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1. Mathematics

1.1 Gradient, Divergence, Curl and Laplacian

1.1.1 Cartesian Coordinates

For Cartesian coordinates (x, y, z), line element:

ds2 = dx2 + dy2 + dz2 (1.1.1)

Metric:

gij =

1

1

1

 (1.1.2)

Gradient:
∇f =

∂f

∂x
i+

∂f

∂y
j+

∂f

∂z
k (1.1.3)

Divergence:

∇ ·A =
∂Ax

∂x
+
∂Ay

∂y
+
∂Az

∂z
(1.1.4)

Curl:

∇×A =

∣∣∣∣∣∣∣∣∣∣
i j k

∂

∂x

∂

∂y

∂

∂z

Ax Ay Az

∣∣∣∣∣∣∣∣∣∣
=

(
∂Az

∂y
− ∂Ay

∂z

)
i+

(
∂Ax

∂z
− ∂Az

∂x

)
j+

(
∂Ay

∂z
− ∂Ax

∂y

)
k (1.1.5)

Laplacian:

∇2f =
∂2f

∂x2
+
∂2f

∂y2
+
∂2f

∂z2
(1.1.6)

1.1.2 Cylindrical Coordinates

For Cylindrical coordinates (ρ, θ, z), line element:

ds2 = dρ2 + ρ2 dθ2 + dz2 (1.1.7)
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Metric:

gij =

1

ρ2

1

 (1.1.8)

Gradient:
∇f =

∂f

∂ρ
eρ +

1

ρ

∂f

∂θ
eϕ +

∂f

∂z
ez (1.1.9)

Divergence:

∇ ·A =
1

ρ

∂

∂ρ
(ρAρ) +

1

ρ

∂Aθ

∂θ
+
∂Az

∂z
(1.1.10)

Curl:

∇×A =
1

ρ

∣∣∣∣∣∣∣∣∣∣
eρ eθ ez

∂

∂ρ

∂

∂θ

∂

∂z

Aρ ρAθ Az

∣∣∣∣∣∣∣∣∣∣
=

(
1

ρ

∂Az

∂θ
− ∂Aθ

∂z

)
eρ+

(
∂Aρ

∂z
− ∂Az

∂ρ

)
eϕ+

1

ρ

(
∂(ρAθ)

∂ρ
− ∂Aρ

∂θ

)
ez (1.1.11)

Laplacian:

∇2f =
1

ρ

∂

∂ρ

(
ρ
∂f

∂ρ

)
+

1

ρ2
∂2f

∂ϕ2
+
∂2f

∂z2
(1.1.12)

1.1.3 Spherical Coordinates

For Spherical coordinate (r, θ, ϕ), line element:

ds2 = dr2 + r2 dθ2 + r2 sin2 θ dΦ2 (1.1.13)

Metric:

gij =

1

r2

r2 sin2 θ

 (1.1.14)

Gradient:
∇f =

∂f

∂r
er +

1

r

∂f

∂θ
eθ +

1

r sin θ

∂f

∂ϕ
eϕ (1.1.15)

Divergence:

∇ ·A =
1

r2
∂

∂r

(
r2Ar

)
+

1

r sin θ

∂

∂θ
(sin θAθ) +

1

r sin θ

∂Aϕ

∂ϕ
(1.1.16)

Curl:

∇×A =
1

r2 sin θ

∣∣∣∣∣∣∣∣∣∣
er reθ r sin θeϕ

∂

∂r

∂

∂θ

∂

∂ϕ

Ar rAθ r sin θAϕ

∣∣∣∣∣∣∣∣∣∣
=

1

r sin θ

(
∂(Aϕ sin θ)

∂θ
− ∂Aθ

∂ϕ

)
er +

1

r

(
1

sin θ

∂Ar

∂ϕ
− ∂(rAϕ)

∂r

)
eθ +

1

r

(
∂(rAθ)

∂r
− ∂Ar

∂θ

)
eϕ

(1.1.17)

Laplacian:

∇2f =
1

r2
∂

∂r

(
r2
∂f

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂f

∂θ

)
+

1

r2 sin2 θ

∂2f

∂ϕ2
(1.1.18)
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1.2 Vector Calculus Identities

1.2.1 Differentiation

Gradient

♠

1. ∇(ψ + ϕ) = ∇ψ +∇ϕ

2. ∇(ψϕ) = ϕ∇ψ + ψ∇ϕ

3. ∇(ψA) = ∇ψ ⊗A+ ψ∇A

4. ∇(A ·B) = (A ·∇)B+ (B ·∇)A+A× (∇×B) +B× (∇×A)

Divergence

♠

1. ∇ · (A+B) = ∇ ·A+∇ ·B

2. ∇ · (ψA) = ψ∇ ·A+A ·∇ψ

3. ∇ · (A×B) = (∇×A) ·B− (∇×B) ·A

Curl

♠

1. ∇× (A+B) = ∇×A+∇×B

2. ∇× (ψA) = ψ(∇×A)− (A×∇)ψ = ψ(∇×A) + (∇ψ)×A

3. ∇× (ψ∇ϕ) = ∇ψ×∇ϕ

4. ∇× (A×B) = A(∇ ·B)−B(∇ ·A) + (B ·∇)A− (A ·∇)B

Vector dot Del operator

♠

1. (A·∇)B =
1

2
[∇(A ·B)−∇× (A×B)−B× (∇×A)−A× (∇×B)−B(∇ ·A) +A(∇ ·B)]

2. (A ·∇)A =
1

2
∇|A|2 −A× (∇×A)

Second derivatives

♠

1. ∇ · (∇×A) = 0

2. ∇× (∇ϕ) = 0

3. ∇ · (∇ψ) = ∇2ψ, (scalar Laplacian)

