xi−1 + β̂∗i+1xi+1 + · · ·+ β̂∗kxk .
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1Ê! üÏfÁ���©Û

1n! õ��5�.�b�u�

��/β̂∗j 6= β̂j , �±y²

β̂∗j = β̂j −
cij
cii
β̂i , i 6= j ,

β̂∗0 = −
∑
j 6=i

β̂∗j x̄j ,

�yéxi� £8²�ÚUi =
β̂2
i

cii
.
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1n! õ��5�.�b�u�

5:
(1) £8XêwÍ5u��FÚOþ�©f=� £8²�Ú.  
£8²�Ú��, dCþéy �K��wÍ.

(2) ��£8�§�, O�z�Cþ� £8²�Ú, é £8²
�Ú���Cþ, XJ�A�£8Xêu�qØwÍ, �òdC
þGØ.
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ooo.///���`̀̀000£££888���§§§���ÀÀÀJJJ

�`£8�§: X£8�§¥�¹¤kéykwÍK��gCþ,
Ø�¹éyK�ØwÍ�gCþ, Ó�3Óa�§¥í�²�
ÚQe����, K¡d£8�§��`�.

(1) �Ü'�{: l¤k�U�gCþ|Ü�£8�§¥ÀJ�
`ö.
5: o�é��`�§; �O�þ�.

(2) �ÑØ?{: l�¹�ÜgCþ�£8�§¥Å�GØØw
Í�gCþ, ��£8�§¥¤¹gCþ�ÜÑ´wÍ���.
Äk�Ä¹¤kgCþ�£8�§, GØØwÍgCþ¥ £8
²�Ú���, 2éÙ¥�z�gCþ?1wÍ5u�, UYG
Ø, ��¤kgCþÑwÍ.
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5: zGØ�ggCþÒ�­#O�£8Xê, �ÄgCþØõ
�, ØwÍgCþØõ�, �æ^. ØwÍgCþ�õ�, O�þ
�.

(3) �?ØÑ{: l��gCþm©, rwÍ�gCþÅ�Ú\£
8�§, ��3{e�gCþ¥ÀÑ���®Ú\�gCþ�å
|¤£8�§k�� £8²�Ú�gCþ, �²u��ØwÍ,
Ï
Ø�Ú\���.
5: O�þ�, �Ø�½U���`�§. dugCþm��''
X, Ú\#�gCþ�, ¦�5Ú\�gCþ¤�ØwÍ�.
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1n! õ��5�.�b�u�

ooo.///���`̀̀000£££888���§§§���ÀÀÀJJJ

(4) ÅÚ£8{: nÜ�{(2)!(3), ògCþUÙéy�K���
�Ú\, Ó�zÚ\��#�gCþ, =é�®Ú\�gCþÅ
�u�, òØwÍ�GØ, ��£8�§2�ØUÚ\#�gC
þ, Ó��ØUGØ?�gCþ��.

5: kO�E|, O�þ�é��, k�Ð�O�§S.
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õõõ���ªªª£££888

e�ÅCþy�gCþx�m��'Xê�{
y = β0 + β1x + β2x

2 + · · ·+ βkx
k + ε;

(ε ∼ N(0, σ2)).

¡d�.�(��)õ�ª£8�..

�I-xi = x i , i = 1, · · · , k§K�=z�õ��5£8�.{
Y = β0 + β1x1 + β2x2 + · · ·+ βkxk + ε;

(ε ∼ N(0, σ2)).
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~~~µ,«Ü7g¥�ü«Ì�¤©�Úx�§�)äXêy�m
k�½�êþ'X§�Ñ¢�¤��13 |êâ§¦y�x�£8
�§.

x 37 37.5 38 38.5 39 39.5 40 40.5 41 41.5 42 42.5 43

y 3.4 3 3 3.27 2.1 1.83 1.53 1.70 1.8 1.9 2.35 2.54 2.9

)))µkxÑ:ã
�£8�§�y = β0 + β1x + β2x

2

-x1 = x , x2 = x2,K�(½£8�§�y = β0 + β1x1 + β2x2,
²O�§β̂0 = 257.063, β̂1 = −12.620, β̂2 = 0.156
¤±yéx�õ�ª£8�§�

