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EX 13.1.7 W EcCR™ ¥ E° R NH E ZAE.

AT RIS R P AR X [, EHi— r R
AR R PR —EIFX MG H TS, EXTRBRES, BN
Feail, AENA— Rl A FXK e (e E) fH.

SERIFTE ECc R, & F=EUudE, WHMENEXEREH
F bR,

ER 13.1.7 R" FHAEREFLITHME:

(1) R" 5 o BAK,

(2) 5 PRAN S I R P

(3) EBAHENZRAE.

MEE PR (1) ROZEBARN. AT (2), (3), BEETUHE
BRI PRS0 s SN BAGERR, thaT LAFIR Fmfo s « B (de Morgan)
25 A6 FFHE M Bk SR AIE A

W ERAKX XNT R PEM—KES {Ex)aea, HP 4 B—
M, #

(1) (UEL) = N B

AgA AeA

(2) ( N E;,,) = | ) B,

AEA AeA

PHEEE W] LUE L R k. BEie B2 B' A B MERE
HARMRES, R E AENSE B E=EUF . #RENE
M. RITFLL TSR

EE 13.1.8 WECR", W FERAKMESIVERNR E=F.

W MEMEXNeUSAH E=F WA VELMR E' CE,
HRER EHRAET E P, MAETH E YAENE S LEEMY
 ECE.

Aol FEMNESEEE P, U EhQF E RS Bk
T Ve € B°, F7E 6. > 0 (IXERMNA 6, RorniZ 6 REBT = 09),
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8 Ux.6.)NE =2, B U(x,d,) c E°. X8 E° RIFE, MW
PAERE LR E RS

&4 K E RAR, W B £IFE, WXF ve € E°, 77
6z > 0, 8 U(x,d;) C E¢. R « A2 E ES Bk B b
EPES, XHEE EMRELEED. TRE=FEUE =E. IF%

13.1.5 BEXKZ(E R" pRIEEFEE

BAER M @ &iHieid LR REM A w8, Bse&dEes. A
DR EEE B . BT RS FHEENE R i iSX dg B HE .

1. T&%

B {zi} BB R™ HE—P 05, FHXF ve >0, 3K €N, 3 k' k" >
K B AT |wp — 2| < e, WFR {2} HRTTET. 7EB8FHI90, 247
WHR R P8 — IR TR 20, W R R .
AR, U0,1) tEE-MEFT RN SR, LUSRIEH AR E AN
ZfE. WR—AEE X c R PSR S5, F B3
WA T X, MRIFRZEE X RE&H.

EH 13.1.9 B[ R R5E&H.

WERR B g = (af, 2, 2R) eRM(E=1,2,) B—PRER
7, W {zx} PO D REEHIFES] {zX) (i=1,2,---,n) B R PR
RIS, Btk 13.1.9 Wi R (52 & MHEE. iF.

R H5E&tERBME ISP EERMEANLGR, XE—TMB2P
EHNVIEH TS, R, R A58 &M S 7E 2 Bl o i b4
R EEEA.

2. AIEEER

FH R M5E&ME, WATTCIHE R PRMAXAZEERE. ® Ec
R" E—MESHES i diam(E) 4 E HER, EHlENN

diam(E) = sup {|z — yi}.
x® Yyl

FHE 13.1.10 W F cRYk=1,2,---) B2—WIETHE, HE
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AT
(D XMTFVYEkeN H Fi D Fir;
(2) kl,i_m diam(Fy) =0,
MFFLEME-—RY zp € R™, RN T Vi e N, F =0 € Fi, Bl

o
{za} = [ Fe.
k=1

AERR B MR oe(k = 1,2,---), BRATFEUES (o}
ML, HLE B (2, Fve>03KeN, 4 k> K B,
f

diam(Fy) < e.
ERM K >k >KM, B o € Fo, o0 € Fyo © Fio IXBERITH
|egr — g | < diam(Fjr) < g,
Bl {xx) AR AT, EFE 13.1.9 e 84T 4 2 = Jim @
HFNF Vho € N, 24 k > ko ¥, xx € Fy,, TRE F, BA%E, Wi
xg € Fi,. H ko FEEMER

+o0
Tn € ﬂ F..
k=1
+o0
4, BAEE o € () Fi, WA
k=1
|2’ — x| < lem diam(Fy) = 0.
EJH: e = ry. iiEl’E

ER R P PHAREER-FIEEEHE 13.1.00 HHAEE, AT
EM 13100 # TEREZE. B THARKARRELEZ, g8
13.1.10 FEAEE B X REeRE 20 L.

XF R PRX e, RATAMRIEARX M STFEE. R, 5
Fie(k=1,2,-+) NREFAEN, 23 13.1.10 MR HRTARRE

3. BpRi

fE R™ W, BATTFIHEAT BAF A2 B,
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EH 13.1.11 (ERFE- MRS ERE) @ (o) b ®n 5
H—A T 5 58, e U7

R EEER {zp = (zh, 2k, 28} AERASINESLESR
fER: MF Vi(l <i<n){zf} B R FHFRFH. B () 74
BT {2}, TR (o } NAEAERATH {2 ), -, B3f n N
FHIBIA AR {x} BFF {4, }, BEAE RGNS BE NPT R
WCBFES, AT {x, } A {zx} BIBCRCFH. AEHE

HASEH, EE 13.1.11 ST EESM.

ER 13.1.12 R" PEMAHFRENEES E EDLHT—PERA.

W W E REFES, AN ES {xk) c B, #8 (o} F
FIRMMAR. BT E BEFE () £ B* TH—NHHEH, M
MHEE 13.1.11 [, 087 —METFH. Wi THIREREBAL =, h
T {z} PRIRFHEBARFE, o SHEE (=) MRS, NTTELE E M

4. K%

BAGIE, 76 R P AYFT 5 X (8] bk o $OAY 1 £ JR B0 AT A
R AEZI ] AR R, XN R B R R R
PR e e BEORSE AL, b TS Mo PR A E RS
BAITHLELE R PINEEMHS.

W ECR" {Oxlren 2 R PHI—PFHHEE. ¥/ EcC U Oy,

AEA

FR {Oalaea H EB— P FRE. FHEHHERES A PREHFBRT
#F, W {0\ )sen B EN—1THRFAESE.
EX 13.1.8 W E c R, # E WEM B {Ox)sca W
ERRTEE, B 30,,05,-- ,0k € {Ox}aca, B K < oo, R
H
Ec | O, WK E JiksE, ik B R,

k=1

RIMNEXEHRE—T, —MES £ RELENR F NEMTHE



16 H+=% SARMGHRAiEH

i MAEAR FRS FENFEEBELR E — 1 EENARITE
fRR Y E R (R ERERA TR & M E RS
Mis, B R BT, A A SRR

£ R P, HHFEAT AR EAFARNEES EEREE NT
R™ LR —MEE B, Y B REFEESH, FHEHEATERE
R WL, {UO.k)}en £ E BI—NFFEE, BHT B LR, &

FRERGEARAER Hl F = {% ke w}, SHRE R

B i EUE = {% k€ N} u {0} —EREN. BRMNAUT

SEE.

BT 13.1.13 W ECR", W E ABEMNATLERGRE: £
R PEAE AR

WERR &t XT R™ PRMEEESE, (UK} ey BREMN
— I, iR, B E M1 HE%E BT E RER F8E
U0, k), U0, k), U0,ks) (0 < ki < ka < - < ky < 4ox), #8

o
Ec |JU(0,k) =U(0,ky). X E RAFRE.

i=1
B RIEEES E R—RAE. M35 £ ARAE, WEE E #1—1
BR o E T xzc E, W = # =z, MTFFLE 12 = %iﬂ‘:"itﬂ >0,
H
Ulz,rg) NU(x2g,72) = @.
B
U Uz, re) D F,

zcE
&ﬂﬁﬂﬂtﬂﬁﬁﬁ“ﬁﬁ U{mla'rI.)rU‘.mﬂ:rﬂj}v T ,U(Ix,?‘mn.}, Eﬁ
K

U Ulzk,ra,) D E.
k=1

; o ,
W rx = min {re}>0, EJ



§13.2 FAEESHEREMGAMR 1T

K
U(zo,rx) N { U U(zk,r,,k}} =@.

k=1
Bl Ulzo,rk) NE=9. X5 =, & E NELAFE, \Ti E ZAE

Aaw W E EAREE M5 EARE WEE EH—AITH
ili {Ox}ren, ERZITE NP NEMARNFREAEES £ RN
THATHRMELL £ c R? AFREZ, ¥ T R™ Bk, REER L
Pe R Ay, (HIER R B S R? BORTE R —BEm.

BIIAGE E  [—a,a] x [~a,a] £ Lla > 0). B I Ak SR
EEH I, /rlASDMHIES T, WS FE—MMERTE, 5 £ #
HA R AR {0, )} res PHB LA S 1CEDHIENEHR
I X 1, |MERIAX L fidie, a8 L. WesHE R EE—5
R F&MRMAELRE (I}

(1) I O I (K= 1,2,---);

(2) lim diam(Jx) = 0;

(3) M ke N, LN E #MAREH {On)res PHBRAFEER.

k=12, BEx =L nE W {E} WEER 13.1.10 &

. B 13,110, FEAME— 1 2o, W0 (20} = () Be. 81T 2o B,

k=1

BBEAE {Oa)aca PHALE Oy, 8 zo € 0x,. HT 0,, HITHE, Hik
MIESF KB k, T Ex C Oy, X5 B, FEEHE {Ox)acn PHRMEERR
NIRRT E T IE. B

§13.2 B ICERES n B R H K R

13.2.1 SxEMHES

BATAYTH S48, EVF% B4 NER AR LT 2 H
fbAgE R, B, B4 = E AR — > m b a iR RO T A
AL BRI (A (K224, BN, FEKETHE ML, KA R
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EEEHH T R 07 . KR B . BRI, AT R
FIEREL A BT D, JORT G B 7R WA (L, e St K
FEA . 2, R TR AR S A AP R 2.
A T RTTAES, BRAERA1ATLUE B4R b G I n JCR S HEE.
EX 13.2.1 MTFAEMRE FE c R, WIRFAETER T R
f, AN T E P — A o= (21,22, ,2a), £ R PIEEME—HIHL
u 52 AR, MF f BN E B R 85— n TR (EHREE), CM

[:E-R, ®—u= f(®)= flz,z2, -+ ;Za),

He o RAEY 7 A o LHE F AR [ WENE, ok
{flz): x e B} C R FROUERE f M{EHE

MUMon =2 i, o CRBERIBTER. wE—oRE, RIE
HWHu=fz)(x e E) Ri—THxERE MHETE, RIBETUH
glx), h{x) SRR H A

B8R, % on =18, n cEENELSEIFE—TRENE
N3 5K %4n=18 RIAZA y = flz) KRR
RE: Mn=20 H:z= flze,y) RS ITZCEH ZJn=3
Bt B u= flz,y2) RER—PT=JTCRE MF—AriEm¥ z =
flz,y)((z,y) € E), BERFREFERN, BATATLAR =427 (65—
iR ENER {(z,y, flz,y) : (z,y) € E} (WA 13.2.1).

@i 13.2.1  7E R3 1, L (0,0,0) K08 fr BRTE AT LAl A7

I2+y1+zg=1

o, Bl 2 = /1 — 2% — 2 5 XAE R? FEL (0,0) K0 PHER07
8 A= {(z,y): 22 +y? <1} LAY EREREZR AR
EAesmay RE - = /122 -y ke XEARUER A /Y
—A R, E B R AL ER T T ¥ 8843
Bu=flz)(zeEcR) & -MRE F FE) ERPHFRE
MBANFHEY £ P PREERN. BRM, BITETLLEX f(z) 7
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E iR THRUEE, THAS HEEN A TREOR#R
ERStE e TR

=y

B 1321

13.2.2 ZTHEMAER

Bicaml r oy e X, RERMA LT E X

EX 13.2.2 W f(z) BENEES EcC R EHBE, xo = (2,
20, ,al) e B. BHE AcR BN T Ve>036>0 Bz =
(x1,22, ,2n) € Up(xo, ) NE BT, BlO< |zc—xp| <S5 Haxec EMN, &

[f(z) — Al <¢,
WFE AAS e (£ EP) BT o B fz) HER, 28

lim fl(x)=A

Eze—xg

1

lim flzy,o2,-- ,2q) = A
E3{z1.ma, Tn ) —+{2] 28, 20} e 1

fELRIESH, F 2o FIENZLPR Uy(xo, ) C E, MR
K TFHPABRESN z c E.

HE TR, ERE Bl ReE LT LER TR ZEN
REES. EHAERIE, X T Xl y = f(2)(x € [a,8]), EBEX
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Lhh LEHTHER =z 8T 2 € (a.b) HOEBUEET o 26 i
R SO A PR PR 5 S AL, -t PR e A R B M X (]
it E N, B SCRA U RRTEMES. TR Lk
S SUVSE g riE, B A i oR 3 s SUSsAT AT RESE A 4.

T LbE L E TR R, RERTFEAL TR
AR AP, Bdm, A2 e R S50 A0 B 5 A o s — | e R
5 5E JR IR S A s SCEA () 1 75 A 2 70 o HTE 3 4 Ak o 8 PR R A A
WEArT0U M AE SAR R B PR S B ST, RATBERTEAGIA LT MR R
EHAKRGES EELFTLURATRET co URREHET oo %
FHRFEETIE. AT XL REITEHS TR BRI A
fol, FEEAFRIAR T

RUUTF e BRE SRR KR, EEASIEVLL TS

EE 13.21 # f(z) BENME FEcR" LAY, o0 B, 1Y

lim :. flz) = A (ATLLR o) TS DERMRE: X B\{zy) P4E—

E3m—o

T kllll;ﬂﬂ: =z BIRF] {z:}, § kh}gﬁf[:!:k} =A.

F R MO PR B SN, S — ML f (=) TE zp € B TELERRPRRY,
MF R* PA = B0 2 BFRNAENE Sy, PR R R A S
ZHEE. K2, F = AERRHRN AN (G ML, S508S &T a0
i, fle) BB ATETE, MUARER plim f(z) AT,

LAm—emy

3 3
#1322 KBEE m e ty)

(xa)—(0,0) 2+ 32
® HEI
tan(z® +¢*) ~ 2 + 9, (z,9) = (0,0),
T 4
le® + 3% = |z +ylle® +9* — ay| < Slz +9l(=® + o),
5 3 F v(z,y) £ (0,0), F
z3 + ¢

3
= = ;
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B lim izt y] =0, ATIH
&5
tan(z® + ") | -
(@) =0 22+ | @00 |2? + 92|
M sRBATHE o
lim tan(z® + y°) _

() —(0,0) =%+ yi

B 13.2.3 WRY f(z,y) =
F(z,y) RAHLERRMR?

Wt 1 A {(u%)} WA

 WE: S (z,y) — (0,0) B,

2+2

lim f(ﬂTl) = lim 0 =0.

koo h‘

msn {(1.7) ) mivw

B (z,y) BT (0,0) B, fz,y) DR,
ME2 My=tkzkeR), WHz—-0W, Fy—0 hT

kz? k
0 (1 + k?)z? BTN

XBRHAER (r,y) BHE y = ke 8T (0,0) B, fz,y) BRI
TR R R, MrotiebR {: ,;ﬁii'f‘m.n; flz.y) BRI

% 3 1L Oxy P L EUB AL AR
{ r=rcosh,

y = rsin#,

lim f(z, kx) = hm
Tl




22 $HE=% SAKENHWMRpPEE

Kb r e (0,4),0 € [0,2r), W fz,y) TEWRBIFETA f(z,y) =
%sin?ﬂ. BT (z,y) — (0,0) B&F r - 040, M 1s‘m2e 5rX%
FefH AR H R, MR  lim f{m y) MAFETE.

()= (0

p
Bl 13.24  BEM f(0.0) = ;;Lﬁ, e lmo (@) R
EHLE

B Ry = kz(k € R), WY (z,y) BWiRHLET (0,0) H,
<1

" kx? _
~+0 (22 + k?)z?

WRI y =22, WY (z,y) HERPRET (0,0) B, &

liﬂ}f{ﬁ, kz) = h

4
lim flz, %) = lim m“i = ;
Eﬁﬂﬂ{ Jﬁlm f(z,y) DFFEE.

S, “’P‘Eﬁiﬁﬁﬂﬁfﬁﬂﬁﬁﬂﬂﬁﬂiﬂ*ﬂ%ﬁﬁ‘ﬂﬁiﬁ
IF i o ¥ty R PRAF TE.

il 13.2.5 HEHRHK

f(@) = f(z,y,2) = [sin1 —sin(z? + y* + 2%)]In[1 — (2% + y* + 2%)].
L E={z=(2,9,2): |2 < 1}, #& o € OF, RHEM gl J(@)

M B NENENE JYEaz o m W, t =2t +9%+2%
1—ﬂ, E-Ilt

lim f{z} = hm (smi —sint)In(l —¢) = 0.

Esx—m

ﬁﬁ—éﬁﬂﬂﬁﬁ“!m%—xﬁﬁﬂimmmﬁxﬁﬁ (v A AA T ).
13.2.3 RIR

B f(z) = flz1, 22, - ,2n) TE 2o € R™ BISBIEPIH E N, BUESE
SRR BT oo HEBITINAR. M BT oo FRESEMA
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ik, H o BRSNS BT o0 WRFTRHMAEN. FELEHET
PPEATR R BB L P B RRBR. R — s A
ABIRVEREFEM, X n(n > 3) LRI ZELIE, HEER
Hxmo.

ENX 13.23 WA z = flz,y) £ E c R?2 LFHEN, HWE
Nol(zo,v0),80) C E(dy > 0). #FHIE Nol(zo, wo),d0) W, XA E R
y# v lim f(zy) = ply) F4E IFH lim o(y) = A (A HRE), W
AR flz.y) 3 (z,y) (=B h (zo, yo) B5E = 5oy MRTRR, Wl

A= lim lim f(x,y).

W—*W¥n T—In

KU, RATATBUEIE v Ja « MRABER lim lim f(z,y).

MSESC 1323 WUV, — D TI0HREHE (20, y0) AEH R UCHRR
FESBESRYEAER v =20 5 y = o LHEER HHFSHEEH
e BB A e U S R U PR B A, (EA T RER R A AN AE.
fltn, ek

B 0, xzy=0,
f(z,y) = {1? s 20
WA lim lim f(z,y) = lim lim f(z,y) = 1, T lm  f(zv) KA

1FE.
Ao, HRBEBRAELER, AR B R SR I R PR 2 A7
£ BB TR, 27250, RNMOERZLEZN. #ln, &

oy
Y= { (z + y)sin _ sin = xy # 0,
0. sy =10.
B TNTF V(z,v) e R% H |f(z,0)] < 2| + lyl, B

lim o) =0
{rln}“‘“}lu} f[ y}

BB 7 £ 0, - (k HBEH0, B lim £z, ) FAEEE: TORHAEA
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y# 0,7 (k A8, B lim f(z,y) BATFLE. BT (2,0)
T (0,0) WRRKEE, FLL f(z,y) OB BRXBBEBARILE.

HED LHIT, HBRARBAEE AR REEAE M £0,
B lim f(z,y) FAFEE. R, WA LERA1R5
R R

EE 13.2.2 BERY f(z,y) € No((zo,w0), %) (8 > 0) EFHE
X, FHR:

(1) 3A (ATELR oo), {ﬁﬁ[ lim  f(z.y) = A;

z,y)—(xo.¥n}
(2) XF U(yo, 00) AERBEER y # yo, B lim f(z,y) = p(y)
L,
UUES]
lim ¢(y) = lim lim f(z,y) = A.

y—+la =y T—In

ERE RATRIE A £ o HTETE.
e ; }hrp }f{m,y} = A A&, AT ve > 0,38(0 <8 < &), 4
5" el i P01
{ﬂ:,yj € Nﬂ[{Im yﬂ}té} HEL :ﬁ-
f(z.9) - Al < 3. (13.2.1)
MAERK) y # yo, 5 (z,y) € N((20,50),0) B, BT lim f(z,y) = o(y)
TF7E, BT 7ER, (13.2.1) 4 = — 2o, AT 0 < [y—yol <6 B, B
Py) - Al < 5 <.
] u'li::t;ﬂ oly) = A. iEEE.

13.2.4 EFEREUHENERR

B A, B HEEMANEERS (A —EREE), FXN A FHNT
® o, RIEXNEN £, 7 B hAME - I0E b SN, WK f R
A B| B 11 —/BRE, b FXA o TERRE [ FEMR, DA

f:A—= B, aw— b= f(a).
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HLT R EIAT %5 3, AR LAGT I BB i U
FEE. R, TG RATATCAS IR . 588 Bl —— ) RS
. FIHBE 8, 754 e 2 3 i e 3L

EXN 13.24 WECR, #F FRE 8 R"(m>1) F—BRH,
WFK fF & E LM m i (n JT) OBEN (MEEBER), dh
u= f(z),zc E.

WECR" BR, —1F - REOmBRAFAERAEMBITTEHN n
JCRRE. AT RN m fm BAW. i 2= (21,22, ,70) € F,
u = (U, g, ) = f(T1, 22, ,x0) € R™, W f(x) A u;
WEE Ef)— n JGRE BIMTF =12, mFu = f(z) (ze
E). Hlt u = flz): E—R™ QP RERE R DBEEMR: 77
fEmPTEMEE LM n KB fi(x)(i=1.2,--- ,m), 1145

f{ﬂ.‘-} = {fl(IL f?(m}i' i 1J‘m{m}}‘

HiRH, 35 F(B) £ R™ WERE WK f(z) € B 2T,

@itm, i R?2 HFHE E={(r0):0<r < +00,0 <0< 21} 3
R? FRIBAEREH f(r.0) = (z,y) = (recosf,rsing) B2—P 4 (&
jo) MBS fELEg AEFHER E\{(0,0): 0 <0 < 27} 2
R2\{(0,0)} M1——XFME. 7E (0,0) AEALRG, HE - M vo(0 <
8 < 2n), BAIH £(0,8) = (0,0).

EM 13.25 W ECR" zeE, fla)=(f(z), fa(z), -+, fm(z))
REME E Ef— m o BRE ENTVi(l<j<m), H

o, Film)= s

E:F AJ E R{J = 1121"' :m}; Mﬂ f{m} !._i.r] i {‘_ﬂE E ]:F] E:F‘ ] H:!'E{J
WA (A1, Az, A,), IR

lim f(x) = (A1, Az, -, Ap).

.F.-':}m"-wtn

¥ 3 jo(1 jo<m),  Lim _ f, (@) FAPLE, WK f(=) %@ ({E E #)
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BT xo WWHRRAEA.
Bl 13.2.6 HEBEH f(r.0)=(rcosh, rsind), HF re (0, +o0),
8 € 10,27), B vy > 0, SRR ﬁm fﬁﬂﬁ lim  f(r,0).

= {ry.2%)

M mEX 1325 BIH

litn .= lim reosfl, rsinf) = (ry, 0
{r-ﬁ}—-{rn.{]]f{ ) (F-ﬂ}--*{rn.tl]{ " } {U )
Fil
lim r,.f) = lim reosfl rsinfl) = (ry, 0).
[r @) —{ry.2x) -f{ } {r,ﬁrJ—t‘frn.ir]( } ( - }

§13.3 LIoELLREL

13.3.1 ZLEEEN

Y —Jo R B, AT NI LS s R O S AR R
EN 1331 BWEHu=flo) EECR FHENL zyc E. ¥
xy Bt E ALY 2, € £ H']':ﬁ' ilm f{:ﬂ = f(@o), WER f(z)

{6 x) W FT f(x) 46 E TR ﬁ#ﬂﬁ*ﬁ WE f(x) &£ E L%
2 :E.’ hm flx) AFFTE, BAFTEEAET flazg), WA flz) 7F @y

El:’FﬁH.‘;'EﬂEi MR @y B f(2) BIEIETR.

BG4 2o & B LA, RIOTEHRMUN f(o) £ 20 &biE
& Moy R ERARM, f(z) 1€ oo CREEVERBAE TREE
i WERTEIE, B EE SOREHS CAERTZMETE. fln Jtm
WA A T RS A i T, S LU B niES R &R
e (BRESAE R, R5%E) BEA. . Bl WaR T 3
EFInca: kGOl

. |
Bl 13.3.1  WHREH f(z, ) = {i WED 4 w2

0, ay =10
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i) REAINETE. B D 2 BT, A I uE it
AR TE. Hlin, 014 FH K A _E 00— ok i $onf RI- I Bl
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.in--nul % Rl k—oo kb

{HX T vke N BINF

1 2 , .
‘f(k, E) - f (k,g)‘ = |sin1 — sin 2| # 0.
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FFESERSMES ¢ = 20 Ky =y AU REAX Bk, 4=
TR BAE R (20, yo) LEPAER e T HIEE, ZRBAEA (z0,w0) I
A ELE. Fln, SR

fan={0 20

1: m'l!' ?"_ u!
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BEAEM £1(0,0) = f1(0,0) =0, {5 f(z,y) 7€ (0,0) ALk,

T ERAEEH AT
Bl 1411 BERHL flzy) = m%, K aféi ) & aff;;‘”.
m NS E
iﬁ—g_j” = (tanz?)’ = 2z sec? 2* =0
Fl 14.1.2 ®WERH f(r,y) = arcsin \/:::_*:I-TF K filzy) B

fol@,v).
R R, ROEK fl(z,y) BTH y HACHHEIA. K
I, BANH

1 1 : x?
fizy) = | V& =
3 x2 4 y? /22 + 2
2% 4 g2
1 y*  ysgny

Z\@a'xz+yz ‘“mz_,_yz'-
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k= 8

T T 1 - zy _ —rsgny
v M= IE [I2+y2}3,|'r2 - I2+y2?

T
B spny BEFF SR
14.1.2 FREH

~A & 70 bR H 0 7 i SO B R A g SO M — s AR AT R
LeAB AR B0, A i AL — R S R T LU W AT 1,
TN 16 AT H LS Lo i B A IR T b I ST IR . B n HEBALTER
WA el +ad+ - 22 =1, WEE—PUE O &, 257K E
M LB ERs MRAERE v, ETLLEHA v = (cosfy,cosby, -,
costy ), HetP 6,(1 < i < n) REMRY 2, BUERKFEM, cosbi(1 <i <
n) AR v MABKE. frali, 8 F B* AE -8 {zeE v, 32
S ELRA M 0, WA v = (cosf,sinf). H TXEHES, FA10]
LLes i ELF 2 L.

EX 14.1.2 BEu= fa) EEE D cR" EFENL, oy € D,
v = (cosfy,cosfz, - ,cos8,) R M. MR H

i flaeg + tv) — fl=z0)

f—0-40 t

fete, WRRBEILY f(e) 15 =) AT v TS, i 2020
. Ou
® 5l
F1 frhdEXH, Fid g+ v =a, WU
Ofw) _ . f(@) = f(0)
v z—zy (& —To)v

M LS SCRT AR H, — A BAER AL 1 S BN T 47 R
HIREIR.
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i 2 & fle) fF zp = (29.29,--- ,20) &XTF =, HREH

"”"””Ju i < n) AT A, B0 v, B i MEY | R
i, w2250 4 g g 5T 4

B 14.1.3 WA f(z,y) = V22 + 9% BOK flz,y) £ (0,0) &
FAT IR SR

W W v=(cosb,sind)(0 <0 <27), W

ﬁf{{],l]] f(teosf, tsind) — f(0,0)
T e - n+n t
: V12 cos? § + t2 sin? @

= lim

t—l-+0 i

t

= lim —=1.

t—0+0 ¢

W 2 RATAS, 7 BB, f(o,y) 7 (0,0) BT MESEIRAE
0. 4R, BT AT S O S T WX — 45 B
Bl 14.1.4 WEE
= z? 3 H =z £ 0,
HAth,
B f(z.y) ZERMR y — 2 FB LB AR 1, KA &AL IRE %
0. WEW: RHEBATA v, 7 2L = 0, {8 f(z,y) 7E (0,0) 3L,
iR 92 0 = (0,0), ﬁ&ﬁﬁl‘] v, 2 t {R/E, 04 v S5HEER
R, T f(tw) =0 = £(0,0), Bt L0 _o gy

fla,) = { ;

lim f(:_ ;‘.12) =1+# f(0,0),

k—oo

FREL f(z,y) 7E (0,0) AANES
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14.1.3 289

— TR y = f(z) MG RAERT HERM M PEmEL,
LA S, Sk RS R R ME y = f(z). T4
ZIoeRl T EMEER AR B, BT U R R
B, XSS ZCRBNEMafA R W—4n oR¥ BAFTUF
2 3.

EX 14.1.3 WA f(z) = f(z, 191 1) fERKIR D Cc R E
HEX, H 2o = (2,28, ,2%) € D. it Az = (Azy, Az, -+ ,Az,),
H#HEN ﬁﬁﬂﬁﬁéﬂl. Pﬁi x = xp + Az = (z, + Ay, x; +
Azy, - zo+Ax,) € D. EFENEET =) IFEH Ai(i=1,2,- - ,n),
{#18

Af(wmo) = f(mo + Az) — f(xo) —ZA Az +o(|Azl), |Az| 0,
i=1

WFK f(z) €€ zo AR, IFFR )" AAz i f(z) T = AEIRWS,

i=1

WeH df(ze), B
df(mo) = Y AiAz,.

i=]

#F flz) 7€ D W8 g8, WFR f(2) 7€ D ARTTREY.
Nzl <i<n) RAZRN, EX dz; = Az,. Bl f(x) % 0

AR AT LA R df (x0) = E A;daz;.

M ATl B e X lﬂ'ﬂﬂﬂiﬁtﬂ é flx) £ xo MEATET, ERERM
o I bR A B O 1 B Ay, RPN T R R A i
— A TE T DR LRAeR, BS SRS SRS R R
EE 14.1.1  HEH fo) EEE D c R EHEN & 2 =

(29, ,2l) € D bRk, CHMA A df (z0) = Aida;, W

i=1



6 Rto¥x $iEsF

(1) f(z) 1€ =y &biE4E,

(@) HF i(1<i <m)f() RF = TS, A LT _ g,

iERA (1) i Az =2 — =g, W = — a0 T ﬂ.m—rifl, Bl
¥ MFVvi(l<ig<n). H Az, — 0. HERNA

dlin_[u[fl:mu + Az) — f(=p)] = aliﬂu ]:‘:T A; Az —|—o{',ﬁm|]|] =0,
B f(z) 7€ xp ARIESE.
(2) MIEFEEM iQ<i<n), Bj=12,--,n B j#ibt
% z; = 2. B Az; = 0. HHBIF Az = (0, ,Axi,--- ,0) A
|Az| = |Az;), BkH
lim .f'[;z‘f,mg, ?I{il--ifI? + 'ﬁ:ﬂi:I?-l-I"" 1IE|.] . -f{mﬂ]
Qr =) Ax;

= Tl (Ai+o{:ax,-;))

- Az,
= A
I (=) XF o TS, IFHA OT50) A, G
AR EU, 48 f(z) 7E 2o AR, 2FT

df(ze) = E’%{;—Mdrt,

fERl, 2 2 = f(z,y) 1E (zo, wo) SEPTHON, BATH

df(zo.y0) = aﬂ;{:yﬂ}ﬂ + af(;::yu}dy;

MY u= flz,y 2) 7€ (z0, yo, 20) MEATRES, WIH

df(zo, yo, 20) = ﬂf{m:;:n. zﬂ}dr - SI(IE:“'EU] dy + B—u—-——-—ﬂxuéfn'zmdz.

RiNC&H 7 rRATFA IR FEAEEM T oRd, Btz
BERIRRSCA I . IXUREH, AR Y9 o BhAE 2 e MRS TEAS 54
1. RERA LT REE.
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ER 14.1.2 WERY flo) £EW D c B EHEN, = =
(2f,25.---,2%) € D, B f(z) 7€ =0 BB U(xo,d0)(00 > 0) AW
FAESMRTH, HFHXRRFEE o, BESE N f(z) & = &
1.

MERA BT n fEIRSNER SR UE B Bl

M on=1 0, EREg BT

B n =k FEHENT, B

9

f(a) + Az, 2 + Azp, oo 20 + Axy) = f(al, 23, 2

k

g
—Zaﬂ“‘ L “"‘"’ﬂﬁz- +o(1) (\ 2 (Az)?
Bn=k+1HK,

k
(, S (A2 qu) ;
ﬁf{“’lr ! IEJ—I}

= f(z¥+ Az, ,.IE+M&,IE+1+&I&+E)_I{I?1"‘:x?:'uzi--l]

= ]_.-r{ml + Axy, - '.'I?: + ‘irh:zuk+1 + A1)

— F0 4 Az, oo o2+ Axy, 2, )]

+[f(2) + Ay, oo 2 + Aze, ) — o 2l ado)].
1 75 MRk B L o e (e B R gf ‘*f 1z, AEIELE A

f(z? + Ay, - 1) + Az, TR,y + DTksr)
— f(z9 + Azy, -, 2D + Az, 20 4,)
= fone (@] + Azy - 2]+ Azg, 2y A OAT k41 ) ATk
= freen (@0 2R 2R ) ATk + S, (2] + A2, 7

+ Azg, 2y + 0Tk ) — fL,, (21,00 2k 24 AT
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= fl,. (@Y, 20,201 ) Ay +0(1)(|Azka]) (14.1.1)

(|AZk 41| = 0),
Hfo<o<1 mBERAEEREH
f{z‘f + Az, :IE 4+ &zk,mg+l} — flal, - ;x?ux?:-ﬂ-l}'

k k
. Z El'f[:l:?, . B;EETIEI l}ﬂﬂ?i e ﬂ{l} ( Z(&I‘}z) [1412}
=1 * i=1
k
( Y (Azg)? — G) :
k41
HEREEY > (A)? - 00, #

t=1

k
o(1)(|ATks1]) + o(1) ( (Bz,)?
. i=1 —v[}‘
k=1
1=]
Rk (14.1.1), (14.1.2) BpFR
AfE, - Thady)
= f{..":?+ﬁ:[.'1,.,r ,IE+&.1‘1¢,IE{_-l-l—.ﬂ.;zk_,,_]}—_f[z'i',... *IET$2+1:'

k+1

0 0 .. 0 50 \-
i=1 ’

(1) S{ﬁrﬁ - ﬂ) ;

EI] f{’-‘?l,ﬂ:z,"' 11'1:-!-1} E {I?rfﬂga'“ 13724.1} ﬂ:ﬁfﬂ: H—
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k+1 0 .0 0
af{z'lm'l"'TIJ. :I'
d’f(g;?,ﬂ;g”.,‘xiﬂ}gE: 1 T?:z;,- k-1

IXHAER TR EME R U ne N SO UEEE.

i FRE f(z) FEE D cr EXETFHERMAE N REE
FIEERIE, EWNBROE f(o) EED AR C' B, 0N f(x) e C'(D),
R RATHRR f(2) /£ D NEERL

Bl 14.1.5 UFMHeAH

¢ SRR L e
I+ 1
{{ H:Ih x2 yz'r

0, 2 +y* =0

dI{ ;

2 2 [],
flz,y) = TRy

fE (0,0) &ERIel, B f1(e,y) X fi(z,y) €€ (0,0) AEL.
iERE 28 f1(0,0) = f(0,0)=0. BT
1
(Az)? + (Ay)?
=o(1)(v/(Ar)2 + (Ay)?) (V(Az)? + (Ay)? — 0),
P f(x,u) 7€ (0,0) TR 29 (2.0) # (0,0) B,

1 2r 1
(. = 2T 8i — — ; i
falw,y) = 2z8in s — g0 o

Af(0,0) =f(Az, Ay) = [(Az)? + (Ay)*]sin

HE_]: ':mhyk} = (\;_42%1(]) . [ﬂ1ﬂ} H:-I-r f;:{mk:yk] — 00, %th f;{Ify]

{E (0,0) AEAiESE.

H RS ARE, A f)(z,y) 1€ (0,0) LA AELE.

Tl ek S 007 R S RS ECE D SRR Pl
R e,

EE 14.1.3 WEAY f(«) ERE DR FHEX, HE 2 €
D haTat, W) fle) 46 @ BT H 1A v = (cosf), cos By, - -+, cosby) B
EES 5]

Of (o) <= Of(za)
duv ”Z iz,

cosf;.
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WERR  h f(x) H‘]ﬁfﬁﬁ:ﬂj‘ilﬁ@ﬁﬁﬂﬁﬁ BA47

aflzy)
teosd; + ol |t])
lim f(zo +tv) — J(=o) _ li ; ..

t—+ 040 t 04D t

=3
A/ ERIE, BATFEXE A7 R £ ol M main
fel it S o R .
il 14.1.6 3K 2992 1{123 I ABLAEL.
B R f(z.y) = 2%y, B [(x,y) MM MESEA R? FiE
e IITITESF 2 A Ab o] . BY {J:n,,*jn =(3,1), Az=—0.01, Ay=0.02, 1
2.99% x 1.02* = £(2.99,1.02) = f(3 - 0.01,1 + 0.02)
= f(3,1) + [L(3,1)Az + [1(3,1)Ay
=32 x 17 + f1(3,1) + (—0.01) + f/(3.1) - (0.02)
=9+ 6-(—0.01) + 27 - (0.02) = 9.48.
14.1.4  BEJE

57710 SR E U RIS REE BB A, TEAT A5k £ 4 B 2 A
S HIEARMPER, TEA 15 T A3 o RAE 4 2 e E it —
A .

€ L=/, RANEBEY [(z) €€ 20 € R TR, f(x) #HT
BEAWP v= (cos# ), cosfly, - cost,) w1 S ECh

1) S8 cus

i,
5 flw) 4 2o AER n AR Ei'ﬁ?!'ﬁziﬁﬁf. fla) #E 5T
L 1 (3f(ﬂ=::} af(®a) 5f{==u})
Py =

Al dry, ' Oz ' Oz,
8f (x0)\”
Jg ( O )
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7 6] S B B A ER b ) B (f’f (mg) 8f(@0) ., 81 "’“’) R

8z ' Oz ' " O=x,
flz) T oo &5 M FEEA R R4 |, RS BRI
[ S E e IRATIS [ T A s L.
EMN 14.1.4 HEAY f) € xo LPTHE, WFRRE R
(ﬂfimul Of(ma) ﬁf{mn})

gz, ' Oz T " Oz,

K f(z) 1 mg ALAIRRIE, L4 gradf(ax), B

_ (9f(=0) Of(=0) af(zxn)
Emﬂf{m":"(—a&zl "oz | Oz, )

W f,g HIRE TGRS, TS S 5 HE B A DA T AR

(1) gradC = 0, C A

(2) AT Ve, g € &, # grad(of + dg) = agrad [+ fgrad g;

(3) grad(f - g) = f-grad g + g - grad f:

(4) gradZ = — (- grad / [ -grad g) (9 /0).

WEBEERI S SCTTULE 1, 24 f(2) 7 =0 TR, f(z) HHT o
i SEeTA R RsiER L0 — gradf(eo) v EHFEY
5 ) 5 S5 B 5 R 1 LT R X

W u = flz,y 2) TE (20,40, 20) P, grad f(zo,u0.20) D
REmE. 2 H = lgrad [(zo. yo. 20| Lo A (20,40, 20) HEBETTR
o WIME, WAT Vh € (~H, H), FrRtes 20 = n i1, fke
FIEL T THAEE (0. yo, 2). FHERAE 1, (OMET. %4 h A\ — H 35530 H
i FCBRE: 1, 45 grad [(zo, 0, z0) BIFEF0M = 250 0. FF I, L2
(ke h g i, Ly MI2MHIR T (20,30, 20) HEL grad f(zo,p0. 20)
LR B F 1.

