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Aim of the Course

* Q: Can the course improve the skill of programming?
* A: Nope!

* Q: Can the course improve the ability of algorithms?
* A: Perhaps, seldom.

* The course may provide a view of computation, an overlook of
what we are doing in computer science, and a basic study of
theoretical computer science.

e It is rather a philosophy than a technique, although some parts
are quite technically.
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It May Answer

* A software company that is developing a compiler capable of
checking if a program contains a loop.

* A hardware company that is determined to design a computer
that can solve problems that no existing computers can solve.

* A service provider that is working on a theorem prover that is
supposed to answer every question about numbers.
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History of Velocity

Human beings are keen on speed, and cannot stop the step to chase
moving as fast as possible.

Wheels: Mid-4th millennium BC.
Automobiles: 1762

Trains: 1807

Airplanes: 1903

Supersonic: 1947 343.2m/s

Circular velocity 1957 7.9km/s
Earth escape velocity 1959 11.2km/s

Solar system escape velocity 1977 16.7km/s
Q: Can we achieve in arbitrarily fast velocity?
* Grandfather paradox
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Computation

Human beings are also keen on computation, and cannot stop the step
to chase computing as complex as possible.

* Decimal system: AD 600

* Basic arithmetic: Al Khwarizmi (780 - 850)
ENIAC: 1946

* NP problem

* The curse of exponential time

* Advanced algorithms: simplex, DPLL, antichain.

* Q: Can we achieve in arbitrarily complex computation?



What problems can be solved by computers?



Computer science is no more about computers than
astronomy is about telescopes.

Edsger Dijkstra



Let us begin to learn some basic astronomical phenomena!



The technique part is quite similar to puzzles of wise men.

So, please have a fun!



Intuition is extremely important!
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Reference Book

* Computability: An Introduction to Recursive
Function Theory.

* Nigel J. Cutland

* plus extra reading materials.
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Scoring Policy

10% Attendance.
20% Assignments.

* Four assignments.
* Each one is 5 pts.
* Work out individually.

70% Final exam.

There are also several homework. The answer may be given in
exercise lectures, two or three times.



Special Requirements

A notebook and a pen.



Any questions?



0. Prologue



Effective Solutions



What problems can be solved by computers?



Famous Problems

Diophantine equations

Shortest path problem

Travelling salesman problem (TSP)
Graph isomorphism problem (GI)



Intuition

An effective procedure consists of a finite set of instructions which,
given an input from some set of possible inputs, enables us to obtain
an output through a systematic execution of the instructions that
terminates in a finite number of steps.
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Intuition

Theorem proving is in general not effective.

Proof verification is effective.

Unbounded search is in general not effective.

Bounded search is effective.
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Representation of Problem

How does a computer solve the GI problem or the TSP Problem?
How is a problem instance (a graph) represented in a computer?
How is the answer to a problem instance represented?

How is an effective procedure formalized?

Can every function from N to N be calculated by a C program?
* Negative.
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Punchline

* In a formal theory of computability, every problem instance can
be represented by a number and every number represents a
problem instance.

* A problem is a function f : N — N from numbers to numbers.

* A problem is computable if it can be calculated by a program.



Everything is number!

Pythagoras
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Decision Problem

A problem f : N — N is a decision problem if the range ran(f) of f is
{0, 1}, where 1 denotes a ‘yes’ answer and 0 a ‘no’ answer.

A decision problem g can be identified with the set {n | g(n) = 1}.

Conversely a subset A of N can be seen as a decision problem via the
characteristic function of A:

caln) = 1, ifx €A,
A a 0, otherwise.



Decision Problem as Predicate

A decision problem can be stated as a predicate P(x) on number.

It relates to the problem-as-function viewpoint by the following characteristic
function of P(x):

cr(n) = 1, if P(n) is valid,
P - 0, otherwise.



Decision Problem < Subset of N
< Predicate on N



Several Problems
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Problem I

Is the function tower(x) defined below computable?

2
tower(x) = 2%

X

Theoretically it is computable.
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Problem II

Consider the function f defined as follows:

Fn) = 1, if n > 1 and 2n is the sum of 2 primes,
N 0, otherwise.

The Goldbach Conjecture remains unsolved. Is f computable?

It is clearly computable even if we do not know what it is.
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1, if there is a run of exactly n consecutive 7’s
gn) = in the decimal expansion of T,
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Problem III

Consider the function g defined as follows:

1, if there is a run of exactly n consecutive 7’s
gn) = in the decimal expansion of T,
0, otherwise.
It is known that 7 can be calculated by 4 (l — % +z -

+...).
Is g computable?

~|—

1
5

We do not know whether it is computable or not.
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Problem IV

Consider the function & defined as follows:

1, if nis the machine code of a C program that
h(n) = terminates in all inputs,
0, otherwise.

This is the Halting Problem, a well known undecidable problem. In
other words there does not exist any C program calculating A.

The only general approach to check if a function is defined on all
numbers is to calculate it on all inputs.
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1, if oninput x, the machine coded by n
i(x,n,1) = terminates in f steps,
0, otherwise.
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Problem V

Consider the function i defined as follows:

1, if oninput x, the machine coded by n
i(x,n,1) = terminates in f steps,
0, otherwise.

There could be a number of ways to interpret “f steps”.

The function i is intuitively computable.
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Next Lecture

The examples try to suggest that in order to study computability one
might as well look for a theory of computable functions.

We will begin with a machine model, register machine.



Homework

* home reading: diagonal method.

* home reading: Presburger arithmetic.
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Review Tips



Computable Functions

* In a formal theory of computability, every problem instance can
be represented by a number and every number represents a
problem instance.

* A problem is a function f : N — N from numbers to numbers.

* A problem is computable if it can be calculated by a program.



Decision Problem

A problem f : N — N is a decision problem if the range ran(f) of f is
{0, 1}, where 1 denotes a ‘yes’ answer and 0 a ‘no’ answer.

A decision problem g can be identified with the set {n | g(n) = 1}.

Conversely a subset A of N can be seen as a decision problem via the
characteristic function of A:

caln) = 1, ifx €A,
A a 0, otherwise.



Decision Problem as Predicate

A decision problem can be stated as a predicate P(x) on number.

It relates to the problem-as-function viewpoint by the following characteristic
function of P(x):

cr(n) = 1, if P(n) is valid,
P - 0, otherwise.



Decision Problem < Subset of N
< Predicate on N



Register Machine



Remark

Register Machines are more advanced than Turing Machines.



Remark

Register Machine Models can be classified into three groups:
* CM (Counter Machine Model).
* RAM (Random Access Machine Model).
* RASP (Random Access Stored Program Machine Model).



Synopsis

@ Unlimited Register Machine
® Definability in URM
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Unlimited Register Machine Model

The Unlimited Register Machine Model belongs to the CM class.

Computability and Recursive Functions, by J. Shepherdson and H.
Sturgis, in Journal of Symbolic Logic (32):1-63, 1965.



Register

An Unlimited Register Machine (URM) has an infinite number of
register labeled Ry, Ry, R3, . . ..

’7”1"’2‘1”3‘1”4‘%‘1’6‘;’7‘...

Ri R, Ry Ry Rs Rg Ry

Every register can hold a natural number at any moment.



Register

An Unlimited Register Machine (URM) has an infinite number of
register labeled Ry, Ry, R3, . . ..

’7”1"’2‘1”3‘1”4‘%‘1’6‘;’7‘...

Ri Ry R3 Ry Rs Rg Ry

Every register can hold a natural number at any moment.

The registers can be equivalently written as for example
[r1, ra, r3]?[r4]i[r5, T6, r7]g[0, 0,0,...]g°

or simply
[r1, 72, 7303 [rali[rs, v, 725



Program

A URM also has a program, which is a finite list of instructions.



Instruction

Type Instruction Response of the URM

Zero Z(n) Replace r, by 0.

Successor  S(n) Add 1 to ry,.

Transfer ~ T(m,n) Copy 7 to Ry,.

Jump J(m,n,q)  If ry = ry, go to the g-th instruction;

otherwise go to the next instruction.




Program Rules

P={L,I,---,I;} - URM.

URM starts by obeying instruction /.

When URM finishes obeying I, it proceeds to the next
instruction in the computation,

e if I} is not a jump instruction, then the next instruction is Iy ;
* if I = J(m, n, g) then next instruction is
° I, ifry =ry; or
* Iiy1, otherwise.
Computation stops when the next instruction is I,,, where v > s.
* if k = s, and I, is an arithmetic instruction;
o if [ =J(myn,q), ry =r,and g > s;
o if ly =J(m,n,q), ry # ryand k = s.



Computation

Registers:

(9]7]0Jo]oo]0]..

Ry Ry R3 R4 Rs Re R;
Program:

I : J
L:S
I3ZS
Iy J
15:.]
Ie: T(3,1)



Configuration and Computation

Configuration: register contents + current instruction number.



Configuration and Computation

Configuration: register contents + current instruction number.

Initial configuration, computation, final configuration.



Some Notation

Suppose P is the program of a URM and ay, ay, as, . .. are the
numbers stored in the registers.

. P(al,ag, ...y ap)is Play,az,...,an,0,0,...).
P(ay,az,as, . ..) is the initial configuration.
P(ay,az,as, . ..) | means that the computation converges.

P(ai,az,as,...) T means that the computation diverges.



Definability in URM



URM-Computable Function

Let f(x) be an n-ary (partial) function.

What does it mean that a URM computes f(x)?
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URM-Computable Function

Suppose P is the program of a URM and ay, . ..,a,,b € N.

The computation P(ay,...,a,) converges to b if P(ay,...,a,) J and
r1 = b in the final configuration.

In this case we write P(ay, . ..,a,) | b.

P URM-computes f if, for all ay,...,a,,b € N, P(ay,...,a,) | biff
flai,...,a,) =D.

The function f is URM-definable if there is a program that
URM-computes f.



We shall abbreviate “URM-computable” to “computable”.



Let
4

be the set of computable functions and
Cn

be the set of n-ary computable functions.



Example of URM I

Construct a URM that computes x + y.



Example of URM I

Construct a URM that computes x + y.

111 J(3,2,5)
L S(1)
13: 5(3)
L J(1,1,1)



Example of URM II

x—1, iftx>0,

Construct a URM that computes x—1 = { 0, if x = 0.



Example of URM II

Construct a URM that computes x—1 = { x—1, ifx>0,

0, if x =0.
I : J(1,4,8)
121 S(3>
L J(1,3,7)
142 S(2)
Is: S(3)
Ie: J(1,1,3)

1,
I;: T(2,1)



Example of URM III

x/2, if x is even,

RM + = . .
Construct a URM that computes x =2 { undefined, if x is odd.



Example of URM III

x/2, if x is even,

RM + = . .
Construct a URM that computes x =2 { undefined, if x is odd.

I : J(1,2,6)
L: S(3)
I: S(2)
Iy S(2)
Is : (17 ,1)

J(1,1
Ie: T(3,1)



Example of URM IV

Construct a URM that computes f(x) = |3x/4]



Example of URM IV

Construct a URM that computes f (x) = |3x/4]

I Z(2)

L 7Z(3)

I3 Z(4)

1, J(1,2,10)
I5 S(2)

ls S(3)

17 S(3)

Is S(3)

Iy J(1,1,4)
Lo Z(2)

11 J(2,3,21)

12 S(2)

113 J(2,3,21)
I14 S(2)

15 J(2,3,21)
Ii6 S(2)

117 J(2,3,21)
113 S(2)

L9 S(4)

Do J(1,1,11)
by T(4,1)



Function Defined by Program

b if P(ar,...,an) L b
n — ’ ’ ’ 7
felai, ... an) = { undefined, if P(ai,...,a,) T



Program in Standard Form

A program P = Iy, ..., I is in standard form if, for every jump
instruction J(m, n, q) we have ¢ < s + 1.
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Program in Standard Form

A program P = Iy, ..., I is in standard form if, for every jump
instruction J(m, n, q) we have ¢ < s + 1.

For every program there is a program in standard form that computes
the same function.

We will focus exclusively on programs in standard form.



Program Composition

Given Programs P and Q, how do we construct the sequential
composition P; Q7



Program Composition

Given Programs P and Q, how do we construct the sequential
composition P; Q7

The jump instructions of P and Q must be modified.



Some Notations

Suppose the program P computes f.

Let p(P) be the least number i such that the register R; is not used by
the program P.



Some Notations

The notation Pl . .., I, — ] stands for the following program
Lo: T(,1)
I, T(ly,n)
Lyt Z(n+1)
Ly : Z(p(P))
P

T(1,1)



Computability Theory III
Primitive Recursive Function
Guoqiang Li
Shanghai Jiao Tong University

Oct. 10,2014



Assignment 1 is announced! (deadline Oct. 24)



Review Tips



Register

An Unlimited Register Machine (URM) has an infinite number of
register labeled Ry, Ry, R3, . . ..

’7”1"’2‘1”3‘1”4‘%‘1’6‘;’7‘...

Ri Ry R3 Ry Rs Rg Ry

Every register can hold a natural number at any moment.

The registers can be equivalently written as for example
[r1, ra, r3]?[r4]i[r5, 76, r7]g[0, 0,0,...]¢°

or simply
[r1, 72, r3]3 [rali[rs, re, 725



Instruction

Type Instruction Response of the URM

Zero Z(n) Replace r, by 0.

Successor  S(n) Add 1 to ry,.

Transfer ~ T(m,n) Copy 7 to Ry,.

Jump J(m,n,q)  If ry = ry, go to the g-th instruction;

otherwise go to the next instruction.




Recursive Function



Recursion Theory

Recursion Theory offers a mathematical model for the study of
effective calculability.

@ All effective objects can be encoded by natural numbers.

@ All effective procedures can be modeled by functions from
numbers to numbers.



Synopsis

@ Primitive Recursive Function



Primitive Recursive Function



Basic Definitions



Initial Function

©® The zero function

<0
c0(x)=0

@® The successor function
s s(x)=x+1

® The projection function
s Ul(x1,.. . Xy) =X



Composition

Suppose f(y1, ..., yk) is a k-ary function and g; (X), ..., gx(X) are
n-ary functions, where X abbreviates xi, . . ., X,.

The composition function A(x) is defined by

h(x) = fla(x),. .., &(x)),



Recursion

Suppose that f(X) is an n-ary function and g(x,y, z) is an (n+2)-ary

function.

The recursion function A(x,y) is defined by

h(x,0) = f(x),
hx,y+1) = gy, h(x,y)).

Clearly there is a unique function that satisfies (1) and (2).

(1
2)



Primitive Recursive Recursion

The set of primitive recursive function is the least set generated from
the initial functions, composition and recursion.



Dummy Parameter

Proposition
Suppose that f (y1, . . ., yk) is a primitive recursive and that x;, ..., x;,
is a sequence of k variables from x1, . . ., x, (possibly with repetition).

Then the function A given by

h(xi,...,x) = f(xip,.. %)

is primitive recursive.

Proof

h(x) = f(U; (x),..., U} (x)).



Basic Arithmetic Function



Basic Arithmetic Function

o_x_|_y
x+0 = x,
x+(+1) = stx+y).
.xy
x0 = 0,
x(y+1) = xy+nx
.xy
0



X+y+z



ox_y:

Basic Arithmetic Function

0-1 = 0,
(x+1)-1

- odet [ x—y, ifx>y,
0, otherwise.



Basic Arithmetic Function

if x =0,
if x # 0.
sg(0) = 0,
sgx+1) = 1
if x =0,
if x # 0.

sg(x) = 1-sg(x).



Basic Arithmetic Function

© =yl
* =yl = (x=y) + (y—x)

e x!

x+1)! = xl(x+1).

e min(x,y) = x—(x—y)
max(x, y)
max(x,y) = x + (y—x)



Basic Arithmetic Function

rm(x,y) T the remainder when y is devided by x

def f rm(x,y) +1 if rm(x,y) + 1 <x,
mex,y+1) = {O, otherwise.

The recursive definition is given by

rm(x,0) = 0,
rmx,y+1) = (rm(x,y) + Dsglx—(rm(x,y) + 1)).



Basic Arithmetic Function

at(x,y) & the quotient when y is devided by x

def qt(xay)+1> if rm(xvy)+1 =X,
1) = .
gty +1) { qt(x,y), if rm(x,y) + 1 # x.
The recursive definition is given by

qt(x,O) = 0,
qt(xay+1)’ qt(xny)_{_@(x_(rm(xay)+1))'



Basic Arithmetic Function

_ def | 1, if x dividesy,
div(x,y) = { 0, otherwise.

div(x, y) = sg(rm(x, ).



Bounded Minimalisation Operator



Bounded Sum and Bounded Product

Bounded sum:

S fEy) = o,
y<0
DGy = Y fEY) FfE ).
y<z+l1 y<z
Bounded product:
[[r&y =1,
y<0

[T r&» = (qIrGE») -rGe).

y<z+1 y<z



Bounded Sum and Bounded Product

By composition the following functions are also primitive recursive if
k(x,w) is primitive recursive:

and

II r&2.

2<k(X,i)



Bounded Minimization Operator

Bounded search:

~ \_ o def [ theleastz <y, suchthatf(x,z)=0;
He<y(f(%2) =0) = { Y, if there is no such z.

Proposition
If £ (X, z) is primitive recursive, then so is uz<y(f(x,z) = 0)

Proof
pz<y(f(¥,2) = 0) = 32, (ITucys1 SO (X, 1))



Bounded Minimization Operator

If f (%, z) and k(X, w) are primitive recursive functions, then so is the
function
pz<k(x,w)(f(x,2) = 0).



Primitive Recursive Predicate



Primitive Recursive Predicate

Suppose M (x1, . ..,x,) is an n-ary predicate of natural numbers. The
characteristic function cp (), where X = xp, . .., Xp, is

cula an) = 1, if M(ay,...,a,) holds,
MASL e Gn) = 0, if otherwise.

The predicate M (x) is primitive recursive if c¢) is primitive recursive.



Closure Property

Proposition
The following statements are valid:
 If R(x) is a primitive recursive predicate, then so is “R(X).
* If R(X), S(x) are primitive recursive predicates, then the
following predicates are primitive recursive:
* R(X) AS(X);
- RE) VS
» If R(x,y) is a primitive recursive predicate, then the following
predicates are primitive recursive:
* Vz < y.R(X,2);
* Iz < y.R(X,2).

Proof
For example CVz<y.R(x,2) (x,y) = Hz<y cr(X,2).



Definition by Case

Proposition

Suppose that fi (X), . . ., fi (X) are primitive recursive functions, and M (), . . .

are primitive recursive predicates, such that for every X exactly one of
Mi(X), ..., M(X) holds. Then the function g(X) given by

AR, if My (®) holds,
f(x), if M>(X) holds,
gx) = .

A, if Mu(®) holds.

is primitive recursive.

Proof
8(x) = em, (0)fi (%) + .. + ey, (X)fe (%)

s Mi (;)



More Arithmetic Functions



More Arithmetic Functions

The following functions are primitive recursive.

©® D(x) = the number of divisors of x;
~J 1, if xis prime,

© Pr(x) = { 0, if x is not prime.

® p, = the x-th prime number;

k, k is the exponent of py in the prime
0 (x),= factorisation of x, for x,y > 0,
0, ifx=0o0ry=0.



More Arithmetic Functions

Proof

© D(x) =3 i div(y,x).
® Pr(x) =sg(|D(x) - 2).

® P, can be recursively defined as follows:

pO = 07
P = pz<(l4+p!)(1-(z=p,)Pr(z) =0).

© (x), = pe<x(div(pit! x) = 0).



Encoding a Finite Sequence

Suppose s = (aj, az, ..., a,) is a finite sequence of numbers.
It can be coded by the following number

b= ptlll—&-lpgz—l-l o pZ"H.
Then the length of s can be recovered from
pz<b((b)e+1 = 0),
and the i-th component can be recovered from

(b)i—1.



Not all Computable Functions are
Primitive Recursive

Using the fact that all primitive recursive functions are total, a
diagonalisation argument shows that non-primitive recursive
computable functions must exist.

The same diagonalisation argument applies to all finite
axiomatizations of computable total function.



Onward to the partial functions!
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Review Tips



Initial Function

©® The zero function

<0
c0(x)=0

@® The successor function
s s(x)=x+1

® The projection function
s Ul(x1,.. . Xy) =X



Composition

Suppose f(y1, . .., yk) is a k-ary function and g; (X), . .., gx(x) are
n-ary functions, where X abbreviates xi, . . ., X,.

The composition function A(x) is defined by

h(x) = fla(x),. .., &(x)),



Recursion

Suppose that f(X) is an n-ary function and g(x,y, z) is an (n+2)-ary

function.

The recursion function A(x,y) is defined by

h(x,0) = f(x),
hx,y+1) = gy, h(x,y)).

Clearly there is a unique function that satisfies (1) and (2).

(1
2)



LCM (x,y)



LCM(x,y)

Sol. LCM (x,y) = pz < xy + 1(div(x,z)div(y,z) = 1).



LCM(x,y)

Sol. LCM (x,y) = pz < xy + 1(div(x,z)div(y,z) = 1).

HCF(x,y))



LCM(x,y)
Sol. LCM (x,y) = pz < xy + 1(div(x, z)div(y,z) = 1).

HCF(x,y))

Xy
Sol. HCF(x,y) = ety



Synopsis

@® Recursive Function
® Ackermann Function
©® Definability in URM



Recursive Function



An Example

) = VX if x is a pefect square.
§x) = undefined otherwise.



Minimization Operator, or Search
Operator

Minimization function, or p-function, or search function:

the least y such that
f(x,z) is defined for all z <y, and
fx,y) =0,

undefined if otherwise.

wy(f(x,y) =0) =~

Here ~ is the computational equality.



Minimization Operator, or Search
Operator

Minimization function, or p-function, or search function:

the least y such that
f(x,z) is defined for all z <y, and
f(}7y> = 07

undefined if otherwise.

wy(f(x,y) =0) =~

Here ~ is the computational equality.

* The recursion operation is a well-founded going-down procedure.



Minimization Operator, or Search
Operator

Minimization function, or p-function, or search function:

the least y such that
f(x,z) is defined for all z <y, and
f(}7y> = 07

undefined if otherwise.

wy(f(x,y) =0) =~

Here ~ is the computational equality.

* The recursion operation is a well-founded going-down procedure.

* The search operation is a possibly divergent going-up procedure.



An Example

() = Vx if xis a pefect square.
g = undefined otherwise.



An Example

() = Vx if xis a pefect square.
g = undefined otherwise.

f(xvy) = |x _y2|



Recursive Function

The set of recursive functions is the least set generated from the initial
functions, composition, recursion and minimization.



Decidable Predicate

A predicate R(X) is decidable if its characteristic function

cr(®) def 1, if R(X) is true,
R N 0, otherwise.

is a recursive function.



Decidable Predicate

A predicate R(X) is decidable if its characteristic function

cr(®) def 1, if R(X) is true,
R N 0, otherwise.

is a recursive function. The predicate R(x) is partially decidable if its
partial characteristic function

®) def 1, if R(X) is true,
XR o 1, otherwise.

is a recursive function.



Closure Property

The following statements are valid:
* If R(X) is decidable, then so is =R(X).
* If R(x), S(x) are (partially) decidable, then the following
predicates are (partially) decidable:
* R(X) AS(X);
* R(x) Vv S(x).
 If R(X,y) is (partially) decidable, then the following predicates
are (partially) decidable:
* Vz < y.R(X,y);
* Jz <y.R(x,y).



Definition by Cases

Suppose fi(X), ..., fx(x) are recursive and M (X), . .., M(x) are
partially decidable. For every X at most one of M (x), ..., Mi(X)
holds. Then the function g(x) given by

fi(x), if M;(x) holds,
~ £(x), if My (x) holds,
gx) =~ .

J"k (x), if My (%) holds.

18 recursive.



Minimization via Decidable
Predicate

Suppose R(x,y) is a partially decidable predicate. The function

glx) = wR({,y)
the least y such that R(x,y) holds, if there is such a y
undefined, otherwise.

is recursive.



Minimization via Decidable
Predicate

Suppose R(x,y) is a partially decidable predicate. The function

glx) = wR({,y)
B the least y such that R(x,y) holds, if there is such a y
o undefined, otherwise.

is recursive.

Proof
8(x) = uy(sg(xr(x,y)) = 0).



Comment

The p-operator allows one to define partial functions.



Comment

The p-operator allows one to define partial functions.

The diagonalisation argument does not apply to the set § of recursive
functions.



Comment

The p-operator allows one to define partial functions.

The diagonalisation argument does not apply to the set § of recursive
functions.

Using the p-operator, one may define total functions that are not
primitive recursive.



Minimization Operator is a Search
Operator

It is clear from the above proof why the minimization operator is
sometimes called a search operator.



Definable Function

A function is definable if there is a recursive function calculating it.



Ackermann function



Ackermann Function

The Ackermann function [1928] is defined as follows:

P(0,y) ~ y+1,
Y(x+1,0) Y(x, 1),
Y+ Ly+1) >~ Px,vx+1,y)).

12

The equations clearly define a total function.



Ackermann is not Primitive
Recursive

Lemma 1.
Y(l,m)=m+2and p(2,m) =2m+ 3



Ackermann is not Primitive
Recursive

Lemma 1.
Y(l,m)=m+2and p(2,m) =2m+ 3

Lemma 2.
P(n,m) > m+1



Ackermann is not Primitive
Recursive



Ackermann is not Primitive
Recursive

Lemma 3.
The Ackermann function is monotone:

vn,m) < Yn,m+1),
Y(n,m) < Y+ 1,m).



Ackermann is not Primitive
Recursive

Lemma 3.
The Ackermann function is monotone:

vn,m) < Yn,m+1),
Y(n,m) < Y+ 1,m).

Lemma 4.
The Ackermann function grows faster on the first parameter:

p,m+1) < pn+1,m)



Ackermann is not Primitive
Recursive

Lemma 5.
(n,m) + C is dominated by ¢ (J, m) for some large enough J:
b(n,m) +(n',m) < <p(max(n,n') +4,m),
Glam)+m < pln+d,m).



Ackermann is not Primitive
Recursive

Lemma 6.
Let f(x) be a k-ary primitive recursive function. Then there exists
some J such that for all ny, ..., n; we have that

k

flay,...,m) < w(J,an).

i=1



Ackermann is not Primitive
Recursive

Lemma 6.
Let f(x) be a k-ary primitive recursive function. Then there exists
some J such that for all ny, ..., n; we have that

k

flay,...,m) < w(J,an).

i=1

Proof. The proof is by structural induction.



Ackermann is not Primitive
Recursive

Lemma 6.
Let f(x) be a k-ary primitive recursive function. Then there exists
some J such that for all ny, ..., n; we have that

k

flay,...,m) < w(J,an).

i=1

Proof. The proof is by structural induction.

() f is one of the initial functions. In this case take J to be 1.



Ackermann is not Primitive
Recursive

(ii) f is the composition function A(g; (X), ..., gm(x)). Then
f@) = hgi(n),...,gm(n))

k
< Yo, Y _&il@) < szO,Z (i, > )
: =

< Yo,y Zn, ) < YUY J*+1,Zn]~>>

k
= w(J*+1,an+1) < VT2, )
=1 j=1

Now set J = J* + 2.



Ackermann is not Primitive
Recursive

(iii) Suppose f is defined by the recursion:

f(x,0) =~ h(x),
fEy+1) = gxy,f(x,y))



Ackermann is not Primitive
Recursive

(iii) Suppose f is defined by the recursion:

f(x,0) =~ h(x),
fEy+1) = gxy,f(xy).

Then h(n) < ¢(Jp, > n) and g(n,m,p) < Y(Jy, > n+m+p).



Ackermann is not Primitive
Recursive

(ii1) Suppose f is defined by the recursion:

f(x,0) h(x),
fy+1) (X, y,f(x,))-

R

Then h(i) < (Jp, X2 7) and g(it,m, p) < $(Jg, X7 +m +p).
It is easy to prove

k

Flun,mem) < (> g +m)

i=1

by induction on m.



Ackermann is not Primitive
Recursive

Now suppose ¥(x,y) was primitive recursive.
By composition 9 (x, x) would be primitive recursive.



Ackermann is not Primitive
Recursive

Now suppose ¥(x,y) was primitive recursive.
By composition 9 (x, x) would be primitive recursive.

According to the Lemma 6
P(n,n) <4(J,n)

for some J and all n,



Ackermann is not Primitive
Recursive

Now suppose ¥(x,y) was primitive recursive.
By composition 9 (x, x) would be primitive recursive.

According to the Lemma 6
P(n,n) <4(J,n)

for some J and all n, which would lead to the contradiction

() <, J).



Ackermann is not Primitive
Recursive

Theorem
The Ackermann function grows faster than every primitive recursive
function.



Ackermann Function 1s Recursive

Theorem
The Ackermann function is recursive.



Ackermann Function 1s Recursive

A finite set S of triples is said to be suitable if the followings hold:
(i) if (0,y,z) € Sthenz =y + 1;

(ii) if (x + 1,0,z) € S then (x,1,z) € S;

(i) if (x + 1,y + 1,z) € S then Ju.((x + 1,y,u)€S A (x,u,z)€S).
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(i) if (0,y,z) € Sthenz =y + 1;
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A triple (x,y,z) can be coded up by 2¥375%,
Aset {uy,...,u} can be coded up by py, - - - py, .
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A finite set S of triples is said to be suitable if the followings hold:
(i) if (0,y,z) € Sthenz =y + 1;

(ii) if (x + 1,0,z) € S then (x,1,z) € S;

(i) if (x + 1,y + 1,z) € S then Ju.((x + 1,y,u)€S A (x,u,z)€S).

A triple (x,y,z) can be coded up by 2¥375%,
Aset {uy,...,u} can be coded up by py, - - - py, .

Let R(x,y,v) be “vis alegal code and 3z < v.(x,y,2)€S,”.



Ackermann Function 1s Recursive

A finite set S of triples is said to be suitable if the followings hold:
(i) if (0,y,z) € Sthenz =y + 1;

(ii) if (x + 1,0,z) € S then (x,1,z) € S;

(i) if (x + 1,y + 1,z) € S then Ju.((x + 1,y,u)€S A (x,u,z)€S).

A triple (x,y,z) can be coded up by 2¥375%,
Aset {uy,...,u} can be coded up by py, - - - py, .

Let R(x,y,v) be “vis alegal code and 3z < v.(x,y,2)€S,”.

The Ackermann function ¥(x,y) == puz((x,y, 2) €S R (x,yv))-



Definability in URM



Definability of Initial Function

Fact. The initial functions are URM-definable.



Definability of Composition

Fact. If f(y1,...,») and g1(%), ..., gk(x) are URM-definable, then
the composition function A(X) given by

h(x) ~ f(ei(X),... &)
is URM-definable.



Some Notations

Suppose the program P computes f.

Let p(P) be the least number i such that the register R; is not used by
the program P.



Some Notations

The notation Pl . .., I, — ] stands for the following program
Lo: T(,1)
I, T(ly,n)
Lyt Z(n+1)
Ly : Z(p(P))
P

T(1,1)



Definability of Composition

Let F, Gy, ..., Gy be programs that compute f, g1, . . ., 8-

Let m be max{n, k, p(F), p(G1), ..., p(Gp)}.



Definability of Composition

Let F, Gy, ..., Gy be programs that compute f, g1, . . ., 8-
Let m be max{n, k, p(F), p(G1), ..., p(Gp)}.

Registers:

~ ~ k
[ PRI e Dty -+ [ @ity



Definability of Composition

The program for h:

In+k
I

: T(1,m+1)

: T(n,m+n)
: Gim+1,m+2,...,m+n — m+n+1]

: Gym4+1,m+2,....m+n — m+n-+Kkj
: Fim+n+1....m+n+k — 1]



Definability of Recursion

Fact. Suppose f(X) and g(X,y, z) are URM-definable.
The recursion function (X, y) defined by the following recursion

h(x,0) =~ f(x),
h(x,y +1) =~ g(x,y,h(x,y))

is URM-definable.



Definability of Recursion
Let F compute f and G compute g. Let m be max{n, p(F), p(G)}.



Definability of Recursion
Let F compute f and G compute g. Let m be max{n, p(F), p(G)}.
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Definability of Recursion
Let F compute f and G compute g. Let m be max{n, p(F), p(G)}.

. 1 201, (> 3
Registers: [ PRl DIt K BIAG, ke ts.

Program:

I : T(l,m+1)

Liv1 T(n+1m+n+1)

Invo @ F[1,2,...,n = m+n+3]

Inys @ Jm+n+2,m+n+1,n+7)

Inya @ Gm+1,...om+nm+n+2m+n+3 — m+n+3]
Inys @ S(m+n+2)

Inve = J(1,1,n+3)

Iny7 @ T(m+n+3,1)



Definability of Minimization

Fact. If f(x,y) is URM-definable, then the minimization function
wy(f(x,y) = 0) is URM-definable.



Definability of Minimization
Suppose F computes f (X, y). Let m be max{n + 1, p(F)}.



Definability of Minimization
Suppose F computes f (X, y). Let m be max{n + 1, p(F)}.

] [ m+n[ m+n+l[0]m+n+2

Registers: |[.. mA+1 8 mtn+1 M m4n4-2-



Definability of Minimization
Suppose F computes f (X, y). Let m be max{n + 1, p(F)}.

m+n [ ]m+n+l [O] m—+n+2

Reglsters. [ : ']1 [x m+1 I m4n+1 1 m4n+-2-

Program:

L : T(l,m+1)

I, : T(n m+n)
Liyi @ Fim+1m+2,....m+n+1 — 1]
Liyo + J(I,m+n+2,n+5)
Liys @ Sm+n+1)
Inya = J(I,1,n+1)
Inys @ Tm+n+1,1)



Main Result

Theorem. All recursive functions are URM-definable.



Homework

* Read the proof that Ackermann function is not primitive.

* Try to solve the exercises in Chapter 1 & 2 as many as possible.
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Assignment 2 is announced! (deadline Nov. 7)



Turing Machine



Alan Turing

Alan Turing (23Jun.1912-7Jun.1954), an English student of Church,
introduced a machine model for effective calculation in

“On Computable Numbers, with an Application to the Entsheidungs
problem”,

Proc. of the London Mathematical Society, 42:230-265, 1936.

Turing Machine, Halting Problem, Turing Test



British Prime Minister Gordon Brown:

“...I'am pleased to have the chance to say how deeply sorry I and we
all are for what happened to him ... So on behalf of the British
government, and all those who live freely thanks to Alan’s work, I am
very proud to say: we’re sorry, you deserved so much better.”



Motivation

What are necessary for a machine to calculate a function?



Motivation

What are necessary for a machine to calculate a function?

* The machine should be able to interpret numbers;

* The machine must be able to operate and manipulate numbers
according to a set of predefined instructions;



Motivation

What are necessary for a machine to calculate a function?

* The machine should be able to interpret numbers;
* The machine must be able to operate and manipulate numbers
according to a set of predefined instructions;
and
* The input number has to be stored in an accessible place;

* There should be an accessible place for the machine to store the
intermediate results;

* The output number has to be put in an accessible place.