ŷ = 257.063− 12.620x + 0.156x2
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���.ÄÄÄ���VVVggg

1.�I–Á��(J(X�¬�5U§�þ§�þ�)§^YL«¶

2.Ïf–Á�¥Cz�Ï�(=K��I��Ï)§^A,B,CL
«¶

3.Y²–Ïf3Á�¥¤?�ØÓG�§XÏfAkp�Y²§
^A1,A2, · · · ,ApL«¶

4.eÁ�¥�k��Ï�3Cz§Ù¦^�ØC§K¡�üÏf
Á�§?nüÏfÁ��ÚOíä�{¡�üÏf��©Û.
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~1µ5�Y��¬'�Á�§3¤ÙÏ�ÅÄ���ÿ½�þ§
z�¬«�3�:§(JXeL

A 1 2 3 Y i .

A1 41 39 40 40

A2 33 37 35 35

A3 38 35 35 36

A4 37 39 38 38

A5 31 34 34 33

�Iµ�þ¶Ïfµ¬«¶Y²µA1,A2,A3,A4,A5
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dL¥êâ·��±©Ûµ
(1)3Ó�Y²Ai (i = 1, · · · , 5)e§)��^��,�Ó§��
þ%k¤ØÓ§�)ù«�É��Ï´duÁ�L§¥�ÅÏ�
�Z69ÿþØ�¤�§¡ùa�É��ÅØ�½Á�Ø�.`
²Á�(J´���ÅCþ.
(2)5�ØÓ�¬«§l²þ�þ5w§§�´ë�Øà�§Ù�
ÏÌ�´du¬«�ØÓÚå��É£Ø
�ÅÅÄ¤§¡ùa
�É�XÚØ�.
(3)éÓ�¬«?13g­EÁ��(J�w¤´�gÓ��oN
���§L¥�5|êâ�±w¤´5g5�ØÓoN���§P
ù
oN�Y1,Y2, · · · ,Y5,z�Á�(JP
�Yij , i = 1, · · · , 5, j = 1, 2, 3
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Ï~b½µ1*.Yi ∼ N(µi , σ
2), i = 1, · · · , 5,(Ù§Á�^�ØC§

Ï
@�¤kÁ����´�Ó�).
2*.Yi1,Yi2, · · · ,Yini´5gYi��

�§ni = 3, i = 1, · · · , 5,�Y1,Y2, · · · ,Y5�pÕá.
(4)�ÏfAka�Y²§z�Y²Ai­Enig§e­Eêni��
�§K¡ùaÁ���­E�üÏfÁ�¶��§K¡�Ø�­
E�üÏfÁ�.
(5)�~©Û�ä5�ØÓ¬«��þ�m��ÉÌ�´d�ÅØ
��´duØÓ¬«E¤�¯K§�8(��½5���oN�
þ�´Ä���¯K.e5���oN�þ���§K@��þ�
m��É´d�ÅØ�E¤�¶ÄK§@��þ�m��É´d
ØÓ¬«E¤�.
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���.êêêÆÆÆ���...
�ÏfAkp�ØÓY²A1, · · · , pp,§�éA�o

NY1, · · · ,Yp�pÕá§�Yi ∼ N(µi , σ
2), i = 1, · · · , p. 3Y

²Aie?1nigÕá*ÿ§¼�Nþ�ni����
�Yi1,Yi2, · · · ,Yini , i = 1, · · · , p

Y² oN ��
A1 Y1 ∼ N(µ1, σ

2) Y11,Y12, · · · ,Y1n1

A2 Y2 ∼ N(µ2, σ
2) Y21,Y22, · · · ,Y2n2

...
...

...

Ap Yp ∼ N(µp, σ
2) Yp1,Yp2, · · · ,Ypnp
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-εij = Yij − µi ,K{
Yij = µi + εij , i = 1, · · · , p, j = 1, · · · , ni ;
εij ∼ N(0, σ2),�εij�pÕá.