Bl 14.1.7 W k=2 MEBY, A f(zy) FHE2E (r0) TH
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Foora,
rsinkf, (z,y)# (0,0),
Gl { 0, (z.5) = (0,0).
(1) 3R f(z,y) 1E (0,0) L&A7J7 R P4
(2) f(z,y) 7€ (0,0) B &HEELE?
(3) flz,y) T (0.0) MEREFHE IR
B (1) XEER 6, € [0,2r), 0 = 6 BIEEE — B H R
Ji 18l vy = (cosfy,sinfy). BATH

M = lim w = sin k6.

d‘Uu =} r

B f(x,y) €€ (0,0) Zb#H A (cosh, sin @) B K ] FHEDI A sin ko,
(2) B4, % :.rhm 3 flz,y) =0, BTEL f(z,y) 7€ (0,0) &L

(3) %4 k> 20, BT sinkd EHE 6=, Zz ¢ [0,2r) Ak K

H 1, RIS flz,y) 7€ (0,0) LATG. WS AE, BE fleo,y)
7E (0.0) 45T, W grad f(0,0) ZAEF R &, FERD R3S 6E
TE ANy 1w BB BE A 7 Il iA BIR (H . I F- R (EAE B 1 7T

3 Hk=2Hr#£08,

rsin 26 = 2r? sin f cos = 2zy
T VT2 + 2

AT f (2, y) BRI FRER:

2y 2
f{:my}={ e 2 +y? #0,

0, 22+t =0

A2, * k=3 H r #0 B,

3z?y — o ;

0, z% +92 =0,
Wk B Ot FIRREAE (=, y) 20 FTEFMAG] 1417,
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14.1.5 FEHRVHFUSEM/S

EA DT, BN E L ERNMSRELB0r. W EBH
SHEEAM RMANEFERENRS, £45 5 F SR EEFER.
mTEEaERE, 45 )5RANE AT R, BFHEHE5mE R
A~ R PR A, A TR 3CHR, AT LA R R E ] AT
o) B, AT eI 3 e

EX 14.1.5 BREBREE u=f(z) = (fi(z), falz), -, fu(x))T
{EXH Dc R FHEN, 2o D, Az = (Axy, Azg, - Ar )T R e
T xy A9l E. WREE moxn HHE

A'li Al? o -‘1111
A _ AE] A'j.! e A-Zﬂ
Ami Amﬂ Cifo Amn

4924 |Az| — 0 B, FRROL:

Af(@o) = (Afi(zo). Afa(zo), - Afm(wa)T

Ay A -0 A Az, o (|Az|)

| Aa Axn -+ Ap, Azy . o (|Az))

Amt Amz i Amn &En ﬂm“ﬁ-ml}
(14.1.3)

Hp A PR EEBRT oo MAKET Az, 3T Vi1 < j < m),
;(|Acl) KT Az, JFHMA  lim YUAZ) _ o misk f(x) €€ zo

x| —() il.i':'n:l:l
KR AT S, M A #58 flz) &£ o0 &LH Fréchet B (MHS
), B £ (xg) B Df(zo); AAz A f(z) 7 = RS (K
W), M df(xo), BN

df(xzo) = AAz = f'(z0)Azx = Df(za) Az,



i Rt wEx Samod

fE LR X, FME de = Az, WH df(zo) = ' (zo)dz.
3 (14.1.3) F SR T LA 5 R

Af(xg) = flxo + Ax) ~ f(zo) = AAz + o(|Az|),

Kb a(jaz)=(01(Az)), a2(|Az]), -, am(|Az|))T #HHL
. o(lAx])
|é.1;::l|“:l] |Az|
B TEERAT A B e 07— A ) B B e e, LR s AT
e SRE (S 8. T TE A% S BN S T ) 4%
EE 1414 WD ER PHEE, e D, MREH fla) =
{fl‘:m]-fz{?ﬂL ROt fmeT!T ’ﬂ: D L'ﬁlﬁ.ﬂn !llll f{ﬂ:} {E i -'itﬁ‘rﬁﬂ(]
FEDEEM RN T vi(1 <5 <m), filz) & =0 LR 0

r’ ﬂf_l_{rﬂn} dfi(xy) dfi{xg) \
ahry dx, i,
Oh(z) Of(ze)  Bfalzo)
b P 53:, f.-'-.rg 3.‘1:.,1
Ofmlzo)  Ofinlza) o A fun(0)
S~ 9%3 D5 i/

WY flx) € zo AR, 7
df(xe) = Ade BE f'(zo0) = A.
iR &t W fle) €F oy 0T, MITIFETE m < n P

A“ Ap - Ain
Az Az o Aga
Aml -I’Ln! e Arnn

/Y |Ax| — 0 W, H
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( Zﬂuﬂ\h‘ti \1
ﬂn_ﬁ [33[1} til ﬂl{ ﬂﬂ'ﬂl]
Acftindise 'f"f‘-’._{mﬂ] _ ; Ag;Ax; N ﬂif:éﬂ}
'&fﬂl{mn‘} i - “rrl”ﬂ"t”
Ami&‘x'l
K =1 ."‘

Hrtt ay(|Ac)) BT Az, B lim 1) R Y Wy

Aw|—0  |Ax|

Afy(@o) = Y Aula, + ay(|Axl).

i=1

Aji = M (i=1,2,+-,m j=12,-» m)

!.:}I'.;
Ef’}'ﬁ ‘ﬁx'j._j; "‘?rj[l é _,F % ‘J'J'i:.h f,{:t:} ‘EE e oy ﬁm‘ﬁ, muﬁ

Afi(xo) = Z f’%ﬁm_n} Az + aj{|Az]),
=1 !

b (| Ac]) BT Az, B lim 2U2) _ o gy

jawl -0 |Ax|

Aflxp) = l:&.ﬁ{ﬂ?u}- A fa(zy), --- . -&fm{:ﬂu]}T
[ dfilz) dfilx) dfilx) \

dx, drg dry Az, @ (| Ax|)

Ofa(®) =) = Afa=) || Ap az(|Ax|)
= 51‘1 6'1'2 E:"]-l-'n =1 | .

Ofm(®) Ofm(m)  Ofulx) ) A, an (|Ax])

5271 ri'j.'l:'g t'li.’.'.',,
= AAz + a(|Az|),
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H af|Az)) #E  lim AZ) _ o sk o f(x) 25 zo AbATHL,

iAz|—0  |Ax|
H f(xg) = A. UEEE.

A f(z) = ([i(@), fale), -, fm(z)" PR EE
BAE o HEIITTRURT, SERE A = F'(xo) BRA flx) 7 oo LEMHERTEE
(Jacobi) %BBE, WA Jp(xo). FEHIML, X flx) £ n G@RABLET, A
Jtnoxon KB, BEBY Jy(x) BATHIRIEN f(z) 76 =y ALAIFRA] EEST
Hst, i

e B o)

By, T2, 1 Tn) [,

B, NF—TRAE flz) HFHIBRETE o, LRFTET
i 8T, BAIEiel BLERME X Jp(xp), HY flx) £ xo BARTRL,
AL R SR, Ty (xo) AEZE f(z) 76 o0 HHEAIEE
T 5.

Y filx) (1 <7< m) WEMRFEME o0 IELEN, f(x) 7 2
AeRTR, B f(z) €€ = AEPTHHL 5940, 32T Vi(1 € j < m), fi(z)
K& MRSEERSE D FES BOW f(x) £ D LE C' 1), WH
flx) e CUD). ¥R, BAOFE R PRE D 2] 2 BFEH y = f(z)
B o8, R flz)ec(D), HH £y € C()

F AR RBESENES, ML IUEE (o), HETHR
B, BATH

o= (22, .. 2 - 0

Bl 14.1.8 HWAER w = (r,p,0). MEHH

r(w) rsiny cosf
flw)=1 ylw) | = | rsingsingd |.
z{w) T COS P

HP D={(red):0<r<+00,0<p <0<l <2}, 8K f(w)
LB f(w) 7F w AEMHERT AT HE.
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# MHF x=rsingcosh, y=rsinpsingd, z=rcosp BE D L
A EERSY, B f(w) 745, B 5HS8
dr Or Ox
] or B¢ a0 \
oy | O Sy 8y
Fw) = ar g 90

0z 0z 0z
\ o 3, a0 /

singcosf rcospceosf —rsinpsinf

=] singsinf rcosgsinf  rsingcosf

Ccos @ —rsing 0
X ERREFERATIIR, B f(w) £ w = (r,¢,0) LLAFERTEEATFIK
Nz yn2) _ 5.
B(r.0,0) r sin 4.

§14.2 ZIGHRECK R

14.2.1 SHHWUNEHE

AN, BIEEESEAZ T (MR) BEFESMITE
BRERTREZ R ECR R RO — AL, EHENZTFRNE, 8
oL — R PR — ().

HAEIRATA LT R LR S .

EFR 14.2.1 WA f(z), g(z) FXHE D c R LT, MiaT
Vee D, B

(1) (f(z} £ g(z)) = f'(=) £ ¢'(z);

(2) (flz)glx)) = f(x)g'(x) + glx) f'(z);

3) (I{IJ)* _ glz)f'(x) - flz)g'(x)

@)= fe) Lok
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MR f(z):R" - R B— n GTHE, g(z) : R - R™ £—
AAEEY m HEF A RRE, NFH

(4) (f(z)g(x)) = f(=)g'(x) + g(=) f' ().

AERR BRAHUE (3). (1),(2) A (4) BYUERA B4R 4

i XA

g(x) B%1 ' Om 7 7 Oza

¥

(1) nothe- rtse

dz, z(mj

HHACA LB (3) Bear. E5e.
¥ OEEH (1) PEAEYL (f(z)g(x)) B4 mxn B, g(z)
A mox | R, M f(x) B4 1 xn BB, FHik g(z)f'(x) B
A mxn B B, f(2)g () A— mxn EEE 2T (4) BUEH,
EE HEW (4) PHERLEDMERED A RS A D RE R R

4 B L BB =]

14.2.2 ESEHEMMKREZE

THRMNFEXSRESRUNKRTE.
IR 14.2.2 BREAW f(u) = flur,ug, - ,um) EEXE 2 c R™
EHEEX, FHHTE wo = (uf,ud,--- ,uf)T € 2 BAH, FH

(i=1,2,---,n),

u = u(z) = (u(x), uz(z),- - - r“m[z}}T

XS 2 c R FHEEN, 7 2o = (2V,23,---,2%) € D &bwre, FH
ug = u(zo), W f(u(x)) 7€ = 75, HH

df (u(xo)) = f'(u(wo))u'(wo)de
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ERE w2 2 AR, RATE
Au(zo) = u(zp + Az) — ul(xzg) = v'(xo) Az + al|Ax)).
1 a(|Az|) KT Az, HIE 5"?—';5‘:—1'-1 0 (|az| - 0). Bl f(u)
fE uo 67T, &
Afluog) = fluo + Bu) — f(uo) = f'(uo)Au + 5(|Aul),
S 5 Ou)) BT du, EWR Zom) — 0 (8u] —0). R

B(0) = 0. FEEFEMMET, 8(|Au)) 7& Au = 0 BHELE.
BN\

Af(u(zy)) =flu(zg + Ax)) — flu(zo))
=f'(u(xo)) (W' (zo) Az +a(|Az])) +B(|u' (w0 ) Az + (| Az ) )
=f"(ulzo))u'(zo) Az + (| Ax]),

Hep

Y(|Az)) = f'(u(zo)a(Az]) + A(|Au(zo))
= ['(u(@o)a(|Ax) + B(lu (o) Az + al|Ax])]).
FiaEH 21220 oAz — 0).

| Az
B5%, BMRH

[f"(u(zo))e(|Az])| " |f' (u(z0))| - la(|Az])] _ 0
|Az| =0 |Az| = laz|—0 |Ax| '

(14.2.1)
IR, EREY |Az| B, H

|Au(zo)| v (zo) Az + al|dz])|
|Az| |Az|

I r
"{"I_ﬁ?l 1w’ (o) || Az| + ex(|Az|)|

<llu'(zo)ll + 1,
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Hrh u!(mo)|| BRI w/(xq) B B Az — 0 B, 4F
|Au(zg)| — 0. BITH

A Aul(zg
Baua)l _ | Pt S, (Autzo)] 0
P 0, |Au(zo)| =0,
e |1B(|Au(zo)))]
I ulr
|ﬂ—m|“—»ﬂ (|Az| — 0). (14.2.2)

AR (14.2.1), (14.2.2) B "’ﬁf;” 0 (JAz| — 0).
BNEEGH

Af(u(zo)) = fM(ulzo))u'(zo) Az + (| Ax),
1 (b)) KBTF Az H *ﬁfﬁ” — 0 (|A| — 0). HBAMHISEX
M, flulz)) T =0 TR A

df(ul(zg)) = f'(ulzo))u'(zo)de.

iEHE.

MOERE 14.2.2 FATTAT LAHEH LU F &5t

it 1 RAREE f(u) = (Hi(u), folu), -, filw)" EXS
2 cR™ LA, u(z) = (ui(2z),u2(2), - ,um(x))” XK D c R"
ol B u(D)c 2, W g = flu(x)) £ D EAIfK, 3+ H

df (u(z)) = f'(u(z))v'(z)de.

JoifE A
(Flu(z))]' = F(u(z))u'(x).
Rl BREEE 1422 W dfj(u(x) = fj(u(z))u'(z)de (j = 1,
2,:+- 1), MTTd
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filu(z))u'(z)dz
af (u(z)) = fﬂufm]};u @12 | _ pa@v@e
fi(u(z))u'(z)dx
iFEE,
iE lﬁﬁﬁﬁﬁiﬁ@l u(zx))u'(x) B4 I x n B
it 2 ﬁtn—%nj&m" PHEE y=fz) 2 D3 QM C
TE WMTFveeD H

FY@: flz)=E, (14.2.3)
Hpy=flz T wen, &

f@) (£ (w=E, (14.2.4)
Hete=f"'(y) F508, Hy=flo) ™, H
(F V)= (=), (14.2.5)

Hef BB noxn BAERE, (f(x) ' A f(z) BHHHEE

MR WO ERNENE h T ARRATR R AR, Pl
(f ' o f)(x) = = PILRX = RSBEBR (14.2.3), T (Fo F)y) =
y Wi y KSEHEENK (14.24). 7R (14.23) BEAFN G R
[f'(z)) " BIfX (14.2.5). IEEE.

i fEHER 2 b, MBBRMNFEX (14.2.4) FHREUTHIR, WF
Oy, 2yn) (21, Ta)
dz1,---vzn) Nyri--- syn)

FHEEHER 3 BECH S RECK SRS,

#it 3 PR f(u) = flurug, - um) EXR 2 c R EH

SESL, FHHLE wy = (u,ul,- - ,ul)T € @ &brTHE, 38w i

=1 (14.2.6)

u= ‘u{ﬁ} = [ul[m},hl.g{ﬂ:}.- o Tufﬂ-{t”T
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EXHE Dc R EEN, F 2 = (20, 2)...- ,20) e D &7T8, HH
up = u(zp), WA F Vi(1 < i < n), flulx)) £ zo KT =, THKT,
J+H

O f (u(zo)) 0f(uo) Ou;(zo)
Az Z( O 4 éx.u )

=1
iER  HEE 1414 MR

- (2l ostuta) . 2t
dxy ' dxa ! ! dzt,

(f (ul()))'], g,
AEERAERY [ (u(xo))u'(z), B

f(u(ze))u'(x0)
_ (ﬂf(u(a:u)l Of (u(za)) ﬂf(u(mu}})
duy ! g ! iy,
[ Oui(zg) Oui(xo)  Sui(mo)
a:n ﬂ:-:g ﬁmn
dug(®g) Bua(xo)  Oug(x)
dry Oxa dr,
Oum(®o)  Oum(o) o by (20)
\  8r, Oxa dr, /
_ s~ [ 0f(uo) Buy(mo)\ <~ [ S (u0) du (o)
B (J‘Z—l( {?ﬂj 31]_ ) g( Eu, ézg ), N

df(ug) Ouy{zo)
J;( Bu; 5% ))
HEE 14228 (flu(@))|,_,, = f'(ulzo))u' (o), BHBENIKS
BEIFAHER 3. .

i FIA e 14.2.2 2SR BH Akl LUES], IS 3 T
M “u(z) 7€ zo AT WHTARE “u(x) 7€ oo FESTRFEC.
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W 3 SRR RSL. WiEE A A AR (AT E).
{EHR, ZEHEWR 3 9, £4F “f(u) € uo AT FEEMITHE “f (u) £ uwo
&SR SE . RESRBE AR X — g, FlmE

1, uwv#0,

(u,v) € R?,
0 uv=0,

o) = {

- _f1; t#0,
Tﬁ*@*{u‘_t (—oc <t < +x), Hg{t]_f{t,tj_{ﬂ' o g iE
t =0 &AESE, Wit .

WmE—cEY, RIS 3 PAHNESRYECRPARXTKRLE
SUEN. B TABNEGME, TR LY THARBENRT
B B 2= flu,v),u=ulz,y),v=muvlry) TWHATHEHHE W

dz df du+§_{iﬂw

— T m— —

8z Ou dr v Oz

0z _8f du 9 v
8y Ou 9y v By
Hith, HFEHMBRBREER 2 = f(ulz,y),v(z,y)), RITTLELA
Oz
e flaa': ’fﬁ d‘.-r

-.-.-.—g ‘__ "__
f]a +fzﬁy.'

Kb fl(i=1,2) $EAIE [ RTHE i MERKRRFE MNTRAFE
(a1 AR 0 32 & R 3, BRATRT LA SRS 5, X0l S A Hh T eR

sk BEMRME T MM,
B 14.2.1 HEB u ="t 2 = 2lsing, K gﬁ- %‘
g v _ oo v’ der'tV'+z" gy

w8z T8 %
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=2gc™ V" 4 o 0 2% (2;) (22 siny)
=22(1 + 222 sin? y)e* +¥ 42
du_ g | 8T s
dy dy 0z dy
= -Zye::ﬂw-u“-*s’ +oF ti+s’ (22)(z* cos y)

e {zy + I‘Eiﬂzy} y E;tzi-yi'i‘z!‘

Pl 1422 A u-= f(a:y, g,yz), i f TR, Bk
ou ou g O
dz' 8y Oz

B AT XFEHS B R, BRATRAE LR E e S%k
RFH

ﬂtmy}

o]
e 52U oy - Y,

=f1

ay"fl 3y

a—“qq 0+ f}- u+faaf;""}

du ﬂ{zy] fﬂtyf:r:l " faafﬂyﬂ, of} + = fi+ 2 fh

_f_a

fl 14.2.3 WCHE v = (r6, - ,0,_), FENEHYE

[ z1(v) \ ( rcos b, \
z2(v) rsinf, cos d;
fwy=| | = ; ,
Tp-1(V) rsind, sinéy - - - cosfp_;
\ za(v) / l\rsinﬂlsinﬂg---sinﬂnq)
WK f'(v) BILRERTHATEIRAL

WM dEXH
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f'(v)
( cosfly —rsinfy 0 \
sinf; cosf, reos fy cosfa
ginf; ---co88,,_; reosf;---cos8, , «++ —rsind;---ginb,_ 4
ksinﬁ,-usinﬂn_L rcosf - -sinf,_y --- rsin@---cosby_; |

THAHBSHERK f(v) BTHR [Fv). Hn=28 7
IFf(0)=rZn=30,8|f(v)=r?sin6. BRIIHUMN T n=>3 F

If/(v)] = r" tein™ 26, sin" 20y - 5inb, 2.

H b, 2% n=3 B EXNESL. B n=k-1 8 B, B
ERAIRUEY n = & W UL hba e 5 Pt T3 RHM
HE

i i
Ty = 1, y1 = rcosth,
Tg = Ya COS Y3, yz = rsinfy,
) 3 = yzsinys cosys, ya = by,
J1:4 fa:
Tn-1 = Y2 5in Y35in Yy - - - COS Y, Un-1 = Bn-2,
| Tn = Y2 sinyzsinyy, - - - sin Yy, | Un =0n_1,

AT f = fiof, Mn=k b, BARKEEES

¢ _ ﬁ(IhIz.,"' 1.‘]’1;:}
|f {U}i = a(rh Elf‘ . 13.#_1}
_ Nzy, 22, ,Z%) Ny, 92, W)
atylrym”‘ 13“:} Ia(v) a[rnﬂh"' 1'El=~1]
= (y5 2sin* 3 yysin* gy - singe_1)

-
Ja(v)
= r*lgin*~2g, sin* 36y .. -sinfp_».
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Bl14.2.4 & f(z) = (filz), fal), -, fral(2)) W g(z) = (1 (),
ga(x), - gm(z)) b D CR™ B R™ o] Gl m el 3, uE9H-

[f(2)(g(x)"] = Fl=@)(g(=))"] + gl2)((£(2)"]"
iERR 4

e (F)T ) _ T
F(z) = ( (g(2))T )~{f1{3}+ vJm(®), 91(2), -, gm(®)) "

W F(z) & D - R*™ MARHET 2y = (y1,02, ,1om) T, HE
Gy) =Y Yithmes, W Gly) & R*™ — R WATRER S RATH LLRE

i=1
f(x)(g(x))" = G(F(z)).
F BB A A

[f(@)(g(=))"]' = [G(F ()]

[tf[mn"‘r)

= {ym-il'l'” sYems b, :ym] I‘F:F{I} : ([{g(:ﬂ}}Ti’

= f(=)[(g())") + g(=)(£(=)"]'"
Bl 14.25 W f(z,y) £ R? ERAAESERSE, SLARLRERE

ﬁif_{ 2 2
el = (L) +(Z) =leraas@or

% EH{;I:'—TEDEB, &

y =rsinf

af _of or of 08 of 8f or of 06

Os Or Oz 98 Bz’ Oy oOr By 00 By
Hr=z2+y? B 0= uctan% (Habsr 2 Bitie, BIILIE—2E
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Ablskz) 78
> = = cos @ . N (. = sinf
R A TR
af Y sinf _EE_ r  cosf
dr ~ r*+y: T dy 2?42 r
(] 1t
OF _ sl _sin0 0f O] _ . ,0f cost Of
i N e
NI

AN AN G AN EIAS
eaa fef = (57) +(5) = (5r) +7 (5%)
) 14.26 BWERBu=fz-M) () EEE, Kb f B R FH
—ANu R (B f(y) BVTIMAE), iEREWEma R

ﬁ'u o
+Az-=0, (14.2.7)

HUFBH AT (14.2.7) MM —EBHHER v = gz — At), Hb g RIE—
A R AT R L.
AR i y=z — At, M

Gu A O JerieA) = Af
T dy oy WEN =M,
du _df By _ d'f
E_Ey' A f{}1

M .
%?‘fvhg%=~if'(yi+lf'{y}=

WAT R B u = u(z, ) R ATE (14.2.7) O, (EERBH {I=y+ht,

=%

M w(x, t) = uly + Az, 2) 2 u(y, z). H
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du Ouy dy Buy 0z 0wy Ouy

%oy ot ez ot oy | oz

Ow 0w Oy 0% 0% O

dr By Or dz oOx Oy’
=]

E+ dr  Hz

XHHE ui(y.2) 5 2 B3k, Bl uy = g(y), TR0 u = g(z — At), Hh g K
R A —A~ ol flea

14.2.3 EHRSH
ﬁ f{ﬂ-’-‘:l = .'rl:Ih'TE-l"' 111:} EEE DcR" J:Eﬁ%"l‘{ﬂ%ﬁ-

X, EnErRes @6 - 12 0 2D EH—A 0 T

¥ FEMNNRAE MR, WKRENHRSER f(z) HZHR
B8 RUshETLUE =L A E R AT AL —H R R B
{5 B e 0 T B IR 3 38

B8R, B ANRE f(z) HEMEPEIAFE 0 NMRTFHE, W f(2)

()
A n? AR % —ai—?—“ < ik < n) FEEERT, RATH
> aif[m} I i
Hidk m! Ig:.(::} 1 fril).
B 1a.2.7 WEEH
zyfi:—yi 22 +y? #£0
flz,y) = z? +y*’ ;
0, 2 +y2=0,

R 2,(0,0) & f2.(0,0).
R e E B

1:2 =t .y2 ‘41‘2!}2 ]
_— . 24yt #£0,
falz,y) = Y22 7 @+ 22 *
0 2t + % =0,
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e SR a. .z
fitaw) = {x ) Stk
0, 22+ =0
Frnidh, ATH
f0,9) = -y, f(2,0) ==z
R £.(0,0) = -1, f/,(0,0) = 1.

M EBET R, — AR E A R SRR, B ECER A
A IR SN, SR T EeE R R, R RRATM N
—Se R, ATl R R S O (R SR ST G, B b RATH T
2R,

B 14.2.3 Wl f=) TER DR FHEEN, 20 e D, A
MT 1< <k<n, ff(@) 5 i) T Uz, 6)(6 > 0) WHELE, HH
fE xo AbVELE, WA

filxa) = [l (x0)

R 2 f() = flz, 2.0, 2,). AT WIESME, RINAY
Wi=1k=2 #iBa=(z,5,2), o = (xo,p0,7) EF & =
(@3, %4, , Zn), &g = (25,28, ,20). WFRIDPEH Az, Ay, WEE:

o - /
I(Az, Ay) éf(mu + Az, yo + ﬁy‘,&ﬂ:gy flzp + ﬂ.z?ymzﬂj
_ J(zo,po + Ay, zp) — flzo)
AzAy ’

id
9(x) = flz,y0 + Ay, x5) — flz, o, Z0),
h(y) = flzo + Az, y,x5) — f(2o, 4, %p).
i, H—CER MR e A
1(Az, Ay) = ﬁ{iﬂmn + Az, yo + Ay, ) — f(zo + Az, yo, p)]

— [f(zo, o + Ay, xg) — f(x0)]}
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_ glzo+ Az) — glza)  g'(z0 + F1AZ)
B AxAy - Ay

_ Jzlwo + 01 Az, yo + Ay, 2) — fr (20 +6: Az, yo, )
Ay

= fi (z0 + 01 Az, yo + 2Dy, x[),
Kb 0<0,,0, <1. B—HM, BINE

] i ]
I{Az, Ay) = m“ﬂrﬂ + Ar, yo + Ay, xp) — flzo, po + Ay, 2p)]

= [f(zo + Az, yo, ) — f(za)l}
_ hlyo + Ay) — hiye) _ h'(wo +638y)
AzAy Az
~ [ylxmo + Ar,yo + O34y, x5) — £, (20, yo + B34y, xp)
B Az
= f"fyl:rn + E4&$1 o 7 guﬁy! x;’ljr

Heh0<6y,0; <1 HHHE

fye(To + 1Az, yo + 028y, T5) = fr, (o + Oz, yo + O1Ay, xj).
e LR 4 Az — 0,Ay — 0, HFUH 17, () 55 f7,(x) 16 o AbHOE
ik

Jyz(®0) = fz,(20).

iEsE.

5B, B3 Al cR ST RE S iEEm S,
b, BAIATUAEKEN AERSBAKRENS. G0, Ky = fx)(xe

2

D ¢ R") BE N IESRIHN, f(z) & 2o € D AT "
AR R %

14.2.4 FSEHNEHERSH

HFREASREN AR, RESH —AENLK, TEEUCK
2. Fiin, & u = flz.y)x = @(s,t),y = ¥(s,t), HEERFEYRAE
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B RAT —HEL R S,
du of ¢ @ %

ds Oz 64+6y ds '
aﬂu_m_f(__)‘+ &f dp dw  Bf &y
ds

ds? s

528y Os Os 0z a7

2y Be 0¥, B 04V 01 By
dxdy Os 2 iy 52
_PF (9,8 By o f (09
T Bx? \ As Ordy Os s | Oy 2 _)
af &%y of 321,!}

dx  Os? i3 dy 0s?’

B114.2.8 BREMH u = f(zy, ), ﬁm HE}?.E#
W S MO L),
® @wﬁ—%f&ﬁ
8%u y?

ch IJ_“_.JI+£1J+EEJ
31'2 — 11 Eflz Tgfl'.'. qu!ﬁ‘. Ig.-r!
2 2
w Y Ly ¥ 2y
:y:fu ™ 12+ Ff;?"' Fﬁ
ﬂu I 1 1 @I
dagy = o+ LHh - - g fh - f
Yy 1
=syfi - Sfa+fi- 5
@ 14.2.9 BEM u=f(r),r= 22+ 1%+ 22, HER «HBL
EUALEUR TWap
u  Fu P

= {}
s Ay? M '

R f(r) H@ﬁiﬁﬁ
% m o =I'n=®

2 2 =i
g = ") 5 + )T




72 FitwE SiEsF

R,

F*u [P
ayg = f”{r}_g T f {T]

32

J*u 2? i
el SPPPRLY s / A 1o
52 Fi(r) = Fir) o

MT u SRR R, ElH

2 2 2 — [
g;; 1 g‘; L g;{ :f"{r}x +y + 22 + J.irﬂ {Iirzli-yz-l—zz}
= /) + 2 f(r) =
£ S HE LY

(L) =2 f(r) + 2 f'(r) = o (f”{r)+ f{r})
MR — B TR O, A7

Fin=5.
a B ER A
- C
f['."‘}— r +C!_vm+ch

Hbc=-,0 AW
14.2.5 —MNSERTTEEEFEHNS
¥ Dc R BESE, B flz) £z D o BF

df(x) =3 5;;;’}.:1:

=1 '

EXT vi(1 <i<n)), ﬂ o R 2, T RRATTRR

3% flx
E (z ﬂrgfizz dmk) o

i=]



§14.2 SARMEFE T3

A flz) BIZHRS, ik d2f(z), B

a?f(z) = Z Z az'r{m}dzkdx.

i=1 k=1

MT k2 2k € N), RATATLLRG S M TTRE f() B9 &k Brats
d*f(=) = d(d* ' f(z)).

FRAMILE df(e) = (de, )f{::} = flx) BT & B
FHAELN, RITTLAR d*f() &4
AP

d* f(x) = (Z dz; 5

XEMC S TR (TR AT B RS RRER S
2. i, X} F N nlH fz,y), HEED k N FEAFER
L WRANHE

1) = (4o a2 ) S

' ;
S otl o

J=0

e ¢l = ﬁ'{:_l_ﬁiu =1,2,:+,k),C =1.

BB flu) = flur,ug, - um) EXE D c R™ LAY W f(u)
WIS df (w) = f/(u)du. EEFDEN « AL

MW u = (ui(z), ua(x), -, um(x))” REEK 2 c R" £~
A norl A EEE, FE w(?) c D, WEESHRE flulz) £ 2 &
AT, Mifa#

df(u(z)) = f'(u(z))u'(z)de.

BT du = (v} (2)de, wy(e)de, -, u, (2)dz)” = o' (z)dz, Eik, %4
w &P a2, BIARE
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df(u) = f(u(z))u'(z)dz = f'(u)du.

ELEVHE S T T 2ol B MM R AR,
—JCRAR A, RS T F MLl EMfa A RS
APt i o R M TR RO RE LA & B R T R R

Bl 14.2.00 WEH f(2v. 7 ) A BHELRSH, KM
HHHR S
M 7ED] 1428 PRANE L FER LR ORI I K 5, B
RAOTFA f MM RRZ. b
df = fid (xy) + f2d (¥)
@
d*f = (fhd (xy) + fizd (1)) d (2v) + fid?® (zy)

+ (i) + e (2))d(3) + a2 (2)
= (v - Zosto+ Lo+ 23 0o
+2 (:ryﬂ'z - %fé’z + f1 - %ﬁ) dzdy

(:r Y f;a) ay?.

Bt

& .
{.}T{:Hz 1'1 -2f12+ 4f22

aﬂf y
e zyfiy — R | gﬂu

af _
dy?

zyfz

=z fli + 2y + ~ A

§14.3 E # 4 K
A AN SETR AN, EHHLAAE—TEEHARNIAR X
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FEuRBBNFL FEE

EE 14.3.1(FEHLR) BEE fo) F oo = (2,23, ,20) €
R" I 1/ (x0,d0) (60 > 0) WAH K + 1 riksmas, T
Veo +h= (20 + hy, 29 4 ko, 28 4 hy) € Uz, §p), H

K n k
flzo+ h) =fleg) + Z-‘% (Eh,‘,%) flzg)

1'1 K+1
HCES)] 1} (Z ) f(zo + 0h), (14.3.1)

1

Hfo<t<l.
Rl B h = (hihe, - . ha) R 20+ h € Ulzo, o). WIE—
TLER S
e(t) = f(zp +th), te|0,1].
HEGRECKS AR, o) B K+ BngsEs Bk, b
MRy AAH

(K ‘-1}
(1) = w(0) + z"” 5 “’{H+1‘§f}c’f*. (14.3.2)

Hbo<o<1 FEF
o0 =3 Uizt —(Zh«

) In =4 “‘I),

i 2
o= Tzt th) fj:f”“ hih; = ( h-ai) f(o + th),

j=1 =1 i=1

—gH T k=1.2-- . K+1,§

- k
(1) = (;hi—) f(zo + th).

B, ¥ oW () (k = 1,2,--- K +1) BFIRERCAR (14.3.2), RES
t =1 BfRPTiE. UE%E.



M HtwE Saiad

T Y f(o) XS D NAH K+1 PHESMSE, 8 1431
Lalia 3|

L]

K41
Rico1(h) = E;T'lﬁﬁ (;h,-%) fl@o+0h) (0<8<1)

PROVHIERBA BRI, JFARAA (14.3.1) b f(z) HHKEEA B RTRRSY
B2

MR 1 B f(z) € OF(U(zo,80)) (60 > 0), BY f(z) {E4BIR
Ulzo, dp) WRH KK =1) mﬁﬁ{ﬁ%ﬁ1 xy + h € Uz, do), 1)

n

flmo+h) = f[:tn}+z“ (Z lé) f (@) + of|R|¥)

1=1

(1] — 0). (14.3.3)

iEFR fHEEE 1431 RINH
f(zo + h) =f(z0) +Z 7 (Z ) flzo)
(Z hi— ) (f(zo + 6h) — f(xn)) .

Hbho<o<1. B
it Ri(h) = ?{1—, (Z h‘ﬁiﬁ) (flzo +6h) — f(=o)). H f(z) T
Ulao,d0) ARE K(K > 1) B S 35, a

K
im Brlh) L
iflailﬁu RIE |h|—-u K! (E |h| 5‘:!:.) flo FEBEE ieat) =4

LR FRENS A — 0 i, XS TN REBERR
B, T f(z) 7€ o + 0h KA K BrRSHH THEEHHET
flx) T =g MNK K BriRSE. iEE.



§14.3 f@asX T

F ORI | PRI o) MARTESRR, H#KL
(14.3.3) A f(z) FRESKENFHLR. bR 1 RO H, ¥
flz) 7F 2y ALRERE K

flxo + h) = Pr(hy,---  ha) +o(|R|%) (|| — 0),

Hrh P 2 not K EGRA, LAMBER f(e) 7€ Uz, ) WIIE
#hat,

B flz) EXK D AHE K +1 SRS, WEHE 1431
FIUEBR R A LLE M, HEK f(z) (x € D) 7 oy € D BHAEHAR,
BAVPDER = 7€ zo MDA, TR ERIERE oo M = LB
ey + t(x — 20)(t € [0,1]) FA D NEPT].

EEH 1431 P K =0, BNHUTFTZ RN REHE B NS
hEEE.

#it 2 W& flz) AR D c R" NAFEERTY, BN T
vt € [0,1], zq + t(z — z) € D, WA

/(@) - f(mo) =Y B2 2o (o _o1)

=f'(xo + 8(x — x0)) - (& — x) T,

Hfo<p<l

AR 2, MAIF 5N Fis e,

it 3 WEH f(z) €XEH D c k" ARENRSEEh 0, I
fe) 7€ D P31 W HeR 3L

WIEE S I LRHER RuE.

EBRIEH EEMBBD AL K =1 K. £EH 1431
., 4 K=1RF

fl@o +h)=f(@o) + (o) - K + Sh- Hyma)h™ + o |hl%) (k] - 0)
Hef



B FtwE FAMSF

((Pf@) Pfl@) | f() \
dxi(xzp) Ox10z9 Az 0z,
#flzo) 0f(xo)  8fl(o)
H_f{{a:{.]] = ﬂEgl‘:}I] ﬁ‘zg 5‘::*;:’3::“
Pf(x) Pf(me) (o)
Kﬂm,,&wl [ 1 [ o dzez )

A flx) 7E xo B E (Hessi) 5B,

Bl 14.31 REH f(z,y) = z;z 75 (1,0) MWHEH B R
MEBH AKX (BB %M.

B MTEREH BTEERRS, ARSHEHLAL, AR
fIFHEFA— R CHARESH A kR BT

_(z=1)+1-y
Iy = e -0
=[(z—1)+1-y{1-(z-1)—y+[(z—1) +y]?
+ol(z -1 +%)} ((z—1)* +y* = 0),
% LA mms

flz,y) = 1-2y+2(z-)y+2% +ol(z — 1)* + %), ((z—1)*+4* —0).

B 14.3.2 REE fz,y) = ze™tv TS (0,0) LBFTH UL
S

B e 7E (0.0) eMEHLRE
flz,y) =ze™ ¥

K . k
s [143 1) +ﬂu\/m;ﬁ;} (T —0).
k=1

4 K=318



fldd BEHAFEETAE 79

1
flz,y) =z + > +zy+ E{ma + 22%y + zy?)
+ -é—,{z" - Emﬂy + 3:!72_1;2 + zya‘;

+o((Va2+12)") (Va2 442 = 0),

TRH
ci 240,00 1 Cf 8 f(0,0) 1 Cf #f(0,00 1
4! art 6" 4 arfay  2' 4 Aoyt 2
Cy d'f(o,o) 1 C§ 8'f(0,0) —0
A dzdyd 6 4l Gyt
M T 7
waﬂ}_4 ﬁfme_a meﬂl_g
art 7 azdoy " oxfayr 7
8*f(0,0) 8 £(0,0)
-EW = 1, H’y" = ﬂ

§14.4 RA¥HFECH

14.4.1 BAHHEMHEE

EiH e — B B8 R AR R B T, BRAERFiR—Fd—4 =
TARHRERRR W RNE. B Fz,y) =0 2XHE DcR? Ly—
AR, HEHWR F(zo,y0) = 0, 3 (zo,0) € D. BRITEHFFM
i A TR R F(z,y) = 0 TEA (z, yo) MHEHEME—FIE — R 2
y = f(z), M8 f(z0) = vo, B F(z, f(2)) = 0% z € (zo — 8,20+ 6)(8 >
0) BAL? BRATFRRREXKEE vy = f(z) AHTGR Fla.y) = 0 B
FEREN. BRXNESMT: I 2 = F(r,y) IBGEESE
(zo,yo) MHER Oy FHIA K —FKihek, TTEHXEHER y= f(z)
B

BAICHREE 07 R PARACBAHLSREEL 22 +y% =
1, BITHEER 22+ 2 -1=0. BEERE 2 = Fa,y) =22+



80 HFitowEx Eimsd

¥y -1 E&F—PTERER, € (zo,w) = (0,1), BIIEEHE T HH
4 Flz,y) = 0 EERERMERBEE 1M BER v = VI —22. %k
(zo,50) = (0,1) & F(z,y) =2 +y* - 1 BIF, FHH B 2 =0 5
Ml z = F(z,y) MAZERRE
{:.: =0,
z=9y* -1
AT MRS EN, T 0<d <1, 2y M 16 EEBHEB] 146,

W, 2 PR LA H BN IE. Bk, XTFFhY 6 > 0,
Xf (—4,8) PRI o, Hhik

{J:::.:"
— 2
2=y 1+=x

AR, B8R, SR RN, F(z,y) €5 (20, y0) ML
MESRIE R —1 WA y = f(z) MHER. T4 REERIE— R ¥
z= F(z,y) €EE z BIEXT y BT R AR N2 R
FHHILIBXEREL, MRS EMHR F)(z.9) #0.

MR F)(z,y) =0 B (z0,y0), EEHF S RIN X LHF R
¥y =y(z) FFEE, W F(x,y) = 2* +4° — 1 £ (1,0) &b

FHifESRG N TRAMFENTT &M

B 14.4.1(RRENFEERE) Bl F (2, v) TEU (20, 40),6)
(6 > 0) PHEZLLTF &4

(1) F(zo,y0) = 0;

(2) F(z,y), Fy(z,y) 7 U((z0,y0),6) WIELE;

(3) Fy(zo,40) # 0,
W 385 > 0 (0 < 8o < 8), FERHE Uz, o) WAFFEME—TRE T REMAMH
EEERE y = f(2):

(a) yo = f(xo):

(b) F(z, f(z)) =0, Yz € U(xzo,dp);

(c) W3R Fi(z,y) F U((z0,30),6) WELE, M f(z) 7€ U(xo, ) FF
fEESE Y, HEA



144 BIEHEALAETHE B

" —Fiz, flz
e = e

iERR  AEIBE F)(zo,y0) > 0. 81 F)(x,y) MBS R RR RS
HETa, 77 0 < 61,62 < 6, ER/XNT V (2,9) € Ulzo,81) x Ulyo, 82),
1

f-;{x1y] = 0.

KR, HBE 2 = 2o, MINT Vy € U, 82), H F(z0,y) > 0.
W Flxo,y) 7€ Ulyo, 62) W y B8 LA B EEE Floo, ) =
0, BAVATH F(zo,90 — 62) < 0, F(zo,y0 + 82) > 0. FH F(z,y) 7
(2o, 4o — 82) R (zo, yo + 62) AEHTELERE, IR BB RS #, A9
LAHRE] 60(0 < 6o < 6,), M4 z € U(zo,80) B, T

F(z,y0 — 82) <0, F(z,y0+82) > 0.
MEBLEM £ € U(za,bo), B F)(2,y) > 0 #EH, 2 y € Ulyo, 82)
i, F(%,y) RN F(z, 5 — 02) ™ EFBIER F(2 9 + 62)
(B 14.4.1). BEMHFEEME—E § € Uy, 52), T4
F(z,4) = 0.
XKW T T Vi e Uleg,do), EME—FENR § S22 M. B EE
X, ¥ §= flz), WEH § = f(z) T Ulz,bg) REEN, HHLE

yA
F=0
hh""ﬁﬂ' """""" T
Il'nn_'qu" ------- ! L
:I F=0 i
: . b
o0 Tu—8  Tot+ r




82 Fto¥ SiMSF

(a).(b). ZeREMIME—PER F(x,y) 7€ Ulzo,80) % U(yo,82) AKX T y
FERE b BT ERAE.

