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1 ÔÔÔKKK˝̋̋pppÑÑÑ666[[[

öööIII 1 (‡N⌅⌅6[). æf(x), fk(x), k = 1, 2, · · ·/ÔK∆E ⇢ Rn⌦Ñ�Iû<˝p⇥Â
X(E-Ñπ∆Z, �óm(Z) = 0 fk(x) ! f(x), x 2 E \ Z, ⇡{fk(x)}(E⌦‡N⌅⌅6
[éf(x), ∞:fk(x) ! f(x), a.e. x 2 E.

öööIII 2 (ùK¶6[). æf(x), fk(x), k = 1, 2, · · ·/ÔK∆E ⇢ Rn⌦‡N⌅⌅ PÑÔK˝
p⇥Â˘˚✏ŸöÑ" > 0,  

lim
k!1

m({x 2 E : |fk(x)� f(x)| > "}) = 0,

⇡{fk(x)}(E⌦ùK¶6[éf(x).

öööIII 3 (✏K¶��Ù6[). æf(x), fk(x), k = 1, 2, · · ·/ÔK∆E ⇢ Rn⌦‡N⌅⌅ PÑÔ
K˝p⇥Â˘˚✏ŸöÑ� > 0, X(EÑÔKP∆E�·≥m(E�) < �, �ó{fk(x)}(E \ E�⌦�
Ù6[éf(x), ⇡{fk(x)}(E⌦✏K¶��Ù6[éf(x).

ËËË✏✏✏⇢⇢⇢ 9ÿf(x), fk(x)(ˆK∆⌦Ñ<��qÕ6['⇥

ööö⌃⌃⌃ 1 (✏K¶��Ù6[®¸˙Êå{6[). æf(x), fk(x), k = 1, 2, · · ·/ÔK∆E ⇢ Rn⌦
‡N⌅⌅ PÑÔK˝p⇥Â{fk(x)}(E⌦✏K¶��Ù6[éf(x), ⇡{fk(x)}(E⌦‡N⌅
⌅ùK¶6[éf(x),

¡¡¡���⇢⇢⇢(‡N⌅⌅) ⌘ÏÔÂ~0E2�k·≥m(E2�k) < 2�k, �ófk(x) ◆ f(x), x 2 E \ E2�k . ‡
d⌘Ï 

fk(x) ! f(x), x 2
1[

k=1

(E \ E2�k) = E \
1\

k=1

E2�k .

ŸÃm

 1\

k=1

E2�k

!
 m(E2�k) < 2�k, ‡d

1\

k=1

E2�k/ˆK∆⇥

(ùK¶) Ÿö", � > 0, ⌘ÏÔÂ~0E�·≥m(E�) < �, �ófk(x) ◆ f(x), x 2 E \ E�. ‡dX
(N , �ók > Nˆ�⌘Ï |fk(x)� f(x)| < ", x 2 E \ E�. é/k > Nˆ�⌘Ï 

m({x 2 E : |fk(x)� f(x)| > "})  m(E�) < �.

1�Ñ˚✏'�⌘Ï 

lim
k!1

m({x 2 E : |fk(x)� f(x)| > "}) = 0, 8" > 0.

‡d⌘Ï ùK¶6[⇥
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ööö⌃⌃⌃ 2 (ˆ�W+ö⌃). æf(x), fk(x), k = 1, 2, · · ·/ÔK∆E ⇢ Rn⌦‡N⌅⌅ PÑÔK˝
p�m(E) < +1. Â{fk(x)}(E⌦‡N⌅⌅6[éf(x), ⇡˘˚✏ŸöÑ� > 0, X(EÑÔK
P∆E�·≥m(E�) < �, �ó{fk(x)}(E \ E�⌦�Ù6[éf(x).

¡¡¡���⇢⇢⇢�®Gæ@ ˝p˝/û<˝p⇥Ÿö˚U" > 0, ⌘Ï⇤Q∆�

Ak(") = {x 2 E : |f(x)� fj(x)| < ", 8j � k}.

∆�⌫Ak(")/✓û∆�⌫�vÅP∆[Ak(") � {x 2 E : fk(x) ! f(x)}. ‡d

m([Ak(")) = m(E) ) lim
k!1

m(Ak(")) = m(E).

é/˘éœ*Í6pn, ⌘Ï Í6pk(n, �), �óm(Ak(n,�)(1/n)) > m(E) � 2�n
�. ‰E�,n =

E \Ak(n,�)(1/n), ⇡m(E�,n) < 2�n
�, 

|fj(x)� f(x)| < 1/n, ÍÅ j � k(n, �), x 2 Ak(n,�)(1/n) = E \ E�,n.

���‰E� =
1[

n=1

E�,n. ⌘Ï m(E�) 
1X

n=1

m(E�,n) < �. v⌘Ï 

|fk(x)� f(x)| < 1/n, ÍÅ k � k(n, �), x 2 E \ E�.

é/⌘Ï fk(x) ◆ f(x), x 2 E \ E�.

ãããPPP 1. ˝p⌫fk(x) = x
k(E = (0, 1)⌦‡N⌅⌅6[éf(x) = 0, FŸ�6[v^�Ù6[⇥

®®®∫∫∫ 1. æf(x), fk(x), k = 1, 2, · · ·/ÔK∆E ⇢ Rn⌦‡N⌅⌅ PÑÔK˝p�m(E) <

+1. Â{fk(x)}(E⌦‡N⌅⌅6[éf(x), ⇡{fk(x)}(E⌦ùK¶6[éf(x).

ãããPPP 2. ‰fk(x) = x/k, f(x) = 0, öIflE = [0,1), ⇡⌘Ï ⌅⌅6[fk(x) ! f(x), x 2 E.
F/ùK¶6[�⇣À�˘é˚U" > 0, ⌘Ï 

m({x 2 E : |fk(x)� f(x)| > "}) = m((k",+1)) = +1.

小测度外

一致收敛

几乎处处收敛 依测度收敛

m(E)<∞

m(E)<∞

1.1 ÅÅÅPPP˝̋̋pppÑÑÑ///���'''

ööö⌃⌃⌃ 3. æf(x), g(x), fk(x), k = 1, 2, · · ·/ÔK∆E ⇢ Rn⌦‡N⌅⌅ PÑÔK˝p⇥
Â{fk(x)}(E⌦�ˆùK¶6[éf(x)åg(x), ⇡f(x)åg(x)(E⌦‡N⌅⌅¯I⇥

¡¡¡���⇢⇢⇢⌘Ï�®GæŸõ˝p˝÷ûp<⇥˘é˚U" > 0åÍ6pk,  

{x 2 E : |f(x)� g(x)| > "} ⇢ {x 2 E : |fk(x)� f(x)| > "/2} [ {x 2 E : |fk(x)� g(x)| > "/2}

2



‡d

m({x 2 E :|f(x)� g(x)| > "})
 lim

k!1
(m({x 2 E : |fk(x)� f(x)| > "/2}) +m({x 2 E : |fk(x)� g(x)| > "/2})) = 0

���{x 2 E : f(x) 6= g(x)} =
1[

n=1

{x 2 E : |f(x)� g(x)| > 1/n}/ˆK∆⇥

���⌃⌃⌃ 1. Â{fk(x)}(ÔK∆E⌦ùK¶6[éf(x)�⇡˘EÑ˚UÔKP∆E1, {fk(x)}(E1⌦
ùK¶6[éf(x).

¡¡¡���⇢⇢⇢˘é˚U" > 0,

lim
k!1

m({x 2 E1 : |fk(x)� f(x)| > "})  lim
k!1

m({x 2 E : |fk(x)� f(x)| > "}) = 0.

���⌃⌃⌃ 2. Â{fk(x)}(ÔK∆E⌦‡N⌅⌅6[éf(x)�⇡˘EÑ˚UÔKP∆E1, {fk(x)}(E1⌦
‡N⌅⌅6[éf(x).

¡¡¡���⇢⇢⇢æfk(x) ! f(x), x 2 E \Z, m(Z) = 0. ⇡fk(x) ! f(x), x 2 E1\(E \Z) = E1 \(Z\E1).

���⌃⌃⌃ 3. Â{fk(x)}(ÔK∆E⌦d✏K¶∆��Ù6[éf(x)�⇡˘EÑ˚UÔKP∆A,
{fk(x)}(E1⌦d✏K¶∆��Ù6[éf(x).

¡¡¡���⇢⇢⇢Ÿö� > 0, ⌘Ï E� ⇢ E·≥m(E�) < �, �ófk(x) ◆ f(x), x 2 E \ E�. ⇡fk(x) ◆
f(x), x 2 A \ (E \ E�) = A \ (A \ E�). ŸÃm(A \ E�) < �.

ööö⌃⌃⌃ 4. æf(x), g(x), fk(x), k = 1, 2, · · ·/ÔK∆E ⇢ Rn⌦‡N⌅⌅ PÑÔK˝p⇥
Âf(x), g(x)˝/∆�⌫fk(x)(E⌦‡N⌅⌅/✏K¶��Ù/ùK¶ÑÅP(å⇧ÅPÕ{Ô
˝��)�⇡f(x)åg(x)( E⌦‡N⌅⌅¯I⇥

¡¡¡���⇢⇢⇢⌘ÏÔÂäEô⇣K¶ PÑP∆Kv∆E =
1[

i=1

Ei. ⇡f(x), g(x)˝/∆�⌫fk(x)(Ei⌦

Ñ–{ÅP�‡d˝/ùK¶ÑÅP�é/f(x) = g(x), a.e. x 2 Ei. ‡df(x)åg(x)( E⌦‡
N⌅⌅¯I⇥

1.2 ùùùKKK¶¶¶666[[[ÑÑÑ'''(((

öööIII 4. ùK¶Cauchy⌫ æfk(x), k = 1, 2, · · ·/ÔK∆E ⇢ Rn⌦‡N⌅⌅ PÑÔK˝p⇥
Â˘˚ŸÑ" > 0,  

lim
j,k!+1

m({x 2 E : |fj(x)� fk(x)| > "}) = 0,

⇡{fk(x)}:E⌦ÑùK¶Cauchy⌫⇥

ãããPPP 3. æ{fk(x)}(ÔK∆E ⇢ Rn⌦ùK¶6[éf(x). ⇡{fk(x)}/E⌦ÑùK¶Cauchy⌫⇥

¡¡¡���⇢⇢⇢⌘Ï 

{x 2 E : |fk(x)� fj(x)| > "} ⇢ {x 2 E : |fk(x)� f(x)| > "/2} [ {x 2 E : |fj(x)� f(x)| > "/2}.

‡d�

m({x 2 E :|fk(x)� fj(x)| > "})
 m({x 2 E : |fk(x)� f(x)| > "/2}) +m({x 2 E : |fj(x)� f(x)| > "/2}).

‰j, k ! 1, ⌘Ïsó0�ÅÑÅP⇥
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���⌃⌃⌃ 4. ùK¶Cauchy⌫Ñ6[P⌫ Â{fk(x)}/ÔK∆E⌦ÑùK¶Cauchy⌫�⇡⌘ÏÔÂ~
0�*P⌫{fkj (x)}j2Nå�*‡N⌅⌅ PÑÔK˝pf(x), �ófkj (x)(E⌦✏K¶��Ù6
[éf(x).

¡¡¡���⇢⇢⇢9nùK¶Cauchy⌫ÑöI�⌘ÏÔÂ~0✓ûÑp⌫kj , �ó

m({x 2 E : |fn(x)� fi(x)| > 2�j}) < 2�j
, n, i � kj .

‰Ej = {x 2 E : |fkj (x)� fkj+1(x)| > 2�j}, ⇡m(Ej) < 2�j . Âx 2 E \
1[

j=j0

Ej , n > i � j0

|fki(x)� fkn(x)|  |fki(x)� fki+1(x)|+ · · ·+ |fkn�1(x)� fkn(x)|  21�i
.

‡d˘œ*˙öÑx 2 E \
1\

j0=1

1[

j=j0

Ej , P⌫fkj (x)˝/�*ûpƒ⇣ÑCauchy⌫⇥ŸÃ´íd

Ñ∆�/E0 = lim
j!1

Ej , /�*ˆK∆⇥‡d⌘ÏÔÂ÷E⌦‡N⌅⌅ PÑ˝pf(x)��ó

fkj (x) ! f(x), x 2 E \ E0. (⌦bÑ�I✏-‰n ! 1, ⌘Ï 

|fki(x)� f(x)|  21�i
, x 2 E \

1[

j=j0

Ej , i � j0.

_1/fki(x) ◆ f(x), x 2 E \
1[

j=j0

Ej , v-m

0

@
1[

j=j0

Ei

1

A < 21�j0 .

®®®∫∫∫ 2. Â{fk(x)}/ÔK∆E⌦ÑùK¶Cauchy⌫�⇡X(�*‡N⌅⌅ PÑÔK˝pf(x),
�ófk(x)(E⌦ùK¶6[éf(x).

¡¡¡���⇢⇢⇢1�⌃�⌘Ï P⌫fkj (x), (E⌦✏K¶��Ù6[é�*‡N⌅⌅ PÑÔK˝
pf(x). ‡dfkj (x)ùK¶6[éf(x). ˘é˚U", � > 0, 1{fk(x)}/ùK¶Cauchy⌫�X(k0,
�ó

m({x 2 E : |fk(x)� fkj (x)| > "/2}) < �/2, k, kj � k0.

‡d�Çúk, kj � k0, ⌘Ï 

m({x 2 E :|fk(x)� f(x)| > "})
 m({x 2 E : |fkj (x)� f(x)| > "/2}) +m({x 2 E : |fk(x)� fkj (x)| > "/2})
 m({x 2 E : |fkj (x)� f(x)| > "/2}) + �/2.

‰j ! 1, ⌘Ïó0Sk � k0ˆ

m({x 2 E : |fk(x)� f(x)| > "})  �/2.

é/1ÅPÑöI�⌘Ï ˘˚✏ŸöÑ" > 0,

lim
k!1

m({x 2 E : |fk(x)� f(x)| > "}) = 0.

ööö⌃⌃⌃ 5 (Rieszö⌃). Â{fk(x)}(ÔK∆E⌦ùK¶6[éf(x), ⇡X(P⌫{fki(x)}, �ó

lim
i!1

fki(x) = f(x), a.e. x 2 E.
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小测度外

一致收敛

几乎处处收敛 依测度收敛

m(E)<∞

m(E)<∞

取子列

取子列

¡¡¡���⇢⇢⇢1⌦bÀÕÑ�⌃�X(P⌫{fki(x)}, (E⌦✏K¶��Ù6[é�*‡N⌅⌅ PÑ
ÔK˝pg(x)⇥⌘Ï�ˆ» {fki(x)}(E⌦ùK¶6[éf(x), ‡df(x) = g(x), a.e. x 2 E.
é/⌘Ï P⌫{fki(x)}(E⌦✏K¶��Ù6[éf(x), Ÿ_1✏s@‡N⌅⌅Ñ6[⇥

ãããPPP 4. ÷E = [0, 1). ⌘ÏöIf2n+k(x)::Ù[k · 2�n
, (k + 1) · 2�n)ÑyÅ˝p⇥v-n =

0, 1, 2, · · · , k = 0, 1, · · · , 2n � 1. å¡{fm(x)}(E⌦ùK¶6[é0. F/fm(x) ! 0˘˚Ux 2
E˝�⇣À⇥

¡¡¡���⇢⇢⇢Åå¡ùK¶6[�⌘ÏÍ�¬fl0m = 2n + kãé‡wˆ�nãé‡w�⌘Ï 

m({x 2 [0, 1) : |f2n+k(x)� 0| > "}) = m([k · 2�n
, (k + 1) · 2�n)) = 2�n

.

˘˚Ux 2 [0, 1), ˝X(‡w*m, �ófm(x) = 1, ‡dfm(x) ! 0�⇣À⇥

1

f1

1

f2 f3

1

f4    f7f6   f5

2 ÔÔÔKKK˝̋̋pppåååfififiÌÌÌ˝̋̋pppÑÑÑsss˚̊̊

2.1 (((fififiÌÌÌ˝̋̋ppp<<<———ÔÔÔKKK˝̋̋ppp

ööö⌃⌃⌃ 6 (b%ö⌃). Âf(x)/ÔK∆E ⇢ Rn⌦Ñ‡N⌅⌅ PÑÔK˝p�⇡˘˚U� > 0, X
(Ì∆F ⇢ E, m(E \ F ) < �, �óf(x)/F⌦ÑfiÌ˝p⇥

¡¡¡���⇢⇢⇢,�e Âf(x) =
pX

i=1

ci�Ei(x)/�*ÄU˝p⇥v-Eií�¯§�
p[

i=1

Ei = E. ⌘ÏÔ

Â ÷Ì∆Fi ⇢ Ei, �óm(Ei \ Fi) < �/p, v‰F =
p[

i=1

Fi, m(E \ F ) =
pX

i=1

m(Ei \ Fi) < �. ↵

b⌘Ïå¡f(x)(F⌦fiÌ⇥�®æx 2 F1 ⇢ F , Ÿö" > 0, 1éH =
p[

i=2

Fi/Ì∆�x 2 H
c/

�∆�X(� > 0, �ó

B(x, �) ⇢ H
c ) B(x, �) \ Fi = ?, i = 2, 3, · · · , p.
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‡dÂy 2 F·≥|y � x| < �, ⇡y 2 F1, é/f(y) = c1 = f(x), |f(y)� f(x)| = 0 < ". ‡d⌘Ï
 f(xπfiÌ�Ÿ_1Ÿ˙Üf(F⌦ÑfiÌ'⇥

F1 F2 F3

E1 E2 E3

,åe Âf(x)/�* LÔK˝p⇥1ÄU˝p<—ö⌃�X(E⌦ÄU˝p⌫'k(x)� �Ù
6['k(x) ◆ f(x), x 2 E. 9n,�eÑ”ú�⌘ÏÔÂ~0Ì∆⌫Fk ⇢ E·≥m(E \ Fk) <

�/2k, �ó'k(x)(Fk⌦fiÌ⇥⌘Ï÷Ì∆F =
1\

k=1

Fk, ⇡œ*˝p'k(x)˝(F⌦fiÌ�

m(E \ F ) = m

 1[

k=1

(E \ Fk)

!


1X

k=1

m(E \ Fk) < �.

���⌘Ï �Ù6['k(x) ◆ f(x), x 2 F , 1˝p'k(x)(F⌦ÑfiÌ'�⌘Ïó0f(x)(⌦
ÑfiÌ'⇥

, e Âf(x)/‡N⌅⌅ PÑÔK˝p�æZ = {x 2 E : |f(x)| = +1}:ˆK∆�⌘Ï 

g(x) = arctan f(x) 2 (�⇡/2,⇡/2), x 2 E \ Z

/ LÔK˝p�‡dX(Ì∆F ⇢ E \ Z·≥m((E \ Z) \ F ) < �, �óg(x)/F⌦fiÌ˝p⇥
‡df(x) = tan g(x)/F⌦ÑfiÌ˝p�⌘Ï m(E \ F ) = m(Z) +m(E \ (Z [ F )) < �.

Ë✏⇢ b%ö⌃Ñ”∫v�✏s@�F-Ñπ˝/f(x)(üöIflEÑfiÌπ⇥⌘ÏÔÂ⇤
QQÑyÅ˝pf(x) = �Q(x).

ãããPPP 5. ‰G =
1[

k=1

Ik/[0, 1]- ∆Ñ�∆�·≥m(G) =
1X

k=1

|Ik| 2 (0, 1)⇥ŸÃ{Ik}/í�

¯§Ñ�:Ùœ⇥⌘Ï÷f(x) = �G(x)/öI([0, 1]⌦ÑÔK˝p⇥⇡�X(ˆK∆Z, �
óf(x)([0, 1] \Z ⌦fiÌ⇥ŸÙ�b%ö⌃Ñ”∫�˝9:: X(∆�F ⇢ E, m(E \ F ) = 0, �
óf(x)/F⌦ÑfiÌ˝p⇥

¡¡¡���⇢⇢⇢GæX(ˆK∆Z, �óf(x)([0, 1] \ Z ⌦fiÌ⇥‡:m(Z [G) < 1, X(πx 2 (0, 1), �
óx /2 G, x /2 Z. ‡d⌘Ï f(x) = 0, f↵\[0, 1] \ Z⌦Ñ˝p(xπfiÌ�_sX(� > 0,
�óy 2 [0, 1] \ Z·≥|y � x| < �ˆ� |f(y) � f(x)| < 1/2s |f(y)| < 1/2. ⌘Ï�®G
æ(x� �, x+ �) ⇢ (0, 1). ‡:G([0, 1]- ∆�⌘Ï (x��, x+�)\G /�*^z�∆⇥Ÿ✏s
X(�*✏�:ÙI ⇢ (x� �, x+ �) \G. é/ÔÂ~0πy 2 I \ Z, Ÿ*π·≥

y 2 [0, 1] \ Z, |y � x| < �; ) |f(y)| < 1/2;

y 2 G; ) f(y) = 1.

6



Ÿ1ó0Ü€˛⇥

®®®∫∫∫ 3. Âf(x)/ÔK∆E ⇢ Rn⌦Ñ‡N⌅⌅ PÑÔK˝p�⇡˘˚U� > 0, X(Rn⌦Ñ�
*fiÌ˝pg(x), �ó m({x 2 E : f(x) 6= g(x)}) < �. ÂEÿ/ L∆�⇡Ô�⌦g(x)w '
/∆⇥

¡¡¡���⇢⇢⇢1b%ö⌃�ÔÂ~0Ì∆F·≥m(E \ F ) < �, �óf(x)(F⌦fiÌ⇥)(fiÌˆ”ö
⌃�⌘ÏÔÂ~0Rn⌦Ñ�*fiÌ˝pg(x), �óf(x) = g(x), x 2 F . é/

{x 2 E : f(x) 6= g(x)} ⇢ E \ F ) m({x 2 E : f(x) 6= g(x)}) < �.

