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6.1 ½½½ÈÈÈ©©©���½½½ÂÂÂ

6.1.1 ÈÈÈ©©©���½½½ÂÂÂ���ÚÚÚ???

1. >>>FFF///���¡¡¡ÈÈÈS

3Ð�êÆ¥,®²¬¦n�/!Ý/!õ>/�²¡�>ã/�¡È. éu²¡þ>ã/�¡È,
Ø
�Ú�÷/�¡È�	, y3�Ø¬O�.

²¡>ã/¥,�Ä��Ò´>F/,e¡5?Ø>F/¡È�¦{.

3²¡���IXxoy¥,Ï~rdn^��: x = a, x = b, Ox¶,9�^ëY��y = f(x)(f(x) ≥
0)¤�¤�ã/¡�>F/. rOx¶þ�«m[a, b]¡�>F/�., �ãy = f(x)(a ≤ x ≤
b)¡�>F/�>.(ã1)

du>F/3.>þ�:?�pf(x)3«m[a, b]þ´Cz�,ØBu��¦§�¡È. 5¿
�f(x)´ëY�,�xCzØ��,f(x)�Cz�Ø�.

�^�|R�uOx¶���,r>F/©¤éõÄ^/��>F/�,3ù
�>F/S,pÝ
��OØ�, Ò�±^�:?�pÝ, Cq�O�>F/S�:?�pÝ,l^���Ý/�¡
È,Cq/�O�>F/�¡È. ��>F/©��v
[,�¤k��>F/�.Ü°ÝÑé
�,ù�,�Ý/�¡È��A��>F/�¡ÈÒ��C,¤k��Ý/¡È�Ú,Ò�%C�5�
�>F/�¡ÈS"y�ãXe:

(1) ©�

r«m[a, b]?¿©��n�f«m,Ù©:�

a = x0 < x1 < x2 < . . . < xn−1 < xn = b.

z��f«m[xi−1, xi]��ÝP�∆xi = xi − xi−1 (i = 1, 2, · · · , n).

L�©:�R�uOx¶���,r�5��>F/©¤n��>F/,©Orù
�>F
/�¡ÈP�∆Si, (i = 1, 2, · · · , n). K

S =
n∑
i=1

∆Si.

(2) ±~�C(Cq�O)

3z���>F/¥,±.>��∆xi, .>[xi−1, xi] þ?¿�:ξi ?�pÝf(ξi) (ξi ∈
[xi−1, xi]) �p��Ý/�¡Èf(ξi)∆xi Cq�O�>F/�¡È∆Si, =

∆Si ≈ f(ξi)∆xi, (i = 1, 2, · · · , n).
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(3) ¦Ú

rn��Ý/�¡È\å5,Ò���>F/¡ÈS�Cq�µ

S ≈
n∑
i=1

f(ξi)∆xi.

(4) �4�

��/`,ÃØnõo�,�f«m�°Ý∆xiõo�,Úª
n∑
i=1

f(ξi)∆xiE,Ø�u>F/�¡

ÈS,§�´n��Ý/|¤���/�¡È.

er«m[a, b]�©�Ã�/C[,¦z��f«m��Ý∆xi�ªu",K��/�¡È
n∑
i=1

f(ξi)∆xi,�

>F/�¡ÈS��OÒ�5��.

�
¦ÑS �°(�,-‖T‖ = max
1≤i≤n

∆xi, XJÃØé«m[a, b] æ�Û«©�,�ØØ:ξi 3f

«m[xi−1, xi] ¥XÛ�{,��©�Ã�/C[,�‖T‖ → 0 �,Úª
n∑
i=1

f(ξi)∆xi þ�3���

4�, Kù�4��Ò´>F/�¡ÈS. =

S = lim
‖T‖→0

n∑
i=1

f(ξi)∆xi.

2. CCC���������$$$ÄÄÄ���´́́§§§

�ÔN���$Ä,�Ý�v,¦l��t = a�t = b�ÔN¤rL�´§s. XJ�ÝvØC,ÔN�!
���$Ä,´§s�u�Ý¦±¤^��mµs = v(b− a).

y3�ÄÔN�C���$Ä,Ù�Ýv��mtUC,=v = v(t) (a ≤ t ≤ b)´t�ëY¼ê,�¦Ô
N3�mm�[a, b]þ¤rL�´§s. )ûù�¯K��{�þ¡¦>F/�¡È�q.

(1) ©�

r«m[a, b]?¿©��n�f«m,Ù©:�

a = t0 < t1 < t2 < . . . < tn−1 < tn = b.

z��f«m[ti−1, ti]��ÝP�∆ti = ti − ti−1 (i = 1, 2, · · · , n). ÔN3�mm�[a, b]þ¤r
L�´§s,�u§3�f«m�mm�[ti−1, ti]þ¤rL�´§�Ú.

(2) ±~�C(Cq�O)

3z��ã�m[ti−1, ti]þ,±?¿���ξi?��Ýv(ξi)�Où��ã�mþ�:?��Ý,�
�ÔN3ù��ã�mþ´§∆si�Cq�µ

∆si ≈ v(ξi)∆ti, (i = 1, 2, · · · , n).

(3) ¦Ú

rþ¡�n�∆si�Cq�\å5,Ò��´§s�Cq�µ

s ≈
n∑
i=1

v(ξi)∆ti.

(4) �4�

é²w,©��[,o�Ø�Ò��,r«m[a, b]Ã�/[©e�. XJÃØé[a, b]æ�Û«©

�,�ØØξ3[ti−1, ti]¥XÛ�{,Pmax
1≤i≤n

∆ti = ‖T‖,�‖T‖ → 0�,Úª
n∑
i=1

v(ξi)∆tiþ�3��

�4�, Kù�4��Ò´´§s �°(�. =

s = lim
‖T‖→0

n∑
i=1

v(ξi)∆ti.
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6.1. ½È©�½Â

½½½ÂÂÂ 6.1.1 ¼êf3«m[a, b]þk½Â,XJ�3¢êI¦�éu?¿�½�ε > 0, �3δ > 0, ��[a, b]�
©�T : a = x0 < x1 < x2 < · · · < xn = b·Ü‖T‖ = max

1≤i≤n
|xi − xi−1| < δ, Ø+ξi ∈ [xi−1, xi](1 ≤ i ≤

n)XÛÀJ,Ñk ∣∣∣∣∣I −
n∑
i=1

f(ξi)∆xi

∣∣∣∣∣ < ε

¤á�,¡f3[a, b]þ�È,¡I´f3[a, b]þ�Riemann½È©. ¼ê�È©Ï~^ÎÒ
´ b
a f(x)dx5LP,Ù

¥a�b©O¡�È©�e�Úþ�,f¡��È¼ê,x¡�È©Cþ,f(x)dx���ÈL�ª.

½½½nnn 6.1.2 ¼êf(x)3«m[a, b]þ�È�7�^�´f(x)3[a, b]þk..

yyy²²². Ï�f(x)3[a, b]þ�È,��3¢êI,¦éε0 = 1,�3δ > 0, ��‖T‖ < δ,ÃØN�À�ξk ∈
[xk−1, xk], k = 1, · · · , n, Ñk ∣∣∣∣∣

n∑
k=1

f(ξk)∆xk − I

∣∣∣∣∣ < 1.

�nv
�,¦
b− a
n

< δ. ò«m[a, b]þ©¤n�©¿P�A�©��T = {xk}. é?¿j, 1 ≤ j ≤ n,

�ξk = xk, k 6= j. u´?¿x ∈ [a, b], �31 ≤ j ≤ n, ¦x ∈ [xj−1, j].∣∣∣∣∣∣
n∑
k 6=j

f(xk)∆xk + f(ξj)∆xj − I

∣∣∣∣∣∣ < 1,

|f(ξj)∆xj | < |I|+ 1 +
n∑
k 6=j
|f(xk)∆xk|,

|f(ξj)| <
n(|I|+ 1)

b− a
+

n∑
k 6=j
|f(xk)| <

n(|I|+ 1)

b− a
+

n∑
k=1

|f(xk)|.

duþªmà�~ê, �ξj = x, 2dx�?¿5�f(x)3[a, b]þk..

d	,l½È©�½Â�±wÑ,½È©���È©CþÃ',=k

ˆ b

a
f(x)dx =

ˆ b

a
f(t)dt.

Ïd,3?1$�½Øy�,����âI�U�È©Cþ.

3½Â¥·�ob½a < b,=e��uþ�. �3±�$�¥,�¬��e�Ø�uþ���/. �d½
Â���wÑµ ˆ b

a
f(x)dx = −

ˆ a

b
f(x)dx,

ˆ a

a
f(x)dx = 0.

½È©�ù«Vg´diùÄkÚ\,¤±�k7��Ù¦�{¤½Â�È©�«O�,·�òrù«È©
¡��iùÈ©.

5 ½È©�AÛ¿Âµ
´ b
a f(x)dxL«y = f(x), x = a, x = b�x¶¤�eZ>F/�¡È��êÚ.

~~~ 6.1.3 y²
´ b
a 1dx = b− a.

yyy²²². �f(x) = 1, ∀ε > 0,∀ ©�T : a = x0 < x1 < x2 < · · · < xn = b, ∀ξi ∈ [xi−1, xi], Ï�

n∑
i=1

f(ξi)∆xi =
n∑
i=1

1∆xi = b− a,

7
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¤± ∣∣∣∣∣
n∑
i=1

f(ξi)∆xi − (b− a)

∣∣∣∣∣ = 0 < ε,

ˆ b

a
1dx = b− a.

~~~ 6.1.4 O�
´ b
a xdx.

))). �f(x) = x, ∀ε > 0,∃δ < ε,∀ ©�T : a = x0 < x1 < x2 < · · · < xn = b, ?�ξi ∈ [xi−1, xi].
Pηi = xi+xi−1

2 ,
n∑
i=1

f(ηi)∆xi =
n∑
i=1

ηi∆xi =
1

2

n∑
i=1

(x2
i − x2

i−1) =
1

2
(b2 − a2).

∣∣∣∣∣
n∑
i=1

ξi∆xi −
n∑
i=1

ηi∆xi

∣∣∣∣∣ =

∣∣∣∣∣
n∑
i=1

(ξi − ηi)∆xi

∣∣∣∣∣
≤

n∑
i=1

|ξi − ηi|∆xi ≤ ‖T‖
n∑
i=1

∆xi

= ‖T‖(b− a) < (b− a)δ < (b− a)ε,

¤± ∣∣∣∣∣
n∑
i=1

ξi∆xi −
1

2
(b2 − a2)

∣∣∣∣∣ < ε,

ˆ b

a
xdx =

1

2
(b2 − a2).

½½½nnn 6.1.5 �f(x)3[a, b]þëY,�3[a, b]þk�¼êF (x),Kk

ˆ b

a
f(x)dx =

ˆ b

a
f(t)dt = F (x) |ba = F (b)− F (a).

yyy²²². f(x)3[a, b]þëY, ?��ëY, dd∀ε > 0, ∃δ > 0, �x(1), x(2) ∈ [a, b], |x(1) − x(2)| < δ�

|f(x(1))− f(x(2))| < ε.

é?¿©�T : a = x0 < x1 < x2 < · · · < xn = b, òF (x)3[xi−1, xi]þ^.�KF¥�½n, �
3ηi ∈ [xi−1, xi]¦�F (xi)− F (xi−1) = F ′(ηi)∆xi = f(ηi)∆xi, 

F (b)− F (a) =

n∑
i=1

(F (xi)− F (xi−1)) =

n∑
i=1

f(ηi)∆xi.

�‖T‖ < δ, ∀ξi ∈ [xi−1, xi]�∣∣∣∣∣
n∑
i=1

f(ξi)∆xi − (F (b)− F (a))

∣∣∣∣∣ =

∣∣∣∣∣
n∑
i=1

f(ξi)∆xi −
n∑
i=1

f(ηi)∆xi

∣∣∣∣∣
=

∣∣∣∣∣
n∑
i=1

(f(ξi)− f(ηi))∆xi

∣∣∣∣∣ ≤
n∑
i=1

|f(ξi)− f(ηi)|∆xi

< ε

n∑
i=1

∆xi = (b− a)ε,

8
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l ˆ b

a
f(x)dx =

ˆ b

a
f(x)dx = F (b)− F (a).

~~~ 6.1.6 O� (1)
´ 1

0 x
2dx; (2)

´ π
0 sinxdx.

))). (1) Ï�x23[0, 1]þëY,
[

1
3x

3
]′

= x2, ¤±

ˆ 1

0
x2dx =

[
1

3
x3

]1

0

=
1

3
(1− 0) =

1

3
.

(2) Ï�sinx3[0, π]þëY, [− cosx]′ = sinx, ¤±ˆ π

0
sinxdx = [− cosx]π0 = −(cosπ − cos 0) = 2.

~~~ 6.1.7 O� lim
n→∞

((
1 + 1

n

) (
1 + 2

n

)
· · ·
(
1 + n

n

)) 1
n .

))).
((

1 + 1
n

) (
1 + 2

n

)
· · ·
(
1 + n

n

)) 1
n = e

1
n(ln(1+ 1

n
)+ln(1+ 2

n
)+···+ln(1+n

n
)).

-f(x) = ln(1 + x), Kf(x)3[0, 1]þëY�ˆ
f(x)dx = x ln(1 + x) + ln(1 + x)− x+ C,

¤±F (x) = x ln(1 + x) + ln(1 + x)− x´f(x)����¼ê, d½n6.1.2 �
ˆ 1

0
ln(1 + x)dx = [F (x)]10 = F (1)− F (0) = 2 ln 2.

��¡, �T : 0 < 1
n <

2
n < · · · <

n−1
n < 1, ‖T‖ = 1

n , xi = i
n ,∆xi = 1

n . d½È©�½Â�ˆ 1

0
ln(1 + x)dx = lim

n→∞

n∑
i=1

f(xi)∆xi

= lim
n→∞

1

n

(
ln

(
1 +

1

n

)
+ ln

(
1 +

2

n

)
+ · · ·+ ln

(
1 +

n

n

))
,

�

lim
n→∞

((
1 +

1

n

)(
1 +

2

n

)
· · ·
(

1 +
n

n

)) 1
n

= e
´ 1
0 ln(1+x)dx = e2 ln 2−1 =

4

e
.

6.1.2 SSSKKK6.1

1. |^½È©�½ÂO�µ

(1)
´ 1

0 (ax+ b)dx; (2)
´ 2
−2 x

2dx;

(3)
´ 3

0 x
3dx; (4)

´ 1
0 a

xdx.

2. ¦4�µ

(1) lim
n→∞

1
n

n∑
k=1

sin(kπn );

(2) lim
n→∞

( n
n2+12

+ n
n2+22

+ · · ·+ n
n2+n2 ).

(3) lim
n→∞

1
n
n
√
n(n+ 1) · · · (2n− 1).

3. ¦4�µ

(1) lim
n→∞

´ π
2

0 sinn xdx; (2) lim
n→∞

´ 1
0

xn

1+
√
x
dx.

9
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6.2 ���ÈÈÈ555nnnØØØ

6.2.1 PPPÒÒÒ

du�È¼ê7´k.�,3?Ø�È5��ÿ,·�ob�¼êf 3[a, b] þk.,^M �m ©OPf
3[a, b] þ�þ(.�e(.,-ω = M −m, ¡ω �f 3[a, b] þ��Ì.
éu[a, b] �?Û©�T : a = x0 < x1 < x2 < · · · < xn = b, 3T �1i�f«m[xi−1, xi] þf �þ(.

�e(.©OP�Mi �mi,¿-ωi = Mi −mi ¡��f 3[xi−1, xi] þ��Ì,ùpi = 1, 2, · · · , n. ½Â

S(T ) =

n∑
i=1

Mi∆xi, S(T ) =

n∑
i=1

mi∆xi,

¿¡§�´f 'u©�T ��ÙþÚ��ÙeÚ. w,

S(T ) ≤
n∑
i=1

f(ξi)∆xi ≤ S(T ).

6.2.2 ½½½ÈÈÈ©©©���333���^̂̂���

½½½nnn 6.2.1 XJ3�k�©:¥\\#�©:§KþÚØO§eÚØ~§�Ò´`§©�T\\#©:
�éA�©�T ′ �þÚ9eÚ©OP�S(T )9S(T ′)§KS(T ′) ≤ S(T ), S(T ′) ≥ S(T ).

yyy²²². ��k©:�a = x0 < x1 < x2 < · · · < xn−1 < xn = b, Ø���5§Ø�b½�3[xi−1, xi]¥�
\��#©:x′ : xi−1 < x′ < xi. P

Mi1 = sup{f(x)|x ∈ [xi−1, x
′]},Mi2 = sup{f(x)|x ∈ [x′, xi]}.

w,Mi1 ≤Mi,Mi2 ≤Mi, ¤±

Mi1(x′ − xi−1) +Mi2(xi − x′) ≤Mi(xi − xi−1).

3S(T )9S(T ′)¥Ù§��¿ÃCÄ§ÏdS(T ′) ≤ S(T ). Ón�y

S(T ′) ≥ S(T ).

½½½nnn 6.2.2 �f(x)3[a, b]þk., Kkéu��©�T§k

m(b− a) ≤ S(T ) ≤ S(T ) ≤M(b− a),

ùp©O^M9mPf(x)3[a, b]�þ(.9e(..

yyy²²². ÷^±þPÒ§w,km ≤ mi ≤Mi ≥M§u´k

S(T ) =

n∑
i=1

mi∆xi ≥ m(b− a);

S(T ) =
n∑
i=1

Mi∆xi ≤
n∑
i=1

M∆xi = M(b− a).

�
m(b− a) ≤ S(T ) ≤ S(T ) ≤M(b− a).

½½½nnn 6.2.3 é?Ûü�©�T1, T2§Ñk(S(T1) ≤ S(T2)).

10



6.2. �È5nØ

yyy²²². éu[a, b]�kü�Õá�©�T1, T2§éA��ÙÚ©OP�S(T1), S(T1) 9S(T2), S(T2)§·
�5y²S(T1) ≤ S(T2). rü«©��©:Ü3�å§�´�«©�T1 ∪ T2§éA��ÙÚ©OP
�S(T1 ∪ T2)§9S(T1 ∪ T2).u´d½n6.2.1��

S(T1) ≤ S(T1 ∪ T2) ≤ S(T1 ∪ T2) ≤ S(T2).

�â½n6.2.2§eÚ�8Ü{S}kþ.§l7kþ(.§P�l§=l = sup
T
S(T )§2d½n6.2.3�

�l ≤ S(T ). ÓnPþÚ8Ü{S}�e(.�L§ÒkS(T ) ≤ L§w,l ≤ L§nÜù
¯¢§k

S(T ) ≤ l ≤ L ≤ S(T ).

y3·�?�Úy²§þã�ÙþÚ8Ü{S(T )} �e(.L 9�ÙeÚ8Ü{S(T )} �þ(.l, �Ð
Ò´ù
Ú�4�§ùÒeã�½n.

½½½nnn 6.2.4 (���ÙÙÙ½½½nnn) é?Ûk.¼êf(x)§7k lim
‖T‖→0

S(T ) = L, lim
‖T‖→0

S(T ) = l.

yyy²²². ·�=éþÚ��/\±y². duL´{S(T )}�e(.§¤±éu?¿ε > 0§�±é[a, b]��©
�

T ′ : a = x′0 < x′1 < · · · < x′p−1 < x′p = b

¦�éAuù�©��þÚS(T ′)÷vL ≤ S(T ′) ≤ L+ ε
2 ,§=

0 ≤ S(T ′)− L < ε

2
.

�½
p9{x′i}±�§��

δ = min{x′1 − x′0, x′2 − x′1, · · · , x′p − x′p−1,
ε

2(p− 1)(M −m)
}

Ù¥M,m©O�f(x) 3[a, b]�þ!e(..
u´§�
��¤I�(Ø§��y²§é?¿�©�T : a = x0 < x1 < · · · < xn−1 < xn = b �

�‖T‖ < δ�§Ò¤á
|S(T )− L| = S(T )− L < ε

£Ù¥S(T )��d?¿©�TéA�þÚ¤=�.
¯¢þ§Ü¿±þü�©��©:§��#©��©:§ù�����#�©�§�ÙéA�þÚ

�S(T ∪ T ′)§@o§du?��Ýxi − xi−1Ñ�u?��Ýx
′
j − x′j−1§¤±3z�Ü©«m(xi−1, xi)S

�õ�k{x′j}¥���:§qÏx′0, x′p©O�x0, xpÜ§Ï§�Ø3(x0, x1)9(xn−1, xn)S§Ïd,¹

k{x′j}�Ü©«m(xi−1, xi)�õ�kp − 1�. ,��¡, e(xi−1, xi)¥Ø¹kx
′
j�:, K3S(T )9S(T ∪

T ′)¥Ñ¹k�Mi(xi − xi−1), l3�S(T ) − S(T ∪ T ′)¥��e(xi−1, xi)¥¹kx
′
j:�@
���.

�(xi−1, xi)¥¹k:x
′
j , Mi1,Mi2©O�f(x)3[xi−1, x

′
j ]9[x′j , xi]�þ(.,@oéu¹kx′j�ù«Ü©

«m(xi−1, xi)�Ú, �

0 ≤ S(T )− S(T ∪ T ′) =
∑

Mi(xi − xi−1)−
∑

[Mi1(x′j − xi−1) +Mi2(xi − x′j)]

=
∑

(Mi −Mi1)(x′j − xi−1) +
∑

(Mi −Mi2)(xi − x′j)

≤ (M −m)[
∑

(x′j − xi−1) +
∑

(xi − x′j ]

= (M −m)
∑

(xi − xi−1) ≤ (M −m)(p− 1)‖T‖

< (M −m)(p− 1) · ε

2(p− 1)(M −m)
=
ε

2
.

,��¡, d½n6.2.1k

S(T ∪ T ′)− L ≤ S(T ′)− L < ε

2

u´, òþ¡�ü�Ø�ª�\,�0 ≤ S(T )− L < ε. ½n�y.

11
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½½½nnn 6.2.5 (½½½ÈÈÈ©©©���333���111���¿¿¿���^̂̂���) k.¼êf(x)3[a, b]þ�È�¿�^�´L = l,= lim
‖T‖→0

S(T ) =

lim
‖T‖→0

S(T ).

yyy²²². 7�^�. �¼êf(x)3«m[a, b]þ�È, Ù½È©�I. u´U½Â�, é?Ûε > 0,Ñ�3δ > 0,
¦é[a, b]þ�?Û©�T : a = x0 < x1 < x2 < · · · < xn−1 < xn = b, ��‖T‖ < δ, é∀ξi ∈ [xi−1, xi], Òk∣∣∣∣∣

n∑
i=1

f(ξi)∆xi − I

∣∣∣∣∣ < ε

2
.

�Mi�f(x)3[xi−1, xi]þ�þ(.,dþ(.½Â,��ηi ∈ [xi−1, xi], ¦

0 ≤Mi − f(ηi) <
ε

2(b− a)
,

u´ ∣∣∣∣∣S(T )−
n∑
i=1

f(ηi)∆xi

∣∣∣∣∣ =
n∑
i=1

(Mi − f(ηi))∆xi <
ε

2(b− a)
(b− a) =

ε

2
.

Ó�, Ï�ηi ∈ [xi−1, xi], � ∣∣∣∣∣
n∑
i=1

f(ηi)∆xi − I

∣∣∣∣∣ < ε

2
.

u´k

|S(T )− I| ≤

∣∣∣∣∣S(T )−
n∑
i=1

f(ηi)∆xi

∣∣∣∣∣+

∣∣∣∣∣
n∑
i=1

f(ηi)∆xi − I

∣∣∣∣∣ < ε

2
+
ε

2
= ε,

=

lim
‖T‖→0

S(T ) = I.

Ón�y

lim
‖T‖→0

S(T ) = I.

dd��,�f(x)�È�, L�l��, �Ò´f(x)3[a, b]þ�È©�.

¿©5. � lim
‖T‖→0

S(T ) = lim
‖T‖→0

S(T ) = I. éu[a, b]þ�?Û©�

T : a = x0 < x1 < x2 < · · · < xn−1 < xn = b

±9∀ξi ∈ [xi−1, xi],k

S(T ) ≤
n∑
i=1

f(ξi)∆xi ≤ S(T ).

dY%�n�

lim
‖T‖→0

n∑
i=1

f(ξi)∆xi = I,

lf(x)3[a, b]þ�È.

íííØØØ 6.2.6 k.¼êf(x)3[a, b]þ�È�¿�^�´

lim
‖T‖→0

(S(T )− S(T )) = 0,

12
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íííØØØ 6.2.7 k.¼êf(x)3[a, b]þ�È�¿�^�´

lim
‖T‖→0

n∑
i=1

ωi∆xi = 0,

=∀ε > 0,∃δ > 0, é?¿�©�T : a = x0 < x1 < · · · < xn−1 < xn = b, ��‖T‖ < δ�§
n∑
i=1

ωi∆xi < ε.

5¿½n6.2.4£�Ù½n¤�y²,¢Sþy²
: ∀ε > 0, e�3��©�T ′¦�0 ≤ l − S(T ′) < ε
2

(½0 ≤ S(T ′)− L < ε
2), @oÒ�½�3,�δ > 0,é÷v‖T‖ < δ�?¿�«©�T , 7k

0 ≤ l − S(T ) <
ε

2
(½0 ≤ S(T )− L < ε

2
).

|^ù�g�, (Ü½n6.2.4�y²=�íÑXeíØ.

íííØØØ 6.2.8 k.¼êf(x)3[a, b]þ�È�¿�^�´∀ε > 0, �3©�T : a = x0 < x1 < · · · < xn−1 <

xn = b÷v
n∑
i=1

ωi∆xi < ε.

yyy²²². díØ6.2.7, 7�^�w,,ey¿©5. d^�∀ε > 0,∃©�T ′÷v

S(T ′)− S(T ′) =

n∑
i=1

ωi∆xi <
ε

3
.

Ó½n??, ∃δ > 0, ∀©�T , �‖T‖ < δ�

S(T ∪ T ′)− S(T ) <
ε

3
, S(T )− S(T ∪ T ′) < ε

3
.

2d½n6.2.8�

S(T )− S(T ) = S(T )− S(T ∪ T ′) + S(T ∪ T ′)− S(T ∪ T ′) + S(T ∪ T ′)− S(T )

≤
(
S(T )− S(T ∪ T ′)

)
+
(
S(T ′)− S(T ′)

)
+
(
S(T ∪ T ′)− S(T )

)
<
ε

3
+
ε

3
+
ε

3
= ε.

díØ6.2.7�f(x)3[a, b]þ�È.

½½½nnn 6.2.9 (½½½ÈÈÈ©©©���333���111���¿¿¿���^̂̂���) k.¼êf(x)3[a, b]þ�È�¿�^�´µé?¿�½�ü
��êη > 0 9σ > 0§�é�δ > 0§¦�?�©�÷v‖T‖ < δ�§éAuÌÝωi′ ≥ η�@
«
m∆xi′��Ý�Ú

∑
i′

∆xi′ < σ.

yyy²²². 7�5. éu?��η > 0 9σ > 0, -ε = ησ. duf(x)3a, bþ�È, �kδ > 0, ¦�‖T‖ < δ�,
Òk

n∑
i=1

ωi∆xi < ε = ησ.

u´k

ησ >

n∑
i=1

ωi∆xi ≥
n∑
i′

ωi′∆xi′ > η

n∑
i′

∆xi′ ,

¤±
n∑
i′

∆xi′ < σ,

13
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Ù¥ωi′ > η§
n∑
i′
L«é�Ìωi′ > η�@
�¦Ú.

¿©5. éu?��ε > 0, �η =
ε

2(b− a)
, σ =

ε

2(M −m) + 1
. �ωi′′ ≤ η§

∑
i′′
L«é�Ìωi′′ ≤ η�

@
�¦Ú. U¿©5^�kδ > 0, ¦�‖T‖ < δ�, Òk∑
i′

∆xi′ < σ.

lk

n∑
i=1

ωi∆xi =

n∑
i′

ωi′∆xi′ +
∑
i′′

ωi′′∆xi′′

< (M −m)
∑
i′

∆xi′ + η
∑
i′′

∆xi′′

< (M −m)σ + η(b− a) ≤ ε

2
+
ε

2
= ε.

ldíØ6.2.7�f(x)3[a, b]þ�È.

íííØØØ 6.2.10 k.¼êf(x)3[a, b]þ�È�¿�^�´µé?¿�½�ü��êη > 0 9σ > 0§þ�3
�©�T§¦�éAuÌÝωi′ ≥ η�@
«m∆xi′��Ý�Ú

∑
i′

∆xi′ < σ.

6.2.3 ���ÈÈÈ¼¼¼êêêaaa

|^½n6.2.5Ú½n6.2.9, �±y²Xe�(J.

½½½nnn 6.2.11 e�na¼ê´�È�:

(i) [a, b]þ�ëY¼ê.

(ii) 3[a, b]þ=kk��mä:(=©ãëY¼ê)�k.¼ê.

(iii) [a, b]þ�üN¼ê.

yyy²²².

(i) �¼êf(x)3[a, b]þëY,Kf(x)3[a, b]þ��ëY.ddéu?��ε > 0,�3δ > 0,¦�x(1), x(2) ∈
[a, b] �|x(1) − x(2)| < δ�, Òk

|f(x(1))− f(x(2))| < ε

b− a
.

éu÷v‖T‖ < δ�?¿©�T : a = x0 < x1 < x2 · · · < xn−1 < xn = b, k

ωi = Mi −mi <
ε

b− a
, i = 1, 2, · · · , n,

Ù¥Mi,mi©O�f(x)3[xi−1, xi]þ�þ(.Úe(.. Ï

n∑
i=1

ωi∆xi <
ε

b− a

n∑
i=1

∆xi = ε,

f(x)3[a, b]þ�È.

14
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(ii) �¼êf(x)3[a, b]þ�kp�mä:P�x′1 < x′2 · · · < x′p−1 < x′p, Ø��x
′
0 = a < x′1, x

′
p < x′p+1 =

b. éu?�∀ε > 0, �

δ = min{x
′
1 − a

2
,
b− x′p

2
,
x′2 − x′1

3
, · · · ,

x′p − x′p−1

3
,

ε

4p(M −m)
}.

k±x′j�δ���ü�à:x
′
j−1 − δ, x′j + δ�©:, ò[a, b]©¤2p+ 1�f«m:

[a, x′1 − δ], [x′1 − δ, x′1 + δ], [x′1 + δ, x′2 − δ],
[x′2 − δ, x′2 + δ], · · · , [x′p−1 + δ, x′p − δ], [x′p − δ, x′p + δ], [x′p + δ, b].

u´f(x)3f«m

D(1) = [a, x′1 − δ], D(j) = [x′j−1 + δ, x′j − δ], (j = 2, · · · , p), D(p+1) = [x′p + δ, b]

þëY,d(i), f(x)3ù
f«mþÑ�È, ¤±3z�D(j)þ©O�3©:

x
(j)
0 < x

(j)
1 < · · · < x

(j)
lj

(j = 1, · · · , p+ 1)

¦�
lj∑
i=1

ω
(j)
i ∆x

(j)
i <

ε

2(p+ 1)
.

ò¤k©:Ü��|,w¤´���©�,Pω′j�f(x)3[x′j − δ, x′j + δ]��Ì,=k

n∑
i=1

ωi∆xi ≤
p+1∑
i=1

lj∑
i=1

ω
(j)
i ∆x

(j)
i +

p∑
j=1

ω′j [(x
′
j + δ)− (x′j − δ)]

< (p+ 1) · ε

2(p+ 1)
+

2ε

4p(M −m)
· p(M −m) = ε.

díØ6.2.8�f(x)3[a, b]�È. �x′1Úx
′
p�[a, b]�à:��aqy�.

(iii) Ø��f(x)3[a, b]þ4O. ef(a) = f(b),Kf(x)3[a, b]þð�~ê,�,�È,�Ø��f(a) < f(b).
duf(x)4O, ¤±éu[a, b]þ�?Û©�T : a = x0 < x1 < x2 · · · < xn−1 < xn = b, Ñ

kωi = Mi −mi = f(xi)− f(xi−1). éu?��ε > 0, �δ =
ε

f(b)− f(a)
,u´�‖T‖ < δ�, Òk

n∑
i=1

ωi∆xi < δ

n∑
i=1

[f(xi)− f(xi−1)] =
ε

f(b)− f(a)
[f(b)− f(a)] = ε.

d½n6.2.9�f(x)3[a, b]þ�È.

íííØØØ 6.2.12 ^aq��{�±y²3[a, b]þ�ü�¼ê§XJ�3k��:?äkØÓ�¼ê�§
Ù¥���¼ê�È§@o,��¼ê��È§�È©���Ó. Ï§éu���È¼êCÄ§�k�
�:��§�È5ØC§È©���ØC.

~~~ 6.2.13 ®�iù¼ê

R(x) =

{
1
p , x =

q

p
, q ∈ Z, p ∈ N, (p, q) = 1,

0, x 6∈ Q.

y²R(x)3[0, 1]þ�Ãn:ëY,3kn:mä, �R(x)3[0, 1]þ�È�
´ 1

0 R(x)dx = 0.

15
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yyy²²². �x0´[0, 1]¥?�:, ky² lim
x→x0

R(x) = 0. =é?¿ε > 0,�3δ > 0,�0 < |x − x0| < δ�,

|R(x)− 0| < ε. ¯¢þ, ex�Ãnê�, R(x) = 0, w,k|R(x)− 0| < ε. ex�Ãnê�, �x =
q

p
, p, q ∈

N, 0 ≤ q ≤ p, (p, q) = 1. éu?¿�ε > 0, ¦|R(x)| ≥ ε=1
p ≥ ε��p��U´k��, 0 ≤ q ≤ p, q ∈ N

léA�x���U´k��,��x1, · · · , xn. u´3[0, 1]¥Ø
ùk��:�	,Ñ¦D(x) < 1
p < ε.

Ïdéu[0, 1]¥�?�:x0 6= xi,��δ = {|x1 − x0|, |x2 − x0|, · · · , |xn − x0|}; �ex0´x1, · · · , xn¥,�
�:xi�, A�δ = {|x1 − x0|, |x2 − x0|, · · · , |xi−1 − x0|, |xi+1 − x0|, · · · , |xn − x0|}. @olþ¡�?Ø�
�,é?¿�ε > 0,�3δ > 0,�0 < |x − x0| < δ�, |R(x)| = |R(x) − 0| < ε, ¤± lim

x→x0
R(x) = 0. dd�

�, R(x)3[0, 1]þ�Ãn:ëY,3kn:mä(��mä:).
�,ù�¼êäkÃ¡õ�ØëY:, �3[0, 1]E,´�È�.
é∀η > 0Úσ > 0, dfâ�?Ø��,R( qp) = 1

p ≥ η��=�p < 1
η , duù��g,êp�kk�õ

�,�d q
p ∈ [0, 1]q�0 ≤ q ≤ p, ¤±¦R(x) ≥ η�:x�kk�õ�,��kh�: x′1, · · · , x′h.

�δ = σ
2h ,u´�‖T‖ < δ�, ¦ωk′ ≥ η�«mØ�L2h�,ù
«m�Ý�Ú∑

k′

∆xk′ < 2hδ = σ.

d½n6.2.9�R(x) 3[0, 1] þ�È�
´ 1

0 R(x)dx = S(T ) = 0.

6.2.4 SSSKKK6.2

1. ef(x), g(x) 3[a, b] þ�È§y²max{f(x), g(x)} 9min{f(x), g(x)} 3[a, b] þ��È.

2. ef(x) 3[a, b] þ�È§y²µeéu[a, b] þ?��È¼êg(x)§ðk

ˆ b

a
f(x)g(x)dx = 0,

K¼êf(x) 3ëY:þð�".

3. ?Ø¼êf, f2, |f |nöm�È5�'X.

4. y²e�¼ê3[0, 1] þ�È.

(1) f(x) = sgn(sin π
x );

(2) f(x) =

{
1
x − [ 1

x ], x 6= 0
0, x = 0.

5. �¼êf(x)3«m[a, b]þëY§g(x)3[c, d]þ�È§�x ∈ [c, d]�§g(x) ∈ [a, b],y²f [g(x)]3[c, d]
þ�È.

6.3 ½½½ÈÈÈ©©©���555���

6.3.1 ½½½ÈÈÈ©©©���555���

555��� 6.3.1 ef(x)3[a, b]þ�È§k��¢ê§Kkf(x)3[a, b]þ��È§�k

ˆ b

a
kf(x)dx = k

ˆ b

a
f(x)dx.

yyy²²². é?Ûε > 0,df(x)3[a, b]þ�È��3δ > 0,¦é[a, b]þ�?Û©�T : a = x0 < x1 < x2 < · · · <
xn−1 < xn = b, ��‖T‖ < δ, é∀ξi ∈ [xi−1, xi], Òk∣∣∣∣∣

n∑
i=1

f(ξi)∆xi − I

∣∣∣∣∣ < ε.
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l ∣∣∣∣∣
n∑
i=1

kf(ξi)∆xi − kI

∣∣∣∣∣ = k

∣∣∣∣∣
n∑
i=1

f(ξi)∆xi − I

∣∣∣∣∣ < kε.

�kf(x)3[a, b]þ��È§�k ˆ b

a
kf(x)dx = kI = k

ˆ b

a
f(x)dx.

555��� 6.3.2 ef(x), g(x)3[a, b]þ�È§Kf(x)± g(x)3[a, b]þ��È§�

ˆ b

a
[f(x)± g(x)] dx =

ˆ b

a
f(x)dx±

ˆ b

a
g(x)dx.

yyy²²². f(x), g(x)3[a, b]þ�È, �
´ b
a f(x)dx = A,

´ b
a g(x)dx = B, d½È©½Â, é?Ûε > 0, �3δ >

0,¦é[a, b]þ�?Û©�T : a = x0 < x1 < x2 < · · · < xn−1 < xn = b, ��‖T‖ < δ, é∀ξi ∈ [xi−1, xi], Ò
k ∣∣∣∣∣

n∑
i=1

f(ξi)∆xi −A

∣∣∣∣∣ < ε

2
.

∣∣∣∣∣
n∑
i=1

g(ξi)∆xi −B

∣∣∣∣∣ < ε

2
.

¤± ∣∣∣∣∣
n∑
i=1

(f(ξi)± g(ξi))∆xi − (A±B)

∣∣∣∣∣
≤

∣∣∣∣∣
n∑
i=1

f(ξi)∆xi −A

∣∣∣∣∣+

∣∣∣∣∣
n∑
i=1

f(ξi)∆xi −B

∣∣∣∣∣
<
ε

2
+
ε

2
= ε.

555��� 6.3.3 ef(x), g(x)3[a, b]�È§Kf(x)g(x)3[a, b]��È.

yyy²²². Ï�f(x) Úg(x) Ñ3[a, b] þ�È, �Ñ3[a, b] þk., =k~êM > 0, ¦�|f(x)| ≤ M, |g(x)| ≤
M . ?�ü:x′, x′′ ∈ [xi−1, xi], u´k

|f(x′)g(x′)− f(x′′)g(x′′)|
= |f(x′)g(x′)− f(x′)g(x′′) + f(x′)g(x′′)− f(x′′)g(x′′)|
≤M |g(x′)− g(x′′)|+M |f(x′)− f(x′′)|.

^ωi(f), ωi(g), ωi(fg)©OL«f, g, fg3[xi−1, xi]þ��Ì,u´

ωi(fg) ≤M [ωi(f) + ωi(g)].

∀ε > 0, ∃δ > 0 éu[a, b]þ�?Û©�

T : a = x0 < x1 < x2 < · · · < xn−1 < xn = b,

df(x)Úg(x)Ñ3[a, b]þ�È, �‖T‖ < δ�

n∑
i=1

ωi(f)∆xi <
ε

2M
,

n∑
i=1

ωi(g)∆xi <
ε

2M
.

17
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�
n∑
i=1

ωi(fg)∆xi < M(
ε

2M
+

ε

2M
) = ε,

lf(x)g(x)3[a, b]þ�È.

555��� 6.3.4 �a < c < b.

(i) ef(x) 3[a, b] þ�È§Kf(x) 3[a, c] �[c, b] þ�Ó��È, ¿¤á

ˆ b

a
f(x)dx =

ˆ c

a
f(x)dx+

ˆ b

c
f(x)dx;

(ii) ��ef(x) 3[a, c], [c, b] þ�È§Kf(x)3[a, b]þ��È§¿¤áþ¡��ª( a, b, c��?Û^
S).

yyy²²².

(i) éu∀ε > 0,df(x)3[a, b]þ�È, é[a, b]þ�?�©�

T : a = x0 < x1 < x2 < · · · < xn−1 < xn = b,

�‖T‖ < δ�
n∑
i=1

ωi∆xi < ε.

éu[a, c]þ�?�©�T1Ú[c, b]�?�©�T2, T = T1 ∪ T2 B´[a, b]þ���©�,�‖T1‖ <
δ, ‖T2‖ < δ�,k‖T‖ < δ. �c�©�T�n+ 1�©:¥�1h�©:, u´

h∑
i=1

ωi∆xi ≤
n∑
i=1

ωi∆xi < ε;

n∑
i=h+1

ωi∆xi ≤
n∑
i=1

ωi∆xi < ε.

ddf(x)3[a, c]Ú[c, b]þÑ�È.

éu«m[a, b]þ�?�©�T ,-T ′ = T ∪ {c}, T1 = T ′ ∩ [a, c], T2 = T ′ ∩ [c, b],u´T1ÚT2©O
´[a, c]Ú[c, b]þ���©�. Ï�f(x)3[a, c]Ú[c, b]þÑ�È, eP

I1 =

ˆ c

a
f(x)dx, I2 =

ˆ b

c
f(x)dx,

Kk

S(T ) ≤ S(T ′) = S(T1) + S(T2) ≤ I1 + I2 ≤ S(T1) + S(T2) = S(T ′) ≤ S(T ).

qÏf(x)3[a, b]þ�È, �k

lim
‖T‖→0

S(T ) = lim
‖T‖→0

S(T ).

l ˆ b

a
f(x)dx = I1 + I2 =

ˆ c

a
f(x)dx+

ˆ b

c
f(x)dx.

(ii) (ii) éu?��η > 0 Úσ > 0, Ï�f(x) 3[a, c] Ú[c, b] þÑ�È, �kδ1 > 0 Úδ2 > 0, ¦é[a, c] þ
�?¿©�T1 = {x′k} Ú[c, b] þ�?¿©�T2 = {x′′k}, ��‖T1‖ < δ1, ‖T2‖ < δ2, Ù¥�Ì�uη �
©�«m��Ý�Ú

(T1)
∑
k′

∆x′k′ <
σ

3
, (T2)

∑
k′

∆x′′k′ <
σ

3
.
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-δ = min{δ1, δ2,
σ

3
}.éu«m[a, b]þ�?�©�T ,-T ′ = T ∪{c}, T1 = T ′∩ [a, c], T2 = T ′∩ [c, b],u

´T1ÚT2©O´[a, c]Ú[c, b]þ���©�. �‖T‖ < δ�,‖T1‖ < δ ≤ δ1, ‖T2‖ < δ ≤ δ2. ©�T�©�
«m¥, Ø
¹:c���	, Ù¦©�«m½�T1�©�«m,½�T2�©�«m. ¤±,©�T��
Ì�uη�©�«m��Ý�Ú÷v�Oª

(T )
∑
k′

∆xk′ ≤ (T1)
∑
k′

∆x′k′ + (T2)
∑
k′

∆x′′k′ + δ < σ.

ddf(x)u[a, b]þ�È, Ó(i), �ª¤á. d	,·��Ñ,��ª¥�n�È©Ñ�3�,é?¿
�a, b, c, �ªÑk¤á,=Ø7�¦a < c < b.

555��� 6.3.5 e¼êf(x), g(x)3[a, b]þ�È§�f(x) ≥ g(x), K
´ b
a f(x)dx ≥

´ b
a g(x)dx; AO/§ef(x) ≥

0, K
´ b
a f(x)dx ≥ 0.

yyy²²². d5�6.3.2§�Iy²ef(x) ≥ 0, K
´ b
a f(x)dx ≥ 0. ¯¢þ, df(x)3[a, b]þ�È9f(x) ≥ 0,K

é[a, b]þ�?�©�T : a = x0 < x1 < x2 < · · · < xn−1 < xn = b,∀ξi ∈ [xi−1, xi],ˆ b

a
f(x)dx = lim

‖T‖→0

n∑
i=1

f(ξi)∆xi ≥ 0.

555��� 6.3.6 ef(x) 3[a, b] þ�È§K|f(x)| 3[a, b] þ��È, �∣∣∣∣ˆ b

a
f(x)dx ≤

ˆ b

a
|f(x)|

∣∣∣∣ .
���7§X:

f(x) =

{
1, x�knê
−1, x�Ãnê

yyy²²². df(x)3[a, b]þ�È�∀ε > 0, ∃δ > 0 éu[a, b]þ�?Û©�

T : a = x0 < x1 < x2 < · · · < xn−1 < xn = b,

�‖T‖ < δ�
n∑
i=1

ωi(f)∆xi < ε.

Ù¥ωi(f)�f(x)3«m[xi−1, xi]þ��Ì. é?¿�x′, x′′ ∈ [xi−1, xi],∣∣|f(x′)| − |f(x′′)|
∣∣ ≤ ∣∣f(x′)− f(x′′)

∣∣ ,
ddω∗i (|f |) ≤ ωi(f). ?

n∑
i=1

ω∗i (|f |)∆xi ≤
n∑
i=1

ωi(f)∆xi < ε,

l|f(x)|3[a, b]þ�È.
−|f(x)| ≤ f(x) ≤ |f(x)|,d5�6.3.5�

−
ˆ b

a
|f(x)|dx ≤

ˆ b

a
f(x)dx ≤

ˆ b

a
|f(x)|dx

= ∣∣∣∣ˆ b

a
f(x)dx ≤

ˆ b

a
|f(x)|

∣∣∣∣ .
�L5§¤�~f¥§|f(x)| ≡ 13[a, b]þ�È,�ωi(f) = 2,

n∑
i=1

ωi(f)∆xi = 2(b−a),d�f(x)3[a, b]þ

Ø�È.
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555��� 6.3.7 (ÈÈÈ©©©111���¥¥¥���½½½nnn) ef(x) 3[a, b] þëY§g(x) 3[a, b] þØCÒ§�3[a, b] þ�È§K
3[a, b] ¥�3�:ξ§¦ ˆ b

a
f(x)g(x)dx = f(ξ)

ˆ b

a
g(x)dx.

AO/, �g(x) = 1, K
´ b
a f(x)dx = f(ξ)(b− a), ¡

1

b− a

ˆ b

a
f(x)dx �f(x) 3[a, b] þ�È©²þ�.

yyy²²². Ø��g(x) ≥ 0. df(x) 3[a, b] þëY�f(x)�3���m����M, =

m ≤ f(x) ≤M,∀x ∈ [a, b],

m

ˆ b

a
g(x)dx ≤

ˆ b

a
f(x)g(x)dx ≤M

ˆ b

a
g(x)dx.

e
´ b
a g(x)dx = 0,dg(x)3[a, b]þØCÒ�g(x) ≡ 0,?

´ b
a f(x)g(x)dx = 0.w,?�ξ ∈ [a, b],

´ b
a f(x)g(x)dx =

0 = f(ξ)
´ b
a g(x)dx.

e
´ b
a g(x)dx 6= 0 K

´ b
a g(x)dx > 0, l

m ≤
´ b
a f(x)g(x)dx´ b
a g(x)dx

≤M,

òf(x)3[a, b]|^0�½n, 3[a, b] ¥�3�:ξ§¦

´ b
a f(x)g(x)dx´ b
a g(x)dx

= f(ξ),

= ˆ b

a
f(x)g(x)dx = f(ξ)

ˆ b

a
g(x)dx.

555��� 6.3.8 �f(x)3[a, b]þ�È§-F (x) =
´ x
a f(t)dt§KF (x)´[a, b]þ�ëY¼ê.

yyy²²². Ï�f(x)3[a, b]þ�È, ¤±f(x)3[a, b]þk.,=�3~êM > 0¦�|f(x)| ≤M. ∀ ∈ [a, b],

F (x+ ∆x)− F (x) =

∣∣∣∣ˆ x+∆x

a
f(t)dt−

ˆ x

a
f(x)dx

∣∣∣∣
=

∣∣∣∣ˆ x+∆x

x
f(x)dx

∣∣∣∣ ≤ ˆ x+∆x

x
|f(x)|dx

≤M∆x→ 0.

�F (x)´[a, b]þ�ëY¼ê.

6.3.2 SSSKKK6.3

1. '�e��È©���µ

(1)
´ 1

0 xdx,
´ 1

0 x
2dx; (2)

´ π
2

0 xdx,
´ π

2
0 sinxdx;

(3)
´ −1
−2 (1

3)xdx,
´ 1

3 3xdx; (4)
´ 1

0 e
−xdx,

´ 1
0 e
−x2dx;

(5)
´ 1

0
sinx
1+xdx,

´ 1
0

sinx
1+x2

dx;

(6)
´ π

2
0

sinx
x dx,

´ π
2

0
sin2 x
x2

dx.

2. �f(x)3[a, b]ëY§
´ b
a f

2(x)dx = 0y²µf(x)3[a, b]þð�".
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3. �y = ϕ(x)(x ≥ 0)´î�üNO\�ëY¼ê§ϕ(0) = 0, x = ψ(y)´§��¼ê§y²µ
´ a

0 ϕ(x)dx+´ b
0 ψ(y)dy ≥ ab(a ≥ 0, b ≥ 0).

4. �f(x)3[0, 1]ëY,�f(x) > 0,y²Ø�ªµ
´ 1

0 f(x)dx
´ 1

0
1

f(x)dx ≥ 1.

5. �f(x)g(x)3[a, b]ëY,y²(
´ b
a f(x)g(x)dx)2 ≤

´ b
a f

2(x)dx
´ b
a g

2(x)dx.

6. �f(x)3[0, 1]ëY��§�f(0) = 0§¦yµ
´ 1

0 |f(x)|2dx ≤
´ 1

0 |f
′(x)|2dx.

6.4 ½½½ÈÈÈ©©©���OOO���

6.4.1 ½½½ÈÈÈ©©©OOO������ÄÄÄ���úúúªªª

½½½nnn 6.4.1 ef(x)3[a, b]ëY§K¼êG(x) =
´ x
a f(t)dt3[a, b]��§�

G′(x) = f(x).

yyy²²². ∀x ∈ [a, b],

G(x+ ∆x)−G(x) =

ˆ x+∆z

a
f(x)dx−

ˆ x

a
f(x)dx =

ˆ x+∆x

x
f(x)dx.

f(x) 3[a, b] ëY, òf(x) 3[x, x+ ∆x] þ^È©¥�½n, ∃ξ[x, x+ ∆x] ¦�

ˆ x+∆x

x
f(x)dx = f(ξ)∆x,

w,�∆x→ 0 �ξ → x. dd
G(x+ ∆x)−G(x)

∆x
= f(ξ)→ f(x),

¼êG(x) =
´ x
a f(t)dt 3[a, b] ��§�G′(x) = f(x).

½½½nnn 6.4.2 (ÄÄÄ���úúúªªª) �f(x) 3[a, b] þëY§F (x) ´f(x) �?¿���¼ê§=F ′(x) = f(x), @o

ˆ b

a
f(x)dx = F (b)− F (a) = F (x)|ba .

ù�úª��Úî–4ÙZ[úª.

yyy²²². d½n6.4.1, G(x) =
´ x
a f(x)dx´f(x)����¼ê, 2dF (x)´f(x)����¼ê�

[F (x)−G(x)]′ = F ′(x)−G′(x) = f(x)− f(x) = 0,

F (x)−G(x) = const, F (b)−G(b) = F (a)−G(a),

F (b)− F (a) = G(b)−G(a) =

ˆ b

a
f(x)dx− 0 ==

ˆ b

a
f(x)dx,

= ˆ b

a
f(x)dx = F (b)− F (a) = F (x)|ba .

~~~ 6.4.3 ¦
´ 1

0 2xex
2
dx.
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))). Ï�[ex
2
]′ = 2xex

2
, ¤±ex

2
´2xex

2
����¼ê,

ˆ 1

0
2xex

2
dx = [ex

2
]
∣∣∣1
0

= e− 1.

~~~ 6.4.4 ¦
´ 2

0

x

1 + x2
dx.

))). Ï� ˆ
x

1 + x2
dx =

1

2

ˆ
1

1 + x2
d(1 + x2) =

1

2
ln(1 + x2) + C,

¤±1
2 ln(1 + x2) ´

x

1 + x2
����¼ê.

ˆ 2

0

x

1 + x2
dx =

1

2
ln(1 + x2)

∣∣∣∣2
0

=
1

2
ln 5.

~~~ 6.4.5 �F (x) =
´ x

0 e
−t sin 2tdt,¦F ′(0)�F ′(

π

4
).

))). Ï�e−t sin 2t3[−π, π]þëY, d½n6.4.1, F ′(x) = e−x sin 2x, x ∈ [−π, π]. l

F ′(0) = 0, F ′(
π

4
) = e−

π
5 sin 2 · π

4
= e−

π
4 .

~~~ 6.4.6 �F (x) =
´ 0
x2

√
1 + t2dt, ¦F ′(x).

))). F (x) =
´ 0
x2

√
1 + t2dt = −

´ x2
0

√
1 + t2dt, F (x)�±w¤−

´ u
0

√
1 + t2dt�u = x2EÜ¤, l

F ′(x) = −
√

1 + x4(x2)′ = −2x
√

1 + x4.

~~~ 6.4.7 ¦4�

lim
x→0+

´ x2
0 sin

√
tdt

x3
.

))). dL’Hospital{K�

lim
x→0+

´ x2
0 sin

√
tdt

x3
= lim

x→0+

(
´ x2

0 sin
√
t)′dt

(x3)′
= lim

x→0+

2x sinx

3x2
=

2

3
.
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6.4.2 ½½½ÈÈÈ©©©���������úúúªªª

½½½nnn 6.4.8 �f(x)3[a, b]þëY§���x = φ(t)§Ù¥φ(t)34«m[α, β] þkëY�êφ′(t)§�α ≤
t ≤ β�§a ≤ φ(t) ≤ b,�φ(α) = a, φ(β) = b§K

ˆ b

a
f(x)dx =

ˆ β

α
f [φ(t)]φ′(t)dt.

yyy²²². df(x)3[a, b]þëY�§��¼ê�3, �F (x)�f(x)3[a, b]þ����¼ê. dEÜ¼ê¦�{
K�F (φ(t))�f(φ(t))φ′(t)3[α, β]þ����¼ê,�

ˆ b

a
f(x)dx = F (b)− F (a),

ˆ β

α
f [φ(t)]φ′(t)dt = F (φ(β))− F (φ(α)) = F (b)− F (a),

l ˆ b

a
f(x)dx =

ˆ β

α
f [φ(t)]φ′(t)dt.

5 T½n���^, =
´ b
a f [φ(x)]φ′(x)dx =

´ b
a f [φ(x)]d(φ(x)) = F (φ(x))|ba . �{��ÓØ½È©�n

�©{�Cþ��{.

~~~ 6.4.9 ¦ ˆ 2a

a

√
x2 − a2

x4
dx (a > 0).

))). -x = a sec t, Kdx = a sec t · tan tdt, ��t l0 C�π
3 �, x la C�2a, ù�

√
x2 − a2 = a tan t, l

ˆ 2a

a

√
x2 − a2

x4
dx =

ˆ π
3

0

a2 tan2 t sec t

a4 sec4 t
dt =

1

a2

ˆ π
3

0
sin2 t cos tdt

=
1

a2

ˆ π
3

0
sin2 t cos tdt =

1

a2

ˆ π
3

0
sin2 td(sin t)

=
1

3a2
sin3 t

∣∣π3
0

=

√
3

8a2
.