�
éÏf�Y²éÁ��I�K�§òµi©).
-µ = 1

n

∑p
i=1 niµi§n =

∑p
i=1 ni§αi = µi − µ, i = 1, · · · , p

Ù¥µ�¤kYij�o�²þ�§αi�1i�Y²éÁ��I��
A§{¡�Y²Ai��A§§�N
Ïf�1i�Y²Ai éÁ�
�I�^���. �±�yµ

∑p
i=1 niαi =

∑p
i=1 ni (µi − µ) = 0.

u´k 
Yij = µ+ αi + εij , i = 1, · · · , p, j = 1, · · · , ni ;
εij ∼ N(0, σ2),�εij�pÕá;∑p

i=1 niαi = 0.¡�üÏf��©Û�..
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nnn.ÚÚÚOOO©©©ÛÛÛ
�½ÏfA�p�Y²eþ�´Ä��§8(�u�b�

H0 : µ1 = µ2 = · · · = µp

½
H0 : α1 = α2 = · · · = αp

´Ä¤á
1.wwwÍÍÍ555uuu���

PY = 1
n

∑p
i=1

∑ni
j=1Yij ,L«¤kYij�o²þ�.

Y i · = 1
ni

∑ni
j=1Yij ,L«1i�Y²e���þ�.

�ÄÚOþST =
∑p

i=1

∑ni
j=1(Yij − Y )2 ¡�ol�²�Ú§�N

�ÜÁ�êâ�m��É(lÑ§Ý).
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òST©)µ

ST =
p∑

i=1

ni∑
j=1

(Yij − Y )2 =
p∑

i=1

ni∑
j=1

[(Yij − Y i ·) + (Y i · − Y )]2

=
p∑

i=1

ni∑
j=1

(Yij − Y i ·)
2 +

p∑
i=1

ni∑
j=1

(Y i · − Y )2

= SE + SA

Ù¥SE =
∑p

i=1

∑ni
j=1(Yij − Y i ·)

2�N
3�Ó^�e�gÁ�

��É,¡�Ø�²�Ú½|S²�Ú¶SA =
∑p

i=1ni (Y i · − Y )2

�N
5gØÓoN����m��É,�Ò´�N
Ïf�Y
²�Aαi�K�,¡�|m²�Ú, SA��Á�Ø�k'.
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(1)eH0¤á§Kαi = 0, i = 1, · · · , p,�.C�{
Yij = µ+ εij , i = 1, · · · , p, j = 1, · · · , ni ;
εij ∼ N(0, σ2),�εij�pÕá

ù�STL«=d�ÅØ�εij¤Úå� �.

(2)eH0Ø¤á§KST¥Ø�¹d�ÅØ�εij¤Úå� �	§
�A�¹dαiØ��0¤Úå� �.
eUrST¥dεij¤Úå� �ÚÏfαiØ��0¤Úå� �

©m§¿À�·��ÚOþ��ïþ§��m�É�ÝþºÝ§
Ò�±u�b�H0.
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�±íÑ
SA
σ2

H0∼ χ2(p − 1),
SE
σ2
∼ χ2(n − p)

�SAÚSE�pÕá.
À�ÚOþ

F =
SA/(p − 1)

SE/(n − p)

H0∼ F (p − 1, n − p)

áý��
W = {F > F1−α(p − 1, n − p)}

eáýH0,K@�ÏfA�p�Y²�A�mkwÍ5�É¶ÄK
@�ÏfA�p�Y²�A�mvkwÍ5�É.
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��5
 ²�ÚS gdÝf þ�S F� wÍ5

ÏfA SA =
∑p

i=1ni (Y i· − Y )2 p − 1 SA =
SA
p−1

F =
SP
SE

Ø� SE =
∑p

i=1

∑ni
j=1(Yij − Y i·)

2 n − p SE =
SE
n−p

oÚ ST =
∑p

i=1

∑ni
j=1(Yij − Y )2 n − 1
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~~~2µïÄ5�¬«�þ�m´ÄkwÍ5�É(α = 0.1)

A 1 2 3 Y i ·
A1 41 39 40 40

A2 33 37 35 35

A3 38 35 35 36

A4 37 39 38 38

A5 31 34 34 33
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)))µH0 : µ1 = · · · = µ5,F = SA/(5−1)
SE/(15−5) ∼ F (4, 10)

SA =
∑p

i=1
1
ni

(
∑ni

j=1Yij)
2 − 1

n (
∑p

i=1

∑ni
j=1Yij)