ÂE ⇢ B(0, k) L�⌘ÏÔÂ÷�*(B(0, k)⌦Ié1ów '/∆ÑfiÌ˝p⇢(x), 6�
⌃g(x)(⇢(x)g(x)„ˇsÔ⇥

®®®∫∫∫ 4. Âf(x)/ÔK∆E ⇢ Rn⌦Ñ‡N⌅⌅ PÑÔK˝p�⇡X(Rn⌦ÑfiÌ˝p
⌫{gk(x)}, �ó

lim
k!1

gk(x) = f(x), a.e. x 2 E.

¡¡¡���⇢⇢⇢⌘ÏÔÂ~0Rn⌦ÑfiÌ˝p⌫{gn(x)}, �óm({x 2 E : f(x) 6= gn(x)}) < 2�n. Ÿ✏
s@˝p⌫{gn(x)}(E⌦ùK¶6[0f(x).

m({x 2 E : |f(x)� gn(x)| > "})  m({x 2 E : f(x) 6= gn(x)}) < 2�n
.

1Rieszö⌃�v-X(P⌫{gnk(x)}, (E⌦‡N⌅⌅6[éf(x).

2.2 ������˝̋̋pppÑÑÑÔÔÔKKK'''

ööö⌃⌃⌃ 7. æf(x)/R⌦ÑfiÌ˝p�g(x)/R⌦Ñû<ÔK˝p�⇡f(g(x))/R⌦ÑÔK˝p⇥

¡¡¡���⇢⇢⇢⌘Ï⇤Qüœ∆
{x : f(g(x)) > t} = g

�1(f�1((t,1)))

v-f
�1((t,1))/�*�∆�Í6/Borel∆�‡d⌦üœ∆/ÔK∆⇥

ãããPPP 6. X(R⌦ÑÔK˝pf(x)åR⌦ÑfiÌ˝pg(x), �ó��˝pf(g(x))�/R⌦ÑÔK˝
p⇥

¡¡¡���⇢⇢⇢⇤QCantor˝p� : [0, 1] ! [0, 1]. ∞(⌘ÏöI�*∞˝p : R ! R

 (x) =

⇢
�(x)+x

2 , x 2 [0, 1];
x, x /2 [0, 1].

 (x)/�*fiÌÑ%<✓û˝p�v/ŒR0RÑ�� ⌅⇥⌘Ï¡�«m( (C)) = 1/2.
( (C)-÷�ÔKÑP∆W , ⇡Z =  �1(W ) ⇢  �1( (C)) = C/ˆK∆⇥÷f(x) = �Z(x):
ÔK˝p�g(x) =  �1(x):fiÌ˝p⇥⇡��˝pf(g(x))p}/WÑyÅ˝p��ÔK⇥

ööö⌃⌃⌃ 8. æT : Rn ! Rn/�*fiÌÿb�˚UˆK∆Z ⇢ RnÑüœ∆�ö/ÔK∆⇥
Âf(x)/Rn⌦ÑÔK˝p�⇡f(T(x))_/Rn⌦ÑÔK˝p⇥

¡¡¡���⇢⇢⇢⌘Ï⇤Qüœ∆

{x 2 Rn : f(T(x)) > t} = T�1({y 2 Rn : f(y) > t})

v-{y 2 Rn : f(y) > t}/�*ÔK∆⇥1Mb‡ÇÑö⌃�ÍÅT·≥òæaˆ�ÔK∆Ñü
œ∆1/ÔK∆�‡d⌘Ïó0��˝pÑÔK'⇥
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®®®∫∫∫ 5. æf(x)/Rn⌦ÑÔK˝p�T : Rn ! Rn/^G⇥ø'ÿb�⇡��˝pf(T(x))_
/Rn⌦ÑÔK˝p⇥

¡¡¡���⇢⇢⇢˘˚UˆK∆Z ⇢ Rn, ⌘Ï T�1(Z)_/ÔK∆�1⌦ö⌃�só0�� ⌅ÑÔK
'⇥

ööö⌃⌃⌃ 9. æf(x)/�*Rn⌦ÑÔK˝p�⇡Âäf(x)↵\(x, y) 2 Rn ⇥ RmÑ˝p��I˜0�
öI F (x, y) = f(x), (x, y) 2 Rn ⇥ Rm. ⇡ó0Ñ˝p/Rn ⇥ Rm⌦ÑÔK˝p⇥

¡¡¡���⇢⇢⇢˘é˚Uûpt, ⌘Ï 

{(x, y) : F (x, y) = f(x) > t} = {x 2 Rn : f(x) > t}⇥ Rm

/ÔK∆ÑÙÔ�‡d_/ÔK∆⇥

ãããPPP 7. æf(x)/�*Rn⌦ÑÔK˝p�⇡f(x� y)/Rn ⇥ Rn⌦ÑÔK˝p⇥

¡¡¡���⇢⇢⇢1⌦bö⌃�⌘Ï F (x, y) = f(x)/Rn ⇥ Rn⌦ÑÔK˝p⇥⌘ÏöI�*^G⇥ø'
ÿbT : Rn ⇥ Rn ! Rn ⇥ Rn, T(x, y) = (x� y, x+ y). 1Mb®∫���˝p

F (T(x, y)) = F (x� y, x+ y) = f(x� y)

/Rn ⇥ Rn⌦ÑÔK˝p⇥
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ˆÿ˝p≤I ,AË⌃

à^O

)%'fpffb

2023t4�

1 ^̂̂���ÔÔÔKKK˝̋̋pppÑÑÑÔÔÔ⌃⌃⌃

1.1 ^̂̂���ÔÔÔKKKÄÄÄUUU˝̋̋pppÑÑÑÔÔÔ⌃⌃⌃

öööIII 1 (^�ÔKÄU˝pÑÔ⌃). æf(x)/Rn⌦Ñ^�ÔKÄU˝pf(x) =
pX

i=1

ci�Ei(x), v

-{ci}i=1,2,··· ,pí�¯I�Ei:^zÔK∆�
p[

i=1

Ei = Rn, Ei \ Ej = ?, i 6= j. ÂE/�*ÔK

∆�⌘ÏöIf(x)(E⌦ÑÔ⌃:

Z

E
f(x)dx =

pX

i=1

cim(Ei \ E).

ãããPPP 1. æ�Q(x)/ ⌃p∆ÑyÅ˝p�⇡
Z

E
�Q(x)dx = 1 ·m(Q \ E) = 0.

ãããPPP 2. æf(x)/Rn⌦Ñ^�ÔKÄU˝pf(x) =
pX

i=1

ci�Ei(x), Ei:í�¯§ÑÔK∆. ⇡˘

ÔK∆E Z

E
f(x)dx =

pX

i=1

cim(Ei \ E).

¡¡¡���⇢⇢⇢⌘ÏÔÂÕ∞äŸ*˝pô⇣⌥∆b✏f(x) =
qX

j=1

dj�Aj (x). v-

Aj = {x 2 Rn : f(x) = dj} =

8
>>><

>>>:

[

ci=dj

Ei, dj 6= 0;

 
[

ci=0

Ei

!
[
 

p[

i=1

Ei

!c

, dj = 0.

‡d

Z

E
f(x)dx=

qX

j=1

djm(Aj \ E)=
X

dj 6=0

0

@dj
X

ci=dj

m(Ei \ E)

1

A=
X

dj 6=0

X

ci=dj

cim(Ei \ E)=
pX

i=1

cim(Ei \ E).

1



ööö⌃⌃⌃ 1 (Ô⌃Ñø''(). æf(x), g(x)/Rn⌦Ñ^�ÔKÄU˝p�E ⇢ Rn/�*ÔK∆�
⇡ 

• ÂC/^�8p�⇡

Z

E
Cf(x)dx = C

Z

E
f(x)dx;

•
Z

E
(f(x) + g(x))dx =

Z

E
f(x)dx+

Z

E
g(x)dx.

¡¡¡���⇢⇢⇢Gæf(x) =
pX

i=1

ai�Ai(x), g(x) =
qX

j=1

bj�Bj (x). ⇡Cf(x) =
pX

i=1

Cai�Ai(x), f(x)+ g(x) =

pX

i=1

qX

j=1

(ai + bj)�Ai\Bj (x). ‡d

Z

E
Cf(x)dx =

pX

i=1

Caim(Ai \ E) = C

Z

E
f(x)dx.

Z

E
(f(x) + g(x))dx =

pX

i=1

qX

j=1

(ai + bj)m(Ai \Bj \ E)

=
pX

i=1

ai

qX

j=1

m(Ai \ E \Bj) +
qX

j=1

bj

pX

i=1

m(Bj \ E \Ai)

=
pX

i=1

aim(Ai \ E) +
qX

j=1

bjm(Bj \ E) =

Z

E
f(x)dx+

Z

E
g(x)dx.

ööö⌃⌃⌃ 2 (Ô⌃Ñ€�e'(). (i) Âf(x)  g(x)/Rn⌦$*^�ÔKÄU˝p�⇡

Z

E
f(x)dx 

Z

E
g(x)dx.

(ii) Âf(x)/Rn⌦�*^�ÔKÄU˝p�ÂA ⇢ E/$*ÔK∆�⇡

Z

A
f(x)dx =

Z

E
f(x)�A(x)dx

¡¡¡���⇢⇢⇢(i) ‰h(x) = g(x)� f(x):�*^�ÔKÄU˝p�⇡g(x) = f(x) + h(x). ‡d

Z

E
g(x)dx =

Z

E
f(x)dx+

Z

E
h(x)dx �

Z

E
f(x)dx.

(ii) æf(x) =
pX

i=1

ci�Ei(x). ⇡f(x)�A(x) =
pX

i=1

ci�Ei\A(x). ‡d⌘Ï 

Z

E
f(x)�A(x)dx =

pX

i=1

cim(Ei \A \ E) =
pX

i=1

cim(Ei \A) =

Z

A
f(x)dx.

ööö⌃⌃⌃ 3. æf(x)/Rn⌦�*^�ÔKÄU˝p�{Ek}/�*⇣GÔK∆⌫�⇡

lim
k!1

Z

Ek

f(x)dx =

Z

E
f(x)dx. E =

1[

k=1

Ek.
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¡¡¡���⇢⇢⇢æf(x) =
pX

i=1

ci�Ai(x).  göI⌘Ï 

lim
k!1

Z

Ek

f(x)dx = lim
k!1

pX

i=1

cim(Ai \ Ek)

=
pX

i=1

✓
ci lim

k!1
m(Ai \ Ek)

◆

=
pX

i=1

cim(Ai \ E)

=

Z

E
f(x)dx.

1.2 ���,,,^̂̂���ÔÔÔKKK˝̋̋pppÑÑÑÔÔÔ⌃⌃⌃

öööIII 2. æf(x)/E ⇢ Rn⌦Ñ^�ÔK˝p�öIf(x)(E⌦ÑÔ⌃:

Z

E
f(x)dx = sup

⇢Z

E
h(x)dx : h(x)/Rn⌦^�ÔKÄU˝p;h(x)  f(x), x 2 E

�
.

Â

Z

E
f(x)dx < +1, ⇡f(x)(E⌦ÔÔ��f(x)/E⌦ÑÔÔ˝p⇥

ãããPPP 3. æf(x)/Rn⌦Ñ^�ÔKÄU˝p�E/�*ÔK∆�⇡⌦$ÕöIπ✏Ÿ˙ÑÔ
⌃<¯I⇥

¡¡¡���⇢⇢⇢⌘Ï�Å¡�⌦böI-Ñ⌦nLIéf(x)\:Rn⌦Ñ^�ÔKÄU˝pˆÑÔ⌃
<(Ä:üÔ⌃)⇥‡:⌘ÏÔÂ÷h(x) = f(x), ⌦nL�⇢✏éf(x)ÑüÔ⌃⇥@ ⌘ÏÍ

(å¡˘é˚URn⌦·≥aˆh(x)  f(x), x 2 EÑ^�ÔKÄU˝ph(x), ; 

Z

E
h(x)dx 

Z

E
f(x)dx. ŸÃå↵bÑÔ⌃˝/üöIÑÔ⌃⇥ãû⌦�⌘Ï 

Z

E
h(x)dx =

Z

Rn

h(x)�E(x)dx 
Z

Rn

f(x)�E(x)dx =

Z

E
f(x)dx.

ööö⌃⌃⌃ 4 (^�ÔK˝pÔ⌃Ñ�e'(). sé^�ÔK˝pÑÔ⌃⌘Ï 

(i) U⇤': Âf(x)  g(x)/E⌦$*^�ÔK˝p�⇡

Z

E
f(x)dx 

Z

E
g(x)dx.

(ii) æf(x)/E⌦^�ÔK˝p�⇡

Z

E
f(x)dx = 0S≈Sf(x) = 0, a.e. x 2 E.

¡¡¡���⇢⇢⇢(i)  öI⌘Ï 

Z

E
f(x)dx = sup

⇢Z

E
h(x)dx : h(x)/Rn⌦^�ÔKÄU˝p;h(x)  f(x), x 2 E

�

 sup

⇢Z

E
h(x)dx : h(x)/Rn⌦^�ÔKÄU˝p;h(x)  g(x), x 2 E

�
=

Z

E
g(x)dx.
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(ii) Â

Z

E
f(x)dx = 0, ‰Ek = {x 2 E : f(x) > 1/k}. ⇡

Z

E
f(x)dx �

Z

E

1

k
�Ek(x)dx =

1

k
m(Ek).

‡d�m(Ek) = 0. é/{x 2 E : f(x) > 0} = [Ek/ˆK∆⇥Õ«e�Âf(x) = 0, a.e. x 2 E,

˘˚U^�ÔKÄU˝ph(x) =
pX

i=1

ci�Ei(x), h(x)  f(x), x 2 E,  
Z

E
h(x)dx =

pX

i=1

cim(Ei \ E)

v-�Âci > 0, ⇡m(Ei \ E) = 0. ‡d

Z

E
h(x)dx = 0. ÷⌦nL�⌘Ï 

Z

E
f(x)dx = 0.

®®®∫∫∫ 1. æf(x)  F (x)˝/E⌦Ñ^�ÔK˝p⇥ÂF (x)(E⌦ÔÔ�⇡f(x)_(E⌦ÔÔ⇥

¡¡¡���⇢⇢⇢1U⇤'�⌘Ï 

Z

E
f(x)dx 

Z

E
F (x)dx < +1. ‡df(x)(E⌦ÔÔ⇥

®®®∫∫∫ 2. æf(x)/E⌦Ñ^� LÔK˝p�m(E) < +1, ⇡f(x)(E⌦ÔÔ⇥

¡¡¡���⇢⇢⇢æf(x)  M, x 2 E. 1⌦‘É'(åg(x) ⌘ M(E⌦ÑÔÔ'�⌘Ïó0f(x)ÑÔÔ
'⇥

ööö⌃⌃⌃ 5. Âf(x)/E⌦Ñ^�ÔÔ˝p�⇡f(x)(E⌦‡N⌅⌅ P⇥

¡¡¡���⇢⇢⇢‰A = {x 2 E : f(x) = +1}. Âm(A) > 0. ⌘Ï÷hk(x) = k�A(x):�*^�ÔKÄU
˝p�⇡ Z

E
f(x)dx �

Z

E
hk(x)dx = km(A).

‰k ! 1, ⌘Ïó0

Z

E
f(x)dx = +1. Ÿ�ÔÔ'ÑGæ€˛⇥

1.3 ^̂̂���⇣⇣⇣GGG˝̋̋ppp⌫⌫⌫ÑÑÑÔÔÔ⌃⌃⌃

ööö⌃⌃⌃ 6 (^�⇣G⌫Ô⌃ö⌃). æ öI(E⌦Ñ^�ÔK˝p⇣G⌫f1(x)  f2(x)  · · · 
fk(x)  · · · , v⇣πÅP: lim

k!1
fk(x) = f(x), x 2 E, ⇡⌘Ï lim

k!1

Z

E
fk(x)dx =

Z

E
f(x)dx.

¡¡¡���⇢⇢⇢1éfk(x)/⇣G⌫�⌘Ï fk(x)  f(x), k 2 N, x 2 E. 1U⇤'

Z

E
fk(x)dx 

Z

E
f(x)dx, ) lim

k!1

Z

E
fk(x)dx 

Z

E
f(x)dx.

↵b⌘Ï¡��I✏ÑÊ�Ô�æh(x) =
pX

i=1

ai�Ai(x):�*^�ÄUÔK˝p�·≥ h(x) 

f(x), x 2 E. æc 2 (0, 1):�*8p⇥‰Ai,k = {x 2 Ai \ E : fk(x) � cai}. )(˝p⌫Ñ⇣G
'åÅP�⌘Ï ˘˙öÑi, {Ai,k}k/�*⇣GÔK∆�⌫�

1[

k=1

Ai,k = Ai \ E ) lim
k!1

m(Ai,k) = m(Ai \ E).
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)(Ô⌃ÑU⇤'�⌘Ï 

Z

E
fk(x)dx �

Z

E

 
pX

i=1

cai�Ai,k(x)

!
dx =

pX

i=1

caim(Ai,k). ‡d

lim
k!1

Z

E
fk(x)dx �

pX

i=1

caim(Ai \ E) = c

Z

E
h(x)dx. ‰c ! 1,  lim

k!1

Z

E
fk(x)dx �

Z

E
h(x)dx.

˘h(x)ÑÔ⌃÷⌦nL�⌘Ï lim
k!1

Z

E
fk(x)dx �

Z

E
f(x)dx. ‘É$*�I✏�ö⌃ó¡⇥

ööö⌃⌃⌃ 7 ()✏öIfl). æf(x)/E⌦Ñ^�ÔK˝p�A ⇢ E/ÔK∆�⇡
Z

A
f(x)dx =

Z

E
f(x)�A(x)dx 

Z

E
f(x)dx.

¡¡¡���⇢⇢⇢1ÄU˝p<—ö⌃�⌘Ï Rn⌦⇣GÑ^�ÄU˝p⌫'k(x) ! f(x), x 2 E. ‡d⌘
Ï⇣GÑ^�ÄU˝p⌫'k(x) ! f(x), x 2 Aå'k(x)�A(x) ! f(x)�A(x), x 2 E. 1ÄU˝p
Ñ¯s'(�v÷ÅPó0

Z

A
'k(x)dx =

Z

E
'k(x)�A(x)dx )

Z

A
f(x)dx =

Z

E
f(x)�A(x)dx.

ööö⌃⌃⌃ 8 (Ô⌃Ñø''(). æf(x)åg(x)/E⌦Ñ^�ÔK˝p�↵,� � 0/8p�⇡
Z

E
[↵f(x) + �g(x)]dx = ↵

Z

E
f(x)dx+ �

Z

E
g(x)dx.

¡¡¡���⇢⇢⇢÷Rn⌦⇣GÑ^�ÄU˝p⌫fk(x) ! f(x), gk(x) ! g(x), x 2 E. ⇡⌘Ï ⇣GÑ^�
ÄU˝p⌫↵fk(x) + �gk(x) ! ↵f(x) + �g(x). 1^�ÄU˝pÑø'�v÷ÅPó0

Z

E
[↵fk(x) + �gk(x)]dx = ↵

Z

E
fk(x)dx+ �

Z

E
gk(x)dx.

)
Z

E
[↵f(x) + �g(x)]dx = ↵

Z

E
f(x)dx+ �

Z

E
g(x)dx.

1.4 ‡‡‡NNN⌅⌅⌅⌅⌅⌅¯̄̄IIIÑÑÑ˝̋̋pppÑÑÑÔÔÔ⌃⌃⌃

®®®∫∫∫ 3. ÂE1, E2/$*�¯§ÑÔK∆�E = E1 [ E2, f(x)/E⌦Ñ^�ÔK˝p�⇡
Z

E
f(x)dx =

Z

E1

f(x)dx+

Z

E2

f(x)dx.

¡¡¡���⇢⇢⇢1⌦bÀÕÑ)✏öIflÑ'(åø'�⌘Ï 
Z

E1

f(x)dx+

Z

E2

f(x)dx =

Z

E
[f(x)�E1(x) + f(x)�E2(x)]dx =

Z

E
f(x)dx.

ööö⌃⌃⌃ 9. Âf(x)åg(x)/E⌦Ñ^�ÔK˝p�f(x) = g(x), a.e. x 2 E. ⇡

Z

E
f(x)dx =

Z

E
g(x)dx.

¡¡¡���⇢⇢⇢‰Z = {x 2 E : f(x) 6= g(x)}:ˆK∆�⇡f(x) = g(x), x 2 E \ Z, )(⌦®∫åf(x),
g(x)(Z⌦‡N⌅⌅:ˆ 

Z

E
f(x)dx =

Z

E\Z
f(x)dx+

Z

Z
f(x)dx =

Z

E\Z
g(x)dx+

Z

Z
g(x)dx =

Z

E
g(x)dx.
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ööö⌃⌃⌃ 10 (^�⇣G⌫Ô⌃ö⌃). æE⌦Ñ^�ÔK˝p⌫{fk(x)}‡N⌅⌅⇣Gf1(x)  f2(x) 
· · ·  fk(x)  · · · , a.e. x 2 E, v‡N⌅⌅Ñ⇣πÅP: lim

k!1
fk(x) = f(x), a.e. x 2 E, ⇡⌘Ï

 lim
k!1

Z

E
fk(x)dx =

Z

E
f(x)dx.

¡¡¡���⇢⇢⇢1Gæaˆ�⌘ÏÔÂ~0ˆK∆Z, �ó(E \ Z⌦˝p⌫{fk(x)}⇣G� ⇣πÅ
Pf(x). ‡d1⇣πÑ^�⇣G⌫Ô⌃ö⌃ lim

k!1

Z

E\Z
fk(x)dx =

Z

E\Z
f(x)dx. ��⌘Ï

 

Z

E
fk(x)dx =

Z

E\Z
fk(x)dx+

Z

Z
fk(x)dx =

Z

E\Z
fk(x)dx. �⌃

Z

E
f(x)dx =

Z

E\Z
f(x)dx. ”

�⌦Ô⌃ÑÅPåŸ$*I✏�só0¡�⇥

ööö⌃⌃⌃ 11 (^�✓M⌫Ô⌃ö⌃). æ{fk(x)}/E⌦‡N⌅⌅✓MÑ^�ÔÔ˝p⌫f1(x) �
f2(x) � · · · � fk(x) � · · · , a.e. x 2 E, v‡N⌅⌅Ñ⇣πÅP: lim

k!1
fk(x) = f(x), a.e. x 2 E,

⇡⌘Ï lim
k!1

Z

E
fk(x)dx =

Z

E
f(x)dx.