~~~ 6.4.10 ¦ ˆ π

0

x sinx

1 + cos2 x
dx.

))). I =
´ π

0

x sinx

1 + cos2 x
dx =

ˆ π
2

0

x sinx

1 + cos2 x
dx+

ˆ π

π
2

x sinx

1 + cos2 x
dx.

-x = π − t, K
ˆ π

π
2

x sinx

1 + cos2 x
dx = −

ˆ 0

π
2

(π − t) sin t

1 + cos2 t
dt

= π

ˆ π
2

0

sin t

1 + cos2 t
dt−

ˆ π
2

0

t sin t

1 + cos2 t
dt.
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¤± ˆ π

π
2

x sinx

1 + cos2 x
dx+

ˆ π
2

0

t sin t

1 + cos2 t
dt = π

ˆ π
2

0

sin t

1 + cos2 t
dt,

l

I = π

ˆ π
2

0

sin t

1 + cos2 t
dt = −π

ˆ π
2

0

1

1 + cos2 t
d(cos t) = −π arctan(cos t)|

π
2
0 =

π2

4
.

~~~ 6.4.11 ¦ ˆ 1

0

ln(1 + x)

1 + x2
dx.

))). -x = tan t, K

ˆ 1

0

ln(1 + x)

1 + x2
dx =

ˆ π
4

0

ln(1 + tan t)

1 + tan2 t
sec2 tdt =

ˆ π
4

0
ln(1 + tan t)dt

=

ˆ π
4

0
ln

(cos t+ sin t)

cos t
dt =

ˆ π
4

0
ln

√
2 cos(π4 − t)

cos t
dt

=
π

8
ln 2 +

ˆ π
4

0
ln cos(

π

4
− t)dt−

ˆ π
4

0
ln cos tdt.

-u = π
4 − t,�t = π

4 − u. l

ˆ π
4

0
ln cos(

π

4
− t)dt = −

ˆ 0

π
4

ln cosudu =

ˆ π
4

0
ln cosudu =

ˆ π
4

0
ln cos tdt,

� ˆ 1

0

ln(1 + x)

1 + x2
dx =

π

8
ln 2.

6.4.3 ½½½ÈÈÈ©©©���©©©ÜÜÜÈÈÈ©©©úúúªªª

½½½nnn 6.4.12 eu′(x), v′(x)3[a, b]þëY§K

ˆ b

a
uv′dx = [uv]|ba −

ˆ b

a
u′vdx.

yyy²²². d[uv]′ = uv′ + vu′�uv′ = [uv]′ − vu′, ü>3[a, b]þ�½È©�

ˆ b

a
uv′dx =

ˆ b

a
[uv]′dx−

ˆ b

a
u′vdx = [uv]|ba −

ˆ b

a
u′vdx.

~~~ 6.4.13 ¦
´ π

0 x cosxdx.

))).
´ π

1 x cosxdx =
´ π

0 xd(sinx) = [x sinx]|π0 −
´ π

0 sinxdx = −2.

~~~ 6.4.14 ¦
´ π

2
0 sinn xdx.

24



6.4. ½È©�O�

))). �n = 1�, k ˆ π
2

0
sinxdx = (− cosx)|

π
2
0 = −(0− 1) = 1.

�n > 1�, -In =
´ π

2
0 sinn xdx, K

In =

ˆ π
2

0
sinn xdx =

ˆ π
2

0
sinn−1 x sinxdx

==

ˆ π
2

0
sinn−1 xd(− cosx)

= (− cosx sinn−1 x)
∣∣π2
0

+

ˆ π
2

0
cosxd(sinn−1 x

= (n− 1)

ˆ π
2

0
sinn−2 x cos2 xdx

= (n− 1)

ˆ π
2

0
sinn−2 x(1− sin2 x)dx

= (n− 1)

[ˆ π
2

0
sinn−2 xdx−

ˆ π
2

0
sinn xdx

]
= (n− 1)In−2 − (n− 1)In,

=

In =
n− 1

n
In−2.

ù��ªÒ´'uIn�4íúª, ¦òIn�O�z�In−2�O�,�ge�, Q�¦�(J.
�n�Ûê�,

In =
n− 1

n

ˆ π
2

0
sinn−2 xdx

=
n− 1

n
· n− 3

n− 2
In−4

=
n− 1

n

n− 3

n− 2
· · · 2

3
I1

=
(n− 1)(n− 3)(n− 5) · · · 2
n(n− 2)(n− 4) · · · 3 · 1

=
(n− 1)!!

n!!
.

�n�óê�,

In =
n− 1

n

ˆ π
2

0
sinn−2 xdx

=
n− 1

n
· n− 3

n− 2
· 3

4
· 1

2

ˆ π
2

0
dx

=
(n− 1)(n− 3)(n− 5) · · · 2
n(n− 2)(n− 4) · · · 4 · 2

π

2

=
(n− 1)!!

n!!

π

2
.

nþ¤ã,kXe(J:

ˆ π
2

0
sinn xdx =

{
(n−1)!!
n!! , (�n�Ûê�),

(n−1)!!
n!!

π
2 , (�n�Ûê�).
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6.4.4 ,,,~~~

~~~ 6.4.15 O�4� lim
n→∞

(
1

n+ 1
+

1

n+ 2
+ · · ·+ 1

2n

)
))). U�

1

n+ 1
+

1

n+ 2
+ · · ·+ 1

2n
=

n∑
k=1

1

n+ k
=

n∑
k=1

1

1 + k
n

1

n
.

´�, ù´ëY¼êf(x) = 1
1+x3«m[0, 1]þ©¤n�©�©�þ���È©Ú, ¤±k

lim
n→∞

(
1

n+ 1
+

1

n+ 2
+ · · ·+ 1

2n

)
ˆ 1

0

dx

1 + x
= ln(1 + x)|10 = ln 2.

~~~ 6.4.16 �f(x)3[−a, a]þëY§@o

(1) �f(x)�Û¼ê�,
´ a
−a f(x)dx = 0;

(2) �f(x)�ó¼ê�§
´ a
−a f(x)dx = 2

´ a
0 f(x)dx.

yyy²²². ˆ a

−a
f(x)dx =

ˆ 0

−a
f(x)dx+

ˆ a

0
f(x)dx = −

ˆ 0

a
f(−x)dx+

ˆ a

0
f(x)dx

=

ˆ a

0
f(−x)dx+

ˆ a

0
f(x)dx =

ˆ a

0
[f(−x) + f(x)]dx.

(1) ef(x)3[−a, a]þ�Û¼ê, Kkf(−x) = −f(x), =f(−x) + f(x) = 0, d�ˆ a

−a
f(x)dx = 0.

(2) ef(x)3[−a, a]þ�ó¼ê, Kkf(−x) = f(x), =f(−x) + f(x) = 2f(x), d�ˆ a

−a
f(x)dx = 2

ˆ a

0
f(x)dx.

~~~ 6.4.17 �f(x)3[0, 1]þëY, y²:ˆ π

0
xf(sinx)dx =

π

2

ˆ π

0
f(sinx)dx

¿|^dªO�½È©
´ π

0
x sinx

1+cos2 x
dx.

yyy²²². -��x = π − t,Kk
ˆ π

0
xf(sinx)dx =

ˆ 0

−π
(π − t)f [sin(π − t)]d(π − t)

=

ˆ π

0
(π − t)f(sin t)dt

=

ˆ π

0
πf(sin t)dt−

ˆ π

0
tf(sin t)dt

=

ˆ π

0
πf(sinx)dx−

ˆ π

0
xf(sinx)dx.
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£�k

2

ˆ π

0
xf(sinx)dx = π

ˆ π

0
f(sinx)dx,

= ˆ π

0
xf(sinx)dx =

π

2

ˆ π

0
f(sinx)dx.

é½È©
´ π

0
x sinx

1+cos2 x
dx, �È¼ê�±w¤xf(sinx), ùp

f(sinx) =
x sinx

1 + cos2 x
=

x sinx

2− sin2 x
.

dþ¡y���ª��

ˆ π

0

x sinx

1 + cos2 x
dx =

π

2

ˆ π

0

sinx

1 + cos2 x
dx = −π

2

ˆ π

0

1

1 + cos2 x
d(cosx)

= −π
2

[arctan(cosx)]|π0 = −π
2

[
−π

4
− π

4

]
=
π2

4
.

~~~ 6.4.18 ef(x)´±Ï�T�ëY¼ê§K
´ a+T
a f(x)dx =

´ T
0 f(x)dx.

yyy²²². Ï� ˆ a+T

a
f(x)dx =

ˆ 0

a
f(x)dx+

ˆ T

0
f(x)dx+

ˆ T+a

T
f(x)dx.

e-x = T + t, K
´ T+a
T f(x)dx =

´ a
0 f(T + t)d(T + t) =

´ a
0 f(t)dt =

´ a
0 f(x)dx, ¤±

ˆ a+T

a
f(x)dx =

ˆ 0

a
f(x)dx+

ˆ T

0
f(x)dx+

ˆ a

0
f(x)dx =

ˆ T

0
f(x)dx.

~~~ 6.4.19 �f(x)´ëY¼ê§¦�ê d
dx

´ x2
x3 f(t)dt.

))). Ï�f(x)´ëY¼ê, �F (x) =
´ x
a f(t)dt´f(x)����¼ê, =kF ′(x) = f(x). lk

d

dx

ˆ x2

x3
f(t)dt =

d

dx
[F (x2)− F (x3)] = 2xf(x2)− 3x2f(x3).

6.4.5 SSSKKK6.4

1. (1) ¦
´ e
e−1 | lnx|dx. (2) ¦

´ π
4

0

dx

cosx
.

2. �f(x)3[0,+∞)ëY, � lim
x→+∞

f(x) = a, y²µ lim
x→+∞

1
x

´ x
0 f(t)dt = a.

3. �I´��m«m§I ⊂ [A,B], ¼êf3[A,B]SëY. �a < b �a, b ∈ I§¦yµ

lim
h→0

1

h

ˆ b

a
(f(x+ h)− f(x))dx = f(b)− f(a).

4. �f 3[0,+∞) þëY¿ð���§y²µφ(x) =

´ x
0 tf(t)dt´ x
0 f(t)dt

´[0,+∞) þ�î�4O¼ê.
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5. �[0,+∞) þ�ëY¼êf ÷v'X
´ x

0 f(t)dt =
1

2
xf(x), x > 0, ¦yµf(x) = cx, ùpx´~ê.

6. �(0,+∞) þ�ëY¼êf ¦�È©�
´ ab
a f(x)dx �a Ã'§Ù¥a, b > 0, ¦yµf(x) =

c

x
, Ù¥c

�~ê.

7. �b > a > 0§y²Ø�ªln
b

a
>

2(b− a)

a+ b
.

8. �f�ëY¼ê§¦yµ

(1)

ˆ π
2

0
f(cosx)dx =

ˆ π
2

0
f(sinx)dx; (2)

ˆ π

0
xf(sinx)dx =

ˆ π

0
f(sinx)dx.

9. y²µ
´ 2π

0

(´ 2π
x

sin t

t
dt

)
dx = 0.

10. �f3[0,+∞)þëY§é?Ûa > 0§¦y:

ˆ a

0

(ˆ x

0
f(t)dt

)
dx =

ˆ a

0
f(x)(a− x)dx.

6.5 ½½½ÈÈÈ©©©333AAAÛÛÛþþþ���AAA^̂̂

½È©�A^é2�§�!=0�§3AÛþ�A^§¿(ÜäN¯K§`²^½È©¦,
þ��
{.
·�®²��§>F/�¡È!C���$Ä�´§Ñ�±^½È©L«§@o��U^½È©

L«�þA�ä��o5�Qºlc¡�?Ø�±wÑµ§A�´�,��Cþx�Cz«m[a, b]�éX
��Nþ§¿�ù��Nþ§�«m©�¤eZ��«m�§Ò�A/©¤
eZ�Ü©þ∆I�Ú§=
þIéu«m[a, b]äk�\5.

�¤¦þI �±L«�½È©
´ b
a f(x)dx �§�â�Ù½n6.4.1��µI(x) =

´ x
a f(x)dx Ò´f(x) �

���¼ê§l�Èªf(x)dx Ò´I(x) ��©§=f(x)dx ´Oþ∆I ��5ÌÜ§Oþ∆I K´
¤¦þI �Ü©þ. Ïd§^½È©¦�NþI ���~^�{´§?�¤¦þI ������Ü©
þ∆I§�Ñ§��5ÌÜdI = f(x)dx§23[a, b] þÈ©Ò��¤¦þI. ù«ÏL�Ñ¤¦þ���Ü
©þ∆I��5ÌÜdI§2È©¦ÑI��{§Ï~¡�“��{”½“��{”.
$^“��{”�'�§3ué¯K�ÎÜ¢S�¹��(©Û§^“±~�C”��{¦Ñ∆I�Cq

�dI = f(x)dx (ùp§∆I�dI = f(x)dx��´��'dx�p��Ã¡�)?1È©§e¡§ÏL¢~5
`².

6.5.1 ²²²¡¡¡ããã///���¡¡¡ÈÈÈ

1. ���������IIIXXX¥¥¥���OOO������{{{

¯¤±�§½È©�ü�5��Ò´O�>F/�¡È§Ïd§O�²¡ã/�¡ÈAT`´
½È©���ó�. �f(x)3[a, b]þ�KëY§Kd�y = f(x)Ú��x = a, x = b, y = 0¤�¤

�>F/�¡ÈÒ´½È©
´ b
a f(x)dx, �Èªf(x)dx�´3f«m[x, x + dx]þ§±:x?�p

Cq�O
f«m[x, x+ dx]þ�:?�p��§^�Ý/�¡Èf(x)dx��3f«m[x, x+ dx]þ
��>F/�¡È∆S �Cq�§Xã6.1¥�ÒKÜ©¤«§�Ò´`ds = f(x)dx, 3[a, b]þÈ

©§Ò��>F/�¡ÈS =
´ b
a f(x)dx. XJ3[a, b]þokf(x) ≤ 0§K¤Ø>F/�¡ÈÒ

´

S = −
ˆ b

a
f(x)dx.

��/§XJf(x)´[a, b]þ�CÒëY¼ê§KS =
´ b
a |f(x)|dx¤L«�Ò´ã6.1¥ÒK¤«ã/

�¡È.
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6.5. ½È©3AÛþ�A^

ã 6.1. ã 6.2.

~~~ 6.5.1 ¦ý�x2

a2
+ y2

b = 1�¡ÈS.

))). dé¡5, �kO�Ñý�31���S�¡ÈS1(ã6.2)§K��ý��¡ÈS = 4S1.

ý�31�����§´µ

y =
b

a

√
a2 − x2, (0 ≤ x ≤ a).

�

S = 4S1 = 4

ˆ a

0

b

a

√
a2 − x2dx

=
4b

a

(
x

2

√
a2 − x2 +

a2

2
arcsin

x

a

)∣∣∣∣1
0

= πab.

�a = b�§ý�C¤�»�a��§u´��¡ÈúªµS = πa2.

XJ�y = f(x) u�y = g(x)�þ�§=�a ≤ x ≤ b�§f(x) ≥ g(x), @ody = f(x)9y =
g(x)ùü^�Ú��x = a, x = b¤��²¡ã/�¡È�

S =

ˆ b

a
[f(x)− g(x)]dx.

ù´Ï�S���dS§�up�[f(x) − g(x)]§°�dx�Ý/¡È§=dS = [f(x) − g(x)](ã6.3)�
��.

aq/§XJ�x = f(y) u�x = g(y)�m�§=�c ≤ y ≤ d�§f(y) ≥ g(y), @odùü
^�Ú��y = c, y = d¤��²¡ã/(ã6.4)�¡È�

S =

ˆ d

c
[f(y)− g(y)]dy.

éu����²¡ã/§��Ur§©¤k�õ¬§¦�z¬Ñ´þã�ã/§u´�Uúª¦�
Ù¡È§�\=�¤Ø�²¡ã/�¡È.

~~~ 6.5.2 O�d�y = 4− x29y = 3x¤�/�¡ÈS.
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ã 6.3. ã 6.4.

))). kxÑ�y = 4 − x2 9y = 3x �ã/§)Ñùü^���:�IA(−4,−12), B(1, 3)
(ã6.5). ±x �È©Cþ§k

S =

ˆ 1

−4
[(4− x2)− 3x]dx

=

(
4x− 1

3
x3 − 3

2
x2

)∣∣∣∣1
−4

=
125

6
.

ã 6.5. ã 6.6.

~~~ 6.5.3 O�d�y2 = 2x9x− y = 4¤�ã/�¡ÈS.

))). xÑ�y2 = 2x9x− y = 4�ã/§)Ñ�:�IA(2,−2)!B(8, 4)(ã6.6), �~Ke±x�È
©Cþ§O�Ò'�æ�§�´§e±y�È©Cþ§O�Ò'��B§±y�È©Cþ�§��
�§�µx = 1

2y
29x = y + 4§È©«m�[−2, 4]§Kk

S =

ˆ 4

−2
[(y + 4)− 1

2
y2]dy

=

(
1

2
y2 + 4y − 1

6
y3

)∣∣∣∣4
−2

= 18.

^½È©)¢S¯K�§éÓ��¯Kk��±À�ØÓ�È©Cþ§È©CþÀ��ØÓ§È©
O��J´�ØÓ§A�5¿À��È©Cþ§�¦¤¦�È©'�N´O�.
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e>F/�>�§�ëê/ªµx = x(t), y = y(t), Ù¥α ≤ t ≤ β, �x(t) �t �O\O\§
�x(α) = a, x(β) = b, x(t), y(t) 9x′(t) 3[α, β] ëY§@od�x = x(t), y = y(t)§x¶±9�
�x = a, x = b ¤�¤�ã/¡È�úª�:

S =

ˆ b

a
|y|dx =

ˆ β

α
|y(t)|x′(t)dt.

~~~ 6.5.4 ¦{� {
x = a(t− sin t),
y = a(1− cos t),

0 ≤ t ≤ 2π.

��ÿ�Ox¶¤�ã/�¡È(ã6.7).

))). ¤�ã/�¡È�

S =

ˆ 2πa

0
ydx =

ˆ 2πa

0
a(1− cos t)a(1− cos t)dt

= a2

ˆ 2π

0
(1− cos t)2dt

= a2

ˆ 2π

0
(1− 2 cos t+ cos2 t)dt

= a2

ˆ 2π

0

(
3

2
− 2 cos t+

1

2
cos 2t

)
dt

= a2

(
3

2
t− 2 sin t+

1

4
sin 2t

)∣∣∣∣2π
0

= 3πa2.

ã 6.7. ã 6.8.

2. 444���IIIXXX¥¥¥���OOO������{{{

k
²¡ã/�>.���§§34�IX¥L«'��B§Ïd§�I�ïÄ²¡ã/�¡È
34�IX¥�O��{.

34�IX¥§dü^4»θ = α, θ = β(α < β)9�ρ = ρ(θ)(b½ρ(θ) ≥ 0)¤�¤�²¡ã
/OAB(ã6.8)¡�>÷/. y3^½È©O�>÷/�¡ÈS.

�θ�È©Cþ§KÈ©«m�[α, β], �Ä3[θ, θ + ∆θ]þ��>÷/�¡È∆S§±θ?�4
»ρ(θ)�O[θ, θ + ∆θ]þ�:?�4»�§�>÷/�¡È∆SÒCqu���%��dθ§�»
�ρ(θ)��÷/£ã6.8¥�ÒKÜ©¤�¡È§U�÷/�¡ÈO�Ñ�>÷/�¡È∆S�C
q�§Ò��¤¦�>÷/¡ÈS��©dS§=

dS =
1

2
[ρ(θ)]2dθ.
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È©,�

S =

ˆ β

α

1

2
[ρ(θ)]2dθ.

ùÒ´34�IX¥, >÷/¡È�O�úª.

~~~ 6.5.5 ¦%/�ρ = a(1 + cos θ), (a > 0)¤�ã/�¡ÈS(ã6.9).

))). du¤¦�%/��ã/´é¡u4¶�§� u4¶þ�Ü�¡È�S1§Kk

S = 2S1 = 2 · 1

2

ˆ π

0
[ρ(θ)]2dθ

=

ˆ π

0
a2(1 + cos θ)2dθ

= a2

ˆ π

0

(
3

2
+ 2 cos θ +

1

2
cos 2θ

)
dθ

= a2

(
3

2
θ + 2 sin θ +

1

4
sin 2θ

)∣∣∣∣π
0

=
3

2
πa2.

ã 6.9. ã 6.10.

~~~ 6.5.6 ¦VÝ�ρ2 = a2 cos 2θ(a > 0)¤�ã/�¡È§Xã6.10.

))). dã/�é¡5§VÝ�¤��¡ÈS�u§31���S�¡ÈS1�4�§�

S = 4S1 = 4 · 1

2

ˆ π
4

0
a2 cos 2θdθ

= 2a2

(
1

2
sin 2

)∣∣∣∣π4
0

= a2.

6.5.2 áááNNN���NNNÈÈÈ

1 ²²²111���¡¡¡¡¡¡ÈÈÈ���®®®������áááNNNNNNÈÈÈ

���áN�R�u�I¶�²¡¤�§Ù�¡Ú¡È�±^®��ëY¼ê5L«�§dáN�N
ÈV�±^½È©5O�.
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6.5. ½È©3AÛþ�A^

�k��d¡ÚR�uOx¶�ü�²¡x = a, x = b (a < b)�¤�áN(ã6.11)§e®�L:x�
R�uOx¶�²¡�áN¤���¡¡È�A(x) (a ≤ x ≤ b)§^“��{”, �x�È©Cþ§3áN¥
������«m[x, x + dx]þ§áN�NÈ∆V ≈ dV = A(x)dx, 3[a, b]þÈ©§Ò��áN�NÈú
ªµ

V =

ˆ b

a
A(x)dx.

ã 6.11. ã 6.12.

~~~ 6.5.7 �²¡²L�»�R ��ÎN�.�¥%§¿�.¡�¤��¡��α (ã6.12)§O�ù�²
¡��ÎN¤��áN�NÈV .

))). áNR�uOx¶��¡�Ý/§3?¿�:x(0 ≤ x ≤ R)?§�¡�¡È�µ

A(x) = AD · CD = x tanα · 2
√
R2 − x2.

�áN�NÈ�

V =

ˆ R

0
A(x)dx =

ˆ R

0
2 tanα · x

√
R2 − x2dx

= − tanα

ˆ R

0
2
√
R2 − x2d(R2 − x2)

=
2

3
R3 tanα.

,��¡§ù�áNR�uy¶��¡´��n�/§3?¿�:y (−R ≤ y ≤ R)?§�¡�¡È
�µ

A(y) =
1

2
FD ·AD =

1

2
tanα · FD2 =

1

2
tanα(R2 − y2).

�y�È©Cþ§È©�:

V =

ˆ R

−R
A(y)dy =

ˆ R

−R

1

2
tanα(R2 − y2)dy

=
1

2
tanα(R2y − 1

3
y3)

∣∣∣∣R
−R

=
2

3
R2 tanα.

2 ^̂̂===NNN���NNNÈÈÈ
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��²¡ã/7Xd²¡þ��^��^=¤�áN§��^=N§ù�^��¡�^=¶.

�ÄdëY�y = f(x),��x = a, x = b 9Ox ¶¤�¤�>F/§7Ox¶^=¤�^=
N(ã6.13). w,§d^=N�?Û��R�uOx¶��¡Ñ´�§�3?¿�:x?��¡�¡È�µ

A(x) = π[f(x)]2dx.

d²1�¡¡È�®��áNNÈúª§ØJ�Ñ^=N�NÈúªµ

V = π

ˆ b

a
[f(x)]2dx.

aq/§dëY�x = φ(y),��y = c, y = d (c < d) 9Oy ¶¤�¤�>F/§7Oy¶^=¤
�^=N�NÈ�

V = π

ˆ b

a
[φ(y)]2dy.

ã 6.13. ã 6.14.

~~~ 6.5.8 ¦�»�R�¥�NÈ.

))). Xã6.14¤«§¥N�±w�þ��±�Ox¶¤�¤�²¡ã/7Ox¶^=¤§Ï�þ��±�
�§�

y =
√
R2 − x2 (−R ≤ x ≤ R),

¤±¥N�NÈ�

V =

ˆ R

−R
π(
√
R2 − x2)2dx = 2

ˆ R

0
π(R2 − x2)dx

= 2π

(
R2 − 1

3
x3

)∣∣∣∣R
0

=
4

3
πR3.

~~~ 6.5.9 ¦d�Ô�y =
√

2px§��x = a(p, a > 0)9)x¶¤�¤�>F/7Ox¶^=¤�^=N
�NÈ(ã6.15).

))). V =
´ a

0 π(
√

2px)2dx =
´ a

0 2πpxdx = πpa2.

~~~ 6.5.10 ¦�x2 + (y − b)2 = R2(b > R > 0) 7Ox ¶^=¤¤��N�NÈV (ã6.16).
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ã 6.15. ã 6.16.

))). ¤¦�N�NÈ´d>F/EACBF 7Ox ¶^=¤¤�áN�d>F/EADBF 7Ox ¶^=
¤¤�áN�NÈ��.

Ï��ÂCB ��§�y = b+
√
R2 − x2, �ÂDB ��§�y = b−

√
R2 − x2. �¤¦��N�N

È�

V =

ˆ R

−R
π(b+

√
R2 − x2)2dx−

ˆ R

−R
π(b−

√
R2 − x2)2dx

= 2π

(
R2 − 1

3
x3

)∣∣∣∣R
0

= 4πb

ˆ R

−R
π
√
R2 − x2dx = 4πb · 1

2
πR2 = 2π2bR2.

~~~ 6.5.11 ¦ý�x2

a2
+ y2

b2
= 1©O7Ox¶9Oy ¶^=¤¤�^=N�NÈVx, Vy.

))). þ��ý��Ox¶¤�¤�²¡ã/7Ox¶^=¤¤�^=N�NÈ=´Vx. duþ�ý�l��
§´µy = b

a

√
a2 − x2, �k

Vx =

ˆ a

−a
π

(
b

a

√
a2 − x2

)2

dx

= π
b2

a2

(
a2x− 1

3
x3

)∣∣∣∣a
−a

=
4

3
πab2.

Ón§k

Vy =

ˆ a

−a
π
(a
b

√
b2 − y2

)2
dy

= π
a2

b2

(
b2y − 1

3
y3

)∣∣∣∣a
−a

=
4

3
πba2.

�a = b�§Ò��
�»�a�¥�NÈ: V¥ = 4
3πa

3.

~~~ 6.5.12 O�d{�x = a(t − sin t), y = a(1 − cos t) (0 ≤ t ≤ 2π)��ÿ§�y = 0¤�¤�²¡ã/
©O7Ox¶§Oy¶^=¤�^=N�NÈVx, Vy.
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))). Xã6.17¤«.

Vx =

ˆ 2πa

0
πy2(x)dx

= π

ˆ 2π

0
a2(1− cos t)2d[a(t− sin t)]

= πa3

ˆ 2π

0
(1− 3 cos t+ 3 cos2 t− cos3 t)dt

= 5π2a3.

{���ÿ�Ox¶¤�¤�²¡ã/§7Oy¶^=¤�^=N�NÈVy§�±w�²¡ã
/OAB2aO�©O7Oy¶^=¤�^=N�NÈ��§�

Vy =

ˆ 2a

0
πx2

2ydy −
ˆ 2a

0
πx2

1(y)dy

= π

ˆ π

2π
a2(t− sin t)2a sin tdt− π

ˆ π

0
a2(t− sin t)2a sin tdt

= −πa3

ˆ 2π

0
(t− sin t)2 sin tdt = 6π3a3.

ã 6.17. ã 6.18.

6.5.3 ²²²¡¡¡������lll���

�ëY�ÂB��§�y = f(x) (a ≤ x ≤ b)§Ù¥f(x)3[a, b]þäk��ëY��ê§¦

�ÂB�l�s(ã6.18).

3���IXe§éu�: y = f(x) (a ≤ x ≤ b)§3[a, b]�?¿��f«m[x, x + dx]þ§�

lÂB��lã∆s�l��Cq�ds�µ

ds =
√

(dx)2 + (dy)2 =
√

1 + y′2dx,

dd��ÂB�l�s�

s =

ˆ b

a

√
1 + y′2dx.

~~~ 6.5.13 ,ïÓÔ��ºæ^]¢(�§®�Ì¢��^�Ô�y = kx2(ã6.5.3)§ÙªÝ�36m§¥
%eü1.54m§¦Ì¢���Ýs.
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))). dã6.5.3�§Ì¢���§�: y = b
a2
x2§Ù¥a = 18, b = 1.54, �k

s =

ˆ a

−a

√
1 + [y′2dx

= 2

ˆ a

0

√
1 +

(
2b

a2
x

)2

dx

=
a2

b

ˆ a

0

√
1 +

(
2b

a2
x

)2

d

(
2b

a2
x

)
=
a2

b

ˆ 2b
a

0

√
1 + u2du

=
a2

b
[
u

2

√
1 + u2 +

1

2
ln(u+

√
1 + u2)]

∣∣∣∣
2b
a

0

= a

√
1 +

(
2b

a

)2

+
a2

2b
ln

2b

a
+

√
1 +

(
a2

2b

)2
 .

ra = 18, b = 1.54�\þªks ≈ 36.17(m).
��ldëþ�§x = φ(t), y = ψ(t) (α ≤ t ≤ β)�Ñ�§Ù¥φ(t), ψ(t)3[α, β]þkëY��ê.

duf(x)3[α, β]þ�?¿��f«m[t, t+ dt]þ§�lã∆s�Cq�ds�

ds =
√

(dx)2 + (dy)2 =
√
φ′2(t)(dt)2 + ψ′2(t)(dt)2 =

√
φ′2(t) + ψ′2(t)dt.

u´¤¦�l��s =
´ β
α

√
φ′2(t) + ψ′2(t)dt.

~~~ 6.5.14 ¦{�x = a(t− sin t), y = a(1− cos t) (0 ≤ t ≤ 2π)��ÿ�l�s.

))).

s =

ˆ 2π

0

√
[a(1− cos t)]2 + (a sin t)2dt

= 2a

ˆ
2π0

√
1− cos t

2
dt = 2a

ˆ 2π

0

√
sin2 t

2
dt

= 2a

ˆ 2π

0
sin

t

2
dt = 2a x

(
−2 cos

t

2

)∣∣∣∣π
0

= 8a.
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XJ�lÂB��§d4�Iρ = ρ(θ)(α ≤ θ ≤ β)�Ñ�§dúª{
ρ(θ) cos θ,
ρ(θ) sin θ.

��

ds =
√

(dx)2 + (dy)2 =
√

[ρ′2 + [ρ2(t)]2dθ.

u´�lÂB�l��

s =

ˆ β

α

√
[ρ′2 + [ρ2(t)]2dθ.

~~~ 6.5.15 ¦CÄ��Ú�ρ = aθ(0 ≤ θ ≤ 2π)��Ýs§Ù¥a > 0�~ê(ã6.5.3).

))).

s =

ˆ 2π

0

√
a2 + a2θ2dθ =

ˆ 2π

0
a
√

1 + θ2dθ

= a

[
θ

2

√
1 + θ2 +

1

2
ln(θ +

√
1 + θ2)

]2π

0

=
a

2
[2π
√

1 + 4π2 + ln(2π +
√

1 + 4π2)].

6.5.4 ^̂̂===NNN���ýýý¡¡¡ÈÈÈ

�Ä��^=N§Xã6.19¤«§§�ý¡´d«ma ≤ x ≤ b¤éA�ëY�:y = f(x) (f(x) ≥
0)7Ox¶^=¤�¡§¦d^=¡�ý¡ÈS.

�x�È©Cþ§È©«m�[a, b]§�Ä u[a, b]þ�?¿��f«m[x, x + dx]þ��Ä�Gý
¡∆S,dud�Ä�Gý¡´dy = f(x)���ãlds^=¤�§��Ä�Gý¡�¡È∆S�±Cq
w¤��2πy, °�ds�Ý/¡È§=∆S�Cq�dS�

dS = 2πyds = 2πf(x)
√

1 + |f ′(x)|2dx,

�

S =

ˆ b

a
2πf(x)

√
1 + |f ′(x)|2dx.

ùÒ´^=N�ý¡ÈS�O�úª.

~~~ 6.5.16 3�»�R�¥¡þ(ã6.20)§¦î�Ida�b(−R ≤ a < b ≤ R)�¥�¡�¡ÈS.
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ã 6.19. ã 6.20.

))). d¥�´d�ly =
√
R2 − x2 (a ≤ x ≤ b), 7Ox¶^=¤§�k

S =

ˆ b

a
2π
√
R2 − x2

√
1 +

(
−x√
R2 − x2

)2

dx

= 2π

ˆ b

a
Rdx = 2πR(b− a).

�a = −R, b = R�§Ò���»�R�¥�L¡È

S¥ = 2πR[R− (−R)] = 4πR2.

~~~ 6.5.17 &ì���1ºd�^�Ô�y2 = 2px (p > 0, 0 ≤ x ≤ h)§7Ox¶^=¤§¦�1º�¡
ÈS(ã6.5.4).

))). Ï�y =
√

2px (p > 0, 0 ≤ x ≤ h), ¤±

S =

ˆ h

0
2π
√

2px

√
1 +

(√
p

2x

)2

dx

= 2π
√
p

ˆ h

0

√
2x+ pdx

= π
√
p

ˆ h

0

√
2x+ pd(2x+ p)

= π
√
p · 2

3
(2x+ p)

3
2

∣∣∣∣h
0

=
2πp2

3

[(
2h

p
+ 1

) 3
2

− 1

]
.
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6.5.5 SSSKKK6.5

1. ¦e�²¡ã/�¡Èµ

(1) d�y = sinx3[0, 2π]�ãÚx¶¤�¤�²¡ã/�¡È¶

(2) d�y = lnxÚ��y = ln a, y = ln b, x = 0 (b > a > 0) ¤�²¡ã/�¡È¶

(3) dy = ex, y = e−xÚ��x = 1¤�¤�²¡ã/�¡È¶

(4) d�x = 5y2Úx = 1 + y2¤�¤�²¡ã/�¡È¶

(5) d�y = 2− x2Úy3 = x2¤�¤�²¡ã/�¡È¶

(6) d�y2 = 4(x+ 1)Úy2 = 4(1− x)¤�¤�²¡ã/�¡È¶

(7) d�y2 = 2pxÚx2 = 2py¤�¤�²¡ã/�¡È¶

(8) �x
3
2 + y

3
2 = a

3
2¤�¤ã/�¡È¶

(9) �y =
√

1− x2 + arccosx���y = 09x = −1¤�¤ã/�¡È¶

(10) dn^��x2 + y2, (x − 2)2 + y2, (x − 1)2 + (y −
√

3)2 = 4¤�¤��Sú�Ü©ã/�¡
È¶

(11) ��x2 − 4y − 4 = 0���x+ y − 2 = 0¤�¤�ã/�D§Á¦�^R�ux¶���§§
òD©¤¡È���üÜ©¶

(12) d(/�

{
x = a cos3 t,
y = a sin3 t

¤�¤�²¡ã/�¡È¶

(13) �ρ = 1�%/�ρ = 1 + cos θ©�¤üÜ©§¦ùüÜ©�¡È¶

(14) ¦�r = 3 cos θ, r = 1 + cos θ¤��ã/�¡È.

(15) ¦�y = lnx(2 ≤ x ≤ 6)��^��§¦T�����x = 2, x = 69�y = lnx¤�¤�
ã/�¡È���©

2. ¦e��áN�NÈµ

(1) ±�Ô�y2 = 2x���x = 2¤�¤�ã/�.§R�u�Ô�¶��¡Ñ´�>n�/�
áN�NÈ¶

(2) ±��¶a = 10§á�¶b = 5�ý��.§R�u�¶��¡´�>n�/�áN�N
È¶

(3) üÎ¡x2 + y2 = a29x2 + z2 = a2¤��NÈ; (V = 8
´ a

0 (a2 − x2)dx.)

(4) ¡x2 + y2 + z2 = a2, x2 + y2 = ax¤�áN�NÈ;

(5) d�á��Ô�y2 = x3, x ¶Ú��x = 1¤�ã/§©O7x¶Úy¶^=¤�^=N�N
È¶

(6) y = x2, y2 = x¤�ã/7x¶^=¤�^=N�NÈ¶

(7) ¦�Ô�y2 = 2x���x = 1
2¤�¤�ã/7��y = −1^=¤�^=N�NÈ¶

(8) d(/�

{
x = a cos3 t,
y = a sin3 t

7x¶^=¤�^=N�NÈ¶

(9) d�y = x2 + 7Úy = 3x2 + 5¤�ã/7x¶^=¤�^=N�NÈ¶

(10) d�(x− 2)2 + y2 = 17y¶^=¤��N�NÈ¶

(11) d%/�ρ = 4(1 + cos θ)Ú��θ = 09θ = π
2¤�ã/74¶^=¤�^=N�NÈ¶

(12) d�y = sinx(x ∈ [0, π])�x¶¤�ã/7y¶Ú��l : y = 1^=¤�^=N�NÈ.

3. ¦²¡��l�µ

(1) ]ó�y = ex+e−x

2 3x = −1�x = 1�m�ã�l�;
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(2) �y = x
3
2 (0 ≤ x ≤ 4)�l�;

(3) �x = 1
4y

2 − 1
2 ln y (1 ≤ y ≤ e)�l�;

(4) O��y = ln(1− x2)þ�Au0 ≤ x ≤ 1
2��ãl��Ý;

(5) ý�
x2

a2
+
y2

b2
(a > b)�l�;

(6) �(xa )
2
3 + (yb )

2
3 = 1 (a > 0, b > 0)���.

(7) �x
3
2 + y

3
2 = a

3
2�l�;

(8) �x = a(cos t+ t sin t), y = a(sin t− t cos t) (0 ≤ θ ≤ 2π)�l�;

(9) (/�

{
x = a cos3 t,
y = a sin3 t

(0 ≤ t ≤ 2π)���; (6a)

(10) %/�ρ = a(1 + cos θ)���;

(11) éêÚ�ρ = keaθ3θ = α�θ = β�m�l�;

4. y²�y = sinxþ�Auxl0C�2π��ãl��uý�2x2 + y2 = 2�±�;

5. ¦e��¡�¡È:

(1) x2 = 2py + a (0 ≤ x ≤ a, a > 1)©O7x§y¶;

(2) y = sinx(0 ≤ θ ≤ 2π),7x¶;

(3) x2

a2
+ y2

b2
= 1.7y¶;

(4) (/�

{
x = a cos3 t,
y = a sin3 t

7x¶^=¤�¡¡È;

(5) VÝ�ρ2 = a2 cos 2θ74¶^=¤�¡¡È;

(6) �x2 + (y − b)2 = a2(a < b)7x¶^=¤���¡Ú¡È;

(7) {�x = a(t− sin t), y = a(1− cos t) 7��x = πa^=¤�^=N�ý¡È.

6. ®��Ô�x2 = (p− 4)y + a2(p 6= 4, a > 0)§¦pÚa��§¦÷ve¡ü�^�µ

(1) �Ô��y = x+ 1��;

(2) �Ô��x¶�¤�ã/7x¶^=k���NÈ.

7. ,�1º�Cq/w�0ux = 0�x =
1

4
��m��Ô�y2 = 8x7x¶^=¤¤�^=�Ô¡. ¦

d�1º¡�¡È.

8. ¦d�y = cosx(−π
2 ≤ x ≤ π

2 )���y = 0�¤�ã/7x¶^=�±¤�^=N�ý¡È,�Ù
�S§¦y: 4π < S < 14π

3 .

6.6 ½½½ÈÈÈ©©©333ÔÔÔnnnþþþ���AAA^̂̂

½È©3Ônþk�©2��A^§�!={�0�A^½È©)ûÔN��%!Cå�õ!Úå!
�N�ýØå��¡�¯K.
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6.6.1 ���ÝÝÝ, ���þþþÚÚÚ���%%%

�d±l��ëê��§x = x(s), y = y(s), 0 ≤ s ≤ l. �Ñ�1w�þ©Ùk�þ, Ù¥sL«l
���à:A0�å�l�, ¿r�þéAus�:P�As. �®��lA0�As�lã��þ�m(s),
u´¡'�

m(s+ ∆s)−m(s)

∆s

��þlAs�As+∆s�lã�²þ�Ý. XJ4�

ρ(s) =
dm

ds
= lim

Deltas→0

m(s+ ∆s)−m(s)

∆s

�3, K¡���3As:��Ý(��Ý). U½Â�, �ÝÒ´�þ'ul���ê. ��, �þ¼êÒ
´�Ýρ(s)����¼ê. dd

m(s) =

ˆ s

0
ρ(t)dt.

¥ÆÔn¥ùLk�õ��:��%�¦{. �3²¡þkn��:, �þ©O�m1,m2, · · · ,mn, �
I�g�(x1, y1), (x2, y2), · · · , (xn, yn). Kùn��:X��%�I�

x =

n∑
k=1

mkxk

n∑
k=1

mk

, y =

n∑
k=1

mkyk

n∑
k=1

mk

.

y3òù�¯K\±í2, |^½È©�Oþª¥�¦Ú5¦�^1w�l��%. ��Ýρ(x)�~ê
�, �%� ���l�/Gk', ù�¡�%�/%.

�²¡þk�^��l�1w�,Ù±l�s�ëê��§�

x = x(s), y = y(s), 0 ≤ s ≤ l.

�þ©Ùk�þ, Ù�Ý¼ê�ρ(s). �¦ù^���%,3[0, l]þ�©�T : 0 = s0 < s1 < s2 <
· · · < sn = l. �ξk ∈ [sk−1, sk], ¿P�þéAusk�:�Ak, KlAk−1�Ak�lã��þCq�
uρ(ξk)∆sk, k = 1, 2, · · · , n. ò�^�Cq/À�dn��:|¤��:X§n��:��þÚ �©O
�

ρ(ξk)∆sk, (x(ξk), y(ξk)), k = 1, 2, · · · , n.

u´U�:X��%�Iúª�

x(T ) =

n∑
k=1

ρ(ξk)x(ξk)∆sk

n∑
k=1

ρ(ξk)∆sk

, y(T ) =

n∑
k=1

ρ(ξk)y(ξk)∆sk

n∑
k=1

ρ(ξk)∆sk

Ò´��%�I�Cq�. ØJwÑ§��b�ρ(s)ëY§K�‖T‖ → 0 �§Cq§Ý�5�Ð. U½
È©½Â��§�%��I�

x =

´ l
0 ρ(s)x(s)ds´ l

0 ρ(s)ds
, y =

´ l
0 ρ(s)y(s)ds´ l

0 ρ(s)ds
.

��Ýρ(s)�~ê�, þªz�

x =
1

l

ˆ l

0
ρ(s)x(s)ds, y =

1

l

ˆ l

0
ρ(s)y(s)ds.
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ù´/%��Iúª. 5¿§�7x¶^=¤��^=N�ý¡È�

S = 2π

ˆ l

0
y(s)ds = 2πyl.

ùL²�7x¶^=¤��^=N�ý¡È�u�»�/%�p�Iy§p�l�l��Î¡�¡È©

XJ1w��ëê�§´���ëê�§

x = x(t), y = y(t), α ≤ t ≤ β.

éAuëêt�:��Ý´ρ(t)�§dl�©úªk

x =

´ β
α ρ(t)x(t)

√
(x′(t))2 + (y′(t))2dt´ β

α ρ(t)
√

(x′(t))2 + (y′(t))2dt
,

y =

´ β
α ρ(t)y(t)

√
(x′(t))2 + (y′(t))2dt´ β

α ρ(t)
√

(x′(t))2 + (y′(t))2dt
.

w,§�1w�´d���I½4�I¼ê�Ñ�§��±�Ñaq�úª§ùpØ2�Þ©

~~~ 6.6.1 ¦�lx = r cos t, y = r sin t, |t| ≤ α ≤ π�/%©

))). dé¡5�/% ux¶þ§�ky = 0. �L2¦x§Uúªk

x =

´ α
−α r cos t

√
[−r sin t]2 + [r cos t]2dt´ α

−α
√

[−r sin t]2 + [r cos t]2dt
=

2r2 sinα

2rα
=
r sinα

α
.

~~~ 6.6.2 ¦%9�r = a(1 + cos θ), 0 ≤ θ ≤ 2π�/%©

))). dé¡5�§/% u4¶���þ§u´y = 0. dþ!~6.5.14�§%9��±��8a. ldú
ª�/%�î�I�©

x =
1

8a

ˆ 8a

0
x(s)ds =

1

8a

ˆ 2π

0
r cos θ

√
r2 + (r′2dθ

=
1

8

ˆ 2π

0
(1 + cos θ) cos θ

√
a2(1 + cos θ)2 + a2(− sin θ)2dθ

=
a

8

ˆ 2π

0
(1 + cos θ) cos θ

√
2(1 + cos θ)dθ

=
a

4

ˆ 2π

0
(1 + cos θ) cos θ

∣∣∣∣cos
θ

2

∣∣∣∣ dθ
= a

ˆ π

0
(2− 2 sin2 θ

2
)(1− 2 sin2 θ

2
)d(sin

θ

2
)

= 2a

ˆ 1

0
(1− t2)(1− 2t2)dt =

4

5
a.
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6.6.2 CCCååå¤¤¤������õõõ

�å����f§Ù���Ox¶²1§,ÔNÉåf��^§d:x = a÷Ox¶£Ä�:x = b
(a < b)§¦åf¤��õW .
XJf´~å§@o§¤��õW�uf¦±ÔN£Ä�´§: W = (b− a)f.
XJf´Cå§=3Ox¶þ�ØÓ:?§f����ØÓ§ù�f = f(x)´���xC�¼ê. æ^

��{: kr[a, b]©¤n�f«m§3f«m[x, x + dx]þCå¤��õ�∆W§§�±^õ���dW5
Cq�O(ã6.6.2)§=

dW = f(x)dx,

u´

W =

ˆ b

a
dW =

ˆ b

a
f(x)dx.

ùÒ´`§Cåf(x)¤��õ§�u§3«m[a, b]þ�½È©.

~~~ 6.6.3 �������0.1m§��åf(N)r§d��.�
0.06m(ã6.6.2). ¦åf¤��õW .

))). dÔnÆ��§.åf(N)������þs(m)¤�'§=f = ks£k�'~~ê¤. Uã6.6.2À��
IX§��þ�x, .å�f = kx§±m�ü §È©«m´[0, 0.06]§u´åf¤��õW�µ

W =

ˆ 0.06

0
fdx =

ˆ 0.06

0
kxdx = k · x

2

2

∣∣∣∣0.06

0

= 0.0018k(J).

,	§�~er�I�:À3����½à§K��þs = (x − 0.1)§.å�f = k(x − 0.1)2§È
©«m�[0.1, 0.16]£�Ý±m�ü ¤k

W =

ˆ 0.16

0.1
k(x− 1)dx =

k

2
(x− 0.1)2

∣∣∣∣0.16

0.1

= 0.0018k(J).

~~~ 6.6.4 ���Î/�;Y-§p5m, .��»3m§-S�÷
Y§¦r-S�Y�ÜÄÑ¤��
õW .

))). Xã6.6.2¤«§À�Ox¶, ±Y��Ýx(m)�È©Cþ, È©«m�[0, 5]. ��r-S�Y©¤N
õY²���§K3?¿����«m[x, x + dx]þ����Y�þÝ�dx(m). Ïd§ù���Y�
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þ�9.8(π32)103dx(N)). erù���YÄÑ¤rL�´§^xCq�O§KÄÑù���Y¤��
õ∆w�Cq^dW = 9.8(π32)x103dxL«. 3[0, 5]þÈ©§k

W =

ˆ 5

0
dW =

ˆ 5

0
9.8(π32)x103dx

= (88.2π × 103)

ˆ 5

0
xdx ≈ 3.46× 106(J).

~~~ 6.6.5 r>þQ(C)�:>Ö�3x¶��:§§�)��>|§d¥Ô½Æ§r��ü �>Ö�3
|¥Ox¶þål�:O�x(m)�/�, >|é§��^å���F = k Q

x2
(k�~ê). ¦µ

(1) |årü �>Ö÷Ox¶dx = a(m)?£�x = b(m)?¤��õW1¶

(2) |årü �>Ö÷Ox¶d= a(m)£�Ã¡�:¤��õW2.

yyy²²². ù´Cå�õ�¯Kã6.6.2.

(1) dudW1 = k Q
x2
dx, �

W1 =

ˆ b

a
k
Q

x2
dx = kQ

[
−1

x

]∣∣∣∣b
a

= kQ

(
1

a
− 1

b

)
(J);

(2) W2 =
´ +∞
a k Q

x2
dx = kQ

a (J).

6.6.3 ÚÚÚååå¯̄̄KKK

�kÚå½Æw�·�§�þ�m1,m2§�å�r�ü��:´�páÚ�§Úå���÷Xü��
:�é�§Úå����

F = k
m1m2

r2
.

ùp, k�ÚåXê.
éu��ÔNÚ���:£½ü�ÔN¤§XJ§��ål�~��§@oÑ�±r§�Cq/w¤

�:§��^þ¡�úª5O�Úå=�. �´XJ§��m�ålØ�§K3,
AÏ��¹e�±^
½È©��{5)û§e¡ÏL��~f5`²Úå¯K�O��{.
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~~~ 6.6.6 �k���l, �þ�M�þ![�§3�¤3���þå��Càål�a?k���þ�m�
�:§¦�é�:�ÚåF .

))). 3�~¥§du[���:3Ó�^��þ§�©�[��n��ã�§òz��ã��:�m�Ú
å�����\Ò�±��[���:�m�Úå£=÷v�\5¤. Ïd§ù�¯K�±^½È©5)
û. Xã6.6.3 À��IX§¦���à u�I�:O§�: ul + a?. r[�þ�Au[x, x + dx]�
�ãCq/w¤�:,Ù�þ�M

l dx§ù��ã���:Úål´l + a− x§Kk

dF = −k
mM

l dx

(l + a− x)2
= − kMm

l(l + a− x)2
dx,

F =

ˆ l

0
dF = −

ˆ l

0

kMm

l(l + a− x)2
dx

= −kMm

l

ˆ l

0

d[x− (l + a)]

[x− (l + a)]2

= − kMm

a(l + a)
.

6.6.4 ���NNN���ýýýØØØååå

3YtÚ¹��ó§�O¥§I�O�YtÚ¹�¤É�Y�Øå§ùÒ´�N�ýØå¯K.
�k�>F/²�ABDCY�/E\�N�¥§Xã6.6.4. �IX�À�¦Ox¶�e, Oy ¶��

¡�à§>CD��§�y = f(x), y35¦d>F/²���ý¤É��N�ýØåP .

lÔnÆ��§3�N¥�z�:?§3����þÑ«ÉXØå§¿����þ�Øå��Ñ�
Ó. �Ò´`§3�N¥�Ó��Ý?��:¤«ÉØå���Ñ�Ó§e±hL«ù�:��Ý§pL«
ù�:?�Ør§γL«�N�'§Kkµ

p = γh.

duØr´�X�ÝCz�§·��x�È©Cþ§�Ä u[x, x+ dx]?��î^§3d�î^S
Ør�CzØ�§^�Ý�x�Ørp = γx�Oî^þ�:?�Ør§Ó�r�î^�¡ÈCqw¤�
�f(x)§°�dx�Ý/¡È§K�î^¤É��NØå∆P�Cq�dP�

dP = pf(x)dx = γxf(x)dx.
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rdP3[a, b]þÈ©§K��NýØåúªµ

P =

ˆ b

a
γxf(x)dx.

~~~ 6.6.7 �,Y±�¹��Y¡R�§Y±�î�¡´��F/§e.2m§þ.�6m§p�10m§�
Y±/÷�§¦¹�¤É�YØå.

))). Xã6.6.4À��IX, CD��§�: y − 3 = 1−3
10−0x, =y = −1

5x+ 3.

du¹�±Ox¶�é¡¶§��IO�§����Øå2¦±2.

P = 2

ˆ 10

0
γx

(
−1

5
x+ 3

)
dx =

500

3
γ ≈ 1.63× 106(N).

6.6.5 ¼¼¼êêê���²²²þþþ���

• ëëëYYY¼¼¼êêê���²²²þþþ���

²þ�¯K´¢S¯K¥~��¯K. n �lÑþyi (i = 1, 2, · · · , n)��â²þ�y = 1
n

n∑
i=1

yi´�[

¤Ù��.
ef(x)´[a, b]þ�ëY¼ê§d½È©�¥�½n��§f(x)3[a, b]þ�²þ��µ

y = f(ξ) =
1

b− a

ˆ b

a
f(x)dx.

~~~ 6.6.8 �X>{>´¥��u�6>�>6i = Im sinωt§Ù¥~êIm�>6���§ω��ªÇ.
¦µ
£1¤ >6i3�±Ï«m[0, πω ]þ�²þ�¶
£2¤ >´¥�>{�R�§3��±Ïþ�6>�²þõÇp.

yyy²²². (1)

i =
1
π
ω

ˆ π
ω

0
Im sinωtdt =

ωIm
π

ˆ π
ω

sinωtdt =
2

π
Im.

£2¤ Ï�>´¥�>ØU = iR = ImR sinωt§¤±õÇp = Ui = I2
mR sin2 ωt, 3��±Ï«

m[0, 2π
ω ]þ�²þõÇ�µ

p =
1

2π

ˆ 2π
ω

0
I2
mR sin2 ωtdt =

I2
mR

2π

ˆ 2π
ω

0
sin2 ωtd(ωt)

=
I2
mR

4π

ˆ 2π
ω

0
(1− cos 2ωtd(ωt)

=
1

2
I2
mR.
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e�Um = ImR§Kþ¡�(J�±P¤: p = 1
2ImUm. ùÒ´`3X>{>´¥§�u�6>�²þ

õÇ�u>6�>Ø�����¦È���. F~)¹¥¤^��6>ìþI²�õÇ§Ò´��²þõ
Çp.

• þþþ���������

�6>�>6i = i(t)���Ú��´�X�m�CzC�. �´§3���>ìþ%I²k(½�
>6�§ù¢Sþ´��6>�k��.
e�6>6i = i(t)3��±ÏS§�Ñ3Ó�>{Rþ�²þõÇ�u,�6>6I�Ñ3Ó�>

{Rþ�õÇ�§ù¡T�6>6I�ê���6>6i(t)�k��.

~~~ 6.6.9 3X>{>´¥§e>{�R§�6>6i = i(t)§¦>6i(t)�k��I.

))). >6i(t)3Rþ�Ñ�õÇ�i2(t)R§§3��±Ï«m[0, T ]þ�²þ��

1

T

ˆ T

0
i2(t)Rdt.

��6ð>6I3Rþ�Ñ�õÇ�I2R§Kk

I2R =
1

T

ˆ T

0
i2(t)Rdt =

R

T

ˆ T

0
i2(t)dt,

I2 =
1

T

ˆ T

0
i2(t)dt,

=I =
√

1
T

´ T
0 i2(t)dt. ��k�>6I���RÃ'.

Ón§��±íÑ�6>Øu = u(t)�k��U�úª

U =

√
1

T

ˆ T

0
u2(t)dt.