2 = 19962− 19874.4 = 87.6

SE =
∑p

i=1

∑ni
j=1(Yij)

2−
∑p

i=1
1
ni

(
∑ni

j=1Yij)
2 = 19986−19962 = 24

ST = SA + SE = 111.6

��5
 ²�ÚS gdÝf þ�S F� wÍ5
ÏfA SA = 87.6 4 21.9 9.13
Ø� SE = 24 10 2.4

oÚ ST = 111.6 14

éuα = 0.1,�LF0.9(4, 10) = 2.641 < 9.13,¤±áýH0,`²5�
¬«kwÍ�É.
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2.ëëëêêê���OOO
p�Y²�A�mkwÍ�É§�Ò´`µ1, · · · , µpØ���

Ó§�Iéz�éµi , µj�m��É§Ý�Ñ�O§�Ò´é�
A��µi − µj?1«m�O.

(1)E (Y i ·) = µ+ αi , i = 1, 2, · · · , p, E (Y ) = µ. ¤
±µ̂ = Ȳ ,α̂i = Y i · − Y©O´µÚαi�Ã �O.

(2) Yi ∼ N(µi , σ
2),Yj ∼ N(µj , σ

2) (i 6= j),¦þ�
�µi − µj = αi − αj�«m�O.
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Y i · ∼ N(µi ,
σ2

ni
), i 6= j�§Y i · �Y j ·�pÕá.

¤±

Y i · − Y j · ∼ N(µi − µj , (
1

ni
+

1

nj
)σ2)

qÏ�SE/σ
2 ∼ χ2(n − p),�σ̂2 = SE

n−p

(Y i · − Y j ·)− (αi − αj)√
1
ni

+ 1
nj
σ̂

∼ t(n − p)

u´þ��µi − µj = αi − αj��&Y²�(1− α)�&«m�

[Y i ·−Y j ·−

√
1

ni
+

1

nj
σ̂t1−α

2
(n−p),Y i ·−Y j ·+

√
1

ni
+

1

nj
σ̂t1−α

2
(n−p)]
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555µ

(1)e�&«m�¹0§K±(1− α)VÇ@�µi�µjvkwÍ�
É¶

(2)e�&«mþ��u0§K±(1− α)VÇ@�µi < µj

(3)e�&«me��u0§K±(1− α)VÇ@�µi > µj



�5�.