TFHEE y = f(x) T Ulwxo, dp) WL ERIE 7 € U(xo, &), 12
7= f(@). XFFRDPE >0 WFH

F(z,.y—¢€)<0, F(EZy+e)>0.

M Fley) & (3.7 -¢) K (7.9 + ) GRESENE, DEERD D
80 < & < 6g), MM 2 € UF, 8 C Uz, 80) ®, H

F(z,§—€)<0, F(z,7+e}>0,

M ETX FREREFEEMEMNLREN, 4 2 ¢ UF ) N, 7
fle)e(—eT5+¢), BN

|f(z) = f(T)| <&

ERE flr) 7F Ulzo, 6o) WEELE

BIE, W Fl(x,y) 7 U((zo,0),0) WTETE BLIES:, BATEM ¢ =
f(x) #F Ulzo, 6p) REFTESERIE. £ 7 € Uz, bo), B Az B
B T+ Az € Uz, ). 1B

U= f(z), Ay= f(T+ Az)- f(T).
HZ CREAEM AN PEERE, 30<6 <1, FE WAL,
0=F(7 + Az, 7+ Ay) — F(T,%)
=F,(T + 0Az,y + 0Ay)Az + F (T + 0Ax, 7 + 0Ay)Ay.

Bl Fy(z,y) # 0((z,y) € Ul(zo, w).6)), =

ﬂ _ =F(T+0Az, 7 + AAy)
Az~ F(T + 0Az,7 + 0Ay) _

4 Az — 0, B Fl(z,y) & F)(z,y) BELHES
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; F!(z, f(z
Ll == F;Eiﬁﬁ"fﬁ'
M EFTTELEH f(2) 7€ Ulxo, &) WEESE. (F5E.

KFHEBfFEEE, BRINFEERERLITILA:

1 RASFEEEE -MRAEEERMMENEE, XEF
LTRERBPEERTHER. HA{HBUNE, EEEO&FT,
F(z,y) = 0 i€ i B sR ¥R R AE a0y, JF HE e Eie a1
FIEYE. TLREHET, RIONELERBEHTS § = f(o) KBFREXD
FarR ¥, i, A TFHEY (Kepler)

y—z—cesiny=0 (0<e<l),

BSHBUEELE (—oo, +oo) LEEFIE R » = f(z), BEAMNHEIETH
y = f(z) HIREHT.

F 2 FHE 144 RRSTREREEN -MRSFME, EXE
HGE BTN LT, R E RSB NBITFOREM, Y Fz,y) REE
FRA A E T, it nl DU —f e — - R R (RAE ] E).

EREBAFEEED, B Flo,y) B z € U(zg,8) Bt R” A
x € Ulxg, 8)(8 > 0) I, FH 50 G o A7 72 Rl — Pk R 558 A DU L,
o H AR 5 B 14.4.1 ROUERAARL A DOE W R 45 H g5 .

T 14.42(RENEFEER) Wz = (o1,22,- ,20), T =
(z0,28,---,2z%) € R", BRAW F(z,y) = Flz1,22, - ,20,y)
Ul(zg, 8) % Uy, 8)(8 > 0) WHEL, HHilL

(1) F{zo, o) = 0;

(2) Fz,y) M Fj(x,y) € U(zo.8) x U(yo, ) WIELE;

(3) Fy(=q,v0) #0,

W 3 60(0 < 8o < &), WALE U(zo, 60) PFFLEME- L TR EIFHE
SER¥ y = f(x):
(a) yo = fl=o):



B4 H4wmE¥x Safiad

(b) XF vz € U(zo, &), Fla, f(x)) = 0;
(c) MR F(z,y) 1E Ulxo, 6) x U(yo, ), AFFTESESR T8, I
4y = f(x) 46 Uz, 6o) RAZNTEEMPE, FENTi=1,2,--. ,n
B vz e Ul(zo, dg), B
af(x) _ Fi(z1,22, ,Zn,y)
Az, Fl(z1,22, yTnyy)
R 1440 FUER 1442 9 F F(x,y) (R Flz,y) BT
WM N B &, BEREENAE SRS, \EEHn
— B PR SRR RA X EES Y, T E MR E St R HNE
T 3 Hal B R 5L
Bl 1441 # 2z = 2(y,2),y = y(z,2),z = z(z,y) BRHFE
Flz,y,z) = 0 BE B8R, F HEMRATEEM S EM.

Ky = f(a).

D% % 5 8 0 By "

AERA (1) BA

9z _ Fzy,2) 8y _ Fiz,y,2) 8z _  Fi(z.y,2)
dy~ Fawa) 0z Fymwz) 0z Fizyz)

A

(2) # (1), XHA

dr _ Fiz,y.z) Oy _ Filzy,z) 0z  Fylay.z)
8z  Fi(z,y,z)" 8z  Fila,y.2) 8y  Fiz.y.2)

el

dr oz dy dy Oz 0Oz

SE T, My R - MR, g-i-’ AUERE dy 5
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do (7. LGV, T M, 2 2 = [(a,0) RSN, O 1Y
R—MEKILS.
il 14.4.2 iFHATE (0,0,0) AOSRIRN A
x4 y-2+y* +z+sinz=0 (14.4.1)
FEBEE 2 = f(z,y), K f(z,y) £ (0,0) W ETERTMEY
AR, (HB —®m).

B 4 F(z,y,z)=—2u0+y-z*+y?+z+sinz, W F(z,y,z) RA%
Bt g S HCRIE L F(0,0,0) =0 R FL(0,0,0) = 14+cos0=2+#0. A
it F(z.y,z) =0 1E (0,0,0) B3R —SE e T ERRE 2 = f(z,y),
A flz,y) TEEE A BT SHHESR .

HEEF £(0,0)=0, Bt z = flz,y) MEHAXEE FikE:

fla,y) = arx + agy + b1ux® + biaxy + baay® +o(a® +y*)  (14.4.2)
(Vi +y? — 0),
K a,by(i, 5 =1.2) WEH BT
sin z =2 + of|z|*)
=1L 4+ aaly + Pf-'nJ:2 + bygzy + ﬁzgyz + -:?i[I2 + yE:I (14.4.3)
(Vz? +y% —0),

B (14.4.2), (14.4.3) AN (14.4.1) 78
2z +y— 22+ 2+ 2a1 2+ 209y + 2b11 2%+ b1y + 2boay® + oz + %) = 0.
e HE
(2a; —2)z+ (2aa+1)y+(2byy — 1)x?+2b g7y + (2bg + 1)y +o(x? +4*) =0,

NTE=]

1
a=1 ag=-5, b= byz =0, 57.2=_E.
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EHBRATRKE TWF f(2,y) WHETERTNEH LR
f@) =z qu+ 38 - g0t +ol@ +3) (VETE~0)

14.4.2 FHREMNHER
AT T R AN AT R A O AL

{F[:m.u,v} =0,
Glz,u,v)=10

IR RELE (@0, uo,v0) MBHBABE uv,v B = KRB XN—AHRE
F(z,y) = 0 W, Fj(zo,w) # 0 EFEEMEM. Bk, SWO5E

[ 12k b " |
] B T, U, v
( 3 ) - ( G{:c,u,u})
B, FH « HEE R, BE (o, uo.vo) XKF (u.v) HFEHEERSH
WAPAEE B F) (0, yo) FIFEFR. FEREBIIE 1% 94 %(Fu F")

G:: Gia lﬂu-uurﬂu}.
BT B S P PR A M, BRI R EERE P R 22 R R AR S, B
Fo. Fu £0.
Gu Gy (mg.u0,v0)

T Lk B, BATHCAT RN e,
EFE 144 3(RENEFEEE) WwAREAH

F(z,u) = (Fi(z,u), Fa(z,u), -, Fu(z.u))

F Uz, 6) x Ulug,d) (6 >0) AEEX, Hb = = (21,22, ,2a) €
U(xg,6), u = (ur,uz, -+ ,m) € Ulug,s), H Hw 2 LU

(1) Fi(®p,u0) =0, j=1,2,--- ,m;

(2) T j=1,2,--- ,m, Fj(z,u) BLEERZEMIFYIE Uz, §)x
U (g, d) AL



§l4.4 MBAEHALZRE 8T

a{‘F‘ITFET‘-' 1Fm:’
a{u:1wz1”' '|"'.-|-'I'!'I..I-i # u,

E TRy
W 3 80(0 < 8o < 8), TERTE Ulxo, 60) RFEEME— m 4 n o BER
i

(3)

f[:] = [fl{x}rfﬂl:z}T”' 1!111['3:”1
2

(a) wo = (fi(xo), fa(zo),- -, fim(x0)):
(b) XF ¥i(l <j<m) B veelU(xoby), H

Fi(z, fi(z), -, fm(x)) = 0

(c) flz) MBI REH fi(z)(7 = 1,2,-- ,m) 7€ U(zo,00) W
fFFEEEmMTE, 2

[ OF(z,u) OF (z,u) . aF (x,u) \‘
01 dxy o,
OF(z,u) OF(x.u)  OF(z,u)
A= ﬁ.'n ax".{ a'xﬂ
OF (2, u) OF,(z, u) . aF,, (x,u)
k ax, Oy OTn
r‘ dF (x,u) 8F (z.u) o OF (x,u) \‘
51&1 Hh‘.g aﬂ‘m
OFy(z,u) OFR(z,u)  0F(z,u)
B= B By Ot
Fn(x,u) OF,(z, u) . OF (2, u)
K ﬂm a'u-g aum

f{m}:—B'l-A=
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HAPHERE B~ 4 B (iR
WERE A TAUFM A EEE, WA m fEEERGEE. M m =2 1

UEB R AR M, M m > 3 BUERN S AFELR R A, R
HeEH m =2 BUEH.

HF
d(Fy, Fz) - huy g £0
My, uz) {m,,u.,}_ 5& B_FE ’
ﬂul 3152 (=0, ua)
Rk Metk, RAINEE dF—if‘—'ﬂ £0. 98 o = (u0,00). diE

14.4.2 %, 3 6,(0 < §; < 6), WAITE F(z, w1, u2) = 0 7 U(xo,8,) x
U(ul, 6,) PIME—HliE — sk

up = g[::ut }1
i 2
FQ{E,?H,Q‘[E., 1'..'.-1” = U! t‘g = g{mﬂu E?],
H gz, uw) £ZBHARFRNEEMIFE. 8 vz = g(z.wy) AT
‘E Fiim,'ﬂl.lﬂ-z} = D, ﬁﬁ.]_-/i\'if‘ [3:1 u'l} H‘JHE
H(m1ul} 2 -FH{ET u‘l!g{mv 'U-j,]} =0.
i
aH _BPH + i1l E}g[z,ulj
By Ouy | Guz  Ou,
aF, dF aF; [aF;
=H1.-.1 * l’i‘ﬂﬂ (_&ﬂl/ﬂug)
18R, F)

TOF;  B(uy,uz)’
g




§l4.4 MREHALER B8

A"

OH (mg,uf) 1 O(Fy, Fy) 0
HTJ'I a BFQ{IQ,H?,HQI a{u1!u2] {2n,u?, ul) ?‘E .
Fuz ke
Bt 360(0 < 8 < &), 18 H(z,u) = 0 £ Ulzo,b0) WME—HE—
MERY u = filz), WE o) = fi(=o), H

Fl {1:1 .irl (IL Q(I, .ur.l [ﬂ:.}} = 0.
Mid
uy = filz), ug= falz) = g(=, fi(z)),
!JITJ?I U[:"-L‘iuﬂ'ju} I#'JT ﬁ

{Fl{m'lfI[mL fz{:ﬂ}] =1,
Fz{m1 fl(m}rfﬂfm}} =1

M oug = (fi(zo). falzy)). BH Flz,u) RERMNELERSH, RIS
LAHEH fi(x), f2(x) FF Ulwo,60) ARARDIELBMSE (MM £ ()
5 fo(x) {E 1SRN L),

XF Vil <i<n), FHEGRBEFKSFENH

aF, " ar, 8f; " oF, dfy 0
dr; | Ouy Ox;  Ouy Oxr;
OF, OF, 8fi  OF; B8f; _,
dr;  Ouy Oz;  Bus Oz

H ERX SR ERAS

R, 9F \ ¢ 0 OF,
ﬂu; H‘Hz E};rl ij,'
OF, OF || 0f | | o |
H‘ul f?u-_g f}.'.'.',; ﬂ.‘]’:,'

HtH
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OF OF \ ( 9f
du, 5‘1-‘0 3-‘:1
aF, 8F; i f3

ouy;  dug 8z,
aF, OF
[ =
~ | R 8FR
Oz, Oz,
eH 15
ofi of  oh
3_-7.-1 3_33‘2 dzy
dr, Oxa T,

aFy, aF, \ !
_ Ou;  Buz
| ar aR

Buy  Ouy

of
dxo
O
3552

aF

oy

OF;
-a:r1

Oy,

aF,
By
aF,
dxy

aF,
o,
oF; |

af
ar,
dfz
Az,

BRAE AR E RIPS PR B R ME—#Y. $SC b, i

F(x,uy,u2) =0
1 Ulzo, 8o) WHRE R —HAY
{'U-r = .EE“JL
uz = fa(x),

|

k|
iz
arF, |

ax.,

HHEMRW L EEER (a), b) M (o), WESEH L 5 fi, f2
5 f £ZBEAREHEANE MRS, NT fi(z) - filz), f2(z) —
fg(:n} € U(zo,00) ABIAREEE. BENE = &7 filzy) =
fi(mo), fa(@o) = falao), BT U(zo, &) WE fi(z) = fil(z), fo(x) =

}‘_2:_':.::}. iEEE.
Fl 14.4.3 EHAE4

{zz+y2+u2—u3=2,
u+v+z+y=0

(14.4.4)



144 MAEALEZR 0

E (x0,y0,u0,vp) = (1,1, -1, —1) BIFEAHL U((1,1,-1,=1),80)(do >
0) P95 e ok B
{u = u(z,y),
v = v(z,y),
HAEHWRAR 5, %-
B OBRA zo=(1,1,-1,-1) WEHEA (14.44). 2
Fiz,yu,0) =22+ 2 + v —v? -2,
Glz,y,u,v) =u+v+z+y,
W F,.c #MAFELMTY, A
a(F,G) u —2u
(u,v) 11

T Ty

Bk, 360 > 0, EEHES (14.44) T U((1.1, -1, -1),8,) AME—T
SE P R ¥ A

=0 Q=g 0,

{ u = u(z,y),
v =v(z,y),
HH ulz,y) 5 vz, y) 7 U((1,1),6) AFEELRSH. FERIIE
KAWFPE. M ABREH (14.44) WIH
{ 2zrdr + 2ydy + 2udu - 2vdv = 0, (14.4.3)
du+dv+dr+dy=0.
{udu — pdv = —zdr,
du + dv = —dzx.

MR du = —“:jdz, M % = IV ENBE (14.45) #

U+ u+u

{ udu — vdv = —ydy,
du + dv = —dy,
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14.4.3 WBRSITFHEER

o F— ol e g, el e e 1 e o I AEE R 7 FR R B
fELE 2 B AT LASS HY — 43 4 o] i i R S A 700 i G i FE 4 A 1.
EE 14.4.4(¥MHEFETEE) W

Y= (V2 um) = (filz), fal®), - Jul®)) = Flz)
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| Fu(z,y) = 0.
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F Vo € U(zo, 6), fla) 7F = LB THITARXAETE FEREMN
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2 MTWRSFEERE BRIOESEEH Y, b RULESR
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14.5.1 EFHRECE

£ TR P, BRI SECHS T RBOOBE. fFAY T, 847
Kt B TR B RENE. X T2 cREokR, BIUEME XS —TH
oA,

EX 14.5.1 BAB u=f(z) XL D AFEN, 2y e D, H
1 o WA U(zo,80) C D(6p > 0), BN x € Uz, b0) B, H
flx) < f(mo), (B flz) = fz)), WHK f(z) T zo AEARAME (AR
IME), 2o BN f(z) FRKES (SHR/MEAS). FR LR N ™
RAER, WFR 0 K flo) BIFERAES (ERERERMES).

HF—P TR AR 2 = f(z,v)((z,¥) € D), —HEEENE
@R —HeMiE. MWJLAT EXE, 3 (zo,00) € D £ 2 = f(z,y) HIRME
R, W (20, w0, f(zo,y0)) BB TH_E/RREAHRE SRBIEA. B8, T
T RERT— 2L (20, vo, f(zo, w0)) MIMRER I, ZAHR I 2B
ML R ERIEA. X ERERE VSN, EHSNI%TT T
Ozy “FHI. FTEL, 2 z = f(x,y) 7€ (z0, yo) ALTTHES,
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dz dy
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EH 145.1 BWERE f(z) EEE D c R* AFEN, o =

(z9,23,- -+ ,20) € D, B& flz) T zo MWBRMEIH B (o) TEiZAKT

st <i<n) TS, W L2 o sy # fo) EmaTH
W (o) =
W EEENEET, RN

-0,

F{Il}“’f{z]r s EI-]_!HIH '1]+:| : IE;:' (1<i<n)
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MM EIERE H (zo) HWERRMEEE, N
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(2) 3 Hy(zo) ER, f(z) 7 oo MBURKAE:

(3) 3 Hy(zo) AER, f(z) # xo MABUHR{E.

R HE zp RSN Uz, 00)(60 > 0) A, flz) HRYL
A

1(@) =1 (@0) + J'(m0) (@ — w0)" + (& — wo) H s (o) (@ — o)

+of|@ — zof*)

=10+ 5 2= o) T 5
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Wz =1 @F
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.

(1) 3§ Hy(zo) IEER, MEBEFAR x — z) B5FH
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1::: xol? + oz — ‘Iﬂ|2}
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@ € Up(zo,8,) BT, 1

Flw) =7lEay+ ‘lz "’“g 4 65i5) “l" “jl Iz — zol? + o{lz — @o?)
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XIER T flx) & =0 BURKMAE.
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mﬁﬁﬂ{ﬂ,‘; g‘ﬂc B2 > 0 B, f(z,y) 7€ (z0,u0) &b
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1 1
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ﬂ
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HBRE o100 FEXH D c R® WRAFEEMSPW, ANT V (z,9,2) €
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.
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Of(wo)  _Of(xo) Ogulxt) ., f(@o) Igm(xo)
0z; aIn—m+1 dx; Oxy dx;

= 0.

% g(@') = (g ("), g2(2’), -+ , ge(&’)T, HH &' = (21,22, Tnem).
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k o, s ;- )
BEEH o ofe)  Bf(me) ﬂf{zuj)_ P
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[
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x4 ' aﬂ:z ! 3 ai’ﬂ.-m
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F5h, BRATATLUKE K (14.5.6) 2S5 HTF AR
( of(xo) Of(xe) afﬂmu})

a:n'n m+1 i aIﬂ—m+2 5 ' amn
( Ipr(xo)  Oeil@e)  Fea(@o) \
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(14.5.8)

BERRRARE (1457 5 (14.5.8) BB, Fin L2k
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T AL 1 AT R IR R L

B W () BREMBREANEKTAEHE —SRANMTA, ¢
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b R S

zyz = — 12\ (14.5.14)
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Mz= 4\/§f31

76 1% ] B P B AE R AALE Y, BB R B A

Vmax—"ﬂxﬂxg\"ﬁxi:—ﬁ=ﬁdv'ﬁ.

B 14.5.5 W n NEBZHA o, WRENFRBAERAM, HiF
BEXHEAT I8 01,02, 0., B

a1 +ax+- -+ ay
n '

a az -+ Qn €

M HE={(z,53, 1) 2 20,i=12,---,n} FENE
| flzr, 20, 1 20) = Hx.-- R, BITER f(21,22, - ,7a) TEL
=1

RS 7 = o TR

=1

#1458 1 B 3

F(zy, 29, Ty A) = ﬁx;+l (i;r‘ —n) ;

=]l i=1

R M0 MRFBR T, FAINT, AR

'

Toky - Tn+A=0,

LyLyg "Ly '+"}'-_u1
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i

C c n—1
Fy=@g= =20, =—, A:__(E) i

BANVEE f(z), 29, x,) EEE F LRBERKE. 55 BEEEL,
% I:I[{I‘Ig1 1£E;} % f[IJ:1I21"' --'rﬂ:l B‘]ﬂkﬁf‘i, ﬂ"ﬁ .ﬂ?%{} {_'I=

1,2,---n). BF (EEE‘GDH) B F(z1,02, T, A) HIME
B, BTN F(z1, 22, 2, A) BREKAE, TG F(21, 32, -, 20)
s RIBAL .

R n AMEM a1z, ,an; & ¢ = ila;-, FA ERER f(2)

FRES®, MRHEFHE 3 2 = ¢ WER 2, 55

i=1

T

f:"
]:[.'Ili = ﬂ—"'
i=]

Bl =a(i=1,2,--,n), WH

) +az+--+ oy
= .

Vaiaz - @n S

§14.6 IO F R LT

ERTERR G, BAVRGHE T O 10U LA —2NH.
14.6.1 ZEMEMVLSETFE

RAJEMZ—TF, £ L—FEHELHHMERE L R™ PR —R L
& [a, 4] — R™ B —EEE h(t) = (21(t),22(t),--- ,2a(t)). En=
1,2,3 i, R ERMSH BN BRESEHNOE, ik Tk
RAEME AN, R M, BRNYLBREA kK ek, FWiE
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BRI T —FEL R — D — 0,1]x[0, 1] {m =2l h<r<)

y = ylt)
ERE7WTEDN D.
EUE I B S, BAEW TR, Bl I fiEas
U3
h(t) = (z1(t), za(t), - yzn(t)), 1€ [a,f]
Frifise. FXT Vi, tp € (o8], hit) # h(ta), WFR [ R— %6 58
. EXT vtz € [0.3), T h(t:) # h(tz), 2 hi{a) = h(G). B T
R—FE AWM, Wk r o2 -SERmthik. Wby
(Jordan) #i£k.
BATE el e AL R FR 1 7, D42 (a] ik i i BT R

z = x(t),
's¢y=yt), telal)
z = 3(t),
i, FMERE z(t),y(t) 5 2(t) WAk ¢ PURTTRRE, B 22(0) + 92() +
22(1) # 0. A TFREWME, RO EMPEREK. € 1RFET, BAD
BIERK to € (o, 8) MNFIHME MR o(to) = (z(to), y(to). 2(ta))
Ak 1 4 FE.

MR AE N, ERME I Lt A x(t) = (z(t), y(t), 2(t) 5 2(to)
BIRIER Y ¢ — 1o RTEOREPRAIE. B TIEMA (o) 5 =(t) ML TER
r—z{to) _ y-ylte) _ z—z(to)

z(t) — z(ta)  w(t) —y(to)  2(t) — z(to)’
E LR BRREIRREL ¢ — to, 4 t — ¢, BIFFREIER S H:

z —x(to) _ y—ylto) _ z— z(to)
x'(to) y'(to) #'(to)

M ERTBRALIEH, FHiAHhE h(t) = (2(t), y(t), 2(t))(t € (o, 5)), W
h'(to) = (' (to), ¥'(to), 2" (to))
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BNk I 7F =(to) = (z(to), y(to), 2(to)) AbAIE] .
BATFA B A BB ML I 7€ x(to) = (2(to), y(to), 2(to)) LEMIEEF
MR, B R a(to) BEAIFR R'(to) Hikm 09FEm AR
' (to)(z — 2(t0)) + ¥/ (t0) (v — y(te)) + 2'(to) (2 — 2(to)) = 0.
LM RARIEZ A
R'(ty) - (= — x(ty)) = 0.
B, BOEEHBEAAREFEEMMENE TR SEN
A R R R
{Fl{z,y, z}) =0,
Fa(z,y,2z) =0,

Hp (zy2)e DcRARXE DR MEE.Berr5RHBED L
IR, ¥ xzoe D 4

aF, 8F, OF
Fi(zg) _ dr Oy Oz
Fé{mn} HFQ BF‘E aF;
dr Oy 0Oz

f#kd 2 iF, dIERE 14.4.3, 7 20 = (20, Yo, 20) FIHHE, KphHH AT
BUWEARTERNEE, AMZTBRARREE &8 oo B
Mk . WSEE 14.4.3 BAVETLLIE, F =0 L M ETLLAT 2
BOE: (2(1),¥(t), 2(1)),t € (a,8), Hr?

(z(ta), ¥(to), 2(ta)) = (zv, Yo, 20) = Tn.

H EE AR, BETER oo BHVIERA (2 (to), v/ (L), 2'(t0)). H
Tk r R mE, NH

{Fﬂm(thyiﬂl.z{t}l =0,
Fy(x(t),u(t), 2(t)) = 0.

o
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A HHANBE - PHBRRLRT ¢t RIW, B

dF; [::I:n] ' aFlf'I!u] ’ aFI['I-U '
3 Tlto)+—5— By ¥ (to) + 2'(ty) =
¥ EAERABEAR

(= (t0), ¥ (o), 2 (20)) - (
o

ﬂf"](:ﬂu} aFlfﬁn] 3F1{:!:n}) —0
dz ' dy Oz o

(I’{tu},y’(tu}. zr[tu}} . (HF;}E:DJ! aF;L:Eu]’ BF:?{ZIU}) = 0.

ik, ghek I 75 =, PR ES

i J k
daF, 8F, 8Ff
Fi(®o) x Fa(xo) =| Bz dy 8=

oF;, 06F 0F;
dr oy Oz

AT W8
_O(F, ) _O(Fy, Fy) _on, B)
S by DT ) |y O 0@y

W F{(zo) x F(xo) = Ai + Bj + Ck. EliER I 7 =, bHIPIE&LTTE
A

T—Tp _Y—W _Z—- =&
A ~ B — C'

1M P I T R A
A(z — z0) + By — yo) + C(z — z0) = 0.

14.6.2 HESESSEE

vl S AR
F(z,y,2)=0
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G, K F(z,y,2) € CYD), D C R® X, B (20,40, 20) €
D, {18 F(xo.w,20) = 0. MERNIEKME S 7R (20, v0,20) L8
VI R R R

LEMRTE S EAEE— 2RI B (20, yo, 20) BN RIER (2(1), (1), 2(1)),
te (o, B). EHFH

F(z(t),y(t),2(t)) =0, Vte (a,8)

B to € (o, 9), TR (x(to), y(to), 2(t0)) = (o, vo, za). ¥ LBRTHTEEL
£ to AR HH

Fo(z0,¥0, 20)% (ta) + F (%o, Yo, z0)¥' (to) + Fizo, Yo, 20)2' (to) = 0,

FERE (2'(to), ¥’ (o), 2/ (o)) RZMERTE (20, yo, 20) KEHIPIEI R, B
EREA bR S F(xo, yo, 20) IF3E. AT F (20, o, z0) 7
BT m by, EXARAME S SR (2o, 0. 20) BTN E DI
BSEEAE F(20, yo, 20) E. d1eRABERIE S T4 (20, v0, 20)
RHERT N} BIERTE (o, yo, 20) REMIPIER T T

Fy(xo,y0.20)(z — z0)+ F;(Inﬁyuu z0)(y — yo)+ F:(xo, Yo, 20)(z — 20) =0

L. BATT B ARHER LR P i S #E (x0, vo, 20) KA.
B, BIATKRELZ
T — Iy _ Y- %o == =2y
Fiza,yo,20)  Fy(xo,90,20)  Fi(Zo,yo, 20)
MM S 7 (z0. w0, 20) KEHELR.
| F'(xo,y0,20) # 0 iF, AT LLUERE . M S #F (0, Yo, 20) i
RIPF I BRI (20, yo, 20) MBI R Z dh i _F 0T MR IR
(L ACE 2] ).
B Mhm S SR
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z = z(u,v),
y=ylu,v), (uv)eD

z = z{u,v)

i, e D 2 R? th X, T L = RESAAESMH S B’

fi12kKBIT S 76 (20, w0, 20) = (z(uo, vo), ¥(up, o), z(uo, va)) LERIPIF
HSEL AR ik, BINEME S RPN &R R 2.

xr = z(u, vg), x = x(ug,v),
y=ylu,vo), F $y=ylu,v),
z = z(u,w) z = z(ug,v).

EAIE (z0, yo, z0) LEEITIF B 23] 4

(2}, (o, vo), yh (w0, vo), 25 (uas o)),

(=}, (o, vo), ¥y (1o, vo), 2, (1o, vo))-

A XA FRAAT, B RN E DR80T S £E (o0, w0, 20) &b
Ak e

n = (z,(uo, vo), Yu (o, o), 2u(to, vo))

* E‘tﬂ{uﬂ? UU]' yl"("'u? 'U'ﬂ]- z‘v(“ﬂt uﬂ}}
i ik
Ty Yu

' V{uo.va)
L)l ]
( o v 2 ) \
E;I' y‘:r z':.l {llﬂu'l-'h}
Rk 2 B, i
_0.2) g o), _ 0y
HNu,v) t%m}' d{u,v) — du, v) o
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W M HIHE (2o, o, z0) AEMIDIF IR AR SEELTTR T RN

A(z — ) + Bly — yo) + Clz — 29) = 0,

L — Ip _ Y~ H £—Zq
A B g -

FIHAKH L, ROCSPNT RS Pyl b5 b a9v)F i
S . R, BODETLAR R R PRIMWME. £ R b, BAIY
(0,1 B R™ B —NEEBRE h(t) = (z0(0), z2(t),- - ,zalt)) H—
ik M h(t) RAEEIHWE n'(1) # 0 i, FRbihL N B
% JIFER B (t) REERTE hty) LMIER. KL, BIK Fe) =
F(zy, 29, - ,2,) = 0 7 R* PR—A i, Hp Flz) B—PC' A
. 2 F'(mo) # 0 B, R F'(mo) AHMTEITE =, L8EGR, K

T

F'(o)(x — @) = ¥ ag‘f} (z:—2])=0

i=1

AGHMETE = AOPITFERAE A5, HEETH R P LN
VIR B T i PR L R I AR R

B 14.6.1 Rk {33_y2+2;2:2: 7E (1,1,1) &bratngk

z+y+z=3
REEF .
ﬁ ‘Q‘F{m,y,z]=zz—y2+2.zz—2,{;'[z,y,z}=I+y+z—3,ﬂ']
oF _, OF __, OF_, 9G_0G_9G_,
Bz " By M 8T BT ey 8z
TR
OF OF
A(F,G) | By 9z | -2 4 — 8
Ny, z) {1,1,1) @ @ 1 1 \
dy 0Oz

(1,1.1)
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aF dr
8(F,G) | 8z oz |4 2|_,
d(z,x) (1,1,1) 5_g @j 1 1 ‘
dz Oz i
aF oF
WRG)| |0z W w2,
Az, ¥) 11,1 oG oG : L .
0z By iy

B, FrskingE T # R
=1 y—1 z-—1
-3 1 3°

HFmAEN
“3z-1+(y—1)+2(z-1)=0, B 3z-y-2:=0

st T Ry AR, BT B — Bk, T F(z.y,2)=0
7 (1,1,1) bk B (B F FD | = (2, -2,4), Bk ait
FI) P R A

Nr—1)—2(y—1)+4(z=1) =0,
Bl 2 —y+ 2z = 2. T VIR MEEZAMYIFENAELE, TMh—
i G(x,y, 2) =0 R —Filn, HitFrRUILTBEAN
{:.!: —y+2z=12,
T+y+z=3.

Hl 14.6.2 iUFHBAMITE S : 2? + y? + 22yz = 4 S5k s, -
9z +ty? — (1 +1)22 =1 (t € R) £F (1,1,1) &IEA (R E: ) RAH
FRE), HRIBETNAAESRIEZ R RPE .

e %

F(z,y,2) = 2° + y* + 2zyz — 4,
Gilz,y,z) =2z +ty? — (1 + )22 =1,
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Wl s 7E (1,1,1) &gkt

aF(1,1,1) 8F(1,1,1) 8F(1,1,1)\ _
( ﬂ.’f H &y ] BZ ) - {21212}1'

oS, 78 (1,1,1) ik B A

8Gi(1,1,1) 8G(1,1,1) 8G,(1,1,1)Y
( 3z ' Oy ' 0Oz )—{Mt,—zuﬂn,

b
(2,2,2)(2,2t, —2(1 + 1)) = 0,

Bl S 5 8, 76 (1,1,1) 4b R IEAE ).
BT S5 8, MR (1,1,1) drL R mEAE (1,1,1)
AT RAC LR, BRI N

{{z—l}+{y—l}+{z—1}=ﬂ,
(z-1)+tly—1)-(1+¢t}(z—-1)=0,

{3
{.r+y+z=3,
z+ty—(1+t)z=0.

14.6.3 BILMEYN

YEL RS AKX MM, RANEUEH » RN 452, A
THFR TR B R P A Z A 2 B At of B0l S 0 s R {2 (A)
FIXR, HHBIEE DcR™ B— 408 3 fo) 048 D NEH
k B, W T ves € D, flx) £ D WRTLATE =, MM
k BrZggh ot

EM 14.6.1 % Dc R B—AE, fla) £ D AEESN. W
BT Vg, e DMy te(0,1),FH

fltey + (1 = t)ea) < tf(x1) + (1 - t)f(z2),



118 #+tw® Sisd

MFR f(x) 76 D WEACEE R RS S AR R AR, NIk
flz) £ D WREFEROEE.

ERA S, BRINFEEFH FE (RFE) ket R BHZ—
T, df—IcRE f(x) kB, FH "(z) 774, B f'(2) > 0 eAbEOr, W
flz) B, RATAIERBIE, AT n TR [(2), HEH f(=) TR
ZWHE TR —cRMFEHLNER. THEBENgS Ry, £
R BEITEA, n T HHESERT R f(x) MBEER H, () B
EHRUTF—mEm M SR MERA.

T 14.6.1 WDk B—IMNKE &3 f(=) &€ D ARE
TR RN P H, WLL FE RS

(1) f(z) fE D PR EE

(2) XF Vo, 2 € D, BSL f(&) 2 flmo) + f'(@o)(® — ®0)7;

(3) XF Vg € D, f(z) 1€ zo B EIER H (z)) EIEE.

WERR SEUE (1) = (2). HMYEBEMEXNS, M T Va,.ee D B
vte (0,1), 8/

fltz + (1 - t)zq) < tf(®) + (1 — 1) f(20). (14.6.1)
Y flx) RE W ed RO

f{fﬂ: + (1. - f}ﬂ:{g] ﬁfr.l_ﬂ:ﬂ -+ t(:ﬂ - mq)]
=f(zo) + tf'(20)(x® — xg)"

+oltlz —xo|) (tle —xo| —0). (14.6.2)
#h (14.6.2) AR (14.6.1) 18
t(f' (@o)(z — ®0)") + oftle — @o]) < t(f(2) — (o).

e LR RAERLL ¢, HEEE |z - ool 7E ¢ ZUMUETRFH, R
n#H

oft|e — xof) _

0,
t—0+0 t
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E5): e
fl@) = f@o) + f'(zo)(z — zo) ™.
BHE (2) = (3). fEl 2o € D & Az € R", Az # 0, WY ¢ T4/
B, zo + tAz € D. HEMLAH
tﬂ
2
+o(t*|Az|?) (t|Az)| — 0).

flxo + tAz) =f(zg) + tf'(xo)Az" + —AxH ;(zo)Ax"

E {2} 1:'::‘@. r=2x +tﬂ:, &l'ﬁ]ﬁ

g—ﬁxﬂ;{I{;]ﬁxT + o(t?|Az|?) = 0,

W o(t?|Az|?) -

&:H;l[zu}&:nT + 7 = 0.

4 t— 040, BpE
AzH ((x)Az" = 0,

X H p(xo) REIEER.
BJSUE (3) = (1), MF Vo, 20 € D, % oo =txy + (1 — t)xa(t €
(0,1)), W =, € D, NTIH

f(@1) =f (o) + f'(m0) (@1 — x0)"
+ %{ml — @o)H sz + 8(zy — To)) (@) — @) T,
HPo<o<1. (3 M
f(@1) = flmo) + f'(zo) (@1 — o).

CiBiN
fl®2) = flmo) + f'(mo) (22 — 20) "
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tf(x)+(1—t)f(z2)
2 t[f(@o) + f'(w0) (1 —20) T+ (1 — t)[f(@o) + f'(®0) (22 — 20)"]
= flzo) = fltz + (1 - t)z2).
uE .
EOFMF(2) B w= fle) Tl M EEE— KT
i E7.
fl 14.6.3 UFEH: F -mEE y = () 7E (o, b) ARF ZF S

B, W f(x) =) glz) B D=(a,b)x (a,b) x - x (a,b) WIIEEE.
i=1 7

n T
WEBR BN f(x) = (¢'(:1). 9 (22). -+ . 4" (za)), FTEA
¢"(x1) 0O o 0
0 o i 0
H (&) = , q (. 2) ,
0 0 o g"(xn)

BF ¢"(z) 20 (i = 1,2,--- ,n), MUBEIHRR, H,(z) £FIEEE
B e 1461 81 f(z) B D AR EEL

A8+ 1N

1. WY u= f(z) 7€ U(zo,0) C R" (§ > 0) REELEI RS
¥, HHAAE WIS ZMEATR, I f(x) & zo AES: 2561
BLUIFEE R u = g(x), BEXE zo MRANHNEELTRE SR
i (BB o dhiEs

2. BEPRBATE R? AFFIERE 2z = f(z,y). B flay) TER® A
MbAEASEESE, (B8 6 R s R L

3. KF ¥ e BAE i b iR = 3L

(1) f(z,y) = zyln[z? + sin(zy?) +sin(zy)], 3K f1(1,-1), fL(1,-1);
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(2 ]_f[myz]—(z +y3}m@(r ) X f1(1,0,).
4. K FFIEEHERTH:

o
{1]z=m: {2}z=zm:
(3) z = tan(z® + 2u°); (4) u = (z + y + z)e™%;
(5) u = sin(ye®®); (6) v = In(zy + = + 2%):
(T) u= Vluzsinzl'm-#y}; {8)u=£%:

(9) u = In(see r + y — 2); (10) u =e ** tany;

T

) u=e"@+12+2%:  (12) u= (;)’}

(13) u=In (]-i-.‘zﬂ:zf ':

(14) u=z1zg - Tn+ (T1 + 22 + -+ + 2,)".

5. MW T AR ¥ u(z,y) 5 v(z,y) BAL
ou_ o
dx ﬂy

(1) u(z,y) = e* cosy, v(x,y) = e“siny;

du v
] EE——E.

(2) u(z,y) = coszcoshy + sinzsinhy, v(zr,y) = cosxrcoshy —
sinx sinh y.

6. H¥EH M FEAEN, K f(z,y) = 2?siny £ (1,0) o7t
K i, -3 BB i+ 5 B ¥

7. WA f(z,y.2) = 2* —zy+ 9% + 22, KEFE (1,1,1) e &
AT 977 1) T R R SRR, BMEEAR T R F 5
TR 77 14

8. WERM z = ulz,y) £ R*\{(0,0)} AR, % = = rcosf,y =
rsind; € Ozy Vil EVERLIRR e, e0, HP e Rn 0 BRI r



122 #H+tw¥x 3amed

Hme 75 1, ey o r BN 0 B ME ST M. UEH:
du ?E du 1 Ou

— 4 —

de, oOr' ey r 00
9. WEH A u=f(z)(x c k"), FHAERMNHEL FEEE:

(1) f(z) 7€ = = 0 Wb&KA 7 16 FHEPLELE,
(2) flz) F = = 0 LB SEIIELE;
(3) flz) 7€ = = 0 AhIESE{H A AIR.

10, B XAE R LRsR¥d T

.1
fl::!!}: Iz|zmnim_[2r Iz‘l %ﬂ:
U, |m| =1

ESH gf (i=1,2,---,n) 7 o = 0 bFHEL, H f(z) £ R® L4
LOEIE 8

11, WK FI R BIERE ML)

(1) f(z,y) = 322 — zy® +12, 1€ (1,2) &b,

(2) f(z,y) = ze¥ + ¥, € (1,0) &b

12. K5I S

(1) flz,y) = y¥sinz + 22%;  (2) f(z,y) = ze™ 2 + 3y

(3) flz, ¥, 2) =3*In(z® + 2)(2% +1);

(4) f(z) = |=|, = € R"\{0};  (5) f(=) = In|=z|, = € R"\{0}.

13. B f(z, y) = 22y —3y, K f(z,y) BIRST, FFK F(5.12,6.85)
FRIIL fEMEL

14. I F o BB KL ALME

(1) +/(1.02)% + (2.03)7 + (3.02)%;  (2) 3.019%,

15. BEB¥ u = f(x) 7€ xp € R™ (n > 2) B4R U (o, 60) (60 > 0)
WHE n MASYE, BF n -1 MeSBEXSEHAEL EWH u =
flx) fE oo AR
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16. 3K 51 e 8 (v R -

(1) f(z,y,2) = *sinyz + y?e** + 2%

(2) f(=) = |xle1®, 2 € R"\{0}(n > 2).