Turing Machine

A k-tape Turing Machine M has k-tapes such that
 The first tape is the read-only input tape.
* The other k — 1 tapes are the read/write work tapes.
* The k-th tape is also used as the output tape.

Every tape comes with a read/write head.



Turing Machine

The machine is described by a tuple (T', Q, §) containing
* A finite set I', called alphabet, of symbols. It contains a blank
symbol L], a start symbol >, and the digits 0 and 1.
* A finite set Q of states. It contains a start state g5 and a halting
state gy
* A transition function 6 : Q x I'* — Q x TK=1 x {«— — =}k,
describing the rules of each computation step.



Computation and Configuration

Configuration, initial configuration, final configuration, computation
step



An Example

Q = {qsaqh7q17q27q3}’ I'= {07 17 Da I>}’
and ¢ is as follows:

peEQ o€l o(p, o)
qs 0 (anO: *})
qs 1 (qs7 17_>)
qs O (q17|:’7 P)
qs > ((157 >, _>)
a1 0 (q2,0,—)
q 1 (g3,8,—)
q1 g (q1,8,-)
q > (an, >, =)
q2 0 ((15707 <*)
q2 1 (gs,0,+4)
q2 u (qé'vov <_)
q2 > (qh7 ‘>7_))
q3 0 (gs, 1,4)
q3 1 (qS7 17<_)
q3 | (qS’ 176)
9 > (gn,>, =)




An Example

Q = {qsaqh7q17q27q3}’ I'= {07 17 Da I>}’
and ¢ is as follows:

peEQ o€l o(p, o) Start the machine with input 010
qs 0 (anO: *})
qs 1 (qs7 17_>)
qs o (qlvljv 4*)
ds > (qS7 >, _>)
a1 0 (q2,0,—)
q1 1 (q.’a:l:’v 4))
q1 o (Q],D,—)
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An Example

Q = {qsaqh7q17q27q3}’ I'= {07 17 Da I>}’
and ¢ is as follows:

peEQ o€l o(p, o) Start the machine with input 010
qs 0 (anO: *})
4s 1 (45,1, =) * 45, 010
qs o (qlvljv 4*)
ds > (qS7 l>1 _>)
q 0 (q2,0,—)
q1 1 (q.’a:l:’v 4))
q1 O (Q],D,—)
q1 > (g, >, —)
q2 0 ((15707 <*)
q2 1 (qS’Of <_)
q2 o (qé'vov <_)
q2 > (qh7 ‘>7_))
q3 0 (gs,1,4)
q3 1 (qS7 17<_)
q3 o (qS’ 176)
g > (gn, >, —)




Q = {qsaqh7q17q27q3}’ I'= {07 17 Da I>}’

and ¢ is as follows:

An Example

peEQ o€l o(p, o)
qs 0 (gs,0,—)
qs 1 (qs7 17_>)
qs o (qlvljv 4*)
ds > (qS7 >, _>)
a1 0 (q2,0,—)
q1 1 (q.’a:l:’v 4))
q1 o (Q],D,—)
a1 > (gn> =)
q2 0 ((15707 <*)
q2 1 (qS’Of <_)
q2 u (qé'vov <_)
q2 > (qh7 ‘>7_))
q3 0 (qS’ 17<_)
q3 1 (qS7 17<_)
q3 | (qS’ 176)
3 > (gn, >, =)

Start the machine with input 010

® g5, >010
® g5, >010



Q = {qsaqh7q17q27q3}’ I'= {07 17 Da I>}’

and ¢ is as follows:

An Example

peEQ o€l o(p, o)
qs 0 (gs,0,—)
qs 1 (qs7 17_>)
qs o (qlvljv 4*)
ds > (qS7 >, _>)
a1 0 (q2,0,—)
q1 1 (q.’a:l:’v 4))
q1 o (Q],D,—)
a1 > (gn> =)
q2 0 ((15707 <*)
q2 1 (qS’Of <_)
q2 u (qé'vov <_)
q2 > (qh7 ‘>7_))
q3 0 (qS’ 17<_)
q3 1 (qS7 17<_)
q3 | (qS’ 176)
3 > (gn, >, =)

Start the machine with input 010

® g5, >010
® g5, >010
® g5, >010



An Example

Q = {qsaqh7q17q27q3}’ I'= {07 17 Da I>}’
and ¢ is as follows:

peEQ o€l o(p, o) Start the machine with input 010

qs 0 (qS’ 09 *})

qs 1 (qs7 17_>) ° qs, 2010
qs o (th:’, %) . >010
qs > (QSz >, _>) 22
a1 0 (9,0 * 45 >010
q 1 (¢3,0,—) * g5, >010
q1 o (ql 5 D? _)

a1 > (g =)

q2 0 (qsv 0, <*)

q2 1 (6]3, 0, <_)

q2 u (qS7 0, <_)

q2 > (qh7 >, _))

q3 0 (gs, 1,4)

q3 1 (qS7 L <_)

q3 | (qS’ L, <;)

9 > (gn,>, =)




An Example

Q = {qsaqh7q17q27q3}’ I'= {07 17 Da I>}’
and ¢ is as follows:

peEQ o€l o(p, o) Start the machine with input 010
qs 0 (qS’ 09 *})
qs 1 (qs7 17_>) ° qs, 2010
qs o (th:’, E) . >010
qs > ((157 >, _>) 22
a1 0 (9,0 * 45 >010
q 1 (¢3,0,—) * g5, >010
q1 g (Q],D,—) ° qs. >0100
a1 > (g =)
q2 0 (qsv 0, <*)
q2 1 (6]3, 0, <_)
q2 u (qS7 0, <_)
q2 > (qh7 >, _))
q3 0 (gs, 1,4)
q3 1 (qS7 L <_)
q3 | (qS’ L, <;)
9 > (gn,>, =)




Q = {qsaqh7q17q27q3}’ I'= {07 17 Da I>}’

and ¢ is as follows:

An Example

peEQ o€l o(p, o)
qs 0 (gs,0,—)
qs 1 (qs7 17_>)
qs o (qlvljv P)
qs > ((157 >, _>)
a1 0 (q2,0,—)
q1 1 (Q37|:’7 4))
q1 g (q1,8,-)
a1 > (g =)
q2 0 ((15707 <*)
q2 1 (qS’Of <_)
q2 u (qé'vov <_)
q2 > (qh7 ‘>7_))
q3 0 (qS’ 17<_)
q3 1 (qS7 17<_)
q3 | (qS’ 176)
B > (gn, >, =)

Start the machine with input 010

® g5, >010
® g5, >010
® g5, >010
° g5, >010
* g5, >0100
* ¢, >0100
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An Example

peEQ o€l o(p, o)
qs 0 (gs,0,—)
qs 1 (qs7 17_>)
qs o (qlvljv P)
qs > ((157 >, _>)
a1 0 (q2,0,—)
q1 1 (Q37|:’7 4))
q1 g (q1,8,-)
a1 > (g =)
q2 0 ((15707 <*)
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q3 | (qS’ 176)
B > (gn, >, =)

Start the machine with input 010
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* g1,0100
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and ¢ is as follows:

An Example

peEQ o€l o(p, o)
qs 0 (gs,0,—)
qs 1 (qs7 17_>)
qs o (qlvljv P)
qs > ((157 >, _>)
a1 0 (q2,0,—)
q1 1 (Q37|:’7 4))
q1 g (q1,8,-)
a1 > (g =)
q2 0 ((15707 <*)
q2 1 (qS’Of <_)
q2 u (qé'vov <_)
q2 > (qh7 ‘>7_))
q3 0 (qS’ 17<_)
q3 1 (qS7 17<_)
q3 | (qS’ 176)
B > (gn, >, =)

Start the machine with input 010
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An Example

peEQ o€l o(p, o)
qs 0 (gs,0,—)
qs 1 (qs7 17_>)
qs o (qlvljv P)
qs > ((157 >, _>)
a1 0 (q2,0,—)
q1 1 (Q37|:’7 4))
q1 g (q1,8,-)
a1 > (g =)
q2 0 ((15707 <*)
q2 1 (qS’Of <_)
q2 u (qé'vov <_)
q2 > (qh7 ‘>7_))
q3 0 (qS’ 17<_)
q3 1 (qS7 17<_)
q3 | (qS’ 176)
B > (gn, >, =)

Start the machine with input 010

* 45, >010
® g5, >010
* g5, 1>010
° g5, >010
* g5, >0100
* g1,0100
* ¢, 0100
* g5, >0100
° g1, 0100



Q = {qsaqh7q17q27q3}’ I'= {07 17 Da I>}’

and ¢ is as follows:

An Example

peEQ o€l o(p, o)
qs 0 (gs,0,—)
qs 1 (qs7 17_>)
qs o (qlvljv P)
qs > ((157 >, _>)
a1 0 (q2,0,—)
q1 1 (Q37|:’7 4))
q1 g (q1,8,-)
a1 > (g =)
q2 0 ((15707 <*)
q2 1 (qS’Of <_)
q2 u (qé'vov <_)
q2 > (qh7 ‘>7_))
q3 0 (qS’ 17<_)
q3 1 (qS7 17<_)
q3 | (qS’ 176)
B > (gn, >, =)

Start the machine with input 010

® g5, >010
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® g1, >0100
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and ¢ is as follows:

An Example

peEQ o€l o(p, o)
qs 0 (gs,0,—)
qs 1 (qs7 17_>)
qs o (qlvljv P)
qs > ((157 >, _>)
a1 0 (q2,0,—)
q1 1 (Q37|:’7 4))
q1 g (q1,8,-)
a1 > (g =)
q2 0 ((15707 <*)
q2 1 (qS’Of <_)
q2 u (qé'vov <_)
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Q = {qsaqh7q17q27q3}’ I'= {07 17 Da I>}’

and ¢ is as follows:

An Example

peEQ o€l o(p, o)
qs 0 (gs,0,—)
qs 1 (qs7 17_>)
qs o (qlvljv P)
qs > ((157 >, _>)
a1 0 (q2,0,—)
q1 1 (Q37|:’7 4))
q1 g (q1,8,-)
a1 > (g =)
q2 0 ((15707 <*)
q2 1 (qS’Of <_)
q2 u (qé'vov <_)
q2 > (qh7 ‘>7_))
q3 0 (qS’ 17<_)
q3 1 (qS7 17<_)
q3 | (qS’ 176)
B > (gn, >, =)

Start the machine with input 010

® g5, >010
® g5, >010
® g5, >010
® g5, >010
* g5, >0100
* ¢, >0100
* ¢, >0100
® g5, >0100
® ¢, >01000
* g3, >0000
® g5, >0010

* g1, >0010



An Example

Q = {qsaqh7q17q27q3}’ I'= {07 17 Da I>}’
and ¢ is as follows:

peEQ ocl 5(p, o) Start the machine with input 010
qS 0 (qS’ 09 *})
qs 1 ((qs, 1,—>)) ° ¢, 010 * g1, >00010
qs O q1, Dv <~ °
,>010 ® g, >0010
as > (a,>,—) = =
qi 0 (92,0,—) * 45 >010
q 1 (95,0, =) °* g5, >010
q1 O (Q],D,—) ° qs. >01000
- > (b)) © 1. 50100
q2 0 ((15707 <*) a1, POIY
9 1 (gs,0,+4) ® g, 0100
o o ((qs, 0, <—)) * g5, >0100
q2 > qn, >, — °
B 0 (QS, 1, (_) q1, >01000
a3 1 (g5, 1,4+) * g3, >00000
g3 o (gs,1,4) * 45, >0010
g > (gn, >, —)




An Example

Q = {qsaqh7q17q27q3}’ I'= {07 17 Da I>}’
and ¢ is as follows:

peEQ ocl 5(p, o) Start the machine with input 010
qs 0 (qS’ 09 *})
qs 1 (g5, 1,—) ° ¢, 010 * g1, >00010
qs o (41 ; Dv (—) °
, >010 * q, 0010
as > (a,>,—) = =
q 0 (q2,0,—) * 45 >010 * 90, >0010
q 1 (95,0, =) °* g5, >010
q1 O (Q],D,—) ° qs. >01000
- > (b)) © 1. 50100
q2 0 ((15707 <*) a1, POIY
9 1 (gs,0,+4) ® g, 0100
o o ((qs, 0, <—)) * g5, >0100
q2 > qn, >, — °
B 0 (QS, 1, (_) q1, >01000
a3 1 (g5, 1,4+) * g3, >00000
g3 o (gs,1,4) * 45, >0010
g > (gn, >, —)




An Example

Q = {qsaqh7q17q27q3}’ I'= {07 17 Da I>}’
and ¢ is as follows:

peEQ o€l o(p, o) Start the machine with input 010
qs 0 (qS’ 09 *})
qs 1 (g5, 1,—) ° ¢, 010 * g1, >00010
qs | (t]1 ) Dv (—) °
,>010 ® g, >0010
4s > (gs,>,—) == 1=
q1 0 (q2,0,—) ® ¢s,>010 ® qo,>0010
q1 1 (g3,0,—) ° g5, >010 * g, >0010
q1 O (qh‘:l?_) . s >0100J
a1 > (g =) . 0100
q2 0 (%707 <;) ql’ > -
q2 1 (qS’ 07 <_) ° q2, DO]DQ
q2 O ((‘Isv 0, <_)) ° g, >01000
q2 > qn, >, — °
a 0 (¢n1,0) a1, >0100
93 1 (gs,1,4) ° ¢3,>0000
0 O (gs,1,4) ° g5, >0010
g > (gn, >, —)




Q = {qsaqh7q17q27q3}’ I'= {07 17 Da I>}’

and ¢ is as follows:

An Example

peEQ o€l o(p, o)
qs 0 (gs,0,—)
qs 1 (qs7 17_>)
qs o (qlvljv P)
qs > ((157 >, _>)
a1 0 (q2,0,—)
q1 1 (Q37|:’7 4))
q1 g (q1,8,-)
a1 > (g =)
q2 0 ((15707 <*)
q2 1 (qS’Of <_)
q2 u (qé'vov <_)
q2 > (qh7 ‘>7_))
q3 0 (qS’ 17<_)
q3 1 (qS7 17<_)
q3 | (qS’ 176)
B > (gn, >, =)

Start the machine with input 010

® g5, >010
® g5, >010
® g5, >010
® g5, >010
* g5, >0100
* ¢, >0100
* ¢, >0100
® g5, >0100
® ¢, >01000
* g3, >0000
® g5, >0010

q1, >00010
¢, >0010
g0, >0010
g1, >0010
gn, >0010



The Second Example

0=Ags,qn,q1}. T ={0,1,00,>}, and 4 is as follows:

peEQ o€l (p, o)
qs 0 (45,0, —)
qs 1 (gs,1,—)
qs o (ql’ 0, <_)
qs > (qsv >, —)
q1 0 (‘]h7 17 _)
q1 1 (CII;O, H)
q1 > (% >, _>)




The Third Example

0 ={4s.9n,9:,q9,9:}; I ={0,>,0,1}; two work tapes.



The Third Example

0 = {qs,qn 9> a1, ¢: }; T = {0,1>,0, 1}; two work tapes.

(@5, 2,0, ) = (qe, >, >, =, =, =) (g, 0,0, 00) = {gu, >, 1, =, —, =)

<qc,07|:|7|:|> N (qc,O,l:l,—>,—>,—) <qt707 17|:|> - <qh7 1,0, :777>

<QC717D,D>_><QC717D7_>7_>7_> <qt71707|:|>_><qh70707 B 7_>

<6Ic 0.0 D> BN (qz 0.0, . — 7) <qt70707|:|> — (qt707D»_>7<_7_>
T T T <CI[,1,1,D>4)<Qt,l,lj,*>,<*,7>

<q1707|:]7|:]> % <ql7D7 D? (_7 R _>

<qla 17|:|7|:|> - <qla‘:‘a‘:‘7<;7777>

<q17[>7D7D> — <Qr7|:|7|j,—>,<—, _>
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Suppose M has k tapes with the alphabet I".



{0, 1,00, >} vs. Larger Alphabets

Suppose M has k tapes with the alphabet I".

A symbol of M is encoded by a string o € {0, 1}* of length log |T'|.



{0, 1,00, >} vs. Larger Alphabets

Suppose M has k tapes with the alphabet I'.
A symbol of M is encoded by a string o € {0, 1}* of length log |T'|.

States: A state g is turned into states ¢, (g, o}, ..., 0o%) where

ol =...= o} =1, .., (q,all()g|r|, e ’Ulkog|r|> where

1 _ |~k _
e e e e



{0, 1,00, >} vs. Larger Alphabets

Suppose M has k tapes with the alphabet I'.

A symbol of M is encoded by a string o € {0, 1}* of length log |T'|.

States: A state g is turned into states ¢, (g, o}, ..., 0o%) where
ol =...= o} =1, .., (q,allogm, e ’Ulkog|r|> where
‘Ullog|F|| =...= |U{€og\1"|’ =log|T|.

A computation step of M is simulated in M by log |T| steps to read,
log |T'| steps to write, and log |T'| steps to relocate the heads.



One Tape vs. Many Tapes



One Tape vs. Many Tapes

The basic idea is to interleave k tapes into one tape.
The first n + 1 cells are reserved for the input.

M's 3 work tapes:
5

Tepet:[cfofmip[yfe [t Jep W[ TTTTTTTTE
.

roe LB A [T TTTTTIC

|
Tepe 2 [afalelln[fi{n[=[s[ T T[T T TTTT[C

Enceoding this in one tape of M

12 3123123 123123 123
[elr Infole]ah[ole [olt [ih Ja]i JeTelo]




One Tape vs. Many Tapes

The basic idea is to interleave k tapes into one tape.
The first n + 1 cells are reserved for the input.

M's 3 work tapes:
-

i
H
oot cfolmbyl el DI TTTTTTTIC
—a
r
e [le Mol [l [TTTTTTTIC
|
Tepe 2 [afaleln [fi{nles[ [ T[T TTTTIC

Enceoding this in one tape of M

12 3123123 123123 123
[el bnfo[e]apn [ole [olt [il Ja]i JeTe[o[T

Every symbol a of M is turned into two symbols a,a in M, with @
used to indicate head position.



One Tape vs. Many Tapes



One Tape vs. Many Tapes

The machine M copies the input bits to the first imaginary tape. The
head then moves left to the (n+2)-th cell.



One Tape vs. Many Tapes

The machine M copies the input bits to the first imaginary tape. The
head then moves left to the (n+2)-th cell.

Sweeping the tape cells from left to right. Record in the register the k
symbols marked with the hat _.



One Tape vs. Many Tapes

The machine M copies the input bits to the first imaginary tape. The
head then moves left to the (n+2)-th cell.

Sweeping the tape cells from left to right. Record in the register the k
symbols marked with the hat _.

Sweeping the tape cells from right to left to update using the
transitions of M.



One Unidirectional vs. Bidirectional
Tape

The idea is that M makes use of the alphabet I x T".



One Unidirectional vs. Bidirectional
Tape

The idea is that M makes use of the alphabet I x T".

Every state g of M is turned into g and g.



Simulation of TM by URM



Simulating TM by URM

Suppose M is a 3-tape TM with the alphabet {0, 1,0, > }.



Simulating TM by URM

Suppose M is a 3-tape TM with the alphabet {0, 1,0, > }.

The URM that simulates Ml can be designed as follows:

L]

Suppose that R, is the right most register that is used by a
program calculating x—1.

The head positions are stored in Ry, 11, Ry+2, Rnt3.

The three binary strings in the tapes are stored respectively in
Ryt4; Rnt7, Rmtr0, - - -,

Ryvs,Ryts, Rt11,- - -

The states of M are encoded by the states of the URM.

The transition function of M can be easily simulated by the
program of the URM.



Homework

Encode the addition function by k-tape Turing machine two nature
number partitioned by § on the input tape, for example, 1101041001,
and then try to encode the function by 1-tape Turing machine.
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Church-Turing Thesis



Fundamental Question

How do computation models characterize the informal notion of
effective computability?



Fundamental Result

Theorem. The set of functions definable (the Turing Machine Model,
the URM Model) is precisely the set of functions definable in the
Recursive Function Model.



Fundamental Result

Theorem. The set of functions definable (the Turing Machine Model,
the URM Model) is precisely the set of functions definable in the
Recursive Function Model.

Proof.
We showed that
p-definable = A-definable = Turing definable = URM-definable.

We will show that URM-definable = p-definable.



Church-Turing Thesis

Church-Turing Thesis.

The functions definable in all computation models are the same. They
are precisely the computable functions.



Church-Turing Thesis

Church-Turing Thesis.

The functions definable in all computation models are the same. They
are precisely the computable functions.

1. Church believed that all computable functions are A-definable.
2. Kleene termed it Church Thesis.

3. Godel accepted it only after he saw Turing’s equivalence proof.

4. Church-Turing Thesis is now universally accepted.



Computable Function

Let C be the set of all computable functions.

Let C,, be the set of all n-ary computable functions.



Power of Church-Turing Thesis

No one has come up with a computable function that is not in C.

When you are convincing people of your model of computation, you
are constructing an effective translation from a well-known
computation model to your model.



Use of Church-Turing Thesis

Church-Turing Thesis allows us to give an informal argument for the
computability of a function.

We will make use of a computable function without explicitly defining
it.



Comment on Church-Turing Thesis

CTT and Physical Implementation

* Deterministic Turing Machines are physically implementable.
This is the well-known von Neumann Architecture.

* Are quantum computers physically implementable? Can a

quantum computer compute more? Can it compute more
efficiently?



Comment on Church-Turing Thesis

CTT and Physical Implementation

* Deterministic Turing Machines are physically implementable.
This is the well-known von Neumann Architecture.

* Are quantum computers physically implementable? Can a
quantum computer compute more? Can it compute more
efficiently?

CTT, is it a Law of Nature or a Wisdom of Human?



Synopsis

@ Godel Encoding (section 4.1)
® URM is Recursive (Appendix of chapter 5)



Godel Encoding



Everything is number!



Godel’s Insight

The set of syntactical objects of a formal system is denumerable.



Godel’s Insight

The set of syntactical objects of a formal system is denumerable.

More importantly, every syntactical object can be coded up effectively
by a number in such a way that a unique syntactical object can be
recovered from the number.



Godel’s Insight

The set of syntactical objects of a formal system is denumerable.

More importantly, every syntactical object can be coded up effectively
by a number in such a way that a unique syntactical object can be
recovered from the number.

This is the crucial technique Godel used in his proof of the
Incompleteness Theorem.



Enumeration

An enumeration of a set X is a surjection g : N — X;
this is often represented by writing {xo,x1,x2, ...}

It is an enumeration without repetition if g is injective.



Denumeration

A set X is denumerable if there is a bijection f : X — N.
(denumerate = denote + enumerate)



Denumeration

A set X is denumerable if there is a bijection f : X — N.
(denumerate = denote + enumerate)

Let X be a set of “finite objects”.

Then X is effectively denumerable if there is a bijectionf : X — N
such that both f and f~! are computable.



Effective Denumerable Set

Fact. N x N is effectively denumerable.



Effective Denumerable Set

Fact. N x N is effectively denumerable.

Proof. A bijection 7 : N x N — N is defined by

m(m,n) & 2"(2n+1) -1,
) (), mW0),

where

mx) = (x+1),
mx) = ((x+1)/270 —1)/2.



Effective Denumerable Set

Fact. Nt x Nt x N7 is effectively denumerable.



Effective Denumerable Set

Fact. Nt x Nt x N7 is effectively denumerable.

Proof. A bijection ¢ : NT x Nt x N* — N is defined by
C(m,n,Q) o W(W(m - 17” - 1)7q - 1))
o =

(mi(mi(D) + 1, ma(mi (D) + 1,m2(l) + 1)



Effective Denumerable Set

Fact. (J;~¢ NF is effectively denumerable.

Proof. A bijection 7 : | J;- o N¥ — Nis defined by

def
T(ala R ;ak) = 2@ + gatartl + na1tax+az+2 +...

+ yartartazt.atk=1 _
Now given x it is easy to find by < by < ... < by such that
2b] +2b2+2b3 _|_+2bk :x+1

It is then clear how to calculate a;, ap, as, . . ., a;. Details are next.



Effective Denumerable Set

A number x € N has a unique expression as

[o.¢]
x= g o2,
i=0

where «; is either O or 1 for all i > 0.
1. The function a(i,x) = «; is primitive recursive:

afi,x) = rm(2,qt(2", x)).

2. The function ¢(x) = if x > O then k else 0 is primitive recursive:

(x) = afi,x).

i<x



Effective Denumerable Set

3. If x > 0 then it has a unique expression as
x =20 g0k g 0b
where 1 <kand0 < b; < by < ... < by.

The function b(i,x) = if (x > 0) A (1 < i < (x)) then b; else 0 is
primitive recursive:

b(l_,x)_{ py<x (Zkgya(k,x):i>, if (x> 0) A (1 < i< 0());

0, otherwise.



Effective Denumerable Set

4. If x > 0 then it has a unique expression as

x =24 4 2a1+az+1 o+ 2al+(12+--~+ak+k—1.

The function a(i, x) = g; is primitive recursive:

a(i,x) = b(i,x), ifi=0o0ri=1,
a(i+1,x) = (b(i+1,x)=b(i,x))—1, ifi > 1.
We conclude that a;, ay, as, . .., a; can be calculated by primitive

recursive functions.



Encoding Program

Let Z be the set of all instructions.
Let P be the set of all programs.

The objects in Z, and P as well, are “finite objects”.



Encoding Program

Theorem. 7 is effectively denumerable.

Proof. The bijection 8 : Z — N is defined as follows:

The converse 37! is easy.



Encoding Program

Theorem. P is effectively denumerable.

Proof. The bijection y : P — N is defined as follows:

V(P) = T(B(Il)v"'vﬁ(ls))a

assuming P =1y,...,[;.

1

The converse v~ is obvious.



Go6del Number of Program

The value y(P) is called the Godel number of P.



Go6del Number of Program

The value v(P) is called the Godel number of P.

P, = the programme with Godel index n
= 7" '(n)



Go6del Number of Program

The value y(P) is called the Godel number of P.

P, = the programme with Godel index n

= 77 '(n)

We shall fix this particular encoding function ~ throughout.



Example

Let P be the program T(1,3),5(4),Z(6).



Example

Let P be the program T(1,3),5(4),Z(6).



Example

Let P be the program T(1,3),5(4),Z(6).

y(P) =218 +2% 4 2% — |



Example

Consider Pg127.



Example

Consider Pg127.

4127 =25 + 212 — 1.



Example

Consider Pg127.
4127 =25 4212 1.

BL)=4+1
B(L) = 4m(1,0) +2



Example

Consider Pg127.
4127 =25 4212 1.

BI) =4+1
B(I) = 4n(1,0) +2

So P4127 is 5(2); T(Z, 1).



URM is Recursive



Kleene’s Proof

Kleene demonstrated how to prove that machine computable
functions are recursive functions.



Proof in Detail

The states of the computation of the program P,(x) can be described
by a configuration and an instruction number.



Proof in Detail

The states of the computation of the program P,(x) can be described
by a configuration and an instruction number.

A state can be coded up by the number

0 = 7T(C7j)7

where c is the configuration that codes up the current values in the
registers

c=2"3" . . = Hp?,
i>1

and j is the next instruction number.



Proof in Detail

To describe the changes of the states of P,(x), we introduce three
(n + 2)-ary functions:

Cu(e,x,t) = the configuration after 7 steps of P,(X),
jo(e,x,1r) = the number of the next instruction after ¢ steps
of P,(x) (it is O if P,(x) stops in 7 or less steps),

on(e,x,t) = m(cu(e,x,t),j,(e,x,1)).



Proof in Detail

To describe the changes of the states of P,(x), we introduce three
(n + 2)-ary functions:

Cu(e,x,t) = the configuration after 7 steps of P,(X),
jo(e,x,1r) = the number of the next instruction after ¢ steps
of P,(x) (it is O if P,(x) stops in 7 or less steps),

on(e,x,t) = m(cu(e,x,t),j,(e,x,1)).

If 0, is primitive recursive, then C,, j, are primitive recursive!



Proof in Detail

If the computation of P,(X) stops, it does so in

(i, (e, 1) = 0)

steps.



Proof in Detail
If the computation of P,(X) stops, it does so in
(i, (e, 1) = 0)
steps.

Then the final configuration is

Cn(eaza Mt(jn(evfia t) = 0))



Proof in Detail
If the computation of P,(X) stops, it does so in
(i, (e, 1) = 0)
steps.

Then the final configuration is

Cn(eaza Mt(jn(evfia t) = 0))

We conclude that the value of the computation P, (x) is

(Cn(evxa /J’t(jn(&}’ t) = 0)))1-



Proof in Detail

The function o, can be defined as follows:

on(e,x,0) = w2932 ... pr 1),
on(e,x,t+1) = mn(config(e,o,(e,x,1)), next(e,on(e,x,t))),

where config(e, m(c,j)) is the new configuration, and next(e, 7(c,j))
is the number of the next instruction, after the j-th instruction has been
executed upon c.



Proof in Detail

In(e) = the number of instructions in P,;
N the code of I;in P,, if 1 <j <lIn(e),
gn(e.j) = { 0, otherwise.

ch(c,z) = the resulting configuration when the
configuration c is operated on by the

instruction with code number z.
the number j’ of the next instruction
when the configuration c is operated if j > O,
on by the jth instruction with code z,
0, if j=0.

v(c,j,z) =



Proof in Detail



Proof in Detail

config(e, ) = {;f;((;r)lfa»gnwz(a))), it < m(o) < In(e),



Proof in Detail

config(e, ) = {;?((:;’(U)agn(emz(a)))a it < m(o) < In(e),

next(e,0) = {g’(ﬂl(a)aW2(0)a9n(€m2(0)))a i)fthleivzfsz;(‘a)éln(e),



Proof in Detail (In, gn)

In(e) = the number of instructions in P,;
N the code of I;in P,, if 1 <j <lIn(e),
gn(e.j) = { 0, otherwise.

Both functions are primitive recursive since

In(e) = {(e+1),
gn(e,j) = a(j,e+1).



Proof in Detail (ch)

The following function

ch(c,z) = the resulting configuration when the
configuration c is operated on by the

instruction with code number z.

is primitive recursive if

zero(c,u(z)), if rm(4

B succ(c, u(z)), if rm(4,

N2 = tran(e,ur(2), b (), if rm(s
c, if rm(4



Proof in Detail (ch)

U(z) = m whenever z = $(Z(m)) or z = 5(S(m)):

u(z) =qt(4,z) + 1.



Proof in Detail (ch)
U(z) = m whenever z = $(Z(m)) or z = 5(S(m)):
u(z) =qt(4,z) + 1.
Ui(z) = my and Uy (z) = my whenever z = B(T (my,my)):

ui(z) = m(qt4,2))+1,
Ux(z) = m(qt4,2))+ 1.



Proof in Detail (ch)

The change in the configuration ¢ effected by instruction Z(m):

zero(c,m) = qt(p,(nc)m, c).



Proof in Detail (ch)

The change in the configuration ¢ effected by instruction Z(m):

zero(c,m) = qt(p,(,f)’”, c).

The change in the configuration c¢ effected by instruction S(m):

succ(c, m) = ppc.



Proof in Detail (ch)

The change in the configuration ¢ effected by instruction Z(m):

zero(c,m) = qt(p,(nc)m, c).

The change in the configuration c¢ effected by instruction S(m):

succ(c,m) = ppc.

The change in the configuration c effected by instruction T (m, n):

’[ran(c, m, n) = qt(p’(f)"’p’gc)mc)'



Proof in Detail (v)

The following function

the number j’ of the next instruction
when the configuration c is operated if j > O,
on by the jth instruction with code z,
0, if j=0.

v(c,j,z) =

is primitive recursive if

j+ 1, ifrm(4,z) # 3,
V(C,j,Z) = .]+ 17 if rm(47Z) =3 A (C)Vl(z) 7é (C)V2(1)7
V3(Z), if rm(4,z) =3 A (C)Vl(z) = (C)Vz(z)'



Proof in Detail (v)

Vi(z) = my and Vo(z) = mp and v3(z) = q if z = B(J (m1,m2, q)):

vi(z) = mi(m(qt
Va(z) = m(m(q
vi(z) = m(qt(4 Z) + 1.



Proof in Detail

We can now define the function config(_, _) by

config(e,0) = {;?((;T;’(U),gn(emz(ff))), it 1< ma(7) < In),

and the function next(_,_) by

next(e,a) = { &(m(a),ﬂg(a),gn(e,m(a))), gﬂ-}eivfsi(a) < |n(€),



Proof in Detail

We conclude that the functions C,, j,,, 0, are primitive recursive.
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Problem Index



Motivation

By Church-Turing Thesis one may study computability theory using
any of the computation models.

It is much more instructive however to carry out the study in a model
independent manner.

The first step is to assign index to computable function.



Review Tips



Effective Denumerable Set

N x N
Nt x Nt x NT

Ui N



Effective Denumerable Set

N x N
Nt x Nt x NT

Ui N

7 is effectively denumerable.
P is effectively denumerable.

V(P) = T(B(Il)v cee aﬁ(ls))

The value y(P) is called the Godel number of P.



Synopsis

@ Gobdel Index

@® S-m-n Theorem



Godel Index



Basic Idea

We see a number as an index for a problem/function if it is the Godel
number of a programme that solves/calculates the problem/function.



Definition

Supposea € Nandn > 1.

¢§,”) = the n ary function computed by P,

= £
W(S") = the domain of ¢§”) ={(x1,...,xn) | Palxy,. ..
Eén) = the range of ¢Eln)_

The super script (n) is omitted when n = 1.

7xn) \L}v



Example
Leta = 4127. Then P4j27 = S(Z), T(Z, 1)



Example
Let a = 4127. Then P4127 = S(2); T(2, 1).

If the program is seen to calculate a unary function, then
ba127(x) = 1,

Wa7 = N,
Eqr = {1}



Example
Let a = 4127. Then P4127 = S(2); T(2, 1).

If the program is seen to calculate a unary function, then

da7(x) = 1,
Wa7 = N,
Eqy; = {1}

If the program is seen to calculate an n-ary function, then

¢£’;)27(x1,...,x,,) = x+1,
Wiy = N
Ejy = N'.



Godel Index for Computable
Function

Suppose f is an n-ary computable function..

A number a is an index for f if f = (;5&").



Padding Lemma

Padding Lemma

Every computable function has infinite indices. Moreover for each x
we can effectively find an infinite recursive set A, of indices for ¢.



Padding Lemma

Padding Lemma

Every computable function has infinite indices. Moreover for each x
we can effectively find an infinite recursive set A, of indices for ¢.

Proof
Systematically add useless instructions to Py.



Enumeration of Computable
Function

Proposition
C,., and C as well, is denumerable.



Enumeration of Computable
Function

Proposition
C,., and C as well, is denumerable.

We may list for example all the elements of C, as ¢>(()"), ¢§"), (n)

I REEREE



Diagonal Method

Fact
There is a total unary function that is not computable.



Diagonal Method

Fact
There is a total unary function that is not computable.