¡¡¡���⇢⇢⇢⇤Q‡N⌅⌅⇣GÑ˝p⌫f1(x)� fk(x), v‡N⌅⌅ÑÅP:f1(x)� f(x). ‡d

lim
k!1

Z

E
[f1(x)� fk(x)]dx =

Z

E
[f1(x)� f(x)]dx

lim
k!1

✓Z

E
f1(x)dx�

Z

E
fk(x)dx

◆
=

Z

E
f1(x)dx�

Z

E
f(x)dx ) lim

k!1

Z

E
fk(x)dx =

Z

E
f(x)dx

1.5 ^̂̂���˝̋̋pppÔÔÔ⌃⌃⌃ÑÑÑ€€€���eee'''(((

ööö⌃⌃⌃ 12 (⇣yÔ⌃ö⌃). æ{fk(x)}/E⌦Ñ^�ÔK˝p⌫�⇡

Z

E

 1X

k=1

fk(x)

!
dx =

1X

k=1

Z

E
fk(x)dx.

¡¡¡���⇢⇢⇢1Gæaˆ�˝p⌫Sn(x) =
nX

k=1

fk(x)/^�⇣GÔK˝p⌫�‡d

Z

E

 1X

k=1

fk(x)

!
dx =

Z

E

⇣
lim
n!1

Sn(x)
⌘
dx = lim

n!1

Z

E
Sn(x)dx

= lim
n!1

nX

k=1

Z

E
fk(x)dx =

1X

k=1

Z

E
fk(x)dx.

ãããPPP 4. æ{Ek}k2N/�*í�¯§Ñ∆�⌫�f(x)/E =
1[

k=1

Ek⌦Ñ^�ÔK˝p�⇡

Z

E
f(x)dx =

1X

k=1

Z

Ek

f(x)dx.

¡¡¡���⇢⇢⇢

Z

E
f(x)dx =

Z

E

 1X

k=1

f(x)�Ek(x)

!
dx =

1X

k=1

Z

E
f(x)�Ek(x)dx =

1X

k=1

Z

Ek

f(x)dx.

���⌃⌃⌃ 1 (Fatou�⌃). Â{fk(x)}/E⌦Ñ^�ÔK˝p⌫�⇡

Z

E

✓
lim
k!1

fk(x)

◆
dx  lim

k!1

Z

E
fk(x)dx.

6



¡¡¡���⇢⇢⇢⌘Ï lim
k!1

fk(x) = lim
k!1

inf
j�k

fj(x). ∞gk(x) = inf
j�k

fj(x):^�✓û˝p⌫⇥

Z

E

✓
lim
k!1

fk(x)

◆
dx =

Z

E

✓
lim
k!1

gk(x)

◆
dx

= lim
k!1

Z

E
gk(x)dx

 lim
k!1

Z

E
fk(x)dx.

ãããPPP 5. æE = (0, 1). ÷fk(x) = k�(0,1/k)(x). ⇡⌘Ï lim
k!1

fk(x) = 0. é/

Z

E
lim
k!1

fk(x)dx = 0 < 1 = lim
k!1

Z

E
fk(x)dx.

ööö⌃⌃⌃ 13 (“�<Ô⌃ÑI˜öI). æf(x)/E⌦Ñ‡N⌅⌅ PÑ^�ÔK˝p�m(E) <
+1. ([0,1)⌦\Ç↵✓⌃ 0 = y0 < y1 < y2 < · · · < yk < yk+1 < · · · ! +1, v-yk+1 � yk <
�, k = 0, 1, 2, · · · . Â‰Ek = {x 2 E : yk  f(x) < yk+1}, ⇡f(x)(E⌦/ÔÔÑS≈Sß

p
1X

k=0

ykm(Ek) < +1. dˆ lim
�!0+

1X

k=0

ykm(Ek) =

Z

E
f(x)dx.

¡¡¡���⇢⇢⇢‰E1 = {x 2 E : f(x) = +1}. ⌘Ï 
Z

E
f(x)dx =

1X

k=0

Z

Ek

f(x)dx +

Z

E1

f(x)dx. v

-E1/ˆK∆�‡d���*Ô⌃/ˆ⇥)(�I✏yk  f(x) < yk+1  yk + �, x 2 EkåÔ⌃
ÑU⇤'⌘Ï 

1X

k=0

ykm(Ek) 
Z

E
f(x)dx 

1X

k=0

(yk + �)m(Ek) 
1X

k=0

ykm(Ek) + �m(E).

‡dßpÑ6['åÔ⌃Ñ P'/I˜Ñ⇥ÂÔ⌃/ÔÔÑ�⌦✏✏s@

0 
Z

E
f(x)dx�

1X

k=0

ykm(Ek)  �m(E).

‰� ! 0+, ⌘Ïó0@�ÑÅP⇥

ãããPPP 6. æE ⇢ R, m(E) < +1. f(x)/E⌦Ñ^�û<ÔK˝p�⇡f(x)(E⌦ÔÔÑE⌃≈
Åaˆ/

1X

n=1

m({x 2 E : f(x) � n}) < +1.

¡¡¡���⇢⇢⇢÷✓⌃yk = kv‰Ek = {x 2 E : k  f(x) < k + 1}. ⌘Ï f(x)(E⌦ÔÔÑE⌃≈Å

aˆ/
1X

k=1

km(Ek) < +1. Ê�πb�⌘Ï 

1X

n=1

m({x 2 E : f(x) � n}) =
1X

n=1

m

 1[

k=n

Ek

!
=

1X

n=1

1X

k=n

m(Ek) =
1X

k=1

kX

n=1

m(Ek) =
1X

k=1

km(Ek).

‡dó¡⇥
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1  2   3   4   5   6   7    k
1

2

3
4
5

6
7
n

ãããPPP 7. æE1, E2, · · · , En ⇢ [0, 1]:ÔK∆�[0, 1]-Ñœ�πÛ⌘^é⌦∆�-Ñk*�
⇡E1, E2, · · · , En-Û⌘ �*ÑK¶'éIék/n.

¡¡¡���⇢⇢⇢
nX

i=1

m(Ei) =
nX

i=1

Z

[0,1]
�Ei(x)dx =

Z

[0,1]

 
nX

i=1

�Ei(x)

!
dx �

Z

[0,1]
kdx � k.

2 ���,,,ÔÔÔKKK˝̋̋pppÑÑÑÔÔÔ⌃⌃⌃

2.1 ���,,,ÔÔÔKKK˝̋̋pppÑÑÑÔÔÔ⌃⌃⌃ååå���eee'''(((

öööIII 3. æf(x)/E⌦ÑÔK˝p�ÂÔ⌃

Z

E
f+(x)dx,

Z

E
f�(x)dx-Û⌘ �*/ P<�⇡

 Z

E
f(x)dx =

Z

E
f+(x)dx�

Z

E
f�(x)dx

:f(x)(E⌦ÑÔ⌃�S⌦✏ÛÔÑ$*Ô⌃<Ü: Pˆ�⇡f(x)(E⌦/ÔÔÑ��
f(x):E⌦ÑÔÔ˝p⇥(E⌦ÑÔÔ˝pÑhS∞:L(E).

ËËË✏✏✏⇢⇢⇢Âf(x)/E⌦Ñ^�ÔK˝p�f+(x) = f(x), f�(x) = 0. ‡d⌦öIåüH⌘Ï˘^
�ÔK˝pÑÔ⌃öI/�ÙÑ⇥ÔÔ'ÑöI_�7⇥
ËËË✏✏✏⇢⇢⇢)(^�ÔÔ˝pÑø'�⌘Ï; 

Z

E
|f(x)|dx =

Z

E
f+(x)dx+

Z

E
f�(x)dx.

‡df(x)(E⌦ÔÔI˜é|f(x)|(E⌦ÔÔ⇥b�K�“�<ÔÔ˝p˝/›˘ÔÔ˝p⇥Ê
��ÍÅf(x)(E⌦Ô⌃ ✏I�⌘Ï1 

����
Z

E
f(x)dx

���� 
Z

E
|f(x)|dx.

• ÂE/ÔK∆ÔK˝pf, g·≥f(x) = g(x), a.e. x 2 E, ⇡

Z

E
f(x)dx =

Z

E
g(x)dx.

¡¡¡���⇢⇢⇢⌘Ï f+(x) = g+(x), f�(x) = g�(x), a.e. x 2 E. ‡d

Z

E
f+(x) =

Z

E
g+(x)dx,

Z

E
f�(x)dx =

Z

E
g�(x)dx.

• ÂE/ÔK∆f(x) = 0, a.e. x 2 E, ⇡

Z

E
f(x)dx = 0.

8



• (U⇤')Âf(x)  g(x)/E⌦Ñ$*ÔK˝p�å⇧(E⌦ÑÔ⌃˝ ✏I�⇡

Z

E
f(x)dx 

Z

E
g(x)dx.

¡¡¡���⇢⇢⇢f+(x)g+(x), f�(x)�g�(x).  

Z

E
f+(x)dx

Z

E
g+(x)dx,

Z

E
f�(x)dx�

Z

E
g�(x)dx.

• Âf 2 L(E), ⇡f(x)(E⌦‡N⌅⌅ P⇥

• Âf(x)/E⌦ÑÔK˝p�g 2 L(E), |f(x)|  g(x), x 2 E, ⇡f 2 L(E).

¡¡¡���⇢⇢⇢

Z

E
|f(x)|dx 

Z

E
g(x)dx < +1. ŸÃÑ˝pg(x):ß6˝p⇥

• ÂA ⇢ E/$*ÔK∆�f(x)/E⌦ÔK˝p, ⇡

Z

A
f(x)dx =

Z

E
f(x)�A(x)dx.

¡¡¡���⇢⇢⇢

Z

E
(f�A)+dx =

Z

E
f+�Adx =

Z

A
f+dx.

Z

E
(f�A)�dx =

Z

E
f��Adx =

Z

A
f�dx.

• ÂA ⇢ E/$*ÔK∆�f 2 L(E), ⇡f 2 L(A). ‡:
R
A |f(x)|dx 

R
E |f(x)|dx < +1.

ööö⌃⌃⌃ 14 (Ô⌃Ñø'). Âf, g 2 L(E)�C 2 R⇡ 

• Cf 2 L(E)

Z

E
Cf(x)dx = C

Z

E
f(x)dx;

• f + g 2 L(E)

Z

E
(f(x) + g(x))dx =

Z

E
f(x)dx+

Z

E
g(x)dx.

¡¡¡���⇢⇢⇢(1)ÂC > 0, (Cf)+(x) = Cf+(x), (Cf)�(x) = Cf�(x). ‡d
Z

E
Cf(x)dx =

Z

E
(Cf)+(x)dx�

Z

E
(Cf)�(x)dx = C

Z

E
f+(x)dx�C

Z

E
f�(x)dx = C

Z

E
f(x)dx.

ÂC < 0, (Cf)+(x) = �Cf�(x), (Cf)�(x) = �Cf+(x). ⌘ÏÔÂ!ˇ⌦bÑI✏ó0@�”
∫⇥

(2) 1(f + g)+ � (f + g)� = f+ � f� + g+ � g� (f + g)+ + f� + g� = f+ + g+ + (f + g)�
Z

E
(f + g)+(x)dx+

Z

E
f�(x)dx+

Z

E
g�(x)dx =

Z

E
f+(x)dx+

Z

E
g+(x)dx+

Z

E
(f + g)�(x)dx.

Z

E
(f + g)+(x)dx�

Z

E
(f + g)�(x)dx =

Z

E
f+(x)dx�

Z

E
f�(x)dx+

Z

E
g+(x)dx�

Z

E
g�(x)dx.

v-œ*Ô⌃˝/ PÑ�‡:f+g/ÔÔÑ⇢

Z

E
|f+g|dx 

Z

E
|f(x)|dx+

Z

E
|g(x)|dx < +1.

ãããPPP 8. æf(x)/[0, 1]⌦Ñû<ÔK˝p�

Z

[0,1]
|f(x)| ln(1+ |f(x)|)dx < +1, ⇡f 2 L([0, 1]).

¡¡¡���⇢⇢⇢|f(x)|  |f(x)| ln(1 + |f(x)|) + e� 1 2 L([0, 1]).

ãããPPP 9 (Jensen�I✏). æw(x)/E ⇢ Rn⌦c<ÔK˝p�
R
E w(x)dx = 1�'(x)/:ÙI =

[a, b]⌦Ñ¯˝p�f : E ! I/�*ÔK˝p�⇡

'

✓Z

E
f(x)w(x)dx

◆


Z

E
'(f(x))w(x)dx.

9



¡¡¡���⇢⇢⇢‰y =
R
E f(x)w(x)dx 2 [a, b]. Ây = a,⇡

R
E(f(x)�a)w(x)dx = 0,é/f(x) = a, a.e.x 2

E, Ÿˆ⌦�I✏ÊÛ$π˝Ié'(a). �⌃�Ây = b, ⌦�I✏ÊÛ$π˝Ié'(b).
Ây 2 (a, b), ⇡⌘Ï 

'(z) � '(y) + k(z � y), z 2 I; '(f(x)) � '(y)� ky + kf(x), x 2 E.

‡d
Z

E
'(f(x))w(x)dx �

Z

E
('(y)� ky + kf(x))w(x)dx = '(y)� ky + k

Z

E
f(x)w(x)dx = '(y)

10



ˆÿ˝p≤I ,A�Ë⌃

à^O

)%'fpffb

2021t5�

1 ���,,,ÔÔÔKKK˝̋̋pppÑÑÑÔÔÔ⌃⌃⌃

1.1 ���,,,ÔÔÔKKK˝̋̋pppÔÔÔ⌃⌃⌃ÑÑÑ'''(((

ööö⌃⌃⌃ 1 (Ô⌃˘öIflÑÔpÔ†'). Â{Ek}/í�¯§ÑÔK∆�Âf(x)(E =
1[

k=1

Ek⌦Ô

Ô, ⇡

Z

E
f(x)dx =

1X

k=1

Z

Ek

f(x)dx.

¡¡¡���⇢⇢⇢

Z

E
f+(x)dx =

1X

k=1

Z

Ek

f+(x)dx.

Z

E
f�(x)dx =

1X

k=1

Z

Ek

f�(x)dx.

ãããPPP 1. æf 2 L([a, b]), ˘˚U:Ù[c, d] ⇢ [a, b],  
R
[c,d] f(x)dx = 0, ⇡f(x) = 0, a.e. x 2

[a, b].

¡¡¡���⇢⇢⇢‰A+ = {x 2 (a, b) : f(x) > 0}. ⌘Ï¡�m(A+) = 0. &⇡ÔÂ~0Ì∆F ⇢ A+, ·

≥m(F ) > 0. ∆�(a, b) \ F = (a, b) \ F c/�∆�‡dÔÂh::(a, b) \ F =
[

k�1

(ck, dk). v

-(ck, dk)/í�¯§Ñ�:Ù⇥‡d⌘Ï (a, b) = F [
[

k�1

(ck, dk). é/

Z

(a,b)
f(x)dx =

Z

F
f(x)dx+

X

k�1

Z

(ck,dk)
f(x)dx )

Z

F
f(x)dx = 0.

‡:f(x) > 0, x 2 F . ⌘Ï f(x) = 0, a.e. x 2 F . Ÿ1ó0Ü€˛⇥�⌃⌘ÏÔ¡A� = {x 2
(a, b) : f(x) < 0}_/ˆK∆⇥

ööö⌃⌃⌃ 2 (Ô⌃Ñ›˘fiÌ'). Âf 2 L(E), ⇡˘˚U" > 0, X(� > 0åR > 0, �óSE-P
∆eÑK¶m(e) < �ˆ 

����
Z

e
f(x)dx

���� 
Z

e
|f(x)|dx < ";

����
Z

ER

f(x)dx

���� 
Z

ER

|f(x)|dx < ".

v-ER = {x 2 E : |x| > R}.

1



¡¡¡���⇢⇢⇢⌘ÏÍ�¡�sé|f(x)|Ô⌃Ñ�I✏⇥1ÔKÄU˝p<—ö⌃�X(w '/∆Ñ^
�ÔKÄU˝p⇣G⌫'k(x) ! |f(x)|. é/ 

R
E 'k(x)dx !

R
E |f(x)|dx < +1. ‡dX(k, �

ó Z

E
'k(x)dx >

Z

E
|f(x)|dx� "/2 )

Z

E
(|f(x)|� 'k(x))dx < "/2.

‡:'k(x)/^�ÄU˝p�‡d 0  'k(x)  M L�Se ⇢ Em(e) < "/2Mˆ�

Z

e
|f(x)|dx =

Z

e
(|f(x)|� 'k(x))dx+

Z

e
'k(x)dx 

Z

E
(|f(x)|� 'k(x))dx+M · "

2M
< ".

1é'k(x)w '/∆�⌘Ï�®æS|x| > Rˆ'k(x) = 0, ⇡
Z

ER

|f(x)|dx =

Z

ER

(|f(x)|� 'k(x))dx 
Z

E
(|f(x)|� 'k(x))dx < ".

®®®∫∫∫ 1. Âf 2 L(E), ‰Er = {x 2 E : |x| > r}, ⇡ lim
r!1

Z

Er

f(x)dx = 0.

¡¡¡���⇢⇢⇢Ÿö" > 0, R > 0,�ó
R
ER

|f(x)|dx < ". Sr > Rˆ 
���
R
Er

f(x)dx
��� 

R
Er

|f(x)|dx < ".

ãããPPP 2. æE ⇢ R:ÔK∆, f 2 L(E),

Z

E
f(x)dx = A > 0. ¡�X(ÔK∆e ⇢ E, �

ó

Z

e
f(x)dx =

A

2
.

¡¡¡���⇢⇢⇢⇤Q˝pg : [0,1) ! R, g(r) =
R
[�r,r]\E f(x)dx. Ÿ*˝p/�ÙfiÌÑ�˘˚U" > 0,

X(� > 0, Se ⇢ E·≥m(e) < �ˆ� 
��R

e f(x)dx
�� < ". é/r1 < r2r2 � r1 < �/2ˆ, ⌘Ï 

|g(r2)� g(r1)| =

�����

Z

([�r2,�r1)[(r1,r2])\E
f(x)dx

����� < ".

‡:v-Ô⌃:flK¶�'ém([�r2,�r1] [ [r1, r2]) = 2(r2 � r1) < �. Ê��⌘Ï g(0) = 0å

lim
r!+1

g(r) = lim
r!1

✓Z

E
f(x)dx�

Z

Er

f(x)dx

◆
=

Z

E
f(x)dx = A.

1fiÌ˝pÑ-<ö⌃�X(r 2 (0,1), �óg(r) =
R
[�r,r]\E f(x)dx = A/2.

1.2 sss˚̊̊åååpppXXXÿÿÿbbb↵↵↵ÑÑÑÔÔÔ⌃⌃⌃

ööö⌃⌃⌃ 3 (Ô⌃Ñs˚ÿbö⌃). Âf 2 L(Rn), ⇡˘˚✏Ñy 2 Rn, f(x + y) 2 L(Rn), 

 

Z

Rn

f(x+ y)dx =

Z

Rn

f(x)dx.

¡¡¡���⇢⇢⇢,�e Âf(x) =
pX

i=1

ci�Ei(x)/^�ÔKÄU˝p�⇡

f(x+ y) =
pX

i=1

ci�Ei(x+ y) =
pX

i=1

ci�Ei+{�y}(x)

2



E

x

x+y

E+{-y}

y

-y

_/�

Z

Rn

f(x+ y)dx =
pX

i=1

cim(Ei + {�y}) =
pX

i=1

cim(Ei) =

Z

Rn

f(x)dx.

,åe Âf(x)/^�ÑÔK˝p�⇡ÔÂ÷^�ÔKÑÄU˝p⇣G⌫'k(x) ! f(x). >
6'k(x+ y) ! f(x+ y)_/^�ÔKÑÄU˝p⇣G⌫⇥é/

Z

Rn

f(x)dx = lim
k!1

Z

Rn

'k(x)dx = lim
k!1

Z

Rn

'k(x+ y)dx =

Z

Rn

f(x+ y)dx.

, e Âf(x)/�,ÑÔK˝p�⌘Ï [f(x+ y)]+ = f+(x+ y), [f(x+ y)]� = f�(x+ y). ‡
d

Z

Rn

[f(x+ y)]+dx =

Z

Rn

f+(x)dx;

Z

Rn

[f(x+ y)]�dx =

Z

Rn

f�(x)dx.

‡dSfÔÔˆ�f(x+ y)_ÔÔ�å⇧Ô⌃Ñ<;/¯I⇥

®®®∫∫∫ 2. Âf 2 L(E), E ⇢ Rn, y 2 Rn, ⇡f(x + y) 2 L(E + {�y}),  
Z

E+{�y}
f(x + y)dx =

Z

E
f(x)dx.

¡¡¡���⇢⇢⇢öIg(x) =

⇢
f(x), x 2 E;
0, x /2 E;

⇡

Z

Rn

|g(x)|dx =

Z

E
|f(x)|dx < +1. ‡dg 2 L(Rn). 1

⌦ö⌃”∫�g(x+ y) 2 L(Rn), é/(E + {�y}⌦f(x+ y) = g(x+ y) 2 L(E + {�y}). 
Z

E+{�y}
f(x+ y)dx =

Z

Rn

g(x+ y)dx =

Z

Rn

g(x)dx =

Z

E
f(x)dx.

ööö⌃⌃⌃ 4 (Ô⌃ÑpXÿbö⌃). Âf 2 L(Rn), ⇡˘˚✏Ña 2 R \ {0},  f(ax) 2 L(Rn), 

 

Z

Rn

f(ax)dx =
1

|a|n

Z

Rn

f(x)dx.