17. KRB flx,y,2) = 2@ + v* + 2* — 3ayz £ RY P F R AL HTBR
FE, HRMBA (z.y,2), FREZANOBESNEET 8. T4 F 2
HhLLEBEREAF.

18. R 2= f(z,y) 7€ (zo,30) LRI TH, HEHT 1) (‘r f) fr

Fi Sy 32 "r T ("r ‘) BT S dy 14+ 22 "'_ AR T

(zo,yo) ibﬁ?}ﬁ M 4,7 KR SHARE.
19. KA f(x, v, 2) = 2%y — 322 7E (1,2, 1) FAHBAHTFF
ot A

20, B z € B(n > 2), K FHIAR (£ 75) B0 S5
(1) fla) =z, (2) flz)= ]”;i (| # 0);
(3) B A K nxn 5, f(z) = (Az) - (Az) (AB).

21. WA flu) = flur,ug, - um) FEEBL 2 c R™ HFEX,
H B wo = (uf,ul,. -, ul) e 2 Al #mEEH

u=u(x) = (u(2), uz(z), - ,um(x))

TR DR HFEEN, TF o = (29,29, ,2%) € D &nlR%, 3
H up = glzxo). WEB: XF Vi(1 €i < n), flu(z) 7€ 2o LXK T = 7
fms, FH

f(ulan)) _ - 0f(uo) dus(e0)
ﬂﬂ:, a“: a-t'l

=1

22. K TFFIHGAKAR T, K4 5 2w HBE:

(1) z = fze¥,ze¥); (u=f (Z; Hx”:i:-'a, )

i=] i=1



124 H+wmE £ifsd

23. WR¥ u=flz) X D c R~ AFEE n NEERSE,
HE&EMa AR

(1) UEBY D 23R, f(z) 7€ D W—Bukdd.

(2) Y D ARMER, flz) £ D AAATRA—BOEL.

24. WA 2 = flz,y) R D BIAEFEHRMRFE

(1) #F D 2EH AT Vie,y) € D, filz,y) =0, LB FESR
¥ h(y), EBLE DA, f(z,u) = h(y):

(2) HEX T V(z,y) € D (D A SERMIK), fi(z,y) = [(z,0) =0
iEBHTE D A, f(z,y) =C, K'p C B

(3) #HRA Y D AROEN, (1) FERATREAR.

25. & f(z) BsE XEKIR D c B"(n = 2) AMBRE BEAER
¥ K, A f(tx) = % f(x) T vt > 0,vx € D BAL, W#F f(z) & K
MFFREY. WK KFREAE fz) D AREEN KO <k <K)
P L 2 8, UEWA -

k
(Zz. )f{z}~ff{ﬁ—1} (K —k+1)f(=).

=1

26. WEE z =", o 7 = tcost, y =tsint. AR d!‘t
_T

27. ﬁﬁﬂu=zbmg tF'zr—Srj—t—Esy—&iruﬁst—

22 352, Tk 2 7 & -é-;.
28, WM + = reosa —tsing, y = rsina + feosa, HfP aeR
A FEHC UEHA: XMERTTT R f(z,y), BRAL

(%) + (3 - (&) G

20, WA

L
[ ulmy) N _ | =Y
.f(r*yj T ( 'I'.I{I,y:l- ) ( _y ) ¥

z? + 3?2




Mt 125

U f(z,y) & R2\{(0,0)} Bl C' FEBRE, HK flo.y) £
(z,y) € R*\{(0,0)} AbatydEar 4751

30. 3K F 3 B e R MM S 3 o= f(a)

azazy - --dxn’

{1} f{II,IEI"‘ !,.":n} zelqul;

n

EEJ I{IITIEF" ‘."zﬂ} = In (ZﬂiIi)1 ﬂl:l:.l ﬂi{i' = 1121"' 171-,! ;"J

i=1

W
31 K FFIARBH iR e, @R r RA Pl
(1) z= f(z* + %, zv); (2) z=f(z1 +Z2+- -+ Zn).
2. W FAUSBORR RSN TR D2+ 22 —0,
[l:lz:arctan%; z=lnm.
33, WIFRY v = (22 + :-:% 4+ xd +23) P RS RN R

34. W f(z) BR— PR, (B
F(z,t) = 5lf(@ — o) + fa+e)] (36 e A

T S AL

fit2 da?
g5, WEOH: AEmALKRAER: {7 R 2
¥y =rsin
F*u au 1 du 1 D%u
s —ﬂﬂg%ﬁﬁ ;'E+;§"a‘§i=ﬂ-
36. mm{z,yz}_ —VTE e

THy—2
du du  du
(1}.":“"" I"yay'l'ZE}"z'—D
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?1;4_!;2‘;7: 2":2 Ezygf; +2n;2; +2yz ;l:ﬁz

37 Wr=2r—s,y=r+2s XK %. KA B f(z,y) RE
Zhr sk

38. BRI f(z,v) = az® + 2bzy + cy? (a,b,c HWH) SR
F(z -1,y — 1) BER.

39. 3K ™tV (0,0) RHIFB A, IHEW Y =" - oV,

40. ¥ FIRBER A REE LK [ﬁ'llé'[li'ﬂ’lzlﬁ}

ltljlﬂi—:zr-i—j,r+2;'.-:;-,;r (2) 24zt +a?
1+ 2% +9? 1—{::1+2:z+~--+zn}'

41. BitEEIR P.(2) HFREN:

(2) =

0.

f(z.t) = —-—-V,E_—t-“-; ;}P,,{::]t

B

(1) Pa(1) =1 (2) Pu(-1) = (-1)™;

(3) Py(z) =1, Pi(z) ==z, Pafz)= %{sz? ~1).

42. RAY flr,y) =, WF VEkeN K flz,y) T (0,0) &8
BTA k Wi 380

43, BEEIRBHAFEER A (0,0) B8 U((0,0),60) (60 > 0) AK
AW 2 = F(z,y), R F(0,0)=0 M FREHLZ—:

(1) F(0,0) RFELE;

(2) F,(0,0) 7#1E, H F(0,0) =
B F(z,y) = 0 ¥ U((0,0),d,) AME—HE—PMELENBERE ¢ =
fle)(~do <z <dp), M £(0)=0, HHZ ze(-bo,d0) B, Flz, f(z)) =
0.

44. FBA AR 22 — 22y + 2 + ze* = 0 764 (1,1,0) MEA4REEA
WE—HERBEE 2 = f(z.y), K [z £ (1) EHEBHLR (H
B ).
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45, WEHR ¢+ 22 4 y? + (2?2 + y*)2? +sinz = 0 7E (0,0,0) M3
AR A E—FERR R 2 = f(z,y), K f(z,y) TE (0,0) LHIPTH
=Hr S

46. WA z = Flo,y) EXE D ARAES RS, Bitkt
AL Fi(z,y) # 0, Fi(z,y) # 0. WEM: MT V(zo,p0) € D, T
F(z,y) = Fl(zo,m0) T (zo,y0) BRENMBBENAENERRE v = f(o)
B oz =gly) BB

47. R FHHRBTHENBRET 2 = f(z,y) BRI

(1) Flz+y+zay2) =0 (2) F(a? +32,2%2 +y* + %) =0.

48, SRl T F AR AT I IR R MR B (B

dy d?%y
A g _
(1) =° +y° — 3zy U:;Rd Pyt
z 0%z 8%z
z 2
(2) z+eV* +2 —ﬂ,.ﬁ azz,aya,azﬁy_

49, WA u = H{I1y:1 ?%FH u= f(z,y,z, tLH{y:z?t} = 0,h(z,1) =
o B, R 3 B 5.

50, it AR R { T s o

v—£+2‘;"§
%z 8%z 108z

Hr? yr‘fiy _Egyzﬂ (y > 0).

51 BAEH {“”‘“E’ 3 9n6)

y=rsinf a(z,y)
= uz
2 d(z,y,2)
52. AR { v, K ot

T = arsingcosf, 8z,y.2)
53. BEMEIEIERAFR N ( y = brsingsing, K B(r. 0. 0) :; 6)

z = creosy,
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54. IEBIARLELE R™ B R™(m < n) 0 C! FIREBLS,
55. KT 5 R B R (E A

(1) flz,y) =22 +y* -3z — 12y + 1;

(2) f(z,y) = zyIn(a® + 4*).

56. UEBA:

(1) (0,0) RBRY f(x,y) = (v — 2%)(y — 32?) BIEE A,

(2) ZER¥ f(z,y) AYE PR SIFELL AT (0,0) HE—FEHE Lot
EAER (0,0) AbEL AR /M.

af. ﬁ:ﬁﬂ F{I, L, LF} zﬂ.ﬁafx?u!.u].:ﬂ m%-ﬁrﬁ%ﬁﬂ {ﬂ:u(z}r

v=w(zx),

K u = u(z) FEESPTIEELERM -

58. ZrAsk R? b r [ = A TR A B KO e G B O T A,

59. WM u = u(z,y) ERMHEAH A= {(z,y): 2* +* <1} [
A ERAE S RmIFN, & A BIlE u(z,y) = g% + % HH
A Eu(z,y)=0 uEM: 7 A E, u(z,y)=0.

60. R L) EE™MAEFND 1m® BEEER, PErahi, &
] : 5 i RUsE Al {l e g 2

61. RA zo = (29,23,--- ,2%) € R™ BFf iaim,- =0 MIEEE,
SR ayi= 1,2, ,n) WHEE P

62. RKRME 222 + 3y + 222 — 122y + 422 - 35=0 LEEA SR
AR (BB =),

63. ReAE f(x,y,2) = 42® + y* + 522 ZEFMH 22+ 3y + 4z = 12
i ZiNi R0

o REASME ("0 wEEs
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T-y+4z=1
21 + 4y* =3

65. KM% { CE R A RS AR

66. KR f(x1, 22, ,2n) = i:r.. LR 23 + 22+ +22 =1
B, D :

67. WM y = f(z) 7EX(E [0,1] LA, KXF (a,b,c) RIRI
1
gla,b,c) = f (f(z) — ax® — bz — ¢)*dz ((a,b,c) € R®) #E/ME A.
0

68. REFM - = -121{3;* + o) TELREM « +y = c (c> 0) FHIR
{4, HEHMT Va2 0,02 0,KeN H

a+b\" o ak +bf“
2 2

69. WERT §+§+§=1-'ﬂmz+y—z=um&%—m

[, sFe 2000 5 1 127 T o9 3 O X T 61,
70. WAIHEAS = = flu,v),y = g(u,v), z = h(y,v) WL F(z,y,2) =
0, X F(x,y,2) £ C* BE, EH:

Ay, z) d(z, x) d(z,y)
Btue) T o) Y T B, v)

dz = 0.

2 2 -
7. Rl {“ pHVEE2=00 4 1) ReMRRS

2z —z°y—3=0
AR
72, KT F i RV oA R SR R
() 2?2 +y?—22—-4=0,7 (2,1,1) &,
I‘z 2 2

y Z
D) —F+—=+—==1.
{}n?+b2+ﬂ2
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73. fEHH 2 = 22 — 22y — v — 8z + 4y EIRHATHFERA (2, v, 2),

(i PR AE X i Ak by T P 1) TR A 1.
r=acost,
74, B R® P EITER: D AA bR {y =asint, FRIFTEA F(r.6,z)
z=bt

=0, Hh F RAJHEARE. BK (ro, 00, 20) BTN gl & A8
HARSE&ETE.

75. WHhE S AR F(z,y,2) = 0 8, K F(z,y,2) X
D cR" AW C* &Y, HBHE (20, v0,20) € D TR F'(z0, Yo, 20) #
0. WEFHEZME (20,0, 20) LRI _LIL A (20, o, 20) BMEP—2&
TR i i A SN iR RO DI £R.

= acost,
76. F B [E AR EE LR {y — asint, FAE—BaRITIES - Bhik)dk
z=bt

MAFE

77. KM 2 = zev E— SAMUIFEGE, HIEH Rl £
AL P R A DD T A AL

78, SREHEM 22 +y° =1 Sl z = 2y FIRA.

79. WEBAMIE F(r — az,y — bz) =0 (a,b € R) EE— R REER
5—-%BleH&EH.

80. WEBI T T + T+ vz = va (a > 0) LE—RERPEE
b5 = AN Me bl A A 3 D AR A B R 0 A AL

81. EB M xyz = a(a > 0) LE—AARYFTS =P8 F
1 BT R AR A

82, UFBAMIT =2 +4y+22 =05 2+ 42+ 22 —-624+T7T=07F
(0,-1,2) AbHH].
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A, RIBAAL TR BMERSY. LoRBMERS R
5 - R B E B BIR R PATH), ST ER B
EEE5MXEMEEERE R, NiTERERINER S RES R
/L. EEEFIALBNIHSATN, M —ROERSRILH
HAC R, RAT IR, FER NN R =R
*E.

§15.1 HEfTHIEX

R EEFNFEEARPFE B BT ERRERS. #
wn, WP (n—RE %), CaEE, EREARR. Sk
WaAE R® b, WMMWJLF_ESE, SEER Dy R — AR D, T
Y ET LS D B — R oz, y, 2) RZIME.

2 plz,y,2) = po (AR B, ZPHRNHEE » = pV, H
v R D AEE; N pla,y,2) PRAKEEEE, BIATLURMA “2
# — Rf — BER” MAERKILER. BRI D 08 A =

K
{AD,,AD,,--- ,ADk}, %8 | JAD: = D, B84 AD, MER

k=1

diam(ADy) = sup |z —y| B XHEMEEEES oz, v, 2)

= yEAD,

fE ADy FRYZREARIBK, BEIERNAK p(z,y, 2) T ADy EJLFRHE
ﬁ- _{E ADy -tﬁm {Ek:ﬂkr‘:k}f iE'- AV, jt] ADy E‘Jﬁ;ﬂf ﬁﬂit

K
E P[ﬁk: T ‘;k]ﬁvk

k=1

(AR AR plz,y,z) FIREM). Y AlA) = 12%:?!( diam(ADy) —
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0 B, EARFAFFERE m, W ERNA m A iEPER AR,
AH—A G F R KA R ® D c R? BAAARE, &
¥ 2= f(z,y) & D LikLk, BXT V(z,y) € D, F flz,y) > 0. Bk
B — 2Lk
2= {(z,y,2): (z,¥) € D,0< 2 < f(z,¥%)})

A PR SR i S A Ok R TR (LA 15.1.1). B TR 0 BiEE v,
BATTLX D fE# A = {ADy,AD;, -+ ,ADg}. TE ADy(k =
152!"‘ rH} tm {'Ehﬂh;ls #'il_:[. -&ﬂrk .-:i] DJ: H’E]_[ﬁﬂ %mﬁﬁ
K
ME—'{LU;I{E&.M]&&

FEAER, MFERT LUK AR RED D v B9

b

B 1511

LEEPFAF RS ER MR RS AERR. 1T
3T 0 A A R L TR 4 B8 BT S ) L

15.1.1 R" EEhESER

e RETEA TR BRI, BATE 5 o i) R P T XY
S R FRE BB EANY S, RATERBFHE— T XA
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M. 7 R 2T, RAMEHEP R KER, XN T 2 = (21,29, , Za),
y= {yhmn"' syn] eR™, z,¥ 2[&'%.&&%:"’

= —y| = JZEJ:,- - yi)2.
j=1
E R L X — n KA E
A={(zi,22,"* ,%n) : 6; € z; € b;}
WAKBU V(A) = [[(b; — o). FEATE, MRBATK SN, Fi
F=1

RN LR M &, X NS B RS B4
ApBRFIREAT .

THEBMNGFEHKTEHEBEREH —REGEHENEN. &
Ec R" E—&eEEa Res, BIADETE B &S E L. A
i EARR—MEHTE BATEERE R PHB M AR &
B {AE,, BEEEHE &M

[1} "1': HA? = & {J:I = 112:"' rK;j ?é I}u

K
2) |JAaoE
k=1

AT EE, LT RITEEE BREFRK &R As.

MEMEEMKTEER A, i m(Ae) H Az PE2ET EN
HAR R AR Z A, M(Ag) A A P 5 E I ES LK
FEREBZA. e, BRE m(A) < M(Ag).

B Ap = (A}, Ay = (A}, AR R BB &ARK
TR, 7 AL £ Ap S, HEXMED A, cAp (o=1,2,--,J), ¥
FE Ay, € Ap, E18 Al C A, M AL B A PR, BRIOE

m(Ag) € m(Ag) < M(Ag) < M(Ag).

FEit, XU TeBadmEie o ETHS, BieX

m(E) = sup m(Ag), M(E)=inf M(Ag).
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{EIXE sup M inf MEXTHAEWLEM (1) 1 (2) KKK A
HU .

EM 15.1.1 W ECR" RERES HE EWL
m(E) = M(E),
WF E RARFRN, 38K m(E) = M(E) & F B, id b v(E).

J T HE R RS, BONGH Pl

ER 15.1.1 W ECR" BEREAS W E RERMTT
BEE&MRE V(OE) =0.

JERR s @ FE ARER dise Eran, T ve > 0, FE
W& (1), (2) KT AL, #4

M(AL) - m(AL) < &
B AL P55 oF MK ITERMBRAEEN A)p, W
M(App) = M(AE) — m(Ag) <&,
MITiF inf M(Asg) <& i = MEREMEm V(IE) = 0.

£HM B V(OE) =0, NXT ve > 0, FEEET BRAMC 7 Ak ity
Bb ALy, 8 M(AL,) <e {EBURE AL, 18 AL, FHIKT &
AL W

M(A%) — m(AR) € M(A3g) <&
BElt#H M(E) = m(E), N\t E "]34&EH. iE5.

HF R PERES E 3 V(E) =0, W#HE B HBERE 4
BRIEN, F E 5 E ABEERE, BR EinE, E,UE, R E\\E;
HRBEBE. T R? PR ERPE RS E, RITANER E
AREHR, Hid V(E) = o(E).

F MR EXAEFH HHE ECR ﬂﬂzﬁ‘ﬁ;’?i et

F Ve > 0, #7E R PERMKIE Ay, A2, Ak, 8 | )4 S B,
k=1

K
HvV (UA*) < e HERMHHARMRERELERES.
k=1
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XF R A FFERNEH, def 1501 BRINAUUTHER.
#it 1 WA BER FAREBNANES, W AUB, ANB,
A\ B Bal s,
MERR EEE
8(AUB) c 8(A)UB(B), B(ANB)C 8(A)UH(B),
A(A\ B) c 8(A)U3(B),
fF a(A),a(B) B AF, MU (AU B), 3(AN B), 9(A - B) itk
B AZE deE® 1510 S¥EE 1 R iFEE
Fealth, M FRINSWAB WX, BNEHEH FRE WKL
#it 2 WDERPHHAXE, W D alREFRHFESLE
F D aRER, HEYSENTA RGN, V(D) = V(D).
THRBEES A5G W LE R? o #7557 DO AR i 8
@l 15.1.1 ¥ R? PHOFREE D 894 R 7 R & AT Rk hR
BT R, U8 D Hrskﬁiﬂi

iRl ¥ oD = | J Iy, HP 0 AARKHR. BERIE
j=1
Bl o(8D) = 0. Filt D AREH.

HaE b, M F vi(l < j < J), BRITAEE o) = 0 BIF]. # I
BHCEEN 1, MF vk e N, 8 I HOLKES k MPIER. 5 LE—

MRBSTEF—AaKN 47 MEABR. Bt Iy T8 k MK
J 4% WERRFRE. BT

L\ LB ‘
k(r;-é) =16L -0 (k— o0),

k
HIEH o(r;) = 0.

mf 15.1.1 7%, FEPEHE-MEHRER D, e_REFR&SE
JEHE R FTEE, W D ATSRTEEL. 46 S, T HUERA, R P &
—ICHELRY y = f(z)(z € [a,b]) BIEMR, W o(I") = 0.
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BERAMRN, 4 R PRAPZEARARABH FAKEN, BT
R A RN M A, X BRI MU AR T

15.1.2 BHOSHEN
#® D C R BRolsREBIFA R AR, BRI
A = {AD,,AD,,-- ,ADg}

A DE—aE, K AR
(1) A ADk(k=1,2,--- ,K) & D B— A RRAEBH A 78,
(2) ADy,AD;, -+ ,ADg FPAZHRMEEAF, &)

VIAD; NADx) =0 (,k=1,2,--- ,K;j#k);

K
(3) D= J AD..
k=1

i AVi b AD B, 4, b AD, MER, B d= SUED |z — y
®.yE &
(k=1,2,---,K), #HiE XA) =  max {dk}

EX 15.1.2 WA f{n:‘,u f{zl,m - Iq) TEAREBRBE
RARE Dc R FHEEN, AA D B*J 4‘-:%}%1} 8 AD, LT

B—& & (k=12 K), FREM Zf(mavk W RAFERL 1,

FAMNT ve>0,36>0 2D Hflﬁfnl&}%ﬂj A UL RAERIERE ¢,
4 AA) <5 B A

K
> fE)AV: — 1T

k=1

MiFx f(z) £ D LAI#, HEM 1 4 f(=z) ¥£ D LY n HRRS, BN

f]...j;f{a:}dv 217 ff---jj;f{zx,zz.m.:cn}d:czd:cz“-dzm

K fz) WABBEN, D RARSEHE, 21,20, 2, HFARSE
!, dV = dI],dIz ek dl'n ‘ﬂzﬁ]miﬁ

<&,
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7 bk U, AR, % 0 = 2 I, ROTERICEBIBY f(z) =
fa,y), B f(z,y) 76 D ERIZERSHEH

f[ﬂ fewde & [[ f@ vy

X do = dedy AERTE. Y n =3 B, CHBRE () =
flz,y,z), W f(z,p,2) £ D LRIZERHSEH

fffﬂ do f f [D F(z,y, 2)dzdydz.

FEERS D, ZHBSHARHAILTEN B2 = flz,y)((z,y) €
D), ¥ D c r? ZuSRKEBAIA FAXE, B® f(z,y) £ D LS

B IE S, WM — T4 i SURT LA 4, [f f(z,y)dzdy R LA H
fol

Hz= flz, y)((z,y)€ D) HTH, LA S, D A& ih T4 ) 448 [JE
& 15.1.2).

M 15.1.2

R Y D c R? RATSREBA AR R, f fnd:rdy e

T D A, 2 D c R® RAREBEA 5 M KR, f/f drdydz
n
FT D IR
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E Yn=1N FRARE D —EREFHAXNE. BRRAY f(2)
EXE [a,b] LHEN, LREBSENS f(z) € [0, 0] LAERS
FHA —B X R A B AT 0640 % pB AR 4 X (a) 044 o] S E Y
i, T R R A EBEREE R, AEREKE

§15.2 ZICEREEI AT BRI 5 w0 M 5

15.2.1 EHERiE

EERE P, BITEABE f(=) EAFAXE DR LE
HAM, B flz) oTER, RATATLAHEN f(o) £ D LR *
Lk, M flz) £ D LER dF D EEFAKE, AEHER
ATR BBERESTEAN, FE x0 € D, HEANTAEM =, 940
1 U(xo,8)(8 > 0), flz) 7€ Ulzp,0)n D EEER. BHXNT vi > 0,
% ADs A U(zo,6) N D B9HAE, W ADs; 8948 v(ADs) > 0. X
REN, X 2 & D BAAR, X2ZBRE, 5 o & D HLR AN,
¥ D 2 D° MHAHE, B Uz, o) BFH D° PHIA 2, NTIFF
fE 6'(0 < & < §) 3 U(z,,6') C AD;, BUXRE V(AD;) >0. B
bh, BRFEE D 1% A = {AD;,ADy,--- ,ADk}, B AA) < 26.
mEEBSY—FF, BATATLLER &, € AD;, £ f(z) KT A L
BB RWABHET LUK TEHE S ES. ZREB T f(z) £ D A
[, TREBAA FmmEHE.

EE 15.2.1 # D c R 2O REHMERAXE, 3 f(=) ED
Lar#, W fz) £ D EHER

RNV, RAEEE D £ B Pl REBERE FHAXHE, f(z)
BRDEEMERRE HiEMEm 23RN flx) €D LW L. FHlA.

B A = {ADy,ADy,--- ,ADx} £ D M—4H, T &k =
1,2, K, 0 AV, & ADy BB, My 5 my F3A () £ ADk(k =
1,2, K) BIE, THSR. BAIK
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K
S(A) = Z M AV

k=1

K flax) FF48 A wiEwAR, T
K
S(A) =) miAVi
k=1

h fla) KT A MHARNF

# A, ={AD,AD;,--- ,ADg} 5 Az = {AD},AD},--- ,AD}}
R D MEEANN, EXMNTF VIO <1< L), FE k(1 <k < K)
8 AD| c ADy, WM A, B A, M5, IHEHN A € Ay, AHEFRH,
XD RHEEBEASE A 5 Ay BTEE D WA A BB A c A
M A; c A $31;:i:., EE

ADiNAD,#@ (1=1,2,---,L;k=1,2,.-- ,K)

91 m 5 E A BlE]

mEE S REA R, XTEAM KN, &HmpR, BIOE T
PR

(1) id S(A) BB f(z) XTHE A MME—REM, MFH

S(A) < S(A) < 5(4).
(2) # D BIBAE A, A TRE Ay C Ay, T
S(A1) = 8(Az),  S(A,) < 5(As).
(3) X D FEEENR A Ay, BF
S(A1) < 5(Az).

Hid
I' =infS(A), [I.=supS(A),
o A

ROVGNFE 1, LA fle) £ D EM LR TR
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EH 1522 (BHER) | lm S(A)=T, i S(A) = L.

F AT B A A S A iHe, AT LIUERE P4,
EH 15.2.3 BWHRHY flo) ETREEOERAARXSE D c R
EHR W flz) &£ D LIPS LEESER: HTF ves o0 #F
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K AD, c D°(j=1,2,---,J), RRM AD] 5 oD IRZFZE. 8 AV)
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TFTRRMTLUAEER D #1—448 A = {ADy,ADy, .-+ ,ADg}, 1€
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fl 15.2.1 % {z )} BKME [0,1] FREEEHARNFEY, &
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WY HE k AS/DNDBEIR], AHRCHEHE D B R k2 ASNET TR
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K
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R AT LLUE W] BT R B (] T R SRR ((2.y) -
x = ze(k € N0 <y <1} EBIRHE, BE flo,y) EETEHRL
B EARESE (B AL

15.2.2 EHSHMER

MFERS, RIONFARATERS R AAN - BHNER £ Tk
HEd, RITEREE D c R A REBEIH R X

MR 15.25 WEE f(z),g(x) &£ D L[ o, 8 c R —FEE
W af(x)+ fglx) £ D EWT#, A

[[ -+ [ 1@+ satanav
=nff*-*j;f{:r:)dv+ﬁff-*~£jy{:}dv,

MR 15.2.6 WEE f(z) & D EATHE W |f(2)| £ D B[R,

. Uf--af;ﬁmidv i[f---j;jif{mird“

M| 15.2.7 W D, c R", D; ¢ R™ HuRGEHF HAXE,
D*\nD3 = @, B D,uD, ARRERPFRAXSE, W f(z) &£ D1UD,
LA R S VEEMR f(x) £ D, 1 D, L4FIEH, HH f(x)
£ DiuD, ol s

.[,[mj;;,un,ﬁm}dvszm le{m]dvnt-ff---fpif[:}dv.

TEMERE 15.2.7 %, 24 D,nD, = o B, RITERME X f(z) 7F DU
D, LEIEBA N fz) &€ Dy 5 D, FERSZMN. HSFHXA
f B AT AT A PR 99 o A AS ] SR AR B A T DR L, B4
eI EH P BB BRI

MK 15.2.8 WEY f(x),gz) & D L8, B¥F ve € D,
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fH flx) < g(z), W

ff...fpf{xjdl’gjf...jng{m}dvl

¥R 15.2.9 &AM f(z), g9(z) &£ D LA, W f(z)g(z) €€ D
ISCIE:S

MK 15.2.10 (RS E—hEEE) @AM flz) &£ D LiE
& g(x) £ D LA B HAES, WELE e D, #8
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DA b e JR A UE B 5 e AR S AR R M SR AE B AL, WIEF B C
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§15.3 ALER N RKBS

RAMERTE MR 1 R~ PR 7 HK S LR ER,
FEAWRTAG, RAGHEER a9 RRE. BRINEZNMHETER
o5 = ER AT

15.3.1 £ —SERSHRIFS

it — A R EB T AR Ef —ER SNz, B
fsekihie— THEERE LA —RE L.
ER 15.3.1 WA f(z,y) &£ D = [a,b] x [c,d] LFT#R, Bt

| /]
Fvwe bl 1) = f f(z, y)dy TE4E, MISEBUY f I(z)dz 2, 3

. / f £, y)dzdy = f I(z)dz 2 f ds j 1)y,

iEBR X [a,b] TES#
Ara=Tp <y < v <Tyg=1D,

FHid Az; =25 —x5-1(0 = 1,2, J); it le, d] 1E4 %1
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Ay:e=ypo <y < <yx =4d,

HiE Ay =~y 1 (k= 1,2,  K). TR (7,00 =1,2,---,J) B
AT T y BB LLBGE AR (0, wk) (kK =1,2,--+, K) BT T « it
HER D R T —2/NJETE, ENAR T D B—A~71 8
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NIE=]
J K J d
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j=1 k=1 j=1
J J K
=Y I(&)Az; <D Y MjAz;Ay.
=1 =1 k=1
1T
K J K
= MAx: A
Mg’;l DZ_;E‘“J&&IJ&F# hm Z. ; FhaLi ok
= f f(z, y)dzdy,
D

MEBLA 5 U, I(z) 76 [a,b) L0T#, 3 H
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Mﬁh;]—rl‘l

b oJ
f I(z)dz = lim r(s,i Az; = f f(z, y)dady.
.
F 1 #F f(e,y) T D=[a,b x [e,d) EAIB, HIF vy € [e,d],
1] d
Jy) = f f(@,y)dz F4E, RIKALHS AT BAGE R f J(y)dy FE, HEH

[ . J(z,y)dzdy = j;d dy f: flz, y)da.

AR BRATFE m f bda: f ¢ flz,y)dy 8% / ddy f ' flz,y)dz BIEST R
BRI v R

¥ 2 HEEERKSEEMSEHSHALT o RERRER, W
RUEBHE T AR RO, Hik, XU HRB S Bk
FRARER, PN EBSEN, RO EARIEZB R A RIKBL4
K. XFEME T LA N, B L WRATRENE 15.2.1 M
LA B TT, Bt D = [0,1] x [0,1], 2 (z,y) € D i, &
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Ty =

0, M.
RAKES f(z,y) 7£ D B -EROP AR REMPKH. HY
B 15.2.1 SEHRFI LT LUEY f (=, y) &£ D LA EB S AE. B

2= 1, (l,y) = £D(y), 3 D) £ [0,1] ERHFIEESE
, )ykrfn 7 (0,1] EARTTH.
#1531 ®D=10,1]x[0,1], #HH = ff a(x — y)*dady.
® BTEBERE z(z—y)?* F D LEYE Eil

1= [Cate [@-wrar= [ 2[5

1
:E./.u z [2* - (2 —1)%] d= =15

1
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FHEFRAT 2 R? A PR R 5 A DX b — B 4 (] L

EHRAERE S —F X BRESS v HXEOES. FXE D =
{(z,y) ra <z < bplz) <y < paa)), BFP oi(z) 5 palz) BE
8] [a,b] LEESLEE, BT v € (a,b), F vi(z) < @a(z), W D
o X BIXi (WA 15.3.1).

vt y=plz)

0]

B

P R
Y

B 1531

HFD={(zy):c<y<dify) <z <un} B vy

5 valy) REM [c,d] LEESLRY, BT vy € (c,d), B vily) <
Paly), WFK D % Y BIXE (LA 15.3.2).
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M 1532

BRER X B v RIS R SRmBN. o Tk
EMEmB S, BIALITE#.
ER 1532 WD ={(z,y):a<z<bp(x) <yc< wa(z)}
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#E }E ;ﬂ!iﬁ B¥ f(z,y) £ D JEEI%L BXT vz € [a,b], I(z) =
Pz
[ sy wete, msemsr [ 1t B

N ESD

fo{I1y}dxdy=j;bI{a:}dx=f:deT::} flz,w)dy. (15.3.1)

R BTEE oi(z) 5 wa(z) # [a,b] LS R ¢ =
T{FQLI}MW{I} -1, d= =Is];1;ﬂ|:‘:2(zj +1, W D c D, = [a,b) x [¢,d]. iE

HI - f{mmy}' (.'i.-"‘1y:1 L= D:
few {ﬂ (z,) € Di\D.

IEBS R, f(x,y) 7€ D, LA, BT vz € [a, b],

d _ walz)
f f{m,y}dy=f flz, y)dy.
e wilz)

(Al gt
f/ﬂ f(z,y)dzdy = -/j;n flz,y)dzdy = f: dm‘/:::} flz, w)dy.
UEEE.

X OH flzy) £Y BES

D={(z,y):c<y<dily) <z <yaly))

iz (y)

Earfl, BT vy € le,d], J(y) = f j [z, y)dz fEAER, EFR

wa(y

o
4 f J(y)dy FFEE, H

]fn.f{z,y}dzdy=f J{y]dy=[dyfwﬂf{z,y]dz. (15.3.2)

i (w)

BRI (15.3.1) 5 (15.3.2) AR N THIS f fﬂ Ax. p)dzon
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MBRKB. A5k, 2 D R AR, FaNA R & i
LRl LR D 7r A BRAS X BER Y MO, AR W LUl L R KA 5
KitH D LR ERS
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P ry=2FER flzy) B D _EHESERY ARAERAR KB
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[], V/; ./]-2 fuz
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B 1533
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sin y
, y#F0,
flz,y) = ]
1 y=0

X D = {(z.y): 02 < 1,2 € y < vz} L EB S (L
P 15.3.4).

Hy

B 1534

T fz,y) £ D B3, R ERS AT B, B S. R

fif
[ o[ b [ b= 0

2
=f W—y)siny yy}smydy=l~sin1,

MF 15.3.3 ATRLFH, T - -HH14S, KPh—-PRIKBESHR
MUFH BN mn PRI HBESREH _—EHS
.

fl15.3.4 HWHER PUHN 22+ =a* 5 22 +2% = a(a > 0)
A S B EHRE AR LEER V.

XY, ZrAENNERPHEFHSAER. £
HEA, U ERUKE D = {(z,y):2*+y* <’ 220,920 K
J&, LU 2 = va? — 27 AWM TEE (LA 15.3.5).
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M 1535
F — EE R4 6 LA R S G

V=8ff zdxdy.
D

BB H RKBTER
V= E[fzda:dy—&/ dxf \/:;?——atzdy
—Bf (a? — £¥)dz = Ea

15.3.2 {H=FfoAHRLH
= ERS, JHAS RS AR, RATTLLE =ER
ik BRI .
B 2 c R? EuREROFFARE, olz.v), vz, 9).(z,y) € 2
B 0 biEgRY, BT vz, y) € 2°, 1 olz,y) < ¥(z,y), iE
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(LI 15.3.6), MASHENY D R REREHKE (RAFEIE). BE
R¥ flz,y,2) € D EiEZE, 1

LTE N1
Hay) = [ ey

wlz,y)
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£ Lo, Bf

JJ[ 1@vaav = [[ 1@asay 2 [ fn asay [ ‘:{”’ Haup o,

Ik

B 1536

=R [ f / f(@p. )0V HBAEI D RA TR,
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]
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AT T Oz FHK Oy “FHENFHEHE D B a8 & el K
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B15.3.5 HE=EB 1= ff]p drdydz _ gon p g

AFzt+g+20°
H¥EmMz=0,y=0,2=0K 2+ y+ 2z =1 FTBERFAHAXIEH.
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[dx[ dyf (l+z+y+ z)3
—z—y
fd'rf 2[1+:r+y+ z)?|, 4y
L | 1 ]
dz —_— d
fn _/; 2[1+1‘+y}2 4} Y
I l=2x
=1f (_L_y_)‘ e
2 0 1+I+y 4 0o
Y 1 3-z 5
=§‘/u (1—|—I_ 1 )dI— iﬂ?—ﬁ

Bl 15.3.6 IHE=EEy
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B8 BLo XA X RR A LA A B B A R AR B R

f f [ rydzdydz = j f f rzdzdydz = f f f yzdzdydz = 0,
w 1= ([ @i + .

HEE z € [—a,a], A (z,0,0) BT T Oy FlIHGFIEYE D M3

A
- cz2) v’ = 2
D, {iy ) bﬂ(1-§—)+ (1 §$1
HEHY m:(1——) Bk A
ffj; zd:-:dydz=f zd::ff dydz
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[ 2 AT vt S

f f f y?dzdydz = 'fnahn3 j f f 2dzdydz = —';-r:ﬂ:-c3

BERNH
I= :—Eimbc{a? + b + %)

§15.4 MR EHR

15.4.1 FEFSHNTRERLK

A RATE S A B RBR AR AT n(n > 2)
TR, A A ITAE B S th A R B A

& T(u,v) : {I ”E“’”;' RATRERE RARSE D BATR

¥=uyuv

ERNERAKS 2 4 ' FEBS, HEEEMT Yo e D
# gf‘"‘ y; £ 0. IR SRS B gﬁﬁ' yi £ D FR%
FHE gRIAREBEVSEEN, Tlu,v) 7€ (u,v) € D LT
7 HI Y gf ”i

TR, M f(2) EE (o8] FESAFEEH, f(2)
7 [a,b) ERUE, Mo

b
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i f [ (x)dz R y = f(z) BOEIRAT “HKBE” . Bk, RANE

th y)

]
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&Eﬁ%ﬁﬁﬁmmhﬁﬁ¢$ﬁmEEﬁTmmh{z=ﬁm?
¥y=uwuv
TALAA R — M FAT DT, KA 50
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(ug,vo + 6), HeH 6 > 0. FEBLE T % D, B TR 2 A—4d
VU4 2R 4 At A i Viie T(Dy). WRBRIE— S B ES
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#E Dy WUskia ERIRRASRAIR. SEBE T # 6D, MIERBRER T 6T(Dy)
MIE R, BT RAH

~ / i
4T (Do)
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gy dﬂ
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i EGIE 15429, BATX z(u,v),ylu,v) BETEMNEE=
MrEERFE. Y z(u,v) 5 ylu,v) BE—EERSE, AHEE
B SRR T R B e AT AR, W RT LAUE B bR 5 | BE Y £ 8
yor. dFEXFEEE R T E a8, BRNEEARENTE, BRIER
B 5E 5| FRAE MR 55 B9 2R T UL

EHE 15.4.1 AER HTEY f(o,y) £ 2 L8, WNilm 1 =

ij{z.y]Mdy HE. BT T R D B 0 MAERN Ei

flz(u,v),y(u,v)) 7 D _EATH (WA ) BED ggjﬁg % D
LS Wi

oz.y)| 4
3{11 u}

8(z, y)
d(u, v)

j f(a(u,v), y(u,v))
D

fE. Tl A EEHEST 1 87,
L6 > 0 5, 1 Ow Pl AR FAT TR e
B, EREfIrmER 6. XWADAHLKKRYN D =4 T —41408:
Ap = {ﬂﬂhﬂﬂz, sa ,ﬂ.ﬂx}T

RIS AD(k=1,2,-- ,K) 8RR -DIEGS D FRE%. FM%E
# T, RINBE 0 B1—2F

|dudu
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A ={T(AD;), T(ADy), -+ , T(ADx)},
HF T D EM—BukstE 296 - 08, 7 AMAp) — 0 F AAp)
— 0.

B Ap PRIDEARESFRFAK: i€ A, = {AD|,ADS,--- ,AD}
X AD) THIHSESEE D AN EAEN2&, e A}, = {ADY?,
ADY.--- AD}Y A Ap $HHEH oD BIAMES. BR A, =
{T(AD)), T(AD), ,T(ﬂDH} PN REIYEE 2 AW, o
Al = {T(AD)),T(ADY),--- , T(AD})} PHEBIMEEHYE a0 X
JE%.

AR D HH B4 BOLN thER BT IR, Wifd D wfskim#l. dyk

BAH
llm a (U!&D )

HTESR T &2 ¢ FEsgt, 00 2 hf R &0 BOGHE ik T .
BT ve > 0, FEFARM KA EARMTRE A #8 00 c A°
Ha(A)<e. AR N5 oA BHEE WNUE

= -y >0
A= :ni:i‘i'ﬂ uEEM. | yl

Bl T E D M--BUESEN, 86 < E B, B T(AD)) c A°(l =
1121- A :L} Eﬁqﬁ_‘r

L
lim (UT{.&DI’)) =0.