Proof
Suppose ¢g, ¢1, @2, - . . is an enumeration of C. Define

£(n) {¢n(n>+17 if ¢, (n) is defined,

0, if ¢,(n) is undefined.

By Church-Turing Thesis the function f (n) is not computable.



Diagonal Method

Fact
There is a total unary function that is not computable.

Proof
Suppose ¢g, ¢1, @2, - . . is an enumeration of C. Define

£(n) {¢n(n>+17 if ¢, (n) is defined,

0, if ¢,(n) is undefined.

By Church-Turing Thesis the function f (n) is not computable.

Is the following function computable?

N on(n) + 1, if ¢,(n) is defined,
fln) =~ { 1, if ¢, (n) is undefined.



Diagonal Method

Suppose there is a sequence fy, f1, - - -, fu, - - -

Diagonalize out of fy, f1, . . . by making f differ from f;, at n.



S-m-n Theorem



Motivation

How do different indexing systems relate?



S-m-n Theorem, the Unary Case

Given a binary function f(x,y), we get a unary computable function
f(a,y) by fixing a value a for x.



S-m-n Theorem, the Unary Case

Given a binary function f(x,y), we get a unary computable function
f(a,y) by fixing a value a for x.

Let e be an index for f(a,y). Then

fla,y) = ¢e(y)



S-m-n Theorem, the Unary Case

Given a binary function f(x,y), we get a unary computable function
f(a,y) by fixing a value a for x.

Let e be an index for f(a,y). Then

fla,y) = ¢e(y)

S-m-n Theorem states that the index e can be computed from a.



S-m-n Theorem, the Unary Case

Fact
Suppose that f(x, y) is a computable function. There is a primitive
recursive function k(x) such that

J(x,y) = dr) ()



S-m-n Theorem, the Unary Case

Proof



S-m-n Theorem, the Unary Case

Proof
Let F be a program that computes f. Consider the following program

T(1,
Z(1)
1)

S(
: a times
S(1)

F

2)



S-m-n Theorem, the Unary Case

Proof
Let F be a program that computes f. Consider the following program

T(1,
Z(1)
(1)

2)

: a times
S(1)
F

The above program can be effectively constructed from a.



S-m-n Theorem, the Unary Case

Proof
Let F be a program that computes f. Consider the following program

T(1,
Z(1)
(1)

2)

: a times
S(1)
F

The above program can be effectively constructed from a.

Let k(a) be the Godel number of the above program. It can be
effectively computed from the above program.



Examples

Let f(x,y) = y*.



Examples

Let f(x,y) = y*.

Then ¢y (x)(y) = ¥*. For each fixed n, k(n) is an index for y".



Examples

Let f(x,y) = y".

Then ¢y (x)(y) = ¥*. For each fixed n, k(n) is an index for y".

_J y, if yisamultiple of x,
Let/(x,y) = { 1, otherwise. :



Examples

Letf(xay) =y

Then ¢y (x)(y) = ¥*. For each fixed n, k(n) is an index for y".

_J y, if yisamultiple of x,
Let/(x,y) = { 1, otherwise. :

Then ¢y, (v) is defined if and only if y is a multiple of n.



S-m-n Theorem

S-m-n Theorem

For m, n, there is an injective primitive recursive (m + 1)-function
si*(x,x) such that for all e the following holds:

& 5) = 60,5 5)



S-m-n Theorem

S-m-n Theorem

For m, n, there is an injective primitive recursive (m + 1)-function
si*(x,x) such that for all e the following holds:

& 5) = 60,5 5)

S-m-n Theorem is also called Parameter Theorem.



S-m-n Theorem

Proof
Given e, xy, . . ., X, we can effectively construct the following
program and its index

T(n,m+n)

T(l,m+1)

Q( 1 , X1 )

O(m, xm)

P,

where Q(i, x) is the program Z(i), S(i), ..., S(i).
—_—

X times



S-m-n Theorem

Proof
Given e, xy, . . ., X, we can effectively construct the following
program and its index

T(n,m+n)

T(l,m+1)

Q( 1 , X1 )

Q(m, xm)

P,

where Q(i, x) is the program Z(i), S(i), ..., S(i).
—_——

X times

The injectivity is achieved by padding enough useless instructions.



Exercise 1

Show that there is a total computable function k such that for each n,
k(n) is an index of the function | /x].



Exercise 11

Show that there is a total computable function k such that for each n,
Wi(n) = the set of perfect nth power.



Exercise 111

Show that there is a total computable function k such that

W = {1, ym) y1+ 32+ ym =)

suppose m > 1.
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Enumeration Theorem



General Remark

There are universal programs that embody all the programs.

A program is universal if upon receiving the Godel number of a
program it simulates the program indexed by the number.



Intuition

Consider the function (x, y) defined as follows

Y(x,y) = ¢u(y)

In an obvious sense 9(x,_) is a universal function for the unary
functions

¢0a¢la¢2,¢3,.. ..



Universal Function

The universal function for n-ary computable functions is the
(n + 1)-ary function ¢g’ ) defined by

?/)gl)(e,xh...,xn) ~ ¢£")(x1,...,xn).

We write vy for ¢§/1)-



Universal Function

The universal function for n-ary computable functions is the
(n + 1)-ary function ¢g’ ) defined by

Q/)gl)(e,xl, ceey X)) ¢£")(x1, ey Xp)-
We write ¢y for ¢§/1)-

Question: Is z[)gl) computable?



Enumeration Theorem

Enumeration Theorem
For each n, the universal function wg’ Vis computable.



Enumeration Theorem

Enumeration Theorem
For each n, the universal function wg’ Vis computable.

Proof
Given a number e, decode the number to get the program P,; and then
simulate the program P,. If the simulation ever terminates, then return

the number in R;. By Church-Turing Thesis, wgl) is computable.



Undecidability

Proposition
The problem ‘¢, is total” is undecidable.



Undecidability

Proposition
The problem ‘¢, is total” is undecidable.

Proof
If ‘¢, is total’ were decidable, then by Church-Turing Thesis

~f Wulx,x) 41, if ¢y is total,
fo) = { 0, if ¢, is not total.

would be a total computable function that differs from every total
computable function.



Effectiveness of Function Operation

Proposition

There is a total computable function s(x,y) such that ¢, )y = ¢x¢y
for all x, y.



Effectiveness of Function Operation

Proposition

There is a total computable function s(x,y) such that ¢, )y = ¢x¢y
for all x, y.

Proof

Let f(x,y,2) = ¢:(2)¢y(2) ~ Yu(x, 2)Yu(y, 2).

By S-m-n Theorem there is a total function s(x,y) such that

(bs(x,y) (Z) :f(x7 Y Z)'



Effectiveness of Set Operation

Proposition

There is a total computable function s(x,y) such that
Ws(x,y) =W, UW,.



Effectiveness of Set Operation

Proposition

There is a total computable function s(x,y) such that
Ws(x,y) =W, UW,.

Proof

Let
1, ifz€e Wyorze W,
undefined, otherwise.

f(x,M):{

By S-m-n Theorem there is a total function s(x, y) such that
Qbs(x,y) (Z) Zf(x,y, Z)' Cleaﬂy Ws(x,y) =W, U Wy-



Effectiveness of Recursion

Consider f defined by the following recursion

fler,e2,%,0) = o0 (%) = ¥ (e1,%)

U

and

flenenXy+1) ~ o8&y fler,en,y))

= §]n+2)(627357y7f(617627357)]))'

By S-m-n Theorem, there is a total computable function r(ey, e2) such
that

QZ),(,}Z;L)Z)(}Z,)}) 2](‘(61762’%’ y)



Non-Primitive Recursive Total
Function

Theorem
There is a total computable function that is not primitive recursive.



Non-Primitive Recursive Total
Function

Theorem
There is a total computable function that is not primitive recursive.

Proof

@ The primitive recursive functions have a universal function.

® Such a function cannot be primitive recursive by diagonalisation.



Recursion Theorem



Recursion Theorem

Recursion Theorem

Let f be a total unary computable function. Then there is a number n
such that ¢r(,) = @n.

Proof
By S-m-n Theorem there is an injective primitive recursive function
s(x) such that for all x

Gsr) () =~ {%(x)(y), if 6y (x) s

T, otherwise.

Let v be such that ¢, = s o f. Obviously ¢, is total and ¢, (v) J.

Ps() = Pon(v) = Pr(s)
We are done by letting n be s(v).



Exercise 1

Show that there is a total computable function k such that for each n,
Eyy = Wh.



Exercise 11

Show that there is a total computable function k(x,y) such that for
eachx,y, Ey(yy) = Ex UEy.



Exercise 111

Suppose f(n) is computable, show that there is a total computable
function k(n) such that for each n, Wy, = f~1(Wy).
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Assignment 3 was announced!

The deadline is Dec. 12.



Undecidability



Decidability and Undecidability

A predicate M (x) is decidable if its characteristic function cps(X)
given by

en(x) = { 1, if M(x) holds,
0, if M(x) does not hold.

is computable.



Decidability and Undecidability

A predicate M (x) is decidable if its characteristic function cps(X)
given by

en(x) = { 1, if M(x) holds,
0, if M(x) does not hold.

is computable.

The predicate M (x) is undecidable if it is not decidable.



Undecidability Result

Theorem
The problem ‘x € W, is undecidable.



Undecidability Result

Theorem
The problem ‘x € W, is undecidable.

Proof
The characteristic function of this problem is given by

c(x) = 1, ifxe W,
1 0, ifxé¢ W,



Undecidability Result

Theorem
The problem ‘x € W, is undecidable.

Proof
The characteristic function of this problem is given by

c(x) = 1, ifxe W,
1 0, ifxé¢ W,

Suppose ¢(x) was computable. Then the function g(x) defined below
would also be computable.

(x) = 0, if ¢(x) =0,
EX 7\ undefined, if c(x) = 1.



Undecidability Result

Theorem
The problem ‘x € W, is undecidable.

Proof
The characteristic function of this problem is given by

c(x) = 1, ifxe W,
1 0, ifxé¢ W,

Suppose ¢(x) was computable. Then the function g(x) defined below
would also be computable.

(x) = 0, if ¢(x) =0,
EX 7\ undefined, if c(x) = 1.

Let m be an index for g. Then

m € Wy, iff ¢(m) = 0 iff m ¢ W,,.



Undecidability Result

Corollary
There is a computable function 4 such that both ‘x € Dom(h)’ and
‘x € Ran(h)’ are undecidable.



Undecidability Result

Corollary
There is a computable function 4 such that both ‘x € Dom(h)’ and

‘x € Ran(h)’ are undecidable.

Proof
Let

ny = © if x € Wy,
7 undefined, if x ¢ W,.



Undecidability Result

Corollary
There is a computable function 4 such that both ‘x € Dom(h)’ and
‘x € Ran(h)’ are undecidable.

Proof
Let

ny = © if x € Wy,
7 undefined, if x ¢ W,.

Clearly x € Dom(h) iff x € W, iff x € Ran(h).



Undecidability Result

Theorem
The problem ‘¢,(y) is defined” is undecidable.



Undecidability Result

Theorem
The problem ‘¢,(y) is defined” is undecidable.

Proof
If y € W, were decidable then x € W, would be decidable.



Undecidability Result

Theorem
The problem ‘¢,(y) is defined” is undecidable.

Proof
If y € W, were decidable then x € W, would be decidable.

This is known as Halting Problem.



Undecidability Result

Theorem
The problem ‘¢,(y) is defined” is undecidable.

Proof
If y € W, were decidable then x € W, would be decidable.

This is known as Halting Problem.

In this proof we have reduced the problem ‘x € W,’ to the problem
‘y € W,’. The reduction shows that the latter is at least as hard as the
former.



Undecidability Result

Theorem
The problem ‘¢, = 0’ is undecidable.



Undecidability Result

Theorem
The problem ‘¢, = 0’ is undecidable.

Proof
Consider the function f defined by

oy = | O if x € Wy,
Y) 7\ undefined, if x ¢ W,.



Undecidability Result

Theorem
The problem ‘¢, = 0’ is undecidable.

Proof
Consider the function f defined by

oy = | O if x € Wy,
Y) 7\ undefined, if x ¢ W,.

By s-m-n theorem there is some total computable function k(x) such
that ¢y () (y) = f(x,y).



Undecidability Result

Theorem
The problem ‘¢, = 0’ is undecidable.

Proof
Consider the function f defined by

oy = | O if x € Wy,
Y) 7\ undefined, if x ¢ W,.

By s-m-n theorem there is some total computable function k(x) such
that ¢y () (y) = f(x,y).

It is clear that ¢y () = 0iff x € W.



Undecidability Result

Corollary
The problem ‘¢, ~ ¢,’ is undecidable.



Undecidability Result

Theorem

Let ¢ be any number. The followings are undecidable.
(a) Acceptance Problem: ‘c € W,’,

(b) Printing Problem: ‘c € E,’.



Undecidability Result

Theorem

Let ¢ be any number. The followings are undecidable.
(a) Acceptance Problem: ‘c € W,’,

(b) Printing Problem: ‘c € E,’.

Proof
Consider the function f defined by

B ¥, 1fx S Wxa
flx,y) = { undefined, if x ¢ W,.



Undecidability Result

Theorem

Let ¢ be any number. The followings are undecidable.
(a) Acceptance Problem: ‘c € W,’,

(b) Printing Problem: ‘c € E,’.

Proof
Consider the function f defined by

B ¥, 1fx S Wxa
flx,y) = { undefined, if x ¢ W,.

By s-m-n theorem there is some total computable function k(x) such
that ¢ (v) = f(x,).



Undecidability Result

Theorem

Let ¢ be any number. The followings are undecidable.
(a) Acceptance Problem: ‘c € W,’,

(b) Printing Problem: ‘c € E,’.

Proof
Consider the function f defined by

B ¥, 1fx S Wxa
flx,y) = { undefined, if x ¢ W,.

By s-m-n theorem there is some total computable function k(x) such
that ¢ (v) = f(x,).

Itis clear that ¢ € Wy, iff x € Wy iff ¢ € Ey(y).



More on Undecidability



x €E,

Exercise 1



Exercise 11



Exercise 111



Exercise IV

E, is infinite.



Exercise V

‘¢x = g, where g is any fixed computable function.
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Assignment

Assignment 4 was announced!

The deadline is Dec. 26!



An Exercise

Let A, B C N. Define sets of A & B and A @ B by

ADB
A®B

{2x |x e A} U{2x+1|x € B}
{m(x,y) | x € ANy € B}



An Exercise

Let A, B C N. Define sets of A @ B and A ® B by

ADB
A®B

{2x |x e A} U{2x+1|x € B}
{m(x,y) | x € ANy € B}

©® A @ Bis recursive iff A and B are both recursive.



An Exercise

Let A, B C N. Define sets of A @ B and A ® B by

ADB
A®B

{2x |x e A} U{2x+1|x € B}
{m(x,y) | x € ANy € B}

©® A @ Bis recursive iff A and B are both recursive.
@ if A, B # (), then A ® B is recursive iff A and B are both recursive.



We have seen that many sets, although not recursive, can be effectively
generated in the sense that, for any such set, there is an effective
procedure that produces the elements of the set in a non-stop manner.

‘We shall formalize this intuition in this lecture.



Synopsis

@ Recursively Enumerable Set
@® Characterization of R.E. Set
® Rice-Shapiro Theorem



Recursively Enumerable Set



The Definition of R.E. Set

The partial characteristic function of a set A is given by

) = 1, ifxca,
XA= 1, ifx ¢ A

A is recursively enumerable if x4 is computable.

We shall often abbreviate ‘recursively enumerable set’ to ‘r.e. set’.



Partially Decidable Problem

A problem f : N — {0, 1} is partially decidable if dom(f) is r.e.



Partially Decidable Predicate

A predicate M (X) of natural number is partially decidable if its partial
characteristic function

) = 1, if M(x) holds,
XMAX) = 1, if M(x) does not hold,

is computable.



Partially Decidable Problem <> Partially Decidable Predicate

& Recursively Enumerable Set



Example

The halting problem is partially decidable. Its partial characteristic
function is given by

1, ifP(y)
Xu (%,y) = { T, otherwise.



Example

The halting problem is partially decidable. Its partial characteristic
function is given by

1, ifP(y)
Xu (%,y) = { T, otherwise.

K,Ky, K| arer.e..



Example

The halting problem is partially decidable. Its partial characteristic
function is given by

1, ifP(y)
Xu (%,y) = { T, otherwise.

K, Ky, K, are re.. But none of K, Ko, K] is re..



Index for Recursively Enumerable
Set

A setis r.e. iff it is the domain of a unary computable function.



Index for Recursively Enumerable
Set

A setis r.e. iff it is the domain of a unary computable function.

So Wy, Wi, W, ... 1is an enumeration of all r.e. sets.



Index for Recursively Enumerable
Set

A setis r.e. iff it is the domain of a unary computable function.
So Wy, Wi, W, ... 1is an enumeration of all r.e. sets.

Every r.e. set has an infinite number of indexes.



Closure Property

Union Theorem. The recursively enumerable sets are closed under
union and intersection uniformly and effectively.



Closure Property

Union Theorem. The recursively enumerable sets are closed under
union and intersection uniformly and effectively.

Proof. According to S-m-n Theorem there are primitive recursive
functions r(x,y), s(x,y) such that

Wr(x,y) = W,UW,,
Wiy)y = Wan W



The Most Hard Recursively
Enumerable Set

Fact. If A <,, Band Bisr.e. then A isre..



The Most Hard Recursively
Enumerable Set

Fact. If A <,, Band Bisr.e. then A isre..
Theorem. A isre. iff A <; K.

Proof. Suppose A is r.e. Let f(x,y) be defined by

1, ifx €A,
f(x,y):{T, if x ¢ A.

By S-m-n Theorem there is an injective primitive recursive function
s(x) s.t. f(x,¥) = dy(x)(y). Itis clear that x € A iff s(x) € K.



The Most Hard Recursively
Enumerable Set

Fact. If A <,, Band Bisr.e. then A isre..
Theorem. Aisre. iff A < K.
Proof. Suppose A is r.e. Let f(x,y) be defined by

1, ifx €A,
f(x,y):{T, if x ¢ A.

By S-m-n Theorem there is an injective primitive recursive function
s(x) s.t. f(x,¥) = dy(x)(y). Itis clear that x € A iff s(x) € K.

Comment. No r.e. set is more difficult than K.



Characterization of R.E. Set



Normal Form Theorem

Normal Form Theorem. M (X) is partially decidable iff there is a
primitive recursive predicate R(X,y) such that M (x) iff Jy.R(x,y).



Normal Form Theorem

Normal Form Theorem. M (X) is partially decidable iff there is a
primitive recursive predicate R(X,y) such that M (x) iff Jy.R(x,y).

Proof. If R(x,y) is primitive recursive and M (x) < Jy.R(X,y), then
the computable function ‘if uyR(x,y) then 1 else 1" is the partial
characteristic function of M (X).



Normal Form Theorem

Normal Form Theorem. M(X) is partially decidable iff there is a
primitive recursive predicate R(X,y) such that M (x) iff Jy.R(x,y).

Proof. If R(x,y) is primitive recursive and M (x) < Jy.R(X,y), then

the computable function ‘if uyR(x,y) then 1 else 1" is the partial

characteristic function of M (X).

Conversely suppose M (x) is partially decided by P. Let R(x,y) be
P(x) | iny steps.

Then R(x,y) is primitive recursive and M (x) < Jy.R(x,y).



Quantifier Contraction Theorem

Quantifier Contraction Theorem. If M(X,y) is partially decidable,
so is Jy.M(x,y).



Quantifier Contraction Theorem

Quantifier Contraction Theorem. If M(X,y) is partially decidable,
so is Jy.M(x,y).

Proof. Let R(X,y,z) be a primitive recursive predicate such that
M(x,y) & F.R(x,y,2)

Then 3y.M(x,y) < Jy.3z.R(X,y,z) < Ju.R(X, (u)o, (u)1).



Examples

The following predicates are partially decidable:

X e Ey(")



Examples

The following predicates are partially decidable:
X € Ey(")

W, #0



Uniformisation Theorem

Uniformisation Theorem. If R(x,y) is partially decidable, then there
is a computable function ¢(x) such that c(x) | iff Jy.R(x,y) and
c(x) 4 implies R(x, ¢(x)).



Uniformisation Theorem

Uniformisation Theorem. If R(x,y) is partially decidable, then there
is a computable function ¢(x) such that c(x) | iff Jy.R(x,y) and
c(x) 4 implies R(x, ¢(x)).

We may think of ¢(x) as a choice function for R(x,y). The theorem
states that the choice function is computable.



A is r.e. iff there is a partially decidable predicate R(x,y) such that
x € Aiff Jy.R(x,y).



Complementation Theorem

Complementation Theorem. A is recursive iff A and A are r.e.



Complementation Theorem

Complementation Theorem. A is recursive iff A and A are r.e.

Proof. Suppose A and A are r.e. Then some primitive recursive
predicates R(x,y), S(x,y) exist such that

xX€EA < JyR(x,y),
x€A & IyS(x,y).

Now let f(x) be uy(R(x,y) V S(x,y)).
Then f(x) is total and computable, and

x €A < R(x,f(x))



Applying Complementation
Theorem

Fact. K is not r.e.



Applying Complementation
Theorem

Fact. K is not r.e.

Comment. If K <,, A then A is not r.e. either.



Applying Complementation
Theorem

Fact. If A is r.e. but not recursive, then A £,, A £,, A.



Applying Complementation
Theorem

Fact. If A is r.e. but not recursive, then A £,, A £,, A.

Comment. However A and A are intuitively equally difficult.



Graph Theorem

Graph Theorem. Let f(x) be a partial function. Then f(x) is
computable iff the predicate ‘f(x) ~ y’ is partially decidable iff

{mlx,y) [f(x) = y}isre.



Graph Theorem

Graph Theorem. Let f(x) be a partial function. Then f(x) is
computable iff the predicate ‘f(x) ~ y’ is partially decidable iff

{m(x,y) | f(x) ~y}isre.
Proof. If f (x) is computable by P(x), then

f(x) ~y< Ft.(P(x) ] yinr steps)
The predicate ‘P(x) | y in ¢ steps’ is primitive recursive.
Conversely let R(x, y, t) be such that

f(x) ~y< Jt.R(x,y,1).

Now f(x) = py.R(x,y, ut.R(x,y,1)).



Listing Theorem

Listing Theorem. A is r.e. iff either A = ) or A is the range of a
unary total computable function.



Listing Theorem

Listing Theorem. A is r.e. iff either A = () or A is the range of a
unary total computable function.

Proof. Suppose A is nonempty and its partial characteristic function is
computed by P. Let a be a member of A. The total function g(x, t)
given by
[ x, if P(x) ] int steps,
g(x,1) = { a, otherwise.

is computable. Clearly A is the range of h(z) = g((2)1, (z)2)-



Listing Theorem

Listing Theorem. A is r.e. iff either A = () or A is the range of a
unary total computable function.

Proof. Suppose A is nonempty and its partial characteristic function is
computed by P. Let a be a member of A. The total function g(x, t)
given by

[ x, if P(x) ] int steps,
g(x,1) = { a, otherwise.

is computable. Clearly A is the range of h(z) = g((2)1, (z)2)-

Conversely, x € A iff Jy.h(y) = x, Iy.h(y) = x is partially decidable.



Listing Theorem

The theorem gives rise to the terminology ‘recursively enumerable’.



Implication of Listing Theorem

A setis r.e. iff it is the range of a computable function.



Implication of Listing Theorem

Corollary. For each infinite nonrecursive r.e. A, there is an injective
total recursive function f such that ran(f) = A.



Implication of Listing Theorem

Corollary. For each infinite nonrecursive r.e. A, there is an injective
total recursive function f such that ran(f) = A.

Corollary. Every infinite r.e. set has an infinite recursive subset.



Implication of Listing Theorem

Corollary. For each infinite nonrecursive r.e. A, there is an injective
total recursive function f such that ran(f) = A.

Corollary. Every infinite r.e. set has an infinite recursive subset.

Proof. Suppose A = ran(f). An infinite recursive subset is
enumerated by the total increasing computable function g given by

g(0) = f(0),
gn+1) = fluy(fy) > gn))).



Applying Listing Theorem

Fact. The set {x | ¢, is total} is not r.e.



Applying Listing Theorem

Fact. The set {x | ¢, is total} is not r.e.

Proof. If {x | ¢y is total} were a r.e. set, then there would be a total
computable function f whose range is the r.e. set.

The function g(x) given by g(x) = ¢ (y)(x) + 1 would be total and
computable.



Rice-Shapiro Theorem



Rice-Shapiro Theorem

Rice-Shapiro Theorem. Suppose that A is a set of unary computable
functions such that the set {x | ¢, € A} isre.

Then for any unary computable function f, f € A iff there is a finite
function 8 C f with § € A.



Rice-Shapiro Theorem

Rice-Shapiro Theorem. Suppose that A is a set of unary computable
functions such that the set {x | ¢, € A} isre.

Then for any unary computable function f, f € A iff there is a finite
function 8 C f with § € A.

Comment. Intuitively a set of recursive functions is r.e. iff it is
effectively generated by an r.e. set of finite functions.



Applications of the Rice-Shapiro
Theorem

Both Tot and Tot are not r.e.

Tot = {x | ¢, is total}



Applications of the Rice-Shapiro
Theorem

Both Tot and Tot are not r.e.

Tot = {x | ¢, is total}

Proof
We apply the Rice-Shapiro theorem on Zot. For no f € Tot is there a
finite § C f with 0 € Tot.



Applications of the Rice-Shapiro
Theorem

Both Tot and Tot are not r.e.

Tot = {x | ¢, is total}

Proof
We apply the Rice-Shapiro theorem on Zot. For no f € Tot is there a
finite § C f with 0 € Tot.



Applications of the Rice-Shapiro
Theorem

Both Tot and Tot are not r.e.

Tot = {x | ¢, is total}

Proof
We apply the Rice-Shapiro theorem on Zot. For no f € Tot is there a
finite § C f with 0 € Tot.

If f is any total computable function, f ¢ Tot; but every finite function
0 C f in Tot.



What Rice-Shapiro Theorem Can Do

Can we apply Rice-Shapiro Theorem to show that any of the
following sets is non-r.e.:

Fin
Inf
Tot
Con
Cof
Rec
Ext

{x | W, is finite},

{x | W, is infinite },

{x | ¢y is total },

{x | ¢y is total and constant},
{x | Wy is cofinite },

{x | Wy is recursive},

{x | ¢y is extensible to a total recursive function}.



Proof of Rice-Shapiro Theorem
Suppose A = {x | ¢, € A} isre.
(=): Suppose f € A but for all finite § C f.0 ¢ A.

Let P be a partial characteristic function of K. Define the computable
function g(z, t) by

g(Z’ [) ~ { f(t)v if P(Z) J in £ steps,

T, otherwise.

According to S-m-n Theorem, there is an injective primitive recursive
function s(z) such that g(z, 1) = ¢y ().

By construction ¢ C f forall z.

z € K = ¢y is finite = 5(z) ¢ A;
Z ¢ K = d’s(z) =f= S(Z) €A



Proof of Rice-Shapiro Theorem

(«=): Suppose f is a computable function and there is a finite § € A
such that§ C f and f ¢ A.

Define the computable function g(z, t) by

) f@), ift € Dom(0)VzeK,
8(z 1) = { T, otherwise.

According to S-m-n Theorem, there is an injective primitive recursive
function s(z) such that g(z, 1) ~ ¢y(;)(t).

ZGK:>¢S(Z) :f:>S(Z) ¢A;
Z¢K=>¢S(Z)=9=>S(Z)€A.



Reversing Rice-Shapiro Theorem

{x | ¢x € A} isre. if the following hold:

0 O ={e(d) |0 € Aand 0 is finite} is r.e., where e is a canonical
effective encoding of the finite functions.

® Vf € AT finite 0 € A0 C .



Reversing Rice-Shapiro Theorem

{x | ¢x € A} isre. if the following hold:

0 O ={e(d) |0 € Aand 0 is finite} is r.e., where e is a canonical
effective encoding of the finite functions.

® Vf € AT finite 0 € A0 C .

Comment. We cannot take e as the Godel encoding function of the
recursive functions. Why?



Reversing Rice-Shapiro Theorem

{x | ¢x € A} isre. if the following hold:

0 O ={e(d) |0 € Aand 0 is finite} is r.e., where e is a canonical
effective encoding of the finite functions.

® Vf € AT finite 0 € A0 C .

Comment. We cannot take e as the Godel encoding function of the
recursive functions. Why? How would you define e?



Homework

* Homework 6: Exercise 6.14, pp. 119 of the textbook.
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Creative Set



Most Difficult Semi-Decidable
Problems?

Anr.e. setis very difficult if it is very non-recursive.
Anr.e. setis very non-recursive if its complement is very non-r.e..

A set is very non-r.e. if it is easy to distinguish it from any r.e. set.



Most Difficult Semi-Decidable
Problems?

Anr.e. setis very difficult if it is very non-recursive.
Anr.e. setis very non-recursive if its complement is very non-r.e..
A set is very non-r.e. if it is easy to distinguish it from any r.e. set.

These sets are creative respectively productive.



Synopsis

@ Productive Set
@® Creative Set
©® Simple Sets



Productive Set



Productive Set

Suppose W, C K. Thenx € K \ W,.



Productive Set

Suppose W, C K. Thenx € K \ W,.
So x witnesses the strict inclusion W, C K.

In other words the identity function is an effective proof that K differs
from every r.e. set.



Productive Set

A set A is productive if there is a total computable function p such that
whenever W, C A, then p(x) € A\ W,. The function p is called a
productive function for A.



Productive Set

A set A is productive if there is a total computable function p such that
whenever W, C A, then p(x) € A\ W,. The function p is called a
productive function for A.

A productive set is not r.e. by definition.



Productive Set

K is productive.



Productive Set

K is productive.

{x | ¢ ¢ W} is productive.



Productive Set

K is productive.
{x | ¢ ¢ W} is productive.

{x | ¢ ¢ E,} is productive.



Productive Set

K is productive.
{x | ¢ ¢ W} is productive.
{x | ¢ ¢ E,} is productive.

{x | éx(x) # 0} is productive.



Productive Set

Suppose A = {x | ¢x(x) # 0}.



Productive Set

Suppose A = {x | ¢x(x) # 0}.

By S-m-n Theorem one gets a primitive recursive function p(x) such
that ¢,(,)(y) = 0 if and only if ¢,(y) is defined. Then

p(x) € Wy < p(x) ¢ A.

So if W, C A we must have p(x) € A\ W,.
Thus p is a productive function for A.



Productive Set

Lemma. If A <, B and A is productive, then B is productive.



Productive Set

Theorem. Suppose that B is a set of unary computable functions with
fo € Band B # C. Then B = {x | ¢ € B} is productive.



Productive Set

Theorem. Suppose that B is a set of unary computable functions with
fo € Band B # C. Then B = {x | ¢ € B} is productive.

Proof. Suppose g ¢ B. Consider the function f defined by

f gly), ifxe W,
Fx:y) _{ t, ifx ¢ W

By S-m-n Theorem there is a primitive recursive function k(x) such
that @ (v) = f(x,).

Clearly x & Wy iff dy(yy = fo iff due) € Biff k(x) € B.

Hence k : K <,, B.



Property of Productive Set

Lemma. Suppose that g is a total computable function. Then there is
a primitive recursive function p such that for all x,

Wy = We U {g(x)}.



Property of Productive Set

Lemma. Suppose that g is a total computable function. Then there is
a primitive recursive function p such that for all x,

Wy = We U {g(x)}.

Proof. Using S-m-n Theorem, take p(x) to be a primitive recursive
function such that

_J Lifye Wy vy =g(x),
Do) () = { 1, otherwise



Property of Productive Set

Theorem. A productive set contains an infinite r.e. subset.



Property of Productive Set

Theorem. A productive set contains an infinite r.e. subset.
Proof. Suppose p is a production function for A.
Take eq to be some index for (). Then p(eg) € A by definition.

By the Lemma there is a primitive recursive function k such that for
all x, Wiy = W U {p(x) }.

Apparently {eg,...,k"(eo),...} isre.

Consequently {p(eo),...,p(k"(eo)),...} is ar.e. subset of A, which
must be infinite by the definition of k.



Productive Function via a Partial
Function

Proposition. A set A is productive iff there is a partial recursive
function p such that

Vx.(Wy CA = (px) | Ap(x) € A\ Wy)). (1)



Productive Function via a Partial
Function

Proposition. A set A is productive iff there is a partial recursive
function p such that

Vx.(We CA = (p(x) L Ap(x) € A\ Wy)). (D
Proof. Suppose p is a partial recursive function satisfying (1). Let s be
a primitive recursive function such that

by () = {ya p(X)LAy € Wy,

1, otherwise.

A productive function ¢ can be defined by running p(x) and p(s(x)) in
parallel and stops when either terminates.



Productive Function Made Injective

Proposition. A productive set has an injective productive function.



Productive Function Made Injective

Proposition. A productive set has an injective productive function.
Proof. Suppose p is a productive function of A. Let

Wiy = We U {p(x)}

Clearly
W, CA= Wh(x) CA

Define ¢(0) = p(0).

If there is a least y € {p(x+1),ph(x+1),ph*(x+1),...} such that
y € 44(0),...,q(x)}, let g(x+1) be y;

otherwise let g(x+1) be uy.y ¢ {¢(0),...,q(x)}.

It is easily seen that ¢ is an injective production function for A.



Myhill’s Characterization of
Productive Set

Fact. K <,, Aiff K <, A.



Myhill’s Characterization of
Productive Set

Theorem. (Myhill, 1955) A is productive iff K <, AiffK <, A.



Creative Set



Creative Set

A set A is creative if it is r.e. and its complement A is productive.



Creative Set

A set A is creative if it is r.e. and its complement A is productive.

Intuitively a creative set A is effectively non-recursive in the sense that
the non-recursiveness of A, hence the non-recursiveness of A, can be
effectively demonstrated.



Creative Set

K is creative.
{x | ¢ € W,} is creative.
{x | ¢ € E,} is creative.

{x | ¢x(x) = 0} is creative.



Creative Set

Theorem. Suppose that A C C andletA = {x | ¢, € A}. IfAisre.
and A # (), N, then A is creative.



Creative Set

Theorem. Suppose that A C C andletA = {x | ¢, € A}. IfAisre.
and A # (), N, then A is creative.

Proof. Suppose A is r.e. and A # (), N. If f € A, then A is productive
by a previous theorem. This is a contradiction.

So A is productive by the same theorem. Hence A is creative.



Creative Set

The set Ko = {x | W, # (0} is creative. It corresponds to the set

A={feC[f#fo}



Discussion

Question. Are all non-recursive r.e. sets creative?



Discussion

Question. Are all non-recursive r.e. sets creative?

The answer is negative. By a special construction we can obtain
r.e.sets that are neither recursive nor creative.



Simple Sets



Simple Sets

A set A is simple if
® Aisre.,
® A is infinite,
© A contains no infinite r.e. subset.



Simple Sets

Theorem. A simple set is neither recursive nor creative.