¡¡¡���⇢⇢⇢,�e Âf(x) =
pX

i=1

ci�Ei(x)/ÔKÄU˝p�⇡

f(ax) =
pX

i=1

ci�Ei(ax) =
pX

i=1

ci�a�1Ei
(x)

_/�

Z

Rn

f(ax)dx =
pX

i=1

cim(a�1Ei) =
1

|a|n
pX

i=1

cim(Ei) =
1

|a|n

Z

Rn

f(x)dx.

,åe Âf(x)/^�ÑÔK˝p�⇡ÔÂ÷^�ÔKÑÄU˝p⇣G⌫'k(x) ! f(x). >

3



6'k(ax) ! f(ax)_/^�ÔKÑÄU˝p⇣G⌫⇥é/
Z

Rn

f(ax)dx = lim
k!1

Z

Rn

'k(ax)dx = lim
k!1

1

|a|n

Z

Rn

'k(x)dx =
1

|a|n

Z

Rn

f(x)dx.

, e Âf(x)/�,ÑÔK˝p�⌘Ï [f(ax)]+ = f+(ax), [f(ax)]� = f�(ax). ‡d
Z

Rn

[f(ax)]+dx =
1

|a|n

Z

Rn

f+(x)dx;

Z

Rn

[f(ax)]�dx =
1

|a|n

Z

Rn

f�(x)dx.

ãããPPP 3. Âf 2 L([0,1)), ⇡ßp
1X

k=0

f(x+ k)˘‡N⌅⌅x 2 [0,1)6[⇥

¡¡¡���⇢⇢⇢⌘ÏÔÂ¡�Ÿ*ßp‡N⌅⌅›˘6[⇥‡:⌘Ï 

1X

k=0

|f(x+ n+ k)| =
1X

k=n

|f(x+ k)| 
1X

k=0

|f(x+ k)|,

@ÂÂŸ*ßp(x⌅›˘6[�⇡v≈6(x + n⌅›˘6[(n 2 N). ‡d⌘ÏÍ�¡�Ÿ*
ßp([0, 1)⌦‡N⌅⌅6[⇥ ãû⌦�⌘Ï 

Z

[0,1)

 1X

k=0

|f(x+ k)|
!
dx =

1X

k=0

Z

[0,1)
|f(x+ k)|dx =

1X

k=0

Z

[k,k+1)
|f(x)|dx

=

Z

[0,1)
|f(x)|dx < +1.

‡dßpå
1X

k=0

|f(x+ k)| 2 L([0, 1)), @Â([0, 1)⌦‡N⌅⌅ P�‡dßp([0, 1)⌦‡N⌅⌅

›˘6[⇥

2 ßßß666666[[[ööö⌃⌃⌃

ööö⌃⌃⌃ 5 (ß66[ö⌃). æÔK˝p⌫fk(x) ! f(x), a.e. x 2 E. X(ÔÔ˝pF 2 L(E), �
ó|fk(x)|  F (x), a.e. x 2 E ˘œ*Í6pk⇣À�⇡⌘Ï 

lim
k!1

Z

E
fk(x)dx =

Z

E
f(x)dx.

¡¡¡���⇢⇢⇢>6f(x)/E⌦ÑÔK˝p�|f(x)|  F (x), a.e. x 2 E. ‡df, fk 2 L(E). ⌘Ïö
I˝pgk(x) = |fk(x) � f(x)|  2F (x), a.e. x 2 E. >6gk 2 L(E)gk(x) ! 0, a.e. x 2 E.
1Fatou�⌃�⌘Ï 

Z

E
lim
k!1

(2F (x)� gk(x))dx  lim
k!1

Z

E
(2F (x)� gk(x))dx.

2

Z

E
F (x)dx  2

Z

E
F (x)dx� lim

k!1

Z

E
gk(x)dx ) lim

k!1

Z

E
gk(x)dx = 0.

é/

lim
k!1

����
Z

E
fk(x)dx�

Z

E
f(x)dx

����  lim
k!1

Z

E
|fk(x)� f(x)|dx = lim

k!1

Z

E
gk(x)dx = 0.

4



öööIII 1 (ùL1Ñ✏I6[). Âfk, f 2 L(E), lim
k!1

Z

E
|fk(x)�f(x)|dx = 0,⇡˝p⌫fk(E⌦

ùL1Ñ✏I6[éf .

ËËË✏✏✏⇢⇢⇢ùL1Ñ✏I6[✏s@¯îÑÔ⌃<6[

����
Z

E
fk(x)dx�

Z

E
f(x)dx

���� 
Z

E
|fk(x) �

f(x)|dx.

ööö⌃⌃⌃ 6 (ß66[ö⌃). æÔK˝p⌫fk(x) ! f(x), a.e. x 2 E. X(ÔÔ˝pF 2 L(E), �
ó|fk(x)|  F (x), a.e. x 2 E ˘œ*Í6pk⇣À�⇡⌘Ï fk(E⌦ùL1Ñ✏I6[éf .

ööö⌃⌃⌃ 7. Â˝p⌫fk(E⌦ùL1Ñ✏I6[éf , ⇡fk(E⌦ùK¶6[éf .

¡¡¡���⇢⇢⇢‰Ek(") = {x 2 E : |fk(x)� f(x)| > "}:ÔK∆�⌘Ï 

m(Ek(")) 
1

"

Z

Ek(")
|fk(x)� f(x)|dx  1

"

Z

E
|fk(x)� f(x)|dx ! 0.

‡d⌘Ï lim
k!1

m(Ek(")) = 0. Ÿ1ó0ÜùK¶6[⇥

ãããPPP 4. ¡�

Z

[0,1]

x sinx

1 + (nx)3/2
dx = o(1/n).

¡¡¡���⇢⇢⇢⌘Ï�Å¡� lim
n!1

Z

[0,1]

nx sinx

1 + (nx)3/2
dx = 0. ˙öx 2 (0, 1], ⌘Ï ÅP

lim
n!1

nx sinx

1 + (nx)3/2
= lim

t!+1

t sinx

1 + t3/2
= 0.

‡:t  1 + t3/2, t > 0. ⌘Ï 
����

nx sinx

1 + (nx)3/2

���� =
t sinx

1 + t3/2
 sinx  1.

>6ß6˝p1([0, 1]⌦ÔÔ�⌘ÏÔÂ)(ß66[ö⌃ó0

lim
n!1

Z

[0,1]

nx sinx

1 + (nx)3/2
dx =

Z

[0,1]
0dx = 0.

ööö⌃⌃⌃ 8 (ùK¶6[Ñß66[ö⌃). æÔK˝p⌫fk(ÔK∆E⌦ùK¶6[éf . X(˝
pF 2 L(E), �ó|fk(x)|  F (x), a.e. x 2 E ˘œ*Í6pk⇣À�⇡⌘Ï 

lim
k!1

Z

E
fk(x)dx =

Z

E
f(x)dx.

¡¡¡���⇢⇢⇢ñH�f(x)/fk(x)–*P⌫Ñ‡N⌅⌅ÑÅP�‡d⌘Ï |f(x)|  F (x), a.e. x 2 E.
Ÿ_1✏s@f 2 L(E). Ÿö" > 0, 1ÔÔ˝pÑ›˘fiÌ'� � > 0åR > 0, �óÍÅÔK
∆e ⇢ E·≥m(e) < �, 1 

Z

e
|F (x)|dx < "/6;

Z

{x2E:|x|>R}
|F (x)|dx < "/6.

5



‰A = m({x 2 E : |x|  R}) < +1. ‡:fkùK¶6[éf , ⌘Ï 

lim
k!1

m({x 2 E : |fk(x)� f(x)| > "/3A}) = 0.

‡d N , Sk � Nˆ�⌘Ï m({x 2 E : |fk(x) � f(x)| > "/3A}) < �. ‰E1 = {x2E : |x| >
R}, e = {x 2 E : |x|  R, |fk(x)�f(x)| > "/3A}, E2 = {x 2 E : |x|  R, |fk(x)�f(x)|  "/3A}.
‡d

Z

E
|fk(x)� f(x)|dx =

Z

E1

|fk(x)� f(x)|dx+

Z

e
|fk(x)� f(x)|dx+

Z

E2

|fk(x)� f(x)|dx


Z

E1

2F (x)dx+

Z

e
2F (x)dx+

Z

E2

|fk(x)� f(x)|dx

 2 · "
6
+ 2 · "

6
+

"

3A
·m(E2) < ".

v-�m(e)  m({x 2 E : |fk(x) � f(x)| > "/3A}) < �. m(E2)  m({x 2 E : |x|  R}) = A.
‡d�⌘Ï ùL16[

lim
k!1

Z

E
|fk(x)� f(x)|dx = 0.

Ÿ1✏s@Ô⌃Ñ6[⇥

¡¡¡���⇢⇢⇢,åÕ¡�π’ÂÅP�⇣À�⇡X(fkÑP⌫(�®Õ∞:fk)å" > 0,�ó
��R

E fk(x)dx�
R
E f(x)dx

�� >

". ⌘Ï�®æ

Z

E
fk(x)dx >

Z

E
f(x)dx+ ". 1Rieszö⌃�X(�*P⌫fkn(x), �ó

lim
n!1

fkn(x) = f(x), a.e. x 2 E.

1‡N⌅⌅6[Ñß66[ö⌃�⌘Ï ↵⌫ÅP�Œ�ó0€˛⇥

lim
n!1

Z

E
fkn(x)dx =

Z

E
f(x)dx.

ööö⌃⌃⌃ 9 (⇣yÔ⌃ö⌃). æfk 2 L(E), Â 
1X

k=1

Z

E
|fk(x)|dx < +1, ⇡

1X

k=1

fk(x)(E⌦‡N⌅⌅

6[ÔÔ�€�e Z

E

 1X

k=1

fk(x)

!
dx =

1X

k=1

Z

E
fk(x)dx.

¡¡¡���⇢⇢⇢‰F (x) =
1X

k=1

|fk(x)|. 1^�˝pÑ⇣yÔ⌃ö⌃�⌘Ï 

Z

E
F (x)dx =

1X

k=1

Z

E
|fk(x)|dx < +1.

‡dF 2 L(E), ˘‡N⌅⌅Ñx 2 E,  F (x) =
1X

k=1

|fk(x)| < +1. é/S(x) =
1X

k=1

fk(x)‡N⌅

⌅›˘6[�|S(x)|  F (x), a.e. x 2 E, @ÂS 2 L(E). ‰Sn(x) =
nX

k=1

fk(x) ! S(x), a.e. x 2

6



E, ⇡F (x)⇣:ß6˝p |Sn(x)|  F (x), a.e. x 2 E. 1ß66[ö⌃ 

Z

E
S(x)dx = lim

n!1

Z

E
Sn(x)dx = lim

n!1

nX

k=1

Z

E
fk(x)dx =

1X

k=1

Z

E
fk(x)dx.

ööö⌃⌃⌃ 10 (Ô⌃↵B¸). Âf(x, y)/öI(E ⇥ (a, b)⌦Ñ˝p, É\:xÑ˝p(E⌦/ÔÔÑ�
\:yÑ˝p((a, b)⌦/ÔÆÑ⇥ÂX(F 2 L(E), �ó |fy(x, y)|  F (x), (x, y) 2 E ⇥ (a, b).
⇡

d

dy

Z

E
f(x, y)dx =

Z

E
fy(x, y)dx.

¡¡¡���⇢⇢⇢⌘Ï�Å¡�˘é˚Uè⌫hk ! 0,  

lim
k!1

1

hk

✓Z

E
f(x, y + hk)dx�

Z

E
f(x, y)dx

◆
=

Z

E
fy(x, y)dx.

ŸI˜é˘é˚Uè⌫hk ! 0, ⌘Ï 

lim
k!1

Z

E

f(x, y + hk)� f(x, y)

hk
dx =

Z

E
fy(x, y)dx.

‰gk(x, y) =
f(x, y + hk)� f(x, y)

hk
! fy(x, y). 1-<ö⌃|gk(x, y)| = |fy(x, y + ⇠hk)|  F (x),

⇠ 2 (0, 1). ‡d⌘ÏÔÂ)(ß66[ö⌃ó0

lim
k!1

1

hk

✓Z

E
f(x, y + hk)dx�

Z

E
f(x, y)dx

◆
= lim

k!1

Z

E
gk(x, y)dx =

Z

E
fy(x, y)dx.

3 ÔÔÔÔÔÔ˝̋̋pppåååfififiÌÌÌ˝̋̋pppÑÑÑsss˚̊̊

3.1 (((fififiÌÌÌ˝̋̋ppp<<<———ÔÔÔÔÔÔ˝̋̋ppp

ööö⌃⌃⌃ 11 (fiÌ˝pùL1✏I<—ÔÔ˝p). ÂE ⇢ Rn/ÔK∆�f 2 L(E), ⇡˘˚U" > 0, X
(Rn⌦w '/∆ÑfiÌ˝pg(x)��ó

Z

E
|f(x)� g(x)|dx < ".

¡¡¡���⇢⇢⇢‰Ak={x 2 E\B(0, k) : |f(x)|<k}:✓ûÔK∆⌫�⇡A=
1[

k=1

Ak={x2E : |f(x)|<+1}.

é/m(E\A)=0. ‡dfk(x)=f(x)�Ak(x)!f(x), a.e.,|fk(x)| f(x). 1ß66[ö⌃ L16
[

lim
k!1

Z

E
|fk(x)� f(x)|dx = 0 ) X(k 2 N, �ó

Z

E
|fk(x)� f(x)|dx < "/2.

1b%ö⌃ v®∫�⌘ÏÔÂ~0Rn⌦ÑfiÌ˝pg(x), ·≥|g(x)|  kå

m({x 2 E : fk(x) 6= g(x)}) < "/4k.

⌘Ï�®æg(x)w '/∆(&⇡÷fiÌ˝p⇢ : Rn ! [0, 1],S|x|  kˆ⇢(x) = 1,S|x| > k+1ˆ
⇢(x) = 0, 6�(g(x)⇢(x)„ˇg(x)) ⌘Ï 
Z

E
|g(x)� fk(x)|dx =

Z

{x2E:fk(x) 6=g(x)}
|g(x)� fk(x)|dx  2k ·m({x 2 E : fk(x) 6= g(x)}) < "

2
.

7



Z

E
|f(x)� g(x)|dx 

Z

E
|f(x)� fk(x)|dx+

Z

E
|fk(x)� g(x)|dx < ".

®®®∫∫∫ 3. ÂE ⇢ Rm/ÔK∆�f 2 L(E), ⇡X(Rm⌦w '/∆ÑfiÌ˝p⌫{gk(x)}, �ó

• lim
k!1

Z

E
|f(x)� gk(x)|dx = 0.

• lim
k!1

gk(x) = f(x), a.e.x 2 E.

¡¡¡���⇢⇢⇢1⌦bÑö⌃�X(Rm⌦w '/∆ÑfiÌ˝p⌫{fn(x)}, �ó
Z

E
|f(x)� fn(x)|dx <

1

n
, ) lim

k!1

Z

E
|f(x)� fn(x)|dx = 0.

_sfn(x)(E⌦ùL16[éf(x)�‡dùK¶6[éf(x),Ÿ1✏s@X(@{fn}ÑP⌫gk(x) =
fnk(x)�(E⌦‡N⌅⌅6[éf(x). Ÿ*P⌫s·≥òæaˆ⇥

ËËË✏✏✏⇢⇢⇢ÂÔÔ˝pf 2 L(E)�Ù L|f(x)|  M ,⇡(⌦ö⌃-⌘ÏÔÂù�ÅBg(x), gk(x)·
≥|gk(x)|, |g(x)|  M, x 2 Rn.

ãããPPP 5. æf 2 L(Rn), ˘Rn⌦�⌥w '/∆ÑfiÌ˝p'(x), ˝ 

Z

Rn

f(x)'(x)dx = 0.

⇡f(x) = 0, a.e.x 2 Rn.

¡¡¡���⇢⇢⇢‰E+ = {x : f(x) > 0}, E� = {x : f(x) < 0}. ⌘ÏÔÂ¡�m(E+) = m(E�) = 0. Â�
6��®æm(E+) > 0. ⌘ÏÔÂäE+ô\

E+ =
1[

k=1

{x 2 B(0, k) : f(x) > 0}.

‡dÔÂ~0 LÑcK¶∆E, �óf(x) > 0, x 2 E. 1 L'⌘Ï �E(x) 2 L(Rn). ‡dX
(Rn⌦w '/∆ÑfiÌ˝p'k(x), ·≥|'k(x)|  1å'k(x) ! �E(x), a.e.x 2 Rn. ‡d⌘Ï
 

f(x)'k(x) ! f(x)�E(x), a.e.x 2 Rn |f(x)'k(x)|  |f(x)| 2 L(Rn).

1ß66[ö⌃ Z

Rn

f(x)�E(x)dx = lim
k!1

Z

Rn

f(x)'k(x)dx = 0.

‡:f(x)�E(x)/^�˝p�@ ⌘Ï f(x)�E(x) = 0, a.e. x 2 Rn. Ÿ�(E⌦f(x)�E(x) >
0¯€˛⇥

ööö⌃⌃⌃ 12 (sGfiÌ'). Âf 2 L(Rn), ⇡ lim
h!0

Z

Rn

|f(x+ h)� f(x)|dx = 0.

¡¡¡���⇢⇢⇢,�e Âg(x)/�*Rn⌦w '/∆ÑfiÌ˝p⇥⌘Ï�®æSupp(g) ⇢ B(0, R)⇥Ÿ
ö" > 0, 1�ÙfiÌ'�X(� 2 (0, 1), Sx, y 2 B̄(0, R+ 2)|x� y| < �ˆ 

|g(x)� g(y)| < "

m(B(0, R+ 1))
.

8



é/S|h| < �ˆ�⌘Ï 

Z

Rn

|g(x+ h)� g(x)|dx =

Z

B(0,R+1)
|g(x+ h)� g(x)|dx  "

m(B(0, R+ 1))
·m(B(0, R+ 1)) = ".

,åe Ÿö" > 0, X(�*Rn⌦w '/∆ÑfiÌ˝pg(x), �ó

Z

Rn

|f(x) � g(x)|dx <
"

4
. 1

,�e�X(� > 0, �ó|h| < �ˆ� 

Z

Rn

|g(x+ h)� g(x)|dx <
"

2
. Ÿ✏s@

Z

Rn

|f(x+ h)� f(x)|dx 
Z

Rn

(|f(x+ h)� g(x+ h)|+ |g(x+ h)� g(x)|+ |g(x)� f(x)|) dx


Z

Rn

|g(x+ h)� g(x)|dx+ 2

Z

Rn

|f(x)� g(x)|dx < ".

ãããPPP 6. ÂE/ LÔK∆�⇡ lim
h!0

m(E \ (E + {h})) = m(E).

¡¡¡���⇢⇢⇢⌘Ï �E(x) 2 L(Rn). 1sGfiÌ'⌘Ï 

lim
h!0

Z

Rn

|�E(x� h)� �E(x)|dx = 0

lim
h!0

Z

Rn

|�E+{h}(x)� �E(x)|dx = 0

lim
h!0

Z

Rn

(�(E+{h})\E(x) + �E\(E+{h})(x))dx = 0

lim
h!0

(m((E + {h}) \ E) +m(E \ (E + {h}))) = 0

‡d lim
h!0

m(E \ (E + {h})) = 0. é/

lim
h!0

m(E \ (E + {h})) = lim
h!0

(m(E)�m(E \ (E + {h}))) = m(E).

3.2 (((666ØØØ˝̋̋ppp<<<———ÔÔÔÔÔÔ˝̋̋ppp

ööö⌃⌃⌃ 13 ((6Ø˝p<—ÔÔ˝p). ÂE ⇢ Rn/ÔK∆�f 2 L(E), ⇡X(Rn⌦w '/∆
Ñ6Ø˝p⌫{gk(x)}, �ó

• lim
k!1

Z

E
|f(x)� gk(x)|dx = 0.

• lim
k!1

gk(x) = f(x), a.e.x 2 E.

¡¡¡���⇢⇢⇢�fiÌ˝pÑ≈b{<�⌘ÏÍ�¡��˘˚U" > 0, X(Rn⌦w '/∆Ñ6Ø˝

pg(x), �ó

Z

E
|f(x)� g(x)|dx < ". ⌘ÏÔÂñH~0Rn⌦w '/∆ÑfiÌ˝ph(x), �ó

Z

E
|f(x)� h(x)|dx < "/2.

9



⌘Ï�®GæSupph ⇢ I, ŸÃÑI/�*'úS⇥1h(x)(Ÿ*úS-Ñ�ÙfiÌ'�⌘ÏÔ
ÂäúS⌃⇣Âr*✏úS{Ik}k=1,2,··· ,n, �óx, y 2 Ikˆ |h(x) � h(y)| < "/2|I|. ⌘Ï(œ*

úSÖ˚ �πxk 2 IkvöIg(x) =
nX

k=1

h(xk)�Ik(x):6Ø˝p�⇡ 

Z

Rn

|g(x)� h(x)|dx =
nX

k=1

Z

Ik

|g(x)� h(x)|dx =
nX

k=1

Z

Ik

|h(xk)� h(x)|dx 
nX

k=1

"|Ik|
2|I| =

"

2
.

Z

E
|f(x)� g(x)|dx 

Z

E
|f(x)� h(x)|dx+

Z

E
|h(x)� g(x)|dx < ".

ãããPPP 7 (16[). Â{gk(x)}/[a, b]⌦ÑÔK˝p⌫�·≥

• |gk(x)|  M˘@ x 2 [a, b]åk 2 N⇣À⇥

• ˘˚Uc 2 [a, b],  lim
k!1

Z

[a,c]
gk(x)dx = 0.

⇡˘˚✏Ñf 2 L([a, b]),  lim
k!1

Z

[a,b]
f(x)gk(x)dx = 0.