R ”]‘#ﬂ KEAS AD( = 1,2, ,J),

A7 PR i FR AN AR %ﬁﬁ%ﬁ‘ﬁk k*(k € N) T~NETTE; W
M k Fosr Rt EBADESTEL o, 2.y, By, FELSH MR
% Wik, T S ET BB AN LN L FE, XA ik T B
PR BT R H A X B8 Y RIDCH . B9IEE 15.4.2
f
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oweri) -, s

HERS B —PEER, & AD( =12, ,J) LFE (u),v)), R

Az, y)
AN, v)

o(T(AD)) =

o(AD).
[} w5}

8 ol =a(ul,v)), vy =y(u), v5)( = 1,2,---  J). F AD) RAERL (', »}),
7t T(AD}) AFER {3:1Hff]f5=1 2,---, L), fERIX

Efz ¥})o(T(AD]) J+thzz' ue(T(AD))),  (15.4.1)
F=1 =1

W2 6 — 0 B, FRRIAT ] [E Hay)dady:

5 4h, RAMEAIR
( T,y) '
Zf(:riu 0550 5RO
L
DM CURIRTRI L oD, (15.42)
=1 u' oy’
W% 65— 0, FRAET f f Flinfu o pias o)) a{ ~y; Sl
BT flz(u,v), y(u, o)) B |fz(u,v),y(u,v)) 3[ ]“ D kvl

B, WA M > 0, (8 (z.y) € 2 B, F |f(z,9) < M, BIE
Y (wv)eDH,F

Nz, y)

(o) (0, 0)) | G

<
HERAH

L
Z.i'{zp v)o(T(AD)) + ) f(=l' v )o(T(ADY))

i=1 =1
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d(z, y)
N u,v)

Az, y)
A(u,v)

[Zf{z{ o)),y v)

_1_1

a(AD))
(u.v5)

U{ﬂﬂi'}”
(g’ ')

+Zﬂztuz‘ o), y(uf, o))

L )e(T(ADY))

o(z,y)
au,v)

= Eﬂz(uiﬂ vyl v'))

=1

a(ADY)

('u.t:

< Mo UT D"})+M5(Uﬁﬂ”)—.[] (§ — 0).

(=1

E3Ih A ]

[ 1@y = [[ flatw o) |5

ﬂ___r_{.'r, v) duduv
)
uFEE.

F n WS, BATAMIEH S H TR EE.
T 15.4.3 @R

z(u) = (z1(u), z2(u),- - ,zn(u))

RARERKFFHAXE D c R B RERNGFRAAXSE 0 c R

M EERE, EMEMMEHERS D MEW LS, HFH%E D L
ﬂ(.tl

5{—“} £0, PR f(z) £ 0 LR, WA

ff...]f;_f(zh...’Iﬂ}d_r;,---d:cﬂ
=/f,..Lf{zl{ul,---.un),---,InEUI:"':uﬂn

_‘at:el,“-,:rn}
a(ul’... ,'l.'.l.-n:l

du; - - -duy,.
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15.4.2 FAZEEBRITHENS

FEA/NFI R, BATIEE] B ] AR B e 2 Ok HE B &
“EBSERERT, RARESR

{:”:rmsg‘ (0 < r < +00,0 <0 < 27)

y =rsinf

BAeEFEENTRy — AT 2 L50E, ST HRATHIE A
a(x,y)
ar,8) (r.d)

AR B RAFEREFELME R SEFAE—BEH, BER {(rnd):

0<r<+o0,0<8<2n} 8 RN\{(z,y): 2 =0} B C* FIRERS
Bl 15.4.1  HHABRMGEAR 2 = {(2.p) : 2* + y? < 1} B

B AR {Iz‘"mﬁﬂ’ D= {(r8):0<r<1,0<0<

y = rsinf

oz, y) :
or} BRK 02, H Br.) r. It 2 BIEY

o(2) = ffdmdy—ffrdrdﬂ frdrfhdﬂ—jr

HOMEEA LA, EERAFERAE D 3 2 HEKE. 8
fE_ @ R AR bR SR R E B B (). BRAIFTEAHF@E
BT IR A, XWTF ve > 0, W 2 = 2\{(z.y) :
<z < 1,—exr<y<ex}, MBPHFETEBRE D, = {(rn0):e <1 <
1,2m — arctans < 8 < arctans} B 2, i) C* . FHik

o(f2) = R n+ ff dedy = lrm ff rdrdd

2m— an:t.ane
= lim 'I"‘di" f

£=+0+0 ctans

1 in
=f rd’rf df = .
(4] 0
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Bk, 745 RATE S — BRI AEFZ PR TR0 225 X 2 1)
2 ¢ FIREBRETI, BATAT LATE RUR (7 DS B R @ B 15.4.1.

Bl 15.42 W -EHS [ fﬂ (@® + y¥)dzdy, 2P D R

£ (22 +9°)? = a®(2® — ) BTl Lk eE s, DU BRI, XM a > 0
pok f 8
2 AR AR

{I= recosf,

y = rsinf

BT R (22 +42)? = a®(a® - ¢?) A
* = a*r*(cos® 0 — sin? #) = a*r? cos 26.

FEE z>00, F

r = av/cos 20, —E <0< —E.

r

o(z,y) _
Br.0) = , BIN#E

/L{z’-}ryz}dzdy:j_i diﬂfwrc?lﬁ:"2

5l
ot =
——Efﬂ 4 cos® 2046 Ea

THEBRM AR RN Rk RS 06
# 15.4.3 FHFE_EB4H [L[m‘ + y%)dzdy, P D £EMH
2?2 -y =1,22 -2 =9, 2y =2, zy = 4 FTERK AR

M EHRT {“=Ei_f’ 0l 7! HAE

v = 2zy,

A={(y,v):1<€u<9,4<v <8}
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——HRER D.

AMe,y) 1 1 _ 1 1
H{u'l 'i'.J} B a(u'l 't?} Qr _Ey 4{I! + y:} 44/ H-E -+ 'Ui,
) |4 g

1
2, .2 = 2 2 a
fL{x + y°)dzdy fj;}vu 4+ v W udv

3l
=- dudv = 8.
4 JJa

2

Bl 15.4.4 ER#EHEH!—+ + 5 <1 (a,be > 0) M.

v
b2
& P
3 HDI{{z,y}:ﬁ = <

1}. )t — BB B LT X
w1, B

PR
V—foﬂc I—ﬂ.z—bgd::dy.

T AL e

z =arcosf,

y = brsind,

1]} aE; g}) abr, H 2= {(r,0):0<r<1,0<0 <27} &TH—H

BRRX D\{(0,0)}, Mifd
V=2f/;cv’ijabrdr:2f:wdﬂ£c 1 — r2abrdr

= 4mabc 3 3::1 ) [U_Ewabc:,

H15.4.5 HE_ERS f L
0,y=0,z+y=1 BrEEHHRXE

Tydz{iy, Kb D REHES z =



166 Ft+i¥ ETHey

W EHAERMNEER

lim 2 = :
D3(z,y)—(0,0) 2+ Y
Btz _—EHRSfAE. B8, N THSXE D, RS 5 Tl #

B, Hil TR R BB A, ZBA DA SR M. ERATF A
TFid%EH

T = rcos? 8,
y=rsin’ @,

G 0 = {{r,ﬂ'}:[]{r <1,0<8< %} ——4 3 H D IR,
#H

a(z,y) cos’f —rsin26

(. ) = = rsin 26.

sin®f rsin26

H
Ty 1 ) .
ffn J:y'd:rdy =B f]%"i sin 28 - r sin 28drdf
= ‘—;f%sm‘*zadef rlar= 2
0 0
T =ZWR K, R KRR SRS F F E .

HEHRER
Iz =rcosf,
y = rsind,

H 0<r < +00,0<8<2m,—00< z < +oo. XFEHRAER BB
2 ] MEHE B Oy FHA, REIEEE S fBeHE (LA 15.4.1).
R {(r0,2):0<r < +00,0< 0 < 27, —00 < 2 < oo} BREE R3,
HAE TR R

B it

8(z,y,2) _,
a(r,0,z) '
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z
Tk
z|. (#.9.2)
~~o :
= I
“wlmw ) o/
[} ;z
: ¥ i
i h
: AT i
L] - |
’/ﬂ?\\‘i v z g s
£ -2t etor e o icy il 1
T (= 3. 0) e y (T, p,0)
B 1541 15.4.2
BR SRR iR

T = rsingcosf,
¥y = rsingsinf,
zZ = TCO8,

HPOo<r<+o0,0< e <m0<0 < 2r(NHE 1542). ERET

b 4751 3‘”*”*3? — sing. B, R, r = o WETR

WMal+y?+22=0a o =bMNTFHE:2=cotb/c?+%,0=cH
BL z Bk 2P

il 15.4.6 WZMAIE D HHE =252 -y 5FH =0
B, R EMER v,

R m=EHS0/LAENSE

V= ]]f dzdydz.
e

BUFE AL PR
T =rcosd,
y = rsinf,

MER 0 ={(r6:2:0<r<50<0<2r,0<2<25-r?) B D.
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B

Dor 5 25—
ff d(z,y,2) dﬂiﬂdz =f dﬂf rr:lrf dz
d(r, @, z) o o 0

—Eﬂf r(25 — ri)dr = m—ﬁw.
0 2

i BRI O 1 D AR R E R
& C [FRE, FF b A bR B AL vk, A SRR LR ER 4
B2 B e A SR AL

Bl 15.4.7 & R PHOYE D ERE 2? +* + 27 = 1 W
Ml z = /22 + 3% FTEA, RE MO8,

R Bk, AT RO R (0,0, 20). HEEI AR z= /2247
ERABIRR T W o = 1. Bk D B

e ff/‘“’r fhdﬁf d‘f—’f‘:’bm:pdr

-—2=rfn sm:p—} dg = EE(I B E}

3 2
THEEFRDEE Oy FEHEINRE M., FAHRCHE, BI1H

2w
fff zdV = j d&‘f d:;:f rcos i - 7 sin @dr

—21rf smwms‘pd:pf ridr = —
1] 0 B

HH %
2
_ My, 3(1+ %)
=Y T8
§15.5 | NEBL

RET— R BB 5BRE S, M TZoRBOERIIR
AT AR R S X R B 57 A BB R
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MEBT. ERATHERS, MEERARERS, —HHRAT
XERS. 5 nl¥) XA, 2R XER &K
IR KA FaetE. Bk, HERTRARS TR ERH
AR ZEH LR

15.5.1 EFERISHEEXES

RATF IR A LR ER Y. BAORSH oRi
WA e, AT nin > 2) TCREMTHEE, HNER T FATHEN,
TEMEA ¥R

I XEERSERHEER ZHERFXKE, BEXEENA
i — e Ok 1 B O AT S, 8 D c R? BREFHRXEL A,
RITERABENY R BOKH, Dpn D £AREMEARKSE, K Dy =
{(z,y) : 2 +y* < R}; #HY R, < Ry, B R, B KB, D(Ry,Ry) N
D R—RERAABAREM A RmAAAR NI, P DR, R) =
{(z,y) : R? < z? +y* < R3}.

# 15.5.1 ® D= {(z,y):0<z<1,ye R}, WEHHFH, X
FVYR>0KVYR: >R, > 1, Dn Dg B—APHXE, T DND(R,,R,)
R X

EMX 15.5.1 # D c R? REFAARE, R¥ f(z,v) £ D L
HEX, FEE D EMaRERGERAFEE LAT# EFER
1, BT ve > 0, 3R > 0, WEF D MEKEHBKHHE FHAFX
D, RE D> Drn D, RE

U _ flz,y)dzdy - I| <&, (15.5.1)
D

W# flz,y) £ D EMEFER2WGE, H 1N flz,y) € D L
WFTSEBLS, aH T = f f flz,y)dzdy. MBRFE I ¢ R, {448
D

# (15.5.1) BT, NKEHTEMS j f Flz,y)dzdy B8
D
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FPFA R HIER, LR S ESREAE Drn D AKX
D A (15.5.1). b T HREIX—SRIEE L FHITF.

Bl 15.5.2 BERE flz,y) = z—gr-:;;_—l Wit BT ER S
f fﬁ f(z,y)dzdy HSMHE.

B MNTFVYR>0,Hr>R FE 2 ={(z,9): |z] <1yl <1}
5Q ={(z.y):r<z<2ry <r). BHEH 2 > Dp={(z,y):
vVei+y <R}, H 2. uQ, BR—AREHEMARE, EREHES
T Dy.

TR

xr T
cndidie 1] 2t & asay
.U::,uq. i ff;: 2yl y+ff, P I b

B 2. IFREE &
fj;?f mz+y2+ld'rdy:n'
i1}

T r T
— dady > , - 952
f,/;tr 2l Y _[f{}__ (2r)2 + 2 +1d.rdy 1+ 5r2 =

EtY r — +oc B, BAH
f/ flz,y)dzdy — +oc.
Z2.uQ.
w08 [[ S ey B

$ M ERBTAUEN, REES RS f f f(z, y)dody R
R2
B, BEXFYR>0, 4Yr>R, D, oD A

f-/ﬂ.. flz,y)dxdy = 0.
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15.5.2 EHFERHSEEIERNHE

5% iR B PR 55 P 3 AR R 2 ) 56 AR AR R, AT TE S H X g
531 P DX AR, BRI TR 2T B A SO

EX 15.5.2 W Dc R ZERARKE, FeREMBMF AR
R (D) W2

(VDD DycC--C Dy
(2) % FYR>0,3K €N, 4 k> K 8, D > DN Dp,
WiFE {De} £ D MR XY (PR RF).
R 15.5.1 WEH f(z,y) EEAHKE D c R? LHEX,

7 D BOAE T AT SR BG4 S0 T B8 b AT L, W4y A4 f [ f@y)
o

drdy KHUNFEA DR 3 D BT A SRF] (Dy), FEFIA

e Jim [[ S y)dzdy FE

fEhER>], HE# B Ot b e Ea .
M 15.5.2 W DcCR* REFAXSE, KM f(z,y) € D £H
X, 1€ D BAE( ol KA 5 b X8 BT, FFHXNT v(z,y)

€D, H flz,y) >0, WEHEES f ] f(z, y)dady WHIFE S B
0

Sl TE4E D MI—ANFIRF (D} BHH T > 0, (/X T Vk e N,
]
[ swupsay <
Dy,

MR En B f /'D f(z, y)dzdy Wi, &1 = f fD iz, y)azdy,
MEEL D —AFRH (D), M T vk e N, #H
j f(z,¥)d%dy < 1.
Dy

Ao WA D H—A9RA (D) BEE T > 0 W xt
FvkeN H
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I = ffm flz,y)dzdy < I.

B {1} R—PTHREEAFFBA ER 1, kR, FiEd (D))
2 D BHER—AHRA, Hxj=1,2,...,18

I = ffg- flz,y)dady.

BRI EN, T vjeN BFEL eN EBH k> M D)
Dy, B BH 1) < I, < 1 XRW (1) B5E EFAH ERNFF,

AT lim f f fla,y)dzdy WAL P2 1551 M f f flz,y)dzdy
Je+o0 o D
e gk, e,

i OBR N fley) £ D EATEEN, M D BEM—NHE
¥l {D.}, #FH

,rfli_.rgﬂfmt f(I.y}dId;f.r:[Lfim-y]drdy-
ERERAERY: Y f L f(z, y)dzdy KM BRIBR, X

f f {(z,y)dady BB, WEFGLEETF +o00
D

EHEB G P E—uRBN LIRS B AR 5 R L a4
R
ER 15.5.3 W DcCR*EEFHARXHE, & f(z,9) % D EFH

X, BAE D RAE R TR0 BB T8 TR, WS ERS
j fD Flasyiiudi t&ﬂ&ﬁ?ﬁ%ﬁﬁ%ﬁ&iﬁﬁﬁﬁf fu £ (. y)|dzdy
s,

ER AAR B f fﬂ |z, y)ldedy #R8K, 338 f fﬂ |f(z,y)ldzdy
=1 ¥F Viz,y) eD, X

f+(:l':1.yj = ma.x{_f{u:,y},ﬂ} ﬂ] f‘—{zvy} = mﬂ{_f(-’ﬂmy}-ﬂ},
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W fo(z,9) 20, fo(z,y) 20, BXF vz, v)eD, FH

f(z, y) = I+EI.3|||} =t f—(mr y:}
B {De} A D MEE—NRY, WX F vkeN, &

]D;. f+(z,y)dzdy < fj;-h |f (e, y)ldzdy < I,

f 1z, y)dndy <€ ] IF(x, )iy < I.
Dy Dy

=R ffu f+(@y)dzdy 5 f j; f-(z,y)dzdy BB, AT
f[ﬂ flz,y)dady = ./_/:3 f+(z,y)dzdy — ]./J:r f-(z,y)dzdy
.

et B [[ fa sy b, Wk fj; |f(z,v)ldzdy R,
BRI HEHNFE.

HF f L flz, y)dzdy $8 D f /;_;, flz,y)dzdy = I, W 3R, > 0,
= R, Hf

Ve

I—l{ff flz,y)dzdy < T + 1.
DnDg

it [[ £ v)idzdy Bt

phm j-/;mﬂn |f(z,y)|dzdy = +oo.

BT flz.y) = felz.y) — f-(z.y), B fo(z,y) 5 f(z,p) PRE—
T AY, AE fo(z,y), #EE

lim ff folz,y)dzdy = +oc.
DDy

R—+4oo
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EH el —F] Ry — 400, FHid Dy = DN Dg,, D}, = D\ Dj_;, ]
SkREPAN, H

[fnr [z, y)dzdy > |I] + 4.

R hRIOME R, D, RARANTROENBABEAHENHA
Kkt ERSHATEERRETM (BFEH 1523 M#ER), F
D, B5—98 A = {AD,, AD,, -+ ,ADy}, R TR

(1) & A $Y5 oD REZMHAHAXENY AD,,--- ,AD(l < J),
lE=]

1

Y M;Ac; <1,
=1

Hh M; R fo(z,y) € AD; B EWER, Ao, B AD;(G=1,2,--- 1) Y
.

(2) id A PAMEL D, AEEKNAKEEY AD -, AD,, Y
| AD; (j=1+1,-- J) BA—EE, HiE

J

S myao; > |1+ 3,

j=i+1
Hbm, & f.(z,y) &£ AD; BITFHN, Ao; B AD(G=1+1,---,J)
MmESR. ABEm; >0 =1l+1,---,J)m;j=00G =0 +1,---,J),
y 2

z m;Ae; > |1 + 3.

j=l+1

I.‘-.I'
e Dy = |J AD;, W k T4 KW, FH

j=l+1
ffm.lum: f(z,y)dzdy = fnhlf(r,y]drdy+f_£)r f(z,y)dzdy

= ]j;:'.._l Sz, y)dzdy + /fn" folz,y)dzdy
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J-.l
>1-1+ Y mjAo; >1-1+|I|+3>T+2.
j=I+1

3R De_y U DY RAKE, U ERS /f fo.y)dzdy = [ FJE. &
D

Dy, D! REHE, 83 D! B D} AFRNPMERAHR,
AT #E Dy VA PR AR AR P B A R I DO RS DY,
%5 D U DL’ LU .Di" ﬂ]ﬁﬁ"ﬁﬂgﬁ! H

ff flz,y)dxdy > || + 1.
Dy yuDyuDy

EHERIMNARBIFTE. i
XTSRSy, 20K R AR R M 2 A, BATIARTTEL

RHAH RUEBR A HZERFERTHE. BOAMEBRBSHT
T Y 2 .,

EH 1554 WERY f(z,0) D = [a,+) x [b,+x) FLEE
X, BH#E D pyfEfa R EE A A R BT, F RS

+ o0 + o
f dIf |f(z,y)ldy < 400
a b

(éi j;m dyj:m |f(z,y)|dz < +m~) y

[ f jpffx,y}dsdy Hegr, B
f L fz,y)dzdy = f " 4 :ﬁfiw*vldv

(% [[ stev)asay = [ iy ;m !{mwdm)‘

EHPHHEARKBLE Y o, T f fn f(z, y)dzdy Rk
EH 15.5.5 W DcCR? BEERAHRE, T#H

Tu,v): 45 =2 vyeD
y = y(u,v)
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& D 3 T(D) ) C* B, B f(e,y) £ T(D) B4R A ki
B S XS _Eur s, my

_ . | a{x,y}] o
fj;m]f[m,y}dxdy—fo{I(u,tLy[u.ﬂJ‘—-a{mu} dudv. (15.5.2)

F O (15.5.2) NEEM A FEEPRA MRS, 5
=B, I BB HMEA.
1

ﬁlﬁﬁ:ﬁ ﬁﬁﬁf{ﬂy m rﬂ,Kq]r:sz+yzr

a RHE. HR T B KBTS ERS f L f(z,y)dzdy #]
£ g
(D={(rd):1<r<+00,0<6 <O< <21}

(2 D={(z,y): 1€z <+00,05y<1}.
2 (1) B RS

82 .
ff —— 5 = Jlim dé [ —dr.
p (= "HJ B—toc Jg, 1 ¥
H—uEBES R OEEER, Ha-1 > 1, Bl o > 2 M,

ff _ ATy s i o < 2 B, SEITEBL R
o @+

(2) TEXF Y(z,y) € D TH
1 1 1

@+0E S @r? 2
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= f Fla(®), v(t), 2OV O + W OF + 7 (DPdt.

W,
B 16.1.1 VSR fekE s f V= 27— ds, $otb I
r
MLk 22 + y? = a.
W1 BUNE T WEEOTE

m—1+1mﬁt
{ f 2 (0 < t < 2m),

Yy = ﬁsint

u

ds = \/Esin2 t+ Ti““sz tdt = %dt.

FR

2% =
j\fl—x2~y2d5=f \Hl—mds=-l—] \,n'l o8t i
r r 2 Jo 2
A
=3

Eint‘dt /rs‘ tdt 2
— == 1 - = &
2 0 2
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% 2 BTEBREEBRS RN, RITAESER S
RRERVEZESE —RUIRRY AT B0 AT, gemt hel I ISR T S8~

{E:Ir 0<z <),
y=vz—z?
dx
ls = ———, Bk
Y de
v e s = o e
f\jlzydsﬂfﬁlzm VE‘.E.

¥ W, sk 2 PR HE R L ‘[ﬂﬂﬁﬂﬁﬂﬁﬁ—"i‘
BBy, B4, B —-RihRBRNEm, EEhrEME R 22 +
y? =z WRLIERE T B MAE Oxy FEH LA AB—RAEH.

Bl16.02 HHB—MEMEBS [ (r+0)ds, ob I ROGE
#ft EEMARGAR, P r=nuln, K
IN={zy:22+*=1,y>0}, N={(zy):-1<z<1,y=0}

R BB -RhER R RINA

] (z+y)%ds = f (x+y)%ds+ | (z+y)ds.
" m FE

BT

($+y}2d3:f [x2+yi}ds+2/ Tyds = ds+0=mn,

r m ry N

Hrp | zyds =0 BHXFHERE, HHRMNA

I
1
f [z+y}“ds=f zids =
ra =

frl j{z+y}2d3=?~+‘m.
& 3

Lo b3
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§16.2 S5 —RIdheR B4

16.2.1 FE-RHZBFIMEN

A MRS RO B R R A S . WA A AN A, W
HER A 2% (Rl AE — AR AEE S ), %5 1A% (A A S AT R TR O LR
G151 8. BRI AR E — A TR RLE RS s LT — A hi
ik

F(z,y,z) = (P(z.y, 2),Q(x,y, 2), Rlz,y, 2)).
BSEESHER T, — AR AN Mg © WA A BET A B B
AR % 1 R R S B 5.

HHREER, # F BB, eSS ABREE, HEE
EHERF, AR S A F1 B MAEKE AB M A B3 B, IE
B 3h 2

W = F-AB.
BT KM R 00— A, RATH BRI Sy E SRR BURBR A BAr B
.38 I'= AB, #y I' HRA A

A=Ay, A, -+, Ag=B.

AR I f9— 8 T, 38 AT) = max, {diam (Ax_ 1A}, FE0—

P F
B A Axlk=1,2,---  K) Lk, BIEREE A, A, fR8 A1 A,

¥ F(z,y,2)% A:Ak EHRE S P&, mie, G ) (Exs ey Ci) € Akjﬂk},
MZE3E S F ER TSN I W A, B3B3 A, Friftsh

AW =~ Fiﬁk;?!hik}'ﬂk—ln_‘{k-
B it

K K
W = ZﬂWk %ZF(Ek.ﬂk,Ck]'Akq e
k=1 k=1



196 F+=x% MG S5

4 AT) — 0 B, #F _ERXA SR A R, W

K
W= lim E F(&:,mi Cx) - Ax—1As-
A(T) =0 &

:FEI At = {zktykyzﬁ}(k o 1121"' :HL mll
Ay 1 Ax = (T — Th-1, Yk — Yk—1, 2k — Zk—1) = (Dzk, Ayk, Azi).

FRENF
K
ZF(EJ:JJ&,C&}'A&—J&&

k=1
K
= Z{Piafsqkrc:k}&zk + Q €k, ks i) Ak + Ry iy S ) A2k ).
k=l

MR ST R, RAE A FORABR, A
RBRBATTLS ] —HF OB, BABEER, RATCER- &
B r—ABRATEE r £ A NES B ALAN. 4 A= B,
RATMDGTE I EBGE-—-AH .

EX 16.2.1 # I' = AB h#sia%siheR, 1 REHK

F(z.y,2) = (P(z,,2),Q(2,,2), R(z,9,2))
% AB FHEX, BIE AB BRI A
A= Ag, A, -+, Ak =B
BRI EN T, Ar Ar = (Azp, Aye, Azg) (k=1,2,-+ , K), T) =
max. {dinm (An—sAn)}. ZE Aus Ay EEEBUK (60, T G)(E = 12,0+,

1Sk K

K). FHHIR

K
i DE[F'E&EIH M, G ) AZk + Q(Ex, My Gk ) Ak + R(Ex, My G ) A2
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FEEIE BT 1, PR 1 B AB BN T LR (Ex,m, i) B
SR, MURRZHEMRAL 1 % F(a,y,2) 7 T FOE- B iSRS, idh

I'= f Plz,y,z)dz + Q(z,y, z)dy + R(x,y, z)dz,
r

%3 I= f,_, Pdz + Qdy + Rdz,

AB
Hrb Fz,y,2) = (P,Q, R) FCVIAEY, I ATtk
M Bk sE ST CAE Y, S8 R ek #4218 ) ik R 30
g EHHF - AMNES, BbESMEMAREX BB 1
MBS BB E AL umBIE g EOBaS. SR, NN
W, B R BB AT U E X — AN Bk P(z,y, 2) BT RS

4 [ Pdz, [ Pdy, [ Pdz. {BRZEBTARERBRE S 8

AR AD Al

SR IPEER.
ME SCEATRT LAE 38 — R th e B 4r R TR ER:

(1) % [ Pdz+ Qdy + Rdz 7€, W [ _ Pdz + Qdy + Rdz #F

AB BA

1, A
_ Pdr+ Qdy+ Rdz = — [ __ Pdr+ Qdy + Rd=z.
BA AB

Feaiih, 4 rR—RRAmEN, BINA
f Pdr+Qdy+Hdz=—de:r+Qdy+Rdz.
r

,_'EE} iﬂﬁl!ﬁﬁ .f . {PITQI!RI} ‘ﬁ] g = {P21Q‘21R2] Eﬁﬂrﬁjm
2 AB LM _RMEBIHEE. a0 R, M af + g T AB £
B RMEBNHE FE

_(aPdz + aQdy + aRidz) + (BPdz + fQ2dy + fRzdz)
AR

=a [ Pdzr+ Qdy+ Ridz+ 8 | Pedx + Qqdy + Rad:.
AB AR
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(3) # AB = ACUCB, ¥ AB RHF&ES L AC,CB MR,
}H AC 5 CB (W% 5 € 2428, Wi B &K F - (P,Q,R) 7t AB
M RSB ES BELERTHE AC & CB LS
— R MR B FETE, IS R MR R, TR

. Pdr+Qdy+Rdz= |__ Pdr+Qdy+Rdz+ |_ Pdxr+Qdy+ Rdz.
AB AC CB

16.2.2 H AWML NGFEESITRLAR

EIXE, RATAHES VIR R T AR T2 BB i 2R3 8 e 2
B RYhERAR P FEAE M R, U B Bh S R Y th R, T AR eR 3
RS

EE 16.2.1 W I'= AB BUL A A, B NE AN,
HEeRHEN
z = a(t),
y=y(t), (@<t<p)
z = z(t)

H¥Y ¢ o BEEEN g B, ANBE EHSMN A EEETN B, BHE
SER¥ P(z,y.2), Q(z,y,2), R(z,y,2z) & I' L% MREH F =
(P,Q,R) ¥E AB L{ti3h — R MR BISMFEE,

. Pdz + Qdy + Rdz
AB

¥e &l
- f P(x(t), y(t), =())=’ (£)dt + f Qa(t), y(t), (0 (B)dt
g
+ f R(x(t), y(t), 2(1)'(£)dt.

MERR IRATARUTEIEZ. BEN HER R U 2'(), ¥ (1), 2'(2)
R Wi, AT vte (o, 8). B

2 (t) + () + 2" (t) £ 0.
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R"-TEF- V[t,ﬂ + dt] C [ufﬁ]i i'l':. Ai = {I{t:"l y{t}lz[t]} € "Ff J'al!.-l-q:lll =
(z(t +db),y(t + dt), z(t + dt)) e I', BBF

AArsae=(2'(8), ¥ (1), 2 (1))dt

_ (@), y.2' (1)
RV e = AR RS OREOL
_ @Oy,

z"2(t) + Y2 (t) + 2"%(t)

= (cos o, cos [3, cos )ds.

HP (cosa,cos B, cosy) RBMERTER (z(t), y(t), 2(t)) AbAI AL 6] &L,
B AT

Pdz + Qdy + Rdz = (P,Q, R)(dz, dy, dz)
= (P, Q, R)(cos a, cos 3, cos v)ds

= (Peosa+ Qcos 3+ Reosv)ds.

i, r R AER, MW coso,cos 5, cosy B ¢ LR HB
— 7 R A A A P S T A f,,é EB oosiid Eoos B3R boe-iiis B
A

M | Pdz + Qdy + Rdz T64E, 3 BH AR
AR

_ Pdz + Qdy + Rdz
AR

a A
- f P(x(t). y(t), 2(8)2’ (t)dt + f Qa(2), y(t), 2Oy ()t

a
+ [ R0, 20)2 @)t
.
B0 TR AR, RSN, A R
48— B R BT I F R

_Pdz+Qdy+ Rdz= |__(P,Q,R)- (cosax,cos 3, cosvy)ds,
AR AR
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HA (cose,cos F,cosy) K AB {E (z,y, =) &bE) BT ) &

BUBLAE A 1k, BRATHE T i B 27 1a] i i 2 B4 5] L. (M 74R HH G
&, £ R™(n > 3) PHEAT LSRN E) thek 20 8. #15C |, B2
77T R™ P& E X, Fikn LIRSS FITF R FREE RS
AlRACHRER . LI bR T B, Mo w] LLE XA EARR A8, 17X
B SRMCELHITN R MR B KM, BANE
XEFEAFEATIRT.

B 16.2.1 HHEE M B4 - (~y)dz + 2dy, He AB W

HAEER 22 + 32 =1 B84, HRAM A A1,0) BlA B(-1,0).
WiE1 4

r =cost,
0t ),
y = sint

Wt B0 EESEZELE] « B, HiZR LR A LA B. Fik
fﬁ (—y)dz +a:dy=f |=sint . (—sint) + cost - cost|dt
AB 0

w
=f dt = .
]

Wk 2 Mael+y?=1%zde+ydy=0, B dy= ~§d:., YNIE-1

f'“ —y)dz + zdy= f-l )da:+f-1z( y)dz

[(Z52)e | 7t
.

“'&I’CSIHI‘\

Bl 16.2.2 MBI LS f (22 — y?)dz — 2zydy, Fob I
r
B (0,0) HHHER y = z2(a > 0) BA (1,1) BIEE4.

R Hihek {::; (z € [0,1]) fEAH
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1 1
f (2% — y*)dz — 'Zj:ydy=f (z® — 2*%)dz — f 2z (az® ')dx
r L] H]

2

1
:fu [z? — (20 + 1)2**|dz = -3

BB % RIS o MUEETUEX, 5L X e
A% A ok
§116.2.3 SR AT fr odz + ydy + zdz, 3B I %

Bl 2* +y* + 22 =1 5¥M z+y+2 =0 B35k, M > §hFZHUH
Bt &t ).
WEE 1 fEIEAEARES D R 06y Fiiu:

i

1
£ = E(IJHL
{n=Zsla+y—22)

1
= E[m+y+z}.
MIEFA € =cost,n =sint IRA LR I AR, 8 r HESHE R

1 SO
T = —=cost + —sint,
V2 G
1 T -
1 yz—v—ﬁmﬁt—i—‘—rﬁ—.smt,
2= ———gsint,
\ VB

M

f zdr + ydy + 2dz
r

=f:#[(%mst+ amt)( —=sint + \jﬁmt)
=

+ (——j—i cost + \:,_amt) (ﬁsmt—i—%cmt)



202 Fta¥ HHERGHEERS

FEmTE
if:"um:u.

Wk 2 WTHRE2+2+22=1 LM (2.y,2) ER PR
7 1 ) B0 R BR T R R ) B ik ) B, WD ER ¢ B AR AL
D v SEREEZRREERARIER, BHikf

j:rda:+ydy+zd::-—=fn-vds=ﬂ.
r r

6§16.3 H—% dhiH

16.3.1 gAY

FEA S - RO I B Z 8, BASERHE— T by 7 At A i)
trfa] ) B4 1) S AR R sk il T O TTBANE 7 SEoR R I IS &, B
file 75 FEI i) 770 P9 0 A0 A TD BUSGBLEE e v A TR A LS M 50 4
—AFLEE T, ER T HERENNESSFFTE=ARNERNE
mAERNEL: REEE S H {(e,y.2):2®+* =1,0< 2 < 1},
¥ S BMIRHITT K S49, W7 S LB3 K +1 NPT T Oy Fila
WA re(k=1,2,- K+ 1) FMEE k=12, K+1)
B L%4 8 N B2 ETE Oy FHEIMBREELE I, LD A
fE Oxy FHRMBGEA T E, RiEfEgN 0, HHESHEA S A, B
e E Ny EATE B RE s, IRRINREI T —
MEE=ME. THOXE=ABERT S H— I HEZAE. XA
LA TS B AR AR . ABUEH, &K K, L
BRI, W K = L, Wa] DMER B ARG T cc. £ LRI,
T K =L, WAESHENZARATBEET 2, BEHAEZLER
TR SRAE T i i ol AR iR AT ANl Y.

4T — FREECRAPI T, 24 K 5 L B e, B=/A%EN
SR ETEN, S0 =/ATEHET LT SEm P
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MEH, ErERE h T Hisnme. RE=aEmRatn
Bk SEAT T, N2 RESLEITES D). &R T
FET, FA29% L RESE 20, WaT eikSE e i e

ERK x & =2

hTRMEER, RIOGBELBAE A0V L aEa ki
i i B SN Bl TR, BT A B, IR R
p 7

Wil S e R

l z = z(u,v),
y=ylu,v), (uv)eD (16.3.1)
z = z{u, v),

R, Forh D BT REBHA SR, B 2(u, v), y(u, ), =(u,v) 9
£ D LRFTEERSE. E5 D 3] R® 98, (16.3.1) B2 HKE

T b RE B
Ty Yu %
Ty Yo %

R4 (u,v) EWBIN 2. FEAY S, RIS EE M 5 ke
A R 0 e
B r(u,v) = (z(u,v), ylu, v), z(u,v)) A
Ay, z) d(z, x) Az, y)
A=y s ¢ o)
WA (u,0) BITHK A, B, C FEDLF—AARE, FAEMN
B R (u,v) FHESERY, Bt R n = (4,B,C) Tl S L&
L.
THEENFAABCTERK MR A B, @bl (u,v), (ue + du,
v), (up +du, vy +dv), (uo, vo +dv) HTREI—ANEE Do. 3 (u,v)
1€ Dy b&ent, 7 5 LRl @ 3| — ki, el tEmm— N hF
fTIiaTeE, A s Ak

(16.3.2)



04 B+x¥E BERSEEHEES

r(ug + du, vo) — r(ug, vo) = 7, (uo, vo)du

5 (ug, vg + dv) — r(ug, va) = ) (ug, vo)dv.
B ek AR AT LA e i, EimRsioch
dS(ug, vg) = |, (ua, vo) x 7, (40, vo)|dudy,
M E S R (3 S FoRIEM) b
B ] fu1rL{1;1 o) % v (i, 6)|dude.
MEERATHE— I v (u,v) % ¥, (u,v)|. B
I (w,v) % 7l (u,v)] = (2, 4, 28) % (), 4l, 200 = VA2 + B? + C2,

Fid

E=vir,=z2+ul +2],
F =rir, = 2,7, + Y, + 2,2, (16.3.3)
G=rir,=z2+p2+22
W) =] %0
EG - F* = A* + B* + C%.
PRk, AT T A e B
EE 16.3.1 AT S SR (16.3.1) S, W'EKHE
A

.5'=ff V’AZ-FBE—FE"‘dudvszﬂEG-F’*dud'a,
D D

R A, B,C # E F G KEXSHRA (16.3.2) # (16.3.3).
e, YT S Bl 2 = flz.y) ((z,9) € D) S H, WFH

5= [[ Vi+ e + vy

# 16.3.1 REGEEHRE 22+ =1EFH:z2=05:=12
(] fr T .
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% BFRmER S, W S AWM y = f(z,2) = V1 - 2%((2,7)
D, HF D =[0,1] x [-1,1]) HyEnFRRIP A, BREA

S=2/f 01+ 2+ fl2dzde

= fdzf \/1+ dz
1—_":
-2 [ g =

2
Bl 16.3.2  HEERT o2 4+ % + 2% =1 HiEEH (:c - %) +y? = %
.ﬂ‘fﬁﬁzﬁﬁmﬁ‘lﬁﬂﬂﬂﬂiﬁm.
% dxdERdE, BRI S HFTIRE MEAE Ozy Pl W4
HHRMBEME. % 2= flz,y) = V1 - 22 — y2((z,y) € D), HFP

={(:r,y}:(:r—%)2+y“$ﬁ},
S=2f/ﬂ”"1+f;3+f;“drdy=2fj;%.

F B A bR 18

s=a a0 [ B4 [ (Vi)

=4f (1 —sin@)dd = 27 — 4.
0

il

cos @

dd

i

16.3.2 F—REMITHEN

BT T S A, FRATAEIX B R et il i 5 — R i
By AR, EANTHRINFIRG M S HHSH0R (16.3.1)
SE X, I e TR AR rE A R, RNBEEMAXE D c
R? MU PR A EH HER . W

A = {AD;,AD,,-- ,ADk}
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D M—a8, BRESN AD(k=1,2,-.,K) 3hdHRER

iﬁ&ﬁﬂiﬁmmﬁiﬁ. EMBET, AS, = {r(u,v) : (u,v) € ADy}(k =
LK) B BROGH NI, T = {AS), ASy,--- ,ASk} 2 S

’T‘f}ﬁﬂ i A(A) = mm diam (ADg) 5 MT) = mkaéx diam (ASy). H

F r(u,v) T D t—ﬁﬁiﬁﬂmﬂlﬂmﬂ: S E—3aESE, FHilt A(A) —

0 MFRALERMER AT) — 0.

T S MEl T = {AS,,AS,,--,ASk}, UTRINBEBE
A AS, B 5 sk #lm — i, 3 B D e R
MEIAF X8 ADy, 8 r(u,v) & AD: B AS, B1—XH, A
M A={AD\,AD,,--- ,ADg} A D B— 4.

X 16.3.1 1& S ¢ RY RN, ®¥ f(z,v,2) S s
S, BT = (AS),AS,, - ,ASk} & S B—A4r8, BBHE AS, (k=

LK) SR i mm e, Had

MT) =  max. diam (AS}).

£ ASy REB—R (&, G), TERIR Zﬁ&. Mk, Gk )ASy. FHAFLE
s

BB 1 EENT ve > 0, 36 > 0, HF S MIEBAY T RAR
B (ko Ch) € ASK (k=1,2,--- ,K), B AT)<s B}, H

K
Zf{ﬁhﬂhc.t}ﬂﬁk ~Il<e,
k=1

y Aflii"}ﬂ 0 Z“E’“ Tk Gk JASK = 1T,

WIFR f(z,y,2) €€ S ERE—RMmBRIFELE, HK 1IN f(o,0,2) ES
L BE—BMmRS, A

7= [ fs f(.9,2)dS,
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Kt f(z,y,z) RABIREY, s HOHRSHE.
M SCHT LUHE 5 — T gl T AR 2 LA B T2 R

(1) 7 S LY f(z.y,2) =1, W fLI{z,y,z}dS = f[SdS Bl
Jyhim S .