Simple Sets

Theorem. A simple set is neither recursive nor creative.

Proof. Since A can not be r.e., A can not be recursive.



Simple Sets

Theorem. A simple set is neither recursive nor creative.
Proof. Since A can not be r.e., A can not be recursive.

(3) implies that A can not be creative.



Simple Sets

Theorem. There is a simple set.



Simple Sets

Theorem. There is a simple set.

Proof. Define f(x) = ¢x(uz(¢x(z) > 2x)). Let A be Ran(f).
O Aisre.



Simple Sets

Theorem. There is a simple set.

Proof. Define f(x) = ¢x(uz(¢x(z) > 2x)). Let A be Ran(f).

O Aisre.
@ A is infinite. This is because AN {0, 1, ..., 2n} contains at most

the elements {f(0),f(1),...,f(n—1)}.



Simple Sets

Theorem. There is a simple set.

Proof. Define f(x) = ¢x(uz(¢x(z) > 2x)). Let A be Ran(f).

O Aisre.
@ A is infinite. This is because AN {0, 1, ..., 2n} contains at most

the elements {f(0),f(1),...,f(n—1)}.

® Suppose B is an infinite r.e. set. Then there is a total computable
function ¢, such that B = E},. Since ¢y, is total, f(b) is defined
and f(b) € A. Hence B Z A.
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What do you think you can learn from this course?



Aim of the Course

* Q: Can the course improve the skill of programming?
* A: Nope!

* Q: Can the course improve the ability of algorithms?
* A: Perhaps, seldom.

* The course may provide a view of computation, an overlook of
what we are doing in computer science, and a basic study of
theoretical computer science.

e It is rather a philosophy than a technique, although some parts
are quite technically.



It May Answer

* A software company that is developing a compiler capable of
checking if a program contains a loop.

* A hardware company that is determined to design a computer
that can solve problems that no existing computers can solve.

* A service provider that is working on a theorem prover that is
supposed to answer every question about numbers.



History of Velocity

Human beings are keen on speed, and cannot stop the step to chase
moving as fast as possible.

Wheels: Mid-4th millennium BC.
Automobiles: 1762

Trains: 1807

Airplanes: 1903

Supersonic: 1947 343.2m/s

Circular velocity 1957 7.9km/s
Earth escape velocity 1959 11.2km/s

Solar system escape velocity 1977 16.7km/s
Q: Can we achieve in arbitrarily fast velocity?
* Grandfather paradox



Computation

Human beings are also keen on computation, and cannot stop the step
to chase computing as complex as possible.

* Decimal system: AD 600

* Basic arithmetic: Al Khwarizmi (780 - 850)
ENIAC: 1946

* NP problem

* The curse of exponential time

* Advanced algorithms: simplex, DPLL, antichain.

* Q: Can we achieve in arbitrarily complex computation?



What problems can be solved by computers?



Computer science is no more about computers than
astronomy is about telescopes.

Edsger Dijkstra



Let us begin to learn some basic astronomical phenomena!



The technique part is quite similar to puzzles of wise men.

So, please have a fun!



Intuition is extremely important!



Reference Book

e Computability: An Introduction to Recursive
Function Theory.

* Nigel J. Cutland

* plus extra reading materials.



Scoring Policy

10% Attendance.
20% Assignments.

* Four assignments.
* Each one is 5 pts.
* Work out individually.

70% Final exam.

There are also several homework. The answer may be given in
exercise lectures, two or three times.



Special Requirements

A notebook and a pen.



Any questions?



0. Prologue



Effective Solutions



What problems can be solved by computers?



Famous Problems

Diophantine equations

Shortest path problem

Travelling salesman problem (TSP)
Graph isomorphism problem (GI)



Intuition

An effective procedure consists of a finite set of instructions which,
given an input from some set of possible inputs, enables us to obtain
an output through a systematic execution of the instructions that
terminates in a finite number of steps.



Intuition

Theorem proving is in general not effective.

Proof verification is effective.

Unbounded search is in general not effective.

Bounded search is effective.



Representation of Problem

How does a computer solve the GI problem or the TSP Problem?
How is a problem instance (a graph) represented in a computer?
How is the answer to a problem instance represented?

How is an effective procedure formalized?

Can every function from N to N be calculated by a C program?
* Negative.



Punchline

* In a formal theory of computability, every problem instance can
be represented by a number and every number represents a
problem instance.

* A problem is a function f : N — N from numbers to numbers.

* A problem is computable if it can be calculated by a program.



Everything is number!

Pythagoras



Decision Problem



Decision Problem

A problem f : N — N is a decision problem if the range ran(f) of f is
{0, 1}, where 1 denotes a ‘yes’ answer and 0 a ‘no’ answer.

A decision problem g can be identified with the set {n | g(n) = 1}.

Conversely a subset A of N can be seen as a decision problem via the
characteristic function of A:

caln) = 1, ifx €A,
A a 0, otherwise.



Decision Problem as Predicate

A decision problem can be stated as a predicate P(x) on number.

It relates to the problem-as-function viewpoint by the following characteristic
function of P(x):

or(n) = 1, if P(n) is valid,
P - 0, otherwise.



Decision Problem < Subset of N
< Predicate on N



Several Problems



Problem I

Is the function tower(x) defined below computable?

2
tower(x) = 2%

X

Theoretically it is computable.



Problem II

Consider the function f defined as follows:

Fn) = 1, if n > 1 and 2n is the sum of 2 primes,
N 0, otherwise.

The Goldbach Conjecture remains unsolved. Is f computable?

It is clearly computable even if we do not know what it is.



Problem III

Consider the function g defined as follows:

1, if there is a run of exactly n consecutive 7’s
gn) = in the decimal expansion of T,
0, otherwise.
It is known that 7 can be calculated by 4 (l — % +z -

+...).
Is g computable?

~|—

1
5

We do not know whether it is computable or not.



Problem IV

Consider the function 4 defined as follows:

1, if n is the machine code of a C program that
h(n) = terminates in all inputs,
0, otherwise.

This is the Halting Problem, a well known undecidable problem. In
other words there does not exist any C program calculating A.

The only general approach to check if a function is defined on all
numbers is to calculate it on all inputs.



Problem V

Consider the function i defined as follows:

1, if oninput x, the machine coded by n
i(x,n,1) = terminates in f steps,
0, otherwise.

There could be a number of ways to interpret “f steps”.

The function i is intuitively computable.



Next Lecture

The examples try to suggest that in order to study computability one
might as well look for a theory of computable functions.

We will begin with a machine model, register machine.



Homework

* home reading: diagonal method.

* home reading: Presburger arithmetic.



Computability Theory II

Unlimited Register Machine

Guoqiang Li
Shanghai Jiao Tong University

Sep. 26,2014
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Computable Functions

* In a formal theory of computability, every problem instance can
be represented by a number and every number represents a
problem instance.

* A problem is a function f : N — N from numbers to numbers.

* A problem is computable if it can be calculated by a program.



Decision Problem

A problem f : N — N is a decision problem if the range ran(f) of f is
{0, 1}, where 1 denotes a ‘yes’ answer and 0 a ‘no’ answer.

A decision problem g can be identified with the set {n | g(n) = 1}.

Conversely a subset A of N can be seen as a decision problem via the
characteristic function of A:

caln) = 1, ifx €A,
A a 0, otherwise.



Decision Problem as Predicate

A decision problem can be stated as a predicate P(x) on number.

It relates to the problem-as-function viewpoint by the following characteristic
function of P(x):

or(n) = 1, if P(n) is valid,
P - 0, otherwise.



Decision Problem < Subset of N
< Predicate on N



Register Machine



Remark

Register Machines are more advanced than Turing Machines.



Remark

Register Machine Models can be classified into three groups:
* CM (Counter Machine Model).
* RAM (Random Access Machine Model).
* RASP (Random Access Stored Program Machine Model).



Synopsis

@ Unlimited Register Machine
® Definability in URM



Unlimited Register Machine



Unlimited Register Machine Model

The Unlimited Register Machine Model belongs to the CM class.

Computability and Recursive Functions, by J. Shepherdson and H.
Sturgis, in Journal of Symbolic Logic (32):1-63, 1965.



Register

An Unlimited Register Machine (URM) has an infinite number of
register labeled Ry, Ry, R3, . . ..

’7”1"’2‘1”3‘1”4‘%‘1’6‘;’7‘...

Ry Ry R3; R4 Rs R Ry ...
Every register can hold a natural number at any moment.
The registers can be equivalently written as for example
[r1, 72, 3)3 [r4]d[rs, 76, 7] 20, 0,0, . . ]

or simply
[r1, 72, 7303 [rali[rs, v, 725



Program

A URM also has a program, which is a finite list of instructions.



Instruction

Type Instruction Response of the URM

Zero Z(n) Replace r, by 0.

Successor  S(n) Add 1 to ry,.

Transfer ~ T(m,n) Copy 7 to Ry,.

Jump J(m,n,q)  If ry = ry, go to the g-th instruction;

otherwise go to the next instruction.




Program Rules

P={L,,---,I;} - URM.

URM starts by obeying instruction /.

When URM finishes obeying I, it proceeds to the next
instruction in the computation,

e if I} is not a jump instruction, then the next instruction is Iy ;
* if I = J(m, n, g) then next instruction is
° I, ifry =ry; or
* Iiy1, otherwise.
Computation stops when the next instruction is I,,, where v > s.
e if k = s, and I, is an arithmetic instruction;
o if [ =J(myn,q), ry =r,and g > s;
o if ly =J(m,n,q), ry # ryand k = s.



Computation

Registers:

(9]7]0Jo]oo]0]..

Ry Ry R3 Ry Rs Re R;
Program:

I : J
L:S
I3ZS
Iy J
15:.]
Ie: T(3,1)



Configuration and Computation

Configuration: register contents + current instruction number.

Initial configuration, computation, final configuration.



Some Notation

Suppose P is the program of a URM and ay, ay, as, . .. are the
numbers stored in the registers.

. P(al,ag, ...,ap)is Play,az,...,an,0,0,...).
P(ay,az,as, . ..) is the initial configuration.
P(ay,az,as, . ..) | means that the computation converges.

P(ai,az,as,...) T means that the computation diverges.



Definability in URM



URM-Computable Function

Let f(x) be an n-ary (partial) function.

What does it mean that a URM computes f(x)?



URM-Computable Function

Suppose P is the program of a URM and ay, . ..,a,,b € N.

The computation P(ay,...,a,) converges to b if P(ay,...,a,) J and
r1 = b in the final configuration.

In this case we write P(ay, . ..,a,) | b.

P URM-computes f if, for all ay,...,a,,b € N, P(ay,...,a,) | biff
flai,...,a,) =D.

The function f is URM-definable if there is a program that
URM-computes f.



We shall abbreviate “URM-computable” to “computable”.



Let
4

be the set of computable functions and
Cn

be the set of n-ary computable functions.



Example of URM I

Construct a URM that computes x + y.

111 J(3,2,5)
L S(1)
13: 5(3)
L J(1,1,1)



Example of URM II

Construct a URM that computes x—1 = { x—1, ifx>0,

0, if x =0.
I : J(1,4,8)
121 S(3>
L J(1,3,7)
142 S(2)
Is: S(3)
Ie: J(1,1,3)

1,
I;: T(2,1)



Example of URM III

x/2, if x is even,

RM + = . .
Construct a URM that computes x =2 { undefined, if x is odd.

I : J(1,2,6)
L: S(3)
I: S(2)
Iy S(2)
Is : (17 ,1)

J(1,1
Ie: T(3,1)



Example of URM IV

Construct a URM that computes f (x) = |3x/4]

I Z(2)

L 7Z(3)

I3 Z(4)

1, J(1,2,10)
I5 S(2)

ls S(3)

17 S(3)

Is S(3)

Iy J(1,1,4)
Lo Z(2)

11 J(2,3,21)

12 S(2)

113 J(2,3,21)
I14 S(2)

15 J(2,3,21)
Ii6 S(2)

117 J(2,3,21)
113 S(2)

L9 S(4)

Do J(1,1,11)
by T(4,1)



Function Defined by Program

b if P(ar,...,ay) L b
n — ’ ’ ’ 7
fela, ... an) = { undefined, if P(ai,...,a,) T



Program in Standard Form

A program P = Iy, ..., I is in standard form if, for every jump
instruction J(m, n, q) we have ¢ < s + 1.

For every program there is a program in standard form that computes
the same function.

We will focus exclusively on programs in standard form.



Program Composition

Given Programs P and Q, how do we construct the sequential
composition P; Q7

The jump instructions of P and Q must be modified.



Some Notations

Suppose the program P computes f.

Let p(P) be the least number i such that the register R; is not used by
the program P.



Some Notations

The notation Pl ..., I, — [] stands for the following program
Lo: T(,1)
I, T(ly,n)
Lyt Z(n+1)
Ly : Z(p(P))
P

T(1,1)



Computability Theory III
Primitive Recursive Function
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Register

An Unlimited Register Machine (URM) has an infinite number of
register labeled Ry, Ry, R3, . . ..

’7”1"’2‘1”3‘1”4‘%‘1’6‘;’7‘...

Ri Ry R3 Ry Rs Rg Ry

Every register can hold a natural number at any moment.

The registers can be equivalently written as for example
[r1, ra, r3]?[r4]i[r5, 76, r7]g[0, 0,0,...]¢°

or simply
[r1, 72, r3]3 [rali[rs, re, 725



Instruction

Type Instruction Response of the URM

Zero Z(n) Replace r, by 0.

Successor  S(n) Add 1 to ry,.

Transfer ~ T(m,n) Copy 7 to Ry,.

Jump J(m,n,q)  If ry = ry, go to the g-th instruction;

otherwise go to the next instruction.




Recursive Function



Recursion Theory

Recursion Theory offers a mathematical model for the study of
effective calculability.

@ All effective objects can be encoded by natural numbers.

@ All effective procedures can be modeled by functions from
numbers to numbers.



Synopsis

@ Primitive Recursive Function



Primitive Recursive Function



Basic Definitions



Initial Function

©® The zero function

<0
c0(x)=0

@® The successor function
s s(x)=x+1

® The projection function
s Ul(x1,.. . Xy) =X



Composition

Suppose f(y1, ..., yk) is a k-ary function and g; (X), ..., gx(X) are
n-ary functions, where X abbreviates xi, . . ., X,.

The composition function A(x) is defined by

h(x) = fla(x),. .., &(x)),



Recursion

Suppose that f(X) is an n-ary function and g(x,y, z) is an (n+2)-ary

function.

The recursion function A(x,y) is defined by

h(x,0) = f(x),
hx,y+1) = gy, h(x,y)).

Clearly there is a unique function that satisfies (1) and (2).

(1
2)



Primitive Recursive Recursion

The set of primitive recursive function is the least set generated from
the initial functions, composition and recursion.



Dummy Parameter

Proposition
Suppose that f (y1, . . ., yk) is a primitive recursive and that x;, ..., x;,
is a sequence of k variables from x1, . . ., x, (possibly with repetition).

Then the function A given by

h(xi,...,x) = f(xip,.. %)

is primitive recursive.

Proof

h(x) = f(U; (x),..., U} (x)).



Basic Arithmetic Function



Basic Arithmetic Function

o_x_|_y
x+0 = x,
x+(+1) = stx+y).
.xy
x0 = 0,
x(y+1) = xy+nx
.xy
0



X+y+z



ox_y:

Basic Arithmetic Function

0-1 = 0,
(x+1)-1

- odet [ x—y, ifx>y,
0, otherwise.



Basic Arithmetic Function

if x =0,
if x # 0.
sg(0) = 0,
sgx+1) = 1
if x =0,
if x # 0.

sg(x) = 1-sg(x).



Basic Arithmetic Function

© =yl
* =yl = (x=y) + (y—x)

e x!

x+1)! = xl(x+1).

e min(x,y) = x—(x—y)
max(x, y)
max(x,y) = x + (y—x)



Basic Arithmetic Function

rm(x,y) T the remainder when y is devided by x

def f rm(x,y) +1 if rm(x,y) + 1 <x,
mex,y+1) = {O, otherwise.

The recursive definition is given by

rm(x,0) = 0,
rmx,y+1) = (rm(x,y) + Dsglx—(rm(x,y) + 1)).



Basic Arithmetic Function

at(x,y) & the quotient when y is devided by x

def qt(xay)+1> if rm(xvy)+1 =X,
1) = .
gty +1) { qt(x,y), if rm(x,y) + 1 # x.
The recursive definition is given by

qt(x,O) = 0,
qt(xay+1)’ qt(xny)_{_@(x_(rm(xay)+1))'



Basic Arithmetic Function

_ def | 1, if x dividesy,
div(x,y) = { 0, otherwise.

div(x, y) = sg(rm(x, ).



Bounded Minimalisation Operator



Bounded Sum and Bounded Product

Bounded sum:

S fEy) = o,
y<0
DGy = Y fEY) FfE ).
y<z+l1 y<z
Bounded product:
[[r&y =1,
y<0

[T r&» = (qIrGE») -rGe).

y<z+1 y<z



Bounded Sum and Bounded Product

By composition the following functions are also primitive recursive if
k(x,w) is primitive recursive:

and

II r&2.

2<k(X,i)



Bounded Minimization Operator

Bounded search:

~ \_ o def [ theleastz <y, suchthatf(x,z)=0;
He<y(f(%2) =0) = { Y, if there is no such z.

Proposition
If £ (X, z) is primitive recursive, then so is uz<y(f(x,z) = 0)

Proof
pz<y(f(¥,2) = 0) = 32, (ITucys1 SO (X, 1))



Bounded Minimization Operator

If f (%, z) and k(X, w) are primitive recursive functions, then so is the
function
pz<k(x,w)(f(x,2) = 0).



Primitive Recursive Predicate



Primitive Recursive Predicate

Suppose M (x1, . ..,x,) is an n-ary predicate of natural numbers. The
characteristic function cp (), where X = xp, . .., Xp, is

cula an) = 1, if M(ay,...,a,) holds,
MASL e Gn) = 0, if otherwise.

The predicate M (x) is primitive recursive if c¢) is primitive recursive.



Closure Property

Proposition
The following statements are valid:
 If R(x) is a primitive recursive predicate, then so is “R(X).
* If R(X), S(x) are primitive recursive predicates, then the
following predicates are primitive recursive:
* R(X) AS(X);
- RE) VS
» If R(x,y) is a primitive recursive predicate, then the following
predicates are primitive recursive:
* Vz < y.R(X,2);
* Iz < y.R(X,2).

Proof
For example CVz<y.R(x,2) (x,y) = Hz<y cr(X,2).



Definition by Case

Proposition

Suppose that fi (X), . . ., fi (X) are primitive recursive functions, and M (), . . .

are primitive recursive predicates, such that for every X exactly one of
Mi(X), ..., M(X) holds. Then the function g(X) given by

AR, if My (®) holds,
f(x), if M>(X) holds,
gx) = .

A, if Mu(®) holds.

is primitive recursive.

Proof
8(x) = em, (0)fi (%) + .. + ey, (X)fe (%)

s Mi (;)



More Arithmetic Functions



More Arithmetic Functions

The following functions are primitive recursive.

©® D(x) = the number of divisors of x;
~J 1, if xis prime,

© Pr(x) = { 0, if x is not prime.

® p, = the x-th prime number;

k, k is the exponent of py in the prime
0 (x),= factorisation of x, for x,y > 0,
0, ifx=0o0ry=0.



More Arithmetic Functions

Proof

© D(x) =3 i div(y,x).
® Pr(x) =sg(|D(x) - 2).

® P, can be recursively defined as follows:

pO = 07
P = pz<(l4+p!)(1-(z=p,)Pr(z) =0).

© (x), = pe<x(div(pit! x) = 0).



Encoding a Finite Sequence

Suppose s = (aj, az, ..., a,) is a finite sequence of numbers.
It can be coded by the following number

b= ptlll—&-lpgz—l-l o pZ"H.
Then the length of s can be recovered from
pz<b((b)e+1 = 0),
and the i-th component can be recovered from

(b)i—1.



Not all Computable Functions are
Primitive Recursive

Using the fact that all primitive recursive functions are total, a
diagonalisation argument shows that non-primitive recursive
computable functions must exist.

The same diagonalisation argument applies to all finite
axiomatizations of computable total function.



Onward to the partial functions!
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Initial Function

©® The zero function

<0
c0(x)=0

@® The successor function
s s(x)=x+1

® The projection function
s Ul(x1,.. . Xy) =X



Composition

Suppose f(y1, ..., yk) is a k-ary function and g; (X), ..., gx(X) are
n-ary functions, where X abbreviates xi, . . ., X,.

The composition function A(x) is defined by

h(x) = fla(x),. .., &(x)),



Recursion

Suppose that f(X) is an n-ary function and g(x,y, z) is an (n+2)-ary

function.

The recursion function A(X,y) is defined by

h(x,0) = f(x),
hx,y+1) = gy, h(x,y)).

Clearly there is a unique function that satisfies (1) and (2).

(1
2)



LCM(x,y)
Sol. LCM (x,y) = pz < xy + 1(div(x, z)div(y,z) = 1).

HCF(x,y))

Xy
Sol. HCF(x,y) = ety



Synopsis

@® Recursive Function
® Ackermann Function
©® Definability in URM



Recursive Function



An Example

) = VX if x is a pefect square.
§x) = undefined otherwise.



Minimization Operator, or Search
Operator

Minimization function, or p-function, or search function:

the least y such that
f(x,z) is defined for all z <y, and
f(}7y> = 07

undefined if otherwise.

wy(f(x,y) =0) =~

Here ~ is the computational equality.

* The recursion operation is a well-founded going-down procedure.

* The search operation is a possibly divergent going-up procedure.



An Example

() = Vx if xis a pefect square.
g = undefined otherwise.

f(xvy) = |x _y2|



Recursive Function

The set of recursive functions is the least set generated from the initial
functions, composition, recursion and minimization.



Decidable Predicate

A predicate R(X) is decidable if its characteristic function

cr(®) def 1, if R(X) is true,
R N 0, otherwise.

is a recursive function. The predicate R(x) is partially decidable if its
partial characteristic function

®) def 1, if R(X) is true,
XR o 1, otherwise.

is a recursive function.



Closure Property

The following statements are valid:
* If R(X) is decidable, then so is =R(X).
* If R(x), S(x) are (partially) decidable, then the following
predicates are (partially) decidable:
* R(X) AS(X);
* R(x) Vv S(x).
 If R(X,y) is (partially) decidable, then the following predicates
are (partially) decidable:
* Vz < y.R(X,y);
* Jz <y.R(x,y).



Definition by Cases

Suppose fi(X), ..., fx(x) are recursive and M (X), . .., M(x) are
partially decidable. For every X at most one of M (X), ..., Mi(X)
holds. Then the function g(x) given by

fi(x), if M;(x) holds,
~ £(x), if My (x) holds,
gx) =~ .

J"k (x), if My (%) holds.

18 recursive.



Minimization via Decidable
Predicate

Suppose R(x,y) is a partially decidable predicate. The function

glx) = wR({,y)
B the least y such that R(x,y) holds, if there is such a y
o undefined, otherwise.

is recursive.

Proof
8(x) = uy(sg(xr(x,y)) = 0).



Comment

The p-operator allows one to define partial functions.

The diagonalisation argument does not apply to the set § of recursive
functions.

Using the p-operator, one may define total functions that are not
primitive recursive.



Minimization Operator is a Search
Operator

It is clear from the above proof why the minimization operator is
sometimes called a search operator.



Definable Function

A function is definable if there is a recursive function calculating it.



Ackermann function



Ackermann Function

The Ackermann function [1928] is defined as follows:

P(0,y) ~ y+1,
Y(x+1,0) Y(x, 1),
Y+ Ly+1) >~ Px,vx+1,y)).

12

The equations clearly define a total function.



Ackermann is not Primitive
Recursive

Lemma 1.
Y(l,m)=m+2and p(2,m) =2m+ 3

Lemma 2.
P(n,m) > m+1



Ackermann is not Primitive
Recursive

Lemma 3.
The Ackermann function is monotone:

vn,m) < Yn,m+1),
Y(n,m) < Y+ 1,m).

Lemma 4.
The Ackermann function grows faster on the first parameter:

p,m+1) < pn+1,m)



Ackermann is not Primitive
Recursive

Lemma 5.
(n,m) + C is dominated by ¢ (J, m) for some large enough J:
b(n,m) +(n',m) < <p(max(n,n') +4,m),
Glam)+m < pln+d,m).



Ackermann is not Primitive
Recursive

Lemma 6.
Let f(x) be a k-ary primitive recursive function. Then there exists
some J such that for all ny, ..., n; we have that

k

flay,...,m) < w(J,an).

i=1

Proof. The proof is by structural induction.

() f is one of the initial functions. In this case take J to be 1.



Ackermann is not Primitive
Recursive

(ii) f is the composition function A(g; (X), ..., gm(x)). Then
f@) = hgi(n),...,gm(n))

k
< Yo, Y _&i@) < szO,Z (i, > )
: =

< Yo, (I Zn, ) < YUY J*+1,Zn]~>>

k
= w(J*+1,an+1) < VT2, )
=1 j=1

Now set J = J* + 2.



Ackermann is not Primitive
Recursive

(ii1) Suppose f is defined by the recursion:

f(x,0) h(x),
fy+1) (X, y,f(x,))-

R

Then h(i) < (Jp, X2 7) and g(it,m, p) < $(Jg, X7 +m +p).
It is easy to prove

k

Flun,mem) < (> g +m)

i=1

by induction on m.



Ackermann is not Primitive
Recursive

Now suppose ¥(x,y) was primitive recursive.
By composition 9 (x, x) would be primitive recursive.

According to the Lemma 6
P(n,n) <4(J,n)

for some J and all n, which would lead to the contradiction

() <, J).



Ackermann is not Primitive
Recursive

Theorem
The Ackermann function grows faster than every primitive recursive
function.



Ackermann Function 1s Recursive

Theorem
The Ackermann function is recursive.



Ackermann Function 1s Recursive

A finite set S of triples is said to be suitable if the followings hold:
(i) if (0,y,z) € Sthenz =y + 1;

(ii) if (x + 1,0, z) € S then (x,1,z) € S;

(i) if (x + 1,y + 1,z) € S then Ju.((x + 1,y,u)€S A (x,u,z)€S).

A triple (x,y,z) can be coded up by 2¥375%,
Aset {uy,...,u} can be coded up by py, - - - py, .

Let R(x,y,v) be “vis alegal code and 3z < v.(x,y,2)€S,”.

The Ackermann function ¥(x,y) == puz((x,y, 2) €S R (x,yv))-



Definability in URM



Definability of Initial Function

Fact. The initial functions are URM-definable.



Definability of Composition

Fact. If f(y1,...,y) and g1(x), ..., gk(x) are URM-definable, then
the composition function A(X) given by

h(x) ~ f(ei(X),... &)
is URM-definable.



Some Notations

Suppose the program P computes f.

Let p(P) be the least number i such that the register R; is not used by
the program P.



Some Notations

The notation Pl ..., I, — [] stands for the following program
Lo: T(,1)
I, T(ly,n)
Lyt Z(n+1)
Ly : Z(p(P))
P

T(1,1)



Definability of Composition

Let F, Gy, ..., Gy be programs that compute f, g1, . . ., 8-
Let m be max{n, k, p(F), p(G1), ..., p(Gi)}.

Registers:

~ ~ k
[ PRI e Dty -+ [ @ity



Definability of Composition

The program for h:

In+k
I

: T(1,m+1)

: T(n,m+n)
: Gim+1,m+2,....,m+n — m+n+1]

: Gym4+1,m+2,....m+n — m+n-+Kkj
: Fim+n+1....m+n+k — 1]



Definability of Recursion

Fact. Suppose f(X) and g(X,y, z) are URM-definable.
The recursion function (X, y) defined by the following recursion

h(x,0) =~ f(x),
h(x,y +1) =~ g(x,y,h(x,y))

is URM-definable.



Definability of Recursion
Let F compute f and G compute g. Let m be max{n, p(F), p(G)}.

. 1 211 (~ 3
Registers: [...]1"[x ﬁf{ [y]ﬁiﬁil [kmmb [A(x, k)]%ig%

Program:

11 : T(l,m—i— 1)

Ly T(n+1m+n+1)

Invo @ F[1,2,...,n = m+n+3]

Inys @ Jm+n+2,m+n+1,n+7)

Inya @ Gm+1,...om+nm+n+2m+n+3 — m+n+3]
Inys @ S(m+n+2)

Inve = J(1,1,n+3)

Iny7 + T(m+n+3,1)



Definability of Minimization

Fact. If f(x,y) is URM-definable, then the minimization function
wy(f(x,y) = 0) is URM-definable.



Definability of Minimization
Suppose F computes f (X, y). Let m be max{n + 1, p(F)}.

m+n [ ]m+n+l [O] m—+n+2

Reglsters. [ : ']1 [x m+1 I m4n+1 1 m4n+-2-

Program:

L : T(l,m+1)

I, : T(n m+n)
Liyi @ Fim+1m+2,....m+n+1 — 1]
Liyo + J(I,m+n+2,n+5)
Liys @ Sm+n+1)
Inya = J(I,1,n+1)
Inys @ Tm+n+1,1)



Main Result

Theorem. All recursive functions are URM-definable.



Homework

* Read the proof that Ackermann function is not primitive.

* Try to solve the exercises in Chapter 1 & 2 as many as possible.



Computability Theory V

Turing Machine

Guogqiang Li
Shanghai Jiao Tong University

Oct. 24, 2014



Assignment 2 is announced! (deadline Nov. 7)



Turing Machine



Alan Turing

Alan Turing (23Jun.1912-7Jun.1954), an English student of Church,
introduced a machine model for effective calculation in

“On Computable Numbers, with an Application to the Entsheidungs
problem”,

Proc. of the London Mathematical Society, 42:230-265, 1936.

Turing Machine, Halting Problem, Turing Test



British Prime Minister Gordon Brown:

“...I'am pleased to have the chance to say how deeply sorry I and we
all are for what happened to him ... So on behalf of the British
government, and all those who live freely thanks to Alan’s work, I am
very proud to say: we’re sorry, you deserved so much better.”



Motivation

What are necessary for a machine to calculate a function?

* The machine should be able to interpret numbers;
* The machine must be able to operate and manipulate numbers
according to a set of predefined instructions;
and
* The input number has to be stored in an accessible place;

* There should be an accessible place for the machine to store the
intermediate results;

* The output number has to be put in an accessible place.



Turing Machine

A k-tape Turing Machine M has k-tapes such that
* The first tape is the read-only input tape.
* The other k — 1 tapes are the read/write work tapes.
* The k-th tape is also used as the output tape.

Every tape comes with a read/write head.



Turing Machine

The machine is described by a tuple (T', Q, §) containing
* A finite set I', called alphabet, of symbols. It contains a blank
symbol L], a start symbol >, and the digits 0 and 1.
* A finite set Q of states. It contains a start state g5 and a halting
state gy
* A transition function 6 : Q x I'* — Q x TK=1 x {«— — =}k,
describing the rules of each computation step.



Computation and Configuration

Configuration, initial configuration, final configuration, computation
step



Q = {qsaqh7q17q27q3}’ I'= {07 17 Da I>}’

and ¢ is as follows:

An Example

peEQ o€l o(p, o)
qs 0 (gs,0,—)
qs 1 (qs7 17_>)
qs o (qlvljv P)
qs > ((157 >, _>)
a1 0 (q2,0,—)
q1 1 (Q37|:’7 4))
q1 g (q1,8,-)
a1 > (g =)
q2 0 ((15707 <*)
q2 1 (qS’Of <_)
q2 u (qé'vov <_)
q2 > (qh7 ‘>7_))
q3 0 (qS’ 17<_)
q3 1 (qS7 17<_)
q3 | (qS’ 176)
B > (gn, >, =)

Start the machine with input 010

® g5, >010
® g5, >010
® g5, >010
® g5, >010
* g5, >0100
* ¢, >0100
* ¢, >0100
® g5, >0100
® ¢, >01000
* g3, >0000
® g5, >0010

q1, >00010
¢, >0010
g0, >0010
g1, >0010
gn, >0010



The Second Example

0=Ags,qn,q1}. T ={0,1,00,>}, and § is as follows:

peEQ o€l (p, o)
s 0 (45,0, —)
qs 1 (gs,1,—)
qs o (ql’ 0, <_)
qs > (qsv >, —)
q1 0 (‘]h7 17 _)
q1 1 (CII;O, H)
q1 > (% >, _>)




The Third Example

0 = {qs,qn qe>q1, ¢ }; T = {0,1>,0,1}; two work tapes.

(@5, 2,0, ) = (qe, >, >, =, =, =) (g, 0,0, 00) = {gu, >, 1, =, —, =)

<qc,07|:|7|:|> N (qc,O,l:l,—>,—>,—) <qt707 17|:|> - <qh7 1,0, :777>

<QC717D,D>_><QC717D7_>7_>7_> <qt71707|:|>_><qh70707 B 7_>

<6Ic 0.0 D> BN (qz 0.0, . — 7) <qt70707|:|> — (qt707D»_>7<_7_>
T T T <CI[,1,1,D>4)<Qt,l,lj,*>,<*,7>

<q1707|:]7|:]> % <ql7D7 D? (_7 R _>

<qla 17|:|7|:|> - <qla‘:‘a‘:‘7<;7777>

<q17[>7D7D> — <Qr7|:|7|j,—>,<—, _>



{0, 1,00, >} vs. Larger Alphabets

Suppose M has k tapes with the alphabet I'.

A symbol of M is encoded by a string o € {0, 1}* of length log |T'|.

States: A state g is turned into states ¢, (g, o}, ..., 0o%) where
ol =...= o} =1, .., (q,allogm, e ’Ulkog|r|> where
‘Ullog|F|| =...= |U{€og\1"|’ =log|T|.

A computation step of M is simulated in M by log |T| steps to read,
log |T'| steps to write, and log |T'| steps to relocate the heads.



One Tape vs. Many Tapes

The basic idea is to interleave k tapes into one tape.
The first n + 1 cells are reserved for the input.

M's 3 work tapes:
-

i
H
oot cfolmbyl el DI TTTTTTTIC
—a
r
e [le Mol [l [TTTTTTTIC
|
Tepe 2 [afaleln [fi{nles[ [ T[T TTTTIC

Enceoding this in one tape of M

12 3123123 123123 123
[el bnfo[e]apn [ole [olt [il Ja]i JeTe[o[T

Every symbol a of M is turned into two symbols a,a in M, with @
used to indicate head position.



One Tape vs. Many Tapes

The machine M copies the input bits to the first imaginary tape. The
head then moves left to the (n+2)-th cell.

Sweeping the tape cells from left to right. Record in the register the k
symbols marked with the hat _.

Sweeping the tape cells from right to left to update using the
transitions of M.



One Unidirectional vs. Bidirectional
Tape

The idea is that M makes use of the alphabet I x T".

Every state g of M is turned into g and g.



Simulation of TM by URM



Simulating TM by URM

Suppose M is a 3-tape TM with the alphabet {0, 1,0, > }.