¡¡¡���⇢⇢⇢,�e 8c, d 2 [a, b], lim
k!1

Z

(c,d]
gk(x)dx = lim

k!1

 Z

[a,d]
gk(x)dx�

Z

[a,c]
gk(x)dx

!
= 0. _

s lim
k!1

Z

[a,b]
�(c,d](x)gk(x)dx = 0. @Â”∫˘⇧+([a, b]ÖÑ˚✏:ÙÑyÅ˝p⇣À⇥

,åe Âf(x) =
nX

j=1

ci�Ij (x):6Ø˝p�v-Ij ⇢ [a, b]/í�¯§Ñ:Ù⇥1Ô⌃Ñø' 

lim
k!1

Z

[a,b]
f(x)gk(x)dx =

nX

j=1

ci lim
k!1

Z

[a,b]
�Ij (x)gk(x)dx = 0.

, e æf 2 L([a, b])�Ÿö" > 0, ñH÷R⌦w '/∆Ñ6Ø˝ph(x) =
nX

j=1

ci�Ij (x), �ó

Z

[a,b]
|f(x)� h(x)|dx <

"

2M
.

1,åeÑ”∫�X(N , Sk � Nˆ 
�����

Z

[a,b]
h(x)gk(x)dx

����� <
"

2
.

é/⌘Ï 
�����

Z

[a,b]
f(x)gk(x)dx

����� 

�����

Z

[a,b]
h(x)gk(x)dx

�����+

�����

Z

[a,b]
(f(x)� h(x))gk(x)dx

�����

 "

2
+

Z

[a,b]
|f(x)� h(x)||gk(x)|dx

 "

2
+M

Z

[a,b]
|f(x)� h(x)|dx

< ".

10



1ÅPÑöI�⌘Ïó0

lim
k!1

Z

[a,b]
f(x)gk(x)dx = 0.

ãããPPP 8. Âp⌫{�n}·≥ lim
n!1

�n = +1. ⇡∆�A = {x 2 R : sin�nx(n ! 1ˆ6[}:ˆK
∆⇥

¡¡¡���⇢⇢⇢ñH�⌘Ï | sin�nx|  1˘˚Ua < b

�����

Z b

a
sin�nxdx

����� =
|cos�na� cos�b|

�n
 2

�n
! 0.

‡d�Ÿö˚Uûpa < båf 2 L([a, b]),  

lim
n!1

Z

[a,b]
f(x) sin�nxdx = 0.

‰f(x) =

(
lim
n!1

sin�nx, x 2 A

0, x /2 A;
= lim

n!1
�A(x) sin�nx 2 L([�k, k]). ⌘Ï f(x) sin�nx !

f2(x), 1ß66[ö⌃� 

Z

[�k,k]
f2(x)dx = lim

n!1

Z

[�k,k]
f(x) sin�nx dx = 0. ‡df(x)‡N⌅

⌅:ˆ⇥ Ÿ✏s@

0 = lim
n!1

Z

[�k,k]
�A(x) sin

2 �nx dx = lim
n!1

Z

[�k,k]

�A(x)(1� cos 2�nx)

2
dx =

m(A \ [�k, k])

2
.

‡dm(A \ [�k, k]) = 0. A/✓û∆�⌫A \ [�k, k]ÑÅP�@Â/ˆK∆⇥

11



ˆÿ˝p≤I ,AåË⌃

à^O

)%'fpffb

2023t5�

1 “““���<<<ÔÔÔ⌃⌃⌃åååŒŒŒ¸̧̧ÔÔÔ⌃⌃⌃ÑÑÑsss˚̊̊

ŒŒŒ¸̧̧ÔÔÔ⌃⌃⌃ÑÑÑ���`̀̀ æææf(x)/:Ù[a, b]⌦ L˝p�⌘Ï÷�œ⌃✓a = x
(k)
0 < x

(k)
1 < x

(k)
2 <

· · · < x
(k)
nk�1 < x

(k)
nk = b. œ�*⌃✓˝¯î0ät*:Ù⌃:Ünk*✏:Ù�vöI

�(k)
j

= x
(k)
j

� x
(k)
j�1, j = 1, 2, · · · , nk �(k) = max{�(k)

1 ,�(k)
2 , · · · ,�(k)

nk
}.

⌘ÏGæSkãé‡wˆ�(k)ãéˆ⇥ ⌘ÏÿÔÂöI

M
(k)
j

= sup
x
(k)
j�1xx

(k)
j

f(x), m
(k)
j

= inf
x
(k)
j�1xx

(k)
j

f(x), j = 1, 2, · · · , nk.

vöIŒ¸⌦↵Ô⌃

Z b

a

f(x)dx = lim
k!1

nkX

j=1

M
(k)
j

�(k)
j

;

Z
b

a

f(x)dx = lim
k!1

nkX

j=1

m
(k)
j

�(k)
j

.

Â⌦ÅP;/X(�⌃✓œÑ ÷‡s⇥Âf(x)Ñ⌦↵Ô⌃¯I�⇡f(x)/[a, b]⌦ÑŒ¸
ÔÔ˝p�vöIf(x)([a, b]⌦ÑŒ¸Ô⌃:

Z
b

a

f(x)dx = lim
k!1

nkX

j=1

M
(k)
j

�(k)
j

= lim
k!1

nkX

j=1

m
(k)
j

�(k)
j

= lim
k!1

nkX

j=1

f(y(k)
j

)�(k)
j

.

v-y
(k)
j
::Ù[x(k)

j�1, x
(k)
j

]⌦˚ �π⇥

///EEEÑÑÑ���`̀̀ æææf(x)/öI(E = [a, b]⌦Ñû<˝p�⌘ÏÔÂöIf(x)(∆�A⌦Ñ/E:

!(f,A) = sup
x,y2A\[a,b]

|f(x)� f(y)| = sup
x2A\[a,b]

f(x)� inf
x2A\[a,b]

f(x).

ÂA1 ⇢ A2, �æå¡!(f,A1)  !(f,A2). ˝pf(x)(�πx 2 [a, b]Ñ/EÔÂöI:

!f (x) = lim
�!0+

!(f, (x� �, x+ �)) = lim
�!0+

sup
y1,y22(x��,x+�)\[a,b]

|f(y1)� f(y2)|.

�æå¡Âx/:ÙIÑÖπ�⇡
!f (x)  !(f, I).

1



€�e�Âx/:ÙIk(k = 1, 2, · · · )ÑÖπ�|Ik| ! 0+, ⇡⌘Ï 

!f (x) = lim
k!1

!(f, Ik).

ãû⌦�Ÿö" > 0, ÷� > 0, �ó!(f, (x � �, x + �)) < !f (x) + ". Sk≥�'ˆ�⌘Ï;
 Ik ⇢ [x� |Ik|, x+ |Ik|] ⇢ (x� �, x+ �). ‡d!(f, Ik)  !(f, (x� �, x+ �)). é/

!f (x)  !(f, Ik) < !f (x) + ".

���⌘Ï !f (x) = 0S≈Sf(xπfiÌ⇥

���⌃⌃⌃ 1 (/EåŒ¸⌦↵Ô⌃KÙÑs˚). æf(x)/öI(Ì:ÙI = [a, b]⌦Ñ L˝p�
∞!f (x):f(x)Ñ/E˝p�⇡⌘Ï 

Z

I

!f (x)dx =

Z b

a

f(x)dx�
Z

b

a

f(x)dx.

¡¡¡���⇢⇢⇢⌘Ï÷�œ⌃✓a = x
(k)
0 < x

(k)
1 < x

(k)
2 < · · · < x

(k)
nk�1 < x

(k)
nk = b, �ó�(k) ! 0+. ⇡˝

p
!k(x) = !(f, [x(k)

j�1, x
(k)
j

]), Âx 2 (x(k)
j�1, x

(k)
j

)

(I⌦‡N⌅⌅ öI�!k(x)  !(f, I) < +1/�Ù L˝p⇥Âx�/˚U�*⌃✓Ñ⌃

π�⇡x:œ�*⇧+ÉÑ:Ù[x(k)
j�1, x

(k)
j

]ÑÖπ�Sk ! 1ˆ�:Ù[x(k)
j�1, x

(k)
j

]Ñ�¶ãé

ˆ�‡d
!k(x) ! !f (x), a.e. x 2 [a, b].

1ß66[ö⌃�⌘Ï (I(k)
j

= [x(k)
j�1, x

(k)
j

])

Z

I

!f (x)dx = lim
k!1

Z

I

!k(x)dx = lim
k!1

nkX

j=1

Z

(x(k)
j�1,x

(k)
j )

0

@ sup
x2I

(k)
j

f(x)� inf
x2I

(k)
j

f(x)

1

A dx

= lim
k!1

nkX

j=1

h
M

(k)
j

�m
(k)
j

i
�(k)

j
=

Z b

a

f(x)dx�
Z

b

a

f(x)dx.

ööö⌃⌃⌃ 1 (Œ¸ÔÔÑE⌃≈Åaˆ). æf(x)/öI(Ì:ÙI = [a, b]⌦Ñ L˝p�⇡f(x)(I⌦
/Œ¸ÔÔ˝pÑE⌃≈Åaˆ/f(x)(I⌦Ñ�fiÌπ/ˆK∆⇥

¡¡¡���⇢⇢⇢f(x)(I⌦/Œ¸ÔÔ˝pSv⌦↵Ô⌃¯I�‡df(x)(I⌦/Œ¸ÔÔ˝pÑE⌃
≈Åaˆ/

R
I
!f (x)dx = 0. ‡:/E˝p/^�˝p�Ô⌃:ˆI˜é‡N⌅⌅:ˆ�_s‡

N⌅⌅:fiÌπ⇥

���⌃⌃⌃ 2. æE ⇢ Rn:ÔK∆�Âf(x)/öI(E⌦‡N⌅⌅fiÌÑû<˝p�⇡f(x)/E⌦ÑÔ
K˝p⇥

¡¡¡���⇢⇢⇢æZ:f(x)(E⌦Ñ�fiÌπƒ⇣Ñ∆��1GæZ:ˆK∆⇥Âx 2 E\Z�⇡x/f(x)(E⌦
ÑfiÌπ�‡d_/äf(x)↵\öI(E \ Z⌦Ñ˝pÑfiÌπ⇥

Çú|y � x| < �, y 2 E,⇡|f(x)� f(y)| < ", ) Çú|y � x| < �, y 2 E \ Z,⇡|f(x)� f(y)| < ".

é/f(x)/öI(ÔK∆E \Z⌦ÑfiÌ˝p⇥‡df(x)/E \Z⌦ÑÔK˝p⇥1öIf(x)�ö
/öI(ˆK∆Z⌦ÑÔK˝p�é/⌘ÏÔÂäöIfl�(�w�ó0f(x)(E⌦ÑÔK'⇥

2



ööö⌃⌃⌃ 2 (Œ¸Ô⌃å“�<Ô⌃Ñ�Ù'). Âf(x)/öI(Ì:ÙI = [a, b]⌦ÑŒ¸ÔÔ˝p�
⇡f_/I⌦Ñ“�<ÔÔ˝p, v“�<Ô⌃Ñ<åŒ¸Ô⌃¯I⇥⌘ÏÔÂä“�<Ô⌃∞

:
R
I
f(x)dx =

R
b

a
f(x)dx.

¡¡¡���⇢⇢⇢Âf(x)/Ì:ÙI = [a, b]⌦ÑŒ¸ÔÔ˝p�⇡f(x)(I⌦‡N⌅⌅fiÌ�‡d:ÔK˝

p�1éf(x)ÿ/öI( PK¶∆⌦Ñ L˝p�‡df 2 L(I). ⌘Ï÷�œ⌃✓a = x
(k)
0 <

x
(k)
1 < x

(k)
2 < · · · < x

(k)
nk�1 < x

(k)
nk = b, �ó�(k) ! 0+.

Z

I

f(x)dx =
nkX

j=1

Z

(x(k)
j�1,x

(k)
j )

f(x)dx.

⇡1“�<Ô⌃Ñ‘Éö⌃

nkX

j=1

m
(k)
j

�(k)
j


Z

I

f(x)dx 
nkX

j=1

M
(k)
j

�(k)
j

.

‰k ! 1�⌘Ï Z
b

a

f(x)dx 
Z

I

f(x)dx 
Z b

a

f(x)dx.

1éf(x)/Œ¸ÔÔÑ�⌦↵Ô⌃˝IéŒ¸Ô⌃Ñ<�ó0I✏⇥

ööö⌃⌃⌃ 3 (Õ8Ô⌃å“�<Ô⌃Ñs˚). æöI([0,1)⌦Ñ˝pf(x)(˚U:Ù[0, R]⌦/Œ¸

ÔÔÑ�Õ8Ô⌃

Z 1

0
f(x)dx›˘6[⇥⇡f(x)([0,1)⌦/“�<ÔÔÑ�v“�<Ô⌃

Ñ<IéÕ8Ô⌃Ñ<⇥

¡¡¡���⇢⇢⇢1Œ¸ÔÔ'⌘Ïó0f(x)(˚U:Ù[0, R]⌦‡N⌅⌅fiÌ�‡df(x)(t*öIfl⌦
‡N⌅⌅fiÌ�Œ�/[0,1)⌦ÑÔK˝p⇥1U⇤⇣G⌫Ô⌃ö⌃

Z

[0,1)
|f(x)|dx = lim

k!1

Z

[0,1)
|f(x)|�[0,k](x)dx = lim

k!1

Z
k

0
|f(x)|dx < +1.

‡df(x)([0,+1)⌦/ÔÔÑ⇥1ß66[ö⌃(|f(x)|:ß6˝p)

Z

[0,1)
f(x)dx = lim

k!1

Z

[0,1)
f(x)�[0,k](x)dx = lim

k!1

Z
k

0
f(x)dx =

Z 1

0
f(x)dx.

ãããPPP 1. ⇤QÕ8Ô⌃

Z 1

1

sinx

x
dx. Ÿ*Ô⌃/aˆ6[Ñ�F�/“�<ÔÔÑ⇥

Z (k+1)⇡

k⇡

| sinx|
x

dx �
Z (k+1)⇡

k⇡

| sinx|
(k + 1)⇡

dx � 2

(k + 1)⇡
Z

R

1

sinx

x
dx = cos1� cosR

R
�
Z

R

1

cosx

x2
dx.

ãããPPP 2. ’¡�F (t)
.
=

Z 1

0
e
�x

2

cos 2tx dx =

p
⇡

2
e
�t

2

.

3



¡¡¡���⇢⇢⇢˝pf(x, t) = e
�x

2

cos 2tx\:xÑ˝p([0,1)⌦/ÔÔÑ�\:tÑ˝p/ÔÆÑ�

����
@f

@t
(x, t)

���� =
����2xe�x

2

sin2tx
���  2xe�x

2

2 L([0,1)).

‡d˝pF (t) =
R1
0 f(x, t)dx/ÔÆÑ�

F
0(t) =

Z 1

0

@f

@t
(x, t)dx =

Z 1

0

⇣
�2xe�x

2

sin2tx
⌘
dx =

Z 1

0
sin 2tx d(e�x

2

)

= �
Z 1

0
2te�x

2

cos 2tx dx = �2tF (t).

F (0) =
R1
0 e

�x
2

dx =
p
⇡

2 . „Æ⌃π↵sÔ

F
0(t) + 2tF (t) = 0 ) d

dt

⇣
e
t
2

F (t)
⌘
= e

t
2

[F 0(t) + 2tF (t)] = 0 ) F (t) = Ce
�t

2

.

2 ÕÕÕÔÔÔ⌃⌃⌃ååå///!!!ÔÔÔ⌃⌃⌃ÑÑÑsss˚̊̊

2.1 TonelliåååFubiniööö⌃⌃⌃

ööö⌃⌃⌃ 4 (Tonelliö⌃). æf(x, y)/Rp ⇥ Rq⌦Ñ^�ÔK˝p�⇡ 

(A) ˘é‡N⌅⌅Ñx 2 Rp, f(x, y)\:yÑ˝p/ÔKÑ�

(B)
R
Rq f(x, y)dy\:xÑ˝p/ÔKÑ�

(C)

Z

Rp

✓Z

Rq

f(x, y)dy

◆
dx =

Z

Rp+q

f(x, y)dxdy.

���⌃⌃⌃ 3. ∞·≥⌦ö⌃ÑhS^�ÔK˝p:F . ⇡⌘Ï 

(i) Âf, g 2 F , ↵ 2 [0,1), ⇡f + g,↵f 2 F ;

(ii) Âf, g 2 F , f � g � 0, g 2 L(Rp+q), ⇡f � g 2 F ;

(iii) Âfk 2 F:✓ûÔK˝p⌫�f(x, y) = lim
k!1

fk(x, y), (x, y) 2 Rp+g. ⇡f 2 F .

¡¡¡���⇢⇢⇢(iii) ˘‡N⌅⌅Ñx, fk(x, y)↵\yÑ˝p˝/ÔK˝p�‡dv⇣πÅPf(x, y)_/yÑ

ÔK˝p⇥⌘Ïÿ ‡N⌅⌅Ñ6[ lim
k!1

Z

Rq

fk(x, y)dy =

Z

Rq

f(x, y)dy. é/
R
Rq f(x, y)dy/xÑ

ÔK˝p⇥1^�⇣G⌫ÑÔ⌃⌘Ï 
Z

Rp

✓Z

Rq

f(x, y)dy

◆
dx = lim

k!1

Z

Rp

✓Z

Rq

fk(x, y)dy

◆
dx = lim

k!1

Z

Rp+q

fk(x, y)dxdy =

Z

Rp+q

f(x, y)dxdy.

¡¡¡���⇢⇢⇢(ii)1

Z

Rp

✓Z

Rq

g(x, y)dy

◆
dx =

Z

Rp+q

g(x, y)dxdy < +1,˘‡N⌅⌅Ñx,

Z

Rq

g(x, y)dy <

+1,_sg(x, y)\:yÑ˝p/ÔÔÑ�Œ�/‡N⌅⌅ PÑ⇥é/˘‡N⌅⌅x, f(x, y), g(x, y)˝

4



/yÑÔK˝p��⇧ÿ/yÑÔÔ˝p(‡d‡N⌅⌅ P)�é/f(x, y) � g(x, y)\:yÑ˝
p_/ÔKÑ��⌘Ï 

Z

Rq

[f(x, y)� g(x, y)]dy +

Z

Rq

g(x, y)dy =

Z

Rq

f(x, y)dy, a.e. x 2 Rp

)
Z

Rq

[f(x, y)� g(x, y)]dy =

Z

Rq

f(x, y)dy �
Z

Rq

g(x, y)dy, a.e. x 2 Rp
.

‡d
R
Rq [f(x, y)� g(x, y)]dy/xÑÔK˝p⇥ ˘⌦b,�✏Ô⌃

Z

Rp

✓Z

Rq

[f(x, y)� g(x, y)]dy

◆
dx+

Z

Rp

✓Z

Rq

g(x, y)dy

◆
dx =

Z

Rp

✓Z

Rq

f(x, y)dy

◆
dx.

⌘Ïÿ 
Z

Rp+q

[f(x, y)� g(x, y)]dxdy +

Z

Rp+q

g(x, y)dxdy =

Z

Rp+q

f(x, y)dxdy.

)(f, gÑÕÔ⌃å/!Ô⌃¯I‘É⌦$✏�v)(gÑÔ⌃Ñ P'sÔó0f � gÑÕÔ
⌃å/!Ô⌃¯I⇥
¡¡¡���⇢⇢⇢Tonelliö⌃Ñ;S¡��Ô: 1é^�ÔK˝p;/ÔÂô⇣^�ÔKÄU˝p⇣G⌫
Ñ⇣πÅP�1�⌃�⌘ÏÍ�Å¡�^�ÔKÄU˝p^éF . ‡:^�ÔKÄU˝p/ÔK
∆ÑyÅ˝pÑø'ƒ��‡d⌘ÏÍ�¡�ÔK∆ÑyÅ˝p^éF . :hæÑπø�⌘Ï
∞�E 2 F:E 2 F .

,�e úSI ⇥ J ⇢ Rp ⇥ Rq;/·≥I ⇥ J ⇢ F .
Z

Rp

✓Z

Rq

�I⇥J(x, y)dy

◆
dx =

Z

Rp

|J |�I(x)dx = |I|⇥ |J | =
Z

Rp+q

�I⇥J(x, y)dxdy.

,åe ˚U�∆G ⇢ F . ãû⌦⌘ÏÔÂä�∆Gô⇣Ô⌫*í�¯§ÑúSÑv∆G =
[kIk. ⇡

�G(x) =
1X

k=1

�Ik(x) = lim
n!1

nX

k=1

�Ik(x) 2 F .

, e ÂE/�*K¶ PÑÔK∆�⇡⌘ÏÔÂ~0�*G�∆H ⇢ F , �óH/EÑI
K⇧⇥⌘ÏÔÂ÷�∆⌫Gk � E, �óm(Gk \ E) < 2�k. �®æŸ*�∆⌫/✓MÑ�
‰H = \kGk. ⇡�G1\Gk

(x) = �G1(x)� �Gk(x) 2 F˘œ*ctpk⇣À⇥é/

�G1\H(x) = lim
k!1

�G1\Gk
(x) 2 F .

@Â⌘Ï �H(x) = �G1(x)� �G1\H(x) 2 F .

,€e �⌥ˆK∆Z 2 F . ãû⌦1, e”∫⌘ÏÔÂ~0ZÑIK⇧H 2 F . Œ�⌘Ï

 

Z

Rp

✓Z

Rq

�H(x, y)dy

◆
dx = 0. Ÿ✏s@

Z

Rq

�H(x, y)dy = 0, a.e. x 2 Rp. Ÿ_1Ù�˘‡N

⌅⌅Ñx, �H(x, y)↵\yÑ˝p‡N⌅⌅:ˆ⇥‡:E ⇢ H, @Â�E(x, y)  �H(x, y)·≥¯�Ñ

'(⇥Ÿ_1✏s@˘‡N⌅⌅Ñx, �E(x, y)↵\yÑ˝p/ÔKÑ�

Z

Rq

�E(x, y)dy = 0. ‡

5



dÂÔ⌃↵\xÑ˝p_/ÔKÑ�

Z

Rp

✓Z

Rq

�E(x, y)dy

◆
dx = 0 =

Z

Rp+q

�E(x, y)dxdy.