~~~ 6.6.10 3X>{>´¥��u��6>§Ù>6rÝ�i = Im sinωt, Ù¥Im�>6����, ω ´�
ªÇ. ¦>6�k��I9>Ø�k��U .

yyy²²². I =
√

1
T

´ T
0 i2(t)dt =

√
I2m
T

´ T
0 sin2 tdt = Im√

2
≈ 0.707Im.

U =

√
1

T

ˆ T

0
u2(t)dt =

√
1

T

ˆ T

0
(ImR)2 sin2 ωtdt

=

√
U2
m

T

ˆ T

0
sin2 ωtdt

=
Um√

2
≈ 0.707Um.

~K??`²§�u�6>>6�k���Ù¸�� 1√
2
�§>Ø�k����Ù¸�� 1√

2
�. é²

~�ì²^>§Ù>Ø�u(t) = 311 sin 100πt§Ù>Ø¸��311V§Ï>Ø�k���µU = 311√
2
≈

219.9 ≈ 220V,

3êÆ+�S�ÚOÆþ§¡
√

1
b−a
´ b
a f

2(x)dx�¼êf(x)3[a, b]þ�þ��. Ïd§3�6>6>´

¥§>6!>Ø�k��Ò´§�3��±Ïþ�þ���.
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6.6.6 SSSKKK6.6

1. �[¶,��10m, §���Ýµ = 6 + 0.3x(kg/m), Ù¥x�å¶���à:�ål, Á¦[¶��
þ.

2. ¦e��ã��%�Iµ

(1) �»�a§l��1
2πa(a ≤ π)�þ!�l;

(2) f = aekθ(a > 0, k > 0)þd:(0,a)�:(θ, r)�þ!lã.

3. ¦��0 ≤ y ≤
√
R2 − x2�%.

4. ¦�¥0 ≤ z ≤
√
R2 − x2 − y2�%.

5. ¦�ÔN�x2 + y2 ≤ z ≤ h%Ú5z¶�=Ä.þ(®��ÔN��Ý�1).

6. ®��Ô�ãy = x2(−1 ≤ x ≤ 1)§�ãþ?�:?��Ý�T:�y¶�ål¤�'§x = 1?
�Ý�5§¦d�ã��þ.

7. ��:$Ä��Ýv = 0.1t3(m/s), Á¦$Äm©�t = 10s��mS, �:¤²L�´§s, ¿¦3d
�mS�:$Ä�²þ�Ý.

8. ÔNU5Æx = ct3(c > 0)���$Ä§xL«3�mtSÔN£Ä�ål§�0��{å��Ý�²
�¤�'§¦ÔNlx = 0�x = a�{å¤��õ.

9. �»�r�¥�\Y¥§§�Y¡��§¥�'�1§yò¥lY¥�Ñ§��õ�õº

10. ¦)e�Cå�õ¯K:

(1) �����1m, zØ1cm Iå5g, eg80cmØ �60cm, ¦¤��õ;

(2) �k��»�R, p�h�7á��ÎN('�2.5), �\Y¥, þ.�Y¡Ü, yò�ÎY�
/�MÑY¡, Á¦¤��õ;

(3) k�¡¡È20m2, ��5m�Y³, ^Y"rY³¥�Y�ÜÄ�10mp�Y©ºþ�, ¯��õ
�õ? e�10min(©¨)rY³¥�Y�ÜÄ�, KY"õÇA´õ�?

(4) ^cQò�c¹Â\7�, �7�éc¹�{å�c¹Â\7��ßÝ¤�', 3c¹Â1�g
�UòcÂ\�S1cm, XJcQzg�Âc¹¤��õ��, ¯cQÂ1�g�, Urc¹qÂ\
õ�cm?

(5) <E/¥¥(�þ�173kg, Ueãü«�¹, O�u�¥(�Ñ/¥Úå¤��õ: (i) r¥(
x�l/¡630km?, ¦¥(?\;�; (ii) r¥(u��Ã¡�?¦�øl/¥.

(J«:/¥Ú¥(mÚå)

6.7 111888ÙÙÙ;;;...~~~KKK

6.7.1 ;;;...~~~KKK

~~~ 6.7.1 �f(x)3[0, 1]þëY,Áy:

lim
h→0+

ˆ 1

0

h

h2 + x2
f(x)dx =

π

2
f(0).

yyy²²². yyyI

ˆ 1

0

h

h2 + x2
f(x)dx =

ˆ h
1
4

0

hf(x)

h2 + x2
dx+

ˆ 1

h
1
4

hf(x)

h2 + x2
dx

= I1 + I2
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Ù¥

I1 =

ˆ h
1
4

0

hf(x)

h2 + x2
dx = f(ξ)

ˆ h
1
4

0

h

h2 + x2
dx

= f(ξ)arc tan
x

h
|h

1
4

0

= f(ξ)arc tan
1

h
3
4

(0 ≤ ξ ≤ h
1
4 )

→ f(0)
π

2
(�h→ 0+�).

|I2| =
∣∣∣ ˆ 1

h
1
4

h

h2 + x2
f(x)dx

∣∣∣ ≤M ˆ 1

h
1
4

h

h2 + x2
dx (|f(x)| ≤M)

=
(
arc tan

1

h
− arc tan

1

h
3
4

)
→ 0 (�h→ 0+�).

yyyII ([Ü{)Ï lim
h→0+

´ 1
0

h
h2+x2

dx = π
2 , �4���U��

π

2
f(0) = lim

h→0+

ˆ 1

0

h

h2 + x2
f(0)dx.

¯K8(�y²:

lim
h→0+

ˆ 1

0

h

h2 + x2
[f(x)− f(0)]dx = 0.

� ˆ 1

0

h

h2 + x2
[f(x)− f(0)]dx =

(ˆ δ

0
+

ˆ 1

δ

) h

h2 + x2
[f(x)− f(0)]dx,

Ïf(x)3x = 0?ëY.¤±∀ε > 0,�δ > 0¿©��,3[0, δ] þ,|f(x)− f(0)| < ε
π .l

∣∣∣ ˆ δ

0

h

h2 + x2
[f(x)− f(0)]dx

∣∣∣
≤
ˆ δ

0

h|f(x)− f(0)|
h2 + x2

dx ≤ ε

π
·
ˆ δ

0

h

h2 + x2
dx

=
ε

π
arc tan

δ

h
≤ ε

π
· π

2
=
ε

2
.

2òδ�½, ù�1��È© ∣∣∣ˆ 1

δ

h

h2 + x2
[f(x)− f(0)]dx

≤ h
ˆ 1

δ

1

x2
[f(x)− f(0)]dx ≡ h ·M0.

u´�0 < h < ε
2M0
� ∣∣∣ˆ 1

0

h

h2 + x2
[f(x)− f(0)]dx

∣∣∣ < ε

2
+
ε

2
= ε.

y..

yyyIII ˆ 1

0

hf(x)

h2 + x2
dx =

ˆ 1

0

h(f(x)− f(0))

h2 + x2
dx+ f(0)

ˆ 1

0

hdx

h2 + x2
= I1 + I2.

,�y²I1 → 0, I2 → π
2 f(0).
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~~~ 6.7.2 Áy: ˆ 1

0

cosx√
1− x2

dx ≥
ˆ 1

0

sinx√
1− x2

dx.

yyy²²². ©©©ÛÛÛ - t = arc sinx ˆ 1

0

cosx√
1− x2

dx =

ˆ π
2

0
cos(sin t)dt.

- t = arc cosx ˆ 1

0

sinx√
1− x2

dx =

ˆ π
2

0
sin(cos t)dt.

�y�Ø�ªz� ˆ π
2

0
cos(sin t)dt ≥

ˆ π
2

0
sin(cos t)dt.

�d��y²

cos(sin t) ≥ sin(cos t)
[
�t ∈ (0, π2 )�

]
.

5¿�

cos(sin t) = cos(| sin t|) = sin
(π

2
− | sin t|

)
,

¤±

sin
(π

2
− | sin t|

)
≥ sin(cos t).

Ï3
(
− π

2 ,
π
2

)
Ssinx4O, ��y²

−π
2
≤ cos t ≤ π

2
− | sin t| ≤ π

2
.

�Ï

cos t± sin t =
√

2 sin
(π

4
± t
)
≤
√

2 <
π

2
,

�
−π

2
< −1 ≤ cos t <

π

2
± sin t ≤ π

2
− | sin t| ≤ π

2
.

�K¼y.

~~~ 6.7.3 y²:x > 0�,

x− x3

6
< sinx < x− x3

6
+

x5

120
.

yyy²²². ®�cosx ≤ 1 (x > 0�kx = 2nπ��Òâ¤á). 3dªüàÓ��[0, x]þ�È©, �

sinx < x (x > 0).

2g�[0, x]þ�È©, �

1− cosx <
x2

2
(x > 0).

1ng�[0, x]þ�È©, �

x− sinx <
x3

6
(x > 0).

=

x− x3

6
< sinx (x > 0).

UY3[0, x]þÈ©üg,��

sinx < x− x3

6
+

x5

120
.

y..
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~~~ 6.7.4 �f(x)3[a, b]þ�K!ëY, y²

lim
n→∞

n

√ˆ b

a
fn(x)dx = max

a≤x≤b
f(x).

yyy²²². yyy²²² �M = max
a≤x≤b

f(x). eM = 0, Kf(x) ≡ 0, (Øw,¤á, Ø��M > 0. ∀ε > 0(ε < M),d

�Ò5,∃[α, β] ⊂ [a, b],¦�
0 < M − ε ≤ f(x) ≤M, x ∈ [α, β].

u´k
(M − ε)n ≤ fn(x) ≤Mn, x ∈ [α, β],

(M − ε)n(β − α) =

ˆ β

α
(M − ε)ndx ≤

ˆ β

α
fn(x)dx

≤
ˆ b

a
fn(x)dx ≤

ˆ b

a
Mndx = Mn(b− a),

(M − ε) n
√
β − α ≤ n

√ˆ b

a
fn(x)dx ≤M n

√
b− a.

du lim
n→∞

n
√
β − α = lim

n→∞
n
√
b− a = 1,Ïd

M − ε ≤ lim
n→∞

n

√ˆ b

a
fn(x)dx ≤M.

dε�?¿5,·K¤á.

~~~ 6.7.5 y²:

lim
n→∞

ˆ π
2

0
ex cosn xdx = 0.

yyy²²². �f(x) = ex cosn x, K
f ′x cosn−1 x(cosx− n sinx).

-f ′(x) = 0, �n ≥ 2�¦�7:x = π
2 , arctan 1

n ∈ [0, π2 ], Pxn = arctan 1
n . �x ∈ [0, xn]�f ′(x) > 0, ¼

êf(x)üN4O,�x ∈ [xn,
π
2 ]�f ′(x) < 0, ¼êf(x)üN4~, ¤±

max
0≤x≤π

2

f(x) = earctan 1
n (

n√
n2 + 1

)n → 1 (n→∞).

∀ε > 0, �δ = ε
4 . Ï

lim
n→∞

xn = lim
n→∞

arctan
1

n
= 0,

�∃N1 > 0,�n > N1�,0 < xn < δ§ù�,3[0, δ]þk

f(x) = ex cosn x ≤ exn cosn xn = Mn.

qÏ lim
n→∞

Mn = lim
n→∞

earctan 1
n ( n√

n2+1
)n = 1, �∃N2 > 0, �n > N2�k0 < Mn < 2. u´�n >

max{N1, N2}�,k

0 <

ˆ δ

0
f(x)dx ≤

ˆ δ

0
Mndx = Mn ·

ε

4
<
ε

2
.

2k, �n > N1�f(x)3[δ, π2 ] ⊂ [xn,
π
2 ]þüN4~, Ïd�¦

0 <

ˆ π
2

δ
f(x)dx < eδ cosn δ · (π

2
− δ) =

1

4
e
ε
4 (cos

ε

4
)n(2π − ε) < ε

2
,
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½ö

(cos
ε

4
)n <

2ε

2π − ε
eε/4,

�Ln > N3 = ln( 2ε
2π−εe

−π
4 )/ ln cos ε4 =�.

¤±�n > N = max{N1, N2, N3}�k, Òk

0 <

ˆ π
2

0
f(x)dx =

ˆ δ

0
f(x)dx+

ˆ π
2

δ
f(x)dx < ε,

l�·K¤á.

555µµµ TK������eπ/2 lim
n→∞

´ π
2

0 cosn xdx = 0.

~~~ 6.7.6 y²: ef(x)�[0, 1]þ�4~¼ê,Ké?��a ∈ (0, 1)ðk

a

ˆ 1

0
f(x)dx ≤

ˆ a

0
f(x)dx.

• rþ¡�Ø�ª��C/:

a

ˆ 1

0
f(x)dx = a

ˆ a

0
f(x)dx+ a

ˆ 1

a
f(a)dx ≤

ˆ a

0
f(x)dx,

=�Buy²�/ª(ü�È©«mØ2UÜ)

1

1− a

ˆ 1

a
f(x)dx ≤ 1

a

ˆ a

0
f(x)dx.

dÈ©¥�½n9f(x)�4~5dØ�ªw,¤á.

yyy²²². yyy{{{��� duf(x)�4~¼ê, Ïdk

1

1− a

ˆ 1

a
f(x)dx ≤ 1

1− a

ˆ 1

a
f(a)dx = f(a),

1

a

ˆ a

0
f(x)dx ≥ 1

a

ˆ a

0
f(a)dx = f(a),

l©Û¥�ªf¤á, l�·K¤á.
yyy²²². yyy{{{��� (^½È©½Â) f(x)3[0, 1]4~,

´ 1
0 f(x)dx�3, ò[0, 1] ©¤n�°,

a

ˆ 1

0
f(x)dx = a lim

n→∞

n∑
k=1

1

n
f(
k

n
) ≤ lim

n→∞

n∑
k=1

a

n
f(
ka

n
) =

ˆ a

0
f(x)dx.

yyy²²². yyy{{{nnn ef(x)3[0, 1]þëY. òf(x)3[0, 1]9[a, 1]©O^È©¥�½n�

ˆ a

0
f(x)dx = af(ξ1);

ˆ 1

a
f(x)dx = (1− a)f(ξ2).

5¿�ξ1 < ξ29f(x)�4~5, k

ˆ 1

0
f(x)dx =

ˆ a

0
f(x)dx+

ˆ 1

a
f(x)dx

= af(ξ1) + (1− a)f(ξ2)

≥ af(ξ1) + (1− a)f(ξ1)

= f(ξ1) =
1

a

ˆ a

0
f(x)dx.
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~~~ 6.7.7 �ϕ(t)3[a, b]þëY,E = ϕ([a, b]), f(x)3Eþ���þà¼ê.y²:

1

b− a

ˆ b

a
f(ϕ(t))dt ≤ f

(
1

b− a

ˆ b

a
ϕ(t)dt

)
.

• ©©©ÛÛÛ �c = 1
b−a
´ b
a ϕ(t)dt, ¯K=y²

ˆ b

a
f(ϕ(t))dt ≤ (b− a)f(c).

df(x)�Eþ���þà¼ê, ∀x ∈ E,k

f(x) ≤ f(c) + f ′(c)(x− c).

±x = ϕ(t)�\, ¿3[a, b]þ¦È©, B�y�(Ø.

yyy²²². d±þ©Û,Kk
f(ϕ(t)) ≤ f(c) + f ′(c)[ϕ(t)− c],ˆ b

a
f(ϕ(t))dt ≤ (b− a)f(c) + f ′(c)

ˆ b

a
ϕ(t)dt

−f ′(c)c(b− a) = (b− a)f(c).

l�·K¤á.

5 ef(x)TU���]¼ê§K¤yØ�ÒA�Ò.

~~~ 6.7.8 ¦½È©

I =

ˆ 2

0

x

ex + e2−xdx.

))). 3Ã{��¦Ñ�¼ê��/e,~æ^©ãÈ©,���J±¦��È©. �d�

I =

ˆ 1

0

x

ex + e2−xdx+

ˆ 2

1

x

ex + e2−xdx = I1 + I2.

-2− x = t, =x = 2− t, K

I2 = −
ˆ 0

1

2− t
e2−t + et

dt =

ˆ 1

0

2− t
e2−t + et

dt

= 2

ˆ 1

0

et

e2t + e2
dt−

ˆ 1

0

t

e2−t + et
dt

=
2

e

[
arctan

ex

e

]1

0

− I1

=
2

e

(
− arctan

1

e
+
π

4

)
− I1.

ÏdÏL��I1¦�

I =
2

e

(
− arctan

1

e
+
π

4

)
.

~~~ 6.7.9 �f(x)3[0, 1]þëY��, y²:

lim
n→∞

n

ˆ 1

0
xnf(x)dx = f(1).
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yyy²²². duf ′(x)3[0, 1]þëY, Ïd�3M = max
0≤x≤1

|f ′(x)|, ��ÏL©ÜÈ©��

´ 1
0 x

nf(x)dx = xn+1

n+1 f(x)
∣∣∣1
0
− 1

n+1

´ 1
0 x

n+1f ′(x)dx

= 1
n+1f(1)− 1

n+1

´ 1
0 x

n+1f ′(x)dx.

qÏ ∣∣∣∣ˆ 1

0
xn+1f ′(x)dx

∣∣∣∣ ≤M ˆ 1

0
xn+1dx =

M

n+ 2
→ 0 (n→∞),

¤±ÒUy�

lim
n→∞

n

ˆ 1

0
xnf(x)dx = lim

n→∞

n

n+ 1

[
f(1)−

ˆ 1

0
xn+1f ′(x)dx

]
= f(1).

~~~ 6.7.10 �g(x)´3[0, 1]þ�ëY¼ê, f(x)´±Ï�1�ëY±Ï¼ê. y²:

lim
n→∞

ˆ 1

0
g(x)f(nx)dx =

ˆ 1

0
g(x)dx

ˆ 1

0
f(x)dx.

5Ú±Ï¼êf(x)�È©5�.

yyy²²². PA =
´ 1

0 |f(x)|dx. dg(x)3[0, 1]þëY?��ëY§¤±∀ε > 0,∃N > 0,�n > N �|x′−x′′| <
1
n , x′!x′′ ∈ [0, 1]�, ðk

|g(x′)− g(x′′)| < ε

A
.

w,�x ∈ [k − 1, k] �, |xn −
k
n | ≤

1
n , léþãn,

∣∣g(xn)− g( kn
∣∣ < ε

A . Ïd�ª�>�½È©

ˆ 1

0
g(x)f(nx)dx =

1

n

ˆ n

0
g(
x

n
)f(x)dx =

1

n

n∑
k=1

ˆ k

k−1
g(
x

n
)f(x)dx.

f(x)±1�±Ï§¤±

1

n

n∑
k=1

ˆ k

k−1
g(
k

n
)f(x)dx =

1

n

n∑
k=1

g(
k

n
)

ˆ k

k−1
f(x)dx =

1

n

n∑
k=1

g(
k

n
)

ˆ 1

0
f(x)dx.

∣∣∣∣∣
ˆ 1

0
g(x)f(nx)dx− 1

n

n∑
k=1

ˆ k

k−1
g

(
k

n

)
f(x)dx

∣∣∣∣∣ =

∣∣∣∣∣ 1n
n∑
k=1

ˆ k

k−1

(
g(
x

n
)− g(

k

n
)

)
f(x)dx

∣∣∣∣∣
≤ 1

n

n∑
k=1

ˆ k

k−1

∣∣∣∣g(
x

n
)− g(

k

n
)

∣∣∣∣ |f(x)|dx

≤ ε

A

1

n

n∑
k=1

ˆ k

k−1
|f(x)|dx

=
ε

A

1

n

n∑
k=1

ˆ 1

0
|f(x)|dx = ε.

�

lim
n→∞

ˆ 1

0
g(x)f(nx)dx =

ˆ 1

0
g(x)dx

ˆ 1

0
f(x)dx.
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~~~ 6.7.11 �f(x)3(0,+∞)þ�4~���¼ê, �÷v0 < f(x) < |f ′(x)|, y²:

xf(x) >
1

x
f

(
1

x

)
, x ∈ (0, 1).

yyy²²². df(x)4~��f ′(x) < 0, �d0 < f(x) < −f ′(x) �−f ′(x)
f(x) > 1. 3[x, 1

x ]þ�È©, ��

ln
f(x)

f( 1
x)

= −
ˆ 1

x

x

f ′(t)

f(t)
dt >

ˆ 1
x

x
dt =

1

x
− x, x ∈ (0, 1),

d=
f(x)

f( 1
x)

> e
1
x
−x, x ∈ (0, 1).

du¤�y�Ø�ª=� f(x)

f( 1
x

)
> 1

x2
, Ïd�Iy²e

1
x
−x > 1

x2
=�. �d�	ϕ(x) = x2e

1
x
−x�üN5: d

u
ϕ′(x) = e

1
x
−x(2x− x2 − 1)

= −(x− 1)2e
1
x
−x < 0, x ∈ (0, 1),

Ïdϕ(x)3(0, 1)þî�4~,qϕ(x)3x = 1?ëY, lϕ(x) > ϕ(1) = 1, �x2e
1
x
−x > ϕ(1) = 1, x ∈

(0, 1).

~~~ 6.7.12 �f(x)3[0, 1]þ��, ��x ∈ (0, 1)�,0 < f ′(x) < 1, f(0) = 0. Áy:(ˆ 1

0
f(x)dx

)2
>

ˆ 1

0
f3(x)dx.

yyy²²². yyy{{{��� ¯K3uy² (ˆ 1

0
f(x)dx

)2
−
ˆ 1

0
f3(x)dx > 0.

�9Ï¼ê

F (x) =
(ˆ x

0
f(t)dt

)2
−
ˆ x

0
f3(t)dt.

Ï F (0) = 0, ���y²3(0, 1)SkF ′(x) > 0. ¯¢þ,

F ′x0 f(t)dt− f3(x) = f(x)
[
2

ˆ x

0
f(t)dt− f2(x)

]
.

®�f(0) = 0, �x ∈ (0, 1)�, 0 < f ′(x) < 1, �f(x) > 0. P

g(x) = 2

ˆ x

0
f(t)dt− f2(x),

Kg(0) = 0,

g′(x) = 2f(x)− 2f(x) · f ′(x) = 2f(x)[1− f ′(x)] > 0,

u´

g(x) = 2

ˆ x

0
f(t)dt− f2(x) > 0 (x ∈ (0, 1)),

lF ′(x) > 0¼y.
yyy²²². yyy{{{��� ¯K3uy² ( ´ 1

0 f(x)dx
)2

´ 1
0 f

3(x)dx
> 1.
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-F (x) =
( ´ x

0 f(t)dt
)2
, G(x) =

´ x
0 f

3(t)dt, K|^Cauchy¥�½n�

( ´ 1
0 f(x)dx

)2

´ 1
0 f

3(x)dx
=
F (1)− F (0)

G(1)−G(0)
=
F ′(ξ)

G′(ξ)

=
2f(ξ)

´ ξ
0 f(t)dt

f3(ξ)
=

2
´ ξ

0 f(t)dt

f2(ξ)
(0 < ξ < 1)

=
2
´ ξ

0 f(t)dt− 2
´ 0

0 f(t)dt

f2(ξ)− f2(0)
=

2f(η)

2f(η)f ′(η)
=

1

f ′(η)
> 1. (0 < η < ξ < 1).

~~~ 6.7.13 �f(x)3?¿[a, b] ⊂ (−∞,+∞)þRiemann�È�÷vf(x+ y) = f(x) + f(y), Á¦f(x).

))). ��¡, d^��� ´ x
0 f(t+ y)dt =

´ x
0 [f(t) + f(y)]dt

=
´ x

0 f(t)dt+ xf(y);

,��¡,d��È©,q�

´ x
0 f(t+ y)dt =

´ x+y
y f(u)du

=
´ x+y

0 f(u)du−
´ y

0 f(u)du.

¤±k

xf(y) =

ˆ x+y

0
f(t)dt−

ˆ x

0
f(t)dt−

ˆ y

0
f(t)dt.

Ónqk

yf(x) =

ˆ y+x

0
f(t)dt−

ˆ y

0
f(t)dt−

ˆ x

0
f(t)dt.

dd��,éØ�u"�?¿üêxÚy,ðk

f(x)

x
=
f(y)

y
≡~ê,

=f(x) = ax, x 6= 0.2dK�^�,��

f(1) = f(1 + 0) = f(1) + f(0)⇒ f(0) = 0.

¤±éx = 0, f(x) = axÓ�¤á; x = 1�, f(1) = a, ¤±f(x) = f(1)x.

~~~ 6.7.14 ¦÷ve�^��¤k¼êf(x) :
(i) 3[0,+∞))þk½Â,��K!ëY;
(ii) ?�x ∈ (0,+∞), f(x)3[0, x]þ�È©²þ�uf(0)uf(x)�AÛ²þ.

))). ^�(ii)=�
1

x

ˆ x

0
f(t)dt =

√
f(0)f(x).

ePF (x) =
´ x

0 f(t)dt, a = f(0), Kdf(x)ëY��F ′(x) = f(x); �^�(ii)½=[
1

x
F (x)

]2

= af(x) = aF ′(x).

ù�, ¯Kz�'uF (x)��©�§¦).
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rþªU�¤

a · F
′(x)

[F (x)]2
=

1

x2
,

ü>È©���
a

F (x)
=

1

x
− C

=
F (x) =

ax

1− Cx
,

Ù¥C�?¿~ê. l¦�
f(x) = F ′(x) =

a

(1− Cx)2
, x > 0.

�Ä��C > 0�,þãf(x)3[0,+∞)þ®Ø�È(x = 1
CØëY§��). ¤±

f(x) =
a

(1− Cx)2

{
�C > 0�, x ∈ [0, 1

C );
�C ≤ 0�, x ∈ [0,+∞)

Ò´¤¦�¼ê.

~~~ 6.7.15 �f(x)´[0,+∞)þ�eà¼ê, y²:

H(x) =
1

x

ˆ x

0
f(t)dt

�´(0,+∞)þ�eà¼ê.

yyy²²². Äk,df(x)�eà¼ê,f(t)3?¿m«m(0, x)SëY,�f(t) ∈ R[0, x]. deà¼ê�½Â,∀λ ∈
(0, 1), ∀x1, x2 > 0,ðk

f(λx1 + (1− λ)x2) ≤ λf(x1) + (1− λ)f(x2).

ddB�y�

H(λx1 + (1− λ)x2) = 1
λx1+(1−λ)x2

´ λx1+(1−λ)x2
0 f(t)dt

=
´ 1

0 f(x(λx1 + (1− λ)x2))dx

≤
´ 1

0 [λf(x1x) + (1− λ)f(x2x)]dx

= λ
x1

´ x1
0 f(t)dt+ 1−λ

x2

´ x2
0 f(t)dt

= λH(x1) + (1− λ)H(x2),

¤±H(x)´(0,+∞)þ�eà¼ê.

~~~ 6.7.16 �3[a, b]þg(x)�ëY¼ê,f(x)�üN�ëY��¼ê.y²: �3ξ ∈ [a, b],¦�
ˆ b

a
f(x)g(x)dx = f(a)

ˆ ξ

a
g(x)dx+ f(b)

ˆ b

ξ
g(x)dx.

yyy²²². ù´\r^��È©1�¥�½n,�"k��ØJ�y².
�G(x) =

´ x
a g(t)dt, x ∈ [a, b], Kk

´ b
a f(x)g(x)dx =

´ b
a f(x)dG(x)

= f(x)G(x)|ba −
´ b
a f
′(x)G(x)dx

= f(b)G(b)−
´ b
a f
′(x)G(x)dx.

db�f(x)�üN¼ê, �f ′(x)ØCÒ, l∃ξ ∈ [a, b], ¦�
´ b
a f(x)g(x)dx = f(b)G(b)−G(ξ)

´ b
a f
′(x)dx

= f(b)
´ b
a g(x)dx− [f(b)− f(a)]

´ ξ
a g(x)dx

= f(a)
´ ξ
a g(x)dx+ f(b)

´ b
ξ g(x)dx.
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~~~ 6.7.17 �f(x)î�4~,3[0, 1]þëY, f(0) = 1, f(1) = 0. Áy²:∀δ ∈ (0, 1)k

(1) lim
n→∞

´ 1
δ (f(x))ndx´ δ
0 (f(x))ndx

= 0; (2) lim
n→∞

´ δ
0 (f(x))n+1dx´ 1
0 (f(x))ndx

= 1.

yyy²²². (1) (|^ü>Y{K) Ïf(x) ↘, 0 < f(δ) < f( δ2),
( f(δ)

f( δ
2

)

)n → 0(�n → ∞�), �é?¿�½

�δ ∈ (0, 1)k:

0 ≤
´ 1
δ (f(x))ndx´ δ
0 (f(x))ndx

≤
´ 1
δ (f(x))ndx
´ δ

2
0 (f(x))ndx

≤
´ 1
δ (f(δ))ndx
´ δ

2
0 (f( δ2))ndx

≤
( f(δ)

f( δ2)

)n
· (1− δ)

δ
2

→ 0 (n→∞).

(2) (|^ü>Y{K�í2/ª) Ïf(x) î�4~, f(0) = 1, f(1) = 0, �0 < f(x) < 1 �x ∈ (0, 1) �.
âëY5, ∀ε > 0, ∃δ1 : 0 < δ1 < δ ¦�

f(x) > 1− ε (∀x ∈ [0, δ1]).

u´d(1)�

1 =

´ 1
0 (f(x))ndx´ 1
0 (f(x))ndx

≥
´ 1

0 (f(x))n+1dx´ 1
0 (f(x))ndx

≥
´ δ

0 (f(x))n+1dx´ 1
0 (f(x))ndx

≥
´ δ1

0 (f(x))n+1dx´ 1
0 (f(x))ndx

≥ (1− ε)
´ δ1

0 (f(x))ndx´ δ1
0 (f(x))ndx+

´ 1
δ1

(f(x))ndx

= (1− ε) 1

1 +

´ 1
δ1

(f(x))ndx´ δ1
0 (f(x))ndx

→(1− ε) (�n→∞�)

dε > 0�?¿5�

lim
n→∞

´ δ
0 (f(x))n+1dx´ 1

0 (f(x))ndx
= 1.

~~~ 6.7.18 �f(x)3[A,B]þëY,A < a < b < B,Áy:

lim
h→0

ˆ b

a

f(x+ h)− f(x)

h
dx = f(b)− f(a).

yyy²²².

lim
h→0

ˆ b

a

f(x+ h)− f(x)

h
dx = lim

h→0

1

h

[ ˆ b

a
f(x+ h)dx−

ˆ b

a
f(x)dx

]
= lim

h→0

1

h

[ ˆ b+h

a+h
f(t)dt−

ˆ b

a
f(x)dx

]
.

A^0
0.L’Hospital{K

þª = lim
h→0

[f(b+ h)− f(a+ h)] = f(b)− f(a).

~~~ 6.7.19 �f(x)3[0, 1]þ��ëY��§f(0) = f(1) = 0,��x ∈ (0, 1)�f(x) 6= 0. ¦yµ
´ 1

0

∣∣∣∣f ′′(x)

f(x)

∣∣∣∣ dx ≥
4. (°)P195 15, ;.~K~4.3.5)
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yyy²²². Ï(0, 1) Sf(x) 6= 0, �f(x) 3(0, 1) Sð�½ðK[ÄKd0�5,7k":3(0, 1) S,�f(x) 6= 0
gñ]. Ø��f(x) > 0(< 0 ��¹aq�y). Ïf(x) 3[0, 1] þëY, ��3c ∈ [0, 1], ¦�f(c) =
max

0≤x≤1
f(x). 5¿�f(0) = f(1) = 0, A^Lagrange¥�½n,

∃ξ ∈ (0, c),¦�f ′(ξ) =
f(c)− f(0)

c− 0
=
f(c)

c
,

∃η ∈ (c, 1),¦�f ′(η) =
f(1)− f(c)

1− c
=

f(c)

c− 1
.

-a = ξ, b = η, K0 < a < b < 1, 5¿�√
c(1− c) ≤ c+ (1− c)

2
=

1

2
,

d�

ˆ 1

0

∣∣∣f ′′(x)

f(x)

∣∣∣dx ≥ ˆ 1

0

∣∣∣f ′′(x)

f(c)

∣∣∣dx =
1

f(c)

ˆ 1

0
|f ′′(x)|dx

≥ 1

f(c)

ˆ b

a
|f ′′(x)|dx ≥ 1

f(c)

∣∣∣ˆ b

a
f ′′(x)dx

∣∣∣
=

1

f(c)
|f ′(b)− f ′(a)| = 1

f(c)
|f ′(η)− f ′(ξ)| 1

c(1− c)
≥ 4.

·K¼y.

~~~ 6.7.20 �f(x)3[a, b]þ�gëY��,f(a+b
2 ) = 0,Áy:

∣∣∣ ˆ b

a
f(x)dx

∣∣∣ ≤M(b− a)3/24,

Ù¥M = sup
a≤x≤b

|f ′′(x)|.

yyy²²². òf(x)3x = a+b
2 ?^TayorúªÐm,5¿�f(a+b

2 ) = 0,k

f(x) = f ′
(a+ b

2

)(
x− a+ b

2

)
+

1

2!
f ′′(ξ)

(
x− a+ b

2

)2
.

mà1��3[a, b]þ�È©�".�∣∣∣ˆ b

a
f(x)dx

∣∣∣ ≤ 1

2!

ˆ b

a
|f ′′(ξ)|

(
x− a+ b

2

)2
dx

≤ 1

6
M
(
x− a+ b

2

)3∣∣∣b
a

=
M

24
(b− a)3.

~~~ 6.7.21 �f(x)3[a, b]þkëY��¼ê,f(a) = 0,Áy:

ˆ b

a
|f(x)f ′(x)|dx ≤ b− a

2

ˆ b

a
f ′ (x)2 dx.

yyy²²². - g(x) =
´ x
a |f

′(t)|dt (a ≤ x ≤ b), Kg′(x) = |f ′(x)|. df(a) = 0�

|f(x)| = |f(x)− f(a)| =
∣∣∣ˆ x

a
f ′(t)dt

∣∣∣ ≤ ˆ x

a
|f ′(t)|dt = g(x).
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Ïd
ˆ b

a
|f(x)f ′ba g(x)g′ba g(x)dg(x) =

1

2
g2(x)

∣∣∣b
a

=
1

2

(ˆ b

a
|f ′(t)dt

)2

=
1

2

(ˆ b

a
1 · |f ′(t)dt|

)2
(A^SchwarzØ�ª)

≤ 1

2

ˆ b

a
12dx ·

ˆ b

a
f ′ (x)2 dt ≤ b− a

2

ˆ b

a
f ′ (x)2 dt.

~~~ 6.7.22 �¼êf(x)�g��,y²3(a, b)S�3�:ξ,¦�

f ′′(ξ) =
24

(b− a)3

ˆ b

a

(
f(x)− f

(a+ b

2

))
dx.

yyy²²². Px0 = a+b
2 , ò�È¼ê3x = x0?UTaylorúªÐm,

f(x)− f(x0) = (x− x0)f ′(x0) +
(x− x0)2

2
f ′′(η),

Ù¥η3x0�x�m. 3«m[a, b]þ�È©, 5¿þªm>1���È©�", Ïd

ˆ b

a
(f(x)− f(x0))dx =

1

2

ˆ b

a
(x− x0)2f ′′(η)dx,

dªmàf ′′(η)�,Ø�½ëY, ��êäk0�5�, ÏÈ©1�¥�½nE,¤á. �∃ξ(a, b), ¦�
ˆ b

a
(x− x0)2f ′′(η)dx = f ′′ba (x− x0)2dx =

(b− a)3

12
f ′′(ξ).

l(Ü±þüª·K�y.

~~~ 6.7.23 �f(x)3[a, b]þëY��,�f(a) = f(b) = 0,K

max
a≤x≤b

|f ′(x)| ≥ 4

(b− a)2

ˆ b

a
|f(x)|dx.

yyy²²².

ˆ b

a
|f(x)|dx =

ˆ a+b
2

a
|f(x)|dx+

ˆ b

a+b
2

|f(x)|dx

=

ˆ a+b
2

a
|f(x)− f(a)|dx+

ˆ b

a+b
2

|f(x)− f(b)|dx

=

ˆ a+b
2

a
|f ′(ξ)|(x− a)dx+

ˆ b

q+b
2

|f ′(η)|(b− x)dx.

≤M (b− a)2

8
+M

(b− a)2

8
= M

(b− a)2

4
,

ùpM = maxa≤x≤b |f ′(x)|, �màü�©O3a, b:A^
�©¥�½n. dd

max
a≤x≤b

|f ′(x)| ≥ 4

(b− a)2

ˆ b

a
|f(x)|dx,

·K�y.
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~~~ 6.7.24 3[0, 2]þ´Ä�3ù��¼ê,ëY��,¿�

f(0) = f(2) = 1, |f ′(x)| ≤ 1,
∣∣∣ ˆ 2

0
f(x)dx

∣∣∣ ≤ 1?

yyy²²². (â®�^�#éÈ©
´ 2

0 f(x)dx?1©ã)

ˆ 2

0
f(x)dx =

ˆ 1

0
f(x)dx+

ˆ 2

1
f(x)dx

mà1��, Ux = 0?Ðm, 5¿f(0) = 19|f ′(x)| ≤ 1^�,

f(x) = f(0) + f ′(ξ)x (0 < ξ < x)

= 1 + f ′(ξ)x ≥ 1− x (∀x ∈ [0, 1]).

l ˆ 1

0
f(x)dx ≥

ˆ 1

0
(1− x)dx =

1

2
.

aq,�x ∈ [1, 2]�,

f(x) = f(2) + f ′(η)(x− 2) ≥ x− 1.

¤±
´ 2

1 f(x)dx ≥
´ 2

1 (x− 1)dx = 1
2 .

(yyù«fØ�3)b�ù«f�3, Kd
∣∣∣ ´ 2

0 f(x)dx
∣∣∣ ≤ 1, 9

´ 2
0 f(x)dx ≥ 1�

ˆ 2

0
f(x)dx = 1 =

ˆ 1

0
(1− x)dx+

ˆ 2

1
(x− 1)dx.

P

g(x) ≡


1− x, �0 ≤ x ≤ 1�,
x− 1, �1 < x ≤ 2�.

ddL²�ëY¼êf(x) ≥ g(x), �È©���§lf(x) ≡ g(x) 3[0, 2]þ, �d�f���5gñ, ¤
±fØ�3.

~~~ 6.7.25 ¼êf(x)34«m[0, 1]þkëY����ê, y²:

ˆ 1

0
|f(x)|dx ≤ max

{ˆ 1

0
|f ′(x)|dx,

∣∣∣∣ˆ 1

0
f(x)dx

∣∣∣∣} .
yyy²²². (1) e

∣∣∣ ´ 1
0 f(x)dx

∣∣∣ =
´ 1

0 |f(x)|dx, ¯Kg².

(2) e
∣∣∣ ´ 1

0 f(x)dx
∣∣∣ < ´ 1

0 |f(x)|dx, Kf(x)3[0, 1]þCÒ, df�ëY5�∃x0 ∈ (0, 1)¦�f(x0) = 0, u

´

|f(x)| = |f(x)− f(x0)| =
∣∣∣ ˆ x

x0

f ′(x)dx
∣∣∣ ≤ ˆ x

x0

|f ′(x)|dx.

�È©�
´ 1

0 |f(x)|dx ≤
´ 1

0 |f
′(x)|dx. �Ø�ª¼y.

~~~ 6.7.26 �f(x)�ngõ�ª, �
´ 1

0 x
kf(x)dx = 0 (k = 1, 2, · · · , n) Áy:

(i) f(0) = (n+ 1)2
´ 1

0 f(x)dx;

(ii)
´ 1

0 f
2(x)dx =

(
(n+ 1)

´ 1
0 f(x)dx

)2
.
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yyy²²². Q,f(x)�ngõ�ª, Ø��f(x) = a0 + a1x+ · · ·+ anx
n, u´f(0) = a0. |^®�^�

ˆ 1

0
f2(x)dx =

ˆ 1

0
(a0 + a1 + · · ·+ anx

n)f(x)dx = a0

ˆ 1

0
f(x)dx

��, ��y²


a0 = (n+ 1)2

ˆ 1

0
f(x)dx

òÙ�\=�(Ø(i)�(ii).e¡·�5y²dª. ¯¢þ

ˆ 1

0
xkf(x)dx =

a0

k + 1
+

a1

k + 2
+ · · ·+ an

n+ k + 1
=

Q(k)

(k + 1)(k + 2) · · · (k + n+ 1)
, ∗

Ù¥Q(k)´'uk�ngõ�ª. �â®�^��Q(k) = 0 (k = 1, 2, · · · , n) =Q±1, 2, · · · , n��, Ïd

Q(k) = c(k − 1)(k − 2) · · · (k − n)

(Ù¥c�,�~ê), òÙ�\(*)����ª, Ó¦±k + 1, ¿-k = −1, K�

a0 = (−1)n(n+ 1)c,

3òÙ�\(*), ¿-k = 0,�� ˆ 1

0
f(x)dx =

(−1)n

n+ 1
c.

��c, =�a0 = (n+ 1)2
´ 1

0 f(x)dx, y..

~~~ 6.7.27 �f(x)3[0, 1]þëY,

ˆ 1

0
xkf(x)dx = 1 (k = 0, 1, · · · , n− 1),

ˆ 1

0
xnf(x)dx = 0.

¦y:3[0, 1]�,�Ü©þ|f(x)| ≥ 2n(n+ 1).

yyy²²². d®�^�, é?¿α, ðk ˆ 1

0
(x− α)nf(x)dx = 1.

(^�y{)b�[0, 1]??Ñk|f(x)| < 2n(n+1). eUÀ�T��α,dd�Ñ�O
∣∣∣ ´ 1

0 (x−α)nf(x)dx
∣∣∣ < 1,

Bé�
gñ. ¯¢þ, �α = 1
2 , ù�k

∣∣∣ ˆ 1

0
(x− α)nf(x)dx

∣∣∣ < 2n(n+ 1)

ˆ 1

0
|x− α|ndx = 2n(n+ 1)

ˆ 1

0

∣∣∣x− 1

2

∣∣∣ndx
= 2n(n+ 1)

[ˆ 1
2

0

(1

2
− x
)n
dx+

ˆ 1

1
2

(
x− 1

2

)n
dx
]

= 1.

y..

~~~ 6.7.28 �f(x)3[0, π2 ]þëY,

ˆ π
2

0
f(x) sinxdx =

ˆ π
2

0
f(x) cosxdx = 0.

Áy: f(x) 3(0, π2 ) S��kü�"(�):.
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yyy²²². (1) ef(x) 3(0, π2 ) Ã":, Ïf(x) ëY, f(x) 3(0, π2 ) ð�±ÓÒ, ~Xf(x) > 0( ½< 0) K��
O ˆ π

2

0
f(x) sinxdx > 0(½< 0),

�®�^�gñ.��(0, π2 )¥��k��":x0 ∈ (0, π2 ).
(2) ef(x) Øx0 	3(0, π2 ) S2Ã":,Kf(x) 3(0, x0) �(x0,

π
2 ) S©O�±ØCÒ.ef 3d�«m

ÎÒ�É, Kf(x) sin(x− x0) ð�(½ðK),

ˆ π
2

0
f(x) sin(x− x0)dx > 0(½< 0).

�d®�^� ˆ π
2

0
f(x) sin(x− x0)dx = cosx0

ˆ π
2

0
f(x) sinxdx

− sinx0

ˆ π
2

0
f(x) cosxdx = 0,

gñ.ef3�«mþÎÒ�Ó,Kf(x) cos(x− x0)ð�(½ðK), Ó��íÑgñ.

6.7.2 111888ÙÙÙEEESSSKKK

1. ¦e�½È©
(1)

´ 1
0

x
(1+x)adx; (2)

´ 1
0 ln(1 +

√
x)dx;

(3)
´ a√

2

0
dx

(a2−x2)3/2
; (4)

´ √3
1

√
1+x2

x dx;

(5)
´ 4

0

√
x

1+xdx; (6)
´ 1

0 arcsin
√

x
1+xdx;

(7)
´ 1

1
2
e
√

2x−1dx; (8)
´ ln2

0

√
1− e−2xdx;

(9)
´ π

4
0

x
1+cos 2xdx; (10)

´ 1
0
ln(1+x)
(2−x)2

dx;

(11)
´ 1

0
x

ex+e(1−x)
dx; (12)

´ π
0

dx
2 cos2 x+sin2 x

;

(13)
´ nπ

0 x| sinx|dx; (14)
´ π

0 ex cos2 xdx.

2. (1) �x ≥ −1. ¦
´ x
−1(1− |t|)dt; (2) ¦

´ 3
2
1
2

1√
|x−x2|

dx.

3. ¦ lim
x→∞

´ x+2
x t(sin 3

t )f(t)dt§Ù¥f(t)��, �®� lim
t→∞

f(t) = 1.

4. �f ∈ C[−1, 1]¿÷v^�µé[−1, 1]�?Ûó¼êg, È©
´ 1
−1 f(x)g(x)dx = 0, y²µf´[−1, 1]þ

�Û¼ê.

5. �f(x) = f(x− π) + sinx, ��x ∈ [0, π]�§f(x) = x, ¦
´ 3π
π f(x)dx.

6. �f(x)�È§¦yµef(x)��È.

7. �f(x)3[a, b]þ�È�f(x) ≥ C > 0. ¦yµ 1
f(x) ln f(x)Ñ3[a, b]þ�È.

8. �f(x)3[0, 1]þ�È�f(x) ≥ a > 0. ¦yµ

ˆ 1

0

1

f(x)
dx ≥ 1´ 1

0 f(x)dx
.

9. �f(x)3[0, 1]þëY§�f(x) > 0,y²µln
´ 1

0 f(x)dx ≥
´ 1

0 ln f(x)dx.

10. ¦yµ
´ π

2
0 sin(sinx)dx ≤

´ π
2

0 cos(cosx)dx.
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11. y²µ

(1) lim
n→∞

´ 1
0 e

xndx = 1;

(2) lim
n→∞

´ 1
0 (1− x2)ndx = 0;

(3) lim
n→∞

´ 1
0

xn√
1+x4

dx = 0.

12. �f(x)3[0, 1]þëY§K
´ π

2
0 f(| cosx|)dx = 1

4

´ π
2

0 f(| cosx|)dx.

13. é?¿g,ên, ¦yµ
´ n

0

1−(1− t
n

)n

t dt = 1 + 1
2 + · · ·+ 1

n .

14. �S(x) =
´ x

0 | cos t|dt,
(1) �n ��ê, �nπ ≤ x < (n+ 1)π �, y²: 2n ≤ S(x) < 2(n+ 1);

(2) ¦ lim
x→+∞

S(x)
x .

15. �f(x) = 2x sin 1
x − cos 1

x (x 6= 0); f(0) = 0.

(1) ¯f(x)´Ä3[−1, 1]þ�Èº

(2) ¯Cþ�È©
´ x
−1 f(t)dt3:x = 0?´Ä��º

16. �f�ëY¼ê§y²µ lim
n→∞

2
π

´ 1
0

n
n2x2+1

f(x)dx = f(0).

17. �f(x) ∈ C[01]§�3(0, 1)þ��§ek8
´ 1

7
8
f(x)dx = f(0)§y²µ�3ξ ∈ (0, 1)§¦�f ′(ξ) = 0.

18. �f(x)3[a, b]þëY§¦yµ
´ b
a f(x)dx =

´ b
a f(a+ b− x)dx. ¿ddO�

ˆ π
3

π
6

cos2 x

x(π − 2x)
dx.

19. �f(x) ∈ R[0, 1],�a ≤ f(x) ≤ b,qϕ(x)´[a, b]þ���]¼ê. ¦yµ

(1) ϕ(f(x)) ≥ ϕ(t) + ϕ′(t)(f(x)− t) (∀t ∈ (a, b));

(2)
´ 1

0 ϕ(f(x))dx ≥ ϕ
(´ 1

0 f(x)dx
)

;

(3)
´ 1

0 e
f(x)dx ≥ e

´ 1
0 f(x)dx.

20. �0 < a < b, f(x)3[a, b] þëY§¿÷vf(abx ) = f(x)(∀x ∈ [a, b]), ¦yµ

ˆ b

a
f(x)

lnx

x
dx =

ln(ab)

2

ˆ b

a

f(x)

x
dx.

21. �a > 0,f(x)3(0,+∞)þëY§¿÷vf
(
a2

x

)
= f(x) (∀x > 0). ¦yµ

(1)
´ a2
a

f(x)
x dx =

´ a
1
f(x)
x dx;

(2)
´ a

1
f(x2)
x dx =

´ a
1
f(x)
x dx;

(3) XJg(x)3(0,+∞)þëY§K
´ a

1 g
(
x2 + a2

x2

)
dx
x =

´ a
1 g
(
x+ a2

x

)
dx
x .

22. �f ∈ C1[0, 1], f(0) = f(1) = 0, y²∣∣∣∣ˆ 1

0
f(x)dx

∣∣∣∣ ≤ 1

2

ˆ 1

0
|f ′(x)|dx.
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23. �f(x) ����ê3[0, 1] þëY§�f(0) = f(1) = 0§¦y¶∣∣∣∣ˆ 1

0
f(x)dx

∣∣∣∣ ≤ 1

4
max

0≤x≤1
|f ′(x)|.

24. �f(x)3(0,+∞)þëY��§�f(0) = 1, x ≥ 0�§f(x) > |f ′(x)|y²µx > 0�§ex > f(x).

25. �f(x) 3(−∞,+∞) këY�ê, ¦ lim
a→0+

1
a2

´ a
−a[f(t+ a)− f(t− a)]dt.

26. �f ∈ C[0,+∞) � lim
x→+∞

f(x) = A, ¦yµ lim
n→+∞

´ 1
0 f(nx)dx = A.

27. �f(x) ≥ 0, g(x) > 0,�¼ê3[a, b]þëY,¦y:

lim
n→∞

( ˆ b

a
(f(x))ng(x)dx

) 1
n

= max
a≤x≤b

f(x).

28. �f ∈ C[a, b], �∃m ∈ N , ¦�
´ b
a x

nf(x)dx = 0 (n = 0, 1, 2 · · · ,m), ¦yµf(x) 3(a, b) S��
km+ 1�":, �f(x)3":�üàÉÒ. (8B{)

29. �¼êf(x)����§¦y¶�3ξ ∈ (a, b)§¦�∣∣∣∣ˆ b

a
f(x)dx− (b− a)f

(
a+ b

2

)∣∣∣∣ ≤ M

24
(b− a)3,

Ù¥M = max
x∈[a,b]

|f ′′(x)|.

30. �f(x)3[0, 2π]þüN§¦yµ lim
‖T‖→∞

´ 2π
0 f(x) sin ‖T‖xdx = 0.

31. �f ′(x) ∈ C[0, 1]§¦yµ
´ 1

0 x
nf(x)dx = f(1)

n + o( 1
n) (n→∞).

32. ef(x) ´ëY�±T�±Ï�¼ê§¦y:

lim
x→∞

1

x

ˆ x

0
f(t)dt =

1

T

ˆ T

0
f(t)dt.

33. �f(x) ∈ C[0,+∞),
´∞

0 |f(t)|dt Âñ, ¿�|f(x)| ≤
´ x

0 |f(t)|dt(x ≥ 0), ¦y: f(x) = 0.

34. �f(x) ∈ C[01], �é��x ∈ [0, 1] k
´ x

0 f(u)du ≥ f(x) ≥ 0§Kf(x) = 0.

35. �f(x) ≥ 0 3[0, 1] þëY§f(1) = 0, ¦yµ�3ξ ∈ (0, 1), ¦�f(ξ) =
´ ξ

0 f(x)dx.

36. �¼êf(x)3[0, π]þëY§�
´ π

0 f(x)dx = 0,
´ π

0 f(x) cosxdx = 0©¦y¶3(0, π)S���3ü�
ØÓ�:ξ1, ξ2§¦�f(ξ1) = f(ξ2) = 0.

37. ¼êf 3[0, 2] þëY!��§�f(0) = f(2) = 1§XJ|f ′(x)| ≤ 1, ¦yµ∣∣∣∣ˆ 2

0
f(x)dx

∣∣∣∣ ≥ 1.

38. �f(x)3[a, b]þëY, y²2
´ b
a f(x)[

´ b
x f(t)dt]dx = [

´ b
a f(x)dx]2.

39. �f(x) ≥ 0, f ′′(x) ≤ 0(∀x ∈ [a, b]) .¦yµ

max
a≤x≤b

f(x) ≤ 2

b− a

ˆ b

a
f(x)dx.
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40. �f3[a, b]þëY��§¦yµ

max
z∈[a,b]

|f(x)| ≤ 1

b− a

∣∣∣∣ˆ b

a
f(x)dx

∣∣∣∣+

ˆ b

a
|f ′(x)|dx.

JJJ««« ∃ξ, x0 ∈ [a, b]¦�

|f(ξ)| = 1

b− a

∣∣∣ˆ b

a
f(x)dx

∣∣∣,
max
a≤x≤b

|f(x)| = |f(x0)| =
∣∣∣ ˆ x0

ξ
f ′(t)dt+ f(ξ)

∣∣∣.
41. �f(x)3[a, b]þ��ëY��§¦yµ

f(x)− f(a)− f ′xa f ′′(t)(x− t)dt, (∀x ∈ [a, b]).

42. �a, b > 0, f(x) ≥ 0, �f(x)3[a, b]þ�È,
´ b
−a xf(x)dx = 0. Áy:

ˆ b

a
x2f(x)dx ≤ ab

ˆ b

−a
f(x)dx.

JJJ««« ˆ b

−a
[(x+ a)(b− x)]f(x)dx ≥ 0.

43. �f(x)�g(x)3[a, b]þ�È§�f(x)�g(x)�qS, =:∀x1, x2 k

(f(x1)− f(x2))(g(x1)− g(x2)) ≥ 0.

Áy ˆ b

a
f(x)dx

ˆ b

a
g(x)dx ≤ (b− a)

ˆ b

a
f(x)g(x)dx.

JJJ««« 3^�ªpkéx1u[a, b]þ�È©,,�éx23[a, b]þ�È©.

44. �f3[a, b]þëY��§f(a) = 0. y²:

(1) max
z∈[a,b]

f2(x) ≤ (b− a)
´ b
a (f ′(x))2dx;

(2)
´ b
a f

2(x)dx ≤ (b− a)2

2

ˆ b

a
(f ′(x))2dx.

45. �f(x)3[a, b]þëY�üN4O§¦yµ

ˆ b

a
xf(x)dx ≥ a+ b

2

ˆ b

a
f(x)dx.

46. e¼êf3[0, 1]þëY��§�f(0) = 0, f(1) = 1, ¦y:
ˆ 1

0
|f(x)− f ′(x)|dx ≥ 1

e
.

47. �¼êf ëY��§f(1) = 1, ��x ≥ 1 �k

f ′(x) =
1

x2 + f2(x)
.

y²µ lim
x→+∞

f(x) �3§�

lim
x→+∞

f(x) ≤ 1 +
π

4
.
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48. �¼êf3[0, 1]þ��ëY��§¿�f(0) = f(1) = f ′(0) = 0, f ′(1) = 1§¦yµ
´ 1

0 (f ′′(x))2dx ≤
4.�Ñª¥�Ò¤á�^�.

49. �¼êf 3«m[0,+∞) þ4O§½Â¼êφ(x) =
´ x

0 f(t)dt, x ≥ 0, ¦yµφ ´[0,+∞) þ�à¼ê.

50. �¼êf3[−1, 1]þ��§M = sup |f ′|. e�3a ∈ (0, 1), ¦�
´ a
−a f(x)dx = 0§¦yµ∣∣∣∣ˆ 1

−1
f(x)dx

∣∣∣∣ ≤M(1− a2).