The URM that simulates Ml can be designed as follows:

L]

Suppose that R, is the right most register that is used by a
program calculating x—1.

The head positions are stored in Ry, 11, Ry+2, Rnt3.

The three binary strings in the tapes are stored respectively in
Ryt4; Rnt7, Rmtr0, - - -,

Ryvs,Ryts, Rt11,- - -

The states of M are encoded by the states of the URM.

The transition function of M can be easily simulated by the
program of the URM.



Homework

Encode the addition function by k-tape Turing machine two nature
number partitioned by § on the input tape, for example, 1101041001,
and then try to encode the function by 1-tape Turing machine.



Computability Theory VI

Church-Turing Thesis

Guogqiang Li
Shanghai Jiao Tong University

Oct. 31, 2014



Church-Turing Thesis



Fundamental Question

How do computation models characterize the informal notion of
effective computability?



Fundamental Result

Theorem. The set of functions definable (the Turing Machine Model,
the URM Model) is precisely the set of functions definable in the
Recursive Function Model.

Proof.
We showed that
p-definable = A-definable = Turing definable = URM-definable.

We will show that URM-definable = p-definable.



Church-Turing Thesis

Church-Turing Thesis.

The functions definable in all computation models are the same. They
are precisely the computable functions.

1. Church believed that all computable functions are A-definable.
2. Kleene termed it Church Thesis.

3. Godel accepted it only after he saw Turing’s equivalence proof.

4. Church-Turing Thesis is now universally accepted.



Computable Function

Let C be the set of all computable functions.

Let C,, be the set of all n-ary computable functions.



Power of Church-Turing Thesis

No one has come up with a computable function that is not in C.

When you are convincing people of your model of computation, you
are constructing an effective translation from your model to a
well-known computation model.



Use of Church-Turing Thesis

Church-Turing Thesis allows us to give an informal argument for the
computability of a function.

We will make use of a computable function without explicitly defining
it.



Comment on Church-Turing Thesis

CTT and Physical Implementation

* Deterministic Turing Machines are physically implementable.
This is the well-known von Neumann Architecture.

* Are quantum computers physically implementable? Can a
quantum computer compute more? Can it compute more
efficiently?

CTT, is it a Law of Nature or a Wisdom of Human?



Synopsis

@ Godel Encoding (section 4.1)
® URM is Recursive (Appendix of chapter 5)



Godel Encoding



Everything is number!



Godel’s Insight

The set of syntactical objects of a formal system is denumerable.

More importantly, every syntactical object can be coded up effectively
by a number in such a way that a unique syntactical object can be
recovered from the number.

This is the crucial technique Godel used in his proof of the
Incompleteness Theorem.



Enumeration

An enumeration of a set X is a surjection g : N — X;
this is often represented by writing {xo,x1,x2, ...}

It is an enumeration without repetition if g is injective.



Denumeration

A set X is denumerable if there is a bijection f : X — N.
(denumerate = denote + enumerate)

Let X be a set of “finite objects”.

Then X is effectively denumerable if there is a bijectionf : X — N
such that both f and f~! are computable.



Effective Denumerable Set

Fact. N x N is effectively denumerable.

Proof. A bijection 7 : N x N — N is defined by

m(m,n) & 2"(2n+1) -1,
) (), mW0),

where

mx) = (x+1),
mx) = ((x+1)/270 —1)/2.



Effective Denumerable Set

Fact. Nt x Nt x N7 is effectively denumerable.

Proof. A bijection ¢ : NT x Nt x N* — N is defined by
C(m,n,Q) o W(W(m - 17” - 1)7q - 1))
o =

(mi(mi(D) + 1, ma(mi (D) + 1,m2(l) + 1)



Effective Denumerable Set

Fact. (J,~¢ NF is effectively denumerable.

Proof. A bijection 7 : | J;- o N¥ — N is defined by

def
T(ala R ;ak) = 2@ + gatartl + naitax+az+2 +...

+ rartartazt.a k=1 _
Now given x it is easy to find by < by < ... < by such that
2b] +2b2+2b3 _|_+2bk :x+1

It is then clear how to calculate a;, ap, as, . . ., a;. Details are next.



Effective Denumerable Set

A number x € N has a unique expression as

o0
x= g o2,
i=0

where «; is either O or 1 for all i > 0.
1. The function a(i,x) = «; is primitive recursive:

afi,x) = rm(2,qt(2", x)).

2. The function ¢(x) = if x > O then k else 0 is primitive recursive:

(x) = afi,x).

i<x



Effective Denumerable Set

3. If x > 0 then it has a unique expression as
x =20 g ob g 0b
where 1 <kand0 < b; < by < ... < by.

The function b(i,x) = if (x > 0) A (1 < i < (x)) then b; else 0 is
primitive recursive:

b(l_,x)_{ py<x (Zkgya(k,x):i>, if (x> 0) A (1 < i< 0());

0, otherwise.



Effective Denumerable Set

4. If x > 0 then it has a unique expression as

x =24 4 2a1+az+1 o+ 2al+(12+--~+ak+k—1.

The function a(i, x) = g; is primitive recursive:

a(i,x) = b(i,x), ifi=0o0ri=1,
a(i+1,x) = (b(i+1,x)=b(i,x))—1, if i > 1.
We conclude that aj, ap, as, . .., a; can be calculated by primitive

recursive functions.



Encoding Program

Let Z be the set of all instructions.
Let P be the set of all programs.

The objects in Z, and P as well, are “finite objects”.



Encoding Program

Theorem. 7 is effectively denumerable.

Proof. The bijection 8 : Z — N is defined as follows:

The converse 37! is easy.



Encoding Program

Theorem. P is effectively denumerable.

Proof. The bijection vy : P — N is defined as follows:

V(P) = T(B(Il)v"'vﬁ(ls))a

assuming P =1y,...,[;.

1

The converse v~ is obvious.



Go6del Number of Program

The value v(P) is called the Godel number of P.

P, = the programme with Godel index n

= 77 '(n)

We shall fix this particular encoding function ~ throughout.



Example

Let P be the program T(1,3),5(4),Z(6).

y(P) =218 +2% 4 2% — |



Example

Consider Pg127.
4127 =25 4212 1.

BI) =4+1
B(I) = 4n(1,0) +2

So P4127 is 5(2); T(Z, 1).



URM is Recursive



Kleene’s Proof

Kleene demonstrated how to prove that machine computable
functions are recursive functions.



Proof in Detail

The states of the computation of the program P, (x) can be described
by a configuration and an instruction number.

A state can be coded up by the number

0 = 7T(C7j)7

where c is the configuration that codes up the current values in the
registers

c=2"3" . . = Hp?,
i>1

and j is the next instruction number.



Proof in Detail

To describe the changes of the states of P,(x), we introduce three
(n + 2)-ary functions:

Cu(e,x,t) = the configuration after 7 steps of P,(x),
jo(e,x,1r) = the number of the next instruction after ¢ steps
of P,(x) (it is O if P,(x) stops in 7 or less steps),

on(e,x,t) = m(cu(e,x,t),j,(e,x,1)).

If 0, is primitive recursive, then C,, j, are primitive recursive!



Proof in Detail
If the computation of P,(X) stops, it does so in
(i, (e, 1) = 0)
steps.

Then the final configuration is

Cn(eaza Mt(jn(evfia t) = 0))

We conclude that the value of the computation P, (x) is

(Cn(evxa /J’t(jn(&}’ t) = 0)))1-



Proof in Detail

The function o, can be defined as follows:

on(e,x,0) = (29132 ... pyr 1),
on(e,x,t+1) = mn(config(e,o,(e,x,1)), next(e,on(e,x,t))),

where config(e, m(c,j)) is the new configuration, and next(e, 7(c,j))
is the number of the next instruction, after the j-th instruction has been
executed upon c.



Proof in Detail

In(e) = the number of instructions in P,;
N the code of I;in P,, if 1 <j <lIn(e),
gn(e.j) = { 0, otherwise.

ch(c,z) = the resulting configuration when the
configuration c is operated on by the

instruction with code number z.
the number j/ of the next instruction
when the configuration c is operated if j > O,
on by the jth instruction with code z,
0, if j=0.

v(c,j,z) =



Proof in Detail

config(e, ) = {;?((:;’(U)agn(emz(a)))a it < m(o) < In(e),

next(e,0) = {g’(ﬂl(a)aW2(0)a9n(€m2(0)))a i)fthleivzfsz;(‘a)éln(e),



Proof in Detail (In, gn)

In(e) = the number of instructions in P,;
N the code of I;in P,, if 1 <j<In(e),
gn(e.j) = { 0, otherwise.

Both functions are primitive recursive since

In(e) = {(e+1),
gn(e,j) = a(j,e+1).



Proof in Detail (ch)

The following function

ch(c,z) = the resulting configuration when the
configuration c is operated on by the

instruction with code number z.

is primitive recursive if

zero(c,u(z)), if rm(4

B succ(c, u(z)), if rm(4,

N2 = tran(e,ur(2), b (), if rm(s
c, if rm(4



Proof in Detail (ch)
U(z) = m whenever z = $(Z(m)) or z = 5(S(m)):
u(z) =qt(4,z) + 1.
Ui(z) = my and Uy (z) = my whenever z = B(T (my,my)):

ui(z) = m(qt4,2))+1,
Ux(z) = m(qt4,2))+ 1.



Proof in Detail (ch)

The change in the configuration ¢ effected by instruction Z(m):

zero(c,m) = qt(p,(nc)m, c).

The change in the configuration c¢ effected by instruction S(m):

succ(c,m) = ppc.

The change in the configuration c effected by instruction T (m, n):

’[ran(c, m, n) = qt(p’(f)"’p’gc)mc)'



Proof in Detail (v)

The following function

the number j’ of the next instruction
when the configuration c is operated if j > O,
on by the jth instruction with code z,
0, if j=0.

v(c,j,z) =

is primitive recursive if

j+ 1, ifrm(4,z) # 3,
V(C,j,Z) = .]+ 17 if rm(47Z) =3 A (C)Vl(z) 7é (C)V2(1)7
V3(Z), if rm(4,z) =3 A (C)Vl(z) = (C)Vz(z)'



Proof in Detail (v)

Vi(z) = my and Vo(z) = mp and v3(z) = q if z = B(J (m1,m2, q)):

vi(z) = mi(m(qt
Va(z) = m(m(q
vi(z) = m(qt(4 Z) + 1.



Proof in Detail

We can now define the function config(_, _) by

config(e,0) = {;?((;T;’(U),gn(emz(ff))), it 1< ma(7) < In),

and the function next(_,_) by

next(e,a) = { &(m(a),ﬂg(a),gn(e,m(a))), gﬂ-}eivfsi(a) < |n(€),



Proof in Detail

We conclude that the functions C,, j,,, 0, are primitive recursive.



Computability Theory VII

S-M-N Theorem

Guoqiang Li
Shanghai Jiao Tong University

Nov. 14,2014



Problem Index



Motivation

By Church-Turing Thesis one may study computability theory using
any of the computation models.

It is much more instructive however to carry out the study in a model
independent manner.

The first step is to assign index to computable function.



Review Tips



Effective Denumerable Set

N x N
Nt x Nt x NT

Ui N

7 is effectively denumerable.
P is effectively denumerable.

V(P) = T(B(Il)v cee aﬁ(ls))

The value y(P) is called the Godel number of P.



Synopsis

@ Gobdel Index

@® S-m-n Theorem



Godel Index



Basic Idea

We see a number as an index for a problem/function if it is the Godel
number of a programme that solves/calculates the problem/function.



Definition

Supposea € Nandn > 1.

¢§,”) = the n ary function computed by P,

= £
W(S") = the domain of ¢§”) ={(x1,...,xn) | Palxy,. ..
Eén) = the range of ¢Eln)_

The super script (n) is omitted when n = 1.

7xn) \L}v



Example
Let a = 4127. Then P4127 = S(2); T(2, 1).

If the program is seen to calculate a unary function, then

da7(x) = 1,
Wa7 = N,
Eqy; = {1}

If the program is seen to calculate an n-ary function, then

¢£’;)27(x1,...,x,,) = x+1,
Wiy = N
Ejy = N'.



Godel Index for Computable
Function

Suppose f is an n-ary computable function..

A number a is an index for f if f = (;5&").



Padding Lemma

Padding Lemma

Every computable function has infinite indices. Moreover for each x
we can effectively find an infinite recursive set A, of indices for ¢.

Proof
Systematically add useless instructions to Py.



Enumeration of Computable
Function

Proposition
C,., and C as well, is denumerable.

We may list for example all the elements of C, as ¢>(()"), ¢§"), (n)

I REEREE



Diagonal Method

Fact
There is a total unary function that is not computable.

Proof
Suppose ¢g, ¢1, @2, - . . is an enumeration of C. Define

£(n) {¢n(n>+17 if ¢, (n) is defined,

0, if ¢,(n) is undefined.

By Church-Turing Thesis the function f (n) is not computable.

Is the following function computable?

N on(n) + 1, if ¢,(n) is defined,
fln) =~ { 1, if ¢, (n) is undefined.



Diagonal Method

Suppose there is a sequence fy, f1,---,fu, - - -

Diagonalize out of fy, f1, . . . by making f differ from f;, at n.



S-m-n Theorem



Motivation

How do different indexing systems relate?



S-m-n Theorem, the Unary Case

Given a binary function f(x,y), we get a unary computable function
f(a,y) by fixing a value a for x.

Let e be an index for f(a,y). Then

fla,y) = ¢e(y)

S-m-n Theorem states that the index e can be computed from a.



S-m-n Theorem, the Unary Case

Fact
Suppose that f(x, y) is a computable function. There is a primitive
recursive function k(x) such that

J(x,y) = dr) ()



S-m-n Theorem, the Unary Case

Proof
Let F be a program that computes f. Consider the following program

T(1,
Z(1)
(1)

2)

: a times
S(1)
F

The above program can be effectively constructed from a.

Let k(a) be the Godel number of the above program. It can be
effectively computed from the above program.



Examples

Letf(xay) =y

Then ¢y (x)(y) = ¥*. For each fixed n, k(n) is an index for y".

_J y, if yisamultiple of x,
Let/(x,y) = { 1, otherwise. :

Then ¢y, (v) is defined if and only if y is a multiple of n.



S-m-n Theorem

S-m-n Theorem

For m, n, there is an injective primitive recursive (m + 1)-function
si*(x,x) such that for all e the following holds:

& 5) = 60,5 5)

S-m-n Theorem is also called Parameter Theorem.



S-m-n Theorem

Proof
Given e, xy, .. ., Xy, we can effectively construct the following
program and its index

T(n,m+n)

T(l,m+1)

Q( 1 , X1 )

Q(m, xm)

P,

where Q(i, x) is the program Z(i), S(i), ..., S(i).
—_——

X times

The injectivity is achieved by padding enough useless instructions.



Exercise 1

Show that there is a total computable function &k such that for each n,
k(n) is an index of the function [/x].



Exercise 11

Show that there is a total computable function k such that for each n,
Wi(n) = the set of perfect nth power.



Exercise 111

Show that there is a total computable function k such that

W = {1, ym) y1+ 32+ ym =)

suppose m > 1.
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Enumeration Theorem



General Remark

There are universal programs that embody all the programs.

A program is universal if upon receiving the Godel number of a
program it simulates the program indexed by the number.



Intuition

Consider the function v (x, y) defined as follows

Y(x,y) = ¢u(y)

In an obvious sense 9(x,_) is a universal function for the unary
functions

¢0a¢la¢2,¢3,.. ..



Universal Function

The universal function for n-ary computable functions is the
(n + 1)-ary function ¢g’ ) defined by

Q/)gl)(e,xl, ceyXy) ¢£")(x1, Ceey Xp).
We write ¢y for ¢§/1)-

Question: Is z[)gl) computable?



Enumeration Theorem

Enumeration Theorem
For each n, the universal function wg’ Vis computable.

Proof
Given a number e, decode the number to get the program P,; and then
simulate the program P,. If the simulation ever terminates, then return

the number in R;. By Church-Turing Thesis, wgl) is computable.



Undecidability

Proposition
The problem ‘¢, is total” is undecidable.

Proof
If ‘¢, is total’ were decidable, then by Church-Turing Thesis

~f Wulx,x) 41, if ¢y is total,
fo) = { 0, if ¢, is not total.

would be a total computable function that differs from every total
computable function.



Effectiveness of Function Operation

Proposition

There is a total computable function s(x,y) such that ¢, )y = ¢x¢y
for all x, y.

Proof

Let f(x,y,2) = ¢:(2)¢y(2) ~ Yu(x, 2)Yu(y, 2).

By S-m-n Theorem there is a total function s(x,y) such that

(bs(x,y) (Z) :f(x7 Y Z)'



Effectiveness of Set Operation

Proposition

There is a total computable function s(x,y) such that
Ws(x,y) =W, UW,.

Proof

Let
1, ifz€e Wyorze W,
undefined, otherwise.

f(x,M):{

By S-m-n Theorem there is a total function s(x, y) such that
Qbs(x,y) (Z) Zf(x,y, Z)' Cleaﬂy Ws(x,y) =W, U Wy-



Effectiveness of Recursion

Consider f defined by the following recursion

fler,e2,%,0) = 0 (%) = o (e1,%)

U

and

flenenXy+1) ~ o8&y fler,en,y))

= §]n+2)(627357y7f(617627357)]))'

By S-m-n Theorem, there is a total computable function r(ey, e2) such
that

QZ),(,}Z;L)Z)(}Z,)}) 2](‘(61762’%’ y)



Non-Primitive Recursive Total
Function

Theorem
There is a total computable function that is not primitive recursive.

Proof

@ The primitive recursive functions have a universal function.

® Such a function cannot be primitive recursive by diagonalisation.



Recursion Theorem



Recursion Theorem

Recursion Theorem

Let f be a total unary computable function. Then there is a number n
such that ¢r(,) = @n.

Proof
By S-m-n Theorem there is an injective primitive recursive function
s(x) such that for all x

Gsr) () =~ {%(x)(y), if 6y (x) s

T, otherwise.

Let v be such that ¢, = s o f. Obviously ¢, is total and ¢, (v) J.

Ps() = Pon(v) = Pr(s)
We are done by letting n be s(v).



Exercise 1

Show that there is a total computable function k such that for each n,
Epy = W



Exercise 11

Show that there is a total computable function k(x, y) such that for
eachx,y, Ey(yy) = Ex UEy.



Exercise 111

Suppose f(n) is computable, show that there is a total computable
function k(n) such that for each n, Wy, = f~1(W,).
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Assignment 3 was announced!

The deadline is Dec. 12.



Undecidability



Decidability and Undecidability

A predicate M (x) is decidable if its characteristic function cps(X)
given by

en(x) = { 1, if M(x) holds,
0, if M(x) does not hold.

is computable.

The predicate M (x) is undecidable if it is not decidable.



Undecidability Result

Theorem
The problem ‘x € W, is undecidable.

Proof
The characteristic function of this problem is given by

c(x) = 1, ifxe W,
1 0, ifxé¢ W,

Suppose ¢(x) was computable. Then the function g(x) defined below
would also be computable.

(x) = 0, if ¢(x) =0,
EX 7\ undefined, if c(x) = 1.

Let m be an index for g. Then

m € Wy, iff ¢(m) = 0 iff m ¢ W,,.



Undecidability Result

Corollary
There is a computable function 4 such that both ‘x € Dom(h)’ and
‘x € Ran(h)’ are undecidable.

Proof
Let

ny = © if x € Wy,
7 undefined, if x ¢ W,.

Clearly x € Dom(h) iff x € W, iff x € Ran(h).



Undecidability Result

Theorem
The problem ‘¢,(y) is defined” is undecidable.

Proof
If y € W, were decidable then x € W, would be decidable.

This is known as Halting Problem.

In this proof we have reduced the problem ‘x € W,’ to the problem
‘y € W,’. The reduction shows that the latter is at least as hard as the
former.



Undecidability Result

Theorem
The problem ‘¢, = 0’ is undecidable.

Proof
Consider the function f defined by

oy = | O if x € Wy,
Y) 7\ undefined, if x ¢ W,.

By s-m-n theorem there is some total computable function k(x) such
that ¢y () (y) = f(x,y).

It is clear that ¢y () = 0iff x € W.



Undecidability Result

Corollary
The problem ‘¢, ~ ¢,’ is undecidable.



Undecidability Result

Theorem

Let ¢ be any number. The followings are undecidable.
(a) Acceptance Problem: ‘c € W,’,

(b) Printing Problem: ‘c € E,’.

Proof
Consider the function f defined by

B ¥, 1fx S Wxa
flx,y) = { undefined, if x ¢ W,.

By s-m-n theorem there is some total computable function k(x) such
that ¢ (v) = f(x,).

Itis clear that ¢ € Wy, iff x € Wy iff ¢ € Ey(y).



More on Undecidability



x €E,

Exercise 1



Exercise 11



Exercise 111



Exercise IV

E, is infinite.



Exercise V

‘¢x = g, where g is any fixed computable function.
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Decision Problem, Predicate,
Number Set

The following emphasizes the importance of number set:

Decision Problem < Predicate on Number
< Set of Number

A central theme of recursion theory is to look for sensible
classification of number sets.

Classification is often done with the help of reduction.



Synopsis

® Reduction
@® Recursive Set
® Rice Theorem



Reduction



Reduction between Problems

A reduction is a way of defining a solution of a problem with the help
of a solution of another problem.

In recursion theory we are only interested in reductions that are
computable.



Reduction

There are several ways of reducing a problem to another.

The differences between different reductions from A to B consists in
the manner and the extent to which information about B is allowed to
settle questions about A.



Many-One Reduction

The set A is many-one reducible, or m-reducible, to the set B if there
is a total computable function f such that

x €Aiff f(x) € B
for all x. We shall write A <,,, B or more explicitly f : A <, B.

If f is injective, then it is a one-one reducibility, denoted by <.



An Example

Suppose G is a finite graph and k is a natural number.

* The Independent Set Problem (IS) asks if there are k vertices of
G with every pair of which unconnected.

* The Clique Problem asks if there is a k-complete subgraph of G.

There is a simple one-one reduction from IS to Clique.



Many-One Reduction

» <, is reflexive and transitive.

* A<, BiffA <, B.

c A<, NiffA=N;A <, Diff A = 0.
* N<,AiffA#0;0 <, AiffA #N.



m-Degree

Two sets A, B are many-one equivalent, notation A =,, B, if A <,, B
and B <,, A.

Similarly A =; Bif A <; Band B < A.
Clearly both =, and = an equivalence relation.
Let d,y(A) be {B | A =,, B}.

The class d,,(A) is called the m-degree represented by A.



m-Degree

The set of m-degrees is ranged over by a, b, c, .. ..

a<,biffA <, BforsomeA € aand B € b.
a<,biffa<,bandb £, a.

The relation <, is a partial order.



The Structure of m-Degree

Proposition
The m-degrees form a distributive lattice.



The Restriction of m-Reduction

Suppose G is a finite directed weighted graph and m is a number.

* The Travelling Salesman Problem (TSP) asks for the overall
weight of a cycle with minimum weight if there are circles.

* A decision problem version asks given a budget b, whether there
exists a cycle that passes through every vertex exactly once, of
total cost b or less - or to report that no such tour exists.



Recursive Set



Definition of Recursive Set

Let A be a subset of N. The characteristic function of A is given by

ealx) = 1, ifx €A,
AV 0, ifx ¢ A.

A is recursive if c4(x) is computable.



Fact about Recursive Set

Fact. If A is recursive then A is recursive.

Fact. If A is recursive and B # (), N, then A <,, B.

Fact. If A, B are recursive and A, B, A, B are infinite then A = B.
Fact. If A <,,, B and B is recursive, then A is recursive.

Fact. If A <,,, B and A is not recursive, then B is not recursive.



A Characterization of Recursive Set

Theorem. An infinite set is recursive iff it is the range of a total
increasing computable function.

Proof. Suppose A is recursive and infinite. Then A is range of the
increasing function f given by

f(0) = w(yeA),
fin+1) = py(y €Aandy>f(n)).

The function is total, increasing and computable.

Conversely suppose A is the range of a total increasing computable
function f. Obviously y = f(n) implies n < y. Hence

yEA<S ye€Ran(f) < In<y(f(n) =y).



Unsolvable Problem

A decision problem f : N — {0, 1} is solvable if it is computable and
dom(f) is recursive.

It is unsolvable if it is not solvable.



Non-recursive < Unsolvable < Undecidable



Some Important Undecidable Sets

Here are some important undecidable sets:

Con

Tot
Cof
Rec
Ext

{x|x e W},

{nx,3) | x € W},

{x | Wi # 0},

{x | W, is finite},

{x | Wy is infinite},

{x | ¢y is total and constant},
{x | ¢y is total },

{x | Wy is cofinite },

{x | Wy is recursive},

{x | ¢y is extensible to a total recursive function}.



Rice Theorem



Rice Theorem

Henry Rice.

Classes of Recursively Enumerable Sets and their Decision Problems.
Transactions of the American Mathematical Society, 77:358-366,
1953.



Rice Theorem

Rice Theorem. (1953)
If ) € B CC,then {x | ¢x € B} is not recursive.

Proof. Suppose fy ¢ B and g € B. Let the function f be defined by

[ gly), ifxeWw,
flxy) = { t, ifx ¢ W

By S-m-n Theorem there is some injective primitive recursive
function k(x) such that ¢y () == f(x,y).

It is clear that & is a one-one reduction from K to {x | ¢, € B}.



Applying Rice Theorem

Assume that f(x) ~ ¢y (x) + 1 could be extended to a total
computable functlon say g(x). Let e be an index of g(x).
Then ¢.(e) = g(e) =f(e) = ¢.(e) + 1. Contradiction.

So we may use Rice Theorem to conclude that
Ext = {x| ¢, is extensible to a total recursive function}

1S not recursive.

Comment: Not every partial recursive function can be obtained by
restricting a total recursive function.



Remark on Rice Theorem

Rice Theorem deals with programme independent properties.

It talks about classes of computable functions rather than classes of
programmes.

All non-trivial semantic problems are algorithmically undecidable.
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Assignment

Assignment 4 was announced!

The deadline is Dec. 26!



An Exercise

Let A, B C N. Define sets of A @ B and A ® B by

ADB
A®B

{2x |x€e A} U{2x+ 1| x € B}
{m(x,y) | x € ANy € B}

©® A @ Bis recursive iff A and B are both recursive.
@ if A, B # (), then A ® B is recursive iff A and B are both recursive.



We have seen that many sets, although not recursive, can be effectively
generated in the sense that, for any such set, there is an effective
procedure that produces the elements of the set in a non-stop manner.

‘We shall formalize this intuition in this lecture.



Synopsis

@ Recursively Enumerable Set
@® Characterization of R.E. Set
® Rice-Shapiro Theorem



Recursively Enumerable Set



The Definition of R.E. Set

The partial characteristic function of a set A is given by

) = 1, ifxeca,
XAX= 1, ifx ¢ A

A is recursively enumerable if x4 is computable.

We shall often abbreviate ‘recursively enumerable set’ to ‘r.e. set’.



Partially Decidable Problem

A problem f : N — {0, 1} is partially decidable if dom(f) is r.e.



Partially Decidable Predicate

A predicate M (X) of natural number is partially decidable if its partial
characteristic function

) = 1, if M(x) holds,
XMAX) = 1, if M(x) does not hold,

is computable.



Partially Decidable Problem <> Partially Decidable Predicate

& Recursively Enumerable Set



Example

The halting problem is partially decidable. Its partial characteristic
function is given by

1, ifP(y)
Xu (%,y) = { T, otherwise.

K, Ky, K, are re.. But none of K, Ko, K] is re..



Index for Recursively Enumerable
Set

A setis r.e. iff it is the domain of a unary computable function.
So Wy, Wi, W, ... 1is an enumeration of all r.e. sets.

Every r.e. set has an infinite number of indexes.



Closure Property

Union Theorem. The recursively enumerable sets are closed under
union and intersection uniformly and effectively.

Proof. According to S-m-n Theorem there are primitive recursive
functions r(x,y), s(x,y) such that

Wr(x,y) = W,UW,,
Wiy)y = Wan W



The Most Hard Recursively
Enumerable Set

Fact. If A <,, Band Bisr.e. then A isre..
Theorem. Aisre. iff A < K.
Proof. Suppose A is r.e. Let f(x,y) be defined by

1, ifx €A,
f(x,y):{T, if x ¢ A.

By S-m-n Theorem there is an injective primitive recursive function
s(x) s.t. f(x,¥) = dy(x)(y). Itis clear that x € A iff s(x) € K.

Comment. No r.e. set is more difficult than K.



Characterization of R.E. Set



Normal Form Theorem

Normal Form Theorem. M(X) is partially decidable iff there is a
primitive recursive predicate R(X,y) such that M (x) iff Jy.R(x,y).

Proof. If R(x,y) is primitive recursive and M (x) < Jy.R(X,y), then

the computable function ‘if uyR(x,y) then 1 else 1" is the partial

characteristic function of M (X).

Conversely suppose M (x) is partially decided by P. Let R(x,y) be
P(x) | iny steps.

Then R(x,y) is primitive recursive and M (x) < Jy.R(x,y).



Quantifier Contraction Theorem

Quantifier Contraction Theorem. If M(X,y) is partially decidable,
so is Jy.M(x,y).

Proof. Let R(X,y,z) be a primitive recursive predicate such that
M(x,y) & F.R(x,y,2)

Then 3y.M(x,y) < Jy.3z.R(X,y,z) < Ju.R(X, (u)o, (u)1).



Examples

The following predicates are partially decidable:
X € Ey(")

W, #0



Uniformisation Theorem

Uniformisation Theorem. If R(x,y) is partially decidable, then there
is a computable function ¢(x) such that c(x) | iff Jy.R(x,y) and
c(x) 4 implies R(x, ¢(x)).

We may think of ¢(x) as a choice function for R(x,y). The theorem
states that the choice function is computable.



A is r.e. iff there is a partially decidable predicate R(x,y) such that
x € Aiff Jy.R(x,y).



Complementation Theorem

Complementation Theorem. A is recursive iff A and A are r.e.

Proof. Suppose A and A are r.e. Then some primitive recursive
predicates R(x,y), S(x,y) exist such that

xX€EA < JyR(x,y),
x€A & IyS(x,y).

Now let f(x) be uy(R(x,y) V S(x,y)).
Then f(x) is total and computable, and

x €A < R(x,f(x))



Applying Complementation
Theorem

Fact. K is not r.e.

Comment. If K <,, A then A is not r.e. either.



Applying Complementation
Theorem

Fact. If A is r.e. but not recursive, then A £,, A £,, A.

Comment. However A and A are intuitively equally difficult.



Graph Theorem

Graph Theorem. Let f(x) be a partial function. Then f(x) is
computable iff the predicate ‘f(x) ~ y’ is partially decidable iff

{m(x,y) | f(x) ~y}isre.
Proof. If f (x) is computable by P(x), then

f(x) ~y< Ft.(P(x) ] yinr steps)
The predicate ‘P(x) | y in ¢ steps’ is primitive recursive.
Conversely let R(x, y, t) be such that

f(x) ~y< Jt.R(x,y,1).

Now f(x) = py.R(x,y, ut.R(x,y,1)).



Listing Theorem

Listing Theorem. A is r.e. iff either A = () or A is the range of a
unary total computable function.

Proof. Suppose A is nonempty and its partial characteristic function is
computed by P. Let a be a member of A. The total function g(x, t)
given by

[ x, if P(x) ] int steps,
g(x,1) = { a, otherwise.

is computable. Clearly A is the range of h(z) = g((2)1, (z)2)-

Conversely, x € A iff Jy.h(y) = x, Iy.h(y) = x is partially decidable.



Listing Theorem

The theorem gives rise to the terminology ‘recursively enumerable’.



Implication of Listing Theorem

A setis r.e. iff it is the range of a computable function.



Implication of Listing Theorem

Corollary. For each infinite nonrecursive r.e. A, there is an injective
total recursive function f such that ran(f) = A.

Corollary. Every infinite r.e. set has an infinite recursive subset.

Proof. Suppose A = ran(f). An infinite recursive subset is
enumerated by the total increasing computable function g given by

g(0) = f(0),
gn+1) = fluy(fy) > gn))).



Applying Listing Theorem

Fact. The set {x | ¢, is total} is not r.e.

Proof. If {x | ¢y is total} were a r.e. set, then there would be a total
computable function f whose range is the r.e. set.

The function g(x) given by g(x) = ¢ (y)(x) + 1 would be total and
computable.



Rice-Shapiro Theorem



Rice-Shapiro Theorem

Rice-Shapiro Theorem. Suppose that A is a set of unary computable
functions such that the set {x | ¢, € A} isre.

Then for any unary computable function f, f € A iff there is a finite
function 8 C f with § € A.

Comment. Intuitively a set of recursive functions is r.e. iff it is
effectively generated by an r.e. set of finite functions.



Applications of the Rice-Shapiro
Theorem

Both Tot and Tot are not r.e.

Tot = {x | ¢, is total}

Proof
We apply the Rice-Shapiro theorem on Zot. For no f € Tot is there a
finite § C f with 0 € Tot.

If f is any total computable function, f ¢ Tot; but every finite function
0 C f in Tot.



What Rice-Shapiro Theorem Can Do

Can we apply Rice-Shapiro Theorem to show that any of the
following sets is non-r.e.:

Fin
Inf
Tot
Con
Cof
Rec
Ext

{x | W, is finite},

{x | W, is infinite },

{x | ¢y is total },

{x | ¢y is total and constant},
{x | Wy is cofinite },

{x | Wy is recursive},

{x | ¢y is extensible to a total recursive function}.



Proof of Rice-Shapiro Theorem
Suppose A = {x | ¢, € A} isre.
(=): Suppose f € A but for all finite § C f.0 ¢ A.

Let P be a partial characteristic function of K. Define the computable
function g(z, t) by

g(Z’ [) ~ { f(t)v if P(Z) J in £ steps,

T, otherwise.

According to S-m-n Theorem, there is an injective primitive recursive
function s(z) such that g(z, 1) = ¢y ().

By construction ¢ C f forall z.

z € K = ¢y is finite = 5(z) ¢ A;
Z ¢ K = d’s(z) =f= S(Z) €A



Proof of Rice-Shapiro Theorem

(«=): Suppose f is a computable function and there is a finite § € A
such that§ C f and f ¢ A.

Define the computable function g(z, t) by

) f@), ift € Dom(0)VzeK,
8(z 1) = { T, otherwise.

According to S-m-n Theorem, there is an injective primitive recursive
function s(z) such that g(z, 1) =~ ¢y(;)(t).

ZGK:>¢S(Z) :f:>S(Z) ¢A;
Z¢K=>¢S(Z)=9=>S(Z)€A.



Reversing Rice-Shapiro Theorem

{x | ¢x € A} isre. if the following hold:

0 ©={e(d) |0 c Aand 0 is finite} is r.e., where e is a canonical
effective encoding of the finite functions.

® Vf € A3 finite 0 € A0 C f.

Comment. We cannot take e as the Godel encoding function of the
recursive functions. Why? How would you define e?