,îe ˚UK¶ PÑ∆�E ⇢ F . 1, e�⌘ÏÔÂ~0�*G�∆H ⇢ F , �
óH/EÑIK⇧⇥‡:m(H \E) = 0,1,€e�⌘Ï H \E 2 F . ‡dE = H \ (H \E) 2 F .

,me ˘˚UÔK∆E ⇢ Rn, ⌘ÏöI�*✓ûÑÔK∆�⌫

Ek = E \B(0, k) 2 F .

⇡⌘Ï ✓û˝p⌫�Ek(x) ! �E(x)�1�⌃�⌘Ïó0�E(x) 2 F .

ËËË✏✏✏⇢⇢⇢Tonelliö⌃-�⌘Ï_ÔÂH˘xÔ⌃⇥
Z

Rq

✓Z

Rp

f(x, y)dx

◆
dy =

Z

Rp+q

f(x, y)dxdy

ööö⌃⌃⌃ 5 (Fubiniö⌃). æf(x, y) 2 L(Rp ⇥ Rq)�⇡ 

(A) ˘é‡N⌅⌅Ñx 2 Rp, f(x, y)\:yÑ˝p/ÔÔÑ�˘é‡N⌅⌅Ñy 2 Rp, f(x, y)\
:xÑ˝p/ÔÔÑ�

(B)
R
Rq f(x, y)dy\:xÑ˝p/ÔÔÑ�

R
Rp f(x, y)dx\:yÑ˝p/ÔÔÑ�

(C)

Z

Rp+q

f(x, y)dxdy =

Z

Rp

✓Z

Rq

f(x, y)dy

◆
dx =

Z

Rq

✓Z

Rp

f(x, y)dx

◆
dy.

¡¡¡���⇢⇢⇢1éf+(x, y), f�(x, y):^�ÔK˝p�1Tonelliö⌃�⌘Ï ˘‡N⌅⌅Ñx 2 Rp,
f+(x, y), f�(x, y)\:yÑ˝p/ÔKÑ�Ô⌃

R
Rq f+(x, y)dy,

R
Rq f�(x, y)dy\:xÑ˝p/ÔÔ

Ñ Z

Rp

✓Z

Rq

f+(x, y)dy

◆
dx =

Z

Rp+q

f+(x, y)dxdy < +1.

Ÿ_1✏s@˘‡N⌅⌅Ñx 2 Rp�Ô⌃
R
Rq f+(x, y)dy,

R
Rq f�(x, y)dy/ PÑ�é/˘‡N

⌅⌅Ñx 2 Rp, f+(x, y), f�(x, y)\:yÑ˝p/ÔÔÑ�‡df(x, y)\:yÑ˝p_/ÔÔÑ⇥
€�e⌘Ï 

Z

Rq

f(x, y)dy =

Z

Rq

f+(x, y)dy �
Z

Rq

f�(x, y)dy, a.e. x 2 Rp
.

é/
R
Rq f(x, y)dy/xÑÔÔ˝p�

Z

Rp

✓Z

Rq

f(x, y)dy

◆
=

Z

Rp

✓Z

Rq

f+(x, y)dy

◆
dx�

Z

Rp

✓Z

Rq

f�(x, y)dy

◆
dx =

Z

Rp+q

f(x, y)dxdy.

���,,,ÙÙÙÔÔÔ⌦⌦⌦ÑÑÑTonelliööö⌃⌃⌃åååFubiniööö⌃⌃⌃

ööö⌃⌃⌃ 6 (Tonelliö⌃). æf(x, y)/E1 ⇥ E2⌦Ñ^�ÔK˝p�v-E1 ⇢ Rp, E2 ⇢ Rq˝/ÔK
∆�⇡ 

(A) ˘é‡N⌅⌅Ñx 2 E1, f(x, y)\:yÑ˝p(E2⌦/ÔKÑ�˘é‡N⌅⌅Ñy 2 E2,
f(x, y)\:xÑ˝p(E1⌦/ÔKÑ�

6



(B)
R
E2

f(x, y)dy\:xÑ˝p(E1/ÔKÑ�
R
E1

f(x, y)dx\:yÑ˝p(E2⌦/ÔKÑ�

(C)

Z

E1⇥E2

f(x, y)dxdy =

Z

E1

✓Z

E2

f(x, y)dy

◆
dx =

Z

E2

✓Z

E1

f(x, y)dx

◆
dy.

¡¡¡���⇢⇢⇢‰g(x, y) =

⇢
f(x, y), (x, y) 2 E1 ⇥ E2;
0, (x, y) /2 E1 ⇥ E2.

6�˘f(x, y)î(Rp ⇥ Rq⌦ÑTonelliö⌃s

Ô⇥

ööö⌃⌃⌃ 7 (Fubiniö⌃). æf(x, y) 2 L(E1 ⇥ E2)�v-E1 ⇢ Rp, E2 ⇢ Rq˝/ÔK∆�⇡ 

(A) ˘é‡N⌅⌅Ñx 2 E1, f(x, y)\:yÑ˝p(E2⌦/ÔÔÑ�˘é‡N⌅⌅Ñy 2 E2,
f(x, y)\:xÑ˝pE1⌦/ÔÔÑ�

(B)
R
Rq f(x, y)dy\:xÑ˝pE1⌦/ÔÔÑ�

R
Rp f(x, y)dx\:yÑ˝p(E2⌦/ÔÔÑ�

(C)

Z

E1⇥E2

f(x, y)dxdy =

Z

E1

✓Z

E2

f(x, y)dy

◆
dx =

Z

E2

✓Z

E1

f(x, y)dx

◆
dy.

ãããPPP 3. æf 2 L([0,1)), a > 0, ⇡˝p
R1
0 f(y)e�xy

dy(:Ù[0,1)/xÑfiÌ˝p�⌘Ï 
G⇥Ô⌃ Z 1

0

✓
sin ax

Z 1

0
f(y)e�xy

dy

◆
dx =

Z 1

0

af(y)

a2 + y2
dy.

¡¡¡���⇢⇢⇢Âxk 2 [0,1)xk ! x0�1ß66[ö⌃�⌘Ï 
R1
0 f(y)e�xkydy !

R1
0 f(y)e�x0ydy.

é/
R1
0 f(y)e�xy

dy/x 2 [0,1)ÑfiÌ˝p⇥ �æå¡(sin ax)f(y)e�xy 2 L([0, R]⇥ [0,1)):

Z

[0,R]⇥[0,1)

��(sin ax)f(y)e�xy
�� dxdy 

Z

[0,R]⇥[0,1)
|f(y)|dxdy = R

Z 1

0
|f(y)|dy < +1.

é/1Fubiniö⌃�⌘Ï 

Z
R

0

✓Z 1

0
(sin ax)f(y)e�xy

dy

◆
dx =

Z 1

0

 Z
R

0
(sin ax)f(y)e�xy

dx

!
dy

Z
R

0

✓
sin ax

Z 1

0
f(y)e�xy

dy

◆
dx =

Z 1

0

a� ae
�Ry cos aR� ye

�Ry sin aR

a2 + y2
f(y)dy

v-���*Ô⌃Ñ´Ô˝pgR(y)·≥ lim
R!1

gR(y) =
a

a2 + y2
, y > 0.  �I✏

|gR(y)| 
a+ |a cos aR+ y sin aR|e�Ry

a2 + y2
 a+

p
a2 + y2

a2 + y2
 2

a
) |gR(y)f(y)| 

2

a
|f(y)|.

1ß66[ö⌃1Ôó¡⇥

2.2 ÔÔÔ⌃⌃⌃ÑÑÑ‡‡‡UUU✏✏✏IIIååå⌃⌃⌃⇤⇤⇤˝̋̋ppp

ööö⌃⌃⌃ 8. æf(x)/E ⇢ Rn⌦Ñ^�ÔKû<˝p�⇡v˛bGE(f) = {(x, f(x)) 2 Rn+1 : x 2
E}/Rn+1⌦ÑˆK∆⇥
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¡¡¡���⇢⇢⇢Âm(E) < +1, ˚÷� > 0v‰Ek = {x 2 E : k�  f(x) < (k + 1)�}, ⌘Ï 

GE(f) ⇢
1[

k=0

Ek ⇥ [k�, k� + �).

é/m
⇤(GE(f)) 

1X

k=0

m(Ek ⇥ [k�, k� + �)) =
1X

k=0

�m(Ek) = �m(E). ‰� ! 0, ⌘Ï

 m
⇤(GE(f)) = 0. Âm(E) = +1, ⌘ÏÔÂäE⌃„:K¶ P∆�Kv∆

E =
1[

k=1

Ek ) GE(f) =
1[

k=1

GEk(f). ) m(GE(f)) = 0.

y

x

E3
E4

E5
E6
E7

2
3
4
5
6
7
8

GE(f)

ööö⌃⌃⌃ 9 (Ô⌃Ñ‡U✏I). æf(x)/öI(ÔK∆E ⇢ Rn⌦Ñ^�û<˝p�∞

G
E
(f) = {(x, y) 2 Rn+1 : x 2 E, 0  y  f(x)},

vÉ:y = f(x)Ñ↵π˛b⇥⇡f(x)/ÔK˝pS≈SG
E
(f)/Rn+1-ÑÔK∆⇥

m(G
E
(f)) =

Z

E

f(x)dx.

¡¡¡���⇢⇢⇢Âf(x)/ÔK˝p�⇡˝pg(x, y) = y � f(x)/(x, y) 2 E ⇥ [0,1)⌦ÑÔK˝p⇥
⇡G

E
(f) = {(x, y) 2 E ⇥ [0,1) : g(x, y)  0}/Rn+1-ÑÔK∆⇥ Õ«e�ÂG

E
(f)/Rn+1-

ÑÔK∆�‰�(x, y):G
E
(f)ÑyÅ˝p�⇡�(x, y)ÔÂ↵\öI(E ⇥ [0,1)⌦ÑÔK˝p�

⌘ÏÔÂî(Tonelliö⌃ó0f(x) =
R1
0 �(x, y)dy/E⌦ÑÔK˝p⇥ 

m(G
E
(f)) =

Z

E⇥[0,1)
�(x, y)dxdy =

Z

E

✓Z 1

0
�(x, y)dy

◆
dx =

Z

E

f(x)dx.

öööIII 1 (⌃⇤˝p). æ^�û<˝pf(E ⇢ Rn⌦ÔK�⇡f⇤(�) = m({x 2 E : f(x) >

�}), � > 0:f(x)(E⌦Ñ⌃⇤˝p⇥>6f⇤(�)/(0,1)⌦Ñ^�✓œ˝p⇥

ööö⌃⌃⌃ 10. æF 2 C
1([0,1)), F (0) = 0, F 0(x) � 0. ⇡öI(ÔK∆E ⇢ Rn⌦Ñ^�û<ÔK˝

pf(x)åÉ˘îÑ⌃⇤˝pf⇤(�)·≥

Z

E

F (f(x))dx =

Z 1

0
F

0(�)f⇤(�)d�

8



y

x

y=f(x)

GE(f)

E

¡¡¡���⇢⇢⇢÷ÔK∆G = {(x, y) 2 E ⇥ R : 0 < y < f(x)}ÑyÅ˝p�G(x, y), v⇤Q^�ÔK˝
pF

0(y)�G(x, y)(E ⇥ (0,1)⌦ÑÔ⌃

Z

E

✓Z 1

0
F

0(y)�G(x, y)dy

◆
dx =

Z 1

0

✓Z

E

F
0(y)�G(x, y)dx

◆
dy

Z

E

 Z
f(x)

0
F

0(y)dy

!
dx =

Z 1

0

✓
F

0(y)

Z

E

�{x2E:f(x)>y}(x)dx

◆
dy

Z

E

F (f(x))dx =

Z 1

0
F

0(y)f⇤(y)dy.

y

x

y=f(x)

E

{(x,y):x∈E,f(x)>y}

G={(x,y):x∈E,0<y<f(x)}

9



ˆÿ˝p≤I ,A Ë⌃

à^O

)%'fpffb

2023t5�

1 wwwÔÔÔåååIII———<<<———

öööIII 1. æf(x), g(x)/Rn⌦ÑÔK˝p�ÂÔ⌃

Z

Rn

f(x�y)g(y)dyX(�⇡dÔ⌃:fågÑw

Ô�∞:(f ⇤ g)(x).

ööö⌃⌃⌃ 1 (wÔÑ˘'). wÔf ⇤ g˘f, g/˘Ñ�_s(f ⇤ g)(x) = (g ⇤ f)(x).

¡¡¡���⇢⇢⇢1Ô⌃Ñs˚�ÿ'åpX'(�⌘Ï 

(f ⇤ g)(x) =
Z

Rn

f(x� y)g(y)dy

=

Z

Rn

f(x� (x+ y))g(x+ y)dy

=

Z

Rn

f(�y)g(x+ y)dy

=

Z

Rn

f(y)g(x� y)dy

=(g ⇤ f)(x).

ööö⌃⌃⌃ 2 (ÔÔ˝pÑwÔ). Âf, g 2 L(Rn), ⇡(f ⇤ g)(x)˘‡N⌅⌅Ñx 2 RnX(�/Rn⌦Ñ
ÔÔ˝p�€�e 
Z

Rn

(f ⇤g)(x)dx =

✓Z

Rn

f(x)dx

◆✓Z

Rn

g(x)dx

◆ Z

Rn

|(f ⇤g)(x)|dx 
✓Z

Rn

|f(x)|dx
◆✓Z

Rn

|g(x)|dx
◆

¡¡¡���⇢⇢⇢⌘ÏHå¡f(x� y)g(y)/Rn ⇥ Rn⌦ÑÔÔ˝p⇥
Z

Rn⇥Rn

|f(x� y)||g(y)|dxdy =

Z

Rn

✓Z

Rn

|f(x� y)||g(y)|dx
◆
dy =

Z

Rn

✓
|g(y)|

Z

Rn

|f(x� y)|dx
◆
dy

=

Z

Rn

✓
|g(y)|

Z

Rn

|f(x)|dx
◆
dy =

✓Z

Rn

|f(x)|dx
◆✓Z

Rn

|g(x)|dx
◆
<+1

‡d1Fubiniö⌃�f(x � y)g(y)˘‡N⌅⌅Ñx 2 Rn˝/yÑÔÔ˝p((f ⇤ g)(x)˘‡N⌅⌅

1



Ñx 2 RnX()�(f ⇤ g)(x) =
R
Rn f(x� y)g(y)dy/xÑÔÔ˝p⇥€�e

Z

Rn

(f ⇤ g)(x)dx =

Z

Rn

✓Z

Rn

f(x� y)g(y)dy

◆
dx =

Z

Rn

✓Z

Rn

f(x� y)g(y)dx

◆
dy

=

Z

Rn

✓
g(y)

Z

Rn

f(x)dx

◆
dy =

✓Z

Rn

f(x)dx

◆✓Z

Rn

g(x)dx

◆

Z

Rn

|(f ⇤ g)(x)|dx =

Z

Rn

����
Z

Rn

f(x� y)g(y)dy

���� dx 
Z

Rn

✓Z

Rn

|f(x� y)g(y)|dy
◆
dx

=

Z

Rn⇥Rn

|f(x� y)||g(y)|dxdy =

✓Z

Rn

|f(x)|dx
◆✓Z

Rn

|g(x)|dx
◆
.

ööö⌃⌃⌃ 3 (ÔÔ˝på L˝pÑwÔ). æf 2 L(Rn), g(x)/Rn⌦ LÔK˝p�⇡F (x) =
(f ⇤ g)(x)/Rn⌦�ÙfiÌÑ L˝p⇥

¡¡¡���⇢⇢⇢ñH�⌘ÏÚœÂS˘˚Ux 2 Rn, f(x� y)g(y)/yÑÔK˝p�⌘ÏÔÂå¡ÉÑÔÔ
'

Z

Rn

|f(x� y)g(y)|dy 
Z

Rn

M |f(x� y)|dy = M

Z

Rn

|f(x+ y)|dy = M

Z

Rn

|f(y)|dy < +1.

ŸÃM/|g(x)|Ñ⌦L⇥é/(f ⇤ g)(x)˘˚Ux 2 Rn˝ öI|(f ⇤ g)(x)|  M
R
Rn |f(y)|dy. €

�e⌘Ï 

|F (x+ h)� F (x)| =
����
Z

Rn

(f(x+ h� y)� f(x� y))g(y)dy

����


Z

Rn

|f(x+ h� y)� f(x� y)||g(y)|dy

 M

Z

Rn

|f(x+ h� y)� f(x� y)|dy

 M

Z

Rn

|f(y + h)� f(y)|dy ! 0, Sh ! 0.

ŸÃ⌘Ï(0ÜÔÔ˝pÔ⌃ÑsGfiÌ'⇥

ööö⌃⌃⌃ 4 ((wÔ<—ÔÔ˝p). ‰'(x)/�*^�ÔK˝p�Supp(') ⇢ B(0, �),
R
Rn '(x)dx =

1. ⇡˘˚Uf 2 L(Rn) 

Z

Rn

|(f ⇤ ')(x)� f(x)|dx  sup
|h|<�

Z

Rn

|f(x+ h)� f(x)|dx.

2



¡¡¡���⇢⇢⇢⌘Ï 
Z

Rn

|(f ⇤ ')(x)� f(x)| dx =

Z

Rn

����
Z

Rn

f(x� y)'(y)dy � f(x)

���� dx

=

Z

Rn

����
Z

Rn

[f(x� y)� f(x)]'(y)dy

���� dx


Z

Rn

 Z

B(0,�)
|f(x� y)� f(x)|'(y)dy

!
dx

=

Z

B(0,�)

✓Z

Rn

|f(x� y)� f(x)|'(y)dx
◆
dy


Z

B(0,�)

"
'(y) sup

|h|<�

Z

Rn

|f(x+ h)� f(x)|dx
#
dy

= sup
|h|<�

Z

Rn

|f(x+ h)� f(x)|dx.

®®®∫∫∫ 1 (wÔÑI—'). ‰'k(x)/^�ÔK˝p�Supp('k) ⇢ B(0, 1/k),
R
Rn 'k(x)dx = 1.

⇡˘˚Uf 2 L(Rn) 

lim
k!1

Z

Rn

|(f ⇤ 'k)(x)� f(x)|dx = 0.

¡¡¡���⇢⇢⇢

Z

Rn

|(f ⇤ 'k)(x)� f(x)|dx  sup
|h|<1/k

Z

Rn

|f(x+ h)� f(x)|dx ! 0.

ööö⌃⌃⌃ 5. æ'(x)/Rn⌦�*I—Ñ�w '/∆Ñ˝p�f 2 L(Rn), ⇡(' ⇤ f)(x)/�*I—Ñ
˝p⇥

¡¡¡���⇢⇢⇢˘œ*x 2 Rn, ˝p'(x � y)f(y)/yÑÔÔ˝p�˘‡N⌅⌅Ñy 2 Rn, ˝p'(x �
y)f(y)/xÑÔÆ˝p�⌘Ï ß6˝p

@

@xi
['(x� y)f(y)] = 'i(x� y)f(y) |'i(x� y)f(y)|  M |f(y)| 2 L(Rn).

�(ß66[ö⌃�⌘ÏÔÂ¡�(' ⇤ f)(x)ÑO¸pX(

@

@xi
(' ⇤ f)(x) = @

@xi

Z

Rn

'(x� y)f(y)dy =

Z

Rn

'i(x� y)f(y)dy = ('i ⇤ f)(x).

/fiÌ˝p�{<Ñ⌘ÏÔÂ¡�(' ⇤ f)(x)Ñ⌅*O¸p˝fiÌ�‡d/I—˝p⇥

ööö⌃⌃⌃ 6 ((I—˝p<—ÔÔ˝p). ÷�*^�ÑI—˝p'(x), ·≥Supp(') ⇢ B(0, 1),R
Rn '(x)dx = 1. ‰'k(x) = kn'(kx), ⇡˘˚✏f 2 L(Rn), wÔ(f ⇤ 'k)(x)˝/I—˝p�·
≥ùL1Ñ6[

lim
k!1

Z

Rn

|(f ⇤ 'k)(x)� f(x)| dx = 0.

¡¡¡���⇢⇢⇢ÍÅ¬fl0Supp('k) ⇢ B(0, 1/k)å
R
Rn 'k(x)dx = 1.

ãããPPP 1. ¡��X(u 2 L(Rn)��ó˘˚✏f 2 L(Rn),  (u ⇤ f)(x) = f(x), a.e. x 2 Rn.
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¡¡¡���⇢⇢⇢ÂŸ7ÑÔÔ˝puX(�⌘Ï÷f(x) = �B(0,�)(x), v-� > 0/�*✏Ñcûp⇥⇡

(u ⇤ f)(x) =
Z

Rn

�B(0,�)(x� y)u(y)dy =

Z

Rn

�B(x,�)(y)u(y)dy =

Z

B(x,�)
u(y)dy.

é/˘é‡N⌅⌅Ñx 2 B(0, �), ⌘Ï 

Z

B(x,�)
u(y)dy = 1. Ÿ�Ô⌃Ñ›˘fiÌ'¯€˛⇥

2 UUU⇤⇤⇤˝̋̋pppÑÑÑÔÔÔÆÆÆ'''

2.1 VitaliÜÜÜ÷÷÷ööö⌃⌃⌃

öööIII 2. æE ⇢ R, � = {I↵}/�*:Ùœ�Â˘˚Ux 2 Eå" > 0, X(I↵ 2 �, �óx 2 I↵,
|I↵| < ", ⇡�/EÑ�*VitaliÜ÷⇥

ööö⌃⌃⌃ 7 (VitaliÜ÷ö⌃). æE ⇢ Rm⇤(E) < +1. Â�/EÑVitaliÜ÷�⇡˘˚✏Ñ" > 0, X

( P*í�¯§Ñ:Ù Ij 2 �(j = 1, 2, · · · , n), �ó m⇤

0

@E \
n[

j=1

Ij

1

A < ".