51. �f´[a, b]þëY�à¼ê§Áy:

f

(
a+ b

2

)
≤ 1

b− a

ˆ b

a
f(x)dx ≤ f(a) + f(b)

2
.

52. �f ��ëY��§�f ≥ 0, f ′′ ≤ 0. ¦yµé?Ûc ∈ [a, b], kf(c) ≤ 2

b− a

ˆ b

a
f(x)dx.

53. �¼êf3[0, 1]þ�È§�k�êmÚM§¦�m ≤ f(x) ≤Méx ∈ [0, 1]¤á.¦yµ

ˆ 1

0
f(x)dx

ˆ 1

0

dx

f(x)
≤ (m+M)2

4mM
.

54. �f3[a, b]þ�È§K3m«m(a, b)S��kf���ëY:.

55. �f ≥ 03[a, b]þ�È§¦yµ�ª
´ b
a f(x)dx = 0¤á�7�¿©^�´f3ëY:?7�"�.

56. �x(t)3[0, a]þëY¿�÷v|x(t)| ≤M+k
´ t

0 |x(t)|dt,ùpM�k��~ê§¦yµ|x(t)| ≤Mekt, t ∈
[0, a].

57. �f(x) 3[a, b] þ��§y²f ′(x) 3[a, b] þ�È�¿�^�´µ�3�È¼êg(x) ¦�f(x) =
f(a) +

´ x
a g(t)dt.
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111ÔÔÔÙÙÙ êêê���???êêê

7.1 êêê���???êêê���ÄÄÄ���VVVgggÚÚÚ555���

7.1.1 êêê���???êêê���ÄÄÄ���VVVggg

½½½ÂÂÂ 7.1.1 �{u1, u2, · · · , un, · · · } ´Ã¡�¢ê�¤�ê�§¡§��¤�Úª

u1 + u2 + · · ·+ un + · · ·

�ê�?ê, {¡?ê, P�
+∞∑
n=1

un, ¡un �?ê�Ï�.

?ê/ªþ´dÃ¡õ�ê�¤�”Ú”. ±eò�Äù�”Ú”�O��{. �d·��Ñ'uê�?
êÜ©Ú�½Â.

½½½ÂÂÂ 7.1.2 ?ê
+∞∑
n=1

un¥§¡

Sn =

n∑
k=1

uk

�?ê�cn �Ü©Ú§¿�¡{Sn} �?ê�Ü©Úê�.

½½½ÂÂÂ 7.1.3 XJ?ê
+∞∑
n=1

un �Ü©Úê�{Sn} Âñu��k�êS, =

lim
n→∞

Sn = lim
n→∞

n∑
k=1

uk = S,

K¡?ê
+∞∑
n=1

un Âñ, P�
+∞∑
n=1

un = S. XJÜ©Úê� {Sn} uÑ, K¡?ê
+∞∑
n=1

un uÑ. ?êÂñ½u

Ñ�5�Ú¡�?ê�ñÑ5.

lþ¡�½Â��, �k3?êÂñ�, c¡J��'uÃ¡õ�ê�”Ú”â´k¿Â�, ¿��uÜ

©Úê��4�. �?ê
+∞∑
n=1

un Âñ�, ¡

rn = S − Sn =
+∞∑

k=n+1

uk = un+1 + un+2 + · · ·

�?ê�{Ú.

~~~ 7.1.4 Áy²?ê
+∞∑
n=1

(−1)n−1 uÑ.

yyy²²². ?ê�Ü©Ú

Sn =

{
0, n�óê,
1, n�Ûê.

¤±ê�{Sn} uÑ§l?ê´uÑ�.

~~~ 7.1.5 �a 6= 0, ïÄAÛ?ê

+∞∑
n=1

aqn−1 �ñÑ5, ¿¦ÑÂñ��Ú.



1ÔÙµ ê�?ê

))). eq = 1, K?ê
∞∑
n=1

aqn−1�Ü©Ú

Sn =

n∑
k=1

a = an.

Ï lim
n→∞

an =∞, ��A?êuÑ.

eq 6= 1, K?ê
∞∑
n=1

aqn−1 �Ü©Ú

Sn =

n∑
k=1

aqk−1 = a
1− qn

1− q
.

dd��, �|q| < 1 �, lim
n→∞

Sn =
a

1− q
, ?êÂñ, Ú�

a

1− q
; �|q| > 1Úq = −1 �, ê�{Sn}4�Ø�

3, ?êuÑ.

nþ, éuAÛ?ê
+∞∑
n=1

aqn−1, �|q| < 1�Âñ, ÙÚ�
a

1− q
; �|q| ≥ 1�uÑ.

~~~ 7.1.6 ¦y?ê
+∞∑
n=1

1√
n
uÑ.

yyy²²². ?ê�Ü©Ú

Sn = 1 +
1√
2

+
1√
3

+ · · ·+ 1√
n

≥ 1√
n

+
1√
n

+ · · ·+ 1√
n

=
n√
n

=
√
n,

¤± lim
n→∞

Sn = +∞, l?êuÑ.

7.1.2 êêê���???êêê���ÄÄÄ���555���

d?êñÑ5�½Â��, Ù�Ü©Úê�Sn �ñÑ5´���, ¤±'uê�ñÑ�5��±£�
�?ê�ñÑ5þ5. ±eòÅ�0�k'�5�.

555��� 7.1.7 �a ���~ê, e?ê
+∞∑
n=1

un Âñ, K?ê
+∞∑
n=1

aun �Âñ, �

+∞∑
n=1

aun = a

+∞∑
n=1

un.

yyy²²². �Sn �?ê
+∞∑
n=1

un �Ü©Ú. d?êÂñ��3�k�êS¦� lim
n→∞

Sn = S. 

n∑
k=1

auk = a
n∑
k=1

uk = aSn,

�

lim
n→∞

n∑
k=1

auk = aS = a

+∞∑
n=1

un.

|^5�7.1.7��{�ê���A5�N´y²µ

2
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555��� 7.1.8 e?ê
+∞∑
n=1

un Ú
+∞∑
n=1

vn ÑÂñ, K?ê
+∞∑
n=1

(un ± vn) �Âñ, �

+∞∑
n=1

(un ± vn) =
+∞∑
n=1

un ±
+∞∑
n=1

vn.

555��� 7.1.9 ØUCÂñ?ê
+∞∑
n=1

un ���^S, éÙ�?¿\)Ò�/¤#�?ê

(u1 + u2 + · · ·+ ui1) + (ui1+1 + ui1+2 + · · ·+ ui2)+

· · ·+ (uin+1 + uin+2 + · · ·+ uin+1) + · · ·

�Âñ, ¿�ÙÚØC.

yyy²²². �\)ÒcÚ\)Ò�?êÜ©Ú©O�Sn ÚS
∗
n. @"Òk

S∗1 = u1 + u2 + · · ·+ ui1 = Si1 ,

S∗2 = (u1 + u2 + · · ·+ ui1) + (ui1+1 + ui1+2 + · · ·+ ui2) = Si2 ,

...

...

S∗n = (u1 + · · ·+ ui1) + (ui1+1 + · · ·+ ui2) + · · ·+ (uin+1 + · · ·+ uin+1) = Sin+1 .

=ê�{S∗n} ´ê�{Sn} ���fê�, �d{Sn} Âñ��{S∗n} Âñ¿�

lim
n→∞

S∗n = lim
n→∞

Sn.

I5¿�´µT5�_·KØ�½¤á§=e��?ê\)Ò�¤��#?êÂñ, ØUdd�Ñ�
5?ê½Âñ. ~X?ê

(1− 1) + (1− 1) + (1− 1) + · · ·

Âñ, �?ê
1− 1 + 1− 1 + · · ·

uÑ.

555��� 7.1.10 (Âñ�7�^�) e?ê
+∞∑
n=1

un Âñ, K

lim
n→∞

un = 0.

yyy²²². �?ê
+∞∑
n=1

un �Ü©Úê��{Sn}, @oÒk

lim
n→∞

un = lim
n→∞

(Sn − Sn−1) = S − S = 0.

dù�5�, e?ê
+∞∑
n=1

un �Ï�un Øªu", Kd?ê�½uÑ. ù´�½?êuÑ�~^�{. ~

X?ê
+∞∑
n=1

qn, �q ≥ 1 ��½´uÑ�. ,	?ê�Ï�ªu"´?êÂñ�7�^�, Ø´¿©^�.

�Ò´`, ?ê�Ï�ªu"¿ØU�y?ê´Âñ�. ~X~7.1.6¥�?ê, ÙÏ�±"�4�, �T?
ê%uÑ.
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1ÔÙµ ê�?ê

~~~ 7.1.11 �	NÚ?ê
+∞∑
n=1

(−1)n �
+∞∑
n=1

n sin
1

n
�ñÑ5.

))). Ï� lim
n→∞

(−1)nØ�3, lim
n→∞

n sin 1
n = lim

n→∞
sin 1

n
1
n

= 1 6= 0, ¤±d?êÂñ�7�^��
+∞∑
n=1

(−1)n

�
+∞∑
n=1

n sin 1
nþuÑ.

~~~ 7.1.12 ¦
+∞∑
n=1

(−1)n + 2n

3n+2
�Ú.

))).

+∞∑
n=1

(−1)n + 2n

3n+2
=

1

9

[
+∞∑
n=1

(
−1

3

)n
+

+∞∑
n=1

(
2

3

)n]

=
1

9

[
−1

3

1 + 1
3

+
2
3

1− 2
3

]
=

1

9
(−1

4
+ 2) =

7

36
.

7.1.3 ���ÜÜÜÂÂÂñññOOOKKK

|^ê���ÜÂñOK, N´��eã?êÂñ��Ü(Cauchy)ÂñOK.

½½½nnn 7.1.13 (Cauchy ÂÂÂñññOOOKKK) ?ê
+∞∑
n=1

un Âñ�¿©7�^�´é?¿�½�ε > 0, Ñ�3g,

êN , ¦��n > N �, é?Ûg,êp, Ñk

|Sn+p − Sn| = |un+1 + un+2 + · · ·+ un+p| < ε.

Ù¥Sn �
+∞∑
n=1

un �Ü©Ú.

|^CauchyÂñOK��, 3?ê¥V\½ö~�k�õ�Ø¬K�?ê�ñÑ5.

~~~ 7.1.14 �	NÚ?ê
+∞∑
n=1

1
n �ñÑ5.

))). d

|Sn+p − Sn| =
1

n+ 1
+

1

n+ 2
+ · · ·+ 1

n+ p

>
1

n+ p
+

1

n+ p
+ · · ·+ 1

n+ p
(p�)

=
p

n+ p
.

p ��AÏ�p = n, Ò�±��

|S2n − Sn| >
1

2
.

dCauchyÂñOK, �Ù¥�ε = 1
2 , KØØn ��õ�, ÑØ¬¦�|S2n − Sn| < 1

2 . �?ê
+∞∑
n=1

1
n uÑ.

4



7.1. ê�?ê�Ä�VgÚ5�

~~~ 7.1.15 ïÄ?ê
+∞∑
n=1

1
n2 �ñÑ5.

))). é?¿�g,êp, k

|Sn+p − Sn| =
1

(n+ 1)2
+

1

(n+ 2)2
+ · · ·+ 1

(n+ p)2

<
1

n(n+ 1)
+

1

(n+ 1)(n+ 2)
+ · · ·+ 1

(n+ p− 1)(n+ p)

<

(
1

n
− 1

n+ 1

)
+

(
1

n+ 1
− 1

n+ 2

)
+

· · ·+
(

1

n+ p− 1
− 1

n+ p

)
=

1

n
− 1

n+ p
<

1

n
.

@oéu?¿�½�ε > 0, o´�3N =
[

1
ε

]
, ¦��n > N �, é?¿�g,êp Ñk

|Sn+p − Sn| < ε.

�âCauchyÂñOK, ?ê
+∞∑
n=1

1
n2 Âñ.

~~~ 7.1.16 y²
+∞∑
n=1

(−1)n

n Âñ.

yyy²²². �un = (−1)n

n , K

|Sn+p − Sn| = |un+1 + un+2 + · · ·+ un+p|

=

∣∣∣∣(−1)n+1

n+ 1
+

(−1)n+2

n+ 2
+ · · ·+ (−1)n+p

n+ p

∣∣∣∣
=

∣∣∣∣ 1

n+ 1
− 1

n+ 2
+ · · ·+ (−1)p−1

n+ p

∣∣∣∣ .
ep�óê,

|Sn+p − Sn| =
1

n+ 1
−
(

1

n+ 2
− 1

n+ 3

)
− · · ·

−
(

1

n+ p− 2
− 1

n+ p− 1

)
− 1

n+ p

<
1

n+ 1
;

ep�Ûê,

|Sn+p − Sn| =
1

n+ 1
−
(

1

n+ 2
− 1

n+ 3

)
− · · · −

(
1

n+ p− 1
− 1

n+ p

)
<

1

n+ 1
.

Ïdé?¿g,ên9?¿�K�êp, Ñk

|Sn+p − Sn| <
1

n
.

5



1ÔÙµ ê�?ê

é∀ε > 0, e 1
n < ε, =n > 1

ε − 1, �N = [1
ε − 1] + 1, �n > N�,é?¿�K�êpk

|un+1 + un+2 + · · ·+ un+p| < ε,

�âCauchyÂñOK,
+∞∑
n=1

(−1)n

n Âñ.

~~~ 7.1.17 �{un}�üN4~��ê�, e
+∞∑
n=1

unÂñ, K

lim
n→∞

nun = 0.

yyy²²². d
+∞∑
n=1

unÂñ, K∀ε > 0,∃N ∈ N, �n > N�, ∀P ∈ Nk

|un+1 + un+2 + · · ·+ un+p| < ε,

{un}�üN4~��ê�§¤±

pun+p = un+p + un+p + · · ·+ un+p ≤ un+1 + un+2 + · · ·+ un+p < ε.

�p = n, Knu2n < ε, 2nu2n < 2ε, Ïd
lim
n→∞

2nu2n = 0,

� lim
n→∞

un = 0, (2n+ 1)u2n+1 ≤ (2n+ 1)u2n = 2nu2n + un, ¤±qk

lim
n→∞

(2n+ 1)u2n+1 = 0,

�
lim
n→∞

nun = 0.

7.1.4 SSSKKK7.1

1. y²e�?êÂñ¿¦ÙÚ.

(1)
+∞∑
n=1

1
(3n−1)(3n+2) ; (2)

+∞∑
n=1

2n−1+4n+1

32n
;

(3)
+∞∑
n=1

(√
n+ 2− 2

√
n+ 1 +

√
n
)

; (4)
+∞∑
n=1

n
(n+1)(n+2)(n+3) .

2. y²?ê
∞∑
n=2

1

n lnn
uÑ§?ê

+∞∑
n=1

1

n(lnn)2
Âñ,

3. ?Øe�?ê�ñÑ5.

(1)
+∞∑
n=1

n2

n2+n−1
; (2)

+∞∑
n=1

n2 sin π
n

4√n3+2n+1
.

4. (½x���,¦e�?êÂñ.

(1)
+∞∑
n=1

1
(1+x)n ; (2)

+∞∑
n=1

enx;

(3)
+∞∑
n=1

xn(1− x); (4)
+∞∑
n=1

(lnx)n.

5. �ÑCauchyÂñOK�Ä½½Â.

6



7.2. ��?ê

6. ^CauchyÂñOK?Øe�?ê�ñÑ5.

(1)
+∞∑
n=1

anq
n, (|q| < 1, |an| ≤M,n = 0, 1, 2, · · · );

(2)
+∞∑
n=1

1
n2 cosnx;

(3)
+∞∑
n=1

(−1)n cos xn .

7. �k��?ê
+∞∑
n=1

an (=z��an > 0), Áy²eéÙ�\)Ò�¤|¤�?êÂñ§K
+∞∑
n=1

an½Â

ñ.

7.2 ������???êêê

7.2.1 ������???êêê

½½½ÂÂÂ 7.2.1 eun ≥ 0 (n = 1, 2, 3, · · · ), K¡?ê
+∞∑
n=1

un ���?ê.

e¡·�0�A«��?êÂñ��O�{.

½½½nnn 7.2.2 (ÄÄÄ���½½½nnn) ��?ê
+∞∑
n=1

un Âñ�¿�^�´ÙÜ©ÚSn kþ., =�3~êM > 0, ¦

�Sn ≤M é��n = 1, 2, 3, · · · ¤á.

yyy²²². dun ≥ 0 ��?ê�Ü©Úê�Sn ´üN4O�, =

S1 ≤ S2 ≤ · · · ≤ Sn ≤ · · · .

lim
n→∞

Sn �3�¿�^��Sn kþ., �·K¤á.

±Ä�½n�Ä:, e¡ïá�
3äN�½¥¢^��O{.

½½½nnn 7.2.3 ('''������OOO{{{) éu��?ê
+∞∑
n=1

un �
+∞∑
n=1

vn, �3~êC > 0, ¦�

un ≤ Cvn, n = 1, 2, 3, · · ·

(1) e
+∞∑
n=1

vn Âñ§K
+∞∑
n=1

un Âñ.

(2) e
+∞∑
n=1

un uÑ§K
+∞∑
n=1

vn uÑ.

yyy²²². �Sn ÚS
′
n ©O�?ê

+∞∑
n=1

un �?ê
+∞∑
n=1

vn �Ü©Ú. @od½n�^�w,k

Sn ≤ CS′n, n = 1, 2, 3, · · ·

KXJS′n kþ.@oSn ½kþ.. XJSn Ã.KS
′
n �Ã., dÄ�½n, ½n�y.

555 7.2.4 du�K½öV\k��ØUC?ê�ñÑ5, ¤±ò½n7.2.3¥�^�U�: �3��êN ,
¦��n > N �kun ≤ Cvn, K½n¥�(ØE,¤á.

7



1ÔÙµ ê�?ê

íííØØØ 7.2.5 éu��?ê
+∞∑
n=1

un Ú
+∞∑
n=1

vn,

(1) e�3g,êN , ¦��n ≥ N �, k

un+1

un
≤ vn+1

vn
,

K�d?ê
+∞∑
n=1

vn Âñä½?ê
+∞∑
n=1

un Âñ.

(2) e�3g,êN , ¦��n ≥ N �, k

un+1

un
≥ vn+1

vn

K�l?ê
+∞∑
n=1

vn uÑä½?ê
+∞∑
n=1

un uÑ.

yyy²²². d^�(1) �

un+1

uN
=
un+1

uN
=
un+1

un

un
un−1

· · · uN+1

uN
≤ vn+1

vn

vn
vn−1

· · · vN+1

vN
=
vn+1

vN
,

l
un+1 ≤

uN
vN

vn+1.

2d½n7.2.3§e?ê
+∞∑
n=1

vn Âñ, K?ê
+∞∑
n=1

un Âñ. Ón�y²(2).

3¢S¦^¥, '��O{�4�/ª���B.

½½½nnn 7.2.6 ('''������OOO{{{���444���///ªªª) �½ü���?ê
+∞∑
n=1

un Ú
+∞∑
n=1

vn. ek

lim
n→∞

un
vn

= l,

@o,
(1) e0 < l < +∞, Kü�?êÓ�uÑ½öÓ�Âñ.

(2) el = 0, Kl?ê
+∞∑
n=1

vn Âñ�±ä½
+∞∑
n=1

un �Âñ.

(3) el = +∞, Kl?ê
+∞∑
n=1

vn uÑ�±ä½
+∞∑
n=1

un �uÑ.

yyy²²². ·�=y²(1). �â4��½Â, �ε = l/2, Kw,�3��g,êN , ¦�n > N �k

(l − l/2)vn < un < (l + l/2)vn.

2|^?ê'��O{, ��(Ø(1)¤á.

~~~ 7.2.7 �O?ê
+∞∑
n=1

sin 1
n ñÑ5.

))). Ï�

lim
n→∞

sin 1
n

1
n

= 1,

?ê
+∞∑
n=1

1
n uÑ, d'��O{�4�/ª, ?ê

+∞∑
n=1

sin 1
n uÑ.

8



7.2. ��?ê

~~~ 7.2.8 �O?ê
+∞∑
n=1

n+ 1√
n3 + 2n− 1

�ñÑ5,

))). Ï�

lim
n→∞

n+1√
n3+2n−1

1
n

= +∞,

?ê
+∞∑
n=1

1
n ´uÑ�, ¤±d'��O{�4�/ª, ?ê

+∞∑
n=1

n+ 1√
n3 + 2n− 1

´uÑ�.

~~~ 7.2.9 �O?ê
+∞∑
n=1

(
1− cos

1

n

)
�ñÑ5,

yyy²²². Ï�

1− cos
1

n
= 2 sin2 1

2n
,

lim
n→∞

1− cos 1
n

1
n2

= lim
n→∞

2 sin2 1
2n

1
n2

=
1

2
.

?ê
+∞∑
n=1

1
n2 ´Âñ�, ¤±d'��O{�4�/ª, ?ê

+∞∑
n=1

(
1− cos

1

n

)
´Âñ�.
Ó��y²e¡ü�½n§Ùy²3�Öö.

½½½nnn 7.2.10 (�Ü(Cauchy)�ª�O{) �
+∞∑
n=1

un���?ê, el,��å£=�3N§�n >

N�¤¤áX n
√
un ≤ q < 1£q�,(½�~ê¤§K?ê

+∞∑
n=1

unÂñ, el,��å¤áX n
√
un ≥ 1, K

?ê
+∞∑
n=1

unuÑ,

½½½nnn 7.2.11 (�Ü(Cauchy)�ª�O{�4�/ª) éu��?ê
+∞∑
n=1

un§�r = lim
n→∞

n
√
un, @o§

�r < 1�d?êÂñ§�r > 1�?êuÑ§�r = 1�d?ê�ñÑ5L?�Ú�½,

~~~ 7.2.12 �	?ê
+∞∑
n=1

1

2n

(
1 +

1

n

)n2

�ñÑ5.

))). Ï�

lim
n→∞

n

√
1

2n

(
1 +

1

n

)n2

= lim
n→∞

1

2

(
1 +

1

n

)n
=
e

2
> 1,

¤±?ê
+∞∑
n=1

1

2n

(
1 +

1

n

)n2

uÑ.

9



1ÔÙµ ê�?ê

½½½nnn 7.2.13 (�Ü(Cauchy)È©�O{) ef(x) ´[1,+∞) þ��4~¼ê, �un = f(n), K?

ê
+∞∑
n=1

un Âñ�¿©7�^�´4�

lim
n→+∞

ˆ n

1
f(x)dx

�3.

yyy²²². d

uk+1 = f(k + 1) ≤
ˆ k+1

k
f(x)dx ≤ f(k) = uk, k = 1, 2, · · · ,

¤±k
n∑
k=1

uk+1 ≤
n∑
k=1

ˆ k+1

k
f(x)dx ≤

n∑
k=1

uk,

dd�½n�y².

~~~ 7.2.14 y²p-?ê
+∞∑
n=1

1
np 3p > 1 �Âñ, 30 ≤ p ≤ 1 �uÑ.

yyy²²². �p = 1 �, c¡®²y²d?ê´uÑ�. y3�Äp 6= 1 ���¹. �f(x) = 1
xp , w,÷v½

n7.2.10�^�, ¤±

lim
n→∞

ˆ n

1

1

xp
= lim

n→∞

1

1− p
(n1−p − 1) =

{
0, p > 1;
+∞, 0 ≤ p < 1.

¤±d½n7.2.13, p-?ê�0 < p ≤ 1 �uÑ, 3p > 1 �Âñ.

~~~ 7.2.15 y²?ê
∞∑
n=2

1
n(lnn)α 3α > 1 �Âñ, 30 ≤ α ≤ 1 �uÑ.

yyy²²². �¼êf(x) = 1
x lnα x , @3[2,+∞) þ, �α ≥ 0 �, f(x) w,÷v½n7.2.13�^�. @o,

ˆ n

2

1

x(lnx)α
dx =

{
1

1−α [(lnn)1−α − (ln 2)1−α], α 6= 1,

ln lnn− ln ln 2, α = 1.

2én �4�, ��

lim
n→∞

ˆ n

2

1

x(lnx)α
dx =

{
0, α > 1,
+∞, α ≤ 1.

¤±�â½n7.2.13, ¤��?ê3α > 1 �Âñ, 30 ≤ α ≤ 1 �uÑ.

555 7.2.16 |^½n7.2.39ÙíØ, |^Âñ��ú�?ê5�½?ê�Âñ5, Ò�N´���°(�
(J. éuuÑ��/��±����aq�(Ø.

c¡ÙñÑ5®²²(
�?êÒ�±^5���½ñÑ5�IO. ±?ê
+∞∑
n=1

qn (q < 1) Ú
+∞∑
n=1

1
np

(p > 1) �~. w,k

lim
n→∞

qn+1

qn
= q, lim

n→∞

1
(n+1)p

1
np

= 1.

@o?ê
+∞∑
n=1

1
np �'?ê

+∞∑
n=1

qn Âñ�ú�
. |^?ê
+∞∑
n=1

qn ���½IOÒ�±��e¡��½½

n.

10



7.2. ��?ê

½½½nnn 7.2.17 (�K��(D’ Alembert)-'��O{) �
+∞∑
n=1

un���?ê§el,��å¤áX
un+1

un
≤

q < 1 (q �(½�ê, n > N )§K?ê
+∞∑
n=1

unÂñ. el,��å
un+1

un
≥ 1(n > N), K?ê

+∞∑
n=1

unuÑ.

½½½nnn 7.2.18 (�K��(D’ Alembert)-'��O{�4�/ª) �
+∞∑
n=1

un ´��?ê, K

(1) �limn→∞
un+1

un
= q < 1�, ?ê

+∞∑
n=1

un Âñ.

(2) �limn→∞
un+1

un
= q > 1 �, ?ê

+∞∑
n=1

un uÑ.

½n�y²N´l½n7.2.6��, ùpr§�y²3�Öö.

~~~ 7.2.19 �x ∈ [0,+∞), ?Ø?ê
+∞∑
n=1

n!xn�ñÑ5,

))). x = 0�?êw,Âñ. ex 6= 0, �un = n!xn, K

lim
n→∞

∣∣∣∣un+1

un

∣∣∣∣ = lim
n→∞

(n+ 1)!xn+1

n!xn
= lim

n→∞
(n+ 1)x = +∞,

d�?êuÑ.

~~~ 7.2.20 �x ∈ [0,+∞), ?Ø?ê
+∞∑
n=1

n!

nn
xn�ñÑ5,

))). x = 0�?êw,Âñ. ex 6= 0, �un =
n!

nn
xn, K

un+1

un
=

(n+1)!
(n+1)n+1x

n+1

n!
nnx

n
=

1

(1 + 1
n)n

x,

¤±

lim
n→∞

un+1

un
=
x

e
.

d'��O{�§�x
e < 1=x < e�?êÂñ; �x

e > 1=x > e�?êuÑ.

�x = e�,un+1

un
= 1

(1+ 1
n

)n
≥ 1,?êuÑ.

~~~ 7.2.21 �	?ê
+∞∑
n=1

αn

ns
(α > 0, s > 0)�ñÑ5,

yyy²²². �un = αn

ns , K

un+1

un
=

αn+1

(n+1)s

αn

ns
=

a

(1 + 1
n)s

.

¤± lim
n→∞

un+1

un
= α, d'��O{�§�α < 1�?êÂñ; �α > 1�?êuÑ.

�α = 1�?ê�
+∞∑
n=1

1

ns
, es > 1,?êÂñ;es ≤ 1,?êuÑ.

'��O{3q = 1 �´���, Ù¥��Ï´du·�ÀJ����½IO�?ê
+∞∑
n=1

qn Âñ��Ø


ú. �éù«�¹, ·��±ÀJÂñ�ú�:�?ê���½IO, ?��e¡��½OK.
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1ÔÙµ ê�?ê

½½½nnn 7.2.22 (.�(Raabe) �O{{{) �
+∞∑
n=1

un ���?ê,

lim
n→∞

n(
un
un+1

− 1) = α.

@o

(1) eα > 1, ?êÂñ;

(2) eα < 1, ?êuÑ;

(3) eα = 1, ñÑ5�½.

yyy²²². (1) Ï�α > 1, �α0 ÷vα > α0 > s > 1. d

lim
n→∞

n

(
un
un+1

− 1

)
= α > α0

���3N1, ¦n ≥ N1 �k
un
un+1

> 1 +
α0

n
.

dTaylorúª,

1 +
α0

n
− (1 +

1

n
)s =

α0 − s
n

+ o(
1

n
)

n

[
1 +

α0

n
− (1 +

1

n
)s
]

= α0 − s+
o( 1
n)
1
n

→ α0 − s > 0,

¤±�3N2, �n ≥ N2 �k

n

[
1 +

α0

n
− (1 +

1

n
)s
]
> 0⇒ 1 +

α0

n
> (1 +

1

n
)s.

�vn = 1
ns , ¤±�n ≥ N = max{N1, N2} �,

un
un+1

> 1 +
α0

n
> (1 +

1

n
)s =

vn
vn+1

.

Ï�
+∞∑
n=1

vn =
+∞∑
n=1

1
ns Âñ, |^½n7.2.3�íØ��

+∞∑
n=1

un Âñ.

(2) Ï�α < 1, d

lim
n→∞

n

(
un
un+1

− 1

)
= α < 1,

@o�3N > 0 ÷v�n ≥ N �,
un
un+1

< 1 +
1

n
.

@o

un+1

un
≥ n

n+ 1
=

1
n+1

1
n

.

|^½n7.2.3�íØ��
+∞∑
n=1

un uÑ.

~~~ 7.2.23 �	?ê1 +
+∞∑
n=1

(2n−1)!!
(2n)!!

1
2n+1�ñÑ5,

12



7.2. ��?ê

))). �un = (2n−1)!!
(2n)!!

1
2n+1 , K

lim
n→∞

un+1

un
= lim

n→∞

(2n+ 1)2

(2n+ 2)(2n+ 3)
= 1,

d�'��O{��,��^Raabe �O{.

lim
n→∞

n

[
un
un+1

− 1

]
= lim

n→∞
n

[
(2n+ 2)(2n+ 3)

(2n+ 1)2
− 1

]
= lim

n→∞

n(6n+ 5)

(2n+ 1)2
=

3

2
> 1,

¤±1 +
+∞∑
n=1

(2n−1)!!
(2n)!!

1
2n+1Âñ.

Raabe �O{�y²¢Sþ´ÀJ?ê
+∞∑
n=1

1
ns ���½?êÂñ��½IO. ¢Sþ·��±ÀJÂ

ñ�ú�
�?ê���½IO, ?���°[�(J.

½½½nnn 7.2.24 (pd(Gauss) �O{) �
+∞∑
n=1

un ���?ê. e

un
un+1

= α+
β

n
+

γ

n lnn
+ o

(
1

n lnn

)
(n→∞),

K�α > 1 ½öα = 1, β > 1½öα = 1, β = 1, γ > 1�, ?ê
+∞∑
n=1

unÂñ. �α < 1 ½öα = 1, β < 1½

öα = 1, β = 1, γ < 1�, ?ê
+∞∑
n=1

unuÑ.

yyy²²². d'��O{�uα > 1�, ?ê
+∞∑
n=1

unÂñ, uα < 1�?êuÑ©d.��O{q�?ê

uα = 1, β > 1�Âñ, uα = 1, β < 1�uÑ©�α = β = 1, γ > 1�§�p, ¦�1 < p < γ. ?ê

+∞∑
n=1

vn =

+∞∑
n=1

1

n(lnn)p

Âñ. du

vn
vn+1

=
(n+ 1)(ln(n+ 1))p

n(lnn)p

=

(
1 +

1

n

)(
lnn+ ln(1 + 1

n)

lnn

)p

=

(
1 +

1

n

)(
1 +

ln(1 + 1
n)

lnn

)p
=

(
1 +

1

n

)(
1 +

1

n lnn
+ o

(
1

n lnn

))p
= 1 +

1

n
+

p

n lnn
+ o

(
1

n lnn

)
.

�®�^�'���§�3N , ¦�n > N�k

un
un+1

≥ vn
vn+1

.

13



1ÔÙµ ê�?ê

d'��O{�?ê
+∞∑
n=1

unÂñ©

�α = β = 1, γ < 1�§?ê
+∞∑
n=1

wn =
+∞∑
n=1

1
n lnnuÑ. Óc¡��,e-p = 1§��

wn
wn+1

= 1 +
1

n
+

1

n lnn
+ o

(
1

n lnn

)
.

2�®�^�'���§�3N , ¦�n > N�k

un
un+1

≤ wn
wn+1

.

d'��O{�?ê
+∞∑
n=1

unuÑ©

íííØØØ 7.2.25 �
+∞∑
n=1

un ���?êÙ÷v

un
un+1

= α+
β

n
+O

(
1

n2

)
,

K�α > 1 ½öα = 1, β > 1�, ?ê
+∞∑
n=1

unÂñ. �α < 1 ½öα = 1, β ≤ 1�, ?ê
+∞∑
n=1

unuÑ.

w,§O
(

1
n2

)
= o

(
1

n lnn

)
ù��u½n7.2.24�^�¥γ = 0��/§ù��O{�¡�pd�O{©

~~~ 7.2.26 �x > 0, ?Ø?ê

+∞∑
n=1

(2− x)(2− x
1
2 )(2− x

1
3 ) · · · (2− x

1
n )

�ñÑ5©

yyy²²². Ï�

n

(
un
un+1

− 1

)
= n

(
1

2− x
1

n+1

− 1

)
=

n

2− x
1

n+1

(
e

1
n+1

lnx−1
)

=
lnx

2− x
1

n+1

n

n+ 1

e
1

n+1
lnx−1

1
n+1 lnx

→ lnx (n→∞),

�d.��O{�¤Ø?êux > e�Âñ, ux < e�uÑ©
�x = e�§·�k

un
un+1

=
1

2− e
1

n+1

=
(

1−
(

e
1

n+1 −1
))−1

= 1 +
(

e
1

n+1 −1
)

+O

((
e

1
n+1 −1

)2
)

= 1 +
1

n+ 1
+O

(
1

(n+ 1)2

)
= 1 +

1

n
+O

(
1

n2

)
.

dpd�O{�¤Ø?êuÑ©
nþ��§¤Ø?êux > e�Âñ, ux ≤ e�uÑ©

e?ê
+∞∑
n=1

un�¤k�Ñ´���§K¦��KÒ�Òz���?ê§e?ê¥Øk�õ�	�´�

K�½´���§K§�ñÑ5�����?ê5?n©ù
�/Ø2AO\±?Ø©

14



7.2. ��?ê

7.2.2 SSSKKK7.2

1. ?Øe�?ê�ñÑ5.

(1)
+∞∑
n=1

1√
n2+n

; (2)
+∞∑
n=1

arctan 1
2n2 ;

(3)
+∞∑
n=1

1
ln2 n

; (4)
+∞∑
n=1

sin π
2n ;

(5)
+∞∑
n=1

(1− cos πn); (6)
+∞∑
n=1

n2 e−n;

(7)
+∞∑
n=1

[2+(−1)n]n

22n+1 ; (8)
+∞∑
n=1

1
1+an , (a > 1)

(9)
+∞∑
n=1

(
√
n2 + 1−

√
n2 − 1);

(10)
+∞∑
n=1

(2n−
√
n2 + 1−

√
n− 1);

(11)
+∞∑
n=1

nn

n! ; (12)
∞∑
n=1

n
(n+1)! ;

(13)
∞∑
n=1

2n·n!
nn ; (14)

∞∑
n=1

(
2n+1
3n−2

)n
.

2. ?Øe�?ê�ñÑ5.

(1)
+∞∑
n=1

1
n·(lnn)p ; (2)

+∞∑
n=1

1
n·lnn·ln lnn ;

(3)
+∞∑
n=1

1
n·(lnn)1+σ ·ln lnn

(σ > 0); (4)
+∞∑
n=1

1
n·(lnn)p·(ln lnn)q .

3. |^?êÂñ�7�^�y²:

(1) lim
n→∞

nn

(n!)2
= 0;

(2) lim
n→∞

(2n)!
an!

= 0, (a > 1);

(3) lim
n→∞

(2n)!

2n(n+1) = 0.

4. |^Raabe�O{?Øe�?ê�ñÑ5.

(1)
+∞∑
n=1

n!
(a+1)(a+2)···(a+n)(a > 0); (2)

+∞∑
n=1

(
1
2

)1+ 1
2

+···+ 1
n .

5. �
+∞∑
n=1

a2
nÂñ§y²µ

+∞∑
n=1

an√
n lnn
Âñ©

6. �un > 0,un+1

un
> 1− 1

n (n = 1, 2, · · · ), y²?ê
+∞∑
n=1

unuÑ.

7. e��?ê
+∞∑
n=1

unÂñ§y²
+∞∑
n=1

u2
n �Âñ§���Ø,§Þ~`²�,

8. �
+∞∑
n=1

un,
+∞∑
n=1

vn���?ê,e lim
n→∞

un
vn

= 0½+∞, Á?Øùü�?ê�ñÑ5'X.

9. ���?ê
+∞∑
n=1

unÂñ, K�p > 1
2�, ?ê

+∞∑
n=1

√
un
np Âñ;q¯�0 < p ≤ 1

2�, (Ø´ÄE,¤á?

10. e��?ê
+∞∑
n=1

unÚ
+∞∑
n=1

vnuÑ,
+∞∑
n=1

max{un, vn},
+∞∑
n=1

min{un, vn}ü?êñÑ5XÛ?

15



1ÔÙµ ê�?ê

7.3 111ÔÔÔÙÙÙ;;;...~~~KKKÀÀÀùùù���

7.3.1 ~~~KKKÀÀÀùùù

~~~ 7.3.1 �α > 0, y²?ê
∞∑
n=0
|Cαn |Âñ§Ù¥

Cα0 = 1, Cαn =
α(α− 1) · · · (α− n+ 1)

n!
.

yyy²²². du |Cαn |
|Cαn+1|

= n+1
n−α (n > α), ¤±

n

(
un
un+1

− 1

)
= n

(
n+ 1

n− α
− 1

)
=

n

n− α
(1 + α)→ 1 + α > 1,

dRaabe�O{�
∞∑
n=0
|Cαn |Âñ.

~~~ 7.3.2 �
+∞∑
n=1

anÂñ, lim
n→∞

nan = 0. y²
+∞∑
n=1

n(an − an+1) =
+∞∑
n=1

an.

yyy²²². P?ê
+∞∑
n=1

n(an − an+1)�cn�Ú�Sn, K

Sn = (a1 − a2) + 2(a2 − a3) + · · ·+ n(an − an+1)

= a1 + a2 + · · ·+ an − nan+1

=
n∑
k=1

ak − nan+1 =
n+1∑
k=1

ak − (n+ 1)an+1.

éþªü>�4��

lim
n→+∞

Sn = lim
n→+∞

(
n+1∑
k=1

ak − (n+ 1)an+1

)

=
+∞∑
n=1

an − lim
n→+∞

(n+ 1)an+1 =
+∞∑
n=1

an,

=
+∞∑
n=1

n(an − an−1) =
+∞∑
n=1

an.

~~~ 7.3.3 ���?ê
+∞∑
n=1

anÂñ©y²µ?ê
+∞∑
n=1

an√
rn−1+

√
rn
EÂñ§Ù¥rn =

∞∑
k=n+1

ak.

yyy²²². -bn = an√
rn−1+

√
rn
§K

bn = an

√
rn−1 −

√
rn

rn−1 − rn
=
√
rn−1 −

√
rn,

Sn =
n∑
k=1

bk =
n∑
k=1

(
√
rk−1 −

√
rk) =

√
r0 −

√
rn,

éþªü>�4��
lim

n→+∞
Sn = lim

n→+∞
(
√
r0 −

√
rn) =

√
r0.

¤±?ê
+∞∑
n=1

1√
rn−1+

√
rn
Âñ�

√
r0.
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7.3. 1ÔÙ;.~KÀù�

~~~ 7.3.4 y²?ê

1 +
1√
3
− 1√

2
+

1√
5

+
1√
7
− 1√

4
+ · · ·

+
1√

4n− 3
+

1√
4n− 1

− 1√
2n

+ · · ·

uÑ�+∞.

yyy²²². -an = 1√
4n−3

+ 1√
4n−1

− 1√
2n
. K

an >
1√
4n

+
1√
4n
− 1√

2n
= (1−

√
2

2
)

1√
n
> 0.

´�
+∞∑
n=1

(1−
√

2

2
)

1√
n

uÑ�+∞. ¤± lim
n→+∞

S3n = +∞.q

S3n+2 > S3n+1 > S3n,
+∞∑
n=1

S3n+1 =
+∞∑
n=1

S3n+2 = +∞,

l�?êuÑ�+∞.

~~~ 7.3.5 �0 < P1 < P2 < · · · < Pn < · · · , ¦y
+∞∑
n=1

1
Pn
Âñ�¿�^�´

+∞∑
n=1

n

P1 + P2 + · · ·+ Pn

Âñ.

yyy²²². e
+∞∑
n=1

n
P1+P2+···+PnÂñ, d0 < P1 < P2 < · · · < Pn < · · · ,K

n

P1 + P2 + · · ·+ Pn
>

n

Pn + Pn + · · ·+ Pn
=

1

Pn
,

d'��O{�
+∞∑
n=1

1
Pn
Âñ. �L5, �

+∞∑
n=1

1
Pn
Âñ,

2n

P1 + P2 + · · ·+ Pn + · · ·+ P2n
<

2n

Pn+1 + Pn+1 + · · ·+ P2n

<
2n

nPn
=

2

Pn
,

d'��O{�
+∞∑
n=1

2n
P1+P2+···+Pn+···+P2n

Âñ. q

2n+ 1

P1 + P2 + · · ·+ Pn + · · ·+ P2n+1
<

2n

P1 + P2 + · · ·+ Pn + · · ·+ P2n
+

1

Pn

<
2

Pn
+

1

Pn
=

3

Pn
.

2d'��O{�
+∞∑
n=1

2n+1
P1+P2+···+Pn+···+P2n+1

�Âñ, �
+∞∑
n=1

n
P1+P2+···+PnÂñ.
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~~~ 7.3.6 ?ê
+∞∑
n=1

anÂñ�¿�^�´µé?¿���êS�

r1, r2, · · · , rn, · · · ,

Ñk
lim

n→+∞
(an+1 + an+2 + · · ·+ an+rn) = 0.

yyy²²². 7�5 Ï�
+∞∑
n=1

anÂñ§¤±é∀ε > 0, ∃N > 0, �n > N9∀p ∈ N, k

|an+1 + an+2 + · · ·+ an+p| < ε,

AO/|an+1 + an+2 + · · ·+ an+rn | < ε. ¤± lim
n→+∞

(an+1 + an+2 + · · ·+ an+rn) = 0.

¿©5 ^�y{. e
+∞∑
n=1

anuÑ§K∃ε0 > 0,∀N > 0, ∃n > N9g,êp, ¦

|an+1 + an+2 + · · ·+ an+p| ≥ ε0.

AON1 = 1,∃n1 > 19g,êr1¦

|an1+1 + an1+2 + · · ·+ an1+r1 | ≥ ε0.

N2 = max{n1, 2}, ∃n2 > N29g,êr2§¦

|an2+1 + an2+2 + · · ·+ an2+r2 | ≥ ε0.

· · · · · ·

ù� lim
n→+∞

(an+1 + an+2 + · · ·+ an+rn) = 0�b�gñ©

~~~ 7.3.7 �an > 0, {an − an+1}�î�4~�ê�. e
+∞∑
n=1

anÂñ§y²

lim
n→∞

(
1

an+1
− 1

an

)
=∞.

yyy²²². 1
an+1

− 1
an

= an−an+1

anan+1
§ey§��êªu".

+∞∑
n=1

anÂñ, w,an → 0 (n→∞). d{an − an+1}î�4~, �

an − an+1 > an+1 − an+2 > an+p − an+p+1,

-p→∞, K
an − an+1 > an+1 − an+2 ≥ 0, an > an+1.

anan+1

an − an+1
<

a2
n

an − an+1
=

∞∑
k=n

a2
k −

∞∑
k=n

a2
k+1

an − an+1

=

∞∑
k=n

(ak + ak+1)(ak − ak+1)

an − an+1

≤
∞∑
k=n

(ak + ak+1) = rn + rn+1,

18



7.3. 1ÔÙ;.~KÀù�

Ù¥rn =
∞∑
k=n

ak. d
+∞∑
n=1

anÂñ�

rn =
∞∑
k=n

ak → 0 (n→∞),

� lim
n→∞

(
1

an+1
− 1

an

)
=∞.

~~~ 7.3.8 y²µ lim
n→+∞

(
n∑
k=2

1
k ln k − ln(lnn)

)
�3(k�)©

yyy²²². f(x) = 1
x lnx3(1,+∞)þ�KüN4~©¤±

ˆ n

2

1

x lnx
dx <

ˆ n+1

2

1

x lnx
dx <

n∑
k=2

1

k ln k
,

=

ln(lnn)− ln(ln 2) <
n∑
k=2

1

k ln k
,

½=

an =
n∑
k=2

1

k ln k
− ln(lnn) > − ln(ln 2).

q

an+1 − an =
1

(n+ 1) ln(n+ 1)
− [ln(ln(n+ 1))− ln(lnn)]

=
1

(n+ 1) ln(n+ 1)
−
ˆ n+1

n

1

x lnx
dx

≤ 1

(n+ 1) ln(n+ 1)
−
ˆ n+1

n

1

(n+ 1) ln(n+ 1)
dx = 0.

dþ��{an}üN4~�ke.©� lim
n→+∞

(
n∑
k=2

1
k ln k − ln(lnn)

)
�3(k�)©

~~~ 7.3.9 �an > 0, Sn =
n∑
k=1

ak§y²µ

(1) �α > 1�§?ê
+∞∑
n=1

an
Sαn
Âñ¶

(2) �α ≤ 1�Sn →∞�§?ê
+∞∑
n=1

an
Sαn
uÑ,

yyy²²². -f(x) = x1−α, x ∈ [Sn−1, Sn]. òf(x)3«m[Sn−1, Sn]þ^�Ü¥�½n, �3ξ ∈ (Sn−1, Sn)

f(Sn)− f(Sn−1) = f ′(ξ)(Sn − Sn−1),

=

S1−α
n − S1−α

n−1 = (1− α)ξ−αan.

(1) �α > 1�, 1
Sα−1
n−1

− 1
Sα−1
n

= (α− 1)anξα ≥ (α− 1) anSαn
. w,

{ 1
Sα−1
n−1

− 1
Sα−1
n
}�cn�Úk.§lÂñ§¤±

+∞∑
n=1

an
Sαn
Âñ.
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(2) �α = 1�, Ïan > 0, SnüN4O, ¤±

n+p∑
k=n+1

ak
Sk
≥

n+p∑
k=n+1

ak

Sn+p
=
Sn+p − Sn
Sn+p

= 1− Sn
Sn+p

.

Ï�Sn → +∞, �∀n, �p ∈ N¿©��, Sn
Sn+p

< 1
2 , l

n+p∑
k=n+1

ak
Sk
≥ 1− 1

2
=

1

2
.

¤±
+∞∑
n=1

an
Sn
uÑ.

�α < 1�,
an
Sαn
≥ an
Sn
, d

+∞∑
n=1

an
Sn
uÑ9'��O{�?ê

+∞∑
n=1

an
Sαn
uÑ.

7.3.2 111ÔÔÔÙÙÙEEESSSKKK���

1. y²?ê
+∞∑
n=1

2n−1
3n Âñ, ¿¦ÙÚ.

2. �äe�?ê�ñÑ5:

(1)
+∞∑
n=1

ln cos πn ; (2)
∞∑
n=1

n
√

1− cos πn ;

(3)
∞∑
n=0

n2 e−nα, α > 0;

(4)
+∞∑
n=1

xn

(1+x)(1+x2)···(1+xn)
(x ≥ 0);

(5)
+∞∑
n=1

2n√
n

; (6)
+∞∑
n=1

1
3lnn

;

(7)
+∞∑
n=1

n5

3n
(
√

3 + (−1)n)n; (8)
+∞∑
n=1

nn+ 1
n(

n+ 1
n

)n ;

(9)
+∞∑
n=1

(
b
an

)n
,Ù¥an → a, an, b, a���ê.

3. XJ

lim
n→+∞

an+1 = 0,

lim
n→+∞

(an+1 + an+2) = 0,

...,

lim
n→+∞

(an+1 + an+2 + · · ·+ an+p) = 0,

...

Á¯?ê
+∞∑
n=1

an´Ä�½Âñº£´½Ø�½§�`²nd¤

4. y²e�?êÂñ©

(1)
+∞∑
n=1

[
1
n − ln(1 + 1

n)
]

;
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7.4. ?¿�?ê

(2)
+∞∑
n=1

[
e− (1 + 1

1! + 1
2! + · · ·+ 1

n!)
]
.

5. y²
+∞∑
n=1

n−
n+1
n uÑ.

6. ���?ê
+∞∑
n=1

anuÑ, a1 + a2 + · · · + an = Sn. Áy?ê
+∞∑
n=1

an
Sn
�´uÑ�; ?ê

+∞∑
n=1

un
S2
n
Âñ. (J

«:|^Ø�ªun
S2
n
≤ Sn−Sn−1

SnSn−1
.)

7. �p > 0, q > 0. p, q�Û��§?ê
+∞∑
n=1

p(p+1)···(p+1+n)
n!

1
nqÂñ.

8. e��?ê
+∞∑
n=1

an�Ï�anüN4~�
+∞∑
n=1

a2nÂñ, y²
+∞∑
n=1

anÂñ.

9. �{an}´4~��ê�§y²?ê
+∞∑
n=1

an�?ê
+∞∑
n=1

2na2nÓñÑ, |^ù�(Jy²¶

(1)
+∞∑
n=1

1

n1+α
�α > 0�Âñ§α ≤ 0�uÑ¶

(2)
+∞∑
n=2

1

n lnn
uÑ.

10. é¼êf(s) =
+∞∑
n=1

1
ns (s > 1), y²: f(s) = s lim

m→∞

´m
1

[x]
xs+1dx, Ù¥[x]�x��êÜ©©

11. y²:
∞∑
k=n

1
k2 ln k

= 1
n lnn +O

(
1

n(lnn)2

)
.

7.4 ???¿¿¿���???êêê

c¡�!?Ø
?ê��ØCÒ�?ê�ñÑ5, ù�!ïÄ?ê�´�±CÒ��/. XJ?ê¥
�kk��K�Ù§Ñ´��, ½ö=kk����Ù§Ñ´K�, @oÒ�±|^þ!ùL��O�{
5�½?ê�ñÑ5. QkÃ¡õ���qkÃ¡õ�K��?êÒØUþã�{5?1�½. ?¿�?
êÒ´��ÚK��±?¿Ñy�?ê.

7.4.1 ýýýéééÂÂÂñññ???êêê

�
��?¿�?êÂñ5, Äk|^®k���?ê�k'(J, ��e¡�ýéÂñ½n.

½½½nnn 7.4.1 e?ê
+∞∑
n=1
|un| Âñ, @o?ê

+∞∑
n=1

un 7Âñ.

yyy²²². d?ê
+∞∑
n=1
|un| Âñ, |^?êÂñ�Cauchy½n, é?¿�½�ε > 0, �3N > 0, ¦��n > N

�, é?¿��êp > 0, k

|un+1|+ |un+2|+ · · ·+ |un+p| < ε.

,	

|un+1 + un+2 + · · ·+ un+p| ≤ |un+1|+ |un+2|+ · · ·+ |un+p|.

¤±Òk

|un+1 + un+2 + · · ·+ un+p| < ε.

21



1ÔÙµ ê�?ê

2|^CauchyÂñOK, Ò��?ê
+∞∑
n=1

un ´Âñ�.

w,½n�_·K´Ø¤á�, =d?ê
+∞∑
n=1

un �Âñ5, ØUíÑ?ê
+∞∑
n=1
|un| �Âñ5.

½½½ÂÂÂ 7.4.2 e?ê
+∞∑
n=1
|un| Âñ, K¡?ê

+∞∑
n=1

un ýéÂñ. e?ê
+∞∑
n=1

un Âñ, �?ê
+∞∑
n=1
|un| uÑ, K

¡?ê
+∞∑
n=1

un ´^�Âñ�.

¤±|^½n7.4.1, ��e¡�½n:

½½½nnn 7.4.3 e?êýéÂñ,K?ê�½Âñ, ���Ø,.

~X: ?ê
+∞∑
n=1

(−1)n

n
Ò´��^�Âñ?ê.

~~~ 7.4.4 ?Ø
+∞∑
n=1

xn

(1+ 1
n)

n�ñÑ5.

))). �un = xn

(1+ 1
n)

n , K

lim
n→∞

n
√
|un| = lim

n→∞

|x|
1 + 1

n

= |x|,

��|x| < 1�?êýéÂñ¶�|x| > 1�?êuÑ. �|x| = 1�§Ï�

|un| =
1(

1 + 1
n

)n → 1

e

Ø�u"§�?ê�uÑ©

~~~ 7.4.5 ?Ø
+∞∑
n=1

(1+(−1)n)
n lnn x�ñÑ5.

))). �un = (1+(−1)n)
n lnn x, K

lim
n→∞

n
√
|un| = lim

n→∞

(1 + (−1)n)
1
n

√
n

| lnx| = lnx.

��| lnx| < 1, =�1
e < x < e�§?êýéÂñ¶�| lnx| > 1, =�x > e ½0 < x < 1

e�§?êuÑ.

�| lnx| = 1 =�x = e½1
e�§?êC¤

+∞∑
n=1

(1+(−1)n)
n . du

+∞∑
n=1

(−1)n

n Âñ§
+∞∑
n=1

1
nuÑ§lÙÚ?

ê
+∞∑
n=1

(1+(−1)n)
n uÑ©

7.4.2 ������???êêê

^�Âñ?ê¥, �a�~��?êÒ´��?ê.

½½½ÂÂÂ 7.4.6 ¤¢��?êÒ´�K���Ñy�?ê. �Ò´

u1 − u2 + u3 − u4 + · · ·+ (−1)(n−1)un + · · ·

.�?ê(Ù¥un ≥ 0, n = 1, 2, · · · ). e¡�Ñ�½��?êÂñ��½½n.
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½½½nnn 7.4.7 (Leibniz½n) ���?ê
+∞∑
n=1

(−1)n+1un ÷v:

(1) un ≤ un+1(n = 1, 2, 3, · · · ).
(2) lim

n→∞
un = 0,

K��?ê
+∞∑
n=1

(−1)n−1un Âñ.

555 7.4.8 ÷vþã^�½n^����?ê�¡�Leibniz?ê, ¤±½n7.4.7��±Qã�, Leibniz?
ê7Âñ.

½½½nnn7.4.7���yyy²²². �?ê
+∞∑
n=1

un �Ü©Ú�Sn. @oéudóê��¤�Ü©ÚÒk

S2m = (u1 − u2) + (u3 − u4) + · · ·+ (u2m−1 − u2m).

d½n^�(1), {S2m} �üN4O�ê�, ¿�S2m ��±�¤

S2m = u1 − (u2 − u3)− (u4 − u5)− · · · − (u2m−2 − u2m−1)− u2m ≤ u1.

ù�,
0 ≤ S2m ≤ S2m+2 ≤ u1 (m = 1, 2, 3, · · · ).

¤±óê�Ü©ÚS�{S2m} �üN4O�k.ê�. Ïdê�{S2m} �34�, � lim
m→∞

S2m = S, qÏ

�
S2m+1 = S2m + u2m+1,

�
lim
m→∞

u2m+1 = 0

�
lim
m→∞

S2m+1 = S.

duS�{Sn} �Ûê�S�{S2m+1} Úóê�S�{S2m} Ñª�uÓ��4�S, ¤± lim
n→∞

Sn = S.