Homework

* Homework 6: Exercise 6.14, pp. 119 of the textbook.



Computability Theory XII

Creative Set

Guoqiang Li
Shanghai Jiao Tong University

Dec. 26,2014



Creative Set



Most Difficult Semi-Decidable
Problems?

Anr.e. setis very difficult if it is very non-recursive.
Anr.e. setis very non-recursive if its complement is very non-r.e..
A set is very non-r.e. if it is easy to distinguish it from any r.e. set.

These sets are creative respectively productive.



Synopsis

@ Productive Set
@® Creative Set
©® Simple Sets



Productive Set



Productive Set

Suppose Wy, C K. Thenx € K \ W,.
So x witnesses the strict inclusion W, C K.

In other words the identity function is an effective proof that K differs
from every r.e. set.



Productive Set

A set A is productive if there is a total computable function p such that
whenever W, C A, then p(x) € A\ W,. The function p is called a
productive function for A.

A productive set is not r.e. by definition.



Productive Set

K is productive.
{x | ¢ ¢ W} is productive.
{x | ¢ ¢ E,} is productive.

{x | éx(x) # 0} is productive.



Productive Set

Suppose A = {x | ¢x(x) # 0}.

By S-m-n Theorem one gets a primitive recursive function p(x) such
that ¢,(,)(y) = 0 if and only if ¢,(y) is defined. Then

p(x) € Wy < p(x) ¢ A.

So if W, C A we must have p(x) € A\ W,.
Thus p is a productive function for A.



Productive Set

Lemma. If A <,,, B and A is productive, then B is productive.



Productive Set

Theorem. Suppose that B is a set of unary computable functions with
fo € Band B # C. Then B = {x | ¢ € B} is productive.

Proof. Suppose g ¢ B. Consider the function f defined by

f gly), ifxe W,
Fx:y) _{ t, ifx ¢ W

By S-m-n Theorem there is a primitive recursive function k(x) such
that @ (v) = f(x,).

Clearly x & Wy iff dy(yy = fo iff due) € Biff k(x) € B.

Hence k : K <,, B.



Property of Productive Set

Lemma. Suppose that g is a total computable function. Then there is
a primitive recursive function p such that for all x,

Wy = We U {g(x)}.

Proof. Using S-m-n Theorem, take p(x) to be a primitive recursive
function such that

_J Lifye Wy vy =g(x),
Do) () = { 1, otherwise



Property of Productive Set

Theorem. A productive set contains an infinite r.e. subset.
Proof. Suppose p is a production function for A.
Take eq to be some index for (). Then p(eg) € A by definition.

By the Lemma there is a primitive recursive function k such that for
all x, Wiy = W U {p(x) }.

Apparently {eg,...,k"(eo),...} isre.

Consequently {p(eo),...,p(k"(eo)),...} is ar.e. subset of A, which
must be infinite by the definition of k.



Productive Function via a Partial
Function

Proposition. A set A is productive iff there is a partial recursive
function p such that

Vx.(We CA = (p(x) L Ap(x) € A\ Wy)). (D
Proof. Suppose p is a partial recursive function satisfying (1). Let s be
a primitive recursive function such that

by () = {ya p(X)LAy € Wy,

1, otherwise.

A productive function ¢ can be defined by running p(x) and p(s(x)) in
parallel and stops when either terminates.



Productive Function Made Injective

Proposition. A productive set has an injective productive function.
Proof. Suppose p is a productive function of A. Let

Wiy = We U {p(x)}

Clearly
W, CA= Wh(x) CA

Define ¢(0) = p(0).

If there is a least y € {p(x+1),ph(x+1),ph*(x+1),...} such that
y € 44(0),...,q(x)}, let g(x+1) be y;

otherwise let g(x+1) be uy.y ¢ {¢(0),...,q(x)}.

It is easily seen that ¢ is an injective production function for A.



Myhill’s Characterization of
Productive Set

Fact. K <,, Aiff K <, A.



Myhill’s Characterization of
Productive Set

Theorem. (Myhill, 1955) A is productive iff K <, AiffK <, A.



Creative Set



Creative Set

A set A is creative if it is r.e. and its complement A is productive.

Intuitively a creative set A is effectively non-recursive in the sense that
the non-recursiveness of A, hence the non-recursiveness of A, can be
effectively demonstrated.



Creative Set

K is creative.
{x | ¢ € W,} is creative.
{x | ¢ € E,} is creative.

{x | ¢x(x) = 0} is creative.



Creative Set

Theorem. Suppose that A C C andletA = {x | ¢, € A}. IfAisre.
and A # (), N, then A is creative.

Proof. Suppose A is r.e. and A # (), N. If f € A, then A is productive
by a previous theorem. This is a contradiction.

So A is productive by the same theorem. Hence A is creative.



Creative Set

The set Ko = {x | W, # (0} is creative. It corresponds to the set

A={feC[f#fo}



Discussion

Question. Are all non-recursive r.e. sets creative?

The answer is negative. By a special construction we can obtain
r.e.sets that are neither recursive nor creative.



Simple Sets



Simple Sets

A set A is simple if
® Aisre.,
® A is infinite,
© A contains no infinite r.e. subset.



Simple Sets

Theorem. A simple set is neither recursive nor creative.
Proof. Since A can not be r.e., A can not be recursive.

(3) implies that A can not be creative.



Simple Sets

Theorem. There is a simple set.

Proof. Define f(x) = ¢x(uz(¢x(z) > 2x)). Let A be Ran(f).

O Aisre.
@ A is infinite. This is because AN {0, 1, ..., 2n} contains at most

the elements {f(0),f(1),...,f(n—1)}.

® Suppose B is an infinite r.e. set. Then there is a total computable
function ¢, such that B = E},. Since ¢y, is total, f(b) is defined
and f(b) € A. Hence B Z A.



Assignment (I)

Due: Oct. 24, 2014

Problem 1
Let f(0) =0, f(1) =1, f(2) = 22, f(3) = 333, etc. In general, f(n) is

written as a stack n high, of n’s as exponents. Show that f is primitive
recursive.

Problem 2

Show f(x) = 22 is URM-computable by devising a URM program to com-
pute it.

Problem 3

Show that the Fuler’s function ¢(x) is primitive recursive, where ¢(z) is
defined by “¢(z) = the number of positive integers less than x which are
relatively prime to z”.

Problem 4
Let
hl(xuo) = f1($)7
ho(x,0) = fox),
hl(.ﬁb’,t—{—l) = gl(x,h1($,t),h2($,t>),
ho(z,t+1) = go(x, hi(x,t), ha(x,t)).

Prove that if f1, f2, g1, g2 are recursive, then hy, ho are also.



Problem 5

Construct a total computable function that is non-primitive recursive by
diagonalization.



Assignment (IT)

Due: Nov. 7, 2014

Problem 1

Design a one tap Turing Machine that accepts the language L = {a"b"c" :
n>1}.

Problem 2

Describe an algorithm that transforms a TM to a URM.

Problem 3

Suppose that f(z) and g(z) are effectively computable functions. Prove,
using Church-Turing Thesis, that the function h given by

h(z) = { 1 if z € Dom(f) N Dom(g),

T o.w.

is computable.

Problem 4

Suppose that f is a total unary computable function. Prove by Church-
Turing Thesis, that the following function A is computable.

oy { } e ranth



Problem 5

Let f be a unary computable function and Dom(f) # 0, show that there is
a total computable function ¢ s.t. Ran(g) = Dom(f).



Assignment (I1T)

Due: Dec. 12, 2014

Problem 1

a). Show that the set of all functions form N to N is not denumerable. b).
Show that the set of all non-computable total functions from N to N is not
denumerable.

Problem 2

Show that there is a total computable function s(z,y) s.t. for all z, y,
Egey) = Bz U E,.

Problem 3

Show that for each m there is a total (m + 1)-ary computable function s™
such that for all n

(b;nJrn (X, Y) =~ ¢sm(e,x) (y)

where x, y are m- and n-tuples respectively.

Problem 4

Suppose that f(z,y) is a computable function. Show that there is a total
computable function k(z) such that f(x,y) > ¢y (y) and k(x) > z for all
x.



Problem 5

Show that there is a partial computable function ¢ (x) such that there is
no total computable function 7(z,y) that validates the equality ¥ (z) ~

py-(r(z,y) = 1).



Assignment (IV)

Due: Dec. 27, 2013

Problem 1

Suppose that f is a total computable function, A a recursive set and B an
r.e. set. Prove that f~1(A) is recursive and that f(A), f(B) and f~1(B)
are r.e. but not necessary recursive. What extra information about these
sets can be obtained if f is a bijection?

Problem 2

Suppose that A is an r.e. set. Show that the sets (), 4 We and (J ¢4 Bz
are both r.e. Show that [ ., W is not necessary r.e.

Problem 3

Let f be unary function. Prove tat f is computable iff the set {2“”3“9"’) | x €
Dom(f)} is r.e.

Problem 4

Show by diagonalization the set A defined as follows is not r.e.

A = {z | ¢ is a total increasing function}

Problem 5

Define set A and B as follows, show that A is r.e. and B is recursive.

1. A = {z | there is a run of ezactly x consecutive 7s in the decimal
expansion of 7}.



2. B = {x | there is a run of at least x consecutive 7s in the decimal
expansion of 7}.



Assignments

November 7, 2014



Assignment |

Assignment I



Problem 1

Let £(0) =0, £(1) =1, f(2) =22, £(3) = 3%, etc.
In general, f(n) is written as a stack n high, of n's as exponents.
Show that f is primitive recursive.



Problem 1

Let £(0) =0, £(1) =1, f(2) =22, £(3) = 3%, etc.
In general, f(n) is written as a stack n high, of n's as exponents.
Show that f is primitive recursive.

Solution
Define g(x,y) as follows

g(x,0) 1
glx,y+1) = x80



Problem 1

Let £(0) =0, £(1) =1, f(2) =22, £(3) = 3%, etc.
In general, f(n) is written as a stack n high, of n's as exponents.
Show that f is primitive recursive.

Solution
Define g(x,y) as follows

g(x,0) 1
glx,y+1) = x80

f(x) =sg(x)(g(x,x)) is primitive recursive.



Problem 2

Show f(x) = x? is URM-computable by devising a URM program
to compute it.



Problem 2

Show f(x) = x? is URM-computable by devising a URM program
to compute it.

Solution

1. J(1,2,8) : outer loop, R, from 0 to x
S(2)

Z(3) : Rz is temp

J(1,3,1) : inner loop, R3 from 0 to x
S(3)

S(4)

J(1,1,4)

T(4,1)

© N o g~ e



Problem 2

Show f(x) = x? is URM-computable by devising a URM program
to compute it.

Solution

1. J(1,2,8) : outer loop, R, from 0 to x
S(2)

Z(3) : Rz is temp

J(1,3,1) : inner loop, R3 from 0 to x
S(3)

S(4)

J(1,1,4)

8. T(4,1)

No oA~ DN

Test the program on input 0 and 1.



Problem 3

Show that the Euler’s function ¢(x) is primitive recursive, where
@(x) is defined by “¢(x) = the number of positive integers less
than x which are relatively prime to x".



Problem 3

Show that the Euler’s function ¢(x) is primitive recursive, where
@(x) is defined by “¢(x) = the number of positive integers less
than x which are relatively prime to x".

Solution

» ged(x,y) =x=pz< (x+1)(div(x —z,x) ndiv(x - z,y))



Problem 3

Show that the Euler’s function ¢(x) is primitive recursive, where
@(x) is defined by “¢(x) = the number of positive integers less
than x which are relatively prime to x".

Solution
» ged(x,y) =x=pz< (x+1)(div(x —z,x) ndiv(x - z,y))
g rp(Xay) = §(|ng(Xa.y) - 1|)



Problem 3

Show that the Euler’s function ¢(x) is primitive recursive, where
@(x) is defined by “¢(x) = the number of positive integers less
than x which are relatively prime to x".

Solution
» ged(x,y) =x=pz< (x+1)(div(x —z,x) ndiv(x - z,y))
> 1p(x,y) = Sg(lged (x,y) — 1)
> (x) = Zyex rP(x,y)



Problem 4
Let

hi(x,0) = f(x),

ha(x,0) = f(x),
hi(x,t+1) g1(x, hi(x,t), ha(x,t)),
ha(x,t+1) & (x, hi(x,t), ha(x,t)).

Prove that if f1, >, g1, &> are recursive, then hy, hy are also.



Problem 4
Let

hi(x,0) = f(x),

ha(x,0) = f(x),
hi(x,t+1) g1(x, hi(x,t), ha(x,t)),
ha(x,t+1) & (x, hi(x,t), ha(x,t)).

Prove that if f1, >, g1, &> are recursive, then hy, hy are also.

Solution
Define a new function H(x,t) as follows.

H(x,0) = ofi(x)3f(x)
H(X, t+ 1) — 2g1(X7(H(X7t))17H(X»t)2)3g2(X7(H(X7t))1’H(X7t)2)



Problem 4
Let

hi(x,0) = f(x),

ha(x,0) = f(x),
hi(x,t+1) g1(x, hi(x,t), ha(x,t)),
ha(x,t+1) & (x, hi(x,t), ha(x,t)).

Prove that if f1, >, g1, &> are recursive, then hy, hy are also.

Solution
Define a new function H(x,t) as follows.

H(x,0) = ofi(x)3f(x)
H(X, t+ 1) — 2g1(X7(H(X7t))17H(X»t)2)3g2(X7(H(X7t))1’H(X7t)2)

2X3Y, (x)1, (x)2, fi, 2, 81,8 are recursive implies H(x, t) is
recursive.
hi(x,t) = (H(x,t))1 and ha(x,t) = (H(x,t))2 are recursive.



Problem 5

Construct a total computable function that is non primitive
recursive by diagonalization.



Problem 5

Construct a total computable function that is non primitive
recursive by diagonalization.

Solution

We can effectively enumerate all primitive recursive functions. Let
f be that enumerator and f; be the i-th function enumerated by f,
then define a new function g s.t.

g(x) =f(x)+1

g is total computable but Vi.g(i) # f;(i).



Problem 1

Design a one tap Turing Machine that accepts the language
L={a"b"c":n>1}.

Solution

We define a one tap Turing Machine M ={T", Q,0} such that
whenever a word S € {a, b, c}* is written on the tap, M stops in
finite steps. If S = a"b"c" for some n > 1, then when M stops it
writes 1 on the tap. Otherwise it writes 0 on the tap.



v

r=(r>,<,0,1,a,b,c)

Q = {57 P>, P Pa, p;: Pb, p;;a Pc; pzl:v Pf, p;,fv Pos p|/]7 pga pf177 h}
Definition of § is given as follows.

Set Boundary

(%, %) O(*, %)

(57 [>) (Pq, [>7_))
(p<1 ) a) (p<1 yd, _))
(p<17b) (p<l7b>_))
(P<] ) C) (p< y Gy _>)
(p<17D) (Pc,<],<_)




» Do counting.

(Pcs*)  0(pe,*)  (pes*)  0(pe, *)
(pc,a)  (pr,0,1)  (pz,a)  (pr,O,1)
(pe;b)  (pry0,1)  (pesb)  (pbs by 1)
(pc;c)  (pe,0,«<)  (pese)  (pesc, <)
(pe;0)  (pc,0,«<)  (pc;0)  (pe,0,+)
(pe; ) (pry&,1)  (pe; ) (prs 1)
(Pbs*)  0(pps*)  (Pp*)  6(ph,*)
(pp,a)  (pr,0,1)  (Pp,a)  (paya,?h)
(P, b)  (Ph,0,<)  (Ppb)  (pb, b, <)
(po,c)  (pr,0,1)  (Ppc)  (prO,1)
(pp,3)  (Pp,0, 1) (Ph,0)  (Pp,0,+)
(o, >)  (prs&,1)  (Pps ) (prs Dy1)
(Pas*)  0(pay*)  (Ph*)  (ph*)
(pasa)  (p50,«) (pha) (pha,<)
(pasb)  (pr,0,1)  (pib)  (pr,O,1)
(pasc)  (pr,0,1)  (Ph,c)  (pr,O,1)
(pa;0)  (pPay0,+)  (P5,0)  (p50,+)
(pa, D) (pf> AaT) (p;? I>) (p\:h [>7_))




» Clean up

(pr,*)  6(pr,*)  (pgs*)  0(pf,*)

(Pf,a) (pfaD)_)) (p;‘)a) (p),fvlj?(_)
(pe,b)  (pr,0,—)  (pr.b)  (pf,0,<)
(pfac) (Pf;D,_’) (P,’c,C) (p),fvlj?(_)
(pr,0)  (pr,0,=)  (pr.0)  (pp,0,<)
(pfa <]) (pfa <]7_)) (ptlﬁ D) (Pg» >, _))
(pf7 D) (p/f,D,<—) (p,/r,ﬂ) (p},l],<—)
(th*) (5(P|:|,*) (p\ljv*) (5(P|’:|,*)

(po,a) (P« a,—) (ph,a)  (po,0,<)
(Pa;b)  (pasb,=>) (PG, b) (P00, <)
(po,c)  (pa,c,=>) (posc)  (po,0,<)
(po;0)  (po;0,~)  (p,0)  (Po, 0, <)
(P2, <) (PL;o,<)  (p5, D) (Pp, D)




» Clean up

» Output

(pr,*)  6(pr,*)  (pgs*)  0(pf,*)
(Pf,a) (pfaD)_)) (p;‘)a) (p),fvlj?(_)
(pe,b)  (pr,0,—)  (pr.b)  (pf,0,<)
(pfac) (Pf;D,_’) (P,’c,C) (p),fvlj?(_)
(pr,0)  (pr,0,=)  (pr.0)  (pp,0,<)
(pfa <]) (pfa <]7_)) (ptlﬁ D) (Pg» >, _))
(pf7 D) (p/f,D,<—) (p,/r,ﬂ) (p},l],<—)
(th*) (5(P|:|,*) (p\ljv*) (5(P|’:|,*)
(po,a) (P« a,—) (ph,a)  (po,0,<)
(Pa;b)  (pasb,=>) (PG, b) (P00, <)
(po,c)  (pa,c,=>) (posc)  (po,0,<)
(po;0)  (po;0,~)  (p,0)  (Po, 0, <)
(P2, <) (PL;o,<)  (p5, D) (Pp, D)

CONRCD

(pp.0)  (h,0,1)

(ph;0)  (h,1,1)




Problem 2

Describe an algorithm that transforms a TM to a URM.



Problem 2

Describe an algorithm that transforms a TM to a URM.

Solution

Assume that the Turing Machine is a one tap TM. Ry encodes the
tape, R» encodes the head position and R3 encodes the content in
the head position.

The URM program is series of implementations of § function of
™.



Problem 3

Suppose that f(x) and g(x) are effectively computable functions.
Prove, using Church-Turing Thesis, that the function h given by

1 if x e Dom(f) n Dom(g),
t o.w.

h(x) = {

is computable.



Problem 3

Suppose that f(x) and g(x) are effectively computable functions.
Prove, using Church-Turing Thesis, that the function h given by

1 if x e Dom(f) n Dom(g),
t o.w.

h(x) = {

is computable.

Solution

We compute h as follows:
» Let Pr and P; computes f and g respectively.
» Run Pr and Pg on input x simultaneously.
» If Pr and P, stops then output 1.

By Church-Turing Thesis, h is computable.



Problem 4

Suppose that f is a total unary computable function. Prove by
Church-Turing Thesis, that the following function h is computable.

1 if x € Ran(f),

1t o.w.

h(x) - {



Problem 4

Suppose that f is a total unary computable function. Prove by
Church-Turing Thesis, that the following function h is computable.

h(x) :{ 1 if x € Ran(f),

1t o.w.

Solution
Let P be a program that compute f, we can compute h as follows.
Run P(0), P(1), ... in turn. If P(i) stops with result x then

output 1 otherwise continue to run P(i+1). By Church-Turing
Thesis, h is computable.



Problem 5

Let f be a unary computable function and Dom(f) + @, show that
there is a total computable function g s.t. Ran(g) = Dom(f).



Problem 5

Let f be a unary computable function and Dom(f) + @, show that
there is a total computable function g s.t. Ran(g) = Dom(f).

NN
NN
NN

Figure: An effective bijection between N and N x N



Let n be an element in Dom(f) (Dom(f) + @).
Q(x) is defined as follows.

1. Find a pair (i,j) s.t. m(x) = (i,)).
2. Simulate P(i) j steps.
3. If P(i) stops in j steps then output i else ouput n.

Let g be the function Q computes, then Ran(g) = Dom(f).
» Clearly Ran(g) ¢ Dom(f) since every output of Q is defined
by f.
» For every i € Dom(f), there is a least number j s.t. P(/)
stops in j steps. Let x = m(i,j), then by construction Q(
will stop and output /.

x)



Assignments

November 7, 2014



Assignment [l

Assignment |V



Problem 1

a). Show that the set of all functions form N to N is not
denumerable.

b). Show that the set of all non-computable total functions from N
to N is not denumerable.



Problem 1

a). Show that the set of all functions form N to N is not
denumerable.

b). Show that the set of all non-computable total functions from N
to N is not denumerable.

Solution
a)& b) Counting. The cardinality of the set {f|f : N — N} is 2V



Problem 2

Show that there is a total computable function s(x,y) s.t. for all
X, Y, Es(x,y) = EX U Ey.



Problem 2

Show that there is a total computable function s(x,y) s.t. for all
X, Y, Es(x,y) = EX U Ey.

Solution

Let

z zeExvzeEy,
t o.w.

f(vaaz) :{

By s-m-n theorem, there exists a total computable function s(x,y)
such that ¢(x \(2) = f(x,y,2).



Problem 3

Show that for each m there is a total (m+ 1)-ary computable
function s such that for all n

m+n

e (Xa)’) = ¢s'"(e,x)()')

where x, y are m- and n-tuples respectively.



Problem 3

Show that for each m there is a total (m+ 1)-ary computable
function s such that for all n

m+n

e (Xa)’) = ¢s’"(e,x)(Y)

where x, y are m- and n-tuples respectively.

Solution
The only way in which n was used was in determining how many of
the ri,r, ... t0 Rmy1, Rmi2, . ... Now recall that the effect of P,

depends only on the original contents of Ry, ..., R,p,)-



Problem 4

Suppose that f(x,y) is a computable function. Show that there is
a total computable function k(x) such that f(x,y) = ¢y (y) and
k(x) > x for all x.



Problem 4

Suppose that f(x,y) is a computable function. Show that there is
a total computable function k(x) such that f(x,y) = ¢y (y) and
k(x) > x for all x.

Solution
k(x) > x by construction.



Problem 5

Show that there is a partial computable function 1 (x) such that
there is no total computable function 7(x,y) that validates the

equality ¢ (x) = py.(7(x,y) = 1).



Problem 5

Show that there is a partial computable function 1 (x) such that
there is no total computable function 7(x,y) that validates the
equality ¢ (x) = py.(7(x,y) = 1).

Solution

Let

v ={ § o0

1 o.w.

Suppose there is a total computable function 7(x,y) s.t
Y(x) 2 py(t(x,y)=1). 7(x,1) =1 iff(x) =1 iff x e K, while K
is not total computable.



Problem 1

Suppose that f is a total computable function, A a recursive set
and B an r.e. set. Prove that f"1(A) is recursive and that f(A),
f(B) and f1(B) are r.e. but not necessary recursive. What extra
information about these sets can be obtained if f is a bijection?



Problem 1

Suppose that f is a total computable function, A a recursive set
and B an r.e. set. Prove that f"1(A) is recursive and that f(A),
f(B) and f1(B) are r.e. but not necessary recursive. What extra
information about these sets can be obtained if f is a bijection?

Solution

X € f‘l(A) iff f(x) € A is recursive.
xef(B) iffdye Bx=1(y) isre.
xefY(B)ifff(x)eBisr.e..



Problem 2

Suppose that A is an r.e. set. Show that the sets Uyca Wy and
Uxea Ex are both r.e. Show that MNyca W, is not necessary r.e.



Problem 2

Suppose that A is an r.e. set. Show that the sets Uyca Wy and
Uxea Ex are both r.e. Show that MNyca W, is not necessary r.e.

Solution
Church Turing Thesis



Problem 2

Suppose that A is an r.e. set. Show that the sets Uyca Wy and
Uxea Ex are both r.e. Show that MNyca W, is not necessary r.e.

Solution
Church Turing Thesis

For any t, let Ki = {x|Px(x) | in t steps}, which is recursive.
K = Uten Kt and K = New K.

There is a computable function s such that K, = Ws(t) for every t.



Problem 3

Let f be unary function. Prove that f is computable iff the set
{2537 | x € Dom(f)} is r.e.



Problem 3

Let f be unary function. Prove that f is computable iff the set
{2537 | x € Dom(f)} is r.e.

Solution

=" s trivial.

If A= {2*3F() | x e Dom(f)} is r.e., theny € A is
computable.y € A iff y; = x and y> = f(x). f(x) is computable.



Problem 4

Show by diagonalization the set A defined as follows is not r.e.

A= {x| ¢« is a total increasing function}



Problem 4

Show by diagonalization the set A defined as follows is not r.e.

A= {x| ¢« is a total increasing function}

Solution

Suppose to the contrary that f is a total unary computable
function such that enumerates this set;i.e. ¢r(oy, Pr(1),...

Let g(x) = ¢r(x)(x) + g(x = 1) + 1, which is a total increasing
function. But g # ¢¢(py) for every m.



Problem 5

Define set A and B as follows, show that A is r.e. and B is
recursive.

1. A={x| there is a run of exactly x consecutive 7s in the
decimal expansion of 7}.

2. B ={x| there is a run of at least x consecutive 7s in the
decimal expansion of 7 }.



Problem 5

Define set A and B as follows, show that A is r.e. and B is
recursive.

1. A={x| there is a run of exactly x consecutive 7s in the
decimal expansion of 7}.

2. B ={x| there is a run of at least x consecutive 7s in the
decimal expansion of 7 }.

Solution
1. Church Turing Thesis



Problem 5

Define set A and B as follows, show that A is r.e. and B is
recursive.

1. A={x| there is a run of exactly x consecutive 7s in the
decimal expansion of 7}.

2. B ={x| there is a run of at least x consecutive 7s in the
decimal expansion of 7 }.

Solution
1. Church Turing Thesis
2. B is finite or N



Lab1-Computable Functions
October 17, 2014

1. Show that the following functions are computable by devising programs that computes them.

o) fen={ ] HioY

0 ifz <y,
if x> y;

(d) f(x)=[3z/4] ([z] denotes the greatest integer < z).

If f(x,y) is the ¢y of predicate M, what is M?

2. Suppose P is a program without any jump instructions. Show that

(a) there is a number m such that either Vx : fl(gl)(x) =m, or V& : fl(gl)(a:) =z +m.
(b) not every computable function is computable in this sense.

3. Show that for each transfer instruction 7'(m,n) there is a program without any transfer
instructions that has exactly the same effect as T'(m, n) on any configuration of the URM (Thus
transfer instructions are really redundant in the formulation of our URM; it is nevertheless
natural and convenient to have transfer as a basic facility of the URM).

4. Show that the following predicates are decidable.

a [

)
b)
(c) z is a perfect cube.
(d)

x is even’ on Z (Firstly design an URM to ‘z is even’ on N, then give coding and f*).
x is a power of a prime number,

(
(

M(z,y) = ‘g(z) = v, if g(z) is a total computable function.

5. Without writing any programs, show that for all m € N the following functions are com-
putable:
(a) m (recall that m(z) = m, for all x).
(b) ma.
(¢) f(z,m),if f(x,y) is computable.

6. Show that the following functions are computable:

(a) Any polynomial function ag + a1z + ... + a,x", where ag, ay, ..., a, € N,
(b) LCM (z,y) = the least common multiple of z and v,

(
(d
(e

)
)
¢) HCF(z,y) = the highest common factor of z and y,
) f(x) = the number of prime divisors of z,

) ¢(z) = the number of positive integers less than x which are relatively prime to x.

(Euler’s function)(We say that z,y are relatively prime if HCF(z,y) = 1.)

7. Let w(z,y) = 2%(2y + 1) — 1. Show that 7 is a computable bijection from N? to N, and that
the functions 7y, me such that 7(m(z), m2(2)) = z for all z are computable.



8.

10.

f(0) =1,
Suppose f(x) is defined by ¢ f(1) =1, (f(x) is the Fibonacci sequence)
flx+2) = f(z)+ flx+1).
Show that f is computable (Hint: first show that the function g(z) = 2/®3/@+D is com-
putable, using recursion).

. Any number z € N has a unique expression as

(a) z = > ;2! with a; = 0 or 1, all i. Hence, if x > 0, there are unique expressions for x
i=0
in the forms;
(b) =2 +202 4 4+2" with0<b <by<..<bandl>1. And

(C) =924 4 9a1+az+1 + .+ 2a1+a2+---+ak+k—1.
Putting
a(i,x) = «a; as in the expression (a);

_J lasin (b), ifz >0,
i) = { 0 otherwise;
bi,z) = b; asin (b), ifx>0and 1<i <],
ST 0 otherwise;

ali, z) = a; asin (¢), ifx>0and 1 <i </,
10 otherwise;

Show that each of the functions «, [, b, a is computable (The expression (c) is a way of
regarding = as coding the sequence (ay, as, ..., q;) of numbers).

Gadgets

In order to construct URM to perform complex operations, it is useful to build Gadeet P
it from smaller components that we’ll call gadgets, which perform specific adget P(1)

operations. A gadget will be defined by a series of instructions and will | Ii  J(1,4,9)
operate on registers that are specified in the gadget’s name. For instance, the | Iz S(3)
gadget “predecessor r,,” denoted by P(n) will subtract 1 from the contents of | I3 J (1,3,7)
register R, if it is non-zero. It can be represented by an instruction sequence | l4 S(2)
shown in the right block. For simplicity, when we obey gadget function | 5 S(3)
P(l), we by default obey P~'[l},--- I, — I], meaning we will use registers | /6 J(1,1,3)
Ry, -, Ry, (I, > p(P), Y1 <i<n) and place the result in R, without any | I T(2,1)

interference to the next instructions. Now answer the following questions:

(a) Define a gadget “greater than 7, > r,” denoted by G(m,n,q), which | I} J(1,2,6)
determines whether the initial value of R,, is greater than that of R,. If | I} S(2)
yes, jump to the gth instruction, otherwise go on to the next instruction. | I 4 T(2,3)

I M(2,3,4)
(b) Define a gadget “halt with 7,,” denoted by H(n), which leaves R,, with IL G(1,4,2)
5 )y

its initial value, and overwrites the initial values of other registers into I H(2)
6

0 (write the instruction sequences).

(c) Define a gadget “multiply r,, by r, to R,” denoted by M (m,n,p), which multiplies r,,
by r, and stores the result in I2,.

(d) Describe the function of one argument f(z) computed by the program ). (What is fg)?)



1.

2.
3.
4.

10.

Lab2-Church’s Thesis
November 13, 2014

Show the computability of the following functions by minimalisation.

(a) f~Y(z), if f(z) is a total injective computable function.

o) i ={
where p(z) is a polynomial with integer coefficients.

(©) fla.y) = { z/y if y # 0 and y|x,

undefined otherwise,

least non-negative integral root of p(z) — a(a € N),
undefined if there’s no such root,

Devise Turing machines that will Turing-compute the functions: (a) x—1, and (b) 2z.
Suggest natural definition of computability on domain (a) 3 x 3 matrices; and (b) Q.

Prove that the following functions are URM-computable by Church’s Thesis.

@ hio) = {

where f(x) and g(z) are effectively computable functions.
1 if x € Ran(f),
) hie) = { g

undefined otherwise.
(¢) Ackermann function ¢ (x,y).

T if x € Dom(f) N Dom(g),
undefined otherwise.

if f is a total unary computable function.

(d) g(n) = n' digit in the decimal expansion of e (e is the basis for natural logarithms).

. Find the Godel encoding (a) 3(J(3,4,2)), (b) 371(503), (¢) Py, and (d) The code number

of program P = {1'(3,4),5(3),Z(1)}.

. Let f(x,y) be a total computable function. ¥m, let g,, be the computable function given by

gm(y) = f(m,y). Construct a total computable function A such that for each m, h # g,,.

Let fo, f1,... be an enumeration of partial functions from N to N. Construct a function g
from N to N such that Dom(g) # Dom(f;) for each i.

. Let f be a partial function from N to N, and let m € N. Construct a non-computable function

g such that g(z) ~ f(x) for x < m.

(a) (Cantor) Show that the set of all functions from N to N is not denumerable.

(b) Show that the set of all non-computable total functions from N to N is not denumerable.

Palindrome Recognization

Assume M is a k-tape Turing Machine, in which the first tape is the read-only input tape,
the other k — 1 tapes are read /write work tapes, and the k' tape is also used as the output
tape. Every tape comes with a read/write head. We define L, R, and S as the action ‘move
left’, ‘move right’, and ‘stay’ for a head. M works on k tapes simultaneously, and thus one
instruction should be written as (g;, s1, -, Sg) = (q, Sy, -+ , Sk, A1, -+, Ax), where each s;
is the scanned symbol on the i tape, s/ is the replaced symbol, and A; is the corresponding
action. E.g., (¢2,a,a) — (g3,b, R, S) works for k = 2. Give the specification of M with k = 3
to recognize palindromes on symbol set {0, 1,>,<, 0} . (A palindrome is a word that reads the
same both forwards and backwards. Example: anna, madam, nitalarbralatin. To recognize
palindrome we need to check the input string, output 1 if the string is a palindrome, and 0
otherwise. Initially the head on each tape reads i as the starting point, with state gg).



Lab3-Denumerability
December 8, 2014

1. Show that there is a total computable function k such that for each n,

(a

k(n) is an index of the function [{/x].

)

(b) Wit = {1, Ym) Y1+ Y2+ -+ Y =1} (m > 1).

(C) Ek(n) = Wn.

(d) Wiy = f~1(W,), if f(n) is computable.

2. (a) Show that for each m there is a total (m + 1)-ary computable function s™ such that for

all n, ¢£m+”) (x,y) ~ QSSZL)(E’X) (y), where x,y are m- and n-tuples respectively.
(Hint. Consider the definition of s'(e,x) given in the proof of Chapter 4-theorem 4.3.
The only way in which n was used was in determining how many of the r,7,,... to
transfer to R, 1, Rymio, . ... Now recall that the effect of P. depends only on the original

contents of Ry,..., R,p
independent of n.)

Where p is the function defined in Chapter 2 § 2; p(P,) is

€

(b) Show further that there is such a function s™ that is primitive recursive.

3. (a) Show that there is a decidable predicate Q(z,y, z) such that
i. y € E, if and only if 3z Q(x,y, 2)
ii. ify € E, and Q(z,y, 2), then ¢,((2)1) = v.
(b) Deduce that there is a computable function g(z,y) such that
i. g(z,y) is defined if and only if y € F,.

ii. if y € E,, then g(z,y) € W, and ¢.(g(z,y)) = y; i.e.q(z,y) € o7 ({y})-
If y € E,, then we get from definition that g(z, y) is defined and g(z,y) = (uz Q(x,y, 2))1.
Furthermore, from the definition of @, we get (uz Q(x,y,2)); = g(z,y) € W, and

(c) Deduce that if f is a computable injective function (not necessarily total or surjective)
then f~! is computable. (cf. exercise 2-5.4(1)).