¡¡¡���⇢⇢⇢,�e ⌘Ï�®æ�/�*Ì:Ùœ⇥⌘ÏÿÔÂ~0�∆G � E, �óm(G) < +1,
v‰�0 = {I↵ 2 � : I↵ ⇢ G}. ↵b⌘Ïå¡�0_/EÑVitaliÜ÷⇥Ÿöx 2 E ⇢ G,
" > 0, 1éG/�*�∆�⌘ÏÔÂ~0� > 0, �ó(x � �, x + �) ⇢ G. ‰"1 = min{", �},
1�/EÑVitaliÜ÷��öX(I↵ 2 �, �óx 2 I↵, |I↵| < "1 = min{�, "}. é/I↵ ⇢
(x� �, x+ �) ⇢ G, ‡dI↵ 2 �0, é/�0_/EÑVitaliÜ÷⇥‡d⌘Ï�®GæVitaliÜ÷-Ñœ
*:ÙI↵ ⇢ G.

,åe ↵b⌘Ï ÷�*�-�*:Ùè⌫Ij , �óIj=œåt0Ü÷E. GæMj � 1*:ÙÚ
œ }�⌘Ï‰�j = {I↵ 2 � : I↵ \ Ik = ?, k = 1, 2, · · · , j � 1}, �j = sup{|I↵| : I↵ 2 �j}. ⌘Ï
 ÷Ij 2 �j , �ó|Ij | > �j/2. 1K¶ÑÔpÔ†'⌘Ï 

1X

j=1

|Ij | = m

0

@
1[

j=1

Ij

1

A  m(G) < +1.

,åeÑÙ�Âœ Pe�� ÷«↵”_�s�n = ?. ⇡E ⇢ I1[I2[ · · ·[In�1. é/ö⌃ó
¡⇥ãû⌦�ÇúE�˝´Mbn� 1*:ÙÜ÷�⌘ÏÔÂ÷x 2 E, x /2 Ij , j = 1, 2, · · · , n� 1.
1éIj˝/Ì:Ù�⌘ÏÔÂ~0� > 0, �ó(x � �, x + �) \ Ij = ?, j = 1, 2, · · · , n � 1. é/
1VitaliÜ÷Ñ'(�X(I↵ 2 �, �óx 2 I↵, |I↵| < �, é/I↵ \ Ij = ?, j = 1, 2, · · · , n � 1,
I↵ 2 �n, ó0€˛⇥

, e ˘˚UŸöÑ" > 0, ⌘Ï ÷n, �ó
1X

j=n+1

|Ij | <
"

5
. ⇡Mn*:Ù1·≥ö⌃”∫ÑÅ

B⇥ãû⌦⌘Ï (5Ij/�:ÙIjw ¯�-π��¶:5|Ij |Ñ:Ù)

E \
n[

j=1

Ij ⇢
1[

j=n+1

5Ij ) m⇤

0

@E \
n[

j=1

Ij

1

A 
1X

j=n+1

m⇤(5Ij) = 5
1X

j=n+1

|Ij | < ".

4



↵b⌘Ïå¡⌦Ñ⇧+s˚⇣À⇥æx 2 E, x /2 Ij , j = 1, 2, · · · , n,  g⌦bÀÕÑπ’�⌘
ÏÔÂ~0I↵ 2 �, �óI↵ \ Ij = ?, j = 1, 2, · · · , n. Ÿ*I↵�öåIn+1, In+2, · · ·-Ñ–�*:
Ù¯§�&⇡I↵ 2 �j . ⌘ÏÔÂ~0�*j, �ó|Ij | < |I↵|/2. Ÿ�IjÑ ÷π’€˛

|Ij | > sup{|I| : I 2 �j}/2 � |I↵|/2.

é/⌘Ï�®GöIj/�I↵¯§Ñ:Ù-⌥⌥�✏Ñ�*(j � n + 1). ⇡I↵ 2 �j , é/|Ij | >
|I↵|/2. Ÿ✏s@x 2 I↵ ⇢ 5Ij .

Ij 5Ij
Iα

®®®∫∫∫ 2. æE ⇢ Rm⇤(E) < +1. Â�/EÑVitaliÜ÷�⇡X(Ôp*í�¯§Ñ:Ù Ij 2 �,
�ó m(E \ [Ij) = 0.

¡¡¡���⇢⇢⇢9nÂ⌦¡�«↵�⌘Ïó0↵⌫å⇧Û⌘ �*⇣À⇢��EÔÂ´ P*í�¯§
Ñ:ÙIj 2 �Ü÷. å�X(�*í�¯§Ñ‡wè⌫{Ij} ⇢ �, �ó

m⇤

0

@E \
n[

j=1

Ij

1

A  5
1X

j=n+1

|Ij |, ) m⇤

0

@E \
1[

j=1

Ij

1

A = 0.

2.2 “““���<<<ööö⌃⌃⌃

öööIII 3 (Dini¸p). æf(x)/öI(R-πx0Ñ�*4fl⌦Ñû<˝p�⌘ÏöI

D+f(x0) = lim
h!0+

f(x0 + h)� f(x0)

h
D+f(x0) = lim

h!0+

f(x0 + h)� f(x0)

h

D�f(x0) = lim
h!0�

f(x0 + h)� f(x0)

h
D�f(x0) = lim

h!0�

f(x0 + h)� f(x0)

h

⌃+ÉÏ:f(x)(x0πÑÛ⌦¸p�Û↵¸p�Ê⌦¸p�Ê↵¸p�flDini¸p⇥

ãããPPP 2. æf(x) =

⇢
x sin 1

x , x 6= 0;
0, x = 0.

⇡D+f(0) = D�f(0) = 1, D+f(0) = D�f(0) = �1.

¡¡¡���⇢⇢⇢
f(0 + h)� f(0)

h
= sin

1

h
(:Ù[�1, 1]-⌥a⇥

ööö⌃⌃⌃ 8 (“�<ö⌃). Âf(x)/öI([a, b]⌦Ñ✓ûû<˝p�⇡f(x)Ñ�ÔÆπƒ⇣Ñ∆�
:ˆK∆� Z b

a
f 0(x)dx  f(b)� f(a).

¡¡¡���⇢⇢⇢,�Ë⌃ ñH¡��I¸p‡N⌅⌅X(�s�IÅPf 0(x) = lim
h!0

f(x+ h)� f(x)

h
˘

‡N⌅⌅ÑxX(⇥⌘ÏÂSDini¸p·≥D+f(x) � D+f(x), D�f(x) � D�f(x). ‡d⌘
ÏÍ�¡��I✏D�f(x) � D+f(x), D+f(x) � D�f(x)‡N⌅⌅⇣À⇥⌘ÏÂD�f(x) �
D+f(x):ã�‰

E ={x 2 (a, b) : D�f(x) < D+f(x)}

=
[

r,s2Q+,r<s

Er,s =
[

r,s2Q+,r<s

{x 2 (a, b) : D�f(x) < r < s < D+f(x)}

5



‡d⌘ÏÍ�¡�œ*Er,s/ˆK∆⇥

,�e ÂX(c ⌃pr < s, �óm⇤(Er,s) > 0. ˘é˚✏ŸöÑ" > 0, ⌘ÏÔÂ~0�∆G,
·≥Er,s ⇢ G ⇢ (a, b), m(G) < m⇤(Er,s) + ". ↵b⌘ÏÑ �*Er,sÑVitaliÜ÷

� = {[x� h, x] ⇢ G : x 2 Er,s, h > 0, f(x)� f(x� h)  rh}.

1VitaliÜ÷ö⌃�⌘HÔ~0 P*í�¯§Ñ:Ù[xi � hi, xi] 2 �, i = 1, 2, · · · ,m, �ó

m⇤

 
Er,s \

m[

i=1

[xi � hi, xi]

!
< ", m⇤

 
Er,s \

m[

i=1

[xi � hi, xi]

!
> m⇤(Er,s)� ".

:Äø⌘Ï∞G1 =
m[

i=1

(xi � hi, xi)åB = Er,s \G1, ⇡m⇤(B) > m⇤(Er,s)� ".

,åe ⌘ÏÔÂçÑ �*BÑVitaliÜ÷

�0 = {[y, y + k] ⇢ G1 : y 2 B, k > 0, f(y + k)� f(y) � sk}.

1VitaliÜ÷ö⌃�⌘HÔ~0 P*í�¯§Ñ:Ù[yj , yj + kj ] 2 �0, j = 1, 2, · · · , n, �ó

m⇤

0

@B \
n[

j=1

[yj , yj + kj ]

1

A < ", m⇤

0

@B \
n[

j=1

[yj , yj + kj ]

1

A > m⇤(B)� ".

‡d
nX

j=1

kj = m

0

@
n[

j=1

[yj , yj + kj ]

1

A > m⇤(B)� " > m⇤(Er,s)� 2".

, e œ*:Ù[yj , yj + kj ] ⇢ G1 =
m[

i=1

(xi � hi, xi). ‡d⇧+(–*:Ù[xi � hi, xi]ÑÖË⇥

é/⌘Ï 

nX

j=1

skj 
nX

j=1

[f(yj + kj)� f(yj)] 
mX

i=1

[f(xi)� f(xi � hi)] 
mX

i=1

rhi.

é/s(m⇤(Er,s)� 2") 
nX

j=1

skj 
mX

i=1

rhi  rm(G)  r(m⇤(Er,s)+ "). ‰" ! 0⌘Ïó0€˛⇥

,åË⌃ ⌘ÏÚœ¡�Ü�I¸pf 0(x)‡N⌅⌅X(⇥‡d⌘Ï ‡N⌅⌅ÑÅP

f 0(x) = lim
k!1

f(x+ 1/k)� f(x)

1/k
.

v-Sx+1/k > bˆ�⌘ÏöIf(x+1/k) = f(b). ‡:gk = k[f(x+1/k)� f(x)]/^�ÔK˝

6



    x1-h1    x1     x2-h2          x2    x3-h3    x3    

 I1    I2             I3     I4              I5      

a b
Ij=[yj,yj+kj]

y=f(x)

p�⌘Ïó0f 0(x)≈6_/^�ÔK˝p�1Fatou�⌃⌘Ï 

Z b

a
f 0(x)dx  lim

k!1

Z b

a
k[f(x+ 1/k)� f(x)]dx

= lim
k!1

"
k

Z b+1/k

a+1/k
f(x)dx� k

Z b

a
f(x)dx

#

= lim
k!1

"
k

Z b+1/k

b
f(x)dx� k

Z a+1/k

a
f(x)dx

#

f(b)� f(a)

Ÿ✏s@f 0(x) 2 L([a, b]), �I¸pf 0(x)‡N⌅⌅ P�f(x)‡N⌅⌅ÔÆ⇥

ãããPPP 3. æE ⇢ (a, b)/�*^zˆK∆�⇡X(öI([a, b]⌦ÑfiÌU⇤✓ûÑ˝pf(x), �
óf 0(x) = +1, x 2 E. ‡df(x)(E-˚�π�ÔÆ⇥

¡¡¡���⇢⇢⇢˘œ*k 2 N, ÷�*�∆Gk � E, �óm(Gk) < 2�k. ⌘ÏöI

fk(x) = m([a, x] \Gk), x 2 [a, b];

v‰f(x) =
1X

k=1

fk(x). ↵b⌘Ïå¡f(x)·≥òæaˆ⇥

• Âx < y, x, y 2 [a, b], ⇡⌘Ï 

fk(y)� fk(x) = m([a, y] \Gk)�m([a, x] \Gk) = m([x, y] \Gk)  y � x.

é/fk(x)/fiÌ˝p�⌘Ïÿ |fk(x)|  m(Gk) < 2�k. ‡döIf(x)Ñßp/�Ù6[
Ñ�é/f(x)_/fiÌÑ⇥

• 1⌦bÑI✏�Âx < y, ⇡fk(y) � fk(x), ‡dfk(x)/✓ûÑ�é/f(x)_/✓ûÑ⇥

• æx 2 E, ⇡x 2 Gk, 1éGk/�∆�X(�k > 0, �ó(x� �k, x+ �k) ⇢ Gk, ⇡S0 < h <
min{�1, �2, · · · , �n}ˆ�⌘Ï 

f(x+ h)� f(x)

h
=

1X

k=1

fk(x+ h)� fk(x)

h
�

nX

k=1

fk(x+ h)� fk(x)

h
=

nX

k=1

m([x, x+ h])

h
= n.

é/f 0(x) = +1.

7



2.3 Fubini⇣⇣⇣yyyÆÆÆ⌃⌃⌃ööö⌃⌃⌃

ööö⌃⌃⌃ 9 (Fubini⇣yÆ⌃ö⌃). æ{fn(x)}/[a, b]⌦Ñ✓û˝p⌫�ßpf(x) =
1X

n=1

fn(x)([a, b]⌦

6[�⇡

d

dx

1X

n=1

fn(x) =
1X

n=1

d

dx
fn(x), f 0(x) =

1X

n=1

f 0
n(x), a.e. x 2 [a, b] .

¡¡¡���⇢⇢⇢‰Rn(x) =
1X

k=n+1

fk(x):Yy�π◆↵˙Rn(x)_/✓û˝p�‡d

f(x) =
nX

k=1

fk(x) +Rn(x) ) f 0(x) =
nX

k=1

f 0
k(x) +R0

n(x), a.e. x 2 [a, b]

‡d⌘ÏÍ�¡� lim
n!1

R0
n(x) = 0, a.e. x 2 [a, b]. 1I✏Rn(x) = fn+1(x) + Rn+1(x)⌘Ï

 R0
n(x) = f 0

n+1(x) +R0
n+1(x), a.e. x 2 [a, b]. ‡d{R0

n(x)}/�*‡N⌅⌅✓MÑ^�˝p⌫⇥
‡d⌘Ï; ‡N⌅⌅ÑÅP

r(x) = lim
n!1

R0
n(x).

⌘Ï↵bå¡^�ÔK˝pr(x)‡N⌅⌅:ˆ⇥ãû⌦⌘Ï 

Z b

a
r(x)dx  lim

n!1

Z b

a
R0

n(x)dx  lim
n!1

[Rn(b)�Rn(a)] = 0.

ãããPPP 4. æQ \ (0, 1) = {r1, r2, r3, · · · }, vöIfn(x) =

⇢
0, x 2 [0, rn);
2�n, x 2 [rn, 1].

¡�f(x) =

1X

n=1

fn(x)/Ì:Ù[0, 1]⌦Ñ%<✓û˝p�Ff 0(x) = 0, a.e. x 2 [0, 1].

¡¡¡���⇢⇢⇢>6⌘Ï f 0
n(x) = 0, a.e. x 2 [0, 1], 1Fubini⇣yÆ⌃ö⌃ÔÂó0f 0(x)‡N⌅⌅:

ˆ⇥↵bå¡f(x)/%<✓ûÑ�Âx, y 2 [0, 1], x < y, ⌘Ï;ÔÂ~0rn 2 Q, �óx < rn <
y. ⇡⌘Ï 

f(y)� f(x) =
1X

k=1

[fk(y)� fk(x)] � fn(y)� fn(x) = 2�n > 0.

‡df(x)/Ì:Ù[0, 1]⌦Ñ%<✓û˝p⇥

ãããPPP 5. ’Ó/& öI([0, 1]⌦ÑfiÌ%<U⇤✓ûÑ˝pf(x), �óf 0(x) = 0, a.e. x 2
[0, 1].

¡¡¡���⇢⇢⇢⇤QöI([0, 1]⌦ÑCantor˝p�(x), Ÿ*˝p/fiÌÑ�U⇤✓ûÑ�∞(⌘Ïå
¡�0(x)‡N⌅⌅:ˆ⇥ãû⌦�‰{Ik}:Ñ Cantor∆ˆ˚dÑ£õ�:Ùƒ⇣Ñ∆�⌫�⌘
ÏÚÂCantor˝p�(x)(œ*Ik˝/8p�‡d

�0(x) = 0, x 2 Ik ) �0(x) = 0, x 2 [0, 1] \ C.

Ÿ*˝p�/%<U⇤✓û�F/⌘Ïÿ/ �(3�k) = 2�k > 0, ‡dx > 0ˆ�(x) > 0. ↵b⌘
ÏeEöI�(x) = 0, x < 06�Ñ ·≥òÓÅBÑ˝pf(x). eEöI�ÑCantor˝p�(x)Õ

8



6/fiÌÑ�U⇤✓ûÑ�¸p�0(x)‡N⌅⌅:ˆ⇥⌘ÏGæQ \ (0, 1) = {r1, r2, r3, · · · }, v
öI

f(x) =
1X

k=1

2�k�(x� rk), x 2 [0, 1].

Ÿ*fiÌ˝pƒ⇣Ñßp/�Ù6[Ñ�‡då˝pf(x)/fiÌÑ�1Fubini⇣yÆ⌃ö⌃Ô
Âó0f 0(x)‡N⌅⌅:ˆ⇥↵b⌘Ïå¡f(x)/%<U⇤✓ûÑ⇥æx, y 2 [0, 1]x < y, ⌘Ï
÷x < rn < y, rn 2 Q, ⇡

f(y)� f(x) =
1X

k=1

2�k[�(y � rn)� �(x� rn)] � 2�n�(y � rn) > 0.

9



ˆÿ˝p≤I ,A€Ë⌃

à^O

)%'fpffb

2023t6�

1    LLLÿÿÿÓÓÓ˝̋̋ppp

öööIII 1. æf(x)/öI([a, b]⌦Ñû<˝p�\⌃✓� : a = x0 < x1 < x2 < · · · < xn = bå¯î
Ñå

v� =
nX

i=1

|f(xi)� f(xi�1)| ,

K:f(x)([a, b]⌦ÑÿÓ�\
b_

a

(f) = sup{v� : �:[a, b]Ñ˚�⌃✓}, vÉ:f(x)([a, b]⌦

ÑhÿÓ. Â
b_

a

(f) < +1, ⇡f(x)/[a, b]⌦Ñ LÿÓ˝p�vhS∞:BV ([a, b]).

ãããPPP 1. öI([a, b]⌦ÑU⇤˝pf(x)˝/ LÿÓ˝p⇥

¡¡¡���⇢⇢⇢�®æf(x)/U⇤✓û˝p�⇡

v� =
nX

i=1

|f(xi)� f(xi�1)| =
nX

i=1

[f(xi)� f(xi�1)] = f(xn)� f(x0) = f(b)� f(a).

ãããPPP 2. öI([a, b]⌦ÑNn�y˝pf(x)˝/ LÿÓ˝p⇥

¡¡¡���⇢⇢⇢æ|f(x)� f(y)|  M |x� y|, ⇡˘˚U⌃✓� : a = x0 < x1 < x2 < · · · < xn = b

v� =
nX

i=1

|f(xi)� f(xi�1)| 
nX

i=1

M(xi � xi�1) = M(b� a).

ãããPPP 3. ˝pf(x) =

⇢
x cos ⇡

x , x > 0;
0, x = 0;

�/[0, 1]⌦Ñ LÿÓ˝p⇥

¡¡¡���⇢⇢⇢÷⌃✓� : 0 < 1/2n < 1/(2n� 1) < 1/(2n� 2) < · · · < 1/2 < 1, ⌘Ï 

v� =

����f(0)� f(
1

2n
)

����+
����f(

1

2n
)� f(

1

2n� 1
)

����+
����f(

1

2n� 1
)� f(

1

2n� 2
)

����+ · · ·+
����f(

1

2
)� f(1)

����

=

����0�
1

2n

����+
����
1

2n
+

1

2n� 1

����+
�����

1

2n� 1
� 1

2n� 2

����+ · · ·+
����
1

2
+ 1

����

� 1

2n
+

1

2n� 1
+

1

2n� 2
+ · · ·+ 1

1



‡d
1_

0

(f) = sup v� = +1

ööö⌃⌃⌃ 1. æf(x)åg(x)˝/[a, b]⌦Ñû<˝p�↵,� 2 R, ⇡
b_

a

(↵f + �g)  |↵|
b_

a

(f) + |�|
b_

a

(g).

¡¡¡���⇢⇢⇢˘˚U⌃✓� : a = x0 < x1 < x2 < · · · < xn = b

v�(↵f + �g) =
nX

i=1

|(↵f(xi) + �g(xi))� (↵f(xi�1) + �g(xi�1))|


nX

i=1

(|↵| · |f(xi)� f(xi�1)|+ |�| · |g(xi)� g(xi�1)|)

|↵|
b_

a

(f) + |�|
b_

a

(g).

1⌃✓�Ñ˚✏'1ó0@��I✏⇥

®®®∫∫∫ 1. Âf, g 2 BV ([a, b]), ↵,� 2 R, ⇡↵f + �g 2 BV ([a, b]). b�K�BV([a,b])/�*ø'z
Ù⇥

ööö⌃⌃⌃ 2 (hÿÓÑ'(). Âf(x)/[a, b]⌦Ñû<˝p�a < c < b, ⇡
b_

a

(f) =
c_

a

(f) +
b_

c

(f).

¡¡¡���⇢⇢⇢,�e æ�1 : a = x0 < x1 < x2 < · · · < xm = c, �2 : c = y0 < y1 < y2 < · · · < yn = b⌃
+/[a, c]å[c, b]Ñ˚✏⌃✓�⇡⌘ÏÔÂäå⇧�vó0[a, b]Ñ�*⌃✓

� : a = x0 < x1 < x2 < · · · < xm = c = y0 < y1 < · · · < yn = b

⌘Ï 

v�= |f(x0)�f(x1)|+ · · ·+ |f(xm�1)�f(xm)|+ |f(y0)�f(y1)|+ · · ·+ |f(yn�1)�f(yn)|=v�1+v�2

‡d
b_

a

(f) � v� = v�1 + v�2 . 1⌃✓�1, �2Ñ˚✏'1 
b_

a

(f) �
c_

a

(f) +
b_

c

(f).

,åeæ�/[a, b]Ñ˚✏⌃✓�Çúc�/�Ñ�*⌃π�⇡‰�0:�˚†⌃πcó0Ñ⌃✓�&
⇡‰�0 = �. 6�⌘Ï⌃⌃✓�0∆⌃:[a, c]Ñ⌃✓�1å[c, b]Ñ⌃✓�2. 9n⌦bÑ®∫⌘Ï 

v�  v�0 = v�1 + v�2 
c_

a

(f) +
b_

c

(f).