(2) FH#E S c &2, MK f(r,y) € 5 ERMEHASRH &
B ffﬂ flz, y)dzdy.

ok, BT RS B R LA 5 TR e S R R LA R B S
T AT N AP R, TRIRE B O& R E R RE

16.3.3 F—AHFHENSNFEESITELAR

TR fhE B R B R R iE RS, RINEFE LU TFTHEE
e B L RS A =R

I 16.3.2 W Sc R Biirdiim, HeBTEA

z = z(u,v),
y =y(u,v), (wv)e€D,
z = z(u,v),

Hrh p REERE& LN B lna FAXE, VRR f(2,y,2)
£ 5 bFikdE W f(z,y,2) & § LRS- -RihmB a4, JHH

f[ flz,y, z)dS = ff flz(u,v), y(u,v), 2(u,v)) vV EG — F2dudu,
s D
(16.3.4)
i E.G,F s (16.3.3) X
iE8R  EEEE S ME—28 T = {AS;,ASy,--- ,ASk}, i
KHNTF D 983 A={AD,,ADs,--- ,ADx}. ZEB AS (k=
1.-2: fiet 1*&’} J:-Emﬁ {'Ek:‘:quk}? mUﬁE {uh L'k:] 3 '&Dkl Eﬁ

{'Eh: CJH ﬂk} = [E{uk 3 ﬂk}r y{ﬂk! t“ﬁ-‘}v zl:ﬁj.;,. 'Uk}}-

S



208 Ftx¥ ARy HEhERS

AS; = f VEG — Fidudy.
AD,
7 ULt BN 3 —  (E  E
ﬂ.ﬂ'k,

*'53&='\.-"EG—F2{ 2
uk.“*

KA (u),v)) € ADy, Aoy i ADy, MR, Pt

K
" F(Ek, G k) ASK
k=1

K
= Z 2k, v), y(ur, ve), 2(ur, vi))VEG — F2

ﬂ.mc

(ug vy )

I
M=T

Fla(ue, vi), y(ue, vi), 2(ue, vi) )V EG — F?

1 {ul: r"k}

K
E.f(z{ux Uk ), YUk, Vi), 2(uk, &)V EG — F?

1 (ug: &:l

Aoy

=
1]

+

k=
K

Z Fle(ug, ve ), y(ux, ve), 2(uk, vie)) V EG — F“hum,ﬂmrk]
k=1

25 +5
2R
im 1= lim I, =f flz(u, v), y(u, v), z(u,v))v EG — F2dudv.
D

A(T)—0 A(A)—0

WM A | f(z,y,2)| £S5 LRIBAME, My, m 5 HIAEL RS VEG- F?
T ADi (k= 1,2,--- ,K) EHEBCK. B/ME, WF

K
[Ia| € MY " (My — mp)Agy — 0 (A(A) —0).
k=1

K
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lim Z .ﬂ:{kt ck'l T}k}ﬁSj;

A(T)—

= 1 I +1I | I + I
M'Iﬁ{ 1+ 1) = é?l—«u{ 1+ 13)

=/ | fa(u,). (. v), 20, ) VEG — Fdudv.
XEUE 1 f(z,y,2) £ S EWFE—RmBaHFE, A
ff flz,y, 2)dS = j’f flz(u, v), y(u, v), z(u,v))Vv EG — F2dudw.
C D
iEHE.
LhiE S HAR 2 = glz,y)((z,y) € D) LHE, heE® 16328
]/;f{m?y. z)dS = ffﬂ f[msy.y{wjy}}‘,/l + g7 (x,y) + g} (7, y)dzdy.

B 16.3.3 kS —A HEHLY 1 - f f 22248, b S HLLFM
g
i i

(1) BRI = = /T— 22 — %
(2) BALERIE 2% + 2 + 22 = 1.
W (1) D={(z,y): 2> +y*> <1}, W

1:[[ r%zdS

fj' ﬁ\f1+ - P ~dzdy

-y 1-2t-y

=ff z?dzdy = = f{:: + y*)dzdy
=—f2“d€f Pdr =7

(2) a3l
Si:z2=1-2%-y% (z,y) €D,
Sz:z=—y1-22-942 (z,y)€D,




210 H+7x% wsRgbHEHEHAS

W b3 BRS¢ B R B U R B AR

ff r*2dS = —f/ z°zdS,
5 gy

B 2, =D.
E?A//Sz dS =0
$16.3.4 SKISMIRBIE S : 2 = f(2,y) = 2— (@2 +32) (2 > 0)

B oo A B
B ORHEOMERAN (20, v0,20), BHNFEER 20 = v = 0, #

zd S
HEMTTHESE o = 2o ffs (P M,, BT S B O,

2 ﬁ;ds

TN, o RiE S WEBY). ] D = {(z,y) : 22 +12 < 2}.
I+ /24 fi=JiTIR a2 A

2 V2
/f dS=// 1,:"1+413+4y2dzdy=f dﬂf V' 1+ 4drérdr
s D 0 0

- 1 ”v’i_ls
=2m. (1 +4r%) L] =5,

ff zdS:fj (2 — 2% — )1 + 472 + 4y*dzdy
g o
L E ]
=f dﬂf r(2—r?)V1 +4r2dr = ?—gn‘.
0 a

_lu
1307

BrLL z
§16.4 R il

16.4.1 gHEAYM

1€ B ¥ HIE D, BATH A s AR R A F R, —E%
AERAANSSM, BACERRN, B AR A A DR S
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JEA R AR I O AR AR 2 H AT IOR 7 35 42 R LL 200 (Mbbius) #F
SiE—TRWEE. ZEEOEEEERR. R—&KHRREY, D
A ABCD, BEHH¥G, it A S ¢, B 5 D BESEHER, HEi
B S, NI AR SR, RKAENA ABE DC
FIRGZEN S MR, FIBEORRZER, WA AR, e
A ERESE. AERNEES HIZRFA RGN (W 16.4.1).

C N

AC

A
N

B 16.4.1

o {e] FE R B 5 R R — AN th T S SR AR OO W 7 3RAT
LT E .

EX 16.4.1 B S BIHFihi (S 7TLLRE R, Wke B R,
HWERFARN). 3 s ASKE -8 B, WE S & P B —4 8
FIRERW. F -8 P Py R, Al S WA f, ¥ 5 LAEf
e r EshRE Py &b, S 7E P BBk Py AbEESE (0% ) Y R
MR © bl B Py dbet, BERRFFREE P dbdkE 9 EE, )
FroS HRMahE, FUF S bR

S, — MRl S EEFAES Phe S LR S E—%
&3l Py MRS D, #E B %R S B - MEEE, REiE P
M Py A I 83, P ibeyikmiEaithaEt, X p &5t r BREE B
B, 32 1) (9 o) 7 T SH T S 1 B9 1) AL B

W S R—XUM i, ME AT AR IAE S EE—& Py, BRE




212 ¥+s¥ HERGEHERS

HUE S 78 Py Sb—MNEmEwR, WM 00 m 049 r B ikt
L E E AR T BUE. XS R A CoRIRAE. AU RIS, AT
DA% 5 R ey 2 2 3007 FE 3o 18 SO g i %) 2 U )
@i, ¥ H
T = x(u,v),
y=y(uv), (u,v)€D
z = z[u1 U},
FE ST — e s s, 4
oy, z - . Oz,
A= EE:U;‘ b= g}u,:ji' T agu,ﬂ'
W n==+(A, B,C) B s B PAEHEFERNR. 2 n,=(A, B, 0),
n; = (—A,—B,-C). 3 Bhe S, HfE B & C > 0 B, AT d n,
BER—WFRN S MEM, n, BEr RN S TR 250,
A 0B, RATTLLE s HRMRIER, X B £ 0 M, S HEMA
M.
FCH R S RO HEA
z=f(z,y), (z,y) €D,
W S EmA (r,yz) MEREREY n = *-fi,—f.1). BHk, F n
B 5, ERET S LW EFE B - 5, WEE S AT0.

16.4.2 FE_EHEMPSHEN

B _RHERSHOEN RER RN B D c B
WHE —-REERS) (WRMEZES), KREHE), T Y,y 2)
e D, JEERECH

v(z,y,z) = (P(z,y,2),Qx,y, 2), Rz, y, z)),
MieAh v = (PQ,R). HEAERBIELFA, i d B Hth Tl ok

D AN I RES H—PRE v NOUKBT D A RRALE, T
AN T I () (AL, IXRF A T thFR 0 iR T RS

(16.4.1)
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w S D AR IERX . RATAY R ey skesk
AR fE] N PRSI S AR b T R Ak, TRATTRT AR
WRER 1. Bk, RATREH SR AED S My iepsr,

A S AP —Ea, LBl s #or, i v £ 0 A
Bl P=0C,Q=0CR=Cy WHRERE, & 5 PIRLEEmER n,
DA A L By B (] N it U S Yo i

W = (v-n) S,

BRidR w2 S MRS v 4 n ERRSEAER. 7 7 LRGIFE A
A, FIABRSBAERAER S HE—RHETHEN AT,

B T EAROCE R R B, 76 5 B4R ik AS, Wi
B AS dz. FHL (&,7,.¢) € AS, & AS TE (€,9,¢) Ly frik
A n(E,n, ), MalBIAh AS ITfelh ik B A n(e.n, ¢), T
i AS B—/DYOFE. FEBTE v £ AS EHRIERUY v(g,n,¢), M L
T ) 43 47, BAER B 1 i BT

dW =v(z,y,2) - n(z,y, 2)dS.
ERl s, S BL{E 2

W =ffv-nd3 = ff{f’(mn+ch::4ﬂ+R::osﬂdS,
5 5

H cosa,cos §,cosy AR n B HKE BT LRSS PESH
1 2 (e k(¥ Ak, BRI E AR S RS SRR FER
e A B iR 4.

AT TR LS BT R A S, ROMBREEES RN
X0 g T, 332K T e PR Bk o M o T e, AT R e TR 30 3
A, W EAFAE =S lhin A MHE —BOUENASF. Wl 1642 P
) AT A T 8.

HRAETRATTER HH 43 o 20 X000 ot o iy B — 3¢ iy T AR 40 s
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J

B 16.4.2

EX 16.4.2 # S c R BEAH R E, FeFiAN, WH
W BHARESBOCHMRAM. S S f—0, 5 bfSan st
ERRIEA n = (cosa, cos B, cosy), RIRER flz,v, 2) = (Plz,y,2),
Q(z,y.2). R(z,y,2)) £ § LHENL. X S FEEBIH T = {AS,
ASy, -, ASk}, Hf AS, RUCEH RN R0 kg dhm, #AR
PH ASk(k=1.2,---  K) RIBHEH. & M) = max, diam (AS).

£ ASy EEBR—R (G Ge) (k = 1,2, | K). HEEDKBT 2
W T VR (Eeyme, ) (k=1,2,--- K) RN ES 1, #8
K
lim Z (P{Ej:.ﬂbf:k} cos a + Q(Ek, 1k, (i) cos 3

A(T)=D
AT k=1

+R(Ex. Tk, Co) cos «,r)as,, =ik (16.4.2)
MFF I & flr,y,2)=(PQ R T 5 ERE_RMEIAS. Kk

I= ff P(z,y,z)dydz + Q(z,y, z)dzdz + R(x,y, z)dzdy,
]

A f(z,9,2) = (P.Q.R) HABME, 5 HAHTH M.
1 RITEME - FE-MHEEMIS AN, b, —
M B BT R (16.4.2) 5 XARI. M/ AS, HERR
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/N, ASk ERLF (6, mp, G) A ABRETEIE, EEMTTHRS cosa
HIFRBUL U ZANRYI VL Oyz Vil LB Aok, B9F T,
B = coso > 0 B, BUHESEMTBNIE, FW0 7. FHik, #H0i8 Adk,
wHA A, W

K
M!}‘EJ” ZP{E;; ks Ci) oS XA S = _x;!;i-?ﬁngmfk‘m"c“]ﬁ”;:'

R AT B AR M f L Pdydz. RBRATA RS j L Qdzdz

Foi f .[:, Rdzdy &3

NTFRHWMERS, EEFEFHENNARAXTHEHNER
FOZE PRI LA BB 0 s T M N PE.  (M/RERROE, 29 i TAT e B 45
SE T 0. %5 7 B AR L AR . XU 1D (R — A ) R R M A R A
Pl b a9 58 —RY T EL S VB RHEAR S, B E MRS

16.4.3 E_RAMENSNGFEMESITELARX
WA S e H R

T = x(u,v),
=y(u,v), (v,v)eD (16.4.3)

z = z(u,v),

S, W S BB TR RTE R
A B
COoS o = :I:V‘{"L12 — ot cos 3 = iv’Aﬂ g W
o C
= ETET BT

Ko A B,Cc fik (16.4.1) &L {E’ﬁ#ﬁﬂ:\aﬁﬁ AR (u,v) e D
Py e o R M
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EE 16.4.1 # S AENMthE, KSHHEH (164.3) &
H. iE5E 5 #—0, id ik i

n— ( A B C )
VAZL B2 C? VAR Y BE 4+ VAT+BZ+CR)]
BREREWR f(z,v,2) = (P(,y,2),Qx,y,2), R(z,y,2)) f£ § LiE
g W f(z,yz) @6 S O - R@EBRNEL, HH

ff Pdydz + Qdzdz + Rdxdy = ff (PA+ QB + RC)dudv.
s D
R ESHEPEAR (16.41) SinfES LRSS R B A &

H Pz L Qdsds i Hlady = [f (Poosa + QcosB + Rcos7)dS,
g g
(16.4.4)
HEED EAMELRELBE Pcosa + Qcosf + Reosy L7
H _ERS—Rhm sy, EAAnS Mg m B EE. EBEKAE
B f5iE.
A (16.3.4) #

ff{Pcns& + Qcos 3+ Reosy)dS = ff (PA+ QB + RC)dudv.
s D

k5.
FralHh, FHEN T S WARR

z=flz.y), (z.¥) €D,

HRUER B, K D c R? B4 BOGR sh2 B Bl A 7 B
T S LHRALERRTTT (—filz,v), —fi(zy), 1), BHHEDH

ff P(z,y, z)dydz + Q(z,y, z)dzdx + Rz, y, z)dzdy
5

= [[ FPewe s@n S - Qv S Ew)
+ R(z,y, f(z,9))|dzdy.
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2 S BUFME, PR - ERS LA S.
SN MBS © = g(y,2)((y,2) € D CR?) Bl y = h(z,2){(z.7) €
D c R?) &, J0F D R rBOGH ih 2R a0 B R 7 A DO, Wi E

(4 B4 f /S Pdydz + Qdzds + Rdzdy BMIHIAR. MM EEEER

o TP O 0 B 20 ST T 1) A 9 %5 B AR FF 3L

T RATI 24 5 B A A bl o B A ST

) 16.4.1 B 5 AHHLERI 22 + 92 + 22 =1 B9SMI), R F
FH R RS-

(1) I, = ff zdydz + ydzdz + zdzdy;
g

(2) I = f f r*dydz + y?dzdr + 2%dzdy.
s
W (1) hRERES

Iy:e= ff zrdydz + ydzdx + zdxdy = Ef/ zdxdy.
s S

ik D= {(x,¥) : 2* + y* < 1}, IC EEBREH S, (B M), Flxk
A S;(BCHTW), W

L—iff"d.rdy—iff zd::dy+iff zdzdy
Ha

nﬁff 1— 22— y? dmdy—ﬂf[{—,fl_rz_yaldxdy
D S0
2w 1
=5ff v’1+ﬂ="'—y"-dﬂ1y=ﬁf dﬂf V1 —rirdr
D 0 f

ol o[

(2) FIEE, I, = 3 f f Zldrdy. EEBEBIRBAE L. TARRERX

Fr p AR, Eabn B, FRRimpME AR, BEH L =0.
P N BT T B A xR & A i bt sE R dh i By
fE (1) PRIAREBIAAE, M (2) P ELERS RNAF.
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Bl 16.4.2  HHEE A TR
I= ff rdydz + ydzdr + 2dzdy,
g

K s AR=ABEPEEY « +y + 2 = 1 FrE &S,
% 1 ] S &AL Oxy, Oyz, Ozz Wil EEYEE 724 S.., S,

B S, VM z+y+2=1 BEHEN Si(LHE 164.3). #£ 5. L,
z =0, dydz = dzdz = 0, M7l

f f zdydz + ydzdz + zdxdy = 0.
S.

AR, s, 5 s, FHBSHAT EHik
= z zdx + zdzdy.
I thIdyd + ydzdzx + ]
i D={(z,y): 220,y 20,z +y < 1}, WHNHHEH
] 1-x 1
I=3]L{1—-z—y}drdy=3£ d:.:fn (-2 —y)dy= .
k2 Sk AESH

I= f/ zdydz + ydzdz + zdzdy.
51
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HFE S, LA (z,y,2) B R RE (cosa, cos F,cosv) Bl A 8,
IRk &, B

cosex = cos [ = cosy =

S B—1T=AE, KRih E* z30 4

+y+z 1 1
S!I. '- \-ﬁ 31 2

§16.5 KRB ZEAIKR
® flz) € C'a,b]. AXFTRM, F8-FEHERLK

=)
ek

[ ar@ =10~ 1

R PRBEEM AL BT EAR, mERNEX
—ANRAY f(z) # a,bla < b) FAERMBYN fF(b) - fla), W_ERARK
@ TXME [a,b] L f(z) IBGY f(z) ERALBHSAKER. B
e, — BRI B BE TS —A LT LS A
ERRER S BEERR? AP RITRHEX AN 8

16.5.1 LK

WM (Green) ARG HM R PIXE LR —ERS 5 KM
KEMPAEL T LRSS By 2 KRR X8, BTG
R PARAKE D, KA A RAREL Yk, BERL Yl
RSB, Eik D —ERAHEWNE 1651 B

MFEW R? A—&LN4E r, U I A FHEKESAERS: —
AR R, EX AR © RS T RS K, K
WA r FISME. nfEM 16.5.1 1, D L F ry BINEE, TIHE I (k =

LK) BN — MR D B EEE R, mEMT D A



20 Ft 7% wARSLHEORS

—HAMMEMNSEREE D A TR D RS EBERE. 18N
BEMEET, F D R—&L4 ML AT, e _RREEMN F D
H K(K > 1) &2 Rm, W D ELERM, kKt D B K
S

B 16.5.1

—HLMERAFETEAMRMA . WHE D BhAREALANY
MR AT R A X8, FAER MBS oD MiEm, BPE-—TAE
A D A B — A R, iR AT E MRS B A A
W, WFREH A oD MIEG. WA 16.5.1 Fras, #xt D Rk, I 1
IERESEREH TR, T Me(k=1,2,---, K) BIE [ RIS .

7 LiRAES AT LUER & B

EIE 16.5.1(MHEAR) # DcR? BAERARE, LR
PR & BORM A2 2 R 4UR. FH BB P(2,1),Qz,y) £ D LRAE
im S, WHE

oo [, (32 -

Hrp oD W5 R IE .
MERE  BA1SGE D RREEXEONE. iEWa Ll LT
(1) ¥ D2 Y B, B
D= {(z,y):0(y) <z <¥ly),e sy < d},
W 16.5.2 Fras. FEFRATUESR
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/w Q{x1y)dy=ﬂ; %gdzdy-

O r
B 16.5.2
B\
BQ d Wiy) DQ
f 5, dxdy = l dy j:pm —dzr= f [Q(¥(y), ¥) — Qle(y), y)]dy.
32!
[ uay= [ Qv+ fﬁ Q(z, y)dy + jm Q(z,y)dy
fﬁ Q(z, y)dy,
EA
~ @z, )y = | Qz,y)dy =0,
AB cCE
_Qx,y)dy = f Q). y)dy,
BC
K

o o
[ﬁ Qz.g)y = [ Qe(y), y)dy = — f Qle(y). y)d,
EA d e

bRkt |
fwmm}dy: J[ Fded



222 #HFx¥ adkgHaanhg

(2) #F D 2 X B, 5 (1) [{Ea[iE

" P(z,y)dz = ff -—dxzdy.
(3) #F D BER X BIR Y B, lpir

P [ | G2 ae

0, D I EHRER MRS, T BRARMER X RYEY
R, MaTfEmA/p R BN A B R, H e hKEEA E
SR SR L EB o AAEm, BT8R A B RER NP
WAL, B B KA B K, BB T 48 R AR
kM, BTLLEH

Pdz + Qdy = % - g dzdy.
ap dy

X — A R R, oA A RABERE X BIR Y MK
SR BRIy vEE 2, (EOX T T A FAERE AT R LN 4, B
BEBRATINS 2R A,

5 DR KK >1) EBll, RAMFAFTUERE D AdnE+
FOLMR LR, ¥ D HRFERNSREEKE (LE 16.5.3). ZEFN R
HEEX S i ERTIESCIE R A K, SRR X A R il g8

" )

Ty

M 1653
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BUor 5B R ARG 4 HUAR N, B B In 0 g th SR A
ANANBCIR A A S5, B 0 BT ol 5 b 1y el ER BSR4
I, BrCAR AR 20t Kl PO IR L. R

fE LRk A, RAVEE Ned¥ P A1 Q £ D L HAEAM
FH XMER PQ EEE D NRNMTFRARTEERSTIW. 54,
MTHRARERE r FTRMNKE D, A 7 REBENE A, 55
BRATHNHA v Pdz + Qdy RERHE oD KT D MIERBIBS.

TR AHL, BATEATLLA LR, SobHihe r &
x = x(t),
tela, 8
{ et (t € [ 8])
e, ¢ BT PG EF R © WIIER. QR ERAE (2, y) LR ALY R
- Bh v, WA

e B e ' (t) 5
dz=2z'(t)dt = D) +y”(t]¢r (t) + y2(t)dt

=cos(v, z)ds,
Kb cos(v,z) AUIAR v 5 c BERFARANRK FEF
dy = y'(t)dt = cos(v, y)ds,

Hr cos(v,y) APIAER v 5 y BIEFMFRAMEE. REAH P(z,y),
Q(z,y) f£ I B3 W
f Pdz + Qdy = f [P cos(v, z) + @ cos(v,y)lds.
r r

B I 1E (z,y) AR R n, 8 n 5o RAGTFR. X T
e r BREKE D o, FW r GER, IERNERRER D
40 (B 16.5.4), NTTH

{cus(ﬂ,z} = cos(v, y),

cos(n,y} = —cos(v, ),




24 RBtx¥ SRS LHEERST

M 1654

K cos(n,z) 5 cos(n,y) BARER n 5 z 8, y BIERIAE
a5k, Hi

f[P cos(n, z) + Q cos(n, y)|ds = f[ Q cos(v, ) + P cos(v,y)|ds.

-t ], (G5 e

Fibh, FEER NS, RATHA

fmdy=—fydz=rlf::dy-ydz
r r 2Jr

SeRRE A © FEKLR D MEEL BAH b R AT L 4
H3 =AY ST f j drdy, B} D (TR,
'E

#l 16.5.1 & I' = AB c R22MA A(0,0) BIA B(0,1) ffE—
FI L, RS R R4 ]P by 4 i

B BT r RE-SEEME, FitER SR ITERR HE S
i EEBFHS

Pl:i, E.I"} e 2'5"91 Q{i‘1y} = IE - y21

g
Q _, _9P
dr ;

dy
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BT V(z.y) € R, i":j. 9 0,

h T REAREAR A, Besih B (0,0) Bl (0,1) MIERBOY 1.
WAVEE —REM e n, 8 0 A on LK (0,0).(0,1) A%,
FA rury fnur, BAL4AHKE (WA 1655). B rur; il
BFRERER D, W N, FTEOTRAXEN D, Bk
AFH

N

N ,
\/G \]l x

B 1655

f Pdz + Qdy= | Pdz+ Qdy + j Pdr + Qdy
-

rury

= Pdzx + Qdy + f Odzdy

Iy 51

r

= | Pdz+ Qdy+ f Pdz + Qdy

s riorg

=/ Pd:-:+ery+f Odady
Iy Dy

1
[ o=
0

B 16.5.2 48— mﬂﬁﬁﬁ-j{ 2dy —¥d2 g p g2 Y

2_+. 2 1
FE—&NRe 4G, B m 0)¢rI.
W id Plz,y) = 21";"[ T, Y) =




226 Ft+x% w¥EESH5HERS

(0,0), &
0Q _ vy -z _9P
8r  (z2+y?)? By’
Bk, & r B EEd D, WY (0,0) ¢ D B, HiEHKLSRH

dy — ydz
?(ZEF: ffﬂd:rdy:[]
% (0,0) € D B, BHAKXEHFAEE. NTF R>0, &
'r={(z,y) : 2* + y* = R?*}.

B R FEHK, 68 [ #4E I'n BN, WA 1656, W r 5 ry BEM
—ATEM X, Dy, MK LN ERAAR, f

o= [, (52~ 3) 4=

=f Pt:l:r:-l—Qdy+f Pdz + Qdy.
e -

v

G

B 16.5.6

Bk, BATH

xdy — ydx 1
PdI+Qdy=f =—/ rdy — ydzx
/;" I'n gz + y? Rﬂ I'n

2 .
== [ - dedy = 27,
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16.5.2 SHFLR

fEAEAFH, % D c R® REAARE, 0D A REEHE XU i
MBT4Lk. &% 6D FfRA D B4, B D 6 4bik i B e s (it
B A 6D MIIER). AT (Gauss) AL HBREAE D £W
SEESSHECEBE oD R ETBSHXR.

EE 16.5.2(BHAR) ® DR RAERARSE, 6D & D

IS, R P(z,y,2), Qz,y,2), R(z,y,2) 7€ D L EHESERSFH
g

/ Pdydz + Qdzdx + Rdxdy = fff (EP BQ BR) dxdyda.
an Hy d

LERA T S AE B S AR 2 SUROE B FLAT AL, A AR
i W D B EREIRAKE, A5 A K EHEL R — X
MREI A R, KEGETX P BB e

(1) ¥ D B f K.

D= {[-I,LHHJ : {y'rz} € ﬂﬁp{y!z] ST tlb[y.-z}}

CGHMHARCA X BIXIER), b 2 c R? BHHRE L6 A Mk priE
B AR, o(y.2) 5 vy, 2) & 2 LAEERE. RITREH

ff P( ,y,g,}dy{iz—ff apdzdydz

FAERE 2 BB aEech 0 B ER
i
Sy = {(z,4,2) 1 @ = Y(y, 2), (y,2) € 2}, BATM;
Sa = {(z,¥,2) : = = ¢(y, 2), (v,2) € 2}, BUGEM;

Sz ={(z,y,2) : ¢, 2) <z < ¥(y,2), (v,2) € R}, BL Sz WM S
HISMUTE Sy FY R .

/j;; P(z,y,z)dydz = f nP{‘qﬂ'(y,z}‘y‘szydz!



28 Ftak BARSEHERS

f_/;z P(x,y,z)dydz = — ffn P(ply, 2),y, 2)dydz,

f P(z,y,z)dydz = 0,
Sy

(A

ffﬁﬂ P(z,y,2)dydz = ‘/L(Ffw{y,z}. y,z) — Ploly, 2), v, z))dydz.
i

wiy.z)
ff —dxdydz = ]f l:lydzf ?—fidz
wiw=)

= [ L[thmz},y, 2) — Ple(y, 2), v, )}dydz,

ff Pli.y, 2)dyds = ff d:zdydz

(2) F D= {(z,9,2): (z,9) € %, p(z,y) < z < Y(z,y)} (HZR Z
RIXKEL, 2K 2,09 FridLRENHES (1) HRIHEE), WIHATAT LAERS

J[ R ooty = [[[ Fasayas.
an D Yz

(3) 3 D ={(z,y,2) : (2,7) € Q, (2, 2) S y < P(2,2) KRR Y
B, Hrp 2,0, ¢ Bril2m&trsS (1) FRUHAR) i, BATAT LAUE

f Qz,y, 2z dzdz—ff ——dzdydz
an

(4) AR, 2 D RlkFRINRIX =R XN, @GR X F—
B REE W fHRAKE D, [ D AT EUH A RO ki
WH RS2 AR, AERe M AXERRNE X M Yy B 2
RIRCEN (Ui X ), A NES MRS LS. e,
AN AR AR AR AN, Y R BT i o T R TR AN AN SR A 2

A
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5, EE S R AR IR K, R ETR MR, A
HHEAGH. FroinhX s, mlaXURKRRLL. ¥ D FREZ AT R
Bt BRA X 8, Y RA 2 BIPKCR, RATANINGE W HadE i, A
S R IR R b = B i SRR T ¥, W LAERAR T D T3ARAL i
Wi =

(5) ¥ D BEA " M. i, BOVUFTENE TR
Yerg g, ¥ D S RARA R <6 # AR, d ERTIE, R
AR BN FARSL. RS A I e R R A2
LA, R ISR Y I A B, A SUR AR R, LEEE.

O ONTXEA W 0, K8 D Al <87 D, 81l 5 i
MM F X8 D kiR, Ni%E oD, AW (LA 16.5.7).

5l 16.5.3 HEE MRS
I= [L[sin yz + x)dydz + (€™ + y)dzdz + (zy + 2)dzdy,
Hep 5 BofreRimn L aad L, B
S={(z,y,z): 2+ +2*=1,2 2 0}.

B OHE LT R s g, BRI AR BT S
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AEH, FRMNB Ozy P EARLBE S, = {(z,0) : 2+ €1},

FHE S, RO, W Sus, MWRET ERRAERE D a5iaR, BRI
HmARAS

ff (sinyz + x)dydz + (e** + y)dzdz + (zy + z)dzdy
5u85,

1 dr
=3ff.£}dzdydz=3--2—-?—2m

MAE S; | dydz = 0,dzdz =0, X

ff [:y+z]d:rdy=—jf rydzdy = 0,
o yg]

Bl I =2n.

B 16.5.4 ¥ S c R M dhim, B, CUE bk St
HFARAXERE D. B5A (6.0 eR* A% S £ AHBHRAS

I‘ff co&{r ) ds.

Hbr=(z-Cty—nz-—Q,r=|r|,n & S MRAIEFR.
M daTF

cos(r,n) = C cos(n, 2),

cos(m, x) e

mﬁ[n, y) +

z €

5]l

B z—§ y—n z -
I_f/s 3 dydz + dzdz + 3

z—€\ _1 3z=-¢)°
(rE)'""rﬂ_ rs

< dxdy.

L

4
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8 (z-¢& d fy—m\_ 8 fz—C\_
(5 4 (50) -3 (59 o
Bk, 25 (&n.¢) ¢ D i, HFEIRARR 1 =0.

4 (&,n,¢) € D I, RATATE £ Fosr/D, (ERERTH

Se={(z,5,2): (z -+ (w—n)?+(z-¢)? =¢%}

FEETRAE D BINEE. B S, MM S;, WK D, Bl Su S, Kid

I,
I, e [, s

HEEEE S, .k r 5 n T, BTEL

ffcus-rn}ds f-/‘ coa{rn]ds fmﬂ{rﬂ}ds
fS‘E—z—El-ifrE = 4.

16.5.3 MERHLRK

WFETE M (Stokes) AXEMMAXM HER, ER- T RMA
i S LRS- RgEBY SHEXERYAE 65 LA R e
Bz mgxR. BRI THE— T 42 6] il 5 5ok 5700 52 16 i) .
B S AR ATIE 43 b G 6 U0 T, FCid 5 R PR 4k 2 BOG A 22 ) B
HERGIRR. B S M—0, REBEAR n IfE. F-PAWLE
AR —BUF B a5 Wdtet § 3, WIFkAh w87 =\
h 68 KTz ih & A i IE @)

Wik 16.5.8, Iy WX A @B Dy (k= 1,2,--- , K) BB
MR T S KT n BEONMIER. B8R, XFRE 50K
15052 R ORI — 3.

ER 16.5.3(ERMARK) # 5 c R BHAM i, 65 &

HRB LS BOLM AR, B8 S B—NFHE 65 KT %M A IF
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W77, HRRE P(z,y,2), Qlz,y,2), Rlr,y,2) ERET S HEMK
WA R ESR T, 1

B 1658

f Pdz + Qdy + Rdz
dR 8 JdP & P

(LG5 (g g3 - 5 e

MR A 05 hER &Mt AR, RATATLIE 5 bl T
S HhERRE S 2r AT PRER/ R, oS/l A S R — R £
nFEIRE AR 2 MUEY], B/ i ERFE T A oL, W S EHAk
3L BEATS S B R —&aBOGREIA dheR. A5t Bl Hxt
JUA0 fo] 6 ) s TRT AT UEBA , T — e i m T, =T LA e 165 S o A K AE
B, ERXAPEBRENER SR AENAHT.

Aikiie, RA1ES 5 dHE

z= f(z,y), (z,y)e€eD (16.5.1)

g, b D c R?* B2 BOGHRROLY 2 ith £ B B i X1, oD
BERE S fE D BIBLHHRE.
—7iH, B R RS MR AU ERKARXS

f P(z.y,2)dz= ] P(z,y, f(z,y))dz

f j‘ (BF -5‘.2’ -Hf) dziy
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HJim, A7

5%
L5 B

BS e ,/:/; %?dzdz: - %d*‘d?-
[FIFE R ST LA
ast _[f( )d dz+{.:£dzd

fIEE, ATl S R z = gly, 2) (v, 2) € D) SHBRE, 3
b § 5 p #piEEEED (16.5.1), M

Qdy + f Rdz = /f (ﬁ - @) dydz + B—erdy - —dzdz
a8 a5

itk

dz dx ox
ixF il § AR y = h(z,z) ((2,2) € D) gl HtE, N

dP OR R apP
[BSPdI+ GSRdz—[/( dz)ldz+gy~dydz—ﬁ—d¢dy

Bk, #& 9 R R g8 Fem A ik =0 2 i i s A et gk vy
LR S 4l B EGXRE Y i T, WA

f Pdz + Qdy + Rdz
(8 B (£ Eo

Eﬁfﬁﬁﬂf’ S, BT A OB R BT A KA S A2, AT
A TR AR EA:



28 R+Aa¥ GEARFEHRRS

coscx cos3 cosy

it il b
Pdz + d+Rdz=]f P e — |dS
[as iy | 3 B B

P Q R
dydz dzdz dxdy
_ f f a4 @9 @&
N 5 dr a‘y 32

P Q R

HA (cosa,cos 3,cosy) R5 85 MIER BB R B R &%
FHoh, TR 05 hE e RMNBA ¢ Pdr+ Qdy + Rdz 3k

as
i Pdz + Qdy + Rd=.
b8

Bl 16.5.5 iFEE BBy
I= f (y? — 23)dz + (2 — 2%)dy + (2* — y*)dz,
I

Kb BPlEiz+y+z=h(-1<h<l) GERE 22+ 2 +22=11
Tk, M z BhE 2SR £y m).

M BFfiz+y+z=h{-1<h<1)®WEA r, FrEKHES
K Sn, WS, RSN V1 -RZ EE B S, ik Rm b, BREEE

PR A I RN (cosa, cos , cos) = (%% %) R4
SN AR, H

ds

=1
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4 ;
- —ﬁ/&[x +y+ z)dS

4 4w
= — hdSH——hl—h*
V3 v"_{ )

§16.6 WaEAmN

16.6.1 WAER

BATAE S T2 AR, XL TRECRY, EH
WERBSE M. Mo cnRms, 87 1=
MR (P(x,y,2),Qlx,y. 2), Rz, v, 2)), HERaT LTRSS
S, BHMRBRASH Pde + Qdy + Rdz 8 Pdydz + Qdzdz +
Rdxdy, BRAT LAHE 8 S0 AT & o7 LL7E e EB4, TG & o BL7E i b
B4y, M Pdz + Qdy + Rdz 5 Pdydz + Qdzdz + Rdzdy #EFTIEM
PR, 4R, WA NE SGEAR LXE R A ED — R
KW THR, GifESE P HE ZHANE B TEEERERH S
WAk, EXERNAA SRR, F2E KR ERFIE
BRI AREEHB G2 MK RS ERRI0 B,

W f(z) = flz1,22, - ,zn) BENTE R*(n > 2) PH)—0IA
&, W

df = Zaf 4.

ST LT X, SO O B0 AR R ARk,
RATATLLAY E""”"’}d R N o BM—AET (doy, de,

=1

-, dx,) MRS, Hik, BATTER (dzy,d2y,--- dz,) B —
A A R PR—NEKHE D, C(D)(D MIESETT RN SE)
EIXAE PR




236 R+x¥ SRy LHEaAg

L]

Y ae)dr;  (ai(x) € CY(D), i=1,2,---,n)

=1

Fh D AR —PM—0fak 8 -, —8BH oy B2z B
H D A 1- BRIk AY(D). R, AT R R E
X D, Bk A'(D) tidh A

e A" P9, TATAT A B 2R Hb e SOk SRR |

(1) w; =) af(x)dzs € A' (j =1,2), BX

=]

T

wy +wa =Y (af(x) + af(x))dz; € 4",

i=1

(2) B w= ia,-(mjdm.- ceAl, AeR, BX

i=1

Aw = i{)‘ﬁi{m}}dxt € 4,

i=1

R5h, RATHE 0= 0dz,

FEHAERAE R P FhE S R — R A R T SR ) RRE
sEH, Ml AL B — R ).

MAEER k(1 < k < n), T (dxy, dag, - ,dan) PE k PICE,
BIERHEHE do;, Adzi, A Aday,, BB A HHEA BRI
5. RERE

dzi, A--- Adzs; Adxi,, A Adag
= —d_r;t-lh---hdI{J+lﬁdIi_,f’\“'hdmi|,-
FEMBUE T, 3 i1,da, - i PEIE R R EE, B

dz;, Adx, A+~ Adey, = —dz, Adzy, A---Adx;, .

B BRI ME R 2T R AR, SRR SR, XXl
BAFWAARPAL B B BA RS, FrUAMREERImM LS. Bk, ¥
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Hij=iu(l<j<i<k), Wde, Adzy A---Adz, = 0. FEIIRAN
HCEAMFRFR

dmi,ﬂdm;2h~~~ndz"k {lﬂilﬂ:ig‘f“"&'ikgﬂ).

HATHLUX CF M TCERIT B B MAE O (D) B2 AR A%,
AR PHITERA k XRAER, —HBIERLA v, FH2EM. M
SE X EAED, T vw e A%, BB FdEERL:
w= 2N @iy igei (®)ds, Adzg, A Adag,
lgip <t <igEn

HF aiyip-0, (2) € CYD). w PIZFMRRFHAEIRERS. Frolkb,
AV C1(D) ER A% B) A° B D WESET R B B
B f(z) =1, NIiER L2 m. Fit, BANE 0 HERKSHS
e

U k=nbt A" AE—AE do, Adag A--- Adz,, WiTT A™ B2
— 4R 143 [A).

£ R?2 PR (21, 22) = (z,v). 7 R* B, A2 (z1,22,23) =
(z,y,2). B0, 7€ R® Pk we A2, N o BEEERY

w = Pdy A dz + Qdz Adz + Rdz A dy,
Hp PQ R 2 R FRTEESE AT RIR L.
16.6.2 S HAAIR

SHBUESTENL T ARIKB BB EMKR. — 4 p KM
H—4 q K@D TEA n BISBER wAn, ER—A p+q KT
BUIEERAE p+g < n B, SABAFEI S0 wAn BIFEVIE XL . #

w= Z ﬂi1ii---ip(m}d1i1 J'"ud.Ii? A "‘a'"".d:..-"i" = fﬁ-F,

l£i; <y {"'{ipﬁﬂ-

n= Z: ﬂjlh...j'{m}d:tjl ﬂdez h"‘l‘"\dz_f' Eﬂq.
Ieh <fa<--<igEn



238 Ftax¥ SRS EhHERS

ol

B S T

Lgiy ig<- CipHmn
iy <jg<--<igsn

,IZ.JII|;:I a"\d.']ﬂig Moais ,l"'.,dm.‘,p ﬁdIJ—I ﬁd;r_,h Moo hdqu = .i\,p""q'_

R, M fe Al we A W, fArw XA fu.

HHWAE, M AH TRMERK:

{l} ﬁ fl!fﬂ E JII-'1'1;11""‘E’:|.1f-"2 E ﬂi‘rﬂ E -"iqq ﬁ{jﬁ-

(fiwr + fawa) Am = fiwy An + fawa A .

() BweAlne A, T wAn=(-1)""yAw.

RN (2) AN AR ERNE. e A UE B AT —
AP R TERER RN BT S AN,

(3) W w,n, 0 BRAILE=ARTER, W wA(nad)=(wAn) Al

A TS, Mo dx Adz, TUEFEBRAE dr, 55 dz, B
ﬁ‘ﬁ, P HFERE dxy Adzo Ao Adx,.

1 16.6.1 ﬁ(“’):(“’*‘”’)ﬁn:wuncwmcl

] y(u,v)
fIEmREE, K dx A dy FT du A dv BIES.
% miaseENH
o OTg 0T Gy Oy
da ﬁud -1—3 dv, dy= audu-l—audm
i3] 4
oz Oz ay iy
l:lmhdy (E{,d +5_d) (aldﬂ'#%dv)
_(Ozdy vy a(z,y)
‘(Eﬁ‘auau)dd TRy by

I

I
%l 16.6.2 # | y

z(u, v, w)
ylu,v,w) | 2 Dc R*E 2 c R?

z(u, v, w)
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i1 ' FEBSE, K dz A dy A dz %F duAdo A dw BIZR.
M Eh

dz i dr
dz = Edu B;d”+ mﬂdw,

Ay Ay Ay

ﬂudu ~ a—du—r adw

Oz i Bz
dz = -é—t;-du+ Bud v+ ﬁd“h

dy =

ArEd

_ (o= oz dx dy dy dy
die A dy = (aud +avd +awd ) (aud“""a dv +awd )

_ O(z,y) d(z,y) o(z, )
™ o jd v Adw +a(w. }d w A du +6[ }d u A dv.

iz _ Nz, y) iz ‘ Oz, y)
Fu 3w, w )d v Adw A du +5U lw. Jd w A du Ady

dz  d(z,y)
3w Bu,v)

_ =z, 2)
CO(u,v,w)

dr AdyAdz =

——du A dv A dw

du A du A daw.