4. (cf. example 3-7.1(b)) Suppose that f and g are unary computable functions; assuming that
T1 has been formally proved to be decidable, prove formally that the function h(z) defined by
h(z) = { 1 if x € Dom(f) or x € Dom(g),

undefined otherwise, is computable.

5. Prove the equivalent of example 5 in Chapter 5-3.1 for the operations of substitution and
minimalisation, namely:

(a) Fix m,n > 1; there is a total computable function s(e €1,...,€m) such that (in the
notation of theorem 2.2) qﬁg(l;el ..... oy = Sub(qbe o M el

(b) Fix n > 1; there is a total computable function k(e) such that for all e, ¢k e)( X) ~

py( (nH)( y) = 0). (We could extend the notation of theorem 2.2 in the obvious way
and write gzﬁ(n) = Min( (n+1)) )

6. Show that the following problems are undecidable.

(a) ‘z € E,” (Hint. Either use a direct diagonal construction, or reduce ‘z € W,’ to this
problem using the s-m-n theorem).



(b) ‘W, =W, (Hint. Reduce ‘¢, is total’ to this problem).

(¢) “¢uly) = 0.

(d) ‘E, is infinite’.

(e)

7. Show that there is no total computable function f(x,y) with the following property: if P,(y)

stops, then it does so in f(z,y) or fewer steps. (Hint. Show that if such a function exists,
then the Halting problem is decidable.)

‘¢, = g’, where g is any fixed computable function.

8. Show that the following predicates are partially decidable:

(a) ‘B #£ @ (n fixed).
(b) ‘n is a Fermat number’. (We say that n is a Fermat number if there is a number x, vy,

z > 0 such that 2" +y" = 2".)
(c) ‘M(x) and N(x)’, if M(x) and N(x) are partially decidable.

9. This exercise shows how the technique of reducibility (Chapter 6 §1) may be used to show
that a predicate is not partially decidable.

(a) Suppose that M(z) is a predicate and k a total computable function such that x € W,
iff M (k(x)) does not hold. Prove that M (x) is not partially decidable.

(b) Prove that ‘¢, is not total’ is not partially decidable.
(Hint. Consider the function k in the proof of theorem 1.6.)

(c¢) By considering the function
Floy) = { 1 if P,(z) does not converge in y or fewer steps,
’ undefined otherwise.
Show that ‘¢, is total’ is not partially decidable. (Hint. Use the s-m-n theorem and (a).)



Lab4-Various Sets
Name: Yang Fei  December 23, 2014

1. Let A, B be subsets of N. Define sets A ® B and A ® B by

A®B={2zr:x€ A}U{2zx+1:z € B},
A® B ={r(x,y):x € Aand y € B},

where 7 is the pairing function 7(z,y) = 2*(2y + 1) — 1 of Theorem 4-1.2. Prove that

a) Let B C N and n > 1; prove if B is recursive (or r.e.) then the predicate M (xq,...,x,)
given by “M(xy,...,z,) =2"13"2 ... p'» € B” is decidable (or partially decidable).

(b) Prove that A C N™ is recursive (or r.e.) iff {2"13%2 ... p¥ : (24,...,x,) € A} is recursive
(or r.e., respectively).

(c) Prove that A C N" is r.e. iff A = & or there is a total computable function f: N — N
such that A = Ran(f). (A computable function f from N to N™ is an n-tuple f =
(fi,-.., fn) where each f; is a unary computable function and f(z) = (fi(z),..., fu(x)).)

3. Which of the following sets are recursive? Which are r.e.?” Which are productive? Which are
creative? Prove your judgements.

a) {x:x € E,},

{z : x is a perfect square},
{z : ¢, is not injective},
{z : ¢, is not surjective},

(e) {z: ¢.(x) = f(x)}, where f is any total computable function.
4. Suppose A is an r.e. set. Prove the following statements.

(a) Show that the sets |J W, and |J E, are both r.e.

€A €A
(b) Show that (| W, is not necessarily r.e. (Hint: Vt € Nlet Ky = {z : P.(x) | in t steps}.
€A
Show that for any ¢, K; is recursive; moreover K = |J K; and K = (] K;.)

teN teN

5. Suppose that f is a total computable function, A is a recursive set and B is an r.e.set. Show
that f~1(A) is recursive and that f(A), f(B) and f~!(B) are r,e, but not necessarily recursive.
What extra information about these sets can be obtained if f is a bijection?

6. Prove Rice’s theorem (Theorem 6-1.7) from Rice-Shapiro theorem (Theorem 7-2.16). (Hint.
Suppose that ‘¢, € #’ is decidable; then both & and %\ % satisfy the conditions of Rice-
Shapiro: consider the cases fy € & and fy ¢ B.)



7. Let £ be a set of unary computable functions, and suppose that g € £ is such that for all
finite 6 C g, 0 ¢ A. Prove that the set {z : ¢, € A} is productive. (Hint. Follow the first
part of the proof of the Rice-Shapiro theorem.)

8. Prove the following statements.

(a

)
(b)
(c)
9. (a)

(b)

If Bisr.e. and AN B is productive, then A is productive.
If C is creative and A is an r.e. set such that AN C = &, then C'U A is creative.

Every productive set contains an infinite recursive subset.

(Cf. Theorem 7-2.14) Let A be an infinite r.e. set. Show that A can be enumerated
without repetitions by a total computable function.

Suppose f is a total injective computable function such that Ran(f) is not recursive ((a)
showed that such functions abound). Show that A = {z : Jy(y > z A f(y) < f(z))} is
simple. (Hint. To see that A is infinite, assume the contrary and show that there would
then be a sequence of numbers yo < y; < y2 < ... such that f(yo) > f(y1) > f(y2) > ...
To see that A does not contain an infinite r.e. set B, suppose to the contrary that B C A.
Then show that the problem z € Ran(f) is decidable as follows. Given z, find n € B
such that f(n) > z; now use the fact that n ¢ A to devise a finite procedure for testing
whether z € Ran(f).)

10. Recursively Inseparable and Effectively Recursively Inseparable

Disjoint sets A, B are said to be recursively insepara-
ble if there is no recursive set C' such that A C C and
B C C. Furthermore, A and B are said to be effective-
ly recursively inseparable if there is a total computable
function f such that whenever A C W,, B C W, and
W, N W, = @ then f(a,b) ¢ W, U W, (see the right
figure). Note: Recursive inseparability for a pair of dis-
joint sets corresponds to non-recursiveness for a single
set; pair of recursively inseparable sets that are also r.e.
correspond to r.e. sets that are not recursive.

(a)
(b)

Show that two disjoint sets A, B are recursively inseparable iff whenever A C W,
B C Wy, and W, N W, = &, there is a number x ¢ W, U W,.

Suppose A, B are effectively recursively inseparable. Prove that if A, B are both r.e.
then they are both creative. (Note. Extending the idea of effectiveness to a pair of
recursively inseparable sets in this way parallels the step from a nonrecursive set to a set
having productive complement; the counterpart to a single creative set is then a pair of
effectively recursively separable sets that are both r.e.)

Let Ko = {2 : ¢,(z) =0} and K; = {z : ¢,(x) = 1}. Show that K, and K; are r.e. (in
particular neither Ky nor K is recursive), and that they are both recursively inseparable
and effectively recursively inseparable. (Hint. For recursively inseparable, suppose that
there is such a set C' and let m be an index for its characteristic function; consider
whether or not m € C. For effectively recursively inseparable, find a total computable
1 if v € W,,
function f such that if W, "W, = @, then ¢, p(x) = ¢ 2 ifxeW,, )
undefined otherwise.



Answer for Labl-Computable Functions

Name: Yang Fei
March 5, 2012

1. Show that the following functions are computable by devising programs that computes them.

(a)

f(x) =5;

Solution. The URM program for this sub-question is shown as follows.

|0 ifx=uy,

Solution. The URM program for this sub-question is shown as follows.
I Z(3)

I, J(1,2,4)
I3 8(3)

] 0 ifx <y,
f(x,y)—{ 1 ifz>uy;

Solution. The URM program for this sub-question is shown as follows.

If f(x,y) is the cps of predicate M, what is M?

f(z) = [3x/4] ([z] denotes the greatest integer < z).

Solution. The URM program for this sub-question is shown as follows.

I 7(2) Is S(3)

I 7(3) Iy J(1,1,4)
I3 7(4) Lo Z(2)

1, J(1,2,10) In J(2,3,.21)
I5 5(2) Ii5 S(2)

Is S(3) Iy J(2,3,21)
[7 S<3) 114 8(2)



115 J(2,3721) Ilg 8(4)

Lig S(2) Lo J(1,1,11)
L7 J(2,3.21)

Iis S(2)

2. Suppose P is a program without any jump instructions. Show that

(a) there is a number m such that either Vz : fl(gl)(x) =m, or Vz : f,gl)(x) =z +m.

Solution. We prove a stronger statement to show this one is true.That is, for every
such URM Program with only one input,there is a number m accordingly(not necessarily
the same) for each register r such that when the program is finished the content of the
corresponding register is either always m or always x-+m.
Let’s prove it by induction on the length of the program.

i. If the program is of length [ = 1,it’s easy to see the statement holds.

ii. If the program is of length [ + 1,the last instruction can be T,S or Z.
For instruction T'(p, ¢):it updates r, to 7,,by induction hypothesis after the finish
of the former [ instructions,r, is either always m, or always = 4+ m,.So after [ + 1
instructions r, is either always m,, or always x 4 m,.Other registers remain the same
as after [ istructions
For instruction Z(p).It updates 7, to 0. So 7, is always 0.It holds for r,.Others
remain unchanged as after [ instructions.
For instruction S(p),by induction hypothesis,after { instructions r, is either always
m,, or always m,+x. So after [41 instructions 7, is either always m,+1 or m,+1+z,
that is my, or my, + .
So.,it holds for [ + 1 if it holds for [. By induction the statement holds for all . As
f](al)(x) is only the result of r{,the original statement holds.
OJ

(b) not every computable function is computable in this sense.

Solution. From the previously discuss is easy to see f(x) = 2x which is URM computable
is not computable in this sense.[]

3. Show that for each transfer instruction 7'(m,n) there is a program without any transfer
instructions that has exactly the same effect as T'(m, n) on any configuration of the URM (Thus
transfer instructions are really redundant in the formulation of our URM; it is nevertheless
natural and convenient to have transfer as a basic facility of the URM).

Solution. Replace each T'(m,n) in the original program by the following piece of codes.

Z(n)

Ly, + J(m,n,out)

S(n)

J(1,1,in)

Tou i ...

and then after each replacement, add just the J instruction accordingly,because we increased
the number of instructions.Make sure each J instruction has the same destination instruction
as before.If the former destination instruction is a J instruction, which is replaced, update
the destination to the first instruction of the replacement instruction block.This way the new
program does the same work as the old one. [J



4. Show that the following predicates are decidable.

(a)

(b)

‘z is even’ on Z (Firstly design an URM to ‘x is even’ on N, then give coding and f*).
Solution.

i. URM to ‘z is even’ on N
11 Z(2)

)
1)

2,12)
3,13)

)
)
)

3

Z(3
Z(
S(3
(1
(1
S(2
S(2
S(3
Im S(
Ill (

S

I S(4
L3 T(4,1)

)
,1,5)
)

ii. coding and f*.
i >
wedeneen={ %, | 4720
Then a~! is given by
a-1(m) = { %m if m is even,
—3(m+1) if mis odd.
Consider now the function

f(x):{(l) gﬁi:?&i}iﬂ’ on Z — Z map to f* on N — N is given by

f*=ao foa !and f*is computable is obviously. [J
x is a power of a prime number,
Solution. Let P.(x) = pz < z (div(z,z) = 1 and P.(z) = 1), just the minimum
prime factor of x. By textbook page 40 to page 41, div(z,x), equal(x,y) and P.(z) are

computable, so P,(x) is computable. Define the Ciy to be:
Cu(r) = 35, (equal((P(x))', x)

So f(x) is computable, it will be 1 when x is power of prime number and be 0 otherwise.
So the predicate is decidable. [

x is a perfect cube.

Solution. We define cy; of this predicate as
e = s9( 3 equal(m?, x))

m<x

It 1s obviously that predicate M is decidable so M is decidable. [
M(z,y) = ‘g(z) =y, if g(z) is a total computable function.

Solution. The cy; of the predicate is:

er(2,y) = sg(|g(z) —yl)

Since g(x) is totally computable, then cy(x,y) is totally computable too. So predicate
M (z,y) is decidable.r



5. Without writing any programs, show that for all m € N the following functions are com-
putable:

(a)

(b)

(c)

m (recall that m(x) = m, for all z).

Solution. When m =0, 0(x) is computable.

Suppose m is computable when m =k, when m =k + 1:
k + 1 = successor(k) is computable according to the Lemma of basic functions.

Therefore, m is computable.[]
ma.

Solution. Since m and f(x,y) = x -y are both computable, mx is computable based on
the substitution rule.l]

f(z,m), if f(x,y) is computable.

Solution. Since m is computable, f(x,m) is computable based on the substitution rule.[]

6. Show that the following functions are computable:

(a)

Any polynomial function ag + a1z + ... + a,x", where ag,ay,...,a, € N,

Solution. xy and ¥ is computable. So for any k € N, a,z* is computable. Define
falz) =ap+ a1z + ... 4+ a,x™. By mathematical induction:
i. Whenn =0, fo(x) = ag is computable.
i. When n = k + 1, assume fi(z) is computable. fri1(x) = fr(x) + a1zt since
app 12t is computable and add(x,y) = x + 1y is computable, fyi1(x) is also com-
putable.

So for any n, fo(x) =ag+ arx+ ...+ ax" is computable.
LCM (z,y) = the least common multiple of x and v,

Solution. Define LOCM (x,y) = pz < zy + 1(div(z, z)div(y, z) = 1). Since div(x,y) is
computable, LC M (x,y) is computable.[]

HCF(z,y) = the highest common factor of x and y,
Solution. HCF(z,y) = LCJ\Z—?’@ Because qt(x,y) and LCM (x,y) is computable, and

LCM (z,y) must divide vy, HCF (z,y) is computable. [

f(z) = the number of prime divisors of z,

Solution. By the definition we can give that f(x) = > div(m,z)* Pr(m).
m<x
And since the div function and Pr function is computable, so f(x) is computable.]

¢(r) = the number of positive integers less than x which are relatively prime to z.
(Euler’s function)(We say that x,y are relatively prime it HCF(z,y) = 1.)
Solution. By the definition we can give that ¢(x) = > sg(HCF(m,z) —1)
m<x
And since the HC'F' and the sg functions are computable, so function ¢ is computable.]

7. Let m(z,y) = 2°(2y + 1) — 1. Show that 7 is a computable bijection from N? to N, and that
the functions 7y, my such that (7w (z), m2(z)) = z for all z are computable.

Solution. Divide the question to subproblems.



(a) Prove m(x,y) is computable
Because the power function and the multiplication function are computable, so we can
easily conclude that m 1s computable.

(b) Prove w(z,y) is a bijection from N? to N.
First we prove that for every (z,y) in N? the function can only have a unique result.
Suppose m(x1,y1) = m(xa,y2) and (x1,y1) # (xa,y2).
If £1 = 22 then (m(z1,y1) +1)/2" = (1(22,y2) +1)/2%2, so 2y1 +1 =2y2+ 1, so y1 = yo
it conflict with the consumption.
If 1 # 22, then suppose that x1 < .
A nd because (w(xq1,y1) +1)/2" = (mw(x2,y2) + 1)/2%1.
So (2y1 + 1) = 2%27%1(2yy + 1). Because the left is odd, and the right is even, so conflict.
So for every (x,y), it only maps to unique result in N. Second we prove that every z in
N, it can be calculated by a pair of (x,y).
If z is an even number, then the value of x must be 0. And then we got z = w(x,y) =
2°(2y +1) — 1 =2y + 1, so their must be a value of y which fits. If z is an odd number,
then the z+ 1 is an even number, it can always be written as 2*°(2y + 1). Join these two
directions of the proof, we can conclude that w(z,y) is a bijection from N? to N
m1(2) can be defined like this:

0 if z is even,

( (z4+ 1)1 otherwise.
(2); *is computable so m(z) is computable.
mo(2) can be defined like this:

z

s if z is even,
mo(2) = 21

% otherwise.

m(z) =

Since m1(z) is computable, my(z) is computable.[]

f(0) =1,
8. Suppose f(x) is defined by ¢ f(1) =1,
flx+2)=f(z)+ f(z+1).
Show that f is computable (Hint: first show that the function g(z) = 2/®37@+D is com-
putable, using recursion).

(f(x) is the Fibonacci sequence)

Solution. We will use prime power encoding to solve this problem. Coding can be simply

done by z = [ p*. And decoding can be simply done by g(z,i) = (ux < z)(rm(z,pf™)).
i<k

These functions are all computable according to the theorems and corollaries in the textbook.

Let (z); = the exponent of p; in the prime power decomposition of z. Then we use prime

power encoding to rewrite the function g(x) into

GO - 6

From above equations which satisfy the recursion equation, we can conclude that G, is a

computable function as a function of n. It follows that f, = (Gy)1 is computable as a function
of n.OJ

*(z); is the exponent of p; in the prime power decomposition of z



9. Any number x € N has a unique expression as

(a) z =5 ;2% with a; = 0 or 1, all 4. Hence, if z > 0, there are unique expressions for x
i=0
in the forms;
(b) =20 4202 4 4+ 2" with0<b <by<..<bandl>1. And

(C) T = 2a1 + 2a1+a2+1 4+ .+ 2a1+a2+...+ak+k—1‘
Putting
a(i,r) = oy as in the expression (a);

l(m)—{ lasin (b), if z >0,

0 otherwise;

0 otherwise;

o . e
b(i,x):{ b; asin (b), ifz >0and 1 <i </,

ali z) = a; asin (¢), ifx>0and 1 <i </,
10 otherwise;

Show that each of the functions «, [, b, a is computable (The expression (c) is a way of
regarding = as coding the sequence (ay, as, ..., q;) of numbers).

Solution. We can define a(i,x) in this way:

.+ [ lasin (a), if rm(2,qt(z,2") =1,
o(i, z) = { 0 otherwise;

Since qt(z,y) and rm(z,y) are computable functions, «(i,r) = «; as in expression(a) is
computable.

We can define [(x) in this way:
l(‘r) = Zi<uy(2y>x) Oé(i, JI)

Since (i, ) is computable and a bounded sum is computable, we have l(x) is computable.

We can define b(x) as:

bi, z) = uy(ka:O a(k,z) > 1)

According to Corollary 5.3 and since «(i,x) is computable, b(i, z) is computable.
Let a(0,x) = 0, then a(i,x) can be defined in this way:
a(i,x) =b(i,z) —b(i — 1,2) — 1 fori € N.

b(i, x) is computable so a(i,x) is computable.C]

10. Gadgets



In order to construct URM to perform complex operations, it is useful to build Cadeet P(1
it from smaller components that we’ll call gadgets, which perform specific adget P(1)

operations. A gadget will be defined by a series of instructions and will | {1 J (1,4,9)
operate on registers that are specified in the gadget’s name. For instance, the | {2 S(3)
gadget “predecessor r,,” denoted by P(n) will subtract 1 from the contents of | I3 J (1,3,7)
register R, if it is non-zero. It can be represented by an instruction sequence | l4 S(
shown in the right block. For simplicity, when we obey gadget function | I5 S(3)
P(l), we by default obey P~[ly,--- 1, — I], meaning we will use registers | s J(1,1,3)
Ry, Ry, (I, > p(P), V1 <i < n) and place the result in R;, without any | {7 T(2,1)

interference to the next instructions. Now answer the following questions: URM Q

(a) Define a gadget “greater than 7, > r,” denoted by G(m,n,q), which | I} J(1,2,6)
determines whether the initial value of R,, is greater than that of R,. If | I} S(2)
yes, jump to the gth instruction, otherwise go on to the next instruction. | I} T(2,3)

. . Lo M(2,3,4)

(b) Define a gadget “halt with r,” denoted by H(n), which leaves R,, with | 5 G(1,4,2)
its initial value, and overwrites the initial values of other registers into ]Z H (23 ’

0 (write the instruction sequences).

(c) Define a gadget “multiply r,, by r, to R,” denoted by M (m,n,p), which multiplies r,,
by r, and stores the result in 2.

(d) Describe the function of one argument f(z) computed by the program ). (What is fg)?)
Solution. (a) The URM program for G(m,n,q)

I} J(1,n,5)
Iy J(1,m,q)
I S(1)

I, J(1,1,1)

(b) The URM program for H(n)
I Z(1)
b Z(2)
Il |\ Z(n-1)
Il J(1,1,n+1)
Ly Z(n+1)

(¢) The URP program for M(m,n,p)

I J(1,m,9)

I 5(1)

I Z(2)

I, J(2,n,8)

I 5(2)

Ik S(3)

IL J(1,1,4)

I J(1,1,1)

Iy T(3.p)



(d) 1y is [v/]



Lab2-Church’s Thesis
Name: Yang Fei  March 20, 2012

1. Show the computability of the following functions by minimalisation.
(a) f~1(x), if f(z) is a total injective computable function.

Sol.
FH @) = py(fly) =)

Since f(x) is computable, f~!(z) is computable by minimalisation. O

least non-negative integral root of p(z) — a(a € N),
undefined if there’s no such root,

where p(zx) is a polynomial with integer coefficients.

Sol
fla) = py(p(y) = a)

And p(z) is computable based on the conclusions of Labl, so f(a) is computable by
minimalisation. O]

(©) f(z.y) = { x/y if y # 0 and y|z,

undefined otherwise,

Sol.
flz,y) = p2(y x z =)

Thus f(z,y) is computable by minimalization. O

2. Devise Turing machines that will Turing-compute the functions: (a) x—1, and (b) 2z.

Sol. (a)
qs>Rq

¢110g,

010Rgs
7210g2

q20Lgs
q1<4Lqgs
q2<Lqs
q30Lqs
q31Lgs
as>Lqn



qs>Baq
010Rg,
Q21 Rgo
q20Rqs3
q31Rgs
q3<4Lqq
q30Lqy
q410q4
q40Lgs
¢51Lgs
450Lgs
g61Lge
q601¢7
qr1Lqr
q701gs
gs1Rgs
qs0Rqy
991 Rgs
290 Lq10
q100Lq11
qulLgn
q110>qm

3. Suggest natural definition of computability on domain (a) 3 x 3 matrices; and (b) Q.

Sol. (a) Note M to express the domain of 3 x 3. First construct a bijection from M to N.
ap Gz as
For the 3 x 3 matrix: A= | a4 a5 ag
ar ag Qg
Let ¢'(m,n,q) = w(m(m,n),q), no minus one, it is different from (.
And M(A) = {'({'(a1,a2,a3),( (a4, as,a6), (' (a7, as, ag)).
i. Then define the basic functions:
000
A Z(A)=A=0 0 0
000
B. S(A) = H({(A) +1)
C. UMA, Ay . Ap) = A
ii. M is closed under substitution.



iii. M is closed under primitive recursive definitions of the following form:
h(A, A)=f(A)
h(A, S(B))=g(A, B, h(A, B))
where A, B € M.

iv. M is closed under minimalisation:

h(4) = uB(f(B) = A)

The order of the matrix A; corresponding to the value of M (A;).

i. First define the basic functions:
A Z(q)=0
- if g >0 and ged(m,n
B. Note g = { Z% if g < 0 and ichm,n; =
Define d = px(ged(mi(m(m,n) + z), mo(n(m,n) + x)) = 1).
—_— ifg>0

S(q) =9 mlrmm+a)
ﬂ;(ﬂ(m,n)er) if q< 0

C. UM, G2 - -qn) = 4
ii. Q is closed under substitution.

iii. Q is closed under primitive recursive definitions of the following form:
h(g,0)~=f(q)
h(g, S(r))=g(q,r, h(q,7))
where ¢,r € Q.

iv. Q is closed under minimalisation:

h(q) = pr(f(r) =0)
The order of ¢ is defined by the order of generation every rational number by S(q)
from 0.

]

4. Prove that the following functions are URM-computable by Church’s Thesis.

(a)

h(z) = T if x € Dom(f) N Dom(g),
)=\ undefined otherwise.

where f(x) and g(z) are effectively computable functions.

Sol. We start the algorithm by doing the calculation of f(z) and g(x) simultaneously.
If they both terminate in finite time, then set h(z) = x. Otherwise, one of the function
is undefined. In such case the simulation will never end, thus h(x) = unde fined.

Therefore, h(x) is intuitively computable and thus URM-computable by Church’s Thesis.
O]

h(z) = { 1 if = € Ran(f), if f is a total unary computable function.

undefined otherwise.

Sol. Since f(x) is a total function, we could calculate py(f(y) = z), if it converges in

finite time, h(x) = 1, otherwise h(x) = unde fined.

Therefore, h(z) is intuitively computable and thus URM-computable by Church’s Thesis.
O]

Ackermann function ¢ (z,y).

Sol.



Using mathematic induction to prove for any x and y, ¥ (x,y) is computable.

i. When x = 0, for any ¥ (0,y) = y + 1 is computable.

ii. Assume for any y, ¥ (z,y) is computable. Then prove ¢(x + 1,y) is computable.
Firstly ¢(x+1,0) = ¢(z,1). By assumption, ¢(z, 1) is computable, thus (x4 1,0)
is computable. When y > 0, ¢(z + 1,y + 1) = ¥(x,¥(z + 1,y)). Using mathematic
induction again to prove for the fixed x and any y, (z + 1,y) is computable:

A. ¢(x 4+ 1,0) is computable have been got.

B. Assume ¢(x + 1,y) is computable. ¢(z + 1,y + 1) = ¢(x, ¢ (x 4+ 1,y)), since for
any ¢ (x,m) is computable and i (z + 1,y) is computable. Using substitution,
¥(xz+ 1,y + 1) is computable.

Then for any y, ¢¥(x + 1,y + 1) is computable.
Therefore, 1 (z,y) is URM-computable by Church’s Thesis. O

(d) g(n) = n' digit in the decimal expansion of e (e is the basis for natural logarithms).

Sol. Consider Taylor’s series for e

1 1 =1

Let ¢, = 10%, s = >  h,. Hence Vk, we have s; < e. Also, Vk > 2, we have

o

1
€ — S = E E
n=ci+1 ’

1 1 1 1

DR L R ey v ppre: Ry e ppr v vy D)

< 1u+1+ Ly )
! 2 2x3 2x3x4 7
e

(10%)!

<

<

—~

10%)!
< ! (k> 2)
10*

Hence, Vk > 2, sp < e < s + #. Recall that a; is computable, s; is rational, so using

long division we can effectively calculate the decimal expansion of s, to any disired digit.
Following is an effetive method for g(n):

‘For n =0, set g(n) = 2 and terminate. For n = 1, set g(n) = 7 and stop. For n = 2, set
g(n) =1 and halt. For n > 2, find the first N > n + 1 such that the decimal expansion

SN = Qp.a102...050p11-.-AN -..

does not have all of a,.1, ..., ay equal to 9. Then put g(n) = a,.’

Similarly as the proof in the textbook, we have the nth decimal place of e is indeed a,,.
Therefore by Church’s thesis, g is computable. ]

5. Find the Godel encoding (a) 3(J(3,4,2)), (b) 871(503), (¢) Pigo, and (d) The code number
of program P = {T'(3,4),5(3), Z(1)}.



Sol. (a) B(J(3,4,2)) =4((3,4,2) + 3 = 4n(n(2,3),1) + 3
—Am(22(2x341) —1,1) + 3 = 4n(27,1) + 3
=4x(2272x1+1)—1)+3
=3.2% -1

(b) B71(503) = B71(500 + 3) = B71(4 x 125 + 3)
Hence, ((m,n,q) = 125
And therefore,
m = my(m(125) +
n = 7T2(7T1<125)) +
q=m(125)+ 1=
Thus,
B7H(503) = J(2,1,32).

(c) Since 100 =20 +22 425 + 26 — 1,
hence,
B(I;) =4x%x0
B(ly) =4x0+4+1
B(I3) =4n(m —1,n—1)+2

H=m(l)+1=2
l=m(l)+1=1
32

B(ly) =4%x0
Thus,
Pioo = Z(1); S(1); T(1,1); Z(1);
(d) B(T(3,4)) =4m(2,3) +2=4(22(2x 3+ 1) — 1) +2 =110
B(S(3) =4x2+1=9
B(Z(1)) =0
Thus,
( )_2110+2120+2121 1

]

6. Let f(x,y) be a total computable function. ¥m, let g,, be the computable function given by
gm(y) = f(m,y). Construct a total computable function h such that for each m, h # g,,.

Sol. Let h(z) = f(x,x) + 1, which is computable.

Then for each m, h differs g, at the value of m, since h(m) = f(m,m)+1 = g,(m)+1 #
gm(m).

Therefore, h # g, for any m. O

7. Let fo, fi,... be an enumeration of partial functions from N to N. Construct a function g
from N to N such that Dom(g) # Dom(f;) for each i.

Sol. For each x,

o) = { 1 if z & Dom(f,),

undefined otherwise.

Thus Dom(g) # Dom(f;) for each i, since i either belongs to Dom/(g) or belongs to Dom(f;).
O]

8. Let f be a partial function from N to N, and let m € N. Construct a non-computable function
g such that g(z) ~ f(x) for x < m.



Sol. Define g as

f(z) r < m;
g(x) =13 ¢p-ma(z—m—1)+1 z>mand ¢p_p_1(x —m — 1) is defined;
0 x>m and ¢y ,_1(x —m — 1) is undefined.

where ¢g, ¢1, 9, ... is the enumeration of €.
First, for z < m, we have g(z) ~ f(x).

Second, for = > m, g(x) differs from ¢, ,, 1 at x — m — 1. Since g differs from every unary
computable function ¢,, (n € N), g does not appear in the enumeration of %) and is thus not
itself computable.

Therefore, we have constructed a non-computable function g such that g(z) ~ f(x) for x <
m. ]

9. (a) (Cantor) Show that the set of all functions from N to N is not denumerable.

Sol.
Let S be the set of all functions from N to N. If it is denumerable, it can be enumerated
as S = {f17f2---}-

_J1 if f,(n) is undefined
Define g(n) = { w(n)+1 if f,(n) is defined
It is the function from N to N. But for any f, has g#f,, thus g¢S, which leads to
contradiction. Thus S is not denumerable. [

(b) Show that the set of all non-computable total functions from N to N is not denumerable.

Sol. In previous part, I prove S, the set of all functions from N to N, is not denumerable.
Let S7 be the set of all non-computable total functions from N to N and S, be the set
of all computable total functions from N to N. As we known, % is denumerable, thus S,
is denumerable. If S is denumerable, S = S;US5 must be denumerable, which leads to
contradiction. Thus 5] is not denumerable. O

10. Palindrome Recognization

Assume M is a k-tape Turing Machine, in which the first tape is the read-only input tape,
the other k — 1 tapes are read/write work tapes, and the k' tape is also used as the output
tape. Every tape comes with a read/write head. We define L, R, and S as the action ‘move
left’, ‘move right’, and ‘stay’ for a head. M works on k tapes simultaneously, and thus one
instruction should be written as (g;, s1, -, Sg) = (q, sy, , Sk, A1, -+, Ax), where each s;
is the scanned symbol on the i tape, s/ is the replaced symbol, and A; is the corresponding
action. E.g., (¢2,a,a) — (g3,b, R, S) works for k = 2. Give the specification of M with k = 3
to recognize palindromes on symbol set {0, 1,>,<, 0} . (A palindrome is a word that reads the
same both forwards and backwards. Example: anna, madam, nitalarbralatin. To recognize
palindrome we need to check the input string, output 1 if the string is a palindrome, and 0
otherwise. Initially the head on each tape reads i as the starting point, with state gg).

Sol.



<QS7[>7 >, D> — <Q17 D> D>R7 Sv S>

<Q1? 17 D7 D> — <C]17 D7 D7 Ra Sa S>

(q1,0,0,0) — (¢, 0,0, R, S, S)

<QQ, 17 D7 D> — <QQ, 17 D7 L, R, S>

(¢2,0,0,0) = (¢2,0,0,L, R, S)

<q27l>7 D7 D> — <Q37<‘> Dv Ra La S)

<QS? 17 17 D) — <q37 17 D7 R7 L7 S)

(¢3,0,0,0) = (¢3,0,0,R, L, S)

(g3,9,>,0) = (q,>,>, S, S, R)

(qa,4,>,0) = (g5,>,1,5, S, R)

(g5,<,>,0) = (qg,>,<, S, S, L)

<QS? 17 07 D) — <q€37 D7[>7 Sa Sa R>

(g3,0,1,0) — {(ge,0,>, 5,5, R)

(g6,0,0,0) — (¢7,0,0, 5, S, R)

(g6,1,0,0) = (g:,0,0, 5, S, R)

<Q7, 0, D, D) — (qH, D,<l, S, S, L>

<Q77 17 D7 D> — <QH7 D7<]7 S> S7 L>

The output tape will be ..0>1<0... if the input is a palindrome string, and ..0>0<0O... if
the input s not a palindrome string. O]



Lab3-Denumerability
Name: Yang Fei  December 8, 2014

1. Show that there is a total computable function k& such that for each n,
(a) k(n) is an index of the function [{/x].

Sol. Let
f(@,y) = pe(¥ > ) — 1 = [V/7]

f(z,y) is computable, according to the s-m-n theorem, there exists a k(y) for each v,
which satisfies

Pr(w) (7) = f(,y)

(b) Wit =AW, Ym) Y1+ Y2+ -+ Y =1} (m > 1).
Sol. Let

1 ifyr+pe+.. . tyn=2
undefined otherwise.

f(‘raylng, 7ym) = {

f(x,y1,y2, ..., Ym) is computable, according to the s-m-n theorem, there exists a k(x) for
each z, which satisfies

Cbk(z)(ylay% "-7ym) = f(zay1>y27 7ym)

According to the definition of f, we know that for each =, Wk(?;g = {(y1, -, Ym) :
Yit+y2t ..+ Yn =1} O

(C) Ek(n) = Wn
Sol. Let

(y if ¢, (y) is defined
flay) = { undefined otherwise.

By the Church’s Thesis, f(z,y) is computable, then according to the s-m-n theorem,
there exists a k(z) for each z, which satisfies

And according to the definition of f, Ky = W,. O
(d) Wiy = f~H(W,), if f(n) is computable.

Sol. Let
1 if ¢.(f(y)) is defined

undefined otherwise.

g(z,y) = {

According to Church’s Thesis, f is computable. Therefore according to the s-m-n theo-
rem, there exists a k(z) for each z, which satisfies

D) (y) = g(z,y)

According to the definition of g, Wy = f~H(W,). O



2.

3.