1⌃✓�Ñ˚✏'1 
b_

a

(f) 
c_

a

(f) +
b_

c

(f). ⌃$*�I✏”�1ó0I✏⇥

ööö⌃⌃⌃ 3 (Jordan⌃„ö⌃). öI([a, b]⌦Ñû<˝pf(x)/ LÿÓ˝pS≈Sf(x)ÔÂô
⇣$*U⇤✓û˝pKÓ⇥

2



¡¡¡���⇢⇢⇢,�e Âf(x) = g(x)� h(x), v-g(x), h(x)/öI([a, b]⌦ÑU⇤˝p⇥1éU⇤˝p
/ LÿÓ˝p�1ø'⌘Ïó0f(x) 2 BV ([a, b]).

,åe æf(x) 2 BV ([a, b]). ⌘ÏÔÂäÉô\f(x) =
x_

a

(f) �
"

x_

a

(f)� f(x)

#
. ↵b⌘Ïå¡

Ÿ$Ë⌃˝/✓û˝p⇥Ÿöa  x  y  b, ⌘Ï 
y_

a

(f) =
x_

a

(f) +
y_

x

(f) �
x_

a

(f). (⌦✏-

‰y = b, ⌘Ï�ˆó0
x_

a

(f) < +1. ⌘Ïÿ 

"
y_

a

(f)� f(y)

#
�
"

x_

a

(f)� f(x)

#
=

y_

x

(f)� [f(y)� f(x)]

�|f(x)� f(y)|� [f(y)� f(x)] � 0.

®®®∫∫∫ 2. öI([a, b]⌦Ñ LÿÓ˝pf(x)‡N⌅⌅ÔÆ⇥v¸p·≥f 0(x) 2 L([a, b]).

ãããPPP 4. æf(x)/öI([a, b]⌦Ñ LÿÓ˝p�⇡
d

dx

 
x_

a

(f)

!
= |f 0(x)|, a.e. x 2 [a, b].

¡¡¡���⇢⇢⇢1hÿÓöIÑ˝pF (x) =
x_

a

(f)/✓û˝p�‡d/‡N⌅⌅ÔÆÑ�Â(xπ�
x_

a

(f)

åf(x)˝/ÔÆÑ�⇡⌘Ï 

d

dx

 
x_

a

(f)

!
= lim

y!x+

y_

a

(f)�
x_

a

(f)

y � x
= lim

y!x+

y_

x

(f)

y � x
� lim

y!x+

����
f(y)� f(x)

y � x

���� = |f 0(x)|.

‡dF 0(x) =
d

dx

 
x_

a

(f)

!
� |f 0(x)|, a.e. x 2 [a, b]. ↵b⌘Ï¡�

Z b

a
(F 0(x)� |f 0(x)|)dx = 0. Ÿ

ö˚U" > 0, ⌘ÏÔÂ~0⌃✓� : a = x0 < x1 < · · · < xn = b, �óv� >
b_

a

(f)� ". ↵b⌘Ï

(R≥’öIÖ©˝pg(x), ‰g(a) = f(a), 6�‰(i = 1, 2, · · · , n)

g(x) =

⇢
f(x)� f(xi�1) + g(xi�1), Çúf(xi) � f(xi�1)
�f(x) + f(xi�1) + g(xi�1) Çúf(xi) < f(xi�1)

x 2 [xi�1, xi].

π◆å¡g(xi) � g(xi�1) = |f(xi) � f(xi�1)|, Ÿ✏s@g(b) � g(a) = v�(f) >
b_

a

(f) � ". 1gÑ

öI�˘‡N⌅⌅Ñx 2 [a, b], g0(x) = ±f 0(x)  |f 0(x)|. ⌘Ï€�eÿÔÂå¡
x_

a

(g) =
x_

a

(f).

⌘Ï�®æxk�1 < x  xk, ⇡

x_

a

(g) =
k�1X

i=1

xi_

xi�1

(g) +
x_

xk�1

(g) =
k�1X

i=1

xi_

xi�1

(f) +
x_

xk�1

(f) =
x_

a

(f).

3



é/
x_

a

(f)� g(x) =
x_

a

(g)� g(x)/�*✓ûÑ˝p�‡d

Z b

a
[F 0(x)� |f 0(x)|]dx 

Z b

a
[F 0(x)� g0(x)]dx 

b_

a

(f)� g(b)�
"

a_

a

(f)� g(a)

#
< ".

é/^�˝pF 0(x)� |f 0(x)|ÑÔ⌃:ˆ�‡dF 0(x)� |f 0(x)| = 0, a.e. x 2 [a, b].

y=g(x)

y=f(x)
a x1 x2 b

2 ���öööÔÔÔ⌃⌃⌃ÑÑÑÆÆÆ⌃⌃⌃

ÓÓÓòòò ÂÂÂf(x)/[a, b]⌦ÑfiÌ˝p�vöIF (x) =

Z x

a
f(t)dt, ⇡⌘Ï 

F 0(x) =
d

dx

Z x

a
f(t)dt = f(x), x 2 [a, b].

Ÿ�'(˘éf 2 L([a, b])ÿ⇣À⌫�

ööö⌃⌃⌃ 4. Âf 2 L([a, b]), ⇡F (x) =

Z x

a
f(t)dt/[a, b]⌦Ñ LÿÓ˝p�‡d/‡N⌅⌅ÔÆ

Ñ⇥

¡¡¡���⇢⇢⇢F (x) =

Z x

a
f+(t)dt�

Z x

a
f�(t)dt/$*✓û˝pKÓ⇥

ãããPPP 5. Ÿö˚✏ˆK∆E ⇢ [a, b], X(f 2 L([a, b]), �óF (x) =

Z x

a
f(t)dt(E-œ�π�Ô

Æ⇥

¡¡¡���⇢⇢⇢fi∆⌘ÏMb>«ÑãP�‰Gk � E:�∆�m(Gk) < 2�k, ⇡↵⌫˝p·≥F 0(x) =
+1, x 2 E

F (x) =
1X

k=1

m([a, x] \Gk) =
1X

k=1

Z x

a
�Gk(t)dt =

Z x

a

1X

k=1

�Gk(t)dt.

���⌃⌃⌃ 1 (sGfiÌ'). æf 2 L([a, b]), ‰F (x) =

Z x

a
f(t)dt, Fh(x) =

F (x+ h)� F (x)

h
=

1

h

Z x+h

x
f(t)dt, v-x � a, h > 0;St /2 [a, b]ˆ�⌘Ï‰f(t) = 0. ⇡⌘Ï ùL16[;

lim
h!0+

Z b

a
|Fh(x)� f(x)|dx = 0.

4



¡¡¡���⇢⇢⇢⌘Ï Z b

a
|Fh(x)� f(x)|dx =

Z b

a

�����
1

h

Z h

0
f(x+ t)dt� f(x)

����� dx

=
1

h

Z b

a

�����

Z h

0
f(x+ t)dt�

Z h

0
f(x)dt

����� dx

 1

h

Z b

a

 Z h

0
|f(x+ t)� f(x)|dt

!
dx

 1

h

Z h

0

 Z b

a
|f(x+ t)� f(x)|dx

!
dt

 sup
t2(0,h)

Z

R
|f(x+ t)� f(x)|dx ! 0, Sh ! 0.

ŸÃ⌘Ï�ÅÔÔ˝pÔ⌃ÑsGfiÌ'⇥

ööö⌃⌃⌃ 5 (�öÔ⌃ÑÆ⌃). Âf 2 L([a, b]), ⇡F (x) =

Z x

a
f(t)dt([a, b]⌦‡N⌅⌅ÔÆ�

F 0(x) =
d

dx

Z x

a
f(t)dt = f(x), a.e. x 2 [a, b].

¡¡¡���⇢⇢⇢⌘ÏÚœ¡�F (x)([a, b]⌦‡N⌅⌅ÔÆ�‡d g⌦b�⌃öIÑ˝p

Fh(x) =
F (x+ h)� F (x)

h
=

1

h

Z x+h

x
f(t)dt

Sh ! 0+ˆ‡N⌅⌅6[0F 0(x). Ê�πb��⌃Ù�Fh(x)ùL16[éf(x), ‡dX(
è⌫hk ! 0+, �óFhk(x)‡N⌅⌅6[éf(x). 1Ÿ$*‡N⌅⌅6[�⌘Ï F 0(x) =
f(x), a.e. x 2 [a, b].

®®®∫∫∫ 3. æf 2 L([a, b]), r 2 R, ⇡ lim
h!0

1

h

Z x+h

x
|f(t)� r|dt = |f(x)� r|, a.e. x 2 [a, b].

¡¡¡���⇢⇢⇢‰g(x) = |f(x)� r| 2 L([a, b]), G(x) =

Z x

a
g(t)dt, ⇡⌘Ï ↵⌫I✏‡N⌅⌅⇣À

lim
h!0

1

h

Z x+h

x
|f(t)�r|dt = lim

h!0

R x+h
a g(t)dt�

R x
a g(t)dt

h
= lim

h!0

G(x+ h)�G(x)

h
= g(x) = |f(x)�r|.

ööö⌃⌃⌃ 6 (“�<π). æf 2 L([a, b]), ⇡˘[a, b]-‡N⌅⌅Ñπx, ˝ 

lim
h!0

1

h

Z x+h

x
|f(t)� f(x)|dt = 0.

⌘Ï·≥⌦✏Ñπx:˝pf(x)ÑLebesgueπ⇥

¡¡¡���⇢⇢⇢1⌦bÑ®∫�⌘Ïó0˘‡N⌅⌅Ñx 2 (a, b),  

lim
h!0

1

h

Z x+h

x
|f(t)� r|dt = |f(x)� r|, 8r 2 Q.

5



↵b⌘Ï¡�˘éŸ7Ñx, ö⌃-ÅBÑÅP⇣À⇥˙öŸ7Ñ�*x, ˘˚✏ŸöÑ" > 0, ⌘
ÏñH÷�*r 2 Q, �ó|f(x)� r| < "/2. 1⌦bÑÅP�⌘Ï � > 0, �ó|h| < �ˆ 

1

h

Z x+h

x
|f(t)� r|dt < "/2.

é/⌘Ï 

1

h

Z x+h

x
|f(t)� f(x)|dt  1

h

Z x+h

x
(|f(t)� r|+ |f(x)� r|)dt  "

2
+ |f(x)� r| < ".

Ÿ1Ÿ˙Ü⌘Ï�ÅÑÅP⇥

ãããPPP 6. æf 2 L(R), ⇡˝pF (x) =

Z x

a
f(t)dt([a, b]⌦ÑhÿÓ·≥

b_

a

(F ) =

Z b

a
|f(x)|dx.

¡¡¡���⇢⇢⇢ñH˘é˚U⌃✓� : a = x0 < x1 < x2 < · · · < xn = b, ⌘Ï 

v�(F ) =
nX

i=1

|F (xi)� F (xi�1)| =
nX

i=1

�����

Z xi

xi�1

f(t)dt

����� 
nX

i=1

Z xi

xi�1

|f(t)|dt =
Z b

a
|f(t)|dt.

‡d
b_

a

(F ) 
Z b

a
|f(x)|dx. :ó0Ê�π�I✏�⌘Ï�Å(0M�≤ÑãP⇥F (x)ÑÿÓ˝

p
x_

a

(F )/[a, b]⌦ÑU⇤✓û˝p·≥

d

dx

 
x_

a

(F )

!
= |F 0(x)| = |f(x)|, a.e. x 2 [a, b].

‡d Z b

a
|f(x)|dx =

Z b

a

d

dx

 
x_

a

(F )

!
dx 

b_

a

(F )�
a_

a

(F ) =
b_

a

(F ).

ãããPPP 7. æf 2 L(R), Â˘ŸöÑÌ:Ù[a, b] 

Z b

a
|f(x + h) � f(x)|dx = o(|h|), ⇡f(x) =

C, a.e. x 2 [a, b].

6



¡¡¡���⇢⇢⇢⌘ÏÚÂF (x) =

Z x

a
f(t)dt([a, b]⌦‡N⌅⌅ÔÆ�˘$*˚✏ÑÔÆπx, y 2 (a, b)

|F 0(y)� F 0(x)| = lim
h!0+

����
F (y + h)� F (y)

h
� F (x+ h)� F (x)

h

����

= lim
h!0+

1

h

�����

Z y+h

x+h
f(t)dt�

Z y

x
f(t)dt

�����

= lim
h!0+

1

h

����
Z y

x
[f(t+ h)� f(t)]dt

����

 lim
h!0+

1

h

Z y

x
|f(t+ h)� f(t)|dt

 lim
h!0+

1

h

Z b

a
|f(t+ h)� f(t)|dt = 0.

‡dF 0(x) = C, a.e. x 2 [a, b]. Ÿ1✏s@f(x) = C, a.e. x 2 [a, b], ‡:F 0(x)åf(x)‡N⌅⌅¯
I⇥

3 ›››˘̆̆fififiÌÌÌ˝̋̋pppåååÆÆÆÔÔÔ⌃⌃⌃˙̇̇,,,ööö⌃⌃⌃

˙̇̇,,,ÓÓÓòòò⇢⇢⇢ÆÆÆÔÔÔ⌃⌃⌃˙̇̇,,,ööö⌃⌃⌃⇣⇣⇣ÀÀÀÑÑÑaaaˆ̂̂ GGGæf(x)/:Ù[a, b]⌦öIÑû<˝p�⇡(¿Ha
ˆ↵ 

f(x)� f(a) =

Z x

a
f 0(t)dt.

• ¸˝pf 0(x)�Å‡N⌅⌅X(�f 0(x) 2 L([a, b]). é/f(x)ÔÂh:�*ÔÔ˝pÑ�
öÔ⌃Ñb✏

f(x) = f(a) +

Z x

a
f 0(t)dt.

• ‡:�öÔ⌃/ LÿÓ˝p�˝pf(x)/ LÿÓ˝p⇥

• ˝pf(x)/�ÙfiÌ˝p�‡:Âx < y

|f(y)� f(x)| =
����
Z y

a
f 0(t)dt�

Z x

a
f 0(t)dt

���� =
����
Z y

x
f 0(t)dt

���� 
Z y

x
|f 0(t)|dt

˘˚U" > 0,1Ô⌃Ñ›˘fiÌ'�X(� > 0,SÔK∆e·≥m(e) < �ˆ� 
R
e |f

0(t)|dt <
". é/0 < y � x < �ˆ� |f(y)� f(x)| 

R y
x |f 0(t)|dt < ".

• ãû⌦�˘é˚U P*í�¯§Ñ�:Ù(xi, yi), i = 1, 2, · · · , n, S
nX

i=1

(yi � xi) < �ˆ�

⌘ÏÔÂ‰e =
n[

i=1

(xi, yi), m(e) < �. ⇡

nX

i=1

|f(yi)� f(xi)| 
nX

i=1

Z yi

xi

|f 0(t)|dt =
Z

e
|f 0(t)|dt < ".

7



öööIII 2 (›˘fiÌ˝p). æf(x)/[a, b]⌦Ñû<˝p�Â˘˚U" > 0, X(� > 0, �óS[a, b]-

˚✏ P*í�¯§Ñ�:Ù(xi, yi), i = 1, 2, · · · , n·≥
nX

i=1

(yi � xi) < �ˆ� 

nX

i=1

|f(yi)� f(xi)| < ",

⇡f(x)/[a, b]⌦›˘fiÌ˝p, vhS∞:AC([a, b]).

ööö⌃⌃⌃ 7. Âf 2 L([a, b]), ⇡v�öÔ⌃F (x) =

Z x

a
f(t)dt/[a, b]⌦Ñ›˘fiÌ˝p⇥

ãããPPP 8. :Ù[a, b]⌦Ñ›˘fiÌ˝p�ö/�ÙfiÌ˝p⇥

¡¡¡���⇢⇢⇢Ÿö˚U" > 0�‰� > 0:⌦öI-ŸöÑ8p⇥⇡˘é˚Ux, y 2 [a, b], 0 < y � x <
�, ⌘Ï÷�*:Ù(x1, y1) = (x, y), 1›˘fiÌ'ÑöI |f(x)� f(y)| < ".

ööö⌃⌃⌃ 8. Âf(x)/[a, b]⌦Ñ›˘fiÌ˝p�⇡f(x)/[a, b]⌦Ñ LÿÓ˝p⇥

¡¡¡���⇢⇢⇢÷" = 1, ⇡X(� > 0, �óS[a, b]- P*í�¯§Ñ�:Ù(xi, yi), i = 1, 2, · · · , n·

≥
nX

i=1

(yi � xi) < �ˆ� 
nX

i=1

|f(yi)� f(xi)| < 1.

‰[c, d] ⇢ [a, b]/�¶✏é�Ñ:Ù�� : c = x0 < x1 < x2 < · · · < xn = d/ÉÑ�*⌃✓⇥⇡�
:Ù(xi�1, xi), i = 1, 2, · · · , n /í�¯§Ñ�v�¶;åIéd� c < �, ‡d 

v� =
nX

i=1

|f(xi)� f(xi�1)| < 1 )
d_

c

(f)  1.

⌘ÏÔÂä:Ù[a, b]⌃: P*�¶✏é�Ñ:Ù�v⌃π:a = y0 < y1 < · · · < ym = b. é/

b_

a

(f) =
mX

i=1

yi_

yi�1

(f)  m < +1.

®®®∫∫∫ 4. Âf(x)/[a, b]⌦Ñ›˘fiÌ˝p�⇡f(x)([a, b]⌦‡N⌅⌅ÔÆ�f 0(x) 2 L([a, b]).

ööö⌃⌃⌃ 9. Âf(x), g(x)˝/[a, b]⌦Ñ›˘fiÌ˝p�↵,� 2 R, ⇡↵f(x) + �g(x)_/[a, b]⌦Ñ›˘
fiÌ˝p⇥b�K�hS›˘fiÌ˝pƒ⇣Ñ∆�AC([a, b])/�*ø'zÙ⇥

¡¡¡���⇢⇢⇢�®æ|↵| + |�| > 0. ˘é˚U" > 0, ÷"1 = "/(|↵| + |�|). 1éf(x)/[a, b]⌦Ñ›˘
fiÌ˝p�X(�1 > 0, �óS[a, b]-˚✏ P*í�¯§Ñ�:Ù(xi, yi), i = 1, 2, · · · , n·

≥
nX

i=1

(yi � xi) < �1ˆ� 
nX

i=1

|f(yi) � f(xi)| < "1. �⌃�X(�2 > 0, �óS[a, b]-˚✏ P

*í�¯§Ñ�:Ù(xi, yi), i = 1, 2, · · · , n·≥
nX

i=1

(yi � xi) < �2ˆ� 
nX

i=1

|g(yi) � g(xi)| < "1.

8



÷� = min{�1, �2}, S[a, b]-˚✏ P*í�¯§Ñ�:Ù(xi, yi), i = 1, 2, · · · , n·≥
nX

i=1

(yi �

xi) < �ˆ� 

nX

i=1

|(↵f(xi)+�g(xi))�(↵f(xi�1)+�g(xi�1))| =
nX

i=1

|↵(f(xi)� f(xi�1)) + �(g(xi)� g(xi�1))|

|↵|
nX

i=1

|f(xi)� f(xi�1)|+ |�|
nX

i=1

|g(xi)� g(xi�1)|

<(|↵|+ |�|)"1 = ".

ööö⌃⌃⌃ 10 (ÆÔ⌃˙,ö⌃). Âf(x)/[a, b]⌦Ñ›˘fiÌ˝p�⇡

f(x)� f(a) =

Z x

a
f 0(t)dt, x 2 [a, b].

¡¡¡���⇢⇢⇢,�e ‰g(x) = f(x) �
R x
a f 0(t)dt. v-f 0(t) 2 L([a, b]), ‡d�öÔ⌃

R x
a f 0(t)dt_/›

˘fiÌ˝p�é/1ø'⌘Ïó0g(x)_/›˘fiÌ˝p⇥v⌘Ï g0(x) = 0, a.e. x 2 [a, b].

,åe ⌘Ï¡�¸p‡N⌅⌅:ˆÑ›˘fiÌ˝pg(x)/8p⇥⌘ÏÍ�¡�˘é˚Uc 2
(a, b],  g(a) = g(c). Ÿö" > 0, X(� > 0, �óS[a, b]-˚✏ P*í�¯§Ñ�:Ù(xi, yi),

i = 1, 2, · · · , n·≥
nX

i=1

(yi � xi) < �ˆ� 
nX

i=1

|f(yi)� f(xi)| < ". ‰A = {x 2 (a, c) : g0(x) = 0}.

↵b⌘ÏÑ �*AÑVitaliÜ÷⇥

� = {[x, x+ h] : x 2 A, h > 0, [x, x+ h] ⇢ (a, c), |g(x+ h)� g(x)| < "h}

1VitaliÜ÷ö⌃�ÔÂ~0n*í�¯§Ñ:Ù[xi, xi + hi] 2 ��ù!ŒÊÄÛí���ó

m⇤

 
A \

n[

i=1

[xi, xi + hi]

!
< � )

nX

i=1

hi > m⇤(A)� � = c� a� �.

é/⌘Ï 

|g(a)�g(c)| |g(a)�g(x1)|+ |g(x1)�g(x1+h1)|+ |g(x1+h1)�g(x2)|+ |g(x2)�g(x2+h2)|
+ · · ·+ |g(xn)�g(xn+hn)|+ |g(xn+hn)�g(c)|


nX

i=1

"hi + " = (c� a+ 1)".

v-:Ù(a, x1), (x1 + h1, x2), (x2 + h2, x3), · · · , (xn + hn, c)/í�¯§Ñ�:Ù�;�¶I

éc� a�
nX

i=1

hi < �, é/ŸË⌃å✏é". ��‰" ! 0+, ⌘Ïó0g(a) = g(c). @Âg(x)/�*

8p⇥

, e é/f(x) = C +
R x
a f 0(t)dt. ‰x = a⌘Ï C = f(a), é/f(x) = f(a) +

R x
a f 0(t)dt.
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a x1   x1+h1 x2        x2+h2 x3   x3+h3 c

y=f(x)
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