FE&WHE&IH:W@MHcR’%Ulﬁﬁﬁﬁ@)=

ylu,v)
u=(u,v),e=(z,y), I AREREEH £ = flu).

AEH— S uo € D, Wieh C" [WIERRE PR, F71E U(uo,do) C D,
{12 £(U(uo,d0)) BEE fluo) = zo H—AKE,. FEN—4£42
BIEE I' C U(ug, do), Wl v = F(I) & 2 AR — &5 R =
flu) ¥ r FIERBEE + BIER ( BIBhA w # © BN EHEEN, )
MR f(u) ¥ v WEFEHESY), WIAR f(u) £ uo LRE). F flu) £ u
W% I MIERBE v B8, R f(u) 7€ ue LRERE. o] BLHER,

(ﬂ“ﬂ)ﬁﬁwﬁﬁﬂmﬁﬂﬁmﬁ%ﬁﬂﬁm&mﬁﬁﬁﬁﬁﬂ
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¥ flu) 7F wo ZRM, MEEEEA we D MERAMN (WAFES
).

TR IR AET TR MR B u =
(ug,vp) € D, FEBIL wy F)—FNH LR

I: {ﬂzﬂ{t}‘ t € (e, B),

v=u(t)

FEREWHL u(to) = uo,v(te) = vo (to € (o, 8)). I T uwe LBVIEF
£h )

. ' Lo

Fu = u'(tu}.
thek v = F(I') BEBEHEA

{z = z(u(t), v(t)),
y = y(u(t), v(t)).
BAE zo = fluo) ALMITIRMFE

k- Yto) _ yu(@a)u'to) + v, (2o)v'(to)
T2 (te)  zh(@o)u'(te) + ol (@a)v' (to)
R ACES ACL

Tl (mo) + T, (2o )

Fit EA
Az, y)
dk (u,v)

s o}

dky [z (x0) + i (20) ku)?

M ERATEH, % ggz*:; >0 B, ke J ke BOMVE LIRS @
4 ug

SHILITE A, B () T uo LB 4 Z20) <o,

flu) 7€ uo MbRsE . RISBMME, — 2B — IR R WAL R

i, B @ 4 D RS,
(1, v)
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y(u,v)

R? B REROFRARE 2 c B2 19 ¢! FEERE. 45 HE
i, & 28 S o XEBRAE dzA dy = 2BV 4 A qy. 43

A BB T B AR, ( ; ) . ( 2(,v) ) RKH D

A u, v) du,v)
# (*) _ (“{“"”) Agrant, ny 2@0) ” < 0. BAERAE Ouv P
v ylu,v) (u, v)

Ef u BRSO v 8, IR o BiUR o ﬁ B4 v = v, v = u, W] iR
Aol AT 7

dr dx dxr Oz
oz, y) _ o' o ‘:' v Bu !_ﬂfIny}
d(u',v') dy By dy Oy A(u, v)
' v Bu

M

oz, u) , _ O(z,y)
dz A dy V= ,}d A du M. }d u A dv.

B, 2 flo,y) B 0 FOTTBURE, s ( e ) . ( #(u,0) ) ®
Y y(u,v)
RN, A

= v w L(z,y] i
fﬁfkay]dzndy—/ﬂjf(m{u, ), ylu, ”fi‘{u,u]d A du.

s (7) = (500 AR, G

f f Ha)da ndy = j [ fata uify(u,v}}gtﬂ a5 N,

FEE, & n BB AL R. XEH 175 AMSIEAN S
BlUE, BMNETH D2 R AR L% B G HE LLAr 3200 1E
5. M n >3 0, —EARNREEAZIEE R? AERBEERE S,
EIX B RATMAENAT.
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16.6.3 MRS

WABAMSUTR—NEENET, A HET LRSS RI1¥
WMEEEES Bk FTERMEM R (n > 2) PR D AR
ERG I rX—E.

EX 16.6.1 Wwe Ak (1<k<n), BN

= Z Ofydg.o {mjdxil A d--vig 4 'C"IIEJ”
L€ <ig< I SN

B ok+1 IR TEl

3 (zf’“aTl“’}dI) Adzs, Adzy A~ Ad,
1< <igg- g En | j=1 )
A w BISh Sy, iCh dw.

B Yowea if,de=0 YHwea HuwiE A RTERN
HFRERERE D A C' BB, R w i O MHER, X dw i
RENAE D WL, BHEITIE d(dw) £ d%w (RZ R8s, Bl 4
o sb Ry, MEERE o £ C* ML, B w eiaiim e R
BEE D AEFET SR

BB U HEG A 4 R TR R

(1) ¥ wi,we € A%, W d{w; + wa) = dw; + dwa.

(2) Bwed, ne A, M dwAn) =dwAg+ (—1)*wAdn.

(3) M we AF, Hw £ C? HH A, ddw) = d%w =0.

T O B B 45 T

FEEIR R B A S

(1) © w = P(z,y)dzr + Q(z,y)dy, W

_ (2 _or
dw = (5‘1 By)dxndy.

(2) ® n = P(z,y,z)dz + Q(z,y, z)dy + R(z,y, 2)dz, M
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s 2 B s (22

dy 8 dz  BOr

8Q aP
+ ("&—I" - 'a—') dz A dy.

(3) B 0 = P(z,y, 2)dy Adz + Q(x, y, z)dz Adz + R(z, v, z)dz A dy,
ﬂﬁ ar @ OR
- (2228

e ay‘i'a—)dr.ﬁ.dyﬁdz.

AN RMNGEN, 7T R PH—MRLEX, RIOTEHR
B R PHARMTELEA#S. Bk, 3F—4)L#& D (HX
B, M. HERSF), B LARSMEOr IRIERK, MK i AX IR
WG IE i 2 AT AL — 5 A

fdu.rzf w,
D an

w2 D FH—4 O @R, 8D BUERM.
b
B AR AR f Flz)ds =

i ()| = 1(0)-
fla) BRE w = f(z) T a,b Fi IRy, HRARBA SR f T
n
! W}Eﬁs :KI.‘-F D= [ﬂ'+b]|aD = {ﬂsb}'

ap

A f dw =f w HFCARERER AN, REnk, £FARS
o an

oy 3 e BV ST LA E AT AAIE A 0620 22 F B A - e A JE B A K, B
CANATIE AR A8 3R A0 JE 3 2 AR B 43 B A4S g 2

F5h a2 4, MORARAFESMES, BEE R PR
EL A LAHEM > W A . 0T X BAE M S R R
RYMMH, EXBRRMNEARITXHEAAET.
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816.7 HIZBI N SR

#DcR B—PEE uz,yz2) & D AR C B, N du =
updz + ul,dy + uldz & u(z,y,2) T D AR, S5 A e D, WX
TVAeD A5 Ay ZEMATH D AL E£0BGEM M ER.
WRBANGHEFERE—FMER MLl 4, hilEA, LA KRS 3
¥R, SRIG v T S0

f ugdzr + uydy + uldz = u(A) — u(Ag).
r

WA, uidr + uldy + uldz £ D PIBEMLH MR BB, B
WO T bR R S 5, T hER MRS, M T XIS, &
1IN LL TS,

EX 16.7.1 W DR A—PERK, B Pl y,2),Q(z,y,2),
R(x,y,z) 7€ D WELE. WMEXMTF VA, Ae D Kk D BEE &KL 4,
AR, A RN BORM e I, digkBl4a

f Pdz + Qdy + Rd=z
p

IS Ag, A 2, IS 4R I BOBEIRTE, MIFRHhE R4 f Pdz+
r
Qdy + Rdz £ D AEBEL X

MR ER B B AT LR Y, iR iR B SRR
BiR D W13 F = (P,Q, R) B I RBAKLFIR A, BE)E5 A
BT TIA BT R T B E BB R, T R AHKBUR FiE s i R 5.
MBI L&, TE 3 h B RA SR, R T 0 A BT i) o 2 4t
FAE (M) IX Y £2 2 ] i) 2 B R .

BRAE, BAIRBFFIN T D A EM =R P.Q. R, i il

gﬁﬁj}ﬁ Pdr+Qdy+ Rd: TE D N BB EX. B P(z,y,2),Q(z,y, 2),
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Rlz,y,z) 226 R P D A=A EE, FH/FE D ARIATHER
B ou=u(zyz2), EH

du = Pdz + Qdy + Rdz,

W u 3 Pdz + Qdy + Rdz B — 1 [RE®. Kk, Pdr + Qdy + Rdz
FIR RS u S R FETRRE o, 8 Pdz+ Qdy + Rd:z
2 u B2

AN, R EWER L T A EE

T8 16.7.1 WD & R PHEXSE, B8 Plzy 2),0Qx, v 2),
R(z,y,z) £ D RELE, WLTF=AaBE-

(1) M LFdI + Qdy + Rdz £ D WEBBEIX,
(2) 3 D WAEM4r B M thek I, 7

f Pdzx + Qdy + Rdz = ();
7

(3) Pdx + Qdy + Rdz /€ D AHF
1E 5 R H r

MR IR (1) = (2). W T
B D WAE—&2TBOLH 2 4 ih .
fEr EBUERS Ag, A, W I BT
M Ay BliE A BIREHE N, Iy, I,
ooy BUhER rAIEm, D I T @
e (P 16.7.1). 8 (1) BATH

Ay

B 16.7.1

0= Pdzx + Qdy + Rdz — Pdzr + Qdy + Rdz
S My I's

: [ Pdz + Qdy + Rdz
F o T

=f Pdz + Qdy + Rdz,
r
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B (2) AL,
FAE (2) = (1). MT vAg, Ae D AFEFESELL A, A, A AR

REENdE N, r, & nur, 9f—&4458% ¢ r=nury,
E:ZINE=

Pdr + Qdy + Rdz — Pdz + Qdy + Rdz

M o g

” f Pdz + Qdy + Rdz
rury

==j' Pdz + Qdy + Rdz = 0.
r

M nuly RRAYHEN, 78 D AER—%MAE A BlAS AW
HHMER ry, 8 norn,, Rur, BReY e, WM 16.7.2. L
i ATiE R

dem+Qdy+Rdz:f Pdz + Qdy + Rdz
(1 Iy

= Pdz + Qdy + Rdz,
Iy

Eit (1) Bor.
BUAE (1) = (3). HUE Ag = (%0, Yo, 20) € D, EHR A = (xr,y.2) € D,
T

u(z,, 2) = fr P(€,7,0)d€ + Q(E, 7, C)dn + R(E, 7, ),

e 1o b D P—F M Ao B A BIEE e .

MF AcD Bk ARDMALR MFESIG Az, H
Aaz = (z+ Az,y,2) € D, TREE Adp, € D. 18 Faz = IoUAAp,,
miE 16.7.3, W

u(x + Az, y, z) —ulr,y,z)

zf Pd{+Qd¢;.-+Rdcu/ Pd¢ + Qdny + Rd¢
las o
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=f_ Pd£ + Qdn + Rd(
AAdss

FAT
= f P(&,n,C)dE = P(r + 0Ax,y,z)Axz (0<@8<1).

I
AL A
Ag
T, To
M 16.7.2 M 16.7.3
s
_@ — i u(x + Az, y,z) —ulz,y, z)
dr Az—0 Az
= bliIEDPEz + 0Az,y,2) = P(z,y, 2).
lﬁﬂﬁfﬁ‘f% ~QR =R

B P,Q, R WPESENES, du = Pdr + Qdy + Rdz 7 D WL,
I u(z,y,2) 2 Pdz + Qdy + Rdz A A~ R %L

BWJGiE (3) = (1). ¥ u(z,y,2) WL du = Pdz + Qdy + Rdz,
W Ag = (zo,¥0:20), A1 = (Z1,1,21) € D BEAEEMA, B —% M
M Ao BlA A B4y Botit ik

z = z(f),
r:¢y=y(t), telap,
z = z(t),

H {m{a},y{rx}, z{ﬂ” = [IDSHU!zﬂ}i {z{ﬂ]!y{ﬂL Z[ﬂ}] = {Il'lyl'lzl]l ﬂ'l
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f Pdz + Qdy + Rdz
r
A .
=f [P(x(t), u(t), z(t))z’ () + QU (t), y(t), 2(t))y'(t)
+R(z(t), y(t), z(t))z'(t)]dt

_ /"" du(z(t), y(t). 2(t))
o dt

= u(z(8), y(8), 2(8)) — u(z(a), y(0), 2(a))

= u(zy, ¥, 21) — w(Zo, Yo, 20)-

B T s f: Pdz +Qdy + Rdz % D SAERERX. iEHE

4 il 25 B4 [r Pdz + Qdy + Rdz £ D N5MBEXN, 4T

{I|.].I':|.21}
Ao =(z0, Y0, 20), A1 = (z1,3n,21) € D, Bf1H Pdz+Qdy+Rdz

{®o,p0.%0)

HFTR D WA Ao B A, BT — R BB HEBUS

K T AR 00 AR 5 B TE R, BRI R
43K A — AL B D RS B—AKM, MR D AT
Mk I MAEAE D ELEIGR D A — A, WH D R
RS FHAT R P gEHKE D, D NBITUA <7, W
R T A3 ) S R S T 0 6 4 0 R T 5 B S R
RAGER T AR AT D B AR ST D PR
— A BOLRIL SR I, RATETTLZE D AR IR
U 5. AR I = 05, ERTIEUE B T TR piu
X E RN T (R R F S B AE NS R AT A D 4
Uiz st

B 16.7.2 WD c R EREERE, B P(z,y.2), Qx, v, 2),
R(z,y,2) f6 D WAAEGERSH, 1 ihLH 5 j; Pdz + Qdy + Rdz

£ D ASMEERNRMLEFNRE: £ D AF
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oR _0Q oP_or 0Q_op
dy 0z’ 8z Oz’ oz oy’
B i) Bt
i ik
i a d
Bz EI; Bz =10
P Q R

ER oren @ f Pdz + Qdy + Rdz & D WS BREX, I
r
R E 16.7.1 41, FELEE A D WIATEGER S u(z, y, =), 678

Pdz + Qdy + Rdz = u dz + u,dy + ulda.

Bk, f£ D e
aR Pu 8%y aQ E‘P *u B *u _ R

dy  Oydz 020y 02 0z 020r 0z0z Oz

@ 8%u 8*u _ P
dr  dxdy ﬂ'yaz T oy’

B S B ST
ot AEI D A—4BOLRBA A ME I, 4F D W—4%

Frot i a o i s, 4618 65 = r, HikE S fAER © @A iE
o], R AARNE
dydz dzdzx da:dy

dex+Qdy+Rdz~ff % By 72 = 0.
Q R

M 16.7.0 %, [ Pdz+Qdy+ Rds 1 D A SHBEX. EHE.

A1 T RATAETR 2 I 30107 1 B3l 7 ) B R AR - SRR KR,
BATTADOUE B #h &5 H T h S 2.
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EHE 16.7.3 #W DR B—KEH, A Plr,y),Qz,y) TE D
POEELE, LA T 540

(1) WRB [ Pdz+Quy tE D WSBEER

(2) 3 D PEFTABOENHNZ S e I, }Q Pdz+Qdy — 0:

(3) 7E D WAFERT AR u(z,y), 8 du = Pdz + Qdy.
4D RPEEXSE PQ AEEERSEN, N FdK S5 E
B =AW 5S4

. 8Q 9P
{4}1‘EDF’§E!EJ}£E=5—H.

SE A UER 5 e B 16.7.1 ) 16.7.2 WEBE A EEMIE, AR
B (4) B, A BRH LR
Bl 16.7.1 g E = {(z,y) : z € [0, 1],y = 0}, iEBH fiRB145>
/ zdy —ydz  (z—1)dy — ydx
r i 4yl (z —1)2 492
fE D = R\E W 5BRELX.
MERR W Iy C D RE—F2BEH A Y HE, 2

;- [ zdy—ydz (z—ydy —ydz)
r, @+ (2 —1)24y2 '
il _rzf zdy—ydz [ (z—1)dy—ydz
ro 2*+y? ro (@—12+42
HT
dr \z2+y?) (24422 Oy \a? + ¢
& .

a r—1 )_ yz_(;l:_.]_}z
E((Pll“ﬂf“ T (= - 1)+ 2]

-5 e= )
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Bk, MERBERLA LML o c D, ® I FTEREMR Dy, #F Don
E=o NHEH 167358 I1=0. %4 Ec D, B, 4 (0,0) & (0,1) ¥
fE Dy W, M\ # 16.5.2 @

dy — —1)dy — ydz
[Hyvls_,, [ lUdyows
r, T*+y re (E—=1)2+y

FFERES 1=0. f1EH 16.7.3 &, LS

j‘ rdy—ydz (x—1)dy—ydx
r @ +y? (z—1)? +3?

f£ D A SBIEEX.
EORR BE RN{(0,0),(0.1)) AKE MBS

/' zdy — ydx B (x—1)dy — ydz

r ?+y? (g—-1)2+y*

Me®E D ASBEHEX Hit RNEFEEEY, £ RN\ {(—x,0| U
[1,+00)} WZMERSSRBLX UEMNERREERES, RIE
T8 LR B 5 1) B, 7678 B IR AT AT LA S i 4 Hh i X 2 i £ R
S EBBRT R A,

) 16.7.2 ¥ f(r) BENIE (0,+00) AM—CEELEFRY, K
HBor=y/22 +y? + 22 iEH: JEKE D c R®* ARELAN, B a

j; flr)(zdz + ydy + zdz)

£ D R SBRTX.

ERR (), NTTEAAE RS u(r). Bu(/a5 52+ 20),
WY D AABUSR, #
Bu Br du or

du or

= f(r)r de + Ldy + 2dz)

du

= f(r){zdz + ydy + zdz).



%2 Btax¥ BHERSEHERS

MER 16.7.1 & /r f(r)(xdz + ydy + zd2) £ D N EBBI K.
FEHEARE (), RNTUBBTSE R DASEANK

BAMEK P.Q.R MW [ Pdo+Qy+ Ri: & D REBBEX
BERMNME— F TSR F R, WL EMS Pdr+Qdy+ Rdz,

W L Pdz+Qdy + Rz TR D A SHBEXM, mTRIE D &

B R u(z,y,2), W du = Pdz + Qdy + Rdz.

BFHERAERRE: & T
du

ﬁm_F’

= R,

Sk

on

oy

# v,z BAWE, R 32 = P XTF « RFEBAW
u(z,y,z) = f Pdz + p(y, z),

Sl oy, 2) Y5 = KK (,2) WEZEE EERITH

y =Q == f Pdz.
fE L EAMUY y RACH 8

plnz) = f (Q = —[Pdm) dy + ¥(2),

Kb o(2) BY y BXKM 2 BFER . ERRITE

a a ad
-3 [ (] (o= o))

£ _EiF ARt 2 Eﬂf'ﬁﬂﬁﬂ‘ﬁ

o[- & e (] (0§ f i)

s 9=E: A0k
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u(z,y,,z;:fpdﬂf(r;——fpdz) ay
f[R~ --—f.’-’d:c— z(f(qu—fpdm)dy)]dz

BRI R B D P8 Ay = (z0, w0, lo), FFT
B —R A= (z,y,2z) €D, 7E D NiEHF %R A, A BB TKith
KW HERR, RS T SRS

@l 16.7.3 1 R® WK ulz, . 2), 8

du(z, y, 2) = (yze™* + 3z*)dzx + (22e*V* + siny)dy + (zye™* + 22)d=.

i

P(z,y, z) = yze™* + 3:'92r Q(z,y,2) = zze™* +siny,

R(z,y, z) = zye®™* + 2z.

75 WA e o
oR_0Q 0P _OR 0Q _oP
Ay @8z’ 8z 8z dz By’

B it ﬁ Pdz + Qdy + Rdz f£ B* A E58BELX.
TFHEIRNAFERTEERR u(z,y, 2).
Fik 1l O < et 4 32?, BA @ REEBMG
ulx,y, z) = e™* +2° + p(y, 2), (16.7.1)

Heb oy, 2) A = BRI (y,2) BFFERY. EXHUXN ¢ RKEWF
HE

du dy
= ol 1 =— = Ty fuL 2 -2
Q(z,y,z) = xze™* 4+ siny By rze™® + By’ (16.7.2)

At % — siny. ERATLX y REERHE

ply, z) = —cosy + ¥(z), (16.7.3)
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b y(2) B4 =,y BXRM 2 FE RS #E (16.7.3) RAR (16.7.1),
Btz RIS ¥

Fa
R(z,y, z) = zye*™¥* + 2z = £ = ryeV* 4 9(2),

AT o'(2) = 2z. BEBHARAERD R v(z) =22+ C, Hb ¢ H%
. Hik

u(z,y,2) =™ + 2% —cosy+ 22+ C.

ik 2 B R PER—HKPORERN (60,0, #R N, 004
B (0,0,0)5(€,0,0), (£,0,0)45(€,n,0), (&n,0)5(£,1,¢) FILRE,
W rur,urs %% (0,0,0) 5 (&,0,¢) 19—%5BO%iE L.

HTHER S SRR, BRIEE Pdr + Qdy + Rdz I— R
¥

LE'“I‘:}

u]{e,mc}=fm ., Pdz+Qdy+ Ra:

£ n '
= f P(z,0,0)dz + f Q(E, v, 0)dy + f R(E, 7, 2)dz
0 1] 0

£ m L

=f 3r’dsx +f sin ydy—}—f (Ene’™® 4 22)dz
0 0 0

=£€% —cosn+ 1+ et — 142

=e*™ 4+ €% —cosn+ (2.

¥ (&n.Q) BE (z,y,2), HFEBBHANRBHTLURE-INE, B
s

u(z,y,2z) =e*¥* 4 2% —cosy + 2* + C.
§16.8 1 ik M 1t

SRS RIE TR, Bt RN SR P X
S NG, B LB AEER. B, 5105 . #H%. R
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B el LU — A e ok R, N s R — My WEH—
A PR RO, WFZ35 0 B E. PN, %R SRS R
By, TS| 3% 5 R N 2 ) .

T SR A EA K, M E AR X, X FRohi
ESR, WHERAS| Sn R R e . 0 4 S B A 4 e oL B A B ]
HIZE T AL, X RO RN TRRESS.

16.8.1 EBRIFRVRE

HMHEEMNCSN B TEEMBS, TEXERIERE-—F, #u=
u(z,y,z) BEXE D c R® A—PEEE (RIZE LR,
SEhr LR T M EHMAMEE MRS EELHER TR v =
u(z,y, z) RFR), WY o R0l BEREE, o MBS

du du du
grad u = (E’E_y' E) .

B zy = (zo,w,2) € D B v = (cosa,cos 3, cosy) RH—Hr A

i, Wit Ay iR B RTS8

df(xo)
dv

=grad u| v

T

—(@cuaa+@msﬁ+au DS )
s \2% By 8z """

B grad uLﬂ 5y FRB, 4 @0 4HY v 877 10 SBOA BB A, #fy

TR, —NEESH R R N RS ESSERR R A, K
] A HEEOL SRRV 20T @ 3. e MBS AR S 3R
ZH S AR R AE IR,

B 5 BRI M F O @ U . RS AIEEEEE D AL
T u(z,y,z) = C(C HHH) MRS 2 u(z,y,2) RAREFHHE
JERI (Wt O ), MEBFCE- R thm. B, FAEA
AEFEAEISAEE, B D NE—AEEX i L. S
ERTE, —PREE M lhE. SEUEE—thEe, mRMNcs
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SIS MR R (gg—:g—“) i, BRELES = € D A

EHLE Y u 7E = AbAUBEIE grad u] .

16.8.2 [EEiHERE
B DR A-TEE, &£ D AT 1w
F(z,y,z) = (P(z,y,2),Q(z,¥, 2), R(z,y,2)),
Kb PQRED ABEAESMRIY BMER T B D AR —FKX
WHaheR, RN
z = z(t),
= y{t}, te I1
z = z(t),
Wi ek EE— bt N (2/(t),y'(t),2'(t). HEXNF viel, %
i S F(x(t),y(t), 2(¢) BT, MMk r %4 F B—&a68
8. BT (1), (t),2' (1)) ‘F4TF (P, Q,R), BINH
F(B)dt _y'(Bdt _ ()t

P Q R
BY I _Ef d 2 2 & dy ds
P Q@ R

FEHBIERELS LR TBRAMEA F NERE T DANC |
BEPORE, o D A8 — 5B BERF—FmE, JFHARNE R
HAHE, FAMREEHEE D. XTHREELERSEEA T
.

%l 16.8.1 WA F(r,y, 2) = (z,y,2), R F & B*\{(0,0,0)}
Y ] 2R

B B (zo,u0,20) € R?, B (20,70.20) # (0,0,0), FEHB zo # 0.
THRRIRKILR (0,0, 20) HIRIEER. B
dz _dy dzr _dz

T y' ooz z
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ﬂly 1T, 2=0aT, ﬁ*c;,m%%ﬁﬂﬁ ﬁﬂﬂlﬁﬁ!ﬁ&ﬂﬁ{ﬂm Yo, 20)
5-:“ L= ‘!:Turcﬂ = z_ﬂ' EI]

BOISHEL — = = = JULFLEA, e R R 2 R

0

16.8.3 EERFHLOBE

B F = (Plz,y,2),Q(z,y,2), R(z,y,z)) BEZMEE D AK—
At RS (R, N FREER MR, HEXh

aP BQ daR
-l

bidsE R L R b S AR RAVERUE XK, A IR LU=
WA KIEHZ. £ - B F B RES. £6 D P—A =,
Bh g s, r B E— Bk v, (18 V., c D, BEL 6V, SR
frgm A n, W

f‘/;VFF-ndS=]fﬁrdideK

B A Yl T R 2 LT X, Bl 4 X i AR i i B B v ()
MAESMELL oV, BIARE, BILEA KT SIERNER. GERS
S EEE f

divF =

f F -ndS
div F(zo) = lim MV, ,
HpROMNBH v, Fom v, B0 st iR & AR T
MABRRBEER, A~ p BB Y A w4
MTEFEXE D W AFEERSEORRER F(o,y,2), &
EHEE divF fE 20 = (20,70, 20) € D 0ARREF, MY divF(zo) > 0
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B, XFAEA —PMEE 2o BFRSDRAME S FENEKK V, H

ff divFdV > 0. B2z, sk My e St f oy 1E. &
L

Iz HFOS M BRZMNE. k2, 35 divF(zo) < 0, NIXHET N EE
H xo BFE /DA #E, AR BREMREREAE. ZEN, o B
R, 2 divF(xzg) = 0 B, W &RiE F &£ =, L XiF.

16.8.4 [)RBIFAIGEE

mE L, B F(z, v, 2) = (Pla, v 2), Qz, v, 2),
R(z,y,2)) AEE D c B AE—4 O Wi e aX
o, SHBIN TS F A X &

i b k
a a8 0
dx dy oz
P g R

FAFRM RN F FRERE, A rot F.
WS R el i, o5 22 Bt ek, HIER
5 S e Bfrik R & n 89E B MR 2 X8 R4

f Fdz+Qdy+Rdz=[[ rotF - ndS.
a5 8

FREDHEBR T EERA F I oS MR, 2 BBk 3 Fds,

Hb ds = (dz, dy,dz). HSLE RS AR REERULX.

A X5, ROV T 39 B A th S A PR RIERE R, Fsk
k, FEBLEA 2o € D A, 488 r B/PEI—EE S, C D, BUE 85,
fidEs S, MK RAER R n RF 2 U

Fds = / f rotF - ndS,
as, 8,

N]
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Fds

. . as
limrotF -n = lim s
fai| r=s(] mr

BT S, RER—NEE, AT n TIE =, HREOER 7R, EXER
B [ f rotF FEAEMJ5 (7] A BLEE S SO T A4 R LK, AT rot F
SAGRMEREX. BTN R, RESHREEVIHEXN. ¥

S, HELS fr Pdz + Qdy + Rdz fEKH D A 5BELXM—4

DEEZMR F ORELLAE M F AEEELE DTN, BIAK F
A—A- T hEs.

16.8.5 —ETWEWNT

Frill “HT RIERERESENS (R, MRANS) 01—
HASHINEN. MR EITRT T —2Kki0ia 5. T S RITEEN
FHAEEMHT.

1. BRERWNT
M@ JRW (Hamilton) | 7E R™ P55 7L F 8T

g 0 i
N (31‘1’3:1:2‘-” ’ﬁxn)‘

BINMHEETHIRERENT XNTXE D c R™ ARTHER
f{zlszii A !Iﬂ.}i ‘%ﬁﬁ*‘@ﬁ? A" zd. f E‘]‘f'ﬁﬁﬁii‘f

_(8f of = of\_
W'(axl’&mg‘ ‘az,.)_“’“df'

BSHWAE, MHRWHT vV AH D THR: ®ceR, f,g BAH
¥,

(1) V(cf) =V /:

(2) V(f +9)=Vf+ Vg,

(3) V(fg) = fVg + gV /.
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Hhh, R higE S F = (P,Q,R) MEETRERA

9P 0Q O0R o
dwF-aI-r-&yul-az_v F,
W F WMEERERA N
i J k
a a d
rotF = oz E‘E B =VxPF.
P @ R
2. HERNTET

THRNMAB _AEEET, IR T £ R &, 8
BT IE N

ﬂ%&gﬁ DcR™ Wﬁﬁ':ﬁﬂ‘ﬁﬁ‘[ﬁ@ﬁfﬂﬁﬂ f(zhmm' ok h'-rn:':
P RS T A X f ERE N
e
Af = ; 5
% U= f{mlnxia"' :aIfl.} :E D ﬁﬁﬁﬁ
n B“f

i, ¥R u ch D ARIAF0ES.

BR—TeE () HARER TS DEEER [(2) WAKR
B MoREH u = f(oy), EHEL K Au= 2L % _ o,
u = flz,y) REMBEE. EHFAELRIU, o cosy, 2zy HR MR
ARRR A EERNILR, 45 SRR A A,

#16.8.2 W DcR® BREBRXKE, u(z,y) £ D ARENSE
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. EY RS fr W,dz — uwdy 7 D WSHBEX AILERYK
% D PR
MERR  H1T Pdz + Qdy = uldz — uldy K

0Q 0P _d-u) oy _

Pu  PPu\
o ek Dy ‘(@*@)ﬂ’*

FRERE] D RNEHKR, SR 1673, [ ujdz - udy 1€ D
r
WS BBE K.
B vz, y) B ude — uldy B—PERYE, W
v , v,

ar =W

a—y = —Uy.
v v Pu 8%y
Al 5z T 92~ Oydx  Bzdy
BrLd v(z,y) & D P A A e

i Roul(z,y) &2 D AMEARYE £ LFTRBEE D AR
B vz, y) RN u(z,y) MR AFRER.

=0,

JE+N

18 REE R R —ROERNYR R, RN p(z,y,2)
£ FES, WK I 9 0A .
2. PR r R - 2% + 7 = 1, RFAE AL

(1) fr 2ds;  (2) fr syds;  (3) fr 22ds;  (4) fr lz]ds.
3. WM N ARHE 22+ +22 =15Vl o+ v+ 2 = 0 AL,

RTFUFH— B LB

{l}j;zda; [EJLzyds; {E}Lw“da.
4. K TS R BT
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(1) L:cy{z+1]d3, e r BB gk

(a) x = cost,y =sint,z =0,(t € [0,2n]);
(b) = cost,y =sint,z = t(t € [0, 2n]).

@ [ (of +u?) ds, Kb 1 iR 23 43 =k
(3) j;zyzdﬂ, }E:Pf'fﬂﬂhﬁxzt,yz‘—;tETz:l{ﬂétél].

(4) fr (izi) ds, X I' 3 R™ FEERASA (L1, 1) M
gE
5. B f(z,y) 1€ R* AMJEHT LR L LRELE, X f(e,y) T L

Jlz,y)ds
EHPEMEN L — f K fzy) =2 2+ =1 EBF
ds
L

BA.
6. WA f(x,y,2) ER KM r FiESE GEMH: F#7E (6,10.0) €

r, 7 frf(z,y,z}da: F€nOL, 3o L 3% I 130K

7. WH TR R ih R4

(1) L (3z* — 6yz)dz + (2y — 3zz)dy + (1 — 4zyz?)dz, HP r AL
bk

(a) MR (0,0,0) B4R (1,1,1) HEREL

(b) MA (0,0,0) Bl/A (0,0,1), BREMA (0,0,1) Bl (0,1,1), B
JEMAL (0,1,1) BlA (1,1,1) BIHTER.

@) fr{y+z]dz+ (2 + 2)dy + (z + y)dz, F ' %

(a) B4R 22 + 4% =1, 2 =0, )\ = BUIE W H EZHOE A& A,
(b) BREEER = = cost,y =sint,z2=t(0 <t < 27).
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2

(3}f e*(y+2)dz+dy+dz, HH F%JHH&{ 'V (0,0,0)

2=z
Bl (1,1,1) B4

@ [ @+ 9z @ gy, b T KM L 10
eS8 S RAIFES, AR (a,0) Bl (0,b) B M.

(5) ﬁyd:r+zdy+zdz, e r hhek

T2+ 4% + 2% = 2z,
r4+z=1,

M = BHERA X, © BUSEEF .
8. WH FHIS - R phEBo:

o f vz | sytus

r :J:2+y 132‘1‘1}2

Hep r AU F#ig: (a) 22 + 42 = 1; (b) N((0,0),1).
9. MM MEH S ] Fdz + e vay, b I RTIA
r
H (0,0),(0,1) 1 (1,0) BI=AE, BUEREE @)L

10. WA P(z,y,2), Qz,y,2), R(z,y,2) TEXBHME I c R L
S B M= ma.x VFF"‘-I-Q:-#R’ L& Bk, iE:

(z,y.z)E

é 4

dez+Qdy+Rdz
i

1. W rp BB 22 +9% +22 = B2 50 az+ by +cz+d =0
HAER REBE  lim zdz + zdy + ydz

R—too Jpp (2% + Y2 + 22)3/2
12. KT thiin a9 :
(1) Tl 2z = 2 - (2* + ¢?) 7€ Oxy Vi L IH4
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(2) BRI 22 + o + 22 = | BOhET 22 + 42 = ; e R
IR 43

(3) ¥ 2? = 3(2® +¢°) ¥FH = +y + 2 = 2 il FEMED

BHEmE 2+ =122 +22 =1, + 22 =1 A&/ FRD;

(5) Fifl ax + by +ez+d =0 (c# 0) HEEABH 22+ =1 A
igfiils 8

13. BBHER B D 1, RIEERD 1, SRR (A afEm).

14. R TFFIF—R i

1) f fg 248, Kt § B RRIBRTE A LR WA 22442+ 22=1,230;

() ffzzyﬂds, b S R a2 +y2 =1, Pl z=052=1
&
P S s 2
@) [[ #9745, et 5 RAGRT 22 447 +27 = 1,

(ﬂjﬂmﬂ&ﬁ*SEﬂﬁz=JFTFE?Wﬁz=1
5 z =1+ h(h > 0) ZEFE;
(5) f f 248, b § BT
5

T = uUCosSv,
y=usiny, (0<su<l1,0<v<2m).
2=

15 W MMmERE S: 2= 22+ MLV 2 =y FAMES, H
HEREBREN plz,y,2) = V1 + 422 + 492, LR H AR,

16. KM 22 +3° + 22 =1 (LT HEMI z tana = /22 + * (ﬂ::a{%)

P BB B B A B
17. R FFIE B i B 5
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(1) f./;{—y}dydz+mdzd$. Rp SEFH 2=8r—4y-5 1., H

BT Ozy Pl LEAFRERLL (0,0, (0,1), (1,0) AT AH=MATE, WS
iy ol

(2) f j; z?dydz + y?dzdx + 2%dady, HH S K aN((0,0,0),1)
S
(3) fLEydydz + yzdzdz, P 5§ Al 22+ 2 =1 5¥W 2 =

0,z =1 BriflsrekRmmaa s,

18. Bt § N RLrERIET 22 + 7 + 22 = 1 AU, RFFISE R ihmE
B}

(1) / f 23 dydz + yPdzdz + 2 dzdy;
s

@) [[5 (22 -I—migd:zz}g'

19, iR R e ﬁmﬁ{vu,n}ds, HP rcr? 2—&X

BE LR, vo BRIEBEN M, n £ r ML SR &
20. FIAIRER AT T 508 0 i R4 -

(1) ﬁ dzydz + 2ydy, Fb 1 R (0,0), (1,2), (0,2) HTAM=
e,

@) j‘j., 2zydz + yPdy, R I R BFAEREE (0,0), (4,2) HH
y=3 5 y=z HRIH AL

I
3) f (a2 + day)da + (22 + Sy)dy, 3o T RMEA T+ L~ 1
r

(4) ﬁ(za _aPy)dz + oydy, B T 2 D = {(z,) 1 A< 22 447 <
16} M7l 5
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(5) f (2z%y — y? cos x)dx + (1 — 2ysinz + 32%y?)dy, Hh r £
r
Wi = = Zy* A (0,0) B (F,1) tomss:

(6) fr:e’ siny—z—y)dz+ (e cosy—)dy, He [ ML y = sing

M (0,0) Bl (,0) M4
21. WPHXE D G#thER B, O D MEEA A, KB

R EhERER 4 j;{alz: + by + 1 )dz + (azz + bay + c2)dy.

2. RIB-MURB) § WMWY g 1
]

SEHE A — &R ML LR, Hig (0,0) £ I FIASE.
23. R ARUEI LS dhek r B A 7 A XA LR T i

KERAR A = ; fr r2d6, IR r = 3sin20 FrEH R BRAES —
SERIB A BB,

24. R A HEEIS }g (ina® + ) + (20 — 2y,
D = {(z,y): 2% + 42 < 1} BRPrEE

25. R R dh Lk ﬂnyln:':dy. HPD={(z,p):1<y<
Je¥<z<el}

26. @ D= {(z.y): * +v* < 1} AHBRLER, a,b,0 € R HE
BN, uEM - a(z? + y?)*dz + b(z* + y*)*dy = 0.

27. REHLR { y=acos'h o o) BrEA REIR RIS

y = asin’t
28. F A B AR PSR i E B
(1) f L zldydz+y dzdr+ 2 dedy, H9 8 HRELIEH & {(z,y,2)
0<a,y z< 1} BISME;
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(2) f [S zdydz + ydadz + zdady, 3 S M 2 = 4— (22 +4?)
55¥H 2 = 0 FriB Az i s u;

(3) /./; xdydz + (2y + sin z)dzdz + (z + € cosy)dzdy, HP S 2
K {(z,9,2) 1 1 < 2% + 4% + 22 < 4} HSM,

(4) f j_; 2dady, K S BB 22 + % + 27 = 1 BIFMI,

(5) f f (2% —z)dydz ~ zydzdz + 32dxdy, Hh § BR#lE 2 = 492,
s
oz =0,z =35 Ocy P HE LA S
29. ¥ S B—MEHEE AT, n bR R, vy H—E

e J5 16, UEW
ff cos(rg,n)dS = 0.

30. BB f(z., 2) ERMBETE 5 ERH PELERIH,
wn ([ Sas= [[[ (B2+5 i djf)dv Jsh D & S BifB

MK, n & S FIRLINERE.
31. | FSTFE T EOR T 4R — R phER B4

(1) f ydz + 2dy + 3ydz, HP r BERE 22 + 2 + 22 =8 5F
r
W z =z +2 FAEER, W R EIUBR §1 77 1.
dydz dzdz  dzdy

8
{zjfj; E% ﬂiy 5; |3 S RHE 2 = 2-y/z% + ¢

r—z z3+yz —3xy?
£ Ozy iy 3o, B B
(3) f{—-:ip}dn: +3zdy +dz, P r BREWE 22 +¢y* =1 5F
r
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i > =2 MUACER, M A BB EF 7 1,
{ﬂfwh¢%hﬂf+ﬂmrwf+fmaﬁ¢FE&EE+
r

V¥ +22 =2R: 5EHH 22+ =2re BIZZER 0 <r < R,z >0), \
R (r,0,0) B EZBUSRE 716

(5) jé;(z — 2)dz + (3z — 4y)dy + (2 + 3y)dz, HP I RLUF ihek:

(a) I' = {(z,9.2) 1 2® +3* = 1,2 = 2};

(b) R (1,0,0),(0,1,0) # (0,0,1) =M.