1�! ���5£8�.
1�! õ��5£8�.�ëê�O
1n! õ��5£8�.�b�u�
1o! ��5£8�.
1Ê! üÏfÁ���©Û

1Ê! üÏfÁ���©Û

~~~3µ(Y~2)dY 1· = 40, Y 2· = 35, Y 3· = 36, Y 4· = 38,
Y 5· = 339Y = 36.4, �±�ÑÏfA���A��O�µ
α̂1 = Y 1· − Y = 3.6, α̂2 = −1.4, α̂3 = −0.4, α̂4 = 1.6,
α̂5 = −3.49σ2�Ã �O�σ̂2 = 2.4.
þ��µi − µj = αi − αj��&Y²�95%�&«mXeL¤«,
i , j = 1, 2, 3 ùpt0.975(10) = 2.2281, ni = nj = 5. ù
�&«m
þ�¹0§�`²ØÓ¬«é�þvkwÍK�.

µi − µj Y i · − Y j · �&«m
µ1 − µ2 5 [-1.9035, 11.9035]
µ1 − µ3 4 [-2.9035, 10.9035]
µ2 − µ3 -1 [-7.9035, 5.9035]



�5�.

1�! ���5£8�.
1�! õ��5£8�.�ëê�O
1n! õ��5£8�.�b�u�
1o! ��5£8�.
1Ê! üÏfÁ���©Û

1Ê! üÏfÁ���©Û

3.�*ÿ�L�½L�§�±²L�5C�¦O�{ü§
-Y ′ij =

Yij−c
b , b 6= 0, ^Y ′ij�YijO��F�´�Ó�.
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�ëêb�u�

�ëêb�u�

eb�H0 : F (x) = F0(x ; θ), Ù¥F0(x ; θ)����½�©Ù,θ´
ëê�þ.
(1)eθ = θ0®�, =oN©Ù��(½,d�H0¡�{{{üüübbb���.
(2)eθÜ©½����,=F0(x ; θ)/ªþ(½,�¹k��ëê,d
�H0¡�EEEÜÜÜbbb���.

�b½,�nØ©ÙF0(x ; θ),¢Sêâx1, · · · , xn�nØ©
ÙF0(x ; θ) l�þ^∆(x1, · · · , xn;F )L«, 5½��.
�∆0,e∆�Lù�.�∆0,K@�nØ©Ù�êâx1, · · · , xn Ø
Î,Ï
áýH0,ÄK�ÉH0. ù�∆Ò¡�///[[[ÜÜÜ`̀̀ÝÝÝ000
(Goodness of Fit), ù«u�¡�///[[[ÜÜÜ`̀̀ÝÝÝuuu���000



�ëêb�u�

χ2[Ú`Ýu�

���.χ2[[[ÚÚÚ`̀̀ÝÝÝuuu���
1.{{{üüübbb���
�oN©Ù�F (x).(X1, · · · ,Xn)��goN���,JÑb

�H0 : F (x) = F0(x ; θ0), θ0�®�ëê"
(1)À�r − 1�¢ê−∞ < y1 < y2 < · · · < yr−1 < +∞,§�ò�
ÅCþX����U���8Ü©�r�«m,¿^niL«��*
ÿ�á\1i�«m(yi−1, yi ]�***ÿÿÿªªªêêê (ùp�y0 = −∞,
yr = +∞).

∑r
i=1ni = n.

(2)3H0�ýe,Kd�½�©Ù¼êF0(x ; θ0)�±¦
Ñpi = F0(yi ; θ0)− F0(yi−1; θ0), i = 1, 2, · · · , r .
r∑

i=1
pi = 1,¡npi���á\1i��«m�nnnØØØªªªêêê.



�ëêb�u�

χ2[Ú`Ýu�

(3)�ÄÚOþχ2 =
r∑

i=1

(ni−npi )
2

npi
§§L«¢S*ÿªêni�nØ

ªênpi��é�É�oÚ. dPearson½n:χ2 ∼ χ2(r − 1),Ïd
�n¿©��,é�½�wÍ5Y²α,u��áý��

W = {χ2 ≥ χ2
1−α(r − 1)}.



�ëêb�u�

χ2[Ú`Ýu�

2.EEEÜÜÜbbb���

H0 : F (x) = F0(x ; θ),θ��,�s��þ,θ = (θ1, · · · , θs)

(1)dMLE{�θ̂ �O��ëê§

(2)p̂i = F0(yi ; θ̂)− F0(yi−1; θ̂), i = 1, 2, · · · , r

(3)χ2 =
r∑

i=1

(ni−np̂i )
2

np̂i
∼ χ2(r − s − 1)



�ëêb�u�

χ2[Ú`Ýu�

3.bbb���uuu���ÚÚÚ½½½
(1)ò*ÿ�(êâ)©�r�pØ�N�«m§�Ñni ,z�«m�
�k5���§«m�Ý�±Ø��"
(2)3H0�ýe§^MLE�O{��O©Ù¥¤¹���ëê"
(3)3H0�ýe§O�pi = F (yi )− F (yi−1)Únpi , i = 1, · · · , r .

(4)O�χ2 =
r∑

i=1

(ni−npi )
2

npi

(5)é�½�wÍ5Y²α,u��áý�
�W = {χ2 ≥ χ2

1−α(r − s − 1)}§�L��.�§s���ëê�
�ê"
(6)eχ2 > χ2

1−α,KáýH0,ÄK�ÉH0"
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χ2[Ú`Ýu�

555µµµ(1)χ2[Ú`Ýu�7I3���e?1"
(2)�¦npi ≥ 5
(3)3{üb�u�¥§©«m��Ð�«mVÇ�Ó"

~~~1. k����¡N�20�¡þ©OI±êi0, 1, · · · , 9,z�ê
i3ü�é¡�¡þIÑ§�u�Ùþ!5§��800gÝ�Á
�§êi0, 1, · · · , 9�þ�gê�

êi 0 1 2 3 4 5 6 7 8 9

ªê 74 92 83 79 80 73 77 75 76 91

¯µT�20¡N´Äþ!º(α = 0.05)



�ëêb�u�

χ2[Ú`Ýu�

))): H0:T�20¡Nþ!,
=pi = P(X = i) = 1

10 , i = 0, 1, · · · , 9,Knpi = 80

êi ni npi ni − npi (ni − npi )
2

0 74 80 -6 36
1 92 80 12 144
2 83 80 3 9
3 79 80 -1 1
4 80 80 0 0
5 73 80 -7 47
6 77 80 -3 9
7 75 80 -5 25
8 76 80 -4 16
9 91 80 11 121∑

800 410

χ2 =
10∑
i=1

(ni−npi )
2

npi
= 1

80 × 410 = 5.125,

éα = 0.05,�Lχ2
0.95(10− 1) = 16.9,Ï�χ2 < χ2

0.95(9),¤±�
ÉH0,=@�T�20¡N´þ!�"
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χ2[Ú`Ýu�

~~~2. ¢DÆ¥~~k�Ä[Üu��~f.~X,«ÄÔ�þ�
f�©¤n«a.:4ò,¥�ò­,�~,
f�ò­d��¢D
ÄÏF , f¤��,(F ,F )����þ�f´4ò�,(F , f )���´
¥�ò­,(f , f )K��~,¿�ü�ÄÏ�Å(Ü,Ïd4ò,¥�
ò­,�~�'~A´1 : 2 : 1.y3?1
93gÁ�,¤�e¡(
J.

4ò ¥�ò­ �~
23 50 20

�p1 = P{���f´4ò�}, p2 = P{���f¥�ò­},
p3 = P{���f�~},



�ëêb�u�

χ2[Ú`Ýu�

Kb�u��

H0 : p1 = p10 =
1

4
, p2 = p20 =

1

2
, p3 = p30 =

1

4
↔ H1 : ��k��pi 6= pi0 .

χ2 =
(23− 93× 1

4)2

93× 1
4

+
(50− 93× 1

2)2

93× 1
2

+
(20− 93× 1

4)2

93× 1
4

= 0.72,

éα = 0.05, χ2
0.95(2) = 5.991 χ2 = 0.72 < χ2

0.95(2),ÏdØUáý
�b�,=f�ò­§Ý´d¢DÄÏ(F ,F ), (F , f )Ú(f , f )¤�
��¢DÆnØ´Õ�4��.
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χ2[Ú`Ýu�

~~~3.>{���3,���S��^r���gê§Uz©¨O

��gêni 0 1 2 3 4 5 6 ≥7

ªêni 8 16 17 10 6 2 1 0

¯µ>{z©¨��gê´ÄÑlÑt©Ùº(α = 0.05)

)))µdMLE�λ̂ = X̄ ,d��*ÿ��

x̄ = (0× 8 + 1× 16 + · · ·+ 6× 1)/60 = 2

H0 : p̂i = P(X = i) = 2ie−2

i! , i = 0, 1, · · ·
3H0�ýe§z©¨����gê�nØªê

np̂i = 60× 2ie−2

i !
, i = 0, 1, · · ·



�ëêb�u�

χ2[Ú`Ýu�

i ni np̂i ni − np̂i (ni − np̂i )
2 (ni − np̂i )

2/np̂i
0 8 8.1204 -0.1204 0.0145 0.0018
1 16 16.2402 -0.2402 0.0577 0.0036
2 17 16.2402 0.7598 0.5773 0.0355
3 10 10.8264 -0.8264 0.6829 0.0631