555 7.4.9 �Rn =
∞∑

m=n+1
(−1)m−1um �?ê

+∞∑
n=1

un �{Ú. éu÷v½n7.4.7^�(1), (2)���?ê5

`, �±éN´���{�Rn ��O. ¢Sþ,

Rn = (−1)nun+1 + (−1)n+1un+2 + · · ·
= (−1)n(un+1 − un+2 + un+3 − un+4 + · · · ).

@od½n7.4.7�y², Ò��Rn �ÎÒ�?ê�1n + 1 �(−1)nun+1 �ÎÒ�Ó. ¿�|Rn| ≤ un+1.

N´�y?ê
+∞∑
n=1

(−1)n

np ,
+∞∑
n=1

(−1)n

(lnn)p Ú
+∞∑
n=1

(−1)n lnn
n Ñ´Leibniz?ê, ¤±�â½n7.4.7��þã?êÑ´

Âñ�.

~~~ 7.4.10 y²?ê
+∞∑
n=1

sin(
√
n2 + 1π) Âñ.

yyy²²².
sin(

√
n2 + 1π) = (−1)n sin(

√
n2 + 1− n)π = (−)n sin

π√
n2 + 1 + n

.

w,{sin π√
n2+1+n

}´üN4~ê�, �

lim
n→∞

sin
π√

n2 + 1 + n
= 0,

¤±
+∞∑
n=1

sin(
√
n2 + 1π) ´Leibniz?ê, d½n7.3.2��, Ù´Âñ�.
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7.4.3 Abel���OOO{{{���Dirichlet���OOO{{{

e¡�Ñü��½�Leibniz?ê����?êÂñ5��O{, �Ò´Abel �O{�Dirichlet�

O{. �
y²ùü��O{, Äk0�AbelC�. éuê�{an} �{bn}, PBn =
n∑
k=1

bk. e¡O�

ÚSn =
n∑
k=1

akbk.

Sn =

n∑
k=1

akbk

= a1B1 +

n∑
k=2

ak(Bk −Bk−1)

= a1B1 +

n∑
k=2

akBk −
n∑
k=2

akBk−1

=
n−1∑
k=1

akBk −
n−1∑
k=2

ak+1Bk + anBn

= anBn +
n−1∑
k=1

(ak − ak+1)Bk.

ÚÚÚnnn 7.4.11 (Abel) �{an} �üNê�, PBn =
n∑
k=1

bk, L´���½��~ê, XJ|Bi| ≤ L(i =

1, 2, · · · , n). K ∣∣∣∣∣
n∑
k=1

akbk

∣∣∣∣∣ ≤ L(|a1|+ 2|an|).

yyy²²². Ï�ê�{an} üN, Ø���5, �a1 ≥ a2 ≥ a3 ≥ · · · ≥ an. dc¡�?Ø��∣∣∣∣∣
n∑
k=1

akbk

∣∣∣∣∣ =

∣∣∣∣∣anBn +
n−1∑
k=1

(ak − ak+1)Bk

∣∣∣∣∣
≤ L|an|+ L

(
n−1∑
k=1

|ak − ak+1|

)
≤ L(|a1|+ 2|an|).

½½½nnn 7.4.12 (Abel�O{)e

(1) ?ê
+∞∑
n=1

bn Âñ;

(2) ê�{an} üN�k.;

K?ê
+∞∑
n=1

anbn Âñ.

yyy²²². �|an| ≤ K, du?ê
+∞∑
n=1

bn Âñ, ¤±é?¿�½�ε > 0, �3N > 0, ¦�é?¿���êp,

�n > N �,
|bn+1 + bn+2 + · · ·+ bn+p| < ε.

duê�{an} ÷vÚn7.4.3¥�^�, ¤±dÚn7.4.3��∣∣∣∣∣
n+p∑

k=n+1

akbk

∣∣∣∣∣ ≤ ε(|an+1|+ 2|an+p|) ≤ 3Kε.
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7.4. ?¿�?ê

|^Cauchy½n, ��?ê
+∞∑
n=1

anbn Âñ.

½½½nnn 7.4.13 (Dirichlet�O{) e

(1) ?ê
+∞∑
n=1

bn �Ü©Úê�{Bn} k.;

(2) ê�{an} üNªu".

K?ê
+∞∑
n=1

anbn Âñ.

yyy²²². dê�{Bn} k., �|Bn| ≤ K. é?¿��êp, w,k

|bn+1 + bn+2 + · · ·+ bn+p| = |Bn+p −Bn| ≤ 2K.

qê�{an} ªu", ¤±é?¿�½�ε > 0, �3N > 0, ¦��n > N �, |an| < ε. |^Ún��∣∣∣∣∣
n+p∑
n+1

akbk

∣∣∣∣∣ ≤ 2K(|an+1|+ 2|an+p|) ≤ 6Kε.

2|^CauchyÂñOK, ��?ê
+∞∑
n=1

anbn Âñ.

~~~ 7.4.14 �
+∞∑
n=1

unÂñ§KdAbel�O{, ?ê
+∞∑
n=1

un√
n
,

+∞∑
n=1

n
n+1un,

+∞∑
n=1

(
1 + 1

n

)
un,

+∞∑
n=1

un ln 3n+1
2n ÑÂ

ñ.

~~~ 7.4.15 �ê�{an}üN�ªu", y²?ê

+∞∑
n=1

an sinnx (−∞ < x < +∞)

Âñ.

yyy²²². ex = 2kπ, k �?¿��ê. K?ê�z��Ñ�", ?ê
+∞∑
n=1

an sinnx w,Âñ. e¡�x 6= 2kπ.

Ü©Ú ∣∣∣∣∣
n∑

m=1

sinmx

∣∣∣∣∣ =

∣∣∣∣∣ 1

sin x
2

n∑
m=1

sinmx sin
x

2

∣∣∣∣∣
=

∣∣∣∣∣cos x2 − cos(n+ 1
2)x

2 sin x
2

∣∣∣∣∣
≤ 2

2| sin x
2 |

=
1

| sin x
2 |
.

¤±?ê
+∞∑
n=1

sinnx �Ü©Úk.,{an}üN�ªu",�âDirichlet�O{��, é?¿�(−∞ < x <

+∞), ?ê
+∞∑
n=1

an sinnx

Âñ.

~~~ 7.4.16 �	?ê
+∞∑
n=1

xn

np
�ñÑ5,
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1ÔÙµ ê�?ê

))). �un = xn

np , K lim
n→∞

n
√
|un| = lim

n→∞
n

√
|x|n
np = |x|. d�ª�O{�: �|x| < 1, p�?¿¢ê�§?êý

éÂñ¶|x| > 1, p�?¿¢ê�,?êuÑ.

�x = 1�?ê�
+∞∑
n=1

1

np
, ep > 1,?êýéÂñ;ep ≤ 1,?êuÑ.

�x = −1�?ê�
+∞∑
n=1

(−1)n
1

np
, ep > 1,?êýéÂñ; e0 < p ≤ 1,?ê^�Âñ¶ep ≤ 0, ?êu

Ñ.

7.4.4 ýýýéééÂÂÂñññ???êêêÚÚÚ^̂̂���ÂÂÂñññ???êêê���555���

½½½nnn 7.4.17 éu?ê
+∞∑
n=1

un§ò§�¤k���3òK���"§|¤�?êP�
+∞∑
n=1

vn, ò§�¤

kK�CÒò����"§¤|¤���?êP�
+∞∑
n=1

wn, ½=µvn =
|un|+ un

2
, wn =

|un| − un
2

. @

o:

£1¤e?ê
+∞∑
n=1

unýéÂñ§K?ê
+∞∑
n=1

vn Ú
+∞∑
n=1

wnÑÂñ,

£2¤e?ê
+∞∑
n=1

un ^�Âñ§K?ê
+∞∑
n=1

vnÚ
+∞∑
n=1

wnÑuÑ,

yyy²²². (1) w,vn ≤ |un|, wn ≤ |un|. d
+∞∑
n=1

unýéÂñ( =
+∞∑
n=1
|un|Âñ)±9'��O{�

+∞∑
n=1

vn

Ú
+∞∑
n=1

wnÑÂñ.

d	´�vn + wn = |un|, vn − wn = un,l

+∞∑
n=1
|un| =

+∞∑
n=1

vn +
+∞∑
n=1

wn,

+∞∑
n=1

un =
+∞∑
n=1

vn −
+∞∑
n=1

wn.

(2) �
+∞∑
n=1

un^�Âñ§=
+∞∑
n=1
|un|uÑ§

+∞∑
n=1

unÂñ©

£�y{¤b�
+∞∑
n=1

vn Âñ§dvn = 1
2(|un| + un) �|un| = 2vn − un, 2d

+∞∑
n=1

vn �
+∞∑
n=1

un þÂñ§

�
+∞∑
n=1
|un| �Âñ§gñ, �

+∞∑
n=1

vn uÑ. Ón�y
+∞∑
n=1

wn �uÑ©

¯¤±�§3k��ê�\{p§(ÜÆ���Æ´¤á�§�3Ã��ê�\{¥=Ã¡?ê¥§
(ÜÆ���Æ´Ä�¤áQº35�7.1.9¥®²y²§(ÜÆéÂñ�?ê´¤á�§=ØUCÂñ

?ê
+∞∑
n=1

un ���^S, éÙ�?¿\)Ò�/¤#�?ê

(u1 + u2 + · · ·+ ui1) + (ui1+1 + ui1+2 + · · ·+ ui2) + · · ·
+ (uin+1 + uin+2 + · · ·+ uin+1) + · · ·

�Âñ, ¿�ÙÚØC. @"éÂñ�?ê´Ä�¤á��ÆQº�Ò´`§eÂñ?ê
+∞∑
n=1

un = S§ò

Ù�?¿ü��#?ê
+∞∑
n=1

u′n(¡�
+∞∑
n=1

un����SSS???êêê) ´ÄEÂñ¿�k
+∞∑
n=1

u′n = SQº��`55§

´Ø�½¤á�.

~~~ 7.4.18 ÁïÄLeibniz?ê
+∞∑
n=1

(−1)n−1

n .
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7.4. ?¿�?ê

))). ù´��^�Âñ?ê§�
+∞∑
n=1

(−1)n−1

n
= S.

w,S > 0. yUeã5Æ�E
+∞∑
n=1

(−1)n−1

n ��S?ê
+∞∑
n=1

u′n : ^g/3z�����¡�ü�K�, =

+∞∑
n=1

u′n = 1− 1

2
− 1

4
+

1

3
− 1

6
− 1

8
+ · · ·+ 1

2k − 1
− 1

4k − 2
− 1

4k
+ · · · .

�
+∞∑
n=1

(−1)n+1

n �Ü©Úê��{Sn},
+∞∑
n=1

u′n�Ü©Úê��{S′n}, K

S′3n =

n∑
k=1

(
1

2k − 1
− 1

4k − 2
− 1

4k

)

=

n∑
k=1

(
1

4k − 2
− 1

4k

)

=
1

2

n∑
k=1

(
1

2k − 1
− 1

2k

)
=

1

2
S2n,

u´

lim
n→∞

S′3n =
1

2
lim
n→∞

S2n =
1

2
S.

du

S′3n+1 = S′3n +
1

2n+ 1
, S′3n+2 = S′3n +

1

2n+ 1
− 1

4n+ 1
,

¤±

lim
n→∞

S′3n+1 = lim
n→∞

S′3n = lim
n→∞

S′3n+2 =
1

2
S,

�

lim
n→∞

S′n =
1

2
S.

ùÒ´`§¦+
+∞∑
n=1

(−1)n−1

n ´Âñ�, ���ÆØ¤á.

ù�~f`², �¦��ê�?ê¤á\{��Æ§=kÂñ5´Ø
�. ¯¢þ§UÄ÷v\{�
�Æ§´ýéÂñ?ê�^�Âñ?ê�����«O. ·�k±e½n©

½½½nnn 7.4.19 ýéÂñ?ê
+∞∑
n=1

un ��S?ê
+∞∑
n=1

u′n EýéÂñ§�
+∞∑
n=1

un =
+∞∑
n=1

u′n.

yyy²²². (1) k?Ø
+∞∑
n=1

un���?ê��/. P
+∞∑
n=1

un = S.
+∞∑
n=1

u′n�Ü©Ú

S′n = u′1 + u′2 + · · ·+ u′n,

Pu′i = uki , k = max{k1, k2, · · · , kn}, K

S′n = uk1 + uk2 + · · ·+ ukn ≤ u1 + u2 + · · ·+ uk = Sk.

d
+∞∑
n=1

un = SÂñ�Skkþ.§lS
′
n�kþ.§�

+∞∑
n=1

u′nÂñuS
′, �S′ =

+∞∑
n=1

u′n ≤ S =
+∞∑
n=1

un.

Ó�
+∞∑
n=1

un��w¤
+∞∑
n=1

u′n��S?ê§KS ≤
+∞∑
n=1

u′n = S′. ddS′ = S, =
+∞∑
n=1

un =
+∞∑
n=1

u′n.
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(2) 3?Ø
+∞∑
n=1

un���?ê��/. e
+∞∑
n=1

unýéÂñ§K

+∞∑
n=1

|un|,
+∞∑
n=1

vn,

+∞∑
n=1

wn

ÑÂñ§d(1)�(J�
+∞∑
n=1
|u′n|Âñ§l

+∞∑
n=1

v′n,
+∞∑
n=1

w′nÂñ©d	

+∞∑
n=1

un =
+∞∑
n=1

vn −
+∞∑
n=1

wn,
+∞∑
n=1

u′n =
+∞∑
n=1

v′n −
+∞∑
n=1

w′n.

2|^(1)�(J
+∞∑
n=1

vn =
+∞∑
n=1

v′n,
+∞∑
n=1

wn =
+∞∑
n=1

w′n,

�
+∞∑
n=1

un =
+∞∑
n=1

u′n.

7.4.5 ???êêê���¦¦¦{{{

k�Úª
n∑
k=1

akÚ
m∑
k=1

bk�¦È´¤kÃXaibj(i = 1, 2 · · · , n; j = 1, 2, · · · ,m)��Ú. w,,Ù�ª(J

�§��\�gS��ªÃ'.

aq/, éuü�Âñ�?ê
+∞∑
n=1

an�
+∞∑
n=1

bn, �±Ó��Ñ¤kÃXaibj(i = 1, 2 · · · ; j = 1, 2, · · · )�

�,ò§�ü�¤e¡Ã¡Ý
�/ª:

a1b1 a1b2 a1b3 a1b4 · · ·
a2b1 a2b2 a2b3 a2b4 · · ·
a3b1 a3b2 a3b3 a3b4 · · ·
a4b1 a4b2 a4b3 a4b4 · · ·
· · · · · · · · · · · · · · ·

,�,ò¤kù
��\�(J½Â�
+∞∑
n=1

an�
+∞∑
n=1

bn�¦È.

du?ê$���Ø÷v��ÆÚ(ÜÆ, ùÒk��ü��gS��ª�¯K,¦+ü��gS��
ªõ«õ�,�~^�,�´�äA^d���ª´e¡¤«�”é��”ü��”��/”ü�.
é��ü�:

a1b1 a1b2 a1b3 a1b4 · · ·
↙ ↙ ↙ ↙ · · ·

a2b1 a2b2 a2b3 a2b4 · · ·
↙ ↙ ↙ ↙ · · ·

a3b1 a3b2 a3b3 a3b4 · · ·
↙ ↙ ↙ · · ·

a4b1 a4b2 a4b3 a4b4 · · ·
↙ ↙ · · ·
· · · · · · · · · · · · · · ·

-
c1 = a1b1,
c2 = a1b2 + a2b1,
· · ·
cn = a1bn + a2bn−1 + · · ·+ anb1,
· · ·
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K·�
+∞∑
n=1

cn¡�?ê
+∞∑
n=1

an�
+∞∑
n=1

bn�Cauchy¦¦¦ÈÈÈ.

��/ü�:
a1b1 a1b2 a1b3 · · ·

↓ ↓ · · ·
a2b1 ← a2b2 a2b3 · · ·

↓ · · ·
a3b1 ← a3b2 ← a3b3 · · ·
· · · · · · · · · · · · · · · · · ·

-
d1 = a1b1,
d2 = a1b2 + a2b2 + a2b1,
· · ·
dn = a1bn + a2bn + · · ·+ anbn + anb1 + · · ·+ anbn−1,
· · ·

K
+∞∑
n=1

dnÒ´?ê
+∞∑
n=1

an�
+∞∑
n=1

bn�U��/ü�¤��¦È.

éuU��/ü�¤��¦È,��
+∞∑
n=1

an�
+∞∑
n=1

bnÂñ,
+∞∑
n=1

dno´Âñ�,¿¤á

+∞∑
n=1

dn =

(
+∞∑
n=1

an

)(
+∞∑
n=1

bn

)
.

nd�Öög1g�.

�´,=k
+∞∑
n=1

an�
+∞∑
n=1

bn�Âñ5Øv±�yCauchy¦È�Âñ5, e¡Ò´��~f.

~~~ 7.4.20 �
+∞∑
n=1

an =
+∞∑
n=1

bn =
+∞∑
n=1

(−1)n+1
√
n

, ùü�?êÑ´Âñ�(w,´^�Âñ),§��Cauchy¦È

Ú����

cn = (−1)n+1
∑

i+j=n+1

1√
ij
,

5¿þ¡cn�L�ª¥�kn�, 3z��¥, i+ j = n+ 1, Ï
√
ij ≤ i+j

2 = n+1
2 , u´��

|cn| ≥ n ·
2

n+ 1
,

Ïd{cn}Ø´Ã¡�þ, ¤±,
+∞∑
n=1

an�
+∞∑
n=1

bn�Cauchy¦È
+∞∑
n=1

cnuÑ.

½½½nnn 7.4.21 (�Ü(Cauchy)½n) e?ê
+∞∑
n=1

anÚ
+∞∑
n=1

bnÑýéÂñ§ÙÚ©O�AÚB§K§���

�Èaibj(i, j = 1, 2, 3, · · · )§Uì?Û�{ü�¤�¤�?ê�ýéÂñ§�ÙÚ�AB,

yyy²²². �¤ü?ê�

an1bm1 + an2bm2 + · · ·+ ankbmk + · · · .

�Ä

|an1 ||bm1 |+ |an2 ||bm2 |+ · · ·+ |ank ||bmk |+ · · ·

�ñÑ5.
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PT?êck��Ú�S∗k ,K

S∗k =
k∑
i=1

|ani ||bmi | ≤ (
k∑
i=1

|ani |)(
k∑
i=1

|bmi |).

Pr = max{n1, n2, · · · , nk,m1,m2, · · · ,mk}, K

S∗k ≤ (|a1|+ |a2|+ · · ·+ |ar|)(|b1|+ |b2|+ · · ·+ |br|) = S(1)
r S(2)

r ,

Ù¥S
(1)
r =

r∑
i=1
|ai|, S(2)

r =
r∑
i=1
|bi|. d

+∞∑
n=1
|an|�

+∞∑
n=1
|bn|Âñ�S(1)

r , S
(2)
r þkþ.§lS∗kkþ.§�?ê

|an1 ||bm1 |+ |an2 ||bm2 |+ · · ·+ |ank ||bmk |+ · · ·

Âñ§�=^?Û�{ü�¤¤�?êýéÂñ,d½n7.3.2,
∞∑
k=1

ankbmk�?¿�S?�ýéÂñ,�ÚØ

C.

�
+∞∑
n=1

dn´?ê
+∞∑
n=1

an�
+∞∑
n=1

bn U��/ü�¤��¦È,K
+∞∑
n=1

dn´
∞∑
k=1

ankbmk�S�2V\)l¤¤

�?ê,u´��

∞∑
k=1

ankbmk =
+∞∑
n=1

dn =

(
+∞∑
n=1

an

)(
+∞∑
n=1

bn

)
= AB.

e¡·�Þ�~f,§�N
Cauchy¦È�A^d�.

~~~ 7.4.22 |^D’Alembert�O{,��é��x ∈ R, ?êf(x) =
∞∑
n=0

xn

n!´ýéÂñ�. y�Äü�ýé

Âñ?ê
∞∑
n=0

xn

n!�
∞∑
n=0

yn

n! �Cauchy¦È, d½n7.4.21

( ∞∑
n=0

xn

n!

)( ∞∑
n=0

yn

n!

)
=

∞∑
n=0

(
n∑
k=0

xkyn−k

k!(n− k)!

)

=
∞∑
n=0

(
n∑
k=0

Cknx
kyn−k

n!

)
=
∞∑
n=0

(x+ y)n

n!
,

�Ò´¤áf(x+ y) = f(x)f(y).

31e�Ù, ·�ò��¼êf(x)Ò´�ê¼êex, ÏþªÒ´Ù���ê¼ê�\{½n.

7.4.6 SSSKKK7.3

1. ?Øe�?ê�ñÑ5(�)^�Âñ�ýéÂñ):
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(1)
∞∑
n=1

(−1)n−1 n
3n−1 ; (2)

∞∑
n=2

(−1)n−1 1
lnn ;

(3)
∞∑
n=1

(−1)n−1 1√
n

; (4)
∞∑
n=2

cos nπ
4

n(lnn)2
;

(5)
∞∑
n=2

1
πn sin π

n ; (6)
∞∑
n=1

(−1)n

n
√
n[n]

;

(7)
+∞∑
n=1

(−1)n

n+x (x 6= −n); (8)
+∞∑
n=1

(−1)n+1 sin x
n ;

(9)
+∞∑
n=1

(−1)n n
n+1 ·

1
4√n ;

(10)
+∞∑
n=1

(−1)n sin x
n arctann (x 6= 0);

(11)
+∞∑
n=1

(−1)n+1 lnn√
n

; (12)
+∞∑
n=1

1√
n

cos nπ3 ;

(13)
+∞∑
n=1

(−1)[lnn]

n ; (14)
+∞∑
n=1

(−1)
n(n−1)

2
n2

2n ;

(15)
+∞∑
n=1

(−1)n+1 (2n−1)!!
(2n)!! ; (16)

+∞∑
n=1

sin nπ
12

lnn .

2. ?Øe�?ê�ñÑ5(�)^�Âñ�ýéÂñ):

(1)
+∞∑
n=1

+∞∑
n=1

xn

np
; (2)

+∞∑
n=1

cos 2nx
n ;

(3)
+∞∑
n=1

(−1)n+1 2n sin2n x
n ; (4)

+∞∑
n=1

(−1)n+1 n2

2nx
n;

(5)
+∞∑
n=1

(−1)[
√
n]

np (p > 0);
(6)

+∞∑
n=1

(
1 + 1

2 + · · ·+ 1
n

)
sinnx
np ,

(p > 0);

(7)
+∞∑
n=1

xn

np lnq n ; (8)
+∞∑
n=1

cosnx

np
;

(9)
∞∑
n=1

xn

(1+ 1
n)

n ; (10)
∞∑
n=1

(−1)n sin2 x
n ;

(11)
∞∑
n=0

4n+(−3)n

n+1 xn; (12)
∞∑
n=1

1+(−1)n

n lnn x;

(13)
∞∑
n=1

(−1)n+1 2n sin2n x
n ; (14)

∞∑
n=1

sin(n+1)x cos(n−1)x
np .

3. eê�{an}üNªu"§@o?ê
+∞∑
n=1

an sinnxÚ
+∞∑
n=1

an cosnxcöé?ÛxÑÂñ§�öé?Ûx 6=

2kπÑÂñ§�x = 2kπ�§I�â�5�?�Ú�O.

4. �Ä?ê
+∞∑
n=1

cosnx

n
�ñÑ5,

5. �?ê
+∞∑
n=1

xn
nα0Âñ, K�α > α0�,?ê

+∞∑
n=1

xn
nα�Âñ.

6. e?ê
+∞∑
n=1

xnÂñ, lim
n→∞

xn
yn

= 1, ¯?ê
+∞∑
n=1

yn´ÄÂñ?

7. �xn ≥ 0, lim
n→∞

xn = 0, ¯��?ê
+∞∑
n=1

(−1)nxn´ÄÂñ?

8. ?ê(|q| < 1) 1 + q + q2 + · · ·+ qn + · · · = 1

1− q
ýéÂñ, òd?êg¦��

+∞∑
n=1

nqn =
1

(1− q)2
.
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9. |^?ê�Cauchy¦Èy²

(1)
+∞∑
n=0

1
n! ·

+∞∑
n=0

(−1)n

n! = 1;

(2)
+∞∑
n=0

qn ·
+∞∑
n=0

qn =
+∞∑
n=0

(n+ 1)qn = 1
(1−q)2 (|q| < 1).

7.5 111ÔÔÔÙÙÙ;;;...~~~KKKÀÀÀùùù���

7.5.1 ~~~KKKÀÀÀùùù

~~~ 7.5.1 ®�é��g,ên kµn > 0 � lim
n→+∞

npµn
1−cos π

n
= 1, �ä?ê

+∞∑
n=1

µn �ñÑ5.

))). 1− cos πn = 2 sin2 π
2n , qsin2 π

2n ∼
π2

4n2 , (n→ +∞). �

lim
n→+∞

npµn
1− cos πn

= lim
n→+∞

npµn

2× π2

4n2

= lim
n→+∞

µn
n−p−2

× 2

π2
= 1.

l

lim
n→+∞

µn
n−p−2

=
π2

2
,

d'��O{�4�/ª�p+ 2 > 1=p > −1�
∑

n→+∞
µnÂñ. �p+ 2 ≤ 1=p ≥ −1�,

∑
n→+∞

µnuÑ.

~~~ 7.5.2 `²?ê
+∞∑
n=1

(−1)n

(n2+3n−2)x
, (x > 0)´^�Âñ½ýéÂñ.

))). ê�
{

1
(n2+3n−2)x

}
´n�üN4~¼ê, �

lim
n→∞

1

(n2 + 3n− 2)x
= 0.

d4ÙZ[�O{�
+∞∑
n=1

(−1)n

(n2+3n−2)x
Âñ.

∣∣∣∣ (−1)n

(n2 + 3n− 2)x

∣∣∣∣ =
1

(n2 + 3n− 2)x
,

dn2 ≤ n2 + 3n− 2 ≤ 4n2�
1

4xn2x
≤ (1

(n2 + 3n− 2)x
≤ 1

n2x
.

��2x > 1 =x > 1
2 �

+∞∑
n=1

∣∣∣ (−1)n

(n2+3n−2)x

∣∣∣Âñ§=+∞∑
n=1

(−1)n

(n2+3n−2)x
ýéÂñ¶

�2x ≤ 1=x ≤ 1
2�

+∞∑
n=1

∣∣∣ (−1)n

(n2+3n−2)x

∣∣∣uÑ§l+∞∑
n=1

(−1)n

(n2+3n−2)x
^�Âñ.

~~~ 7.5.3 �f(x) 3[−1, 1] þ�gëY��§�k lim
x→0

f(x)
x = 0. y²: ?ê

+∞∑
n=1

f( 1
n)ýéÂñ.

yyy²²². d lim
x→0

f(x)
x = 0 �f(0) = 0,¤±

f ′(0) = lim
x→0

f(x)− f(0)

x− 0
= 0,
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l

lim
x→0

f(x)

x2
= lim

x→0

f ′(x)

2x
=

1

2
lim
x→0

f ′(x)− f ′(0)

x− 0
=

1

2
f ′′(0).

df ′′(x)3[−1, 1] þëY�f ′′(x)3[−1, 1] þk.§�

lim
n→∞

f( 1
n)

1
n2

= lim
x→0

f(x)

x2
=

1

2
f ′′(0) 6=∞,

¤±

lim
n→∞

∣∣f( 1
n)
∣∣

1
n2

=
1

2
|f ′′(0)| 6= +∞,

q
+∞∑
n=1

1
n2Âñ, ¤±d'��O{�?ê

+∞∑
n=1

f( 1
n)ýéÂñ.

~~~ 7.5.4 �f(x) ´3(−∞,+∞) S���¼ê§�÷vµ
(1) f(x) > 0;
(2) |f ′(x)| ≤ mf(x), Ù¥0 < m < 1.

?�a0 ½Âan = ln f(an−1), n = 1, 2, · · · . y²µ?ê
+∞∑
n=1

(an − an−1)ýéÂñ.

yyy²²². d�©¥�½n

an − an−1 = ln f(an−1)− ln f(an−2) =
f ′(ξn−1)

f(ξn−1)
(an−1 − an−2),

Ù¥ξn−1 3an−1 �an �m.

u´

|an − an−1| ≤
∣∣∣∣f ′(ξn−1)

f(ξn−1)

∣∣∣∣ |an−1 − an−2| ≤ m |an−1 − an−2| ,

d8B{�

|an−1 − an−2| ≤ mn−1 |a1 − a0| , |an − an−1| ≤ mn |a1 − a0| .

n+p∑
k=n+1

|ak − ak−1| ≤ (mn+p−1 + · · ·+mn) |a1 − a0| ,

dum < 1, �∀ε > 0,∃N, �n > N �§

n+p∑
k=n+1

|ak − ak−1| < ε,

dCauchyOK�
+∞∑
n=1

(an − an−1)ýéÂñ.

~~~ 7.5.5 ®�
+∞∑
n=1

nanÂñ, tn = an+1 + 2an+2 + · · ·+ kan+k + · · · , y² lim
n→∞

tn = 0.

yyy²²². Pbn = nan, Kan = 1
nbn, l

tn =
1

n+ 1
bn+1 + · · ·+ 2

n+ 2
bn+2 + · · ·+ k

n+ k
bn+k + · · · =

∞∑
k=1

k

n+ k
bn+k.
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é�½�n, ê�{ k
n+k} 'uk üNk., d^�

+∞∑
n=1

nanÂñ§�

∞∑
k=1

bn+k =

∞∑
k=1

(n+ k)an+k =

∞∑
k=1

kak −
n∑
k=1

kak

�Âñ, 2dAbel�O{�, é�½�n, ?ê
∞∑
k=1

k
n+k bn+kÂñ§ltnk¿Â.

dAbelØ�ª§k ∣∣∣∣ 1

n+ 1
bn+1 + · · ·+ 2

n+ 2
bn+2 + · · ·+ k

n+ k
bn+k

∣∣∣∣
≤
(

1

n+ 1
+

k

n+ k

)
max

n+1≤l≤m≤n+k
|bl + bl+1 + · · ·+ bm|,

Ù¥ 1
n+1 + k

n+k ≤ 2. q∀ε > 0, ∃N ∈ N, �n ≥ N�, é��g,êk, k

max
n+1≤l≤m≤n+k

|bl + bl+1 + · · ·+ bm| <
ε

2
.

Ïd, �n ≥ N�,

|tn| = lim
k→∞

∣∣∣∣ 1

n+ 1
bn+1 + · · ·+ 2

n+ 2
bn+2 + · · ·+ k

n+ k
bn+k

∣∣∣∣ ≤ 2 · ε
2

= ε.

� lim
n→∞

tn = 0.

7.5.2 111ÔÔÔÙÙÙEEESSSKKK���

1. eé?¿ε > 0Ú?¿��êp,�3N(ε, p),¦�

|xn+1 + xn+2 + · · ·+ xn+p| < ε

é��n > N¤á, ¯?ê
+∞∑
n=1

xn´ÄÂñ?

2. �ê�{nxn} �?ê
+∞∑
n=1

n(xn − xn+1) ÑÂñ§y²?ê
+∞∑
n=1

xn �Âñ,

3. e
+∞∑
n=2

(xn − xn−1)ýéÂñ,
+∞∑
n=2

ynÂñ, K?ê
+∞∑
n=2

xnynÂñ.

4. �{an} ���4O�ê�, y²?ê
+∞∑
n=1

(
1− an

an+1

)
�{an}k.�Âñ§�{an}Ã.�uÑ.

5. �
+∞∑
n=1

anÂñ§y²µ lim
n→∞

a1 + 2a2 + · · ·+ nan
n

= 0.

J«µ^Abel¦Úúª.

6. �{bn}4~ªu0§�
+∞∑
n=1

anbnÂñ§y²µ lim
n→∞

(a1 + a2 + · · ·+ an)bn = 0.

J«µ|^CauchyÂñ�nÚAbelÚn,

7. XJ
+∞∑
n=1

an
nα

(α > 0)Âñ§Áyµ lim
n→∞

a1 + a2 + · · ·+ an
nα

= 0.

34



7.5. 1ÔÙ;.~KÀù�

8. �{bn} ´��4Oªu+∞ �ê�§XJ
+∞∑
n=1

an Âñ§Áyµ

lim
n→∞

a1b1 + a2b2 + · · ·+ anbn
bn

= 0.

9. XJ
+∞∑
n=1

anÂñ§·bn =
a1 + 2a2 + · · ·+ nan

n(n+ 1)
§@o

+∞∑
n=1

bn�Âñ§�
+∞∑
n=1

bn =
+∞∑
n=1

an.

J«µPcn = a1 + 2a2 + · · ·+ nan, y²
+∞∑
n=1

bn =
n∑
k=1

ak −
cn

n+ 1
.
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111lllÙÙÙ 222ÂÂÂÈÈÈ©©©

8.1 ÃÃÃ¡¡¡������222ÂÂÂÈÈÈ©©©

8.1.1 ÃÃÃ¡¡¡���222ÂÂÂÈÈÈ©©©���VVVggg

½½½ÂÂÂ 8.1.1 �¼êf(x) 3[a,+∞) k½Â§eéu?¿�A(A > a), f(x)3«m[a,A] þ�È§�4

� lim
A→+∞

´ A
a f(x)dx �3, K¡T4��I �f(x) 3«m[a,+∞) þ£½´la �+∞) �2ÂÈ©§P�

I =

ˆ +∞

a
f(x)dx = lim

A→+∞

ˆ A

a
f(x)dx

ù��¡È©
´ +∞
a f(x)dx Âñ§^PÒ

´ +∞
a f(x)dx 5L«§��¶XJþã�4�Ø�3§K

¡È©
´ +∞
a f(x)dx ´uÑ�§d��E^Ó��PÒ§�®ØL«ê�
. aq/�½Â2ÂÈ

©
´ b
−∞ f(x)dx.

½½½ÂÂÂ 8.1.2 �¼êf(x) 3(−∞,+∞) k½Â, eéu?¿�a ∈ (−∞,+∞),

ˆ +∞

a
f(x)dx �

ˆ a

−∞
f(x)dx

ÑÂñ§K¡
´ +∞
−∞ f(x)dx Âñ§�

ˆ +∞

−∞
f(x)dx =

ˆ a

∞
f(x)dx+

ˆ +∞

a
f(x)dx

ù�k
´ +∞
−∞ f(x)dx = lim

A→+∞,A′→−∞

´ A
A′ f(x)dx.

eF (x)´f(x)��¼ê, PF (+∞) = lim
x→+∞

F (x), Kk

ˆ +∞

a
f(x)dx = F (+∞)− F (a).

~~~ 8.1.3 O�Ã¡�È©

I =

ˆ +∞

0

1

1 + x2
dx.

))).

I = lim
A→+∞

ˆ A

0

1

1 + x2
dx

= arctanx|+∞0

=
π

2
− 0

=
π

2
.

~~~ 8.1.4 �a > 0, ?ØÈ©I =
´ +∞
a

dx

xp
(p > 0)�ñÑ5.



1lÙµ 2ÂÈ©

))). �p 6= 1�,

I =
x1−p

1− p

∣∣∣∣+∞
a

=

{
−a1−p

1−p , p > 1,

+∞, p < 1;

p = 1�,
I = lnx|+∞a = +∞.

Ïd,�p > 1�IÂñu−a1−p

1−p , �p ≤ 1�uÑ.

Ã¡�2ÂÈ©�5�!©ÜÈ©{9��{KÓ½È©.

~~~ 8.1.5 O�Ã¡�È©I =
´ +∞

0 e−x cosxdx.

))).

I =

ˆ +∞

0
e−x d sinx = e−x sinx

∣∣+∞
0

+

ˆ +∞

0
e−x sinxdx

=

ˆ +∞

0
e−x d(− cosx) = − e−x cosx

∣∣+∞
0
−
ˆ +∞

0
e−x cosxdx

= 1− I.

¤±I = 1
2 .

~~~ 8.1.6 O�Ã¡�È©

I =

ˆ +∞

0

dx

(a2 + x2)
3
2

.

))). -x = a tan t (a > 0), �x = +∞�, t = π
2 ; �x = 0�, t = 0. �

I =

ˆ π
2

0

a sec2 tdt

a3 sec3 t
=

1

a2

ˆ π
2

0
cos tdt =

1

a2
.

~~~ 8.1.7 ¦I =
´ +∞
−∞

dx
(x2+1)(x2+2)

.

))).

I =

ˆ +∞

−∞

(
1

x2 + 1
− 1

x2 + 2

)
dx =

ˆ +∞

−∞

dx

x2 + 1
−
ˆ +∞

−∞

dx

x2 + 2

= π − 1√
2
π = π(1− 1√

2
).

~~~ 8.1.8 �s > 0, y²: In =
´ +∞

0 e−sx xndx = n!/sn+1, n = 0, 1, 2, · · · .

yyy²²². Ï�s > 0� lim
x→+∞

e−sx xn = 0, ¤±�s > 0�,

In = −1

s

ˆ +∞

0
xnd e−sx

= −1

s

[
xn e−sx

∣∣+∞
0
−
ˆ +∞

0
e−sx dxn

]
=
n

s
In−1.

dd��In = n
s ·

n−1
s In−1 = · · · = n!

sn I0 = n!
sn+1 , ùp^�
I0 = 1/s.

du
´ +∞
a f(x)dxÂñ(= lim

A→+∞

´ A
a f(x)dx�3)§�

lim
A→+∞

ˆ +∞

A
f(x)dx = 0.

Ïd§éÙÂñ������xÒ´4�Ø¥�CauchyÂñ�n§§�±Lã�Xe/ªµ
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½½½nnn 8.1.9 (���ÜÜÜ(Cauchy)ÂÂÂñññ���nnn)
´ +∞
a f(x)dxÂñ�¿�^�´µé?¿�½ε > 0§�3A >

0§�A1, A2 > A�§ok ∣∣∣∣ˆ A2

A1

f(x)dx

∣∣∣∣ < ε.

ÚÃ¡?ê��§32ÂÈ©¥�kýéÂñÚ^�Âñ�Vgµ

½½½ÂÂÂ 8.1.10 �¼êf(x) 3[a,+∞) k½Â§é?ÛA > a, f(x) 3[a,A] �È§�
´ +∞
a |f(x)|dx Âñ§

K¡
´ +∞
a f(x)dx ýéÂñ. ¡Âñ�ØýéÂñ�2ÂÈ©�^�Âñ.

½½½nnn 8.1.11 ýéÂñ�2ÂÈ©7Âñ, ����7.

yyy²²². du∀A1, A2 > A, Ñk
∣∣∣´ A2

A1
f(x)dx

∣∣∣ ≤ ´ A2

A1
|f(x)|dx, dCauchyÂñ�n�ýéÂñ�2ÂÈ©7

Âñ.
����7. X

f(x) = (−1)[x] 1

[x] + 1
.

w,
´ +∞

0 |f(x)|dxØÂñ§�
´ +∞

0 f(x)dxÂñ.

8.1.2 ÃÃÃ¡¡¡���222ÂÂÂÈÈÈ©©©ÚÚÚêêê���???êêê���'''XXX

�I(A) =
´ A
a f(x)dx, d¼ê4�Úê�4��'X��µ lim

A→+∞
I(A) �3�¿©7�^�´é?Û

±�Ã¡�4��ê�{An}, ê�{I(An)}Âñ§¿�kÓ�4��.

?¿���ê�{An}, An → +∞, ¿�A0 = a, uk =
´ Ak
Ak−1

f(x)dx, K

I(An) =

ˆ An

a
f(x)dx =

n∑
k=1

ˆ Ak

Ak−1

f(x)dx =
n∑
k=1

uk.

Ïd§XJÈ©
´ +∞
a f(x)dxÂñuL, @oz��ù��?ê

+∞∑
k=1

uk�ÂñuL©dd��±eíØµX

Jé���ê�{An}, ¦¤�Ñ�?ê
+∞∑
k=1

ukØÂñ§½´é�ü�ê�§¦¤�Ñ�ü�?êØÂñu

Ó��§ÒUä½
´ +∞
a f(x)dxØÂñ©

,��¡§z�Ã¡?ê
+∞∑
k=1

uk,�±w����F¼ê�Ã¡È©(���f(x) = uk, k ≤ x < k+1§

Kk
+∞∑
k=1

uk =
´ +∞

1 f(x)dx). ù��5§ÏL®²ÙG
ê�?ê��£§�±�	2ÂÈ©��'¯K.

8.1.3 ÃÃÃ¡¡¡���222ÂÂÂÈÈÈ©©©ñññÑÑÑ555������OOO{{{

^CauchyÂñ�n´ye¡�'��O{§é�*§%é¢^.

½½½nnn 8.1.12 ('��O{) �l,��a0 ≥ aå§|f(x)| ≤ Cφ(x), C´?¿~ê,K�È©
´ +∞
a φ(x)dxÂ

ñ�È©
´ +∞
a f(x)dxýéÂñ¶XJ|f(x)| ≥ φ(x) ≥ 0,È©

´ +∞
a φ(x)dxuÑ§@oÈ©

´ +∞
a |f(x)|dxu

Ñ.

~~~ 8.1.13 �½
´ +∞

1
sinx

x
√

1+x2
dx�ñÑ5.

))). Ï� ∣∣∣∣ sinx

x
√

1 + x2

∣∣∣∣ ≤ 1

x2
,


´ +∞

1
1
x2
Âñ§d'��O{�

´ +∞
1

sinx
x
√

1+x2
dxýéÂñ.
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íííØØØ 8.1.14 ('��O{�4�/ª) XJ

lim
x→+∞

|f(x)|
φ(x)

= l, 0 ≤ l < +∞,

�
´ +∞
a φ(x)dx Âñ§@oÈ©

´ +∞
a |f(x)|dx ýéÂñ; XJ

lim
x→+∞

|f(x)|
φ(x)

= l, 0 < l ≤ +∞,

�
´ +∞
a φ(x)dx uÑ§@oÈ©

´ +∞
a |f(x)|dxuÑ.

½½½nnn 8.1.15 �½
´ +∞

1

x2 + x+ 1

(2x3 − x+ 3) 3
√

4x2 + x− 1
dx�ñÑ5.

))). Ï�

lim
x→+∞

3
√
x5 · x2 + x+ 1

(2x3 − x+ 3) 3
√

4x2 + x− 1
=

1

2 3
√

4
,


´ +∞

1
1

3√
x5
Âñ§d'��O{�4�/ª��2ÂÈ©ýéÂñ.

3½n8.1.129ÙíØ¥�φ(x) =
c

xp
(c > 0), Ò���Ü(Cauchy)�O{µ

½½½nnn 8.1.16 (Cauchy�O{) XJ|f(x)| ≤ c

xp
, p > 1, @o

´ +∞
a f(x)dxýéÂñ; XJ|f(x)| ≥ c

xp
, p ≤

1, f(x)g,��å�±½Ò§@oÈ©
´ +∞
a f(x)dxuÑ.

íííØØØ 8.1.17 (Cauchy�O{�4�/ª) XJ

lim
x→+∞

|f(x)|
1
xp

= lim
x→+∞

xp|f(x)| = l(0 ≤ l < +∞, p > 1),

@oÈ©
´ +∞
a f(x)dxýéÂñ; XJ

lim
x→+∞

xp|f(x)| = l(0 < l ≤ +∞, p ≤ 1),

KÈ©
´ +∞
a |f(x)|dxuÑ.

~~~ 8.1.18 Áy²éu?Ûα,
´ +∞

1 xα e−x dxÂñ.

yyy²²². Ï�é?¿~êα, k
lim

x→+∞
x2 · xα e−x = 0,

dCauchy�O{�4�/ª(=p = 2), �
´ +∞

1 xα e−x dxÂñ.

~~~ 8.1.19 ?ØÈ©
´ +∞

2

dx

xλ lnx
�ñÑ5§Ù¥λ´¢ê.

))). �λ > 1�§

lim
x→+∞

xλ
1

xλ lnx
= 0,

�2ÂÈ©ýéÂñ;
�λ = 1�§ ˆ +∞

2

1

x lnx
= ln lnx|+∞2 = +∞,

�2ÂÈ©uÑ;
�λ < 1�§

lim
x→+∞

x
1

xλ lnx
= +∞,

�2ÂÈ©uÑ.
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8.1.4 CCC������(Abel)���OOO{{{���)))ppp���444(Dirichlet)���OOO{{{

�
é��¼ê�2ÂÈ©?ØñÑ5§·�k�Ñe¡��(Jµ

½½½nnn 8.1.20 (1�¥�½n) �f(x) 3[a, b] þ�È§g(x) 3[a, b]þüN§@o3[a, b]þ�3ξ, ¦

ˆ b

a
f(x)g(x)dx = g(a)

ˆ ξ

a
f(x)dx+ g(b)

ˆ b

ξ
f(x)dx;

AO§XJg(x) üNþ,�g(a) ≥ 0, @okξ, ¦

ˆ b

a
f(x)g(x)dx = g(b)

ˆ b

ξ
f(x)dx;

XJg(x) üNeü�g(b) ≥ 0§@okξ§¦

ˆ b

a
f(x)g(x)dx = g(a)

ˆ ξ

a
f(x)dx.

yyy²²². k3g(x)üNþ,�g(a) ≥ 0��b½ey²§,�2íÑ���/�úª.
db½f(x)3«m[a, b]þ�È��3~êL > 0¦�|f(x)| ≤ L, �f(t)3[x, b]þ�È. PF (x) =´ b

x f(t)dt KF (x)3[a, b]þëY§�3���m����M .
dg(x)üNþ,�g(x)3[a, b]þ�È§lf(x)g(x)3[a, b]þ�È.
3[a, b]þ���©:

a = x0 < x1 < · · · < xi−1 < xi < · · · < xn = b,

P∆xi = xi − xi−1, ωi´g(x)3[xi−1, xi]þ�ÌÝ§=

ωi = sup
[xi−1,xi]

{g(x)} − inf
[xi−1,xi]

{g(x)},

r¤?Ø�È©�XeUC

ˆ b

a
f(x)g(x)dx =

n∑
i=1

ˆ xi

xi−1

f(x)g(x)dx

=

n∑
i=1

g(xi)

ˆ xi

xi−1

f(x)dx+

n∑
i=1

ˆ xi

xi−1

f(x)[g(x)− g(xi)]dx

= σ + ρ

|ρ| =

∣∣∣∣∣
n∑
i=1

ˆ xi

xi−1

f(x)[g(x)− g(xi)]dx

∣∣∣∣∣
≤

n∑
i=1

ˆ xi

xi−1

|f(x)||g(x)− g(xi)|dx

≤ L
n∑
i=1

ˆ xi

xi−1

ωidx = L

n∑
i=1

ωi∆xi.

dug(x)�È§¤±�λ = max ∆xi → 0�§
n∑
i=1

ωi∆xi → 0; Ïd§ lim
λ→0

ρ = 0, l
´ b
a f(x)g(x)dx =

lim
λ→0

σ = lim
λ→0

n∑
i=1

g(xi)
´ xi
xi−1

f(x)dx. w,k

ˆ xi

xi−1

f(x)dx = [−F (x)]|xixi−1
= F (xi−1)− F (xi), F (xn) = F (b) = 0,
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l

σ =
n∑
i=1

g(xi)[F (xi−1)− F (xi)]

=
n∑
i=1

g(xi)F (xi−1)−
n∑
i=1

g(xi)F (xi)

= g(x1)F (x0) +

n∑
i=2

g(xi)F (xi−1)−
n−1∑
i=1

g(xi)F (xi)

= g(x1)F (x0) +

n−1∑
i=1

[g(xi+1)− g(xi)]F (xi).

Ï�g(x1) ≥ g(x0) = g(a) ≥ 0, g(xi+1)− g(xi) ≥ 0, ¤±

m

(
g(x1) +

n−1∑
i=1

(g(xi+1)− g(xi))

)
≤ σ ≤M

(
g(x1) +

n−1∑
i=1

(g(xi+1)− g(xi))

)
,

mg(b) ≤ σ ≤Mg(b).

Ïd��σ = µg(b), Ù¥µ3m,M�m. Ï�F (x)ëY§k[a, b]�m�ξ�3§¦µ = F (ξ) =
´ b
ξ f(x)dx§

lúª ˆ b

a
f(x)g(x)dx = g(b)

ˆ b

ξ
f(x)dx

��y².

ég(x)üNeü�g(b) ≥ 0�/�y²��©

3g(x)´���üNþ,�/§�ψ(x) = g(x) − g(a), ψ�üNþ,�ψ(a) ≥ 0, |^úªéψ¤á§
=kξ¦eª¤áµ ˆ b

a
f(x)[g(x)− g(a)]dx = [g(b)− g(a)]

ˆ b

ξ
f(x)dx

ùÒ´úª ˆ b

a
f(x)g(x)dx = g(a)

ˆ ξ

a
f(x)dx+ g(b)

ˆ b

ξ
f(x)dx.

�g(x)´���üNeü�/§d

ˆ b

a
f(x)g(x)dx = g(a)

ˆ ξ

a
f(x)dx,

Ó���úª ˆ b

a
f(x)g(x)dx = g(a)

ˆ ξ

a
f(x)dx+ g(b)

ˆ b

ξ
f(x)dx.

e¡�ÑC��(Abel)�O{�)p�4(Dirichlet)�O{§k�Ú¡�A-D���OOO{{{.

½½½nnn 8.1.21 (C��(Abel)�O{)e
´ +∞
a f(x)dxÂñ, g(x)3[a,+∞)þüN�k.§KÈ©

´ +∞
a f(x)g(x)dxÂ

ñ.

yyy²²². d^���|g(x)| ≤ L, L���~ê. ?¿�½ε > 0§d
´ +∞
a f(x)dxÂñ§�3A > 0§

�A2 > A1 > A�§ok ∣∣∣∣ˆ A2

A1

f(x)dx

∣∣∣∣ < ε

2L
.
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dÈ©1�¥�½n, �3ξ ∈ [A1, A2]¦�

ˆ A2

A1

f(x)g(x)dx = g(A1)

ˆ ξ

A1

f(x)dx+ g(A2)

ˆ A2

ξ
f(x)dx.

¤± ∣∣∣∣ˆ A2

A1

f(x)g(x)dx

∣∣∣∣ ≤ |g(A1)|
∣∣∣∣ˆ ξ

A1

f(x)dx

∣∣∣∣+ |g(A2)|
∣∣∣∣ˆ A2

ξ
f(x)dx

∣∣∣∣
≤ L ε

2L
+ L

ε

2L
=
ε

2
+
ε

2
= ε.

dCauchyÂñOK�È©
´ +∞
a f(x)g(x)dxÂñ.

½½½nnn 8.1.22 ()p�4(Dirichlet)�O{) eF (x) =
´ x
a f(t)dt3[a,+∞)þk., g(x)3[a,+∞)þüN

� lim
x→+∞

g(x) = 0, KÈ© ˆ +∞

a
f(x)g(x)dx

Âñ.

yyy²²². d^���|F (x)| ≤M , M���~ê, d�é?¿A2 > A1 ≥ aw,k∣∣∣∣ˆ A2

A1

f(x)dx

∣∣∣∣ ≤ 2M.

?¿�½ε > 0§d lim
x→+∞

g(x) = 0§�3A > 0§�x > A�§ok|g(x)| < ε
4M . dÈ©1�¥�½n, �

3ξ ∈ [A1, A2]¦� ˆ A2

A1

f(x)g(x)dx = g(A1)

ˆ ξ

A1

f(x)dx+ g(A2)

ˆ A2

ξ
f(x)dx.

¤± ∣∣∣∣ˆ A2

A1

f(x)g(x)dx

∣∣∣∣ ≤ |g(A1)|
∣∣∣∣ˆ ξ

A1

f(x)dx

∣∣∣∣+ |g(A2)|
∣∣∣∣ˆ A2

ξ
f(x)dx

∣∣∣∣
≤ ε

4M
2M +

ε

4M
2M =

ε

2
+
ε

2
= ε.

dCauchyÂñOK�È©
´ +∞
a f(x)g(x)dxÂñ.

~~~ 8.1.23 ?Ø
´ +∞

1
sinx
x dx�ñÑ5.

))).
´ A

1 sin tdt w,3[1,+∞) þk., 1
x üN� lim

x→+∞
1
x = 0, dDirichlet�O{�

ˆ +∞

1

sinx

x
dx

Âñ.
�3[1,+∞)þ, k ∣∣∣∣sinxx

∣∣∣∣ ≥ sin2 x

x
=

1

2x
− cos 2x

2x
,

�ì
´ +∞

1
sinx
x dx�?Ø��

´ +∞
1

cos 2x
2x dx Âñ, 

´ +∞
1

1
2xuÑ, ¤±

´ +∞
1

sin2 x
x dxuÑ.

2d'��O{§�
´ +∞

1

∣∣ sinx
x

∣∣ dxuÑ, l
´ +∞

1
sinx
x dx^�Âñ.

Ó~8.1.23�y
´ +∞

1
sinx
xλ

dx �
´ +∞

1
cosx
xλ

dx, �0 < λ ≤ 1�^�Âñ§�λ > 1�ýéÂñ5. Ù?Ø3
�SK.
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8.1.5 SSSKKK8.1

1. ?Øe�2ÂÈ©�ñÑ5.

(1)
´ +∞

0
x2

x4+x2+1
dx; (2)

´ +∞
1

1
x 3√x2+1

dx;

(3)
´ +∞

1 sin 1
x2
dx; (4)

´ +∞
0

1
1+x| sinx|dx;

(5)
´ +∞

1
x arctanx

1+x3
dx; (6)

´ +∞
1

sinx√
x3
dx;

(7)
´ +∞

2
cosx
lnx dx; (8)

´ +∞
2

1
x· 3
√
x3−3x+2

dx;

(9)
´ +∞

0
1√

x2(x−1)(x−2)
dx.

2. �2ÂÈ©
´ +∞

1 f2(x)dxÂñ. y²2ÂÈ©
´ +∞

1
f(x)
x dxýéÂñ.

3. y²
´ +∞

1
sinx
xλ

dx �
´ +∞

1
cosx
xλ

dx (0 < λ ≤ 1)Âñ.

4. ?Øe�2ÂÈ©�ýéÂñ5�^�Âñ5.

(1)

ˆ +∞

0

√
x cosx

x+ 100
dx; (2)

ˆ +∞

2

ln lnx

lnx
dx.

8.2 ÃÃÃ...¼¼¼êêê���222ÂÂÂÈÈÈ©©©

8.2.1 ÃÃÃ...¼¼¼êêê222ÂÂÂÈÈÈ©©©���VVVggg

½½½ÂÂÂ 8.2.1 �¼êf(x)3x = b:NCÃ.£·�¡b:�f(x)�Û:¤§�éu?¿¿©���êη,

f(x)3[a, b − η]þ�È§=φ(η) =
´ b−η
a f(x)dx�3. XJ lim

η→0
φ(η)�3§@o¡d4��´Ã.¼

êf(x)la�b�2ÂÈ©§P�
´ b
a f(x)dx = lim

η→0

´ b−η
a f(x)dx¶¿¡Ã.¼êf(x)3[a, b]þ�È§½¡

2ÂÈ©
´ b
a f(x)dxÂñ. XJþã�4�Ø�3§Ò`È©

´ b
a f(x)dxuÑ.