32. & S RIS, B¥ Pz, v, 2),Q(z, v, 2), R(z,y,2) #ES
FHAEERSE, FIARFOATCRE - EH s

dydz dzdz dzdy
f f s 9 &
g| Oz ady GE
P Q R
33. UEBA RSB - R ERBISr HRERIEK, HoRME-

(3,4) .
o[, VIS iR y

{.0,1)
(2) f sinzdz + yidy + e*dz;
(0,1,0)

i) 1 1
(3) f (4:531.'3 + —) dr + (39:41:2 — —) dy;
{1,1) T (]

(2,-1,3)
(4) f yzdz + rzdy 4 Tydz;
(1.1.1)
(1.1)
(5) (z®y cos x + 2zysinz — y*e)dz + (2® sinz — 2ye®)dy;
(0,0)

(2,7,3m)
(6) f cos y sin zdx — z sin ysin zdy + z cos y cos zd 2.
(1.0, %)

34. RFFURC B B R
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(1) du = (ye®™ + ry?e™ + yeosz)dr + (ze™ + x?ye™ + sin z)dy;
(2) du = (sinyz + yzcoszz + yzcoszy)dz + (sinzz + rzcosyz

+ zzcoszy)dy + (sinzy + xycosyz + rycoszz)dz.

35. Y (1) BB j Y — YT o G R R 0

2+ 2
WEBREEX, HE R? AEBRBEAX.
(2) ﬁ {Iu,yﬁ} eR* H xg >,y >0, Iy EEE’:‘& (LD} 5 (xﬂuyﬂ}
MIEEB. ERH: XHE—EEEA (1,0) 15 (zo,y0) MIACLE S HGH

ﬁr-/s:dy—ydz_f zdy — g,,.n:lz;%2 ]
"Ur s

x? + y? z? + y?
36. K TR RSB w A g, IR ETHERSRER
(1) w = zdy — yzdz, n = ydz + zydy — 2dz;
(2) w = adzx + bdy + cdz, n = Ady A dz+ Bdz Adz + Cdz Ady, 3
o a,b,e, A, B,C ¥R %
37. BAEEN « = fu) & R? P& D B 0 MFEERS,
H f(u) 7 uo € D ARE . IEH f(u) €€ D AAELEHRE M.

38, K dz A dy ZERRALHFAE {” = 10080, conges

y = rsinf

* =rsingcosf,
39. K dz A dy A dz FERRASPRAE B { y = rsinpsing, THIERR.
Z=TCO8
40. IEWSMM AR LI THER:
(1) ®we A, ne A, Ml d(w An) =dwAn+ (—1)*w Ady;
(2) Hw i C? MR, W dw=0.
A1, W H FRB AR AN S, IR E AR RERE K
(1) w = zzdy A dz + zydz A dz + 2yzdy A dz;
(2) w = e™¥dx — ydy.
42, R FHBEIHORE.
(1) f(z,y) = ze"cosy;  (2) f(z,y,2) =sinzyz.
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43. SR F] ] Bk 5 0 HICRE 15 B -
(1) Fiz,y,z) = (e® cosy)t + (e* siny)g + zk;

(2) F(z,y,2) = yzi + x23 + zyk.

4. | f(z,y,z) A—8R%, F(z,y,2) h—rmEE, +H:
(1) div (Vf): (2) V(divF); (3) rot(grad f): (4) div(fF).
45. BE S F(r v, z2) = (22, y* 2?), iFH div (rot F) = 0.

16. BB f(r,.2) =+, Kb r = /T 71 2, W
rot(grad f)=0.

47. W REH F(z,v,2) = f(r)(zi +yj + 2k), B f R—5EA
- C s

(1) iEBE Y r # 0 B, rot(F) = 0;

(2) R divF =0, iEW f(r) = v 3(c AEE).

48, BRI T A STE S V2, K v2 e RE ik
HRFEA R [(z,y,2) FIERH

Jd a a4 d ad a
V(Vf)= (3—5155 5;) . (Emﬂa—y, E) = Af.

UEW: V2(fg) = fV3(g) + gV2(f) +2(V fVyg).
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FETRESMETE ARBERETRWRE. #, —4 A8
SE TS LLRRR F(z,y,2,1), (z,y,2) € D, t € (a,b), ¥ D & R?
PR, ¢ BRI R. —BRE, F(r,y, 2.t) & (z,y,2,t) FIELR
. MDA S AF D W, BUE S 0, NFEE R
At FES LS RS SHREVIHX. MEEMNEA ¢,
RATATLAZE § b3 F 3T RIS, 24 ¢ BN, S0
2t MR — P EARNREE. S RER  FAEERE R
B AL ¢ ORECEERY, MR ¢ #3500 AT T H B H e ne ] B W A
it S M. LUSRITEENFR: X F XT ¢ alkmIFH, &8
KTt IFERAEHFE? RENBENBAREHESSERENN
B,

fEATET, BRI E ST EFH SER BB &, e
GELSERA ST XA A . A DU X SR HE T BN (o
P4, BB FIH %) HHE.

§17.1 HFBLEEEHEY

WA f(z,y) TEFHXE D = [a,b]x[c.d EHEX. HEXNFvze
o
la, b], SEBIS f f(z,v)dy TEEE, M1 X T K o8] EAYEGHK

o
1@) = [ fau).
RATFAILE X R R A E ST R ERS (MHESSTRERS), b
b
WSTR HE BERHTF vy e ed, J@) = ] f(z,y)dz FEAE, Mt
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B J(y) WESERERS, Ly HBER.

HF B R — MR, R & B BB T A
AT B 3 ) R R O G M A T, TR B T S R T
%4 f(z,y) DAHA %P, ATRURIE I(z) TR (a6 Figst. TTRLLE
WS FEBRATS IR XL

ER 17.1.1  BRE f(r,y) TEXE ‘E = [a,b] x [c,d] 3G W
T Vz € [a,b), EBEREBLY [(z) = f f(x,y)dy #E7E, FH I(z)
FEB 1] [a, 8] bk, )

ifRE  &ET flx,y) € (D), A BEEN =, f(z,y) F [c.d L

d
S TG 1(z) = f f(z,y)dy FTE. FEIE 1(z) 7E [a,b] LS. %
F Vxo € a,b) B Vz € [a,b], B
d
I(z) - I(zo) = f [f(z,u) — f(zo,¥)]dy.

M f(z,y) 7£ D ER—BOESEMNS, M Fve>0,36>0, 2 (z1,1),
(x2,y2) € D BWR /(21 —22)2+ (1 — w22 <6 B, F

|f(z1,91) = flz2,92)| <
Bibh, B lz—aol<d Haeclab) &, FH

€
d—c¢

d E
\I(z) - I(z0)| € f 1£@.9) - fzo.u)ldy < T —(d—c)=c.
.
B, EE 1711 % f(z,y) £ D EEERRE I(2) EEK T %

P EFHEESHEEN f(r,y) 7€ D EAREGER I(z) HIRES ] F.
Bah EEFE 171 METT, BI1E

d d
im [ f(v)dy = Jim 1) = Iao) = [ lim f(ay)dy.

= R 24 =

Bk, BB 1 (x) BIEESEYET AR B RIE L S R E R A AT S Bt
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F EH 1700 TLMEMTFHE. e 170 RET, M
F V(z,u) € D, % - A S RE
Iz, u) = f " HEv)ay

FEPE, FHE el ¥ I(z,u) 7 D b (MAZE) M TFHEFRE
2ARAY, BHEAUNSE.

HAZEBIS N BB EE (ER 153.1), RNFWFXRT
ESEREBR B2

ER 17.1.2 WERH f(z,y) LXK D = [a,b] x [c,d] LS W

d b
R 1 (z) = f f(z,y)dy B L(y) = f f(z,y)dz A BIZEBE N [a,b]

il [e,d) EWTH, 3FH
b d
[ 1@z = [ Lwa

SEH 1712 BB, FEEB R, WA BN AT AR e

jjdz/jf{r.‘y}dy=£ddy[ﬂz]y]d¢|

THEMET R SSERER SN I
ER 17.1.3  BEAEE f(z.y) Rﬁﬁ%ﬁ filz,y) EXHE D =

la,b] x [c,d] _FiEGE, M I(z) = [ f(z,y)dy TK o8] LS,
3 HA
I'(z) = f 7 (z,9)dy.
WERR BT fl(x,y) & D biEdE NG dER 1711 Mk
g(-r}=f folz,y)dy
% (o,b] LA EEGE, DA% o(z) BCE R

I
g(u) = ] £, 9)dy.
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MF vz € [a,b), * fl(u,y) & D=[a,z] % [e.d] LRIE®E 17.12, 7

T ] i d x
f g(u)du = ] du f £ (ur y)dy = f dy f £ (s )

o
- f & y) — fla,y)dy = I(z) - I(a).

] sk e 45 I s B fI g(u)du KB I'(z) = g(z) = fd S z.y)dy
T ’ “

SEE 1703 Wl THE f(x,y) BENEZGFT RIS B HTRE
Pt g B b Tl S e O ESR I 1 () e LAE .

ER 17.1.4 WERE f(z,y) BHWRFH fl(z,y) EXE D =
la,b] % le,d] LS, H o(z) (z € la,b]) IR c < o(z) < d FIPTHER

w(z)
e, A% I(z) = f# flz,y)dy TEX M [a,b) LRI, IFE

I'@= [ ™ ey T v ().

MERA  XHTFREESEM 2o € [ab], He< wlzg) <d B f(z,y) TED
ISR, F(z0,0) 15 [ o(o0)] 36K, TR I(o) = [ " e
FAE. Bk 1(z) 7€ [a, b B2

A, 4 u = o(e), W 1) TURRE Fle) = [ o)y
5 0= o(z) MR ARE. B 1713 RATR "

Tt - [ rie v

By 1711 fovea O f&j 9 f 1 (2, y)dy 2 D L8k 3 F(z, w)
= f ' flz,y)dy BAXT v RS HE

2~ fa,w),
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HEREHE D L& XEW Fle, o) FEMRSEE D Lkl
B F S ek 25
I'(z) = 3F{{?.Tz, u) " dFéi, u) g':'_

wlz)
- fu fila )y + f(z, o(z))e (z).

UEEE.
1

Bl 1711 KRR Hﬂ“u (1 4+ y)e™ sin(z + y)dy.
z—0+0 J,

M BT flz,y) = (1 +y)®e*sin(z + y) TE [0,4+00) x [0,1] L

g Hik I(z) = fl{l +y) e sin(z +y)dy 7E [0, +oo) EE4E H55lHh,
o
RIiNA

=040

1 1
lim f (14 y)*e™sin(z + y)dy = / sinydy =1 — cos 1.
0 n

]291_

Bl 17.1.2 kKEH4 }f ————

B mREEREERL, WSS EE HEEERAE
BB &

ple—1 _ pe=1 2a—1
_ z¥dy
Inz a=1

X f(z,y) =2v 7€ [0,1] x [e — 1,2e — 1] Li%dk BATH
j: ———xh_:n;ze_l dzr = jd dx f:h] z¥dy
T

2e—1
=In2.

o—1

Fl 17.1.3 BRI f(s,t) 7 R? LR 0

F(z) = f:ﬁ ds f,z fls, t)dt,

= ln{] + y}
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b 3 F'(z).
B R ge2) = /’f{s,;;dz. b 1711 PP, 7 R?
EEE, MNTURTT ¥z € (—oo, +00), BATH

F(z) = /:2 g(s,z)ds = f:a g(s, x)ds — [: g(s, x)ds

it B4, a—gﬂéz—’") ~ f(s,z) T R? 36 3H z,2° WRTSH

¥, WTTHERE 17.1.4 & F'(z) fE7E.
-ia &

A@ - | " gls2)ds, Falz) = / " g(s,2)ds,
Rt

Fi(z) = ( [

=fz f[s,z}ds—f-EIfzﬂrz,t}dt.
0 £

g{s,m}ds) = /: agf;:;zjds+g{zz,z}{m2]’
.

Fi@) = [ foos+ [ o= [z
BERATA

F'{z) = Fi(z) — Fj(z) = fI fls,z)ds + 2z f: flz?, t)de.
§17.2 FESXRE LB

SBER RS UBI ALITR BB oI AF . 88
ZREFBVANZTETREVS. BIVORTRESTER LTS
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17.2.1 ESBETELXHESH
WERE f(r,y) L Ex[e,+ox) LEEX, HP Ec R A—1PHEE.
BT Vo € B, X8 [ " fo,w)dy W, WATAE B RN

4o

I(z) = flx, y)dy,

©

RIKRZREAHZSTRATHS.

FEIXEBRANHIHE 1(z) FHESHE. TS EBES 5 EHH
AT B . fEi iR ix e i, —RRINEE B R —K .
R B TR, b TRIE I(x) B4R f(x,y) B—288EMR, 5IAE
S LI E Bl S R E .

EN17.2.1 WE f(z,y) & Exlc,+00) FHEX, HP ECR
B HETFve>0940>0, HA> A B, MFveeE H

f f{x,y}dy‘ <&,
A

W& B RIS f (z.)dy 7 B _F—Eole sk,

E— B oTch, PTAAEN R — R EE AR TR,
EE 17.2.1 WEH f(z,y) E Exe,+00) FHEEX, HP EcRr

BRI, WESERENB [ " few)dy T B _E—B
FAPDERMR: M TFVe>0,34,>0, 35 A A > A, 0, Wt Fvze E

(z,y}dy‘ < E.

E wsn B f % fey)dy TE B _F—Bld, AT ve >
0,340>0, B A> A B, X FveeEFH

Um ftrfﬂ}dy\

MI L]
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J’y\ﬁﬁﬁ AIA’:JA{J Hﬂ-?:ﬁ.
{E-J—E::E.

A 4o o0
[ rewaf< | [ r@na+| [ s@na < 5+ 5
Ao BT VE>0,340>0, B[ AA>A MW HFVvreE

/Arf(z,y)dy[ < 5""-. (17.2.1)

X f flz,y)dy TR 2 € B BRI, ATTE AL
R (17.21) 4 A — +oo, M F vz e E, #H

/ - )| <

< E.

o] m

{EHE.
R flo,y) 7€ Ex[e,+00) LFEN, HP ECR 2K

EXTF Vr e E f T )iy W, IR ] f(z,u)dy 7 E L4
ey R, f f(z,y)dy & E _E#axhlieai, Wi j; - £z, y)dy
# B bR A % [ ey & B LBl WK
f ey T B b3 —Eolra

L

ER 17.2.2 (MRS RRTER) WRE f(o,y) £ E x e, +00)
EHEX, K EcR B—XMA. HHFEEEH o(y)(y € [c, +0)), ¥

@AT vz e E B Vy € [e,+00), T |flz,y)| < gly), FFE / gly)dy
ek, mu] flz,y)dy TE B 4536 —BOedx.

SR AT Ve > 0, i j T o(w)dy e, AT 340 > 0, 24 4, A >
Au H-"j..l :ﬁ- -
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AI‘
L g(y}dyl <e.
BAIAGE A’ > A Wi+ vz e E. &

Uj f(u:,y}dy1 < jj |fz,y)ldy < j:r g(y)dy < &.

B 17.2.1 W fﬂ |f(z,y)\dy 7€ E _bE—3ed, 0o fwf(z,y}dy
£ E _L#xy Bl sl k.

T &SR8 FTE S — Bl A B i, wT el R s Bl
BB Bk in LA e 3. S50 |, RS & 0 ik =h
) 2 A 3o 22 00— B0 2 B ol 49 20 i s . AN F R R4~

EH 17.2.3 (RFEBHIE) WE flz,v).9(z,y) T E x
le,+00) FHEEX (P Ec R &£ XM, HHiEL:
(WFEM>0 M FvA>e e vreE H

A
f IEI-y}dy‘ < M;

(2) AMEERER = € E, g(z,y) £ y MREEY, BT ve >
0,3A>e, By> AR XW—VlzeE, H jglz,y) <e. WH y — +0

i, glz, ) XF = —3#ET 0,
WEEEREIB [ " few)ele.y)dy TE E LBk

Bl WMTF A >A>c AEBSB R EEE, Jce (4, 4), 1F
3

A £ Al
/ 15, 9)g(z, 5}y = §(z, A) f £(z,y)dy + g(z, A') f £z ).
A A 3

(17.2.2)
B (2) 81, 3T Ve>0,340>¢, My> A B, M —V 2cE, H |g(z, )| <

ﬁ{.. Y A > A> A B, B3 (17.2.2) I
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£

‘ f:' f{I.y}g(z,y}dyl s

vl [ e | ’ )y

A :
tanp| [ S@vd= [ 1@y
< &[25! +2M) =¢.
iEEE.
EE 17.2.4 (FR/RARE) BRE f(z.9).9(z,y) T E x
le, +00) LAEX (9 Ec R £—AKIE), H HHE:

(1) fm flz,y)dy 7€ E _E—3ledk;

@) MERERE © ¢ B, gla,y) B y HEEES 3 LEER
BM>0,MFvVre ERVye[c,+), H |glz,y)l < M,

+a
4 545 B T ST BIS) f F(z,y)g(z,y)dy & E _E—B0ksh.
WERR X A > A> e BIMARER (17.2.2).
ol " e )y T B E—BE, S Ve > 0,340 > ¢, 4 A >

A}A{]H,ﬁ"_—ﬁJIEETﬁ
"

! f{I,y'.ldy| < 5;—{, M (17.2.2)

A

&

o
.[4 fiz,y}yim*yldy‘ < m{lgim,d}l +|g(z, A')|) < e.

WEEE,
Bl 1721  EHABEREBS f % e vy, W
(1) 7E [0, M] (0 < M < +00) +—Bobedk;
(2) £ [0, +00) EA—B0HH.
M (WX TFveelo,M,FH

0<y e Vg yMe V.
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G fﬂn yMe vdy WA, BIEEE 17.2.4 N, f+my""-:-:-_”dy {E [0, M]
0 a
-l P
(2) AAERHY Ag > 1 FEHL 4y > Ap, Az = A, +1, £ y e Vdy.

Ay

BT lim Afe™"? = +oo, NIFFEE &' € (0,+00), M Af'e 42 > 1,
250 A

Az Az ,
f y* e Vdy > f AT e Mdy > 1.
Ay Ay

i f " e vy 7 [0, +00) EAR—BURE.
0
Bl 17.2.2 RSB RETES f SN2V gy
0

v
(1) 7€ [ag, +00) (ap > 0) E—Fold;
(2) 7€ (0, +00) WAl S
MR (1) k1 R floy) = sinzy,g(z,y) = %, WIRT v €
[0, +00) B VA0, F

|f: f{x,y}tiyl = |£A5inmdy‘ = ’%[1 — coszA)

2
g —
i

i g(z,y) = ; %F y B, B 2 € (a0, +00) —BETF 0, HRIE

s [ - Eiﬂ;ydy 2 [0, +00) E—B0laL

w2 WFves o [ Vay b, WTTAEEE Ao >0, B
B A> AN H —
j:i = dy‘ < E.
B A = %, M= A> A B, MY e ag, +00), FH 24 > agA1 =
Ag, MTTIH
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j""m sin zydy
A v

i f T SNTY 2 (a0, +00) b —TEK.
1] uy

o
f siny i
rA y

< E.

1
(2) Mz = o (ke N), RANTH
|
Skr _. Skm SiN — Sk
f sin ay y‘ = f _-?k_dyl > i f s .,I'F_dyl _ 2
Ak y Ak v S5k | Jakn 2k o7
B oo = o, B VA > 0, FEEERN ko > A, NIl 34’ = akor,

N % € (0, +o0), 178

Alr uh P

singx

[ ydy‘ > Eg.
A b

T sin zy

L j Ly 1€ (0,-+00) WA Bl
0

il 17.2.3 R f(z) % [0,+00) WIELE EHEFTFHNS

+o0
f e " f(z)dx X a € (0,+00) —BMM T D ELEHFRLIHT
4 f+mf{$}dm W 8.

W A4H BT f2) 5o XX H f " b e)de BB, TG

BHERTF ac (0,+00) —BUH. MAT Yo e (0,400), e XTF 2 B
W, BT va e (0,4+0c) B Yz € [0,+00), T e 2] < 1. tifa 1
SRS j " et p(o)dz MF @ € (0, +00) B,

LEn RINAREE & / " fo)ds BB W 30 > 0, A
1]
T VAg > 0,34, > A, > A, 8

Az

flz)dz| > 2e,.

Ay
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BT F(z,a) =e 2" f(x) 1€ [A), A2) x [0, +o0) WIELE, M\TDH

Ag Az
a}l-%}m_/‘;l e ™ flzx)dz = M f(z)dz.
F 30/ = 0,
Az ¢ 1 Ag 1
/ e " Fflz)dzx| = | flz)dz| > = - 259 = &p.
Ay 2 Ag 2

gl [ e fr)dz A a € (0, +00) R Bl HFEEEY
TAER
17.2.2 ESSTELFTHSNMER

A TR BEREFBMER, BRIV FIB Y- SBLR
T — B S RBUFS — B0l K R B
EE 17.2.5 VR f(z,y) 7€ E x[e,+o0) LHEX, KPP EC

mma#ﬁﬁxﬁmﬁ/ﬂﬂwmmnfat—ﬁﬁﬂmﬁﬁﬁﬁ
P R

et <tg<- <ty < H klim tp = 400

M$ﬂ{mhmﬁ$ﬂfuﬂ=f“ﬂaw@w=Lzm}&Eir—
S ﬂ

MERE e EH @ f+m [z, y)dy 7€ E _E—Bulcdl, MIRTF ve >
0,340 >0, % A4, 4 > A.;.cﬂ-f, N—¥zeE H

Al’
f f{z.y}dy‘ < E.
A

BUHE {1} BR—FUIREBT tcc IFF, Bty 2 e, M3K eN, Yk > K
B, & te > Ao, NI K k> K B, &
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i

|Fi(z) = Fre ()| =

) f{m*y}dy\ <e

ty

MU ¢ e B ML FIAREFF BRI & (Fi(z))
& E - —3ulsl

Aot 5 f " fz,y)dy T E _EA—B0RE, W 30 > 0, 3t
FVYA>0 34", 4" > A M 2’ € E, {18

A"
j:v f{::",y}:iy‘ 2 £0.

Y A=1,MFE1<t, <t! Bz cE 8

l :r f(;ﬂl:y]dy‘ > eo.

FAHBCEE AL THR, FEMRNFR {6} (). BINWE &k <
th<ti<tp,, <ty #HH3IncE (k=12 ) EAR

ty
I flzg, y)dy| = eo.
t,

AR (0} = (€. 80,8y, £, ee ot 20 }, U1 RACR ] — BObC R
RN Fi(e) = [ Y ey (k=1,2,) & B _ER—Bli

SEF R T 75401, GESE. m
RSB, M 1725, # f f(z,y)dy T B B0k,

M R R s A LR {14}, 2 k — oo B, 20T

+oo
Filz) = f f(z.u)dy (z € E).

EEESE R FEENN, RIT—RE £ 2 —NKE. X
HRANH THEIE .
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EE 17.2.6 WA f(z,y) € Ex|e,+oc) LR HF ECR
R A, FEASEREIBD [ [0 & B E—Fokdh
FIEY I(z), W T{(z) & £ LGk

R MFvkeN @t =ct+k & Fez) = * flz, y)dy,

W Fi(z) &£ B LS, HX k — oo B, Fi(z) = I(z) {z{:E]. HT—
Fole ks BrF U B R B g, RAM I(x) 7 E LiEg
UEEE.

ER 17.2.7 B flz,y) 1F |a.b] x [, +00) LiEEE, HEST
RESERS [ " Fay)dy 7 (a6 b —Bokc, Wi

f:d:rf:w flz,y)dy = fx dy f: f(z,y)dz. (17.2.3)

MERA  HSER 17.26 A, I(x) = f*x flz,y)dy 7 [a,b] FiELE
BRHEAE [a,b] EATER, M=K (17.2.3) Eiéﬁ?ﬁ%ﬁ& FEHL i _E T
F +oc BIFFFI {1} (2 > ), MF Fi(z) = * flz,y)dy (k= 1,2,--+)
T [a,b] E—Huld mﬁﬂﬁﬁﬁwﬁ’-ﬂﬁﬁﬂﬂf&!ﬁmm&ﬂﬁ

b b ] Ly
f I[m}dz=[ lim Fp(zx)dzr = lim f dmf flaz, y)dy
# a koo k—oo [, c
LY b
= tim [y [ f(zpas.

X 1]
T {te) RAE— 98 LTHET +o0 B97F5), B lim f Y f 410 e
‘o b [ = i
Wed, BiLESTB4 ] ( f f{I.dem)dy Wesk, A

tim [“ay [ s = [ ay [ sea
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U,
MAERNKIT R E BT REFRAN B TR GH. W HAHUF
.
T 17.2.8 B A f(z.y) BEBRIE f(c.y) TE E x[c,+0)

ki K EcR B—1KE, BRFE zocE, 1 f+mf{mn, y)dy

bt 3R [ ey € B ok, W

+ o

(1) I{z) = flx,y)dy € E _E—Flcsk;

C
+oa

(2) I'(z) = ( f(I:dey) =_[ folz, y)dy.
iERR fEH—FHE ETHEAT oo BIFFF {6} (> ), i

Fi(z) = k flz,y)dy.

dEE 17.1.3 4, Fl(z) 771, 30

ta

Fiz)= [ fiz.y)dy (k=1,2,--:).

WA BT {Fi(z)) A
(a) {Fi(zo)} WS
(b) {Fi(z)} # E E—30l.
i R MUY 5 — B SRR ED, {F(2)) 7€ B — Bl e 1725

A, fﬂb [z, y)dy £ B _E—50fa.

FFAM, Bty = c+k, W {Fr(z)} &£ B E—B#EE 1(z). d5E
B 17.2.5 1 {F}(z)) £ E _E—30fed, W i o8 $e5 sk 5 80
B E B

Ly 00
I'@) = Jim F) = Jm [ fed= [ fEud

]
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.
Bl 17.2.4 FREEEB) WEE f(x,y) 7 [a,b] x [c, +00) SR

BA%S, BT Vo € fat], 1@) = [ fle.wdy 88, B 1)
{5 [a,b] biELE AEW I(z) {E [a,b] _.t--ﬁrlﬁ:ﬁir.

ER ATENT V(z,y) € [a,b] x [e,+), B f(z,¥) = 0. {£H
AP EFHET oo MRS {4} (6 > o), B

ty

iji:z] = f{l‘.y}dy [k=152=}1

o

WAERER € [a,b], {Fi(z)} ZBEE LFARH], B
lim Fi(z) = I(z) € Cla, b].
] itk e e P A IR BB sE BB K, { Fo(x)) 7E [0, 0] £ —Bulledi® 1(z).

+ o

BHER 17258, (@)= | f(z.y)dy 7E [a,b) E—Boksh

[ &

61 17.2.5  HEKAEHHS f L7

&I
M eSS E P, BATE R R e B
RINMMA SR BRICRENE.

2 bk sinx
I{a) = f st IS
(1]

I

W I(a) B—AEBERENBS. BT f TUENT el (AT
0

x

XF a —BHH). ¢ H—P) e € (0,+00) XT = B, FHX
T va € (0, +00) B vr € [0,+00), B |e*F| < 1, BB DR A HE
", f e 080z M a € (0,+00) —BH. XEANMT Va e

I

(0, +00),

i sinx
— e ™ —— ) = —& "Fsinz,
Oex 2
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|-
HR ag > 0, fn —(e~** sinz)dz 7F |ao,+o0) — B, MTTR
F Vac (0,+x), H

]
I'a)=— f e~ ** sin zdx
0

+oG
=e “Fcosz

+o0
- Ct[ e~ cos xdx
0 0

=—14ae “sinz

=~ o0
+ o f e~ gin zdzr.
0 ¥

L UHEH
/ e 1
I'(a) =— —aF g e
(cx) fﬂ e” "Tsinzdr 5o
M I{a) =—f 1 da = — arctana + C,
14 a?

He ¢ HESK B F
[(a)| = ‘ f " -—m:‘"ﬂdx

4 a € (0, +0c) B, FHIFH

00
H“f e dr = i
u ﬂ

lim I(a)=0=lim {—arctaun+{;‘j=--;5+c,

— 400

Bl € = g FHER (o) F o =0 dbEESE, BIBRES

+ o oo 1
T = lm Ha) = f lim (e'“" Hmr)dm = f R Ea.
2  a—040 g  a—0+0 T o T

17.2.3 SLERBRS
WA f(z,y) € la,b] x (¢, d] FEHE 2z € [a,b] I, fz,y) Bl e
HB . HXMNEE z € [o,b], BRST

o
I(z) = f f(z,y)dy (17.2.4)
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s, W 1(z) MAE [a.b) EFTE XKRE. BAHROK () VRS
TRBIRS. WHEESEREHRSY, BETLLTHESEESREBEAS

BRI REMIEIR. S, FIHAES y = —— RATATEL

. a0 1 dt
# (17.2.4) RABERAIBU ]ﬁ (o 55) e T

t—c)?’
HESTRERMAING R FXEBIIRAEEART.
AAh. RINERENE, SSERBONERTUNSEREZ
ROZE L B9 R B S 2 B A AT HES . B, B moxon TOERE (2, w)
EHAARE D) x D, c R™ x R™ _LiESE, WY

SEXT Dy ERIRYE I(z). RUTESEEMRS, BATILLHE I(x)
£ D, FEESEYE . p[R¥E., EFROMNZRELE I(z) &M 5 Em
TEFETES i)

T, RANEBEATTIF G E . 8 S c R? &25H-—
ANFEHEXU eh i, B S e PR AN AR AR, 2 — AR R
¥ F(z,y,2,t) 7€ S x [a,b] LHESER, RATATLAR LAF AR E—mf W
B [to.t1] C [a,b] Wil S BIFE. & EBRATATLIEH.

S(t) = fL F(z,y,z2,t) n(z,y, z)dS

fE [a,b] b -B0E4E, Hp n & S BeEMmafkmit Xk i
FF-n#D=Sx[ab LEEHEES D E R FHEE A
M F-nf D L—80E% HENT ve > 0,36 >0, H ty,t2 € [a, b]
B |ty —tal <6 B, T V(z,y,2) €S, FH

F(x,y,2,t1)  nlz,y.2) — F(z,p,2,t2) -n(2,9,2)] < 2,

Hor s £l s wymis, AmA ’
F(z,y,2,t) n(z,y,2)dS - || Flz,y,zt) n(z,y, z)dS
/! I
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< /]

X T ]j; F(z,y,zt)-n(z,y,2)dS 7€ [a,b] E—F0EE Xk,

RAVE B RHHELERI[A] [t0,81] C [a,b] AFAEET S MR TR
AR

F{%y:% tl} : H[I,Ehz} - F{xryrz!tz] p n{I!y1 2] dS <E,

Q- ar f j; F(z,y,2,t) - n(z, y, 2)dS.
¥R, 2 FRREEHN, BAREEDT S MRE

to+1
Q= dfffF-ndS=ffF~ndS.
to 5 5

XS RANES 8 i B Fra Blm g fUE— 2.

817.3 I %5 B R¥

I ¥ B YRR EEN O S SERBIENRY, &
NEFZE R P BRLE R ER ZRNA.

17.3.1 T &N
I (M M5) EWE OGN TEST B E SR
I'(s) = fm 2*~le™%dx,
EEH, M <1 i, z=0R e MEA, Hid
I'(s) = fui '~ e~ *dz +j:mz'—le-'-*-dm.

W ERADHBBS S s > 0 Fild, EAHFRFIHNEME s € R
B, FTCA T(s) M A (0,+00). B8R, #TF ¥s € (0,4),
A I'(s) > 0.

TFHERIETE T REH LR

R 1730 T BREAEBHEAR: I(s+1)=sT'(s) (s >0).
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ER XA
Mo+ )= [ wterar=— [ e

& _—=%

+oo 4o
= -2 + sf z*le *dx = sI'(s).
0 0

iEEE.
MR 1730 S inREARm, MMER ke N, T(k+ 1) = k. ¥
%k,

T(k+ 1) =kT(k) = k(k — )I(k — 1) = .- = kIT'(1)

o
=k1] e Tdr = k.
(1] !

W& 1752 T REEHUTFRR: () = 2 f T ppetgmntgy
0
(s > 0).

MR % a =12, U dz = 2tdt, Ak
+ o0 oo 5
I(s) = f ' le~Fdy = 2[ pretatat,
0 0

HBI R ¢ #e[] - . UEH.
%R 17.3.3 T BB I'(s) € C=(0, +00).
MERR  ETRT Wk e N,

&ﬂk{:ﬂa-—l —z} = g% I(ITI.J.T}JB —::‘
BMAWER: W THEELEN so € (0,+00) BLE Wk € N,
[ " o9\ (tnz)ke=dx TE (22,00 +1] E—B0kist.
(1]
Bl Mo<r<] afr,xﬁws;%”,ﬁ

2"~ (Inz)*le* < ¥ | (Inz)¥|,
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1 1
1] / z# Y (Inz)*|dz ¥, M f 2° Y(Inz)*e *dz ¥t s > 2
i} 0 2

Fom (e 8
Brz1 B MNFVvs<so+1,H

IH—I | lnmlkc—;ﬁ < -'E'."-'-kﬂ-zi

=+ o
iii] / etk e*dx WEL, Mifo f 2* Inz)e *dr ¥ s < so+ 1

o f
#axT — BN

oo "
4 FRmR IR &, f 2*~Inz)*e *dzr 7F [fg,su + ];] ==
o

Bl
& 23 RSy 1k S HoE B A

+o0
%) (sy) = f z*~Inz)*e *dz.
0

e s9 € (0, +-00) MAERIMELE k € N BHEREIESR T(s) € C(0, +00).
iEEE.
MR 17.3.4 I'(s) 5 InT(s) #E (0, +o00) WEIFH B
iERR 1 I(s) = f+mz""[1nx]ze‘*d:c > 0, i1 T(s) &
0
(0, +o00) P BIPERNN R

# (InD(s))’ = I;{:f “

T(s)0"(8) — (IV(s))?

HAFBE (InT(s))” > 0. $3L b, MM TE-RLAAEXRNE

+ oo + 00
I‘[J}F"{s}-:j I""—]'E_Id.’-'.'-f z* YInz)*e *dz
0 0

;,( fum |z*~? mze-ﬂdzf 2 (I'(s))?,

B InT(s) A2 (0, +00) HEIFHE M EREL UEEE.
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17.3.2 B BN
B (Efl: D) EEAE G TE WS R B S R

B(p,q) = ﬂ P71 — )7 dz.
I ERA S B SR Bl S A, B(p,q) MENE N p>0 K g > 0.
T B s, RATELLTFHMA:
%R 17.3.5 B RS LUF A FRYERSHE AR
(1) X#tE: Blp,q) = Blg,p) (p,q > 0);

(2) BEAR: Bp.) = ~F—SB(p—1,0) (0> 1,4 > 0).

MR (1) REAEEREER =1 BIF].
(2) AL RBRSBNE

i
B(p.q) =B(g,p) = f Z(1-z) ldat

1 1 .
_-—_:E‘l' l e r

N 1
et f (1 — )P %dzx
o g Jo

1 1

=L1[j Iq_l[l-—x}”"zdr-f IE_I{I—I}P_IM}
q 0 0

p—1

p—l
=——Blg,p— 1) — ——Bl(q, p).
. (g.p—1) 7 (g,p)
bR, pha=1 ‘;‘ B, q) = 3’;—15@— 1,q),

wempa

B(p.q) = ~2—B(p1.0).

=3
5 (2) MUEMIEE, FIAMEREE, 2 p> 19> L B, BRI T@
i HE:

__ (p=1)g=1) I
HiP,q]—{ﬁq_”{pH_z}H(p Lg—1).
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R 1736 B REASUFRELA:

S ;
(1) B(p,q) = Ef cos®® ! 0sin® ' 9de (p,q > 0);
0

L o Iq—]
(2) B(p,q) = fn mdi (p.q > 0).

R (1) ARBE 4 2 = sin® 0 BRI ERI T,
(2) HEAMIE 2 = —— HEBARRI,

17.3.3 T EB¥S B BHAIXER

MF T R¥S B RERER, RAALL R4
ER 17.3.7 ®Wp>0,9>0 WA Blpg) = FF{[TJJ_TE-;'
MERR IR 1732

I'(p) = Ef. 2 le=*dz, I'(q) = Ef Y2 1le~ ¥ dy,
0 0

FEED={(z,y):0<z < +oo,0< y < +oc}, MH
M) — p2p—1l,2¢-1 I--{i‘a-r'uz'}d 3
r(p)(g) 4ffﬂ Y2l zdy
F A PR B = = reosh, y = rsind, S
Dy = {{rff?):ﬂ-::r-::+oc,l]£ﬂ$ 5},
10k =y

I'(p)T(q) =4 ff 2P+ =167 0og?? 1 Guin?9~! Gdrdd
Dy
T

50
a(E f cos?P~ ! gsin®e ! Edﬁ) (2 f r2lrta) ']ﬂ_r]di"‘)
0 0

=B(p,q)I'(p +q).
#i€  B(p q) 1E (0,+00) x (0, +00) W EHAFTEN RS
EE 1738 (RR) Wo<p<1, WH
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B(p,1~p) =T(pF(1 - p) =

sinpw
. +o0 gp-1 1
ER mfﬂ(m—p):fn o Bo=
s e ] Ip-]. 1 T -p
fl 1 +_r'j“ﬁ‘"'=]n P
RkH bl 4 g
RATH l—i—z R, WA
: TP~ P
BEPTI —P} = llln ‘[D __!._-_l‘-?_
=r_]'.%“n r Zf o Vi ubte 1+er( 1)*z "“’:l
=i

li
et
=

-+ g
N 3 { } {"1:' —-p+
1-_.]1]1_131:2 L+Pr"‘+p Zk—p—hlrk P 1]

k=0 k=0
Loy el B
g +E( }(k+P+P—‘F)
1. = 2p
=;+§{_1]kp2—k‘z
BT cospr 11§ 8H ¥
cnapm-—ﬁu:rpﬂ]: +Z[ l}j‘pl kzcoﬁk:r..‘]
T |z < w REEWEL, 4 =0 BIR
B{pl—p]--—+2{ ”kpﬂ H:Ei:m.

iEHE,
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WS, ERTARTS p= £, @

B (% %) = Efj cosfsinfdél = «.
1 1
@i o
BT (;) - /7. BIBRARRRTAR, HRIMIY I(s) 7 (u, ;)
e, METSREETE (0, +00) MIBFA(L. (EAERME, BRI —%K

/2T .
fn e dr = %I‘ (%) = %

% g
B 17.3.1  HHEEBS I, f i ks f conb o
0 0

& ERLEERSPRMNCLITELERS, Hd B Rz
XBAH

)
; ___(n+2_£i2r£+1)r(1)' ¥
)
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(n=-1! =
TN
(n—1)!
nlt *

n J{E%,

n HEHE

#1732 KR pRERED 23+ 224+ 22 <1 EBL
W ERALEE S, TR

V:ff...]ﬂdzldzz...dz,,.

RALT =S TE BRI AE B, RATSZH N

i

—_

] = Tﬂmﬂl,
Ty = rsinf cosfs,
T3 = rsin#f; sin by cosfy,

............

Tn-1 =rsinf;sinfy---sinf,_zcosf,_;,

| Tn = Tsin 6, sinfly---sinf,_psinf,_q,
HF0<r<1,0<6,82, - 0pn<m 0<6,1<2r, WEHETH
T3k

n=1

Nzy,x2,  * ,En) T4 i n—3
! ! =r sin™ “@;sin" “fy-..5in6,_9.
B(r,01,02, - 10n_32) : * :

il

#
Ve [[ - [ amdeydz,
D
2% b g 1
=f dﬂn_lf dﬂ"_z-nf dﬁlf rlein™ %6,
0 L] li] 0

.8in" "3 8y . . -sinf,,_odr

E( f sin"_zﬂldﬂ'l) ( f sin“_ﬂﬂgiiﬁg) ( f ﬁinﬂ',,_gdﬂ,,_.z)
T 0 0 0

I 1 n—1 1 n=-2 1

}TB(E* 2 )E(E-T)“'B(§=1)

il
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o @) @) )
tG)

=2_w,r"_“(%)= rd
EOREE
5B+ b

1. BEFUBHAE D = [0,1) x [0,1] EFEERE f(z,y), EAEFRE
2 BLF &

(1) flz,y) MAELRE D WF:

(2) T vz e [0,1), I(z) = fl.f{my}dy 71E, 3R I(z) 7 [0,1]
0
L

2. WA f(z,y) TE D = [a,b] x [c,d] EEESE, {EH: T v(z,u) €
D, Iz, = [ * Hooy)dy R FH I(o,u) 76 D F%E

3. ® N(0,1) c R", ®B¥ f(z,y) 7 N(0,1) x N(0,1) &, i
8. T vo € N©,D), I(z) = ff---fm”f(z,y:dmdm---dy-. #
£, FHE N(0,1) s,

4. KT FUAR PR :
et 1
(1) lim | ————¥ _dy:  (2) lim i,ji
=0 fi a2+ 2 + 1 =1 Jy 14xy

—br

5. HELAITE f g T 4r (a>b>0)
0

6. istEsTR [ e = Baei

I
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7. R FFIRER T H -

b4

(1) F(z) = f *”“f"d (2) Flz) = j; i j: ™ 1, s)dsdts

L o 3

1 z T i
(3) F(z) = j T () F) = j; e cos zydy.
8. WA f(z,y,2), filz,y,2) TERTRIFBAH AKX o,b)x D
s, Ho (0,8 € R, D C R? Rl REBIE RAKE W &
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