(a) Show that for each m there is a total (m + 1)-ary computable function s™ such that for

(a)

all n, ¢£m+") (x,y) =~ gbifm)(ax) (y), where x,y are m- and n-tuples respectively.

(Hint. Consider the definition of sI"(e,x) given in the proof of Chapter 4-theorem 4.3.
The only way in which n was used was in determining how many of the r{,ry,... to
transfer to R, 11, Rpio, . ... Now recall that the effect of P, depends only on the original
contents of Ry,..., R,p,), where p is the function defined in Chapter 2 § 2; p(F,) is
independent of n.)

Sol. We generalise the proof of theorem 4.1.
For any i > 1 let Q(i, x) be the subroutine

Qi x)
L Z0)
L S3)
}IH S(i)

that replaces the current contents of R; by x. Then for fixed m, define the s™ (e, x) to
be the code number of the following program:

S™(e, x)
T(p(Fe),m+ p(Fe))

According to this explicit definition, and the effectiveness of v and y~!, we get that s™

is effectively computable. ]
Show further that there is such a function s™ that is primitive recursive.

Sol. Since 7w(m,n), ¥(m,n,q), 5 and ~ is primitive recursive, the function to calculate
the coding of the program shown above is primitive recursive. [

Show that there is a decidable predicate Q(z,y, z) such that
i. y € E, if and only if 3z Q(z, vy, 2)
Sol. Let
Qz,y,2) = Su(z, (2)1, 4, (2)2)

which is apparently decidable according to substitution and the decidability of .S,,.

Then we have y € E, if and only if 3z Q(z,y, 2). O
ii. if y € E, and Q(z,v, z), then ¢,((2)1) = v.
Sol. Let

Q(xv Y, Z) = Sn({L', (Z)la Y, (Z>2)

which is decidable.
If Q(z,y,2) and y € E,, we immediately get ¢,((z)1) = y from the definition of
Sh.- O



(b) Deduce that there is a computable function g(z,y) such that
i. g(z,y) is defined if and only if y € E,.
Sol. Let
Q(x,y,2) = Su(x, (2)1, 9, (2)2)

which is decidable.
We define g(z,y) as

g(x,y) = { (nz Q(z,y,2))1 if 3z Q(z,vy, 2),

unde fined otherwise;

From the previous question, we conclude that g(z,y) is defined if and only if y € E,.
And from Church’s Thesis, g(z,y) is computable. ]

ii. if y € By, then g(z,y) € Wy and ¢,(g(z,y)) = y; Le.g(z,y) € &7 ({y}).
Sol. Let g(z,y) be the same function as in (i), which is

(l’ ) — (/LZ Q(l’,y, Z)>1 if 3z Q(xaya 2)7
KLY unde fined otherwise;
O

If y € E,, then we get from definition that g(z, y) is defined and g(z,y) = (uz Q(x,y, 2))1.
Furthermore, from the definition of @, we get (uz Q(x,y,2)); = g(x,y) € W, and

¢$((MZ Q(l‘,y,Z))l) = ¢x(g(‘rvy>> =Y.

(c¢) Deduce that if f is a computable injective function (not necessarily total or surjective)
then f~! is computable. (cf. exercise 2-5.4(1)).

Sol. Let g(z,y) be the same function as in (i), which is

Q(I,y) — { (ILLZ Q(xvya Z))l if Az Q(y;7y7z)’

unde fined otherwise;

Let P, be the program which computes f, i.e. f ~ ¢..
From s-m-n theorem, there exists a total computable function k(z), such that g(x,y) ~
Then from the results of (i) and (ii), g(e,y) = dre)(y) = ¢, (y) = f(y) if f is injective.
O
4. (cf. example 3-7.1(b)) Suppose that f and g are unary computable functions; assuming that
T1 has been formally proved to be decidable, prove formally that the function h(z) defined by

hz) = { 1 if x € Dom(f) or x € Dom(g),

. i le.
undefined otherwise, is computable

Sol. Since f and g are computable, there exists e; and e such that f ~ ¢., and g ~ ¢, .

From Kleene’s normal form theorem, there exists two decidable predicates Ti(eq,x, z) and
Ty(eq, x, z), such that f(z) is defined iff. 3z Ti(eq, x, z) and g(z) is defined iff. 3z Ty(ey, x, 2).

Therefore, € Dom(f) or x € Dom(g) iff. (32)(Ti(e1,x,z)\ Ta(ea, z, 2)).

Since T is proved to be decidable, from the computability of minimalization, h(z) is com-
putable. O



5. Prove the equivalent of example 5 in Chapter 5-3.1 for the operations of substitution and
minimalisation, namely:

(a) Fix m,n > 1; there is a total computable function s(e, ey, ...,e,) such that (in the
notation of theorem 2.2) gbi?;el .... en) = Sub(cﬁém); A ,¢§’Z,3).

Sol. Let (mn +m+ 1) — ary function f be

fleer,e+2, . emX1, .., Xm) = Ge(bey (X1), Dey(X2), -+ Ge,, (Xm)) (0.1)
= wU<e7¢e1<X1)7¢62<X2)7"'>¢em(xm)) (02)

From the computability of the universal function and substitution, we get f is com-

putable.

Therefore, according to s-m-n theorem, there exists a total computable function s(e, ey, ..., en),
such that @gee; ey = fleser,e+2,... m, X1, ..., Xpm).

Hence s(e, eq, ..., e,) is an index for the function obtained by substitution, i.e. (bg?gel ’’’’’ em) =
Sub(¢™; ol ol e, O

(b) Fix n > 1; there is a total computable function k(e) such that for all e, gb](;@)(x) ~

py( é”“)(x, y) = 0). (We could extend the notation of theorem 2.2 in the obvious way

and write ¢;(:(L2) = Min(¢"™).)
Sol. Let f be

fle,x,y) ~ py(oT ) (x,y) = 0) ~ py(Yu (e, x,y) = 0)

According to the computability of minimalization (Theorem 2-5.2), f is computable.
Then from s-m-n theorem, there exists a total computable function k(e) such that

¢1(<;2) (x) =~ fle,x,9), ie. (bgzz) = Min( gn+1)>‘ .
6. Show that the following problems are undecidable.

(a) ‘x € E,” (Hint. Either use a direct diagonal construction, or reduce ‘x € W,’ to this
problem using the s-m-n theorem).

Sol. Let g(z,y) be

(2,1) = Y if v € W,
I\WEY) =\ undefined otherwise,

g is computable by Church’s Thesis and hence by s-m-n theorem, there exists a total
computable function k(z), such that g(z,y) ~ ¢ra)(y)-

Then v € W, = Ep) = N =1 € Eyy).

and x € W, = Ek(z) ==z Ek($)

Therefore, v € Ey ) iff. + € W,, hence x € Ej ) is not decidable and so is v € E,. [

(b) ‘W, =W, (Hint. Reduce ‘¢, is total’ to this problem).

Sol. Let f(z,y) be the characteristic function of ‘W, = W, and let ¢ be the Godel
number of zero function 0.

Then g(z) = f(z,c) is the characteristic function of ‘W, = N’ which is not computable
since ‘¢, is total’ is not decidable.

Therefore, f(z,y) is also not computable and hence ‘W, = W, is not decidable. ]



(c) ‘¢aly) = 0.

Sol. Let f(z,y) be
0 if v € W,
undefined otherwise,

f(w,y)z{

Since f is computable by Church’s Thesis, according to s-m-n theorem, there is a total
computable function k(x), such that ¢r)(y) ~ f(z,y).

Then x e W, & qbk(z) (y) = 0.
Therefore, ¢p,)(y) = 0 is not decidable hence so is ¢, (y) = 0. O

(d) ‘E, is infinite’.

Sol. Let
f(:vy):{y if v € W,

undefined otherwise,

Since f is computable by Church’s Thesis, according to s-m-n theorem, there is a total
computable function k(x), such that ¢r)(y) ~ f(z,y).

Then v € W, = Ej,) = N = Ej(,) is infinite.

and v ¢ W, = Eju) = @ = Ej(,) is not infinite

Therefore ‘Ej,) is infinite’ is not decidable hence so is ‘E, is infinite’.

(e) ‘¢ = g’, where g is any fixed computable function.

Sol. If it is decidable, then let g = 0, which results that ¢, = 0 is decidable. It is thus
contradictory, hence ‘¢, = ¢’ is not decidable. ]

7. Show that there is no total computable function f(z,y) with the following property: if P,(y)
stops, then it does so in f(z,y) or fewer steps. (Hint. Show that if such a function exists,
then the Halting problem is decidable.)

Sol. We prove it by reductio ad absurdum. Assume such f(x,y) exists, since f(x,y) is total,
for any x and y, we have ‘p,(y) is defined’ iff. ‘H,(z,y, f(x,y)) =0,

The reason is that if P,(y) stops, then it does so in f(z,y) or fewer steps. Therefore, if
H,(x,y, f(z,y)) # 0, then P,(y) never stops.

And since ‘H,(z,y, f(x,y)) = 0’ is decidable, hence so is ‘p,(y) is defined’. Thus we have
proved the decidabliity of Halting problem, which leads to contradiction. Therefore, there
isn’t such f(x,y). O

8. Show that the following predicates are partially decidable:
(a) ‘B #£ @ (n fixed).

Sol. ‘E{ # @ iff. {(Jy)(32)(de(2) = y)'.

We first prove that predicate ‘¢,(z) = y’ is partially decidable. This can be shown
by noting that ‘¢,(z) = y' iff. (3t)S.(x, z,y,t)’, where S, is a decidable predicate.
Therefore, according to Theorem 6.4, ‘¢, (z) =y’ is partially decidable.

Then, according to Corollary 6.6, since ‘¢,(z) = y’ is partially decidable, we could deduce
that ‘(Jy)(32)(¢.(2) = y)’ is also partially decidable, which finishes our proof. ]



(b)

9. This
that

‘n is a Fermat number’. (We say that n is a Fermat number if there is a number z, y,
z > 0 such that 2" +y" = z".)

Sol. ‘n is a Fermat number’ iff. ‘(3z)(Jy)(3z)(a™ + y™ = 2")’
It is apparent that predicate ‘(2™ + y"™ = 2™)’ is decidable given z,y and z.

Thus according to Corollary 6.6, ‘(3z)(Jy)(Iz)(z" + y™ = 2")’ is partially decidable,
hence so is ‘n is a Fermat number’. ]

‘M(x) and N(x)’, if M(x) and N(x) are partially decidable.

Sol. Let P(x) and Q(x) be the partial decision procedures of M and N respectively.

Since M and N are both partially decidable, for each x where M or N holds, P(z) or
Q(x) will converge correspondingly.

Therefore, if we concatenate the standard form of P and @) to form a new program R,
R will converge iff. P and @ both converge i.e. ‘M (x) and N(x)’ holds.

Then from the definition of partial decidability, ‘M (x) and N(x)’ is partially decidable.
[

exercise shows how the technique of reducibility (Chapter 6 §1) may be used to show
a predicate is not partially decidable.

Suppose that M (z) is a predicate and k a total computable function such that =z € W,
iff M(k(x)) does not hold. Prove that M (x) is not partially decidable.

Sol. z € W, iff ‘M (k(z)) does not hold” implies that « & W, iff ‘M (k(z)) holds’.

Now assume M (z) is partially decidable, whose partial characteristic function is f(x).
Then M (k(x)) is partially decidable since its partial characteristic function f(k(x)) is
computable by substitution.

Since z ¢ W, iff ‘M (k(z)) holds’, f(k(x)) is also the partial characteristic function for
‘v & W,’, thus indicating that ‘x ¢ W, is partially decidable, which leads to contradic-
tion.

Therefore, M (x) is not partially decidable. ]

Prove that ‘¢, is not total” is not partially decidable.
(Hint. Consider the function k in the proof of theorem 1.6.)

Sol. Let

B Y lf xr &€ W;t:
flz,y) = { undefined otherwise,

f(z,y) is computable since ‘z € W, is partially decidable. Then from s-m-n theorem,
there is a total computable function k(x), such that ¢p)(y) ~ f(x,y).

From the definition of f, we have
r € Wy = Wiy = N = ¢y, is total
and
T & Wy = Wia) = @ = ¢p(a) is not total

Thereby, we have w € W, iff. ¢y, is total. Equivalently, we get w ¢ W, iff. ¢y,) is not
total.

And ‘w ¢ W, is not partially decidable, hence ‘¢, is not total” is also not partially
decidable, thus nor is ‘¢, is not total’. O



(c¢) By considering the function
Floy) = { 1 if P,(x) does not converge in y or fewer steps,
’ undefined otherwise.
Show that ‘¢, is total’ is not partially decidable. (Hint. Use the s-m-n theorem and (a).)

Sol. Let

Floy) = 1 if P,(x) does not converge in y or fewer steps,
'Y) 7\ undefined otherwise.

Since f(x,y) is computable by Church’s Thesis, from s-m-n theorem, there is a total
computable function k(x), such that ¢r.)(y) ~ f(z,y).

From the definition of f, we have
r € W, = (Jy)(P,(z) converges in y steps) = ¢y, is not total

and
x & W, = (VYy)(P.(z) does not converge in y steps) = ¢y is total

Therefore, ‘z € W, iff. ‘@) is not total’. From (a), ‘¢, is total’ is not partially
computable. O



Lab4-Various Sets
Name: Yang Fei December 17, 2012

1. Let A, B be subsets of N. Define sets A ® B and A ® B by

A®B={2zr:x€ A}U{2zx+1:z € B},
A® B ={r(x,y):x € Aand y € B},

where 7 is the pairing function 7(z,y) = 2*(2y + 1) — 1 of Theorem 4-1.2. Prove that
(a) A @ B is recursive iff A and B are both recursive.
Sol. =

r€EA & 20 AP B
r€EB & 2x+1€ AP B

For A & B is recursive, hence, A and B are both recursive.
~:

If x is an even number,
x
rcA®DB & §€A

If x is an odd number,

r—1
2

reA®B & € B

For A and B are both recursive, hence, A @ B is recursive. ]

(b) If A, B # &, then A® B is recursive iff A and B are both recursive.

Sol. =

reA & z=nmn(x,y) € A® B(randomly pick y from B)
yeB & z=mn(r,y) € A® B(randomly pick x from A)

For 7 is computable, hence, A and B are both recursive if A ® B is recursive.
<~

2€A®B & m(z)e ANm(z) €B
let © = m(2), y = m2(2),
2€A®B & rze€eANyeB

For both m and my are computable functions, we conclude that A ® B is recursive if A
and B are both recursive. ]

(c) Suppose B is r.e. If A is creative, then so are A@ B and A ® B (provided B # @).



Sol. Aisr.e. and A is productive, since A is creative.

If z is an even number,
x
reA®B & §eA

If z is an odd number,

z—1
2

reAPB & €B

For A and B are both r.e., A® B is also r.e.

reEAerd¢A & 2w¢dAPBe2rc ADB
r€A & 20€cADB

Since A is productive, hence, A @ B is productive according to Theorem-3.2.

Therefore, A @& B is creative.
2€AR®B & m(z)e AANm(z) € B

Since both A and B are r.e., A® B is also r.e.
For B # (), randomly pick y from B, such that

reEAsrd¢A & n(ry) ¢ ABer(r,y) € A®B
re€A & nw(r,y) € A®B

Since A is productive, hence, A ® B is productive according to Theorem-3.2.

Therefore, A ® B is creative.

If A is simple, then A ® N is r.e., but neither recursive, creative nor simple.

Sol. x € A® N iff. m(x) € A, which is partially decidable by substitution. since A is
r.e.

Therefore A ® N is r.e.
Since A is simple, which means that A is not recursive, then so is A ® N from (b).

If A® N is creative, then A ® N is productive. And » € AQ N iff. 7,(x) € A, then we
get A is productive by reduction, which in turn implies that A is creative, thus leading
to contradiction. Therefore A ® N is not creative.

We have A ® N = {n(z,y)|z & A}. Since A is simple, there is an a ¢ A for A is infinite.
Since both {a} and N are r.e., we have {a} ® N C A ® N is r.e. This means that A ® N
has an infinite r.e. subset, indicating it is not simple. O

If A, B are simple sets, then A @ B is simple, A ® B is not simple but A ® B is simple.

Sol. From (¢), A® B is r.e.
Since A@ B =A@ B, and both A and B are infinite, then A ® B = A @ B is infinite.
Suppose there is ar.e. set C C A B.

2



Since C'is r.e., then both C, = {z|x is even and 2z € C'} and C, = {z|z is odd and 22+
1€ C} arere.

If C C A@ B, from definition, either C. C A or C, C B, which leads to contradiction
since A and B are simple.

Therefore, A @ B contains no r.e. subset, hence A @ B is simple.

To show that A ® B is not simple, since A is infinite, there is an a € A.

Since both {a} and B are r.e., we have {a} ® B C A® B is r.e. Therfore, A ® B has an
infinite r.e. subset, indicating it is not simple.

A® B ={r(z,y)lr € AVy € B}, thenr € A® B & m(z) € AV my(x) € B, which is
partially decidable since both A and B are r.e. Therefore A® B is r.e.

And since A and B are both infinite, A ® B is infinite.

Futhermore, if there is a r.e. set C' C E ® B, then 7, (C) C A, which is contradictory to
the fact that A is simple. Hence A ® B contains no r.e. subset.

Therefore, A ® B is simple.

[

Let B C N and n > 1; prove if B is recursive (or r.e.) then the predicate M (zy,...,z,)
given by “M(xy,...,x,) =273 ...pi» € B” is decidable (or partially decidable).

Sol. case 1: B is recursive
1 ifze B,
f(‘”)_{ 0 ifz¢ B.
is the characteristic function of B. For B is recursive, hence f(z) is computable.
The characteristic function of M is

L1 fEmT i) =1,
9() = { 0 if (27137 ... pin) = 0.

For power is computable, by substitution, f(2*13"2...p*") is computable, hence g(zx) is
computable.

Thus, the predicate M(z1,...,x,) given by “M(zy,...,x,) = 2713%2 ... p'» € B’ is
decidable.

case 2: Bisr.e.

) = 1 if xr € B,
| undefined if x ¢ B.
is the partial characteristic function of B. For B is r.e., hence f(z) is computable.
The partial characteristic function of M is

o) :{ 1 if f(2713%2 ... pin) =1,

undefined otherwise

For power is computable, by substitution, f(2*13"2...p*") is computable, hence g(z) is
computable.

Thus, the predicate M(zy,...,x,) given by “M(zy,...,x,) = 293" ... pi~ € B” is
partially decidable. O



(b) Prove that A C N™ is recursive (or r.e.) iff {2*13%2 ... p'» : (21,...,2,) € A} is recursive

(or r.e., respectively).

Sol. Define B C N to be {2%13%2 ... p* : (z4,...,x,) € A}.

n

case 1: A C N" is recursive

=
1 it (z,.. 1) € A,
f(xl""’l’”)—{ 0 if (1., 0) ¢ A.
is the characteristic function of A. For A is recursive, hence f(z1,...,x,) is computable.

The characteristic function of B is

1A f((@)r, (2)2. . (2)n) =1
9(w) = { 0 i F((2)r (2)a. .. (2)n) = 0.

For (z), is computable, by substitution, f((z)1,(x)z...(z),) is computable, hence g(z)
is computable.
Thus, B is recursive.

~:
(z) = 1 ifxeB,
FE =N 0 ifz ¢ B.

is the characteristic function of B. For B is recursive, hence g(z) is computable.
The characteristic function of A is

[ 1 ifg(2m3T2. . pin) =1,

For power is computable, by substitution, g(2*13%2 ... p") is computable, hence f(z1, ..., z,)

is computable.
Thus, A is recursive.
case 2: A C N"isr.e.

=
. 1 if(xl,...,xn)EA,
Fl@n, ) = { undefined if (z1,...,2,) ¢ A.
is the partial characteristic function of A. For Aisr.e., hence f(z1,...,x,) is computable.

The partial characteristic function of B is

001 { s 0

unde fined otherwise

For (x), is computable, by substitution, f((x)1, (z)2...(z),) is computable, hence g(z)
is computable.

Thus, B is r.e.
=
(z) = 1 if x € B,
I = undefined if v ¢ B.

4



is the partial characteristic function of B. For B is r.e., hence g(z) is computable.
The partial characteristic function of A is

(1 if g(2713% . pin) =1,
F@y, o an) = { unde fined otherwise
For power is computable, by substitution, g(2*13%2 ... p") is computable, hence f(z1,...,z,)
is computable.
Thus, A is r.e. O

(c) Prove that A C N" is r.e. iff A = & or there is a total computable function f: N — N”
such that A = Ran(f). (A computable function f from N to N™ is an n-tuple f =
(f1,--., fn) where each f; is a unary computable function and f(z) = (fi(z), ..., fu(x)).)

Sol. According to the conclusion from 2(b), we get
ACN'isre. & B={2"3"...p":(xy,...,x,) € A} is1.c.
By Listing Theorem,

Bisr.e. & either B = () or B is the range of a unary total computable function.
< B = () or there exists a total computable function g, B = Ran(g)
& A=0or A= Ran(f)

where f = ((9)1,(9)2,---,(g)) and f is a total computable function.

Therefore, A C N" is r.e. iff A = @ or there is a total computable function f: N — N"
such that A = Ran(f). O

3. Which of the following sets are recursive? Which are r.e.?” Which are productive? Which are
creative? Prove your judgements.

(a) {x:z € E,},

Sol. It is creative.
According to Equivalence Theorem, it is r.e.

_ Y lf T & WIE7
Let f(z,y) = { undefined otherwise,

According to s-m-n theorem, there is a total computable function k(x), such that ¢y (y) ~

flz,y).
Then
$€Wm<:>Ek(z) =N<:>$€Ek(m)

JZ%WI@E]{(@:@{:}:EQ/E]C(I)

Since K is productive, hence so is {z|r € E,}.
Therefore {z : x € E,} is creative. O

(b) {x: x is a perfect square},
Sol. It is recursive, since ‘x is a perfect square’ is a decidable predicate. O

(¢) {z: ¢, is not injective},



Sol. It is creative.

¢, is not injective < (Jy)(32) (0. (y) = ¢(2))

< (Fy)(F2)(3w) (3t) (Sp(z, y, w, t) \ Sn(z, z,w,t))

which is partially decidable.

Therefore, A = {z : ¢, is not injective} is r.e.

On the other hand, let B = {¢, : ¢, is injective}. Clearly f; € B, hence A is productive.
Therefore A is creative. ]

{z : ¢, is not surjective},

Sol. It is productive.

Denote {¢, : ¢, is not surjective} as B, since f, € B, we have {z : ¢, is not surjective}
is productive. O

{z: ¢.(x) = f(x)}, where f is any total computable function.

Sol. It is creative.

According to the Theorem 3.8, we only need to show that A = {z : ¢.(z) = f(x)} is r.e.
¢o(2) = f(z) = (3t)Sn(z, 2, f(2),1)

which is partially decidable, hence A is r.e. Furthermore, A is creative by Theorem
3.8. O

4. Suppose A is an r.e. set. Prove the following statements.

(a)

Show that the sets |J W, and |J E, are both r.e.

TEA €A

Sol.
ye UMW, & (@)@ eAnyeW,)

TEA

which is partially decidable since both ‘x € A’ and ‘y € W, are partially decidable.

y € UExﬁ(Hx)(xEA/\yeEx)

z€A

which is also partially decidable.

Therefore, |J W, and |J E, are both r.e. O
€A €A

Show that [ W, is not necessarily r.e. (Hint: Vt € Nlet K; = {z : P,(z) | in t steps}.
€A

Show that for any ¢, K, is recursive; moreover K = |J K; and K = () K;.)

teN teN

Sol. Let K; = {z: P,(x) ] in t steps}.
Since P,(z) | in t steps is decidable, K, is recursive, hence so is K.
From definition of K, we could get that K = |J K, and thus K = (| K; by De Morgen

teN teN
Rule.

Therefore, (] K; is not r.e.
teN

According to s-m-n theorem, there is a total computable function k(t), such that

0 if P,(z) J in t steps,

undefined otherwise,

o) = {

6



Then sz(t) = E
Therefore, (| K; = Win= N Wa.

teN teN z€Ran(k)
If M W, is r.e., we could get that [ K, is also r.e., which leads to contradiction.
€A teN
Hence () W, is not r.e. O

€A

5. Suppose that f is a total computable function, A is a recursive set and B is an r.e.set. Show
that f~1(A) is recursive and that f(A), f(B) and f~!(B) are r,e, but not necessarily recursive.
What extra information about these sets can be obtained if f is a bijection?

Sol. z € f71(A)& f(x)e A

Since A is recursive, then f(x) € A is decidable by substitution. Therefore f~'(A) is recursive.

Since A and B are both r.e., there exists total computable function g and h, where A = Ran(g)
and B = Ran(h).

Then f(A) = Ran(f(g(z))) and f(B) = Ran(f(h(x))), which are both r.e. by Listing Theo-

rem.

r€ fYB)& f(x)€B
Since B is r.e., then f(z) € B is partially decidable by substitution. Therefore f~!(B) is r.e.

Let B be a non-recursive r.e. set and f be the identity function, then f(B) = f~'(B) = B
are not recursive.

Let A=N, and

o) = x if v € W,
)7 undefined otherwise,

Then f(A) = K, which is not recursive.

If f is a bijection, then f~!is a total computable function.
Therefore, we can further obtain that f(A) is also recursive.
[

6. Prove Rice’s theorem (Theorem 6-1.7) from Rice-Shapiro theorem (Theorem 7-2.16). (Hint.
Suppose that ‘¢, € £’ is decidable; then both & and %\ % satisfy the conditions of Rice-
Shapiro: consider the cases fy € Z and fy & A.)

Sol. Suppose # # &, 6.

Assume that ‘¢, € %’ is decidable, then according to the complementation theorem, both %
and 6\ % are r.e.

If f, € &, Then for any f € 61, since f3 C f and f, € &, we have f € ZB. Therefore B = 6,
which leads to contradiction.

On the contrary, if f, € 6\ %, similarly we could get # = @, which also leads to contradic-
tion.

Therefore, ‘¢, € A’ is not decidable. ]



7. Let £ be a set of unary computable functions, and suppose that g € £ is such that for all
finite 6 C g, 0 ¢ A. Prove that the set {z : ¢, € A} is productive. (Hint. Follow the first
part of the proof of the Rice-Shapiro theorem.)

Sol. Let B ={x: ¢, € A}.

Define f(x,y) as

fz,y) = { undefined otherwise,

According to s-m-n theorem, there is a total computable function k(z), such that ¢y, (y) ~
fz,y).
Then

v € Wy & @iy is finite < k(z) € B

rEW, & dpe) =g k(x)eB
Therefore, z € K < k() € B.

Since K is productive, B is productive.

8. Prove the following statements.
(a) If Bisr.e. and AN B is productive, then A is productive.

Sol. We can define

1 ifyeW,ANyeB
unde fined otherwise.

f(:v,y)Z{

According to the partial decidability of ‘y € W,” and ‘z € B’ f(z,y) is computable. The
s-m-n theorem provides a total computable function s(x) such that f(z,y) ~ ¢su)(y).

Wk(z) = W,NB
For whenever W, C A,
W,CA = Wk(m) ANB= g(k’(:c)) c AN B\Wk(m)

C
= g(k(z)) e AnB\(W,NnB)=(A\W,)NB
= g(k(x)) € AW,

where g is the productive function of AN B. Hence, g(k(x)) is the productive function
of A.

Therefore, A is productive. O
(b) If C' is creative and A is an r.e. set such that ANC = &, then C'U A is creative.

Sol. For both A and C are r.e., AU C is r.e. according to Theorem 2.13.
We can define

1 ifyeW,vye A
unde fined otherwise.

f(z,y) :{



According to the partial decidability of ‘y € W,” and ‘z € A’, f(z,y) is computable. The
s-m-n theorem provides a total computable function s(x) such that f(z,y) >~ ¢s=)(y).

Wk(w) = W,UA

For whenever W, C C' N X,
W, CCNA = W,CC = g(z) e C\W, = g(k(z)) € C\Wi)
= g(k(x)) € O\(AUW,) = g(k(z)) € CN A\W,

where g is the productive function of C. Hence, g(k(z)) is the productive function of
CnNA

Therefore, C'U A is creative. O
Every productive set contains an infinite recursive subset.

Sol. According to Theorem 3.11, a productive set contains an infinite r.e. subset.
Also, according to Theorem 2.15, every infinite r.e. set has an infinite recursive subset.

Combining the two statements above, we can conclude that every productive set contains
an infinite recursive subset. O]

(Cf. Theorem 7-2.14) Let A be an infinite r.e. set. Show that A can be enumerated
without repetitions by a total computable function.

Sol. According to Listing Theorem, there is a total computable function f, such that
A = Ran(f). Then, we can define a function
h(z) = { h(0) = f(0)

Mo+ 1) = f(pz(f(2) > h(x)))
Since A is infinite, h(z) is a total computable function which enumerate A without
repetition. Therefore, A can be enumerated without repetitions by g, which is a total
computable function. n

Suppose f is a total injective computable function such that Ran(f) is not recursive ((a)
showed that such functions abound). Show that A = {z : Jy(y > x A f(y) < f(z))} is
simple. (Hint. To see that A is infinite, assume the contrary and show that there would
then be a sequence of numbers yy < y; < yo < ... such that f(yo) > f(y1) > f(y2) > ...
To see that A does not contain an infinite r.e. set B, suppose to the contrary that B C A.
Then show that the problem z € Ran(f) is decidable as follows. Given z, find n € B
such that f(n) > z; now use the fact that n ¢ A to devise a finite procedure for testing
whether z € Ran(f).)

Sol. For f is a total injective computable function, such that y > x A f(y) < f(x) is a
decidable predicate. According to Quantifier Contraction Theorem, A is r.e.

Assume that A is infinite, I{yo,...|vo < 11 < y2 < ...} such that f(yo) > f(y1) >
f(y2) > .... For f is total, then f(yo) is finite, so A can not be infinite. Hence A is finite

and A is infinite.

Suppose A contains an infinite r.e. set B. Given z, we can find n € B that f(n) > z.
Since n € A, for any x such that x < n or f(z) > f(n). Then for any z, if f(z) < f(n),
then z < n. Thus ‘z € Ran(f)’ is equal to the predicate ‘Jz(z < n A f(x) = z). Since
f(x) is total computable, by Church’s thesis, ‘Jz(z < n A f(z) = z)’ is decidable. Then
Ran(f) is recursive which leads to contradiction. Thus A does not contain an infinite



r.e. set.

Therefore, A is simple.

10. Recursively Inseparable and Effectively Recursively Inseparable

Disjoint sets A, B are said to be recursively insepara-
ble if there is no recursive set C' such that A C C and
B C C. Furthermore, A and B are said to be effective-
ly recursively inseparable if there is a total computable
function f such that whenever A C W,, B C W, and
W, NW, = & then f(a,b) ¢ W, U W, (see the right
figure). Note: Recursive inseparability for a pair of dis-
joint sets corresponds to non-recursiveness for a single
set; pair of recursively inseparable sets that are also r.e.

correspond to r.e. sets that are not recursive.

(a)

Fig. Effectively Recursively Inseparable Sets

Show that two disjoint sets A, B are recursively inseparable iff whenever A C W,
B C Wy, and W, N W, = &, there is a number x ¢ W, U W,

Sol. =:
Assume that Va(z € W, UW,), which means W, U W, = N. Then W, = W,,.

Let C' = W,, naturally C = W}, hence both C and C are r.e. According to Theorem-2.6,
C is recursive, such that there is a recursive set C' s.t. A C C and B C C. Hence, A,B
are not recursively inseparable. Here, we get our contradiction.

Therefore, there is a number x ¢ W, U W,
~:

Jr(x ¢ W, UW,) & W,UW, #N for any a,b

Assume that _there is a recursive set C such that A C C End B C C. Since C is recursive,
both C' and C' are r.e., which means that C' = W; and C' = W; for some 1,j.

W, uW; = CuC=N
Here we get our contradiction. Hence, there is no recursive set C' such that A C C' and
BCC.

Therefore, A, B are recursively inseparable. ]

Suppose A, B are effectively recursively inseparable. Prove that if A, B are both r.e.
then they are both creative. (Note. Extending the idea of effectiveness to a pair of
recursively inseparable sets in this way parallels the step from a nonrecursive set to a set
having productive complement; the counterpart to a single creative set is then a pair of
effectively recursively separable sets that are both r.e.)

Sol. We need to show that both A and B are productive.
Suppose W, C A, then from s-m-n theorem, we could define

0 ifreW,VreBhB,
undefined otherwise,

Therefore Wi,y = W, U B.

10



Since A is r.e., there is a number a, such that A = W,. And since B C Wj,) and A and
B are effectively recursively inseparable, f(a,k(x)) € Wo U Wia).

Therefore, f(a,k(x)) € A and f(a, k(x)) & W,, which enables itself to be a candidate of
a productive function of A.

Consequently, A is productive and hence A is creative. Similarly, we could formulate
that B is also creative.

[

Let Ko = {z: ¢,(x) =0} and K| = {2 : ¢,(x) = 1}. Show that K, and K; are r.e. (in
particular neither Ky nor K is recursive), and that they are both recursively inseparable
and effectively recursively inseparable. (Hint. For recursively inseparable, suppose that
there is such a set C' and let m be an index for its characteristic function; consider
whether or not m € C. For effectively recursively inseparable, find a total computable
1 if v € W,,
function f such that if W, "W, = @, then ¢, p(x) = ¢ 2 if v eW,, )
undefined otherwise.

Sol. Since both ‘¢,(z) = 0" and ‘¢, (x) = 1’ are partially decidable and not decidable,
Ky and K, are non-recursive r.e.

Suppose that Ky and K, are not recursively separable, then there exists a recursive set
C, such that Ky C C' and K; C C.

Let m be an index for the characteristic function of C'.

If m € C, then by definition of characteristic function, ¢,,(m) = 1. But since W; C C,
SO Pm(m) # 1.

If m ¢ C, by definition of characteristic function, ¢,,(m) = 0. But since W, C C, so
Pm(m) # 0.

Therefore we get a contradiction, hence such C' does not exist, indicating Ky and K; are
recursively inseparable

To prove Ky and K, are effectively recursively inseparable, define

1 if e e W,,
gla,b,x) =4 0 if . € W,
undefined otherwise,

g(a,b, z) is computable by Church’s Thesis. Thus from s-m-n theorem, there is a total

computable function f(a,b), such that ¢ (x) ~ g(a,b, ).

Now we prove that for any a,b, if Ko C W, and K; C W,, and W, N W, = &, then

fla,b) & W, U W,

If f(a,b) € W,, then ¢sap(f(a,b)) = 1 by definition. But since K; C W, C W,,

bsap)(f(a,b)) # 1. Therefore f(a,b) & W,.

Similarly, if f(a,b) € W, then ¢ (f(a,b)) = 0 by definition. But since K, C W, C

Wh, Gf(an)(f(a,b)) # 0. So f(a,b) & Wi

Consequently, f(a,b) & W,UW), hence K, and K; are effectively recursively inseparable.
O
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