XJx = a´f(x)�Û:§�±��/�Ñ½Â. ,	§XJf(x)3[a, b]SÜk��Û:c,·�Ò©

O�	
´ c
a f(x)dxÚ

´ b
c f(x)dx§XJ�üöÑÂñ§Ò¡

´ b
a f(x)dxÂñ§¿�

´ b
a f(x)dx =

´ c
a f(x)dx +´ b

c f(x)dx. ÄK¡dÈ©uÑ.

~~~ 8.2.2 ?ØÈ©
´ b
a

dx

(x− a)p
dx�Âñ5.

))). ep ≤ 0, �È©�½È©¶ep > 0, �È©�2ÂÈ©§x = a�Û:.

�p = 1�§∀η > 0,

ˆ b

a+η

dx

(x− a)p
dx =

ˆ b

a+η

dx

x− a
dx = ln(b− a)− ln(η)→ +∞.

�È©uÑ.

�p 6= 1�§∀η > 0,

ˆ b

a+η

dx

(x− a)p
dx =

1

1− p
(
(b− a)1−p − η1−p)

→
{ 1

1−p(b− a)1−p, p < 1

+∞, p > 1.

¤±�p < 1�
´ b
a

dx

(x− a)p
dx Âñ¶�p ≥ 1�

´ b
a

dx

(x− a)p
dxuÑ.
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~~~ 8.2.3 O�
´ 1

0 lnxdx.

))). �η → 0+�§

ˆ 1

η
lnxdx = [x lnx]|1η −

ˆ 1

η
x

1

x
dx

= −η ln η − (1− η)→ −1.

¤±
´ 1

0 lnxdx = −1.

~~~ 8.2.4 ?ØÈ©

ˆ 1

0

dx√
1− x2

�Âñ5.

))). �η → 0+�§ ˆ 1−η

0

dx√
1− x2

= [arcsinx]|1−η0 = arcsin(1− η)→ π

2

¤±

ˆ 1

0

dx√
1− x2

=
π

2
.

555 8.2.5 ½È©��
5��)©ÜÈ©{Ú��{éÃ.¼ê�2ÂÈ©�¤á§ex = a�f(x)�Û
:§O�2ÂÈ©���Ó½È©§�Irx = a?���n)�x→ a+��4�=�.

8.2.2 ÃÃÃ...¼¼¼êêê222ÂÂÂÈÈÈ©©©ñññÑÑÑ555������OOO{{{

ÚÃ¡�2ÂÈ©��§Ã.¼ê2ÂÈ©�ñÑ5k±e�A�O{, y²�{ÓÃ¡�2ÂÈ©.

½½½nnn 8.2.6 (CauchyÂÂÂñññ���nnn) ef(x)3x = akÛ:§
´ b
a f(x)dxÂñ�¿©7�^�´µé?¿�

½ε > 0, �3δ > 0, �0 < η, η′ < δ�ok
∣∣∣´ a+η′

a+η f(x)dx
∣∣∣ < ε.

Ó��±Ú?ýéÂñÚ^�Âñ�Vg§¿kµýéÂñ7Âñ§���Ø,.

½½½nnn 8.2.7 (���ÜÜÜ���OOO{{{) �x = a´f(x)�Û:§XJ

|f(x)| ≤ c

(x− a)p
(c > 0), p < 1,

@o
´ +∞
a f(x)dxýéÂñ; XJ

|f(x)| ≥ c

(x− a)p
(c > 0), p ≥ 1,

@oÈ©
´ +∞
a |f(x)|dxuÑ.

íííØØØ 8.2.8 (���ÜÜÜ���OOO{{{���444���///ªªª) � lim
x→a

(x − a)p|f(x)| = k. XJ0 ≤ k < +∞, p < 1, @oÈ

©
´ b
a f(x)dxýéÂñ; XJ0 < k ≤ +∞, p ≥ 1),f(x)k½Ò, @oÈ©

´ +∞
a f(x)dxuÑ.

½½½nnn 8.2.9 (Abel���OOO{{{)�x = a´f(x)�Û:,
´ b
a f(x)dxÂñ, g(x)3(a, b]þüN�k.§KÈ©

´ b
a f(x)g(x)dxÂ

ñ.

½½½nnn 8.2.10 (Dirichlet���OOO{{{)�x = b´f(x)�Û:,eF (η) =
´ b−η
a f(t)dt3[a, b)þk., g(x)3[a, b)þ

üN� lim
x→b−

g(x) = 0, KÈ©
´ b
a f(x)g(x)dxÂñ.

~~~ 8.2.11 ?ØÈ©

ˆ 1

0

lnx√
x
�Âñ5.
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))). Ï�

lim
x→0+

x
3
4

lnx√
x

= lim
x→0+

x
1
4 lnx = 0,

¤±
´ 1

0

lnx√
x
Âñ.

ü«2ÂÈ©�mkX���éX: �
´ b
a f(x)dx¥�f(x)kÛ:a§�C�y =

1

x− a
§Òk

ˆ b

a
f(x)dx =

ˆ +∞

1
b−a

f(a+ 1
y )

y2
dy

�öÃ¡�2ÂÈ©.

~~~ 8.2.12 ?ØÈ©

ˆ 1

0

sin 1
x

xr
dx�Âñ5(¹ýéÂñ�^�Âñ).

))). -t = 1
x , K ˆ 1

0

sin 1
x

xr
dx =

ˆ +∞

1

sin t

t2−r
dt.

dDirichlet�O{��2− r > 0, =r < 2�2ÂÈ©Âñ; �2− r ≤ 0, =r ≥ 2�2ÂÈ©uÑ.

du
∣∣ sin t
t2−r

∣∣ ≤ 1
t2−r , ¤±d'��O{��2 − r > 1, =r < 1�2ÂÈ©ýéÂñ. �2 − r ≤ 1§

=r ≥ 1�2ÂÈ©
´ +∞

1

∣∣ sin t
t2−r

∣∣ dtuÑ§��r < 2�2ÂÈ©Âñ§l�1 ≤ r < 2�2ÂÈ©^�Â
ñ.

½½½ÂÂÂ 8.2.13 (CauchyÈ©Ì�) �f(x) 3[a, b] SÃ.§c ´��Û:§XJ

lim
η→0

[ˆ c−η

a
f(x)dx+

ˆ b

c+η
f(x)dx

]

�3£5¿§c− η�c+ η ¥�η´Ó���ê¤§·�Ò¡d4�´2ÂÈ©
´ b
a f(x)dx ��ÜÌ�. P

�

P.V.

ˆ b

a
f(x)dx = lim

η→0

[ˆ c−η

a
f(x)dx+

ˆ b

c+η
f(x)dx

]
.

Ó��§éuÃ¡��2ÂÈ©§�ÜÌ��

P.V.

ˆ +∞

−∞
f(x)dx = lim

A→+∞

ˆ A

−A
f(x)dx.

~~~ 8.2.14 �a < c < b, ¦
´ b
a

dx

x− c
�Ì�.

))). w,x = c�Û:§T2ÂÈ©uÑ, �

P.V.

ˆ b

a

dx

x− c
= lim

η→0

[ˆ c−η

a

dx

x− c
+

ˆ b

c+η

dx

x− c

]
= lim

η→0

(
ln(c− x)|c−ηa + ln(x− c)|bc+η

)
= ln

b− c
c− a

.
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8.2.3 SSSKKK8.2

1. ?Øe�2ÂÈ©�ñÑ5.

(1)
´ 2

0
1

(lnx)3
dx; (2)

´ 1
0

x4√
1−x4dx;

(3)
´ 2

1
1

3√x2−3x+2
; (4)

´ 1
0 lnxdx;

(5)
´ −1
−2

1
x
√
x2−1

dx; (6)
´ 3π

4
π
4

1
cos2 x

dx;

(7)
´ 2

0
1√
|x2−1|

dx; (8)
´ 1

0
lnx

(1−x)2
dx.

2. O�2ÂÈ©µ

(1)
´ π

2
0

x+sinx
1+cosxdx; (2)

´ π
4

0 ln(1 + tanx)dx;

(3)
´ a

0
1

x+
√
a2−x2 ; (4)

´ π
2

0

√
1− sin 2xdx;

(5)
´
π
2 0

1
x+cos2 x

dx.

8.3 111lllÙÙÙ;;;...~~~KKKÀÀÀùùù

8.3.1 ~~~KKKÀÀÀùùù

~~~ 8.3.1 ?Ø2ÂÈ©
´ +∞

1 ( x
x2+m

− m
x+1)dx (m 6= 0)�ñÑ5.

))). 5¿ùp
´ +∞

1
x

x2+m
dxÚ

´ +∞
1

m
x+1dxÑ´uÑ�Ã¡�2ÂÈ©,d�55�ØU�Ñüö���Â

ñ½uÑ��½(Ø. �d,I�kr�È¼êÜ¤��©ª:

f(x) =
x

x2 +m
− m

x+ 1
=

(1−m)x2 + x−m2

(x2 +m)(x+ 1)
.

éu¿©��x, f(x)�±�(1−m)�Ó��!KÒ,Ïd
´ +∞

1 f(x)dxÂñ�ýéÂñ´�£¯.

�m = 1�, lim
x→+∞

x2|f(x)| = 1,�
´ +∞

1 f(x)dx�Âñ;

�m 6= 1�, lim
x→+∞

x|f(x)| = |1−m| 6= 0, �
´ +∞

1 |f(x)|dx�
´ +∞

1 f(x)dx Ó�uÑ.

~~~ 8.3.2 ?Ø2ÂÈ©
´ +∞

0
ln(1+x)
xm dx�ñÑ5.

))). ùpg(x) = ln(1+x)
xm > 0, x ∈ (0,+∞), ��m > 1�, x = 0�Û:, �I�rT2ÂÈ©©¤üÜ©5

?Ø:

I =

ˆ 1

0
g(x)dx+

ˆ +∞

1
g(x)dx = I1 + I2.

éuI1, �m ≤ 1��½È©; �m > 1�,

g(x) =
1

xm−1
· ln(1 + x)

x
∼ 1

xm−1
(x→ 0+),

��m < 2 �Âñ, m ≥ 2�uÑ.
éuI2, �m > 1�, �δ > 0¦�m = 1 + δ > 1. du

lim
x→+∞

x1+ δ
2 g(x) = lim

x→+∞

ln(1 + x)

xδ/2
= 0,

ÏdI2Âñ;�m ≤ 1�,KÏ

lim
x→+∞

xg(x) = lim
x→+∞

ln(1 + x)

xm−1
= +∞,

¤±,I2uÑ.
nÜéI2�I2�?Ø, ��=�1 < m < 2�üöÑÂñ, =d��2ÂÈ©Âñ.
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~~~ 8.3.3 ?Ø2ÂÈ©
´ +∞

0
sin2 x
xm dx�ñÑ5.

))). ùph(x) = sin2 x
xm > 0, x ∈ (0,+∞),�m > 2�x = 0�Û:. ��

J =

ˆ 1

0
h(x)dx+

ˆ +∞

0
h(x)dx = J1 + J2.

éuJ1, �m ≤ 2��½È©; �2 < m < 3�, dum− 2 < 1, �

lim
x→0+

xm−2h(x) = lim
x→0+

sin2 x

x2
= 1,

�J1Âñ; q�m ≥ 3�, du

lim
x→0+

xh(x) =

{
1, m = 3,
+∞, m > 3.

�J1uÑ; o�, J1 =�m < 3 �Âñ.

éuJ2, �m > 1�, du
sin2 x

xm
<

1

xm
,

ÏdJ2Âñ; �0 < m ≤ 1�, du

ˆ +∞

1
h(x)dx =

1

2

ˆ +∞

1

1− cos 2x

xm
dx,

±9
´ +∞

1
1
xmdxuÑ,

´ +∞
1

cos 2x
xm dxÂñ, ��d�J2uÑ; q�m ≤ 0�, du

sin2 x

xm
≥ sin2 x,

ˆ +∞

1
sin2 xdxuÑ,

lJ2½uÑ. o�, J2=�m > 1�Âñ.

nÜéJ1�J2�?Ø, ��=�1 < m < 3�J�Âñ.

~~~ 8.3.4 ?Ø ˆ +∞

1

sinx arctanx

xλ
dx (λ > 0)

�ýéÂñ5�^�Âñ5.

))). Äkd
´ A

1 sinxdx w,3[1,+∞) þk., 1
xλ

(λ > 0) üN�

lim
x→+∞

1

xλ
= 0,

dDirichlet�O{�
´ +∞

1
sinx
xλ

dx Âñ.

qarctanx 3[1,+∞) þüN�k., dAbel�O{�

ˆ +∞

1

sinx arctanx

xλ
dx

Âñ.

�3[1,+∞)þ,
∣∣ sinx arctanx

xλ

∣∣ ≤ π
2

1
xλ

, d'��O{��λ > 1�

ˆ +∞

1

sinx arctanx

xλ
dx
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ýéÂñ; �0 < λ ≤ 1�, ex ∈
[√

3,+∞
)
�§

arctanx ≥ π

3
> 1.

dd ∣∣∣∣sinx arctanx

xλ

∣∣∣∣ ≥ ∣∣∣∣sinxxλ
∣∣∣∣ ≥ sin2 x

xλ
=

1

2xλ
− cos 2x

2xλ
,

�ìc¡�?Ø��
´ +∞

1
cos 2x
2xλ

dx Âñ, 
´ +∞

1
1

2xλ
uÑ, ¤±

ˆ +∞

1

sin2 x

xλ
dx

uÑ. 2d'��O{§�
´ +∞

1

∣∣ sinx arctanx
x

∣∣ dxuÑ, l

ˆ +∞

1

sinx arctanx

xλ
dx

^�Âñ.

~~~ 8.3.5 ?ØÈ©
´ 1
e

0

1

xp lnx
dx�ñÑ5.

))). �p ≤ 0�TÈ©�½È©§Âñ. �p > 0�, TÈ©�Ã.ðK¼ê�2ÂÈ©, x = 0�Ù��Û
:.
e0 < p < 1, �q = 1+p

2 , 0 < p < q < 1,

lim
x→0+

xq

xp| lnx|
= 0,

dCauchy�O{�4�/ª§�
´ 1
e

0

1

xp lnx
dxÂñ.

ep > 1, �q = 1+p
2 , p > q > 1,

lim
x→0+

xq

xp| lnx|
= +∞,

dCauchy�O{�4�/ª§�
´ 1
e

0

1

xp lnx
dxuÑ.

ep = 1,
´ 1
e

0

1

x lnx
dx = lim

η→0+
ln | lnx|

∣∣∣∣ 1e
0

= −∞uÑ.

�
´ 1
e

0

1

xp lnx
dx�p < 1�Âñ, p ≥ 1�uÑ.

~~~ 8.3.6 ?ØÈ©
´ 1

0

1

xp
sin 1

xdx (p < 2)�ñÑ5.

))).
´ 1

0

1

xp
sin 1

xdx =
´ 1

0 x
2−p 1

x2
sin 1

xdx.

-f(x) = 1
x2

sin 1
x , g(x) = x2−p.

∀η ∈ (0, 1), k

ˆ 1

η
f(x)dx =

ˆ 1

η

1

x2
sin

1

x
dx = −

ˆ 1

η
sin

1

x
d

(
1

x

)
= cos

1

x

∣∣∣∣1
η

= cos 1− cos
1

η
,

¤±
∣∣∣´ 1
η f(x)dx

∣∣∣ ≤ 2; g(x) = x2−pw,üN§��p < 2�,

lim
x→0+

g(x) = lim
x→0+

x2−p = 0.
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dÃ.¼ê�Dirichlet�O{,
´ 1

0

1

xp
sin 1

xdxÂñ.

�p < 1�,

∣∣∣∣ 1

xp
sin 1

x

∣∣∣∣ ≤ 1
xp ,
´ 1

0
1
xpÂñ§d'��O{�

´ 1
0

1

xp
sin 1

xdxýéÂñ.

�1 ≤ p < 2�, ∣∣∣∣ 1

xp
sin

1

x

∣∣∣∣ ≥ 1

xp
sin2 1

x
=

1

2xp
− 1

2xp
cos

2

x
,

Óc¡?Ø,dÃ.¼ê�Dirichlet�O{�
´ 1

0
1

2xp cos 2
xdxÂñ§�d�

´ 1
0

1
2xpuÑ§d'��O{

´ 1
0

1

xp
sin 1

xdxu

Ñ§l
´ 1

0

1

xp
sin 1

xdx^�Âñ.

555 8.3.7 eé
´ 1

0

1

xp
sin 1

xdx�Cþx = 1
t��, �òÙz�

ˆ +∞

1

sin t

t2−p
dt,

|^Ã¡«m2ÂÈ©ñÑ5�O{Ó����(Ø. �~8.2.12.

éü«2ÂÈ©¿�£½õ�Û:¤��/§AkòÈ©«m·�©¤eZf«m.

~~~ 8.3.8 ?Ø
´ b
a

1
(x−a)p(b−x)q dx (p > 0, q > 0) �ñÑ5.

))). ep ≤ 0, q ≤ 0, TÈ©�½È©, È©�3.

Ù§�/, �c ∈ (a, b).

ˆ b

a

1

(x− a)p(b− x)q
dx =

ˆ c

a

1

(x− a)p(b− x)q
dx+

ˆ b

c

1

(x− a)p(b− x)q
dx

≡ I1 + I2.

Ï�

lim
x→a+

(x− a)p · 1

(x− a)p(b− x)q
=

1

(b− a)q
,

¤±�p < 1�I1Âñ§p ≥ 1�I1uÑ;

q

lim
x→b−

(b− x)q · 1

(x− a)p(b− x)q
=

1

(b− a)p
,

¤±�q < 1�I2Âñ§q ≥ 1�I2uÑ.

dd�p < 1�q < 1��È©Âñ§Ù§þuÑ.

~~~ 8.3.9 ?Ø ˆ +∞

−∞

1

|x− a1|p1 |x− a2|p2 · · · |x− an|pn
dx

�ñÑ5(a1 < a2 < · · · < an).

))). �a1, a2, · · · , anpØ�Ó§ek�Óö��K§/ªE�Ó. Ø��a1 < a2 < · · · < an, K

lim
x→ai

|x− ai|pi
1

|x− a1|p1 |x− a2|p2 · · · |x− an|pn
= Ci
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Ù¥0 < Ci < +∞, ��pi < 1(i = 1, 2 · · · , n)�, Ã.¼ê2ÂÈ©Âñ. 

ˆ +∞

−∞

1

|x− a1|p1 |x− a2|p2 · · · |x− an|pn
dx

=

(ˆ a

−∞
+

ˆ a1

a
+

ˆ b1

a1

+ · · ·+
ˆ bn−1

an−1

+

ˆ an

bn−1

+

ˆ bn

an

+

ˆ +∞

bn

)
dx

|x− a1|p1 |x− a2|p2 · · · |x− an|pn
.

é
´ a
−∞9

´ +∞
bn

:

d

lim
x→±∞

|x|p1+···+pn 1

|x− a1|p1 |x− a2|p2 · · · |x− an|pn
= 1

��
n∑
i=1

pi > 1�,
ˆ a

−∞

1

|x− a1|p1 |x− a2|p2 · · · |x− an|pn
dx

9 ˆ +∞

bn

1

|x− a1|p1 |x− a2|p2 · · · |x− an|pn
dx

Âñ.

nþ¤ã, �pi < 1 (i = 1, 2, · · · , n) �
n∑
i=1

pi > 1�, �È©Âñ.

~~~ 8.3.10 �f(x) ´[a,+∞) þ���ëY¼ê§¿�2ÂÈ©
´ +∞
a f(x)dx Âñ§K lim

x→+∞
f(x) = 0; X

J=2ÂÈ©
´ +∞
a f(x)dx Âñ§±9f(x) 3[a,+∞) ëY, f(x) ≥ 0, ´ÄEÎ¤á lim

x→+∞
f(x) = 0.

yyy{{{���. df(x)3[a,+∞)þ��ëY, ∀ε > 0, ∃δ > 0 (Ø��δ ≤ ε), �x1, x2 ∈ [a,+∞), �|x1 − x2| ≤
δ�, |f(x1)− f(x2)| < ε

2 .

qÏ
´ +∞
a f(x)dxÂñ, �éþãδ, ∃G > a, �x′, x′′ > G�, k|

´ x′′
x′ f(x)dx| < δ2

2 .
yé?Ûx > G, �x′, x′′ > G, ¦x′ < x < x′′, �x′′ − x′ = δ. d�d

|f(x)δ| = |
´ x2
x1
f(x)dt| =

∣∣∣´ x′′x′ f(x)dt−
´ x′′
x′ f(t)dt+

´ x′′
x′ f(t)dt

∣∣∣
≤
´ x′′
x′ |f(x)− f(t)|dt+ |

´ x′′
x′ f(t)dt|

< ε
2 · δ + δ2

2 ,

¦�

|f(x)| < ε

2
+
δ

2
≤ ε, x > G.

ùÒy� lim
x→+∞

f(x) = 0.

yyy{{{���. (^�y{) e lim
x→+∞

f(x) 6= 0, Kd4��½Âkµé∃ε0 > 0,∀X,∃x0 > X¦|f(x0)| ≥ ε0¤á,

Ø��f(x0) > 0.
qduf(x)3[a,+∞)��ëY§é ε0

2 ,∃δ ∈ (0, 1
2), é∀x1, x2 ∈ [a,+∞)��|x1 − x2| < δ�§Ò

k|f(x1)− f(x2)| < ε0
2 .

é∀M > 0, �X = M + 1,∃x0 > X, f(x0) ≥ ε0. u´∀x ∈ (x0 − δ
2 , x0 + δ

2), |x − x0| < δ, f(x) >
f(x0)− ε0

2 > ε0
2 .

�A1 = x0 − ε0
2 , A2 = x0 + ε0

2 , KA2 > A1 > M�

ˆ A2

A1

f(x)dx >
ε0

2
(A2 −A1) =

ε0

2
δ,
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dCauchyÂñ�n
´ +∞
a f(x)dx ØÂñ§ù�K�gñ©�k lim

x→+∞
f(x) = 0.

e=
´ +∞
a f(x)dxÂñ9f(x) 3[a,+∞) ëY, f(x) ≥ 0, Ø�½¤á lim

x→+∞
f(x) = 0.

~X:

f(x) =

{
1− n2(x− n), n− 1

n2 ≤ x <∈ n+ 1
n2 ,

0, n+ 1
n2 ≤ x < n+ 1− 1

(n+1)2
.

ùpf(x) ≥ 0 �
´ +∞
a f(x)dx = 0, � lim

x→+∞
f(x) 6= 0.

~~~ 8.3.11 y²: ef(x)´[a,+∞)þ�üN¼ê,�
´ +∞
a f(x)dxÂñ,K

f(x) = o(
1

x
), x→ +∞.

yyy²²². w,k lim
x→+∞

f(x) = 0. y3�?�Úy²

lim
x→+∞

xf(x) = 0.

(`²:e¡�y²¿Ø± lim
x→+∞

f(x) = 0��O��£.) ef(x) 3[a,+∞) þüN4O, d
´ +∞
a f(x)dxÂ

ñ�

∀ε > 0, ∃G > 0, ∀A1, A2 > G,

∣∣∣∣ˆ A2

A1

f(t)dt

∣∣∣∣ < ε,

=

−ε <
ˆ A2

A1

f(t)dt < ε.

ex > 2G, Kx
2 > G, l

xf(x) ≤
ˆ 2x

x
f(t)dt < ε

�

−ε <
ˆ x

x/2
f(t)d ≤ x

2
f(x),

¤±
−2ε ≤ xf(x) ≤ 2ε lim

x→+∞
xf(x) = 0.

ef(x) 3[a,+∞) þüN4O~, K−f(x) 3[a,+∞) þüN4O,
´ +∞
a f(x)dxÂñ�

´ +∞
a −f(x)dx

Âñ§l lim
x→+∞

−xf(x)dx = 0.

lim
x→+∞

xf(x) = 0.

ùÒy�(Ø¤á.

~~~ 8.3.12 �f(x)�[a,+∞)þ�ëY��¼ê,��x→ +∞�f(x)4~ªu". Áy:
´ +∞
a f(x)dxÂñ�

¿�^��
´ +∞
a xf ′(x)dxÂñ.

yyy²²². (7�5)þ~� lim
x→+∞

xf(x) = 0. u´,∀ε > 0,∃G > a, �u1, u2 > G�,

|u1f(u1)| < ε

3
, |u2f(u2)| < ε

3
,

∣∣∣∣ˆ u2

u1

f(x)dx

∣∣∣∣ < ε

3
.

|
´ u2
u1
xf ′(x)dx| = |[xf(x)]u2u1 −

´ u2
u1
f(x)dx|

≤ |u2f(u2)|+ |u1f(u1)|+ |
´ u2
u1
f(x)dx|

< ε
3 + ε

3 + ε
3 = ε.
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d�ÜOK��
´ +∞
a xf ′(x)dxÂñ.

[¿©5] du ˆ A

a
xf ′ (x) dx =

ˆ A

a
xdf(x) = Af(A)− af(a)−

ˆ A

a
f(x)dx.

� lim
x→+∞

´ A
a xf ′(x)dx �3, Ïd¯K8�y²4� lim

x→+∞
xf(x) �3. qÏx → +∞�, f(x) 4~ªu",

�Äk��f ′(x) ≤ 0, x ∈ [a,+∞). ∀x ∈ [a,+∞), �u ≥ x�§f(x) ≥ f(u), -u→ +∞, Kf(x) ≥ 0.
2d
´ +∞
a xf ′(x)dx Âñ,q�:∀ε > 0, ∃G > a,�u > G�,k

0 ≤ uf(u) = u|0− f(u)| =
∣∣∣∣uˆ +∞

u
f ′(x)dx

∣∣∣∣
≤
∣∣∣∣ˆ +∞

u
xf ′(x)dx

∣∣∣∣ < ε.

d=� lim
u→+∞

uf(u) = 0, ¯K�y.

8.4 111lllÙÙÙEEESSSKKK

1. �½e�Ã¡�2ÂÈ©�ñÑ5§XJÂñ§O�2ÂÈ©�µ

(1)
´ +∞

0 e−5x sin 2xdx; (2)
´ +∞

0 e−2x cos 3xdx;

(3)
´ +∞
e

1
x ln2 x

dx; (4)
´ +∞
−∞

1
x2+x+1

dx;

(5)
´ +∞

1
1

x
√
x2−1

dx; (6)
´ +∞

0 x eax
2
dx (a ∈ R);

(7)
´ +∞

1
arctanx
x2

dx; (8)
´ +∞

2
lnx
x dx;

(9)
´ +∞

0
x2+9
x2+16

dx; (10)
´ +∞

0
1

(ex + e−x)2
dx;

(11)
´ +∞

0
1

x4+1
dx; (12)

´ +∞
0

lnx
1+x2

dx.

2. �½e�Ã.¼ê�2ÂÈ©�ñÑ5§XJÂñ§O�2ÂÈ©�µ

(1)
´ 1

0
x√

1−x2dx; (2)
´ 1

0
1√

x(1−x)
dx;

(3)
´ 1

0
1

(2−x)
√

1−xdx; (4)
´ 1

0
1

sin2(1−x)
dx;

(5)
´ 1
−1

1
x3

sin 1
x2
dx; (6)

´ π
2

0 ln cosxdx;

(7)
´ π

0 x ln sinxdx.

3. ¦e�2ÂÈ©�CauchyÌ�:

(1)
´ +∞
−∞

1+x
1+x2

dx; (2)
´ 2
−2

1
x lnxdx.

4. |^4íúªO�2ÂÈ©In =
´ +∞

0 xn e−x dx.

5. �k�Û��§2ÂÈ©
´ +∞

2
dx

x(lnx)k
Âñ? �k�Û��§T2ÂÈ©uÑ?q�k�Û��§T2Â

È©�����.

6. y²: �a > 0�, ��eªü>�2ÂÈ©k¿Â, Òk

ˆ +∞

0
f
(x
a

+
a

x

) lnx

x
dx = ln a

ˆ +∞

0
f
(x
a

+
a

x

) 1

x
dx.
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111ÊÊÊÙÙÙ ¼¼¼êêê���???êêê������???êêê

9.1 ������ÂÂÂñññ

9.1.1 ¼¼¼êêê���???êêê���½½½ÂÂÂ

½½½ÂÂÂ 9.1.1 �un(x) (n = 1, 2, 3 . . .) ´½Â3¢ê8Xþ�¼ê§¡
+∞∑
n=1

un(x) = u1(x) + u2(x) + . . . +

un(x) + . . . ´Xþ���¼ê�?ê§¿¡Sn(x) =
n∑
k=1

uk(x)´ù�?ê�cn�Ü©Ú.

555 9.1.2 �½��¼ê�?ê
+∞∑
n=1

un(x), �±��ÙÜ©ÚS�{Sn(x)}. �A�, éu��¼ê�fn(x),

e�u1(x) = f1(x), un(x) = fn(x)− fn−1(x) (n = 2, 3, · · · ) K����¼ê�?ê
+∞∑
n=1

un(x), ÙÜ©ÚS

�{Sn(x)} �¼ê�{fn(x)} �Ó. ù�, ¼ê�?ê�ñÑ5¯KÒ�ÓuÙéA�¼ê��ñÑ5¯
K,·��LïÄÙ�.

½½½ÂÂÂ 9.1.3 ex0 ∈ X,
+∞∑
n=1

un(x0) Âñ§K¡
+∞∑
n=1

un(x)3x0Âñ¶X ¥¦¼ê�?êÂñ�:�8

Ü, ¡�¼ê�?ê�Âñ�; eé?¿�x ∈ X,
+∞∑
n=1

un(x) 3:xÂñ§=¼ê�?ê�Âñ��X,

K¡
+∞∑
n=1

un(x)3XþÂñ. d�é?¿�x ∈ X,
+∞∑
n=1

un(x)kÚP�S(x), =
+∞∑
n=1

un(x) = S(x), S(x)¡

�
+∞∑
n=1

un(x)�Ú¼ê.

555 9.1.4 w,ùp¼ê�?ê�ñÑ5´dê�?ê�ñÑ5���, ¤±<�  rù«Âñ¡�¼
ê?êÅ:Âñ.

9.1.2 ¯̄̄KKK���JJJÑÑÑ

Ú¼ê´Ääkk�Ú�@
5�º�Ò´:
£1¤XJun(x) (n = 1, 2, 3 . . .) Ñ3XþëY§§��Ú¼êS(x)´Ä�3XþëYº
£2¤XJun(x) (n = 1, 2, 3 . . .) Ñ3Xþ��§S(x)´Ä�3Xþ��º�ªS′+∞n=1 u

′
n(x)´Ä¤áº

½ö`§?ê´Ä�±“Å�¦�”º
£3¤XJun(x) (n = 1, 2, 3 . . .) 3X���«m[a, b]�È§S(x)´Ä3[a, b]þ�ÈºXJ3[a, b]þ�

È§�ª
´ b
a S(x)dx =

+∞∑
n=1

´ b
a un(x)dx´Ä¤áº½ö`§È©Ò�¦ÚÒUÄ��º

éu¼ê��kþãn¯K.
þ¡n^§éuk��¼ê�ÚÑ´�(�§�éÃ¡?ê�Ú§�7¤á.

~~~ 9.1.5 �u1(x) = x, un(x) = xn−xn−1, n = 2, 3, · · · . w,un(x)3[0, 1]þëY,��,¿�?ê
+∞∑
n=1

un(x)

3[0, 1] þÂñ, Ú¼êP�S(x), �S(x)3x = 1ØëY§Ø��.

yyy²²². ¯¢þ, n�Ü©ÚSn(x) =
n∑
k=1

uk(x) = xn, ¤±Ú¼ê

S(x) =

{
0, 0 ≤ x < 1,
1, x = 1.

�S(x)3x = 1ØëY§Ø��.
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~~~ 9.1.6 3[0, 1] þ�Ä¼êS�Sn(x) = 2n2x e−n
2x2 (n = 1, 2, . . .).

))). w,S(x) = lim
n→∞

Sn(x) = 0, Ï0 =
´ 1

0 S(x)dx 6= lim
n→∞

´ 1
0 Sn(x)dx = 1.

lþã~f�±wÑ, =¦?ê¥�z��Ñ´ëY�, �´ÙÂñ�Ú¼ê�Ø�½´ëY�. Ó�
�éu��5Ú�È5�kaq�¯K. @oXÛâU¦�ù
��5��±�±, ·�3e�!¥ò
�ïÄù�¯K: þãn¯K�¤á§IÖ¿^�“��Âñ”.

9.1.3 ������ÂÂÂñññ���½½½ÂÂÂ

¼ê�{Sn(x)} ½¼ê�?ê
+∞∑
n=1

un(x) 3X þÂñuS(x)§�Ò´é?¿�x0 ∈ X 9ε > 0 �3�

�êN(ε)§�n > N(ε) �k|Sn(x0)− S(x0)| < ε ½|rn(x)| =

∣∣∣∣∣ ∞∑
k=n+1

uk(x0)

∣∣∣∣∣ < ε. N(ε) �ε, x0 k'§�

�Âñ�¦N(ε) =�6uε Ø�6x0.

½½½ÂÂÂ 9.1.7 �3X þk¼ê�{Sn(x)}§eé?¿ε > 0§�3��êN(ε)§�n > N(ε) �§é�

�x ∈ X k|Sn(x)− S(x)| < ε, K¡{Sn(x)} 3X þ��ÂñuS(x). éu¼ê�?ê
+∞∑
n=1

un(x)§eÙÜ

©ÚS�{Sn(x)} 3X þ��ÂñuS(x)§K¡
+∞∑
n=1

un(x) 3X þ��ÂñuS(x).

w,��Âñ��±^e¡��ª5½Â.

½½½ÂÂÂ 9.1.8 {Sn(x)} 3X þ��ÂñuS(x)�¿�^�´ lim
n→∞

sup
x∈X
|Sn(x)− S(x)| = 0.

±�P‖Sn − S‖ = sup
x∈X
|Sn(x)− S(x)|.

~~~ 9.1.9 y²Sn(x) =
x

1 + n2x2
3X = (−∞,+∞)þ��Âñ.

yyy²²². w,, é?¿�x ∈ (−∞,+∞), Sn(x) Ñk4�¼êS(x), ¿�

S(x) = lim
n→+∞

Sn(x) = 0.

du

|Sn(x)− S(x)| = |x|
1 + n2x2

=
1

2n

2n|x|
1 + n2x2

≤ 1

2n
<

1

n
,

¤±

‖Sn − S‖ = sup
x∈(−∞,+∞)

|Sn(x)− S(x)| ≤ 1

n
→ 0, n→ +∞.

ù�Uì��Âñ�½Â9.1.8, ��¼ê�{Sn(x)} 3(−∞,+∞) þ��Âñ.

~~~ 9.1.10 ?ØSn(x) =
nx

1 + n2x2
3X = [0, 1], (1,+∞)���Âñ5.

))). ex = 0, Sn(0) = 0, S(0) = 0; ex > 0, S(x) = lim
n→+∞

Sn(x) = 0.

¤±éu?¿�x ∈ [0,+∞), S(x) = 0, Sn(x)− S(x) = Sn(x).

S′n(x) = n (1−nx)(1+nx)
(1+n2x2)2

, x ∈ [0, 1
n)�S′n(x) > 0, Sn(x)'ux4O; x ∈ ( 1

n ,+∞)�S′n(x) < 0, Sn(x)'

ux4~.
��X = [0, 1]�,

‖Sn − S‖ = sup
x∈[0,1]

|Sn(x)| ≥ |Sn(
1

n
)| = 1

2
6= 0.

56



9.1. ��Âñ

¤±{Sn(x)}3[0, 1] þØ��Âñ.
�X = (1,+∞)�,

‖Sn − S‖ = sup
x∈(1,+∞)

|Sn(x)| ≤ |Sn(1)| = n

1 + n2
→ 0, n→ +∞.

¤±{Sn(x)}3(1,+∞) þ��Âñ.
|^þ¡�?Ø, ØJuy3~9.1.5¥�¼ê�Sn(x) 3[0, 1] þØ´��Âñ�. Ï�

|Sn(x)− S(x)| =
{
xn, 0 ≤ x < 1,
0, x = 1.

¤± sup
x∈[0,1]

|Sn(x)− S(x)| = 1, �Ò´‖Sn − S‖ = 1, �¼ê�Sn(x) 3[0, 1] þØ��Âñ. ¿�ØJuy,

¼ê�Sn(x) 3m«m(0, 1) þ�´Ø��Âñ�. �´3?Û��«m[0, c] þ, Ù¥0 < c < 1,

sup
0≤x≤c

|Sn(x)− S(x)| = sup
0≤x≤c

xn = cn → 0, n→ +∞.

�¼ê�Sn(x) ´��Âñ�.
ù`²¼ê����Âñ5´�Ù©Ù«mk'�. XJ¼ê�3��«mþ��Âñ, @o§7,

3¹3ù�«mS�?¿4f«mS��Âñ. lþ¡�~f¥�ØJwÑ, 3«m(a, b) S�?¿4f
«mþ��Âñ, �´3«m(a, b) þ�Ø�½��Âñ. �¼ê�Sn(x) 3«m(a, b) S�?�4f«m
þÂñ�, ¡Sn(x) 3«m(a, b) S4��Âñ.

~~~ 9.1.11 Sn(x) = 2n2x e−n
2x2 (n = 1, 2, . . .)3X = (0, 1)���Âñ§�3(0, 1)S4��Âñu".

yyy²²². e0 < x < 1, S(x) = lim
n→+∞

Sn(x) = 0, ¤±éu?¿�x ∈ (0, 1), Sn(x)− S(x) = Sn(x).

‖Sn − S‖ = sup
x∈(0,1]

|Sn(x)| ≥ |Sn(
1

n
)| = 2n e−1 > 0.

¤±{Sn(x)}3(0, 1) þØ��Âñ.
é?¿�4f«m[a, b] ⊂ (0, 1),

‖Sn − S‖ = sup
x∈[a,b]

|Sn(x)| ≤ 2n2b e−n
2a2 → 0 (n→∞),

¤±Sn(x)3[a, b]þ��Âñu", ?3(0, 1)S4��Âñu".

9.1.4 SSSKKK9.1

1. ?Øe�¼êS�3�½«m���Âñ5.

(1) Sn(x) = e−nx,

(i)x ∈ (0, 1),

(ii)x ∈ (1,+∞);

(2) Sn(x) =
√
x2 + 1

n2 , x ∈ (−∞,+∞);

(3) Sn(x) = sin x
n ,

(i)x ∈ (−∞,+∞),

(ii)x ∈ [−A,A];

(4) Sn(x) = x
n ln x

n ,

(i)x ∈ (0, 1),

(ii)x ∈ (1,+∞);
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(5) Sn(x) = nx(1− x)n, x ∈ [0, 1];

(6) Sn(x) = xn

1+xn ,

(i)x ∈ (0, 1),

(ii)x ∈ [0, 1− δ], 0 < δ < 1,

(iii)x ∈ (1,+∞);

(7) Sn(x) =

{
−(n+ 1)x+ 1, 0 ≤ x ≤ 1

n+1 ,

0, 1
n+1 < x ≤ 1.

2. y²:

Sn(x) =


0, 0 ≤ x ≤ 1− 1

n ;
2(1 + nx− n), 1− 1

n ≤ x ≤ 1− 1
2n ;

−2n(x− 1), 1− 1
2n ≤ x ≤ 1

3[0, 1)þS4��Âñ. q¯3[0, 1)þ��Âñí?

3. ®�
+∞∑
n=1

x e−(n−1)x, y²

(1) Âñ��[0,+∞);

(2) ?ê3[0,+∞)þØ��Âñ;

(3) ?ê3(0,+∞)þS4��Âñ.

9.2 ������ÂÂÂñññ???êêê������OOO{{{

9.2.1 ������ÂÂÂñññ???êêê������OOO{{{

aquê�?ê�Âñ5�O, e¡�Ñ¼ê�?êÂñ��
�O{.

½½½nnn 9.2.1 (CauchyÂÂÂñññ���nnn) ¼ê�{Sn(x)}3Xþ��Âñ�¿�^��µé?¿�ε > 0§�3�
�êN(ε)§�n > N(ε)�§é����êp9x ∈ X k

|Sn+p(x)− Sn(x)| < ε.

éu¼ê�?ê
+∞∑
n=1

un(x)3Xþ��Âñ�¿�^�´µé?¿�ε > 0§�3��êN(ε)§�n >

N(ε)�§é����êp9x ∈ Xk

|un+1(x) + un+2(x) + . . .+ un+p(x)| < ε.

�p = 1k:

íííØØØ 9.2.2 e
+∞∑
n=1

un(x)3Xþ��Âñ§K{un(x)}3X ��Âñu".£�^u?Ø���Âñ5¤

~~~ 9.2.3 ?Ø?ê
+∞∑
n=1

n e−nx3(0,+∞)þ���Âñ5.

))). �un(x) = n e−nx, Ï�

sup
x∈(0,+∞)

|un(x)| ≥ |un(
1

n
)| = ne−1 →∞, n→∞,

¤±un(x)3(0,+∞) þØ��Âñu", l
+∞∑
n=1

n e−nx3(0,+∞)þØ��Âñ.
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½½½nnn 9.2.4 (Weierstrass���OOO{{{,'''������OOO{{{) e��¼ê�?ê
+∞∑
n=1

vn(x)3Xþ��Âñ§�3X

þk|un(x)| ≤ vn(x), K
+∞∑
n=1

un(x) 3X þ£ýé¤��Âñ. AO/, �3Xþk|un(x)| ≤ an, Ù

¥
+∞∑
n=1

an�Âñ���?ê, K
+∞∑
n=1

un(x) 3X þ£ýé¤��Âñ.

^CauchyÂñ�néN´y�þã½n.

~~~ 9.2.5
+∞∑
n=1

cosnx

n2
3(−∞,+∞)þ��Âñ.

yyy²²². Ï�
∣∣ cosnx

n2

∣∣ ≤ 1
n2 �

+∞∑
n=1

1
n2 Âñ, dWeierstrass�O{�

+∞∑
n=1

cosnx

n2

3(−∞,+∞) þ��Âñ.

~~~ 9.2.6
+∞∑
n=1

x

1 + n4x
3(0,+∞)þ��Âñ.

yyy²²². �x ∈ (0,+∞)�,Ï�

∣∣∣∣ x

1 + n4x

∣∣∣∣ ≤ x
n4x

= 1
n4§�

+∞∑
n=1

1
n4Âñ,dWeierstrass�O{�

+∞∑
n=1

x

1 + n4x
3(0,+∞)þ

��Âñ.
�ê�?ê��kAbel�O{�Dirchlet�O{.

½½½nnn 9.2.7 (Abel���OOO{{{)e
+∞∑
n=1

bn(x)3Xþ��Âñ§éz�x ∈ X, an(x)üN���k.£=�3

�x, nÃ'�~êM > 0, ¦|an(x)| ≤M¤§@o
+∞∑
n=1

an(x)bn(x)3Xþ��Âñ.

yyy²²². d?ê
+∞∑
n=1

bn(x) 3X þ��Âñ, é?¿�½�ε > 0, �3N(ε) > 0, ¦��n > N(ε) �, é?Û

��êp Ñk

|bn+1(x) + · · ·+ bn+p(x)| < ε

éu�½�x ∈ X, 2d¼ê�an(x) �üN5, |^Abel Ún,

|an+1(x)bn+1(x) + · · ·+n+p (x)bn+p(x)| ≤ ε(|an+1(x)|+ 2|an+p(x)|),

2d¼ê�an(x) 3«mX þ���k.5, ��

|an+1(x)bn+1(x) + · · ·+ an+p(x)bn+p(x)| ≤ 3Lε.

l��Âñ�CauchyÂñ�n=�?ê���Âñ5, ½ny..

~~~ 9.2.8 e
+∞∑
n=1

anÂñ§K
+∞∑
n=1

anx
n3[0, 1]þ��Âñ.

yyy²²². éuz�x ∈ [0, 1], ê�{xn} üN, ¿�|xn| ≤ 1. q?ê
+∞∑
n=1

an Âñ, |^Abel ½n, ?ê3«

m[0, 1] þ��Âñ.
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½½½nnn 9.2.9 (Dirchlet���OOO{{{)�
+∞∑
n=1

bn(x)�Ü©Ú3Xþ��k.§�éz�x ∈ X, an(x)üN�

3Xþ��Âñu"§K
+∞∑
n=1

an(x)bn(x)3Xþ��Âñ.

yyy²²². dÜ©ÚS�Bk(x) =
k∑

n=1
bn(x) 3«mX þ��k., �

|Bn(x)| =

∣∣∣∣∣
n∑
i=1

bi(x)

∣∣∣∣∣ ≤ L.
@oéu?¿�x ∈ X, ±9?¿���êp Ñ¤á∣∣∣∣∣

n+p∑
i=n+1

bi(x)

∣∣∣∣∣ ≤
∣∣∣∣∣
n+p∑
i=1

bi(x)

∣∣∣∣∣+

∣∣∣∣∣
∞∑
i=1

bi(x)

∣∣∣∣∣ ≤ 2L.

|^Abel ½n, Ò�±�� ∣∣∣∣∣
n+p∑
i=n+1

ai(x)bi(x)

∣∣∣∣∣ ≤ 2L (|an+1(x)|+ 2|an+p(x)|) .

2|^an(x) 3X þ��Âñu", ½n�y.

~~~ 9.2.10 eanüNªu"§K
+∞∑
n=1

an sinnx3[δ, π − δ]þ��Âñ§ùpδ´�uπ�?��ê.

yyy²²². Äky²Ü©ÚBn(x) =
n∑
k=1

sin kx 3[δ, 2π − δ] þ´��k.�.

Bn(x) =
n∑
k=1

sin kx =

∣∣∣∣∣cos 1
2x− cos(n+ 1

2)x

2 sin 1
2x

∣∣∣∣∣ ≤ 1∣∣sin 1
2x
∣∣ ≤ 1∣∣sin 1

2δ
∣∣ .

dDirchlet�O{, ��
+∞∑
n=1

an sinnx3[δ, π − δ]þ´��Âñ�.

9.2.2 SSSKKK9.2

1. ?Øe�¼ê�?ê3�½«m���Âñ5.

(1)
+∞∑
n=0

2n sin 1
3nx , (i) x ∈ (0,+∞); (ii) x ∈ [δ,+∞), δ > 0;

(2)
+∞∑
n=1

sinx sinnx√
n+x

, x ∈ [0,+∞);

(3)
+∞∑
n=0

x2

(1+x)2
, x ∈ (−∞,+∞);

(4)
+∞∑
n=0

(−1)n x2

(1+x2)n
, x ∈ (−∞,+∞).

(5)
+∞∑
n=1

(−1)n

x2+n
, x ∈ (−∞,+∞);

(6)
+∞∑
n=1

x3 e−nx, x ∈ [0,+∞);
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(7)
+∞∑
n=1

n
n!(x

n + x−n), 1
4 ≤ |x| ≤ 4;

(8)
+∞∑
n=1

sinnx
n , x ∈ [ε, 2π − ε], 0 < ε < π;

2. y²?ê
+∞∑
n=1

sinnx
n 3[0, 2π]þØ��Âñ,3[ε, 2π − ε], 0 < ε < π þ��Âñ.

3. �?ê
+∞∑
n=1

anÂñ, y²
+∞∑
n=1

an e−nx3[0,+∞)þ��Âñ.

4. y²
+∞∑
n=1

xn(1− x)3[0, 1]þÂñ, �Ø��Âñ.

5. �¼ê�{fn(x)} �{gn(x)} 3«mIþ©O��Âñuf(x) Úg(x), �f(x), g(x) 3Iþk., K¼ê
�{fn(x)gn(x)} 3Iþ��Âñuf(x)g(x).

6. �f(x)3«m[0, 1]þëY, f(1) = 0, gn(x) = f(x)xn, y²{gn(x)}3[0, 1]þ��Âñ

9.3 ������ÂÂÂñññ???êêê���ÚÚÚ¼¼¼êêê555���

9.3.1 ������ÂÂÂñññ???êêê���ÚÚÚ¼¼¼êêê555���

k
��Âñ�Vg±�, y3·�Ò�±£�c¡JÑ�n�¯K§��\þ��Âñ�^�§Ù
�Y´�½�.

½½½nnn 9.3.1 e3[a, b]þ¼ê�{Sn(x)}�z��ÑëY§�{Sn(x)}��ÂñuS(x)§KS(x)�3[a, b]þ
ëY, =éu«m[a, b] þ�?�:x0, ¤á

lim
x→x0

lim
n→∞

Sn(x) = S(x0) = lim
n→∞

lim
x→x0

Sn(x).

yyy²²². éu?¿�:x0 ∈ [a, b], y²S(x) 3x = x0 ?ëY=�. du¼ê�Sn(x) 3«m[a, b] þ��Â
ñu¼êS(x), ¤±é?¿�½��êε > 0, Ñ�3���x Ã'�N > 0, ¦��n ≥ N �,

|Sn(x)− S(x)| < ε

3
.

dd
|SN (x0)− S(x0)| < ε

3
.

qÏ�SN (x) 3x = x0 ?ëY, @o�3δ > 0, ¦��|x− x0| < δ �,

|SN (x)− SN (x0)| < ε

3
.

u´�|x− x0| < δ �,

|S(x)− S(x0)| ≤ |S(x)− SN (x)|+ |SN (x)− SN (x0)|+ |SN (x0)− S(x0)| < ε.

½ny..
XJrSn(x) �¤¼êÚ�/ª, Òke¡�½n.

½½½nnn 9.3.2 e3[a, b] þ?ê
+∞∑
n=1

un(x) �z�un(x) ÑëY§�
+∞∑
n=1

un(x) ��ÂñuS(x)§KS(x)

3[a, b] þëY, =∀x0 ∈ [a, b], lim
x→x0

+∞∑
n=1

un(x) =
+∞∑
n=1

un(x0), �é{`, ��Âñ�?ê�±Å��4

�.
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~~~ 9.3.3 �S(x) =
∞∑
n=0

xn

3n
cosnπx, O� lim

x→1
S(x).

))). �un(x) =
xn

3n
cosnπx, K|un(x)| ≤ |x|

n

3n .

�x ∈ [0, 2]�, |un(x)| ≤ 2n

3n .du
∞∑
n=0

2n

3nÂñ,l
∞∑
n=0

un(x)3[0, 2]þ��ÂñuS(x),d½n9.3.1’�S(x)3[0, 2]þ

ëY, ¤±

lim
x→1

S(x) = S(1) =
∞∑
n=0

1

3n
cosnπ =

∞∑
n=0

(
−1

3

)n
=

3

4
.

~~~ 9.3.4 y²
+∞∑
n=1

n e−nx3(0,+∞)þëY.

yyy²²². ∀x0 ∈ (0,+∞), �[a, b] ¦x0 ∈ (a, b) ⊂ [a, b] ⊂ (0 +∞).

�un(x) = n e−nx, w,un(x)3[a, b] þëY§�|un(x)| ≤ n e−na . 
+∞∑

n e−naÂñ, ¤±un(x)3[a, b]

þ��Âñ, d½n9.3.1�
+∞∑
n=1

n e−nx3[a, b]þëY, ?3(0,+∞)þëY.

~~~ 9.3.5 y²
+∞∑
n=1

n+ x

n3
´[0,+∞)þ���Âñ�ëY¼ê.

yyy²²². �un(x) = n+x
n3 , Ï�

sup
x∈[0,+∞)

|un(x)| ≥ |un(n3)| = n+ n3

n3
> 1 > 0,

¤±un(x)3(0,+∞) þØ��Âñu", l
+∞∑
n=1

n+ x

n3
´[0,+∞)þØ��Âñ.

∀x0 ∈ [0,+∞), �[a, b] ¦x0 ∈⊂ [a, b] ⊂ [0 +∞). w,un(x) 3[a, b] þëY§�|un(x)| ≤ n+b
n3 ,

+∞∑
n=1

n+b
n3

Âñ, ¤±un(x) 3[a, b] þ��Âñ, d½n9.3.1�
+∞∑
n=1

n+x
n3 3[a, b] þ, ?3[0,+∞) þëY.

555 9.3.6 555 ~9.2.3,
+∞∑
n=1

n e−nx3(0,+∞)¿���Âñ, �d~9.3.4§
+∞∑
n=1

n e−nx3(0,+∞)þëY¶2

X~9.3.5§Ñ`²½n9.3.1�½n9.3.2�_·K�7¤á. 3Û^�eâ¤áQºkwe¡Dini½n.

½½½nnn 9.3.7 (Dini½½½nnn) e3k�«m[a, b] þëY¼êS�{Sn(x)} ÂñuëY¼êS(x)§�é[a, b]
þz�:x, {Sn(x)} ´üNê�§K{Sn(x)} 3[a, b] þ��ÂñuS(x).

ky²��(Øµeé�½�x, d^�{Sn(x)}'unüN, K{|Sn(x) − S(x)|}'un�üN4~. ¯
¢þ§e{Sn(x)} üN4O§KSn(x) ≤ S(x) ⇒ S(x) − Sn(x) ≥ 0l{S(x) − Sn(x)} üN4~§u
´|Sn(x)− S(x)| = S(x)− Sn(x)üN4~;

e{Sn(x)} üN4~§KSn(x) ≥ S(x)⇒ Sn(x)− S(x) ≥ 0l{Sn(x)− S(x)}üN4~§=|Sn(x)−
S(x)| = Sn(x)− S(x)üN4~.

e¡^ü«�{y²Dini½n.

yyy{{{���. (���yyy{{{) eSn(x)3[a, b]þØ��ÂñuS(x), K∃ε0 > 0, ∀N , �3n > N , ±9x ∈ [a, b], ¦
�|Sn(x)− S(x)| ≥ ε0.

e�N = 1, ∃n1 > 1 9x1 ∈ [a, b], ¦|Sn1(x1)− S(x1)| ≥ ε0;

2�N = n1, ∃n2 > n19x2 ∈ [a, b], ¦|Sn2(x2)− S(x2)| ≥ ε0;
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ù�UYe�§∃n1 < n2 < · · · < nk 9xk ∈ [a, b], ¦|Snk(xk)− S(xk)| ≥ ε0. {xk} ∈ [a, b]§d��
5½n,{xk} �3Âñ�fS�§��BEP�{xk}, d�xk → ξ ∈ [a, b].

d lim
n→∞

Sn(ξ) = S(ξ), éþãε0 > 0, ∃N, ¦|SN (ξ)− S(ξ)| < ε0, l

lim
x→ξ
|SN (x)− S(x)| = |SN (ξ)− S(ξ)| < ε0.

dxk → ξ§�k¿©��

|SN (xk)− S(xk)| < ε0.

¤±�n > N�, |Sn(xk)− S(xk)| ≤ |SN (xk)− S(xk)| < ε0gñ, ½n�y.

yyy{{{���. (^̂̂kkk���EEEXXX½½½nnn) Pσn(x) = |Sn(x)−S(x)|,d^�∀x ∈ [a, b]§{Sn(x)}�üN,��{σn(x)}�
üN4~ê�.

∀ε > 0, d lim
n→∞

Sn(x) = S(x), ∃Nx ∈ N, σNx(x) = |SNx(x)− S(x)| < ε. σNx(t)3t = x ∈ [a, b]ëY,

∃δx > 0�t ∈ (x− δx, x+ δx) ∩ [a, b]�, σNx(t) < ε. 

[a, b] ⊂ ∪x∈[a,b](x− δx, x+ δx),

dk�CX½nk��δx1 , · · · , δxr¦�

[a, b] ⊂ ∪ri=1(xi − δxi , xi + δxi).