4 6 5.4134
5 2 2.1654 0.4932 0.2432 0.0286
6 1 0.7218
7 0 0.2062∑

60 0.1326

χ2 =
5∑

i=1

(ni−np̂i )
2

np̂i
= 0.133,r = 5, s = 1,éα = 0.05,�

Lχ2
0.95(3) = 7.815,Ï�χ2 < χ2

0.95(3),¤±�ÉH0,=@�z©¨
��gêÑlëê�2�Ñt©Ù"
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/é¤�	�oN¥z����Ó�ÿ½ü��IX ,Y ,�u�
ùü��I´Äk'.0

~~~:�Äé,«;¾�A«£��{�£�(J�m�'X.
òn�¾<UØÓ�£��{(1���I)©|,*	�|S¾<
�ØÓ�J(1���I).�X�U���1, 2, · · · , p, Y�U��
�1, 2, · · · , q, y3é(X ,Y ) ?1
ngÕá*ÿ

�(x1, y1), · · · , (xn, yn), ^nijL«��*ÿ�¥/X�i ,Y�j0�
gê. u�b�

H0 : X�YÕá.

rêâü�¤L�/ª,ù«L¡����éééLLL
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X
Y

1 2 · · · q

1 n11 n12 · · · n1q n1·
2 n21 n22 · · · n2q n2·
...

...
...

. . .
...

...
p np1 np2 · · · npq np·

n·1 n·2 · · · n·q n

Ù¥ni · =
q∑

j=1
nij , n·j =

p∑
i=1

nij , n =
p∑

i=1

q∑
j=1

nij .

u�X�Y´Ä�pÕá⇔ H0 : pij = pi · · p·j ,éu¤k(i , j) Ñ¤
á↔ H1 : pij 6= pi · · p·j ,éu,�(i , j) ¤á
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dMLE� {
p̂i · = ni·

n , i = 1, · · · , p;

p̂·j =
n·j
n , j = 1, · · · , q.

À�ÚOþ

χ2 =

p∑
i=1

q∑
j=1

(nij − n̂ij)
2

n̂ij
= n(

p∑
i=1

q∑
j=1

n2ij
ni ·n·j

−1) ∼ χ2((p−1)(q−1))

Ù¥n̂ij = n × p̂ij = n × p̂i · × p̂·j = n × ni·
n ×

n·j
n =

ni·n·j
n . é�½

�α §áý�W = {χ2 ≥ χ2
1−α((p − 1)(q − 1))}.
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~~~5. ,�`¯ü�?1,«EUÔö§ÿ�¤1U`§û§9
�9Ø9�o?�©§(JXeL§¯¤1��?kÃ'
Xº(α = 0.05)

�? ` û 9� Ø9� ÜO
` 14 20 15 11 60
¯ 18 10 20 12 60

ÜO 32 30 35 23 120
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�éL�Õá5u�

))):H0:¤1��?Ã'"
3H0�ýe§nØªêLXe§n̂ij =

ni·n·j
n

�? ` û 9� Ø9� ÜO
` 16 15 17.5 11.5 60
¯ 16 15 17.5 11.5 60

ÜO 32 30 35 23 120

χ2 = n
2∑

i=1

4∑
j=1

(nij − n̂ij)
2

ni ·n·j

=
(14− 16)2

16
+

(20− 15)2

15
+ · · ·+ (12− 11.5)2

11.5
= 4.592

éα = 0.05§p = 2, q = 4,�L�χ2
0.95(3) = 7.815,¤±

W = {χ2 > 7.815}"duχ2 < χ2
0.95(3),Ïd�ÉH0,=3wÍ5

Y²0.05e§@�¤1��?Ã'"
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555: (1)�éLu�Õá5�§¢Sþ´χ2[Ú`Ýu�¥χ2u
�ÚOþ4�½n�A^"

(2)��^uëY.§òCþ�©¤eZ�pØ�N�«m"
(3)�p = q = 2�§��2× 2�éL§��o�L§

^a, b, c , dL«*ÿ�"

1 2
∑

1 a b a + b
2 c d c + d∑

a + c b + d n

k�{B�O�úª§

χ2 =
n(ad − bc)2

(a + c)(b + d)(c + d)(a + b)
∼ χ2(1)
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~~~6.N�339¶50�±þáëS.��ú5í+ö�'X§�e
L§¯áë��ú5í+ö´Äk'º(α = 0.01)

� Ø�
∑

áë 43 162 205
Øáë 13 121 134∑

56 283 339

))):�H0 :áë��ú5í+öÃ'§do�Lu�

χ2 =
n(ad − bc)2

(a + c)(b + d)(c + d)(a + b)
= 7.469

éα = 0.01§�Lχ2
0.99(1) = 6.635,Ï�χ2 > χ2

0.99(1),¤±á
ýH0,=@�áë��ú5í+ök'"
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