�N = max{Nx1 , · · · , Nxr}, ∀t ∈ [a, b],∃i¦�t ∈ (xi − δxi , xi + δxi) ∩ [a, b], {σn(x)}�üN4~ê�§
¤±�n > N�,

σn(t) ≤ σN (t) ≤ σNxi (t) < ε,

=

|Sn(x)− S(x)| < ε,

¤±{Sn(x)} 3[a, b] þ��ÂñuS(x).

½½½nnn 9.3.8 (Dini½½½nnn’) éu?êó§e3k�«m[a, b]þëY�¼ê¤¤�?ê
+∞∑
n=1

un(x)3[a, b]þ

ÂñuëY¼êS(x)§é[a, b] þz�:x, ?ê
+∞∑
n=1

un(x)���ÓÒ§@o
+∞∑
n=1

un(x) 3[a, b]þ��Âñ

uS(x).

555 9.3.9 XJrDini½n¥4«m[a, b]�¤m«m½öÃ¡«m§(ØÒ�UØ¤á.

~X:

(1) ?ê
+∞∑
n=1

xn�z��3«m[0, 1)þ�K�ëY§§�Ú¼ê
1

1− x
�3[0, 1)þëY§T?ê

3[0, 1)þ¿Ø��Âñ.

(2) éuÃ¡«m§d~9.3.5��§§�z��´�K�§Ú¼ê3[0,+∞)þëY§�§3[0,+∞)
þØ��Âñ.

(3) ^Dini½n��Sn(x) =
x2

1 + n2x2
3[a, b] þ��Âñ; dWeierstrass�O{�Sn(x) 3(−∞,+∞)

þ��Âñu"§�ØU^Dini½n.

½½½nnn 9.3.10 e3[a, b] þ¼ê�{Sn(x)} �z��ÑëY§�Sn(x) ��ÂñuS(x)§K

lim
n→∞

ˆ b

a
Sn(x)dx =

ˆ b

a
S(x)dx =

ˆ b

a
lim
n→∞

Sn(x)dx,

�
´ x
a Sn(t)dt 3[a, b] þ��Âñu

´ x
a S(t)dt.
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yyy²²². d½n9.3.1, ¼êS(x) ëY, ¤±È©
´ b
a S(x)dx,

´ x
a S(t)dt �3. ¿�Ï�¼ê�Sn(x) ��Âñ

uS(x), éu?¿�½�ε > 0, �3N(ε) > 0, ¦��n > N(ε) �, éx ∈ [a, b],

|Sn(x)− S(x)| < ε

b− a
.

@o, ∣∣∣∣ˆ b

a
Sn(x)dx−

ˆ b

a
S(x)dx

∣∣∣∣ ≤ ˆ b

a
|Sn(x)− S(x)|dx < ε.

qeòÈ©þ�b��x, KþªE¤á, ½ny..
T½n¥�Sn(x) XJ�¤¼êÚ�/ª, ÒC¤
e¡�½n.

½½½nnn 9.3.11 e3[a, b] þ?ê
+∞∑
n=1

un(x) �z�ÑëY§�
+∞∑
n=1

un(x) ��ÂñuS(x), K

+∞∑
n=1

ˆ b

a
un(x)dx =

ˆ b

a

(
+∞∑
n=1

un(x)

)
dx,

�
+∞∑
n=1

´ x
a un(t)dt 3[a, b] þ��Âñu

´ x
a S(t)dt.

T½n�¡Å�¦È©½n.

555 9.3.12 3þã½n9.3.10½½n9.3.11¥ëY�¤�È, (Ø�¤á.

~~~ 9.3.13 �f(x) =
+∞∑
n=1

cosnx

n2
, O�

´ π
0 f(x)dx.

))). Ï�
∣∣∣cosnx

n2

∣∣∣ ≤ 1

n2
,

+∞∑
n=1

1
n2Âñ, ¤±

+∞∑
n=1

cosnx

n2
3[0, π]þ(ýé)��Âñuf(x). d½n9.3.3’,

ˆ π

0
f(x)dx =

+∞∑
n=1

ˆ π

0

cosnx

n2
dx =

+∞∑
n=1

1

n2

(
sinnx

n

)∣∣∣∣π
0

= 0.

~~~ 9.3.14 eSn(x) (n = 1, 2, · · · )3c:�ëY, �{Sn(c)}uÑ, y²3?Ûm«m(c− δ, c)S, {Sn(x)}7
Ø��Âñ.

yyy²²². e{Sn(x)}3(c− δ, c)S��Âñ, K∀ε > 0,∃N, �n > N�, ∀p ∈ N, ∀x ∈ (c− δ, c),

|Sn+p(x)− Sn(x)| < ε,

3þª¥-x→ c−, ��
|Sn+p(c)− Sn(c)| ≤ ε.

dCauchyÂñOK�{Sn(c)}Âñ§gñ. �{Sn(x)}3(c− δ, c)SØ��Âñ.

½½½nnn 9.3.15 XJ3[a, b] þ¼ê�{Sn(x)} �z��þÑkëY�ê§Sn(x) ��3,�:x0 ∈ [a, b]
Âñ§�S′n(x) ��Âñug(x)§KSn(x) �3[a, b] þ��Âñu,ëY��¼êS(x), �S′(x) = g(x)

=
(

lim
n→∞

Sn(x)
)′

= lim
n→∞

S′n(x).

T½n�¡Å�¦�ê½n.
yyy²²². d½n9.3.1�g(t) 3[a, b] þëY§d½n9.3.10�

´ x
x0
S′n(t)dt 3[a, b] þ��Âñu

´ x
x0
g(t)dt. w

,Sn(x) − Sn(x0) =
´ x
x0
S′n(t)dt, qd^�{Sn(x0)} Âñ�{Sn(x)} �3[a, b] þ��Âñ,�¼êS(x),

S(x)− S(x0) =
´ x
x0
g(t)dt, S(x) ��§�S′(x) = g(x).
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½½½nnn 9.3.16 XJ
+∞∑
n=1

un(x) �z��3[a, b] þkëY�¼ê§�
+∞∑
n=1

un(x) ��,:x0 ∈ [a, b] Â

ñ§q
+∞∑
n=1

u′n(x) 3[a, b] þ��Âñg(x)§K
+∞∑
n=1

un(x) 3[a, b] þ��Âñu,�ëY��¼êS(x),

�S′(x) = g(x) =

(
+∞∑
n=1

un(x)

)′
=

+∞∑
n=1

u′n(x).

~~~ 9.3.17 y²S(x) =
+∞∑
n=1

sinnx

n4
3(−∞,+∞)þk��ëY��¼ê§¿�¦S′′(x).

yyy²²². ∀x0 ∈ (−∞,+∞), �[a, b] ⊂ (−∞,+∞)¦�x0 ∈ (a, b).

Pun(x) = sinnx
n4 , K|un(x)| ≤ 1

n4 , 
+∞∑
n=1

1
n4 Âñ§¤±

+∞∑
n=1

un(x) 3[a, b] þ��ÂñS(x);

u′n(x) = cosnx
n3 , |u′n(x)| ≤ 1

n3 , 
+∞∑
n=1

1
n3Âñ§¤±

+∞∑
n=1

u′n(x)3[a, b]þ��Âñug(x), �S′(x) = g(x),

=
+∞∑
n=1

un(x)3[a, b]þk��ëY�ê.

qu′′n(x) = − sinnx
n2 , |u′′n(x)| ≤ 1

n2 , 
+∞∑
n=1

1
n2Âñ§¤±

+∞∑
n=1

u′′n(x)3[a, b]þ��Âñuh(x), �S′′(x) =

h(x), =
+∞∑
n=1

un(x)3[a, b]þk��ëY�ê§�
+∞∑
n=1

un(x)3x0?��ëY��, �·K�y.

555 9.3.18 ½n9.3.10�½n9.3.15¥§��Âñ^�´?14�$��¦�$��¿©^�.

���~~~1 fn(x) = xn−1 − xn, ?ê
∞∑
n=1

fn(x)�Ü©ÚSn(x) = 1 − xn. ÙÚ¼êS(x) = 1, (0 ≤ x <

1), S(0) = 0. ´y
∞∑
n=1

fn(x)3[0, 1] þØ��Âñ. �

∞∑
n=1

ˆ 1

0
fn(x)dx =

∞∑
n=1

(
1

n
− 1

n+ 1
) = 1,

� ˆ 1

0

∞∑
n=1

fn(x)dx =

ˆ 1

0
S(x)dx = 1.

∞∑
n=1

ˆ 1

0
fn(x)dx =

ˆ 1

0

∞∑
n=1

fn(x)dx = 1.

���~~~2 fn(x) = n2x e−nx�f ′n(x) = n2(1− nx) e−nx3[0, 1]þÑÂñu0§�

sup
x∈[0,1]

|fn(x)− 0| = fn(
1

n
) =

n

e
→ +∞ (n→∞),

sup
x∈[0,1]

|f ′n(x)− 0| ≥ fn(0) = n2 → +∞ (n→∞).

¤±fn(x), f ′n(x)3[0, 1]þÑØ��Âñu0, �'Xª lim
n→∞

f ′n(x) = 0 =
[

lim
n→∞

fn(x)
]′
¤á.
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9.3.2 SSSKKK9.3

1. ?Øe�¼ê�3¤½Â«mþ���Âñ59Ù4�¼ê�ëY5!�È5Ú��5:

(1) sn(x) = x e−nx
2
, x ∈ [−l,+l];

(2) sn(x) = nx
nx+1 , (i) x ∈ [0,+∞); (ii) x ∈ [a,+∞), (a > 0).

2. y²¼êS(x) =
+∞∑
n=1

cosnx

n2 + 1
3(0, π)ëY§�këY��¼ê.

3. y²¼êS(x) =
+∞∑
n=1

1

nx
3(1,+∞)ëY§¿këY���¼ê.

4. y²¼êS(x) =
+∞∑
n=1

sinnx

n
7
2

3(−∞,+∞)ëY§�k��ëY��¼ê.

9.4 111ÊÊÊÙÙÙ;;;...~~~KKKÀÀÀùùù���

9.4.1 ~~~KKKÀÀÀùùù

~~~ 9.4.1 �f(x) 3(−∞,+∞) þëY§

fn(x) =
n−1∑
k=0

f(x+
k

n
)
1

n
.

y²: ¼ê�{fn(x)}3?Ûk�«mþ��Âñ.

yyy²²². df(x) 3(−∞,+∞) þëY�é∀x ∈ (−∞,+∞)§È©g(x) =
´ 1

0 f(x+ t)dtk¿Â.
�[a, b]´?¿��k�«m§∀x ∈ [a, b],df(x)3[a, b+1]þëY§?��ëY.dd∀ε > 0,∃δ > 0,

�x1, x2 ∈ [a, b+ 1], |x1 − x2| < δ �, k

|f(x1)− f(x2)| < ε.

ék = 0, 1, · · · , n− 1 9t ∈
[
k
n ,

k+1
n

]
, w,x+ k

n , x+ t ∈ [a, b+ 1]�∣∣∣∣(x+
k

n
)− (x+ t)

∣∣∣∣ =

∣∣∣∣kn − t
∣∣∣∣ < 1

n
.

e�N = 1
δ , �n > N�§k 1

n < δ, l∣∣∣∣f(x+
k

n
)− f(x+ t)

∣∣∣∣ < ε.

5¿�

fn(x) =
n−1∑
k=0

f(x+
k

n
)
1

n
=

n−1∑
k=0

ˆ k+1
n

k
n

f(x+
k

n
)dt,

g(x) =

ˆ 1

0
f(x+ t)dt =

n−1∑
k=0

ˆ k+1
n

k
n

f(x+ t)dt,

¤±

|fn(x)− g(x)| =

∣∣∣∣∣
n−1∑
k=0

ˆ k+1
n

k
n

f(x+
k

n
)dt−

n−1∑
k=0

ˆ k+1
n

k
n

f(x+ t)dt

∣∣∣∣∣
=

∣∣∣∣∣
n−1∑
k=0

ˆ k+1
n

k
n

(
f(x+

k

n
)− f(x+ t)

)
dt

∣∣∣∣∣ ≤
n−1∑
k=0

ˆ k+1
n

k
n

∣∣∣∣f(x+
k

n
)− f(x+ t)

∣∣∣∣ dt
<

n−1∑
k=0

ˆ k+1
n

k
n

εdt = ε.
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�{fn(x)}3?Ûk�«mþ��Âñug(x).

~~~ 9.4.2 �½¼ê�fn(x) = x(lnn)α

nx , ?Ø�α�Û��, {fn(x)}3[0,+∞)þ��Âñ.

))). f ′n(x) = (lnn)α+1

nx

(
1

lnn − x
)
. dd��é�½�n, �x < 1

lnn�, f ′n(x) > 0, f ′n(x)üN4O; �x >
1

lnn�, f ′n(x) < 0, fn(x)üN4~, ¤±fn(x)3x = 1
lnn?Ù���.

5¿�4�¼êf(x) = lim
n→∞

fn(x) = 0. �

sup
x∈[0,+∞)

|fn(x)− f(x)| = max
x∈[0,+∞)

= fn

(
1

lnn

)
=

(lnn)α−1

n
1

lnn

=
1

e
(lnn)α−1

{
6→ 0, α ≥ 1,
→ 0, α < 1,

(n→ +∞).

¤±��=�α < 1 �{fn(x)}3[0,+∞)þ��Âñ.

~~~ 9.4.3 �f(x) 3(−∞,+∞) SëY§��x 6= 0 �|f(x)| < |x|. P

f1(x) = f(x), f2(x) = f(f1(x)), · · · , fn(x) = f(fn−1(x)), · · · .

y²: fn(x) 3[−A,A] þ��Âñ£Ù¥A�~ê¤.

yyy²²². x 6= 0�|f(x)| < |x|, -x→ 0, K0 ≤ |f(0)| ≤ 0, lf(0) = 0. ¤±∀x ∈ (−∞,+∞), |f(x)| ≤ |x|.
dd, ∀ε > 0 (Ø��ε < A), �x ∈ [−ε, ε]�|f(x)| ≤ ε.
Ï�

∣∣∣f(x)
x

∣∣∣ < 1�3[−A,−ε]∪ [ε,A]þëY,k���q : 0 < q < 1,l|f(x)| ≤ q|x|.¤±3[−A,A]þ

k
|f(x)| ≤ max{ε, qA} < A.

∀x ∈ [−A,A], e|f(x)| ≤ ε, K|f2(x)| = |f(f(x))| ≤ |f(x)| ≤ ε. e|f(x)| > ε, K|f2(x)| = |f(f(x))| ≤
q|f(x)| ≤ q2A, ¤±

|f2(x)| ≤ {ε, q2A}.

Ón, d|fn−1(x)| ≤ max{ε, qn−1A}�í�

|fn(x)| ≤ max{ε, qnA}.

��n→ +∞�, qnA→ 0, ∀ε > 0, �3g,êN , �n > N�, qnA < ε, ¤±

|fn(x)| ≤ max{ε, qnA} = ε.

�fn(x)3[−A,A]þ��Âñu".

~~~ 9.4.4 �{un(x)}�[a, b]þ���¼ê�, �3[a, b]þk∣∣∣∣∣
n∑
k=1

u′k(x)

∣∣∣∣∣ ≤ C,
C´Ø�6uxÚn��ê. y²e

+∞∑
n=1

un(x)3[a, b]þÂñ, K7���Âñ.

yyy{{{���. (1)
+∞∑
n=1

un(x)3[a, b]þÂñ, ¤±∀x0 ∈ [a, b], ∀ε > 0, ∃N = N(ε, x0) > 0, �n > N�k

∣∣∣∣∣
n+p∑

k=n+1

uk(x0)

∣∣∣∣∣ < ε

2
(∀p ∈ N).
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� ∣∣∣∣∣
n+p∑

k=n+1

uk(x)

∣∣∣∣∣ ≤
∣∣∣∣∣
n+p∑

k=n+1

uk(x)−
n+p∑

k=n+1

uk(x0)

∣∣∣∣∣+

∣∣∣∣∣
n+p∑

k=n+1

uk(x0)

∣∣∣∣∣ .
þªmà1��§é¼ê

n+p∑
k=n+1

uk(x)A^�©¥�½n

∣∣∣∣∣
n+p∑

k=n+1

uk(x)

∣∣∣∣∣ ≤
∣∣∣∣∣
n+p∑

k=n+1

u′k(ξ)(x− x0)

∣∣∣∣∣+

∣∣∣∣∣
n+p∑

k=n+1

uk(x0)

∣∣∣∣∣
< 2C|x− x0|+

ε

2
,

Ù¥ξ3x�x0�m.
�δ = ε

4C , K�|x− x0| < δ�, é∀p ∈ N, ∀x ∈ (x0 − δ, x0 + δ), k∣∣∣∣∣
n+p∑

k=n+1

uk(x)

∣∣∣∣∣ ≤ ε.
(2) é[a, b]þz:§Ñæ^þãÚ½,K∀xλ ∈ [a, b], ∃N(ε, xλ) > 0,�n > N(ε, xλ), x ∈ (xλ−δ, xλ+δ)

�k ∣∣∣∣∣
n+p∑

k=n+1

uk(x)

∣∣∣∣∣ ≤ ε.
Xd{(xλ− δ, xλ + δ) : xλ ∈ [a, b]}|¤
[a, b]���mCX. dk�CX½n§Ù¥�3k�fCX. Ø�
���{(xλ − δ, xλ + δ)}ri=1§-N = max

1≤i≤r
{N(ε, xi)}, Kn > N�, ∀x ∈ [a, b]k

∣∣∣∣∣
n+p∑

k=n+1

uk(x)

∣∣∣∣∣ ≤ ε.
dCauchyÂñ½n�

+∞∑
n=1

un(x)3[a, b]þ��Âñ.

yyy{{{���. (1) ∀ε > 0, �m¿©�,ò[a, b] m�©,¦©��z��«m�Ýδ < ε
4C .^g±x1, x2, · · · , xmL

«��«m�¥:. Ï
+∞∑
n=1

un(x)3[a, b]þÂñ,¤±∀ε > 0,∃Ni = N(ε, xi) > 0, �n > Ni�k

∣∣∣∣∣
n+p∑

k=n+1

uk(xi)

∣∣∣∣∣ < ε

2
(∀p ∈ N).

-N = max
1≤i≤m

{N(ε, xi)}, Kn > N�, ∀x ∈ [a, b]k

∣∣∣∣∣
n+p∑

k=n+1

uk(x)

∣∣∣∣∣ =

∣∣∣∣∣∣
n+p∑

k=n+1

uk(xi) +

ˆ x

xi

(
n+p∑

k=n+1

uk(t)

)′
dt

∣∣∣∣∣∣
≤

∣∣∣∣∣
n+p∑

k=n+1

uk(xi)

∣∣∣∣∣+

ˆ x

xi

∣∣∣∣∣
n+p∑

k=n+1

u′k(t)

∣∣∣∣∣ dt
<
ε

2
+ 2C|x− xi| ≤

ε

2
+
ε

2
= ε.

dCauchyÂñ½n�
+∞∑
n=1

un(x)3[a, b]þ��Âñ.
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9.4.2 111ÊÊÊÙÙÙEEESSSKKK���

1. ?Ø¼êfn(x) = xn − x2n3[0, 1]S���Âñ5.

2. ?Ø¼êfn(x) =
xn

1 + xn
���Âñ5(ε > 0).

(1) 0 ≤ x ≤ 1− ε;
(2) 1− ε ≤ x ≤ 1 + ε;

(3) 1 + ε ≤ x < +∞.

3. y²
+∞∑
n=1

xn(1− x)23[0, 1]þ��Âñ.

4. ?Ø
+∞∑
n=1

nx
(1+x)(1+2x)···(1+nx)3(0, a)�(a,+∞)S���Âñ5.

5. y²?ê
+∞∑
n=1

(−)n ex
2

+
√
n

n
3
2
3?Ûk�«mþ��Âñ, �3?Û�:x0?ØýéÂñ.

6. y²?ê
+∞∑
n=1

(1− x) xn

1−x2n sinnx3(1
2 , 1)S��Âñ.

7. �¼ê�?ê
+∞∑
n=1

n e−nx§x ∈ (0,+∞),

(1) y²d?ê3þ(0,+∞)SÂñ�Ø��Âñ5.

(2) y²d?ê3þ(0,+∞)S4��Âñ5, ¿¦ÙÚ¼ê.

8. y²?ê
+∞∑
n=1

(
1−xn
1+xn −

1−xn−1

1+xn−1

)
3þ[0, 1]þØ��Âñ5.

9. �f1(x)3[a, b]þ�È,

fn(x) =

ˆ x

a
fn−1(t)dt n = 1, 2, · · · .

y²¼ê�{fn(x)}3[a, b]þ��Âñu".

10. �¼êf(x) 3(−∞,+∞) þkëY��¼êf ′(x), fn(x) = en[f(x+ e−n)− f(x)] (n = 2, 3, · · · ). y
²¼ê�{fn(x)} 3?Ûk�«mþ��Âñuf ′(x).

11. ���¼êf(x)3x = 0���Sk��ëY�ê, f(0) = 0, 0 < f ′(0) < 1. Pf1(x) = f(x), f2(x) =

f(f1(x)), · · · , fn(x) = f(fn−1(x)), · · · . y²:
+∞∑
n=1

fn(x)3x = 0�,��S��Âñ.

12. �b > 0, a1, a2, · · ·þ�~ê, ?ê
+∞∑
n=1

anÂñ, y²?ê
+∞∑
n=1

an
1
n!

´ x
0 t

n e−t dt3[a, b]þ��Âñ.

13. ?Ø?ê
+∞∑
n=1

(−1)n−1x2

(1 + x2)n
3(−∞,+∞)S���Âñ5.

14. y²?ê
+∞∑
n=1

(−1)n−1

n+ x2
'ux3(−∞,+∞)þ���Âñ§�é?Ûx¿�ýéÂñ§?ê

+∞∑
n=1

x2

(1 + x2)n
�

3(−∞,+∞)þýéÂñ§�¿Ø��Âñ.

15. �f0(x), f1(x) · · ·3«mIþk½Â,�÷v|f0(x)| ≤M,
m∑
n=0
|fn(x)− fn+1(x)| ≤M,m = 0, 1, 2, · · ·Ù

¥M´~ê, Áy: e?ê
∞∑
n=0

bnÂñ, K?ê
∞∑
n=0

bnfn(x)3Iþ��Âñ.
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16. ���¼ê�{fn(x)} 3[a, b] þÂñ, �{f ′n(x)} 3[a, b] þ��k., K¼ê�{fn(x)} 3[a, b] þ�
�Âñ.

17. �f(x)3[0, 1]þëY,gn(x)��F¼ê

gn(x) =
n∑
k=1

f(
k

n
)
(
X k

n
(x)−X k−1

n
(x)
)
,

Ù¥

X k
n

(x) =

{
1, 0 ≤ x ≤ i

n ;
0, i

n ≤ x ≤ 1.

y²gn(x)3[0, 1)þ��Âñuf(x).

18. Áyx → a�,f(x, y)'uy ∈ I��Âñuφ(y)�¿�^�´∀{xn} → a (xn 6= a) k{f(xn, y)}'
uy ∈ I��Âñuφ(y).

19. efn(x)3[a, b]þ�È,n = 1, 2, · · · ,�f(x)�g(x)3[a, b]þÑ�È,

lim
n→∞

ˆ b

a
|fn(x)− f(x)|2dx = 0,

�h(x) =
´ x
a f(t)g(t)dt, hn(x) =

´ x
a fn(t)g(t)dt, Khn(x)3[a, b)þ��Âñuh(x).

9.5 ���???êêê

3¼ê�?ê¥, e¡/ª�?ê´�«�{ü�´���¼ê�?ê:

∞∑
n=0

anx
n = a0 + a1x+ a2x

2 + · · · ,

ù«/ª�?ê¡Ù��?ê. Ù����/ª�

∞∑
n=0

an(x− x0)n = a0 + a1(x− x0) + a2(x− x0)2 + · · · ,

XJ-t = x− x0, K��/ª��?êÒ=C¤c¡AÏ/ª��?ê
, �´duù��Ï, 3e¡�
?êk'5��?Ø¥, ·�=éc¡AÏ/ª��?ê?1?Ø, ���(ØÏLþãC�, éN´�
�'u��/ª�?ê��A(Ø.

9.5.1 ���???êêê���ÂÂÂñññ���»»»

éu�?ê
∞∑
n=0

anx
n,

lim
n→∞

n
√
|anxn| = |x| lim

n→∞
n
√
|an|.

@o�âCauchy �½OK, ?ê�Âñ�Ä�ûu lim
n→∞

n
√
|anxn| �u1 ½�u1. ù��

|x| < 1

lim
n→∞

n
√
|an|

�, ?êýéÂñ. �A�, �

|x| > 1

lim
n→∞

n
√
|an|

�, ?êuÑ.

70



9.5. �?ê

¿�3 lim
n→∞

n
√
|an| = 0 �, �?ê3?Û:?Ñ´ýéÂñ�; 3 lim

n→∞
n
√
|an| = ∞ �, �?êØ
3

:x = 0 ?	Ñ´uÑ�. P

R =


1

lim
n→∞

n
√
|an|

, 0 < lim
n→∞

n
√
|an| <∞;

∞, lim
n→∞

n
√
|an| = 0;

0, lim
n→∞

n
√
|an| =∞.

@oéN´��e¡�½n.

½½½nnn 9.5.1 �?ê
+∞∑
n=1

anx
n 3|x| < R SýéÂñ, 3|x| > R SuÑ.

ù�éu�?ê
∞∑
n=0

anx
n, Ñ�3��«m(−R,R), 3ù�«mS�?ê´ýéÂñ�, 3«m	

�?ê´uÑ�. ·�¡R ��?ê
∞∑
n=0

anx
n �Âñ�». éu����?ê

∞∑
n=0

an(x − x0)n, �3��

±x0 �¥%, ±Âñ�»R ��»�«m, ¦��?ê3«mSýéÂñ, 3«m	´uÑ�.

|^½n9.5.1�±éN´��e¡�½n.

½½½nnn 9.5.2 e�?ê
∞∑
n=0

anx
n 3,:x = ξ 6= 0 ?Âñ, K�?ê73|x| < |ξ| SýéÂñ. e?

ê
∞∑
n=0

anx
n 3:x = ξ 6= 0 ?uÑ, K§3|x| > |ξ| SuÑ. w,|ξ| ≤ R.

|^þã½néN´��e¡�½n.

½½½nnn 9.5.3 éu�?ê
∞∑
n=0

anx
n, e4�

lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = l,

(0 ≤ l ≤ +∞), K

R =


1
l , 0 < l < +∞;
+∞, l = 0;
0, l = +∞.

éu����?ê�k�A�(Ø.

íííØØØ 9.5.4 e�?ê
∞∑
n=0

an(x− x0)n 3,:x = ξ 6= 0 ?Âñ, K�?ê73|x− x0| < |ξ − x0| SýéÂ

ñ. e?ê
∞∑
n=0

an(x− x0)n 3:x = ξ 6= 0 ?uÑ, K§3|x− x0| > |ξ − x0| SuÑ.

~~~ 9.5.5 ¦�?ê
∞∑
n=0

xn

n �Âñ�»ÚÂñ��.

))). UÂñ�»½Â,

R =
1

lim
n→∞

n

√
1
n

= lim
n→∞

n
1
n = 1.

@o�?ê3|x| < 1 SýéÂñ, 3|x| > 1 SuÑ. ¿�3x = 1 �uÑ, 3x = −1 �Âñ, ¤±�?ê
Âñ���−1 ≤ x < 1, uÑ���x < −1 ½x ≥ 1.
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~~~ 9.5.6 y²
∞∑
n=0

xn

n! 3?Û:ýéÂñ.

yyy²²². Ï�

lim
n→∞

∣∣∣∣un+1

un

∣∣∣∣ = lim
n→∞

|x|
n+ 1

= 0.

�â½n9.5.2, �?ê�Âñ�»R = +∞, ¯K�y.

~~~ 9.5.7 O��?ê
∞∑
n=0

2nx2n�Âñ�»,

))). -t = x2n, K
∞∑
n=0

2nx2n =
∞∑
n=0

2ntn, #�?ê�Âñ�»�

R′ =
1

lim
n→∞

n
√

2n
=

1

2
,

¤±T#�?ê3|t| < 1
23Âñ, =��?ê3|x2| < 1

2 �=3|x| <
1√
2
3Âñ, l��?�Âñ�»

�1/
√

2.

~~~ 9.5.8
∞∑
n=0

(3 + (−1)n)xn3(−1

4
,
1

4
) ýéÂñ§3Ù§:uÑ.

yyy²²². du

lim
n→∞

n
√
|an| = lim

n→∞
(3 + (−1)n) = 4,

¤±R = 1
4 . q�x = ±1

4�, ?ê����ØÂñu", Ïd3Âñ«m�ü�à:þ?êuÑ.

½½½nnn 9.5.9 (Abel 1�½n) ��?ê
∞∑
n=0

anx
n �Âñ�»�R, K�?ê3«m(−R,R) S�?��4

«m[a, b] þ��Âñ(3(−R,R) þS4��Âñ). qe?ê3:x = R ?Âñ, K73«m[a,R] S�
�Âñ. Ón, �?ê3:x = −R Âñ�, K73«m[−R, b] S��Âñ.

yyy²²². �ξ = max{|a|, |b|}. @oé?¿�x ∈ [a, b], Ñk

|anxn| ≤ |anξn|.

du?ê
∞∑
n=0

anξ
n ýéÂñ, ¤±�?ê

∞∑
n=0

anx
n 3[a, b] þ��Âñ.

y3y½n�1�Ü©. éux ∈ [a,R],

∞∑
n=0

anx
n =

∞∑
n=0

xn

Rn
anR

n.

du xn

Rn 3[a,R] þ��k., ¿�éuz�x 'un üN. �â½n^�, ?ê
∞∑
n=0

anR
n Âñ, ¤±

dAbel�O{, �?ê
∞∑
n=0

anx
n 3[a,R] þ��Âñ.
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9.5.2 ���???êêê���555���

|^½n9.5.9, N´�ye¡ü�½n, y²3�Öö.

½½½nnn 9.5.10 ��?ê
∞∑
n=0

anx
n �Âñ�»�R, @oÙÚ¼êS(x) 3(−R,R) þëY; e

∞∑
n=0

anx
n

3x = −R Âñ, KS(x) 3[−R,R)ëY; e
∞∑
n=0

anx
n 3x = R Âñ§KS(x) 3(−R,R] ëY.

½½½nnn 9.5.11 �
∞∑
n=0

anx
n �Âñ�»�R,ÙÚ¼êS(x)3«m(−R,R)þäkëY��ê,¿�

∞∑
n=0

anx
n

3(−R,R) S�±Å�È©ÚÅ��©, =k

ˆ x

0
S(x)dx =

∞∑
n=0

ˆ x

0
anx

ndx =
∞∑
n=0

an
n+ 1

xn+1

±9

S′ (x) =

∞∑
n=0

d

dx
(anx

n) =

+∞∑
n=1

nanx
n−1.

¿�Å�¦ÈÚÅ�¦��E�?ê§ÙÂñ�»E�R.

~~~ 9.5.12 ¦?ê
+∞∑
n=1

(−1)n−1

n xn�Ú¼ê, ¿¦
+∞∑
n=1

(−1)n

n
�Ú.

))). 3(−1, 1) S·�k

+∞∑
n=1

(−1)n−1xn−1 = 1− x+ x2 − x3 + · · · = 1

1 + x
.

3d«mSÅ�È©��
+∞∑
n=1

(−1)n−1

n
xn =

ˆ x

0

1

1 + x
dx = ln(1 + x),

T?ê�Âñ��(−1, 1].

e�x = 1,K
+∞∑
n=1

(−1)n−1

n = ln 2, l
+∞∑
n=1

(−1)n

n
= − ln 2.

~~~ 9.5.13 ¦?ê
+∞∑
n=1

nxn�Ú¼ê, ¿¦
+∞∑
n=1

2n−1
2n �Ú.

))). Ï�x ∈ (−1, 1)�,
+∞∑
n=1

xn−1 = 1
1−x , ¤±

+∞∑
n=1

nxn = x

+∞∑
n=1

nxn−1

= x

+∞∑
n=1

(xn)′ = x

(
+∞∑
n=1

xn

)′
= x(

x

1− x
)′ =

x

(1− x)2
.

eòx = 1
2�\þãü��?ê¥,K

+∞∑
n=1

1

2n
= 1,

+∞∑
n=1

n
1

2n
=

1
2

(1− 1
2)2

= 2
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l
+∞∑
n=1

2n− 1

2n
= 2

+∞∑
n=1

n

2n
−

+∞∑
n=1

1

2n
= 4− 1 = 3.

~~~ 9.5.14 ¦?ê
+∞∑
n=1

2n−1
2n x2n−2�Ú¼ê9ÙÂñ�.

))). �S(x) =
+∞∑
n=1

2n−1
2n x2n−2, K

ˆ x

0
S(x)dx =

+∞∑
n=1

2n− 1

2n

ˆ x

0
x2n−2dx =

+∞∑
n=1

1

2n
x2n−1.

�
+∞∑
n=1

xn−1 = 1
1−x , Ù¥|x| < 1, ¤±

+∞∑
n=1

1

2n
x2n−1 =

x

2

+∞∑
n=1

(
x2

2

)n−1

=
x

2

1

1− x2

2

=
x

2− x2
,

Ù¥|x22 | < 1, =|x| <
√

2.
�
´ x

0 S(x)dx = x
2−x2 , ü>éx¦�, �

S(x) =

(
x

2− x2

)′
=

2 + x2

(2− x2)2

d=�¤¦Ú¼ê§Âñ��|x| <
√

2.

9.5.3 ¼¼¼êêê������???êêêÐÐÐmmm

lc¡�ïÄ¥�±wÑ, �?êäkXéõéÐ�5�, ¯K´UÄr��¼êf(x) ^���?ê
5L«Ñ5, ù�Ò´¼ê��?êÐm¯K. Äk·�b�XJ��¼êf(x) 3��«m(−R,R) SU

Ðm¤�?ê

f(x) = a0 + a1x+ a2x
2 + a3x

3 + · · · ,

@oÙ�?ê�XêATäk�o5�Q? dþ�!�(J�¼êf(x) 3(−R,R) þk���ê, ¿�Ù
éA��?ê�Å�¦�ê. én = 0, 1, 2, · · · ,

f (n)(x) = n! +
(n+ 1)

1!
an+1x+ · · · .

-x = 0 �
f(0) = a0, f

′(0) = a1, f
′′(0) = 2!a2, · · · , f (n)(0) = n!an, · · · ,

=

a0 = f(0), a1 = f ′(0), a2 =
f ′′(0)

2!
, · · · , an =

f (n)(0)

n!
, · · · .

@oXJ¼êf(x) 3«m(−R,R) �±Ð¤�?ê, Ù�?êÐmªÒ�

f(x) = f(0) + f ′(0)x+
f ′′(0)

2!
x2 + · · · .

?ê
∞∑
n=0

f (n)(0)

n!
xn = f(0) + f ′(0)x+

f ′′(0)

2!
x2 + · · ·

74



9.5. �?ê

¡�¼êf(x) �ð�N�?ê.
�
ïÄ�Ù��¼êUÄÐ¤�?ê, ·�e¡Ò?Ø¼ê�ð�N�?ê´ÄÂñu¼êf(x).

�dÄk½Â{�

Rn(x) = f(x)−
n∑
k=0

f (k)(0)

k!
xk.

Kð�N�?êÂñu¼êf(x) �¿©7�^�´

lim
n→∞

Rn(x) = 0.

e¡·��Ñ{�Rn(x) �È©L�ª.

½½½nnn 9.5.15 �3":�,���U Sf(x) k?¿��ê, @oéu?¿�x ∈ U ,

f(x) = f(0) +
f ′(0)

1!
x+

f ′′(0)

2!
x2 + · · ·+ f (n)(0)

n!
xn +Rn(x),



Rn(x) =
1

n!

ˆ x

0
f (n+1)(t)(x− t)ndt.

yyy²²². Ï�¼êf(x) 3U Säk?¿��ê,

R′n(x) = f ′(x)− f ′(0)− f ′′(0)x− · · · − f (n)(0)

(n− 1)!
xn−1,

R′′n(x) = f ′′(x)− f ′′(0)− f ′′′(0)x− · · · − f (n)(0)

(n− 2)!
xn−2,

...

R(n)
n (x) = f (n)(x)− f (n)(0),

R(n+1)
n (x) = f (n+1)(x).

ù�
Rn(0) = R′n(0) = R′′n(0) = · · · = R(n)

n (0) = 0.

?1©ÜÈ©�±��
ˆ x

0
f (n+1)(t)(x− t)ndt =

ˆ x

0
R(n+1)
n (t)(x− t)ndt

=

ˆ x

0
(x− t)ndR(n)

n (t)

= R(n)
n (t)(x− t)n|x0 −

ˆ x

0
R(n)
n (t)n(x− t)n−1(−1)dt

=

ˆ x

0
n(x− t)n−1dR(n)

n (t)

= R(n−1)
n (t)n(x− t)n−1|x0 −

ˆ x

0
R(n−1)
n (t)n(n− 1)(x− t)n−2(−1)dt

=

ˆ x

0
n(n− 1)(x− t)n−2dR(n−2)

n (t) = · · ·

= R′n(t)n(n− 1) · · · 2(x− t)|x0 −
ˆ x

0
R′n(t)n(n− 1) · · · 2(−1)dt

= n!

ˆ x

0
R′n(t)dt = n!Rn(x).
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ù�Ò��

Rn(x) =
1

n!

ˆ x

0
f (n+1)(t)(x− t)ndt.

½ny..

|^þ¡�½nÒ�±��e¡�Ðm½n.

½½½nnn 9.5.16 �¼êf(x) 3«m(−R,R) þäk?¿��ê, ¿��3~êM > 0, ¦�

|f (n)(x)| ≤M, −R < x < R,

én = 0, 1, 2, · · · ¤á. K¼êf(x) 3(−R,R) þ�±Ðm¤�?ê

f(x) = f(0) +
f ′(0)

1!
x+

f ′′(0)

2!
x2 + · · ·+ f (n)(0)

n!
xn + · · · .

yyy²²². ùp��y², é?¿�x ∈ (−R,R), Rn(x)→ 0, n→∞. d½n9.5.15,

|Rn(x)| ≤M |x|n+1

(n+ 1)!
< M

Rn+1

(n+ 1)!
,

 Rn+1

(n+1)! → 0, ¤±½n�y.

3½n�y²¥·�5¿�Rn(x) �L�ª¥, (x− t)n 3±0Úx�à:�«mþØCÒ, ¤±A^È
©1�¥�½n, ��Rn(x) �L�ª,

Rn(x) =
f (n+1)(ξ)

(n+ 1)!
xn+1.

Ó���±r§L«¤.�KF/ªµ

Rn(x) =
f (n+1)(θx)

(n+ 1)!
xn+1, 0 < θ < 1.

�Ü/ªµ

Rn(x) =
f (n+1)(θx)

n!
(1− θ)nxn+1, 0 < θ < 1.

9.5.4 AAA���ÄÄÄ���ÐÐÐ���¼¼¼êêê������???êêêÐÐÐmmm

1. ex�Ðmª.

¼êex 3x = 0 ?�?¿��ê�u1, ¤±

Rn(x) =
xn+1

(n+ 1)!
eθx, 0 < θ < 1.

@o|Rn(x)| ≤ |x|
n+1

(n+1)! e|x|. ù�é?¿�x, �n→∞ �, ðkRn(x)→ 0, ¤±¼êex �Ðmª�

ex = 1 +
x

1!
+
x2

2!
+ · · ·+ xn

n!
+ · · · .

2. sinx �cosx �Ðmª.

éu¼êf(x) = sinx, ·�k

f (n)(x) = sin(
nπ

2
+ x),

Ïdf(0) = 0, f ′(0) = 1, f ′′(0) = 0, f ′′′2m(0) = 0, f2m+1(0) = (−1)m.
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¤±éu?¿�x,

R2m+2(x) = sin

(
2k + 3

2
π + θx

)
x2m+3

(2m+ 3)!
→ 0, m→∞.

ù�¼êf(x) = sinx �Ðmª�

sinx = x− x3

3!
+
x5

5!
− x7

7!
+ · · · , (−∞ < x < +∞)

Ón�±��

cosx = 1− x2

2!
+
x4

4!
− x6

6!
+ · · · , (−∞ < x < +∞)

3. ln(1 + x) �Ðmª.

ù�Ðmª3c¡®²�Ñ,

ln(1 + x) = x− x2

2
+
x3

3
− x4

4
+ · · · , (−1 < x ≤ 1)

4. arctanx �Ðmª.

du
1

1 + x2
= 1− x2 + x4 − x6 + · · · , (−1 < x < 1)

ü>¦È©�

arctanx = x− x3

3
+
x5

5
− x7

7
+ · · · , (−1 ≤ x ≤ 1)

~~~ 9.5.17 ¦?ê
+∞∑
n=1

(−1)n−1

2n− 1
�Ú.

))). d
1

1 + x2
=
∞∑
n=0

(−1)nx2n (−1 < x < 1)

ü>�È©�

π

4
=

ˆ 1

0

1

1 + x2
dx =

∞∑
n=0

ˆ 1

0
(−1)nx2ndx

=
∞∑
n=0

(−1)n
1

2n+ 1
=

+∞∑
n=1

(−1)n−1

2n− 1
.

5 Ê (1 + x)α �Ðmª.

éu¼êf(x) = (1 + x)α,
f (k)(0) = α(α− 1) · · · (α− k + 1),

¤±�Ü{�L�ª

Rn(x) =
α(α− 1) · · · (α− n)

n!
xn+1

(
1− θ

1 + θx

)n
(1 + θx)α−1.

éu|x| < 1, Ï�?ê
+∞∑
n=1

α(α− 1) · · · (α− n)

n!
xn+1
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Âñ, ¤±{�Rn(x) �1��Ïf

α(α− 1) · · · (α− n)

n!
xn+1 → 0, n→∞.

éu1��Ïf, 3|x| < 1 �, du0 ≤ 1− θ < 1 + θx,

0 ≤
(

1− θ
1 + θx

)n
< 1

1n�Ïf(1 + θx)α−1 ðk.. ù�Òk

Rn(x)→ 0, n→∞.

¤±3−1 < x < 1 S, ��ª(1 + x)α �Ðmª�

(1 + x)α = 1 + αx+
α(α− 1)

2!
x2 + · · ·

+
α(α− 1) · · · (α− n+ 1)

n!
xn + · · · .

~~~ 9.5.18 ¦¼ê
1

(1− x)(2− x)
�MaclaurinÐmª.

))).

1

(1− x)(2− x)
=

1

1− x
− 1

2− x
=

1

1− x
− 1

2

1

1− x
2

=

∞∑
n=0

xn − 1

2

∞∑
n=0

(x
2

)n
=
∞∑
n=0

(1− 1

2n+1
)xn,

Ù¥x ∈ (−1, 1).

9.5.5 ���???êêê���AAA^̂̂

e¡Þ�~f`²�?ê3CqO�¥�A^.

~~~ 9.5.19 O�sin 10◦�Cq�, �¦°(�10−5.

))).

sin 10◦ = sin
π

18
=
∞∑
n=0

(−1)n

(2n+ 1)!

( π
18

)2n+1

≈ π

18
− 1

3!

( π
18

)3
+ · · ·+ (−1)n

(2n+ 1)!

( π
18

)2n+1
.

du��?ê��äØ�

|rn| <
∣∣∣∣ (−1)n

(2n+ 1)!

( π
18

)2n+1
∣∣∣∣

<
1

(2n+ 1)!

(
3.6

18

)2n+1

=
1

(2n+ 1)!

1

52n+1
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e�|rn| < 10−5,k(2n+ 1)!52n+1 > 105. ���n = 2=�,u´

sin 10◦ = sin
π

18
≈ π

18
− 1

3!

( π
18

)3
+

1

5!

( π
18

)5

≈ 0.174533− 0.000886 + 0.000000 = 0.17365.

~~~ 9.5.20 O�ln 2�Cq�, °(�10−4.

))). edÐmª

ln(1 + x) = x− x2

2
+
x3

3
− · · ·+ (−1)n−1x

n

n
+ · · · , x ∈ (−1, 1].

-x = 1k

ln 2 = 1− 1

2
+

1

3
− · · ·+ (−1)n−1 1

n
+ · · · ,

ÏÙÂñ�ú,^§5O�ln 2�Cq�´vkA^d��,d

ln(1− x) = −x− x2

2
− x3

3
− · · · − xn

n
− · · · , x ∈ [−1, 1).

u´

ln
1 + x

1− x
= ln(1 + x)− ln(1− x)

= 2

(
x+

x3

3
+

1

5
x5 + · · ·+ 1

2n+ 1
x2n+1 + · · ·

)
, x ∈ (−1, 1).

ù´��Âñ�¯�?ê.
-1+x

1−x = 2kx = 1
3 ,u´

ln 2 = 2

(
1

3
+

1

3
· 1

33
+

1

5
· 1

35
+ · · ·

)
.

�Ä

|rn| = 2

[
1

2n+ 1

(
1

3

)2n+1

+
1

2n+ 3

(
1

3

)2n+3

+ · · ·

]

≤ 2

2n+ 1

(
1

3

)2n+1
[

1 +

(
1

3

)2

+

(
1

3

)4

+ · · ·

]

≤ 2

2n+ 1
·
(

1

3

)2n+1

· 9

8
< 10−4,

�co�k

ln ≈ 2

(
1

3
+

1

34
+

1

35
+

1

7
37

)
≈ 0.6931.

e-1+x
1−x = 3kx = 1

2 , u´Ó�kln 3 ≈ 1.0986.
�
A^�B, 3þ~¥, d

ln
1 + x

1− x
= 2

∞∑
n=0

1

2n+ 1
x2n+1, x ∈ (−1, 1).

�x = 1
2k+1(k ∈ N), k

ln
1 + 1

2k+1

1− 1
2k+1

= ln
k + 1

k
= 2

∞∑
n=0

1

(2n+ 1)(2k + 1)2n+1
,
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=

ln(k + 1) = ln k + 2
∞∑
n=0

1

(2n+ 1)(2k + 1)2n+1
, (k ∈ N).

dù�Ðmª,ØJí�Ñg,éêL.

~~~ 9.5.21 ¦ 2√
π

´ 1
2

0 e−x
2
dx�Cq�, °(�10−4 (� 2√

π
≈ 1.12838).

yyy²²². de−x
2

=
∞∑
n=0

(−1)n

n! x2n, È©k

ˆ 1
2

0
e−x

2
dx =

∞∑
n=0

(−1)n

n!

1

2n+ 1

(
1

2

)2n+1

u´

2√
π

ˆ 1
2

0
e−x

2
dx =

1√
π

(
1− 1

22 · 3
+

1

24 · 5 · 2!
− 1

26 · 7 · 3!
+ · · ·

)
,

�co��Ú��Cq�,ÙØ��

|r4| ≤
1√
π

1

28 · 9 · 4!
<

1

9000
,

�

2√
π

ˆ 1
2

0
e−x

2
dx ≈ 1√

π

(
1− 1

22 · 3
+

1

24 · 5 · 2!
− 1

26 · 7 · 3!

)
≈ 0.5205.

9.5.6 %%%CCC½½½nnn

½½½nnn 9.5.22 £��dA.d%C½n, QØy¤ �f(x)´[a, b]þ�ëY¼ê§@oé?¿�½
�ε > 0§o�3õ�ªP (x)§¦�max

x∈[a,b]
|f(x)− P (x)| < ε.

��dA.d%C½n3êÆ�Ø�©|¥kXé���^.·���§knê3¢ê¥�È�
�§=éz��¢êx§o�±é���knêr§¦�|x − r| < ε ( ε´ýk�½�?¿�ê).%C½
nw�·�§�,[a, b]þ�ëY¼ê´õ«õ��§õ�ª¼êØL´ëY¼êa¥��«AÏa
.§�§%3ëY¼êa¥È�§=éz��[a, b]þ�ëY¼êf(x)§o�±é���õ�ªP (x)§¦
�max
x∈[a,b]

|f(x)− P (x)| < ε.

9.5.7 SSSKKK9.4

1. ¦e��?ê�Âñ�»�Âñ�:

(1)
+∞∑
n=1

1
n

(
x
2

)n
; (2)

∞∑
n=0

2n

n2+1
xn;

(3)
+∞∑
n=1

1
n

3n+(−2)n

n xn; (4)
+∞∑
n=1

2n−1
2n x2n−1;

(5)
+∞∑
n=1

(x−5)n√
n

; (6)
+∞∑
n=1

1
n(2x+ 1)n;

(7)
+∞∑
n=1

(
1 + 1

2 + · · ·+ 1
n

)
xn; (8)

+∞∑
n=1

(2n)!!
(2n+1)!!x

n.
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2. ¦e��?ê�Âñ«m:

(1)
+∞∑
n=1

n2+1
n3·2nx

n; (2)
∞∑
n=0

2n√
2n+1

(x+ 1)n;

(3)
∞∑
n=0

5n+1x2n+2; (4)
∞∑
n=0

ln(n+1)
n+1 xn+1;

(5)
∞∑
n=0

(−)n
√

(n+ 1)(n+ 2)xn; (6)
+∞∑
n=1

(−1)n−1

3·n xn;

(7)
+∞∑
n=1

(
an

n + bn

n2

)
xn (a > b > 0); (8)

+∞∑
n=1

(−1)n

5n
√
n+1

x2n−1.

3. re�¼êÐ�x��?ê:

(1) f(x) = 2x; (2) f(x) = cos2 x;

(3) f(x) = ln(x+
√

1 + x2); (4) f(x) =
´ x

0

√
t et dt;

(5) f(x) = (1 + x) ln(1 + x); (6) f(x) = x arctanx− ln
√

1 + x;
(7) f(x) = (1 + x) e−x; (8) f(x) = (1 + x2) arctanx.

4. ò¼êf(x) = 1
x2+4x+3

Ð�(x− 1)��?ê,¿�ÑÙÂñ�.

5. r¼êf(x) = ln 1
x2+2x+2

3:x0 = −1?Ð��V?ê,¿�ÑÙÂñ�.

6. ¦e��?ê�Ú¼ê:

(1)
∞∑
n=2

nxn−1; (2)
∞∑
n=0

n(n+1)
2 xn−1;

(3)
+∞∑
n=1

1
2n−1x

2n−1; (4)
+∞∑
n=1

xn

n(n+1) .

7. ¦¼ê
x

1 + x− 2x2
�MaclaurinÐmª.

8. ¦ 3
√

130�Cq�,°(�10−3.

9. ¦
´ 1

2
0

arctanx

x
�Cq�,°(�10−3.

10. A^π
4 = arctan 1

2 + arctan 1
3 , O�π��§�¦°(�10−4.

11. ¦
´ 1

10
0 ln(1 + t)

1
t�Cq�, °(�10−3.

9.6 111ÊÊÊÙÙÙ;;;...~~~KKKÀÀÀùùù���

9.6.1 ~~~KKKÀÀÀùùù

~~~ 9.6.1 ¦�?ê
+∞∑
n=1

n
n+1x

n3ÙÂñ�¥�Ú¼ê. .

))). ^'��O{�(½?ê�Âñ��|x| < 1. -

f(x) =
+∞∑
n=1

n

n+ 1
xn (|x| < 1),

K

f(x) =

+∞∑
n=1

xn −
+∞∑
n=1

1

n+ 1
xn =

x

1− x
− 1

x

+∞∑
n=1

1

n+ 1
xn+1. (x 6= 0)
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�

F (x) =
+∞∑
n=1

1

n+ 1
xn+1 (|x| < 1),

dÅ�¦�5��

F ′(x) =
+∞∑
n=1

xn =
x

1− x
.

Ï�F (0) = 0, ¤±F (x) =
´ x

0
t

1−tdt = −(x+ ln(1− x)). dd�

f(x) =

{
1

1−x + 1
x ln(1− x), |x| < 1, x 6= 0;

0, x = 0.

~~~ 9.6.2 ¦?ê
+∞∑
n=1

(−1)n(n+ 1)nxn�Ú¼ê, ¿¦
+∞∑
n=1

(−1)n n(n+1)
2n �Ú.

))). ^'��O{�(½?ê
+∞∑
n=1

(−1)n(n+ 1)nxn�Âñ�»�1, Âñ��|x| < 1. ®�

+∞∑
n=1

(−1)nxn = − x

1 + x
(|x| < 1),

+∞∑
n=1

(−1)nxn+1 = − x2

1 + x
.

dÅ�¦�5��
+∞∑
n=1

(−1)n(n+ 1)xn =

(
− x2

1 + x

)′
,

+∞∑
n=1

(−1)n(n+ 1)nxn−1 =

(
− x2

1 + x

)′′
,

u´k
+∞∑
n=1

(−1)n(n+ 1)nxn = x ·
(
− x2

1 + x

)′′
=
−2x

(1 + x)3
(|x| < 1).

-x = 1
2 , =k

+∞∑
n=1

(−1)n
n(n+ 1)

2n
=
−2 · 1

2

(1 + 1
2)3

= − 8

27
.

~~~ 9.6.3 �f(x) =
∞∑
n=0

xn

n2 (0 ≤ x ≤ 1), y²�0 < x < 1�k

f(x) + f(1− x) + lnx ln(1− x) =
π2

6
.

yyy²²². f(x) =
+∞∑
n=1

xn

n2�Âñ�»R = lim
n→∞

n
√
n2 = 1, Âñ��[−1, 1].

�x ∈ [−1, 1) �x 6= 0 �f ′(x) = − ln(1−x)
x . �x = 1�f(1) =

+∞∑
n=1

1
n2 = π2

6 .
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?ê3(0, 1)S�Å�È©, f(x)këY�ê, Ïd

[f(x) + f(1− x) + lnx ln(1− x)]′

= f ′(x)− f ′(1− x) +
ln(1− x)

x
+

lnx

x− 1

=

+∞∑
n=1

xn−1

n
−

+∞∑
n=1

(1− x)n−1

n
+

ln(1− x)

x
+

lnx

x− 1

= − ln(1− x)

x
− lnx

x− 1
+

ln(1− x)

x
+

lnx

x− 1
= 0.

u´
f(x) + f(1− x) + lnx ln(1− x) ≡ C x ∈ (0, 1).

-x→ 0+ �4��C = f(1) =
+∞∑
n=1

1
n2 = π2

6 . �

f(x) + f(1− x) + lnx ln(1− x) =
π2

6
.

~~~ 9.6.4 �f(x) 3(−∞,+∞) þÃ�g���é?¿�n = 1, 2, · · · , f
(

1
2n

)
= 0, ¿÷v�3M > 0, ¦

�|f (k)(x)| ≤M(k = 1, 2, · · · ). y²f(x) 3(−∞,+∞) þð�".

yyy²²². du|f (k)(x)| ≤M,x ∈ (−∞,+∞), k = 1, 2, · · · ,

|Rn(x)| =

∣∣∣∣∣f(x)−
n∑
k=0

f (k)(0)

k!
xk

∣∣∣∣∣ =

∣∣∣∣∣f (n+1)(ξ)

(n+ 1)!
xn+1

∣∣∣∣∣
≤ M

(n+ 1)!
|x|n+1 → 0 (n→∞),

Ïd

f(x) =

∞∑
n=0

f (n)(0)

n!
xn.

qÏ

f(0) = lim
n→∞

f

(
1

2n

)
= 0,

f ′(0) = lim
n→∞

f
(

1
2n

)
− f(0)

1
2n

= 0.

dÛ�½n, �3η
(1)
n ÷v

1

2
> η

(1)
1 >

1

22
> η

(1)
2 >

1

23
> · · · > 1

2n
> η(1)

n >
1

2n+1
> · · · ,

¦�
f ′(η(1)

n ) = 0, � η(1)
n → 0.

�

f ′′(0) = lim
n→∞

f ′(η
(1)
n )− f ′(0)

η
(1)
n

= 0.

��3η
(2)
n ÷v

η
(1)
1 > η

(2)
1 > η

(1)
2 > η

(2)
2 > η

(1)
3 > · · · > η(1)

n > η(2)
n > η

(1)
n+1 > · · · ,
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¦�
f ′′(η

(2)
i ) = 0 (i = 1, 2, · · · ).

aq�y, �f (k)(x)3η
(k)
1 > η

(k)
2 > · · · > η

(k)
n > · · · (η

(k)
n → 0):?kf (k)(η

(k)
n ) = 0, �f (k)(0) = 0, B�

íÑf (k+1)(0) = 0, ��3η
(k+1)
n :

η
(k)
1 > η

(k+1)
1 > η

(k)
2 > η

(k+1)
2 > η

(k)
3 > · · · > η(k)

n > η(k+1)
n > η

(k)
n+1 > · · · ,

¦�
f (k+1)(η(k+1)

n ) = 0 (n = 1, 2, · · · ), fk+2(0 = 0).

�d8B{�∀n, f (n)(0) = 0. u´kf(x) =
∞∑
n=0

f (n)(0)
n! xn ≡ 0.

~~~ 9.6.5 y²:
(1) éz���ên > 1, �§x+ x2 + · · ·+ xn = 13«m(0, 1)¥k�=k��.
(2) Pd��xn, K lim

n→∞
xn�3.

(3) ¦d4��.

yyy²²². (1) Ppn(x) ≡ x+x2 + · · ·+xn, Kpn(x)ëY, pn(0) = 0, pn(1) = n > 1, k0�½n§pn(x) = 13
«m(0, 1)¥k�§��0 < x < 1�, p′n(x) = 1 + 2x + · · · + nxn−1 > 0§���§Ïdpn(x) = 13«
m(0, 1)¥k�=k��.

(2) exn+1 > xn, K

1 = pn+1(xn+1) = xn+1 + x2
n+1 + ·+ xn+1

n+1 > xn + x2
n + · · ·+ xnn = pn(xn) = 1

gñ, Ïdxn+1 ≤ xn, ={xn}´üN4~ê�§0 < xn < 1, düNk.�n� lim
n→∞

xn�3.

(3) P lim
n→∞

xn = a. �n ≥ 2�, 0 < xn ≤ x2 < 1, �q ∈ (x2, 1) K0 ≤ a ≤ x2 < q < 1.

d0 < xnn < qn� lim
n→∞

xnn = 0.

dpn(xn) = xn + x2
n + · · ·+ xnn = pn(xn) = 1 �xn(1−xnn)

1−xn = 1, ü>�4�,�

lim
n→∞

xn(1− xnn)

1− xn
= 1,

la(1−0)
1−a = 1, a = 1

2 , � lim
n→∞

xn = 1
2 .

~~~ 9.6.6 y²Tauber½n: �3−1 < x < 1 þk

f(x) =

∞∑
n=0

anx
n, lim

n→∞
nan = 0.

e lim
x→1−

f(x) = S, K
∞∑
n=0

an Âñ�ÙÚ�S.

yyy²²². d lim
n→∞

nan = 0� lim
n→∞

n|an| = 0, l

lim
n→∞

n∑
k=1

k|ak|

n
= 0.

�∀ε > 0,∃N1, ¦�n > N1 �, k

0 ≤

n∑
k=1

k|ak|

n
<
ε

3
, n|an| <

ε

3
.
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q lim
x→1−

f(x) = S, ¤±∃δ > 0,�1 − δ < x < 1�|f(x) − S| < ε
3 . �N2, �n > N2�, 1

n < δ,l

1− δ < 1− 1
n ,�x = 1− 1

n ,K ∣∣∣∣f (1− 1

n

)
− S

∣∣∣∣ < ε

3
.

�N = {N1, N2}, �n > N�∣∣∣∣∣
n∑
k=0

ak − S

∣∣∣∣∣ =

∣∣∣∣∣
n∑
k=1

ak −
n∑
k=1

akx
k −

∞∑
k=n+1

akx
k +

∞∑
k=0

akx
k − S

∣∣∣∣∣
≤

∣∣∣∣∣
n∑
k=1

ak(1− xk)

∣∣∣∣∣+

∣∣∣∣∣
∞∑

k=n+1

akx
k

∣∣∣∣∣+

∣∣∣∣∣
∞∑
k=0

akx
k − S

∣∣∣∣∣ .
�x = 1− 1

n , m>1��∣∣∣∣∣
n∑
k=1

ak(1− xk)

∣∣∣∣∣ =

∣∣∣∣∣
n∑
k=1

ak(1− x)(1 + x+ x2 + · · ·+ xk−1)

∣∣∣∣∣
≤

n∑
k=1

|ak|(1− x) · k =

n∑
k=1

k|ak|

n
<
ε

3
;

m>1�� ∣∣∣∣∣
∞∑

k=n+1

akx
k

∣∣∣∣∣ ≤ 1

n

∞∑
k=n+1

k|ak|xk <
ε

3n

∞∑
k=n+1

xk

≤ ε

3n
· 1

1− x
=

ε

3n · 1
n

=
ε

3
;

m>1n� ∣∣∣∣∣
∞∑
k=0

akx
k − S

∣∣∣∣∣ =

∣∣∣∣f (1− 1

n

)
− s
∣∣∣∣ < ε

3
.

� ∣∣∣∣∣
n∑
k=0

ak − S

∣∣∣∣∣ < ε

3
+
ε

3
+
ε

3
= ε.

9.6.2 111ÊÊÊÙÙÙEEESSSKKK���

1. ¦e��?ê�Âñ�»�Âñ�:

(1)
+∞∑
n=1

3n

n!

(
x−1

2

)n
; (2)

+∞∑
n=1

(−1)n ln(n+1)
n+1 (x+ 1)n

(3)
+∞∑
n=1

ln2 n
nn x

n; (4)
+∞∑
n=1

1
(2n−1)(2n−1)!x

2n−1;

(5)
+∞∑
n=1

(x+1)n

4n+(−2)n ; (6)
+∞∑
n=1

xn

np ;

(7)
+∞∑
n=1

(
1 + 1

2 + · · ·+ 1
n

)
(x− 1)n; (8)

+∞∑
n=1

(n!)2

(2n)!x
n.

2. ¦e��?ê�Âñ«m:
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(1)
+∞∑
n=1

xn

an+bn (a > b > 0); (2)
+∞∑
n=1

(
1 + 1

n

)n2

xn;

(3)
+∞∑
n=1

n(n+1)
2 xn−1; (4)

+∞∑
n=1

2n(x+ a)2n;

(5)
+∞∑
n=1

(−1)n

5n
√
n+1

x2n−1; (6)
+∞∑
n=1

(
sin 1

3n

) (
3+x
3−2x

)n
.

3. ¦e��?ê�Ú¼ê:

(1)
∞∑
n=0

(2n+ 1)x2n+1; (2)
∞∑
n=2

1
n2−1

xn;

(3)
+∞∑
n=1

n2+1
2nn! x

n; (4)
∞∑
n=0

(n!)2

(2n)!x
n, (x ≥ 0);

(5)
+∞∑
n=1

[(n−1)!]2

(2n)! (2x)2n; (6)
+∞∑
n=1

qn−1 cos(n− 1)x, (|q| < 1);

(7)
∞∑
n=0

x2n+1

2n+1 ; (8)
+∞∑
n=1

(−1)n−1n2xn−1;

(9)
+∞∑
n=1

n2xn; (10)
+∞∑
n=1

2n+1
n! x2n.

4. re�¼êÐ�x��?êµ

(1) f(x) = ln(1 + x+ x2 + x3); (2) f(x) = x√
1+x2

;

(3) f(x) = 1+x
(1−x)3

; (4) f(x) = (1 + ex)3;

(5) f(x) = x arctanx+
√

1− x2; (6) f(x) = sin 4x cosx.

5. ò¼êf(x) = x
2−x−x2Ð�x��?ê,¿�ÑÙÂñ�.

6. r¼êf(x) = x−1
x+13:x0 = 1?Ð��V?ê,¿�ÑÙÂñ�.

7. ò¼êf(x) = sinxÐ�(x− π
6 )��V?ê,¿�ÑÙÂñ�.

8. ¦?ê
+∞∑
n=1

(−1)n

3n+ 1
�Ú.

9. ¦¼ê
ln(1− x

1− x
�MaclaurinÐmª.

10. ¦¼êarg tanx− ln
√

1 + x2�MaclaurinÐmª.

11. ¦?ê
+∞∑
n=1

(−1)n+1 xn+1

n(n+ 1)
�Ú.

12. Ðm
d

dx

(
ex−1

x

)
�x��?ê§¿íÑ1 =

+∞∑
n=1

n

(n+ 1)!
.

13. ¦¼ê
´ x

0 cos t2dt��?êÐmª§¿íÑÂñ�».

14. �a, b > −1, y²eã?ê3[0, 1]þ��Âñ:

+∞∑
n=1

(
xn+a

n+ a
− xn+b

n+ b

)
.

15. y²�a, b > −1�, ˆ 1

0

xa − xb

1− x
dx =

+∞∑
n=1

(
1

n+ a
− 1

n+ b

)
.
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16. �
+∞∑
n=1

un(x)3[a, b]þýéÂñ���Âñ. ¯µ§´Ä73[a, b]þýé��Âñ? ïÄ~f

∞∑
n=0

(−1)n(1− x)xn, x ∈ [0, 1].

17. �a1 = a2, an+1 = an + an−1, y²: é|x| < 1
2 , �?ê

+∞∑
n=1

anx
n−1Âñ,¿¦ÙÚ¼ês(x).

18. ¦�?ê
+∞∑
n=1

n(x− 1)n�Âñ�,¿¦ÙÚ¼ês(x).

19. ¦f(x) =
+∞∑
n=1

1
n(n+1)

(
x+1

2

)n+1
3x = 0�TaylorÐmª.

20. �
+∞∑
n=1

anx
n�Âñ�»�R, y²: �

+∞∑
n=1

anRn+1

n+1 Âñ�,±e�ª¤á

ˆ R

0

+∞∑
n=1

anx
ndx =

+∞∑
n=1

anR
n+1

n+ 1
xn.

21. �pn(x) = 1 + x+ x2

2! + · · ·+ xn

n! , xm ´p2m+1(x) = 0 �¢�. ¦y: xm < 0, � lim
n→+∞

xm = 0.

87



1ÊÙµ ¼ê�?ê��?ê

88



111���ÙÙÙ Fourier???êêê���FourierCCC���

10.1 ±±±ÏÏÏ¼¼¼êêê���Fourier???êêê

10.1.1 nnn���¼¼¼êêêXXX���������555

3c�Ù¥·�ïÄ
¼ê�?ê��?ê. ù�Ù·�òïÄ,�«��¼ê�?ê, �Ò´n
�?ê. ¤¢n�?ê�Ò´e¡/ª�?ê.

a0

2
+
∞∑
n=1

(an cosnx+ bn sinnx), (10.1)

Ù¥a0, a1, a2, · · · , �b1, b2, · · · Ñ´~ê.

e¡�Ñ±Ï¼ê�½Â.

½½½ÂÂÂ 10.1.1 �¼êf(x) ½Â3(−∞,+∞) þ, e�3~êT > 0, ¦�é��x ∈ (−∞,∞) k

f(x+ T ) = f(x),

K¡f(x) ´±Ï¼ê, ±Ï´T .

555 10.1.2 ��¤`�±Ï, ´�÷vþª�T ¥���ö.

~X~��n�¼êsinx Úcosx Ñ´±Ï�2π �±Ï¼ê. w,XJ(10.1) ªÂñ, @o���Ú
¼ê�½´±Ï�2π �¼ê. ·��¯K´: XÛò��±Ï�2π �±Ï¼êÐ¤/X(10.1) ª�n�
?ê. �d·�kïÄn�¼ê/¤�¼ê8Ü�Ä�5�.

éun�¼êX

1, cosx, sinx, . . . , cosnx, sinnx, . . .

N´��e¡�úª.

�m, n ���ê, ˆ π

−π
cosnxdx = 0,

ˆ π

−π
sinnxdx = 0,

ˆ π

−π
cosnx sinmxdx = 0,

em 6= n, ˆ π

−π
cosnx cosmxdx = 0,

ˆ π

−π
sinnx sinmxdx = 0,

em = n, ˆ π

−π
cosnx cosnxdx = π,

ˆ π

−π
sinnx sinnxdx = π.

ddþãn�¼êX��§=?¿ü�ØÓ�¼ê�¦È3«m[−π, π] þ�È©�0, ?¿�Ó¼ê�¦
È3«m[−π, π]þ�È©�π ½2π.
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10.1.2 Fourier???êêê���½½½ÂÂÂ

±Ï�T�±Ï¼ê3,«^�eUL«¤n�?ê

g(t) =
a0

2
+

+∞∑
n=1

(an cosnωt+ bn sinnωt),

ω =
2π

T
¡��ªÇ.

´�
´ c+T
c g(t)dt =

´ T
0 g(t)dt. �t =

T

2π
x, Kg(t) = g(

T

2π
x) = f(x) �±2π �±Ï�±Ï¼ê, Ï·

��?Ø±2π �±Ï�±Ï¼ê.
�f(x)´±2π�±Ï�±Ï¼ê§§��ªÇω�1§b½f(x)UÐm¤e�n�?ê

f(x) =
a0

2
+

+∞∑
n=1

(an cosnx+ bn sinnx),

�	d�n�?êXê÷v�5�.
�þª�mà3[−π, π] þ��Âñu¼êf(x), Kòþªü>Å�È©��

ˆ π

−π
f(x)dx = πa0 +

∞∑
n=1

(
an

ˆ π

−π
cosnxdx+ bn

ˆ π

−π
sinnxdx

)
.

�

a0 =
1

π

ˆ π

−π
f(x)dx.

ü>¦cosmx2Å�È©�ˆ π

−π
f(x) cosmxdx

=
a0

2

ˆ π

−π
cosmxdx+

∞∑
n=1

(
an

ˆ π

−π
cosnx cosmxdx+ bn

ˆ π

−π
sinnx cosmxdx

)
= amπ.

dd

am =
1

π

ˆ π

−π
f(x) cosmxdx, m = 1, 2, 3, · · · .

ü>¦sinmx2Å�È©�ˆ π

−π
f(x) sinmxdx

=
a0

2

ˆ π

−π
sinmxdx+

∞∑
n=1

(
an

ˆ π

−π
cosnx sinmxdx+ bn

ˆ π

−π
sinnx sinmxdx

)
= bmπ.

dd

bm =
1

π

ˆ π

−π
f(x) sinmxdx, m = 1, 2, 3, · · · .

y3l,	���Ý5w§b½f(x)´��±Ï�2π ��È½ýé�È�¼ê£XJ´k.¼ê§
Òb½§´Riemann �È�§{¡�È¶XJ´Ã.¼ê§Òb½§´2Âýé�È�§{¡ýé�
È¤§Uìþãúª§�±�Ñ�GXêan, bn§¡�f(x)�FourierXê§l�±�Ñ�A�n�?ê

a0

2
+

+∞∑
n=1

(an cosnx+ bn sinnx).
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�uù�?ê´ÄÂñ? XJÂñ�{§§�Ú´ÄÒ�uf(x)? ù
¯KÑk�?�ÚïÄ§�k
�:´�±�½�§ù�?ê´df(x)¤(½�§¡�f(x)�Fourier?ê§P�

f(x) ∼ a0

2
+

+∞∑
n=1

(an cosnx+ bn sinnx).

e¡ò�w�§éu��2���a¼ê§§�?ê´Âñu§gC�§ù�´Fourier?ê�¤±
���Ï. e¡wü�Fourier?ê�~f.

~~~ 10.1.3 �f(x) ´±Ï�2π �¼ê, �

f(x) =

{
x, x ∈ [−π, π);
−π, x = π.

�Ñ§�Fourier?ê.

))).

a0 =
1

π

ˆ π

−π
f(x)dx =

1

π

ˆ π

−π
xdx = 0.

an =
1

π

ˆ π

−π
f(x) cosnxdx =

1

π

ˆ π

−π
x cosnxdx = 0.

bn =
1

π

ˆ π

−π
f(x) sinnxdx =

1

π

ˆ π

−π
x sinnxdx

=
1

π

(
[−xcosnx

n
]
∣∣∣π
−π

+
1

n

ˆ π

−π
cosnxdx

)
= (−1)n−1 2

n
.

dd

f(x) ∼
+∞∑
n=1

(−1)n−1 2

n
sinnx, x ∈ [−π, π).

~~~ 10.1.4 �f(x) ´±Ï�2π �¼ê§�

f(x) =

{
x, x ∈ (0, 2π];
2π, x = 0.

�Ñ§�Fourier?ê.

))).

a0 =
1

π

ˆ 2π

0
f(x)dx =

1

π

ˆ 2π

0
xdx =

1

π
[
x2

2
]

∣∣∣∣2π
0

= 2π.

an =
1

π

ˆ 2π

0
f(x) cosnxdx =

1

π

ˆ 2π

0
x cosnxdx

=
1

π

(
[x

sinnx

n
]

∣∣∣∣2π
0

− 1

n

ˆ 2π

0
sinnxdx

)
= 0.
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bn =
1

π

ˆ π

0
f(x) sinnxdx =

1

π

ˆ 2π

0
x sinnxdx

=
1

π

(
[−xcosnx

n
]
∣∣∣2π
0

+
1

n

ˆ 2π

0
cosnxdx

)
= − 2

n
.

dd

f(x) ∼ π −
+∞∑
n=1

2

n
sinnx, x ∈ (0, 2π].

þ¡ü�~f§��2π�±Ï¼ê§§�´Ø���§Ï§��Fourier?ê�Ø��.

10.1.3 SSSKKK10.1

1. y²:

(1) 1, cosx, cos 2x, · · · , cosnx, · · ·
(2) sinx, sin 2x, sin 3x, · · · , sinnx, · · ·´[0, π] þ���X;

�
1, cosx, sinx, cos 2x, sin 2x, · · · , cosnx, sinnx, · · ·

Ø´[0, π] þ���X.

2. �f(x)´±Ï�2π �¼ê§�

f(x) =

{
x, x ∈ [−π, 0);
0, x ∈ [0, π).

�Ñ§�Fourier?ê.

10.2 ¼¼¼êêê���Fourier???êêêÐÐÐmmm

10.2.1 ±±±ÏÏÏ���2π���¼¼¼êêê

½Â3[−π, π)þ¼êf(x), ±2π�±Ïòÿ���¢ê¶þ��±Ï¼ê

f̃(x) = f(x− 2nπ), x ∈ [(2n− 1)π, (2n+ 1)π),

f̃(x)�Fourier?ê¡�f(x) �Fourier?êÐmª.

~~~ 10.2.1 r¼êf(x) = x2, x ∈ [0, 2π) Ðm�±2π�±Ï�Fourier?ê.

))). òf(x)3[0, 2π]þ±2π�±Ïòÿ���¢ê¶þ.

a0 =
1

π

ˆ 2π

0
x2dx =

8

3
π2,

an =
1

π

ˆ 2π

0
x2 cosnxdx

=
1

π

(
x2 sinnx

n
+ 2x

cosnx

n2
− sinnx

n3

)∣∣∣∣2π
0

=
4

n2
, (n ∈ N).

bn =
1

π

ˆ 2π

0
x2 sinnxdx

=
1

π

[
x2
(
−cosnx

n

)
+ 2x

(
sinnx

n2

)
+
(cosnx

n3

)]∣∣∣∣2π
0

= −4π

n
, (n ∈ N).
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�f(x)�Fourier?êÐmª�

f(x) ∼ 4

3
π2 + 4

+∞∑
n=1

(
1

n2
cosnx− π

n
sinnx

)
, (x ∈ (0, 2π)).

10.2.2 ���uuu???êêêÚÚÚ{{{uuu???êêê

½Â3[−π, 0]½[0, π]þ�¼êÛ!óòÿ�[−π, π]§2±2π�±Ïòÿ���¢êþ.
d½È©�5�,ef(x)´Û¼ê, @ow,kan = 0, 

bn =
2

π

ˆ π

0
f(x) sinnxdx (n = 1, 2, · · · ),

ù�, �A�Fourier?ê

f(x) ∼
+∞∑
n=1

bn sinnx

¡��u?ê.
Ó�§ef(x)´ó¼ê, @okbn = 0, 

an =
2

π

ˆ π

0
f(x) cosnxdx (n = 1, 2, · · · ),

ù�, �A�Fourier?ê

f(x) ∼ a0

2
+

+∞∑
n=1

bn cosnx

¡�{u?ê.
3¢S¯K¥§Ñu,«AÏ�^å§�²~I�ò��¼êÐm¤�u?ê½{u?ê.

~~~ 10.2.2 r¼êf(x) = x+ 1, x ∈ (0, π)©OÐm��uÚ{u?ê.

))). éf(x)?1Ûòÿ,k

F (x) =


x+ 1, 0 < x < π;
0, x = 0;
x− 1, −π ≤ x < 0.

ù�

a0 = 0; an = 0; (n ∈ N)

bn =
2

π

ˆ π

0
(x+ 1) sinnxdx

=
2

π

[
−x
n

cosnx+
sinnx

n2
− cosnx

n

]∣∣∣∣π
0

=
2

nπ
[1− (π + 1)(−1)n]. (n ∈ N).

�f(x)��u?êÐmª�f(x)

f(x) ∼ 2

π

[
(π + 2) sinx− π

2
sin 2x+

1

3
sin 3x− · · ·

]
=

2(π + 2)

π

+∞∑
n=1

1

2n− 1
sin(2n− 1)x− 2

+∞∑
n=1

1

2n
sin 2nx, (x ∈ (0, π)).
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éf(x)?1óòÿ,k

F (x) =


x+ 1, 0 < x < π;
1, x = 0;
1− x, −π ≤ x < 0.

ù�

bn = 0; (n ∈ N)

a0 =
2

π

ˆ π

0
(x+ 1)dx =

2

π

(
x2

2
+ x

)∣∣∣∣π
0

= π + 2;

an =
2

π

ˆ π

0
(x+ 1) cosnxdx

=
2

π

[
x

sinnx

n
+

cosnx

n2
+

sinnx

n

]∣∣∣∣π
0

=
2

n2π
(cosnπ − 1) =

2

n2π
[(−1)n − 1]. (n ∈ N).

�f(x)�{u?êÐmª�

f(x) ∼ π

2
+ 1− 4

π

+∞∑
n=1

1

(2n− 1)2
cos(2n− 1)x, (x ∈ [0, π]).

10.2.3 ±±±ÏÏÏ���T���¼¼¼êêê

e-x =
2π

T
t, Kg(t) = f(

2π

T
t) ±2π�±Ï, u´

g(t) ∼ a0

2
+

+∞∑
n=1

(an cosnt+ bn sinnt),

Ù¥

an =
1

π

ˆ π

−π
g(t) cosntdt =

2

T

ˆ T/2

−T/2
f(x) cosnωxdx,

bn =
1

π

ˆ π

−π
g(t) sinntdt =

2

T

ˆ T/2

−T/2
f(x) sinnωxdx.

d?ω =
2π

T
. l

f(x) ∼ a0

2
+

+∞∑
n=1

(an cosnωx+ bn sinnωx).

~~~ 10.2.3 �f(x)´±4�±Ï�±Ï¼ê,§3[−2, 2]þ�L�ª�

f(x) =

{
0, x ∈ [−2, 0);
h, x ∈ [0, 2).

(~êh > 0)

òf(x)Ðm�(±4�±Ï)�u?ê.
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))).

a0 =
1

2

ˆ 2

0
hdx = h;

an =
1

2

ˆ 2

0
h cos

nπ

2
xdx =

h

nπ

[
sin

nπ

2
x
]2

0
= 0;

bn =
1

2

ˆ 2

0
h sinnxdx =

h

nπ

[
− cos

nπ

2
x
]2

0

=
h

nπ
(1− cosnπ) (n ∈ N).

�f(x) ∼ h
2 + 2h

π

+∞∑
n=1

1
2n−1 sin (2n−1)π

2 x, x ∈ [−2, 2].

10.2.4 Fourier???êêê���EEEêêê///ªªª

Äk·�£Á�eEulerúª,

cos θ =
1

2
(eiθ + e−iθ)

sin θ =
1

2i
(eiθ − e−iθ)

XJP¼ê�n�?êÐmªXê�

a0 = c0, an − ibn = cn, an + ibn = c−n.

@oþ!¥0��n�?ê
a0

2
+
∞∑
n=1

(an cosnωt+ bn sinnωt)

Ò�±�¤e¡{'�/ª.

1

2

+∞∑
n=−∞

cn einωt .

²{üO���

cn = an − ibn =
2

T

ˆ T
2

−T
2

f(t) e−inωt dt, n = 1, 2, · · · .

Ó���

c−n = an + ibn =
2

T

ˆ T
2

−T
2

f(t) einωt dt, n = 1, 2, · · · .

c0 = a0 =
2

T

ˆ T
2

−T
2

f(t)dt,

Ù¥ω = 2π
T .

10.2.5 SSSKKK10.2

1. y²{einx : n = 0,±1, · · · } ´[−π, π] þ���X.

2. r¼êf(x) = x2, x ∈ [−π, π) Ðm�Fourier?ê.

�Y: x2 =
π2

3
+ 4

+∞∑
n=1

(−1)n
1

n2
cosnx, x ∈ [−π, π]. �x = π ��

+∞∑
n=1

1

n2
=

π2

6
. �x = 0�

�
+∞∑
n=1

(−1)n

n2
=
π2

12
.
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3. r¼êf(x) = x, x ∈ (0, π)©OÐm�{uÚ�u?ê.

�Y: x =
π

2
− 4

π

∞∑
n=0

cos(2k + 1)x

(2k + 1)2
, x ∈ [0, π]. x = 2

∞∑
n=1

(−1)n−1 sinnx

n
, x ∈ [0, π).

4. r¼êf(x) =

{
sin

πx

l
, x ∈ (0, l/2);

0, x ∈ (l/2, l)
Ðm��u?ê.

�Y: f(x) ∼ 1

2
sin

πx

l
−

+∞∑
n=1

(−1)nn

4n2 − 1

sin 2nπx

l
.

10.3 Fourier???êêê���ñññÑÑÑ555���OOO{{{

10.3.1 )))ááá���444(Dirichlet)ÈÈÈ©©©

�
ïÄFourier?ê�Âñ¯K§·�7LrFourier?ê�Ü©ÚL«�¹ëCþ�2ÂÈ©µDirichletÈ
©. �

f(x) ∼ a0

2
+

+∞∑
n=1

(an cosnx+ bn sinnx),

Ù¥an =
1

π

´ π
−π f(x) cosnxdx; bn =

1

π

´ π
−π f(x) sinnxdx, n = 1, 2, . . . .

�	f(x)3:x?�Fourier ?êÜ©Ú,

Sn[f(x)] =
a0

2
+

n∑
m=1

(am cosmx+ bm sinmx)

=
1

2π

ˆ π

−π
f(t)dt+

n∑
m=1

1

π

ˆ π

−π
[cosmt cosmx+ sinmt sinmx]dt

=
1

π

ˆ π

−π
f(t)[

1

2
+

n∑
m=1

cosm(t− x)]dt.

N´y²
1

2
+

n∑
m=1

cosmv =
sin(2n+ 1)v2

2 sin v
2

.

@o

Sn[f(x)] =
1

π

ˆ π

−π
f(t)

sin(2n+ 1) t−x2

2 sin t−x
2

dt =
1

π

ˆ π−x

−π−x
f(x+ u)

sin(2n+ 1)u2
2 sin u

2

du

=
1

π

ˆ π

−π
f(x+ u)

sin(2n+ 1)u2
2 sin u

2

du.

ddFourier?ê�Ü©Ú

Sn[f(x)] =
1

π

ˆ π

0
[f(x+ u) + f(x− u)]

sin 2n+1
2 u

2 sin u
2

du.

ù���È©¡�Dirichlet È©§¼ê
sin 2n+1

2 u

2 sin u
2

¡�Dirichlet Ø.

ù��5?ê�Âñ¯K§ÒC�ïÄ¹këCþ�DirichletÈ©´Äk4��¯K.
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10.3.2 iiiùùù(Riemann)ÚÚÚnnn

�
?ØþãDirichletÈ©Äk4��¯K§kù����Ún.

ÚÚÚnnn 10.3.1 £iiiùùùÚÚÚnnn¤¤¤ �¼êg(t) 3«m[a, b]´�È2Âýé�È§@o±e�4�ª¤áµ

lim
p→+∞

ˆ b

a
g(t) sin(pt)dt = 0, lim

p→+∞

ˆ b

a
g(t) cos(pt)dt = 0.

yyy²²². (1) k�g(t) 3«m[a, b]k.�È. é[a, b] �?��©{,

a = t0 < t1 < t2 < · · · < tn−1 < tn = b,

�4ti = ti − ti−1, Mi, mi ©O�¼êg(t) 3[ti−1, ti] þ�þ(.!e(.. ωi = Mi −mi, ·�k

ˆ b

a
g(t) sin(pt)dt =

n∑
i=1

ˆ ti

ti−1

g(t) sin(pt)dt

=
n∑
i=1

ˆ ti

ti−1

[g(t)−mi] sin(pt)dt+
n∑
i=1

mi

ˆ ti

ti−1

sin(pt)dt.

5¿� ∣∣∣∣ˆ b

a
sin(pt)dt

∣∣∣∣ =

∣∣∣∣cos pa− cos pb

p

∣∣∣∣ ≤ 2

|p|
.

@o ∣∣∣∣ˆ b

a
g(t) sin(pt)dt

∣∣∣∣ ≤ n∑
i=1

ωi4ti +
2

|p|

n∑
i=1

|mi|.

éu?¿�½�ε > 0, dg(t) 3[a, b] þ��È5, ��½��©{¦�

n∑
i=1

ωi4ti <
ε

2
.

-M = 4
ε

∑n
i=1 |mi|, K�|p| > M �, Òk∣∣∣∣ˆ b

a
g(t) sin(pt)dt

∣∣∣∣ < ε.

=

lim
p→+∞

ˆ b

a
g(t) sin(pt)dt = 0.

(2) �¼êg(t) 3«m[a, b]2Â(Ã.)ýé��È,Ø���kb:�Û:. éu?¿�½�ε > 0,
d|g(t)|�È, �3η > 0, ¦ ˆ b

b−η
|g(t)|dt < ε

2
.

d(1), �p¿©��, ∣∣∣∣ˆ b−η

a
g(t) sin(pt)dt

∣∣∣∣ < ε

2
.

l ∣∣∣∣ˆ b

a
g(t) sin(pt)dt

∣∣∣∣ ≤ ∣∣∣∣ˆ b−η

a
g(t) sin(pt)dt

∣∣∣∣+

∣∣∣∣ˆ b

b−η
g(t) sin(pt)dt

∣∣∣∣ < ε.

=

lim
p→+∞

ˆ b

a
g(t) sin(pt)dt = 0.
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Ón�y

lim
p→+∞

ˆ b

a
g(t) cos(pt)dt = 0.

½½½nnn 10.3.2 £ÛÜ5½n¤ �È½2Âýé��È¼êf(x)�Fourier?ê3:x�ÂñÚuÑ�¹§
��f(x)3ù�:�¿©�C«�(x− δ, x+ δ)��k'.

yyy²²². é?¿�δ > 0, f(x+u)+f(x−u)
2 sin u

2
3[δ, π]þ´�È½ýé�È�¼êf(x+ u) + f(x− u) Ók.ëY¼

ê
1

2 sin u
2

�¦È§Ïd�´�È½ýé�È�, dRiemannÚn,

lim
n→∞

ˆ π

δ
[f(x+ u) + f(x− u)]

sin 2n+1
2 u

2 sin u
2

du = 0.

òSn[f(x)]�È©©¤3[0, δ]�[δ, π]üÜ©§1��Ü�n→∞�§ù�È©ª�u"§¤±Sn[f(x)]
�Âñ¯KÒ��û½u[0, δ]�È©�n → ∞�4��¹.�3ùÈ©¥�V��¼ê3«m[x − δ, x +
δ]S��§qδ´?¿�ê§ùÒy²
(Ø.
l±þ�`²í�§XJü�¼ê3x:����S���Ó§ØØ3Ù¦:?ê�XÛ§§�

�Fourier?ê3:x�Âñ½uÑ�¹�Ó.
A^iùÚná=íÑµ

½½½nnn 10.3.3 �È½ýé��È¼êf(x)�FourierXêª�u".

½½½nnn 10.3.4 �¼êψ(u)3«m[0, δ]þ�È½ýé�È(δ�?¿�ê), K

lim
n→∞

ˆ δ

0
ψ(u)

sin 2n+1
2 u

2 sin u
2

du = lim
n→∞

ˆ δ

0
ψ(u)

sin 2n+1
2 u

u
du.

yyy²²². -

g(u) =

{
1

2 sin u
2
− 1

u , u > 0

0, u = 0.

N´�yg(u)´[0, δ]þ�ëY¼ê, diùÚn, �n→∞�, k

ˆ δ

0
ψ(u)

[
1

2 sin u
2

− 1

u

]
sin(n+

1

2
)udu =

ˆ δ

0
ψ(u)g(u) sin(n+

1

2
)udu→ 0.

10.3.3 )))ZZZ(Dini)���OOO{{{999ÙÙÙíííØØØ

½½½nnn 10.3.5 £)))ZZZ½½½nnn¤¤¤ �f(x)´±Ï�2π�3[−π, π]þ�È½ýé�È�¼ê§é,�¢ês§

·φ(u) = f(x+ u) + f(x− u)− 2s, §eU��·��h > 0§¦3[0, h]þ§
φ(u)

u
��È½ýé��È§

@of(x)�Fourier?ê3:xÂñus.

yyy²²². 3DirichletÈ©¥�f = 1, ´�
2

π

´ π
0

sin 2n+1
2 u

2 sin u
2

du = 1.

Sn[f(x)]− s =
1

π

ˆ π

0
φ(u)

(
1

2 sin u
2

− 1

u

)
sin(n+

1

2
)udu

+
1

π

ˆ π

0

φ(u)

u
sin(n+

1

2
)udu.
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½½½ÂÂÂ 10.3.6 �f(x) ´½Â3x0NC�¼ê§XJ�3δ > 0, L > 0Úα ∈ (0, 1]§¦��u ∈ (0, δ]�
k|f(x0 ± u)− f(x0 ± 0)| < Luα,§Ò`f3x0NC÷vα�Lipschitz ^�.

íííØØØ 10.3.7 �f(x) ´±Ï�2π �3[−π, π] þ�È½ýé�È�¼ê§XJf(x) 3x0 NC÷vα
�Lipschitz^�§@o
£1¤�f(x)3x0?ëY�§f(x) �Fourier ?ê3x0:Âñuf(x0);
£2¤�f(x)3x0?k1�amä:�§f(x) �Fourier?ê3x0:Âñu

1

2
(f(x0+) + f(x0−)) .

íííØØØ 10.3.8 �f(x) ´±Ï�2π�3[−π, π] þ�È½ýé�È�¼ê§XJ3x0 �3�êf
′(x0), §½

´kü�k��üý�êf ′+(x0), f ′−(x0)§@of(x)�Fourier?ê3x0:Âñuf(x0). XJf(x)3x0kü
�k��2Âüý�

lim
u→0+

f(x0 + u)− f(x0+)

u
, lim
u→0−

f(x0 − u)− f(x0−)

−u
,

@of(x)�Fourier?ê3x0 :Âñu
1

2
(f(x0+) + f(x0−)) .Ï�ù�éu¼ê3x0 :�α = 1�Lipschitz^

�´¤á�.

10.3.4 Dirchlet-Jordan½½½nnn

½½½ÂÂÂ 10.3.9 �¼êf(x) 3[a, b] þk½Â, e�3k��©:a = x0 < x1 < · · · < xn = b ¦�3z�«
m(xi−1, xi) (1 = 1, 2, · · · , n) þ, f(x) Ñ´üN�, K¡f(x) 3[a, b] þÅãüN.

ÚÚÚnnn 10.3.10 £DirichletÚÚÚnnn¤¤¤ �g(t) 3[0, b] (b > 0) þüN, K

lim
p→+∞

ˆ b

0
g(t)

sin pt

t
dt =

π

2
g(0+).

yyy²²². Ø���5, ��g(t) ´üN4O�. ·�k

I =

ˆ b

0
g(t)

sin pt

t
dt

= g(0+)

ˆ b

0

sin pt

t
dt+

ˆ b

0
[g(t)− g(0+)]

sin pt

t
dt

= I1 + I2.

Ï�
´ +∞

0
sinx
x dx = π

2 , �

lim
p→+∞

I1 = lim
p→+∞

g(0+)

ˆ pb

0

sin t

t
dt

= g(0+)

ˆ +∞

0

sin pt

t
dt

=
π

2
g(0+).

e¡y²I2 → 0.

I2 =

ˆ δ

0
[g(t)− g(0+)]

sin pt

t
dt+

ˆ b

δ
[g(t)− g(0+)]

sin pt

t
dt.

Ï�g(t)− g(0+) ´üN¼ê, ¿��t→ 0 �ªu". @oA^1�È©¥�½n,

ˆ δ

0
[g(t)− g(0+)]

sin pt

t
dt = [g(δ)− g(0+)]

ˆ δ

η

sin pt

t
dt

= [g(δ)− g(0+)]

ˆ pδ

pη

sin t

t
dt.
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Ù¥0 ≤ g(δ)− g(0+) < ε. qÏ�
´ pδ
pη

sin t
t dt 'up ��k., Ïdk�Oª∣∣∣∣ˆ δ

0
[g(t)− g(0+)]

sin pt

t
dt

∣∣∣∣ ≤ 2Lε.

Ù¥
∣∣∣´ δ0 sin t

t dt
∣∣∣ ≤ L.

éuÈ© ˆ b

δ
[g(t)− g(0+)]

sin pt

t
dt,

dRiemannÚn��Ùªu", ù�DirichletÚn�y.

½½½nnn 10.3.11 £Dirichlet-Jordan½½½nnn¤¤¤ �f(x) ´3(−∞,∞) þ±2π �±Ï�¼ê, ÷v:
(1) f(x) 3[−π, π] þ�õkk��mä:, �Ñ´1�amä:;
(2) f(x) 3[−π, π] þÅãüN.
K¼êf(x) �Fourier ?ê3(−∞,∞) þ�:ÑÂñ, ¿�3f(x) �ëY:Âñuf(x), 3f(x) �mä

:Âñu�!m4��²þ�f(x−0)+f(x+0)
2 .

yyy²²². �	f(x)3:x?�Fourier ?êÜ©Ú

Sn[f(x)] =
1

π

ˆ π

0
[f(x+ u) + f(x− u)]

sin 2n+1
2 u

2 sin u
2

du.

Sn[f(x)] =
1

π

ˆ π

0
[f(x+ u) + f(x− u)]

sin(n+ 1
2)u

u
du

+
1

π

ˆ π

0
[f(x+ u) + f(x− u)]

(
1

2 sin u
2

− 1

u

)
sin(n+

1

2
)udu.

du

lim
u→0

(
1

2 sin u
2

− 1

u

)
= 0,

¤±¼ê 1
2 sin u

2
− 1

u 3[0, π] þëY, l¼ê[f(x + u) + f(x − u)]
(

1
2 sin u

2
− 1

u

)
3[0, π] þ�È. Ïd

dRiemannÚn��

1

π

ˆ π

0
[f(x+ u) + f(x− u)]

(
1

2 sin u
2

− 1

u

)
sin(n+

1

2
)udu→ 0, (n→∞).

d½n¥�^�”2”, �3δ > 0, ¦¼êf(x) 3[x− δ, x] þüN, 3[x, x+ δ] þ�´üN�. ¤±,

lim
n→∞

ˆ δ

0
f(x+ u)

sin(n+ 1
2)u

u
du =

π

2
f(x+ 0).

lim
n→∞

ˆ δ

0
f(x− u)

sin(n+ 1
2)u

u
dt =

π

2
f(x− 0).

dRiemannÚn,

lim
n→∞

ˆ π

δ

f(x+ u) + f(x− u)

u
sin(n+

1

2
)udu = 0.

@oÒ��

lim
n→∞

Sn[f(x)] =
f(x+ 0) + f(x− 0)

2
.

½ny..
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10.3.5 Fourier???êêê������


555���

½½½nnn 10.3.12 (Fourier???êêê���ÅÅÅ���ÈÈÈ©©©½½½nnn) �±Ï�2π�¼êf(x)3«m[−π, π]þ�È½ýé�È
�

f(x) ∼ a0

2
+

+∞∑
n=1

(an cosnx+ bn sinnx),

K
+∞∑
n=1

bn
nÂñ§�f(x)�Fourier?ê�Å�È©, =∀c, x ∈ [−π, π]

ˆ x

c
f(t)dt =

ˆ x

c

(
a0

2
+

+∞∑
n=1

(an cosnt+ bn sinnt)

)
dt.

yyy²²². =éf(x)[−π, π]þ�kk��1�amä:��¹\±y². P

F (x) =

ˆ x

c

(
f(t)− a0

2

)
dt.

du

F (π) =

ˆ π

c

(
f(t)− a0

2

)
dt =

ˆ 0

c

(
f(t)− a0

2

)
dt+

ˆ π

0

(
f(t)− a0

2

)
dt,

F (−π) =

ˆ −π
c

(
f(t)− a0

2

)
dt =

ˆ 0

c

(
f(t)− a0

2

)
dt+

ˆ −π
0

(
f(t)− a0

2

)
dt,

¤±

F (π)− F (−π) =

ˆ π

0

(
f(t)− a0

2

)
dt−

ˆ −π
0

(
f(t)− a0

2

)
dt =

ˆ π

−π
f(t)dt− a0π = 0,

lF (π) = F (−π).

�F (x)´±Ï�2π�ëY¼ê, �3f(x)�ëY:§¤áF ′(x) = f(x) − a0
2 . Ó�´�∀x ∈ [−π, π],

F (x)�ü�üý�êF ′±(x) = f(x±)− a0
2 Ñ�3, âJordan�O{, F (x)�Ðm�Fourier?ê

F (x) =
A0

2
+

+∞∑
n=1

(An cosnx+Bn sinnx).

-x = 0, �

F (0) =
A0

2
+

+∞∑
n=1

An,

+∞∑
n=1

An = −F (0)− A0

2
.

|^©ÜÈ©{§¿©ã¦^Newton-Leibinzúª§=k

An =
1

π

ˆ π

−π
F (x) cosnxdx

=
1

π

[
sinnx

n
F (x)

]∣∣∣∣π
−π
− 1

nπ

ˆ π

−π
F ′(x) sinnxdx

= − 1

nπ

ˆ π

−π

[
f(x)− a0

2

]
sinnxdx = − 1

nπ

ˆ π

−π
f(x) sinnxdx = −bn

n
.

aq��

Bn =
1

π

ˆ π

−π
F (x) sinnxdx =

an
n
.
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¤±
+∞∑
n=1

bn
n = −

+∞∑
n=1

An = F (0) +
A0

2
< +∞,

+∞∑
n=1

bn
nÂñ, �

F (x) =
A0

2
+

+∞∑
n=1

(−bn
n

cosnx+
an
n

sinnx),

-x = c, k

0 =
A0

2
+

+∞∑
n=1

(−bn
n

cosnc+
an
n

sinnc),

üª�~¿�n§=��

F (x) =

ˆ x

c

[
f(t)− a0

2

]
dt

=
+∞∑
n=1

(an
sinnx− sinnc

n
+ bn

− cosnx+ cosnc

n
)

=
+∞∑
n=1

ˆ x

c
(an cosnt+ bn sinnt)dt.

= ˆ x

c
f(t)dt =

ˆ x

c

(
a0

2
+

+∞∑
n=1

(an cosnt+ bn sinnt)

)
dt.

d½n10.3.12�L²µ

555 10.3.13 ef(x)�Ð¤Fourier?ê
a0

2
+

+∞∑
n=1

(an cosnx + bn sinnx), KT?êÃØ´ÄL«f(x), $�

��ØÂñ§�§�Å�È©?ê�½Âñ.

555 10.3.14 ¿�z�n�?ê£=¦Âñ¤ÑU¤�,�ÛÜ�È¼ê�Fourier?ê. Xn�?ê

S(x) =
∞∑
n=2

sinnx

lnn
.

^Abel�O{�T?ê3(−∞,+∞) þ::Âñ, �du
+∞∑
n=1

bn
n =

∞∑
n=2

1
n lnnuÑ, �§Ø�U´?ÛÛÜ

�È¼ê�Fourier?ê.

½½½nnn 10.3.15 (Fourier???êêê���ÅÅÅ������©©©½½½nnn) �¼êf(x)3«m[−π, π]þ�È½ýé�È,

f(x) ∼ a0

2
+

+∞∑
n=1

(an cosnx+ bn sinnx),

f(−π) = f(π),�Ø
k��:	f(x)��, f ′�È½ýé�È,Kf ′(x)�Fourier?ê�df(x)�Fourier?
êÅ��©��, =

f ′(x) ∼ d

dx

(a0

2

)
+

+∞∑
n=1

d

dx
(an cosnx+ bn sinnx) =

+∞∑
n=1

(−nan sinnx+ nbn cosnx) .
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yyy²²². d^��f ′(x)�Ðm�Fourier?ê, P§�FourierXê�a′nÚb
′
n, Kk

a′0 =
1

π

ˆ π

−π
f ′(x)dx =

1

π
[f(π)− f(−π)] = 0,

a′n =
1

π

ˆ π

−π
f ′(x) cosnxdx

=
f(x) cosnx

π

∣∣∣∣π
−π

+
n

π

ˆ π

−π
f(x) sinnxdx = nbn,

b′n =
1

π

ˆ π

−π
f ′(x) sinnxdx = −nan,

u´,

f ′(x) ∼
+∞∑
n=1

(−nan sinnx+ nbn cosnx) .

'uFourier?ê���Âñ5¯K§·��Qã(Ø§§�y²I�þéiùÚnÚ)á�4Ún�
��Âñ5��¹?1?1©Û§·�ÒØ�[?Ø
.

10.3.6 SSSKKK10.3

1. �f(x) =

{
(x+ 2π)2, −π ≤ x < 0;
x2, 0 ≤ x ≤ π. �Ñf(x)±2π�±Ï�Fourier?ê�Ú¼ês(x)3[−π, π]þ

�L�ª.

2. �f(x) =

{
−x, |x| ≤ π

2 ;
x, π

2 ≤ x ≤ π.
�Ñf(x)±2π�±Ï�Fourier?ê�Ú¼ês(x) 3[−π, π] þ�L

�ª.

3. �f(x) = x3,−π ≤ x < π. rf(x)Ð�±2π�±Ï�Fourier?ê�,ÙÚ¼ê�s(x),¦s(5π
2 )�s(5π)�

�.

4. ef(x)´±2π�±Ï�¼ê,òf(x)Ð�Fourier?ê. XJf(x)3[−π, π)þ�L�ª�:

(1) f(x) = 3x2 + 1; (2) f(x) = 3 sinx+ 4 cosx;
(3) f(x) = π

4 −
x
2 ; (4) f(x) = e−3x;

(5) f(x) = | cosx|; (6) f(x) = 3 cos x2 .

5. ef(x) = π−x
2 , 3e¡¤��«mþrf(x)Ð�±2π�±Ï�Fourier?ê.

(1) x ∈ (−π, π); (2) x ∈ (0, π).

6. òe�¼êÐm�¤�u?ê:

(1) f(x) = 1, x ∈ [0, π]; (2) f(x) = e−x, x ∈ [0, π];

(3) f(x) =

{
2x, x ∈ [0, π2 );
π x ∈ [π2 , π];

(4) f(x) =

{
cos πx2 , x ∈ [0, 1),
0, x ∈ [1, 2].

;

(7) f(x) = sgn(cosx).

7. òf(x) = x(π − x), x ∈ [0, π]Ðm�±2π�±Ï�{u?ê.

8. òf(x) = 2x+ 3, x ∈ [0, π]Ðm�±2π�±Ï�{u?ê.

9. òf(x) = 2x, x ∈ [0, π]©OÐ�±2π�±Ï��u?êÚ{u?ê.

10. ò¼ê

f(x) =

{
x, x ∈ [−1, 0),
x+ 1 x ∈ [0, 1]

Ðm�±2�±Ï�Fourier?ê.
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11. ò¼êf(x) = 2 + |x|, x ∈ [−1, 1]Ðm¤±2�±Ï�Fourier?ê,¿¦?ê
+∞∑
n=1

1
n2�Ú.

12. ò±Ï�2π�¼êf(x) = 1
4x(2π − x), x ∈ [0, 2π]Ðm¤Fourier?ê, ¿dd¦Ñ

+∞∑
n=1

cosnx
n2 , x ∈

(0, 2π)�Ú¼ê9
+∞∑
n=1

1
n2 .

13. ò¼ê

f(x) =

{
2− x, x ∈ [0, 4)]
x− 6 x ∈ (4, 8]

Ðm�±8�±Ï�Fourier?ê,¿xÑFourier?ê�Ú¼ês(x)�ã/.

14. �f(x)3(0, π2 )þ�È�ýé�È, A©Oé§?1No��òÿ,âU¦§3[−π, π]þFourier?ê
�/ª�

(1) f(x) ∼
+∞∑
n=1

an cos(2n− 1)x; (2) f(x) ∼
+∞∑
n=1

bn sin 2nx.

15. �f(x)3[−π, π]þ�È�ýé�È, y²:

(1) e∀x ∈ [−π, π], ¤áf(x) = f(x+ π), Ka2n−1 = b2n−1 = 0;

(2) e∀x ∈ [−π, π], ¤áf(x) = −f(x+ π), Ka2n = b2n = 0.

16. �f(x)3[−π, π]þFourierXê�anÚbn, ¦e�¼ê�FourierXêãnÚb̃n:

(1) g(x) = f(−x); (2) h(x) = f(x+ C) (C´~ê);

(3) F (x) = 1
π

´ π
−π f(t)f(x− t)dt (b½È©^S�±��).

17. �φ(s)3[a, b]þ�üNO\¼ê§y²

£1¤XJa = 0, b < 0,k
1

π

´ b
a φ(s)

sin ps

s
ds→ −1

2
φ(−0) (p→∞)

£2¤XJa < 0, b > 0,k
1

π

´ b
a φ(s)

sin ps

s
ds→ φ(+0) + φ(−0)

2
(p→∞).

18. �f ′(x)3[0, 1]þRiemann�È,±Ï�1�¼êg(x)3RþëY�
´ 1

0 g(x)dx = 0.Pam =
´ 1

0 g(mx)f(x)dx,

y²?ê
+∞∑
m=1

a2
mÂñ.

10.4 FourierCCC���

10.4.1 FourierCCC������½½½ÂÂÂ

3e¡�?Ø¥, ·�Ñb½¼êf(x) 3(−∞,∞) þýé�È.

½½½ÂÂÂ 10.4.1 ¡
´ +∞
−∞ f(x) e−iωx dx �f(x) �Fourier C�, ¿r§P�F (f) ½f̂(ω). @o,

F (f) = f̂(ω) =

ˆ +∞

−∞
f(x) e−iωx dx.

df(x)�ýé�È5±9| e−iωx | = 1 �±y²µ

(1) f̂(ω) ´ω ∈ (−∞,+∞) S�ëY¼ê.

(2) iùÚn: lim
ω→∞

f̂(ω) = 0.

e¡·��±l�*��Ý©Û�eFourier C�. Äk·�r?���±Ï�¼êw¤��±Ï
�T�±Ï¼ê, �Ò´éu¼êf(x), 3[−T

2 ,
T
2 ] S, -fT (x) = f(x), 2òÿ�(−∞,+∞)EP�fT (x).
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∀x ∈ (−∞,+∞), �M > 2|x|, ∀T, �T > M > 2|X|�, |x| < T
2 , fT (x) = f(x), �

lim
T→+∞

fT (x) = f(x).

@o¼êfT (x) k��n�?êÐmª,

fT (x) =
1

2

+∞∑
n=−∞

cn eiωnx,

Ù¥

cn =
2

T

ˆ T
2

−T
2

fT (t) e−iωnt dt, ωn = nω.

@o,

fT (x) =
1

T

+∞∑
n=−∞

[ˆ T
2

−T
2

fT (t) e−iωnt dt

]
eiωnx .

dd·�2O��e�5¼êf(x) �Ðmª.

f(x) = lim
T→+∞

1

T

+∞∑
n=−∞

[ˆ T
2

−T
2

fT (t) e−iωnt dt

]
eiωnx .

P4ω = ωn − ωn−1 = 2π
T , KT = 2π

4ω . ¤±

f(x) = lim
4ω→0

1

2π

+∞∑
n=−∞

[ˆ T
2

−T
2

fT (t) e−iωnt dt

]
eiωn x4ω.

ù�Òk

f(x) = lim
4ω→0

1

2π

+∞∑
n=−∞

[ˆ T
2

−T
2

fT (x) e−iωnx dx

]
eiωnx4ω =

1

2π

ˆ +∞

−∞
f̂(ω) eiωx dω.

Ù¥

f̂(ω) =

ˆ +∞

−∞
f(x) e−iωx dx.

·�¡

f(x) =
1

2π

ˆ +∞

−∞
f̂(ω) eiωx dω.

�f̂(ω) �Fourier _C�. q¡

f(x) =
1

2π

ˆ +∞

−∞
[

ˆ +∞

−∞
f(x) e−iωx dx] eiωx dω.

�f(x) �Fourier È©úª.

10.4.2 FourierCCC������555���

FourierC�k�
{ü�5�§ù
5�3 �©�§ÚVÇØ��§¥ké�5�A^.

555��� 10.4.2 (�5)
F (a1f1 + a2f2) = a1F (f1) + a2F (f2)

Ù¥a1, a2 ´ü�?¿~ê.
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555��� 10.4.3 (²£) é?Ûf(x)§�τsf(x) = f(x− s)(=f(x)�Ø£)§@o

F (τsf) = e−isω F (f).

ù�5�L²²£��Fourier C��u��²£�Fourier¦e−isω .

555��� 10.4.4 (�ê) �f(x)→ 0(x→ ±∞)KF (
d

dx
f) = iωF (f). §ù�5�w�·�§¦�$�3Lp

DC�e¤�¦È$�.

555��� 10.4.5

F (−ixf(x)) =
d

dω
F (f).

10.4.3 SSSKKK10.4

1. ^¢ê/ª�Fourier?ê���ÑFourierÈ©�n�/ª

f(x) =
1

π

ˆ +∞

0
dω

ˆ +∞

−∞
f(t) cosω(x− t)dt.

2. (1) y²f(x)´ó¼ê��FourierÈ©

f(x) =
2

π

ˆ +∞

0

[ˆ +∞

0
f(t) cosω(x− t)dt

]
cosωxdω.

(2) y²f(x)´Û¼ê��FourierÈ©

f(x) =
2

π

ˆ +∞

0

[ˆ +∞

0
f(t) sinω(x− t)dt

]
sinωxdω.

3. ¦e�½Â3(−∞,+∞)�¼ê�FourierC�:

(1) f(x) = e−a|x|, (a > 0); (2) f(x) = x e−ax
2
, (a > 0);

(3) f(x) =

{
e−2x, x ≥ 0,
0 x < 0

; (4) f(x) =

{
1− x2, x < 1,
0 x ≥ 1.

4. ¦f(x) = e−ax(x ∈ [0,+∞), a > 0)��uC�Ú{uC�.
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