4. ∇(∇ ·A)−∇× (∇×A) = ∇2A, (vector Laplacian)

5. ∇ · (ϕ∇ψ) = ϕ∇2ψ +∇ϕ ·∇ψ

6. ψ∇2ϕ− ϕ∇2ψ = ∇ · (ψ∇ϕ− ϕ∇ψ)

7. ∇2(ϕψ) = ϕ∇2ψ + 2(∇ϕ) · (∇ψ) + (∇2ϕ)ψ

8. ∇2(ψA) = A∇2ψ + 2(∇ψ ·∇)A+ ψ∇2A

9. ∇2(A ·B) = A ·∇2B−B ·∇2A+ 2∇ · [(B ·∇)A+B× (∇×A)], (Green’s vector identity)
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Third derivatives

♠

1. ∇2(∇ψ) = ∇(∇ · (∇ψ)) = ∇(∇2ψ)

2. ∇2(∇ ·A) = ∇ · (∇(∇ ·A)) = ∇ · (∇2A)

3. ∇2(∇×A) = −∇× (∇× (∇×A)) = ∇× (∇2A)

1.2.2 Integration

Surface-volume integrals

V

1.
˛
∂V

A · dS =

ˆ
V

(∇ ·A) dV , (divergence theorem)

2.
˛
∂V

ψ dS =

ˆ
V

∇ψ dV

3.
˛
∂V

A× dS = −
ˆ
V

∇×AdV

4.
˛
∂V

ψ∇ϕ · dS =

ˆ
V

(ψ∇2ϕ+∇ϕ ·∇ψ) dV , (Green’s first identity)

5.
˛
∂V

(ψ∇ϕ − ϕ∇ψ) · dS =

˛
∂V

(
ψ
∂ϕ

∂n
− ϕ

∂ψ

∂n

)
dS =

ˆ
V

(ψ∇2ϕ − ϕ∇2ψ) dV , (Green’s second

identity)

6.
ˆ
V

A ·∇ψ dV =

˛
∂V

ψA · dS−
ˆ
V

ψ∇ ·AdV , (integration by parts)

7.
ˆ
V

ψ∇ ·A dV =

˛
∂V

ψA · dS−
ˆ
V

A ·∇ψ dV , (integration by parts)

Curve-Surface integrals

V

1.
˛
∂S

A · dℓ =

ˆ
S

(∇×A) · dS, (Stoke’s theorem)

2.
˛
∂S

ψ dℓ = −
ˆ
S

∇ψ × dS

3.
ȷ
∂S

A · dℓ = −
‰

A · dℓ

1.3 Limits and Series in Zhihu

1.3.1 Limits

1. Link: lim
x→∞

1

x2

ˆ x

0

t| sin t|dt = 1

π

2. Link: lim
x→0+

1

x

ˆ x

0

cosn
1

t
dt =


0, for n odd

(n− 1)!!

(n)!!
, for n even
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3. Link: lim
t→0+

ˆ 2022

−2022

t cosx

x2 + t2
dx = π

4. Link: lim
n→∞

n∑
i=1

i

n2 + n+ i
=

1

2

5. Link: lim
x→∞

[
xn

(x− 1)(x− 2) · · · (x− n)

]2x
= en(n+1)

6. Link: lim
n→∞

ˆ 1

0

n
√
xn + (1− x)n dx =

3

4

lim
n→∞

n2
(ˆ 1

0

n

√√
xn + (1− x)n dx− 3

4

)
=
π2

48

7. Link: lim
n→∞

{[(ˆ 1

0

xn−1

1 + x
dx

)
n− 1

2

]
n

2

}
=

1

8

8. Link: lim
n→∞

ˆ ∞

−
√
n

exp

(
−x

2

2
+

x3

3
√
n
− x4

4n
+ · · ·

)
dx =

√
2π

9. Link: lim
n→∞

n

ˆ π

0

(
n
√
sinx− 1

)
dx = −π ln 2

1.3.2 Series

1. Link:
∞∑

n=1

arctan
2

n2
=

3π

4

2. Link:
n∑

k=1

√
k = ζ

(
−1

2

)
+

2

3
n

3
2 +

1

2
n

1
2 +

∞∑
k=1

B2kΓ

(
3

2

)
(2k)!Γ

(
5

2
− 2k

)n 3
2−2k

n∑
k=1

ks = ζ(−k) + 1

s+ 1
ns+1 +

1

2
ns +

∞∑
k=1

B2kΓ(s+ 1)

(2k)!Γ(s+ 1− k)
ns−k, (s ̸= −1)

3. Link:
∞∑

n=1

an

(n+ b)n
= a

ˆ 1

0

xb−ax dx

∞∑
n=1

an

(cn+ b)n
=
a

c

ˆ 1

0

x
b−ax

c dx

4. Link:
∞∑

k=−∞

ei2πk
t
T = T

∞∑
k=−∞

δ(t− kT )

5. Link:
n∏

m=1

sin
mπ

2n+ 1
=

√
2n+ 1

2n
,

n∏
m=1

cos
mπ

2n+ 1
=

1

2n
,

n∏
m=1

tan
mπ

2n+ 1
=

√
2n+ 1

6. Link:
∞∏
k=1

(k − a1)(k − a2) · · · (k − am)

(k − b1)(k − b2) · · · (k − bm)
=

Γ(1− b1)Γ(1− b2) · · ·Γ(1− bm)

Γ(1− a1)Γ(1− a2) · · ·Γ(1− am)
, where

m∑
i=1

ai =
m∑
i=1

bi
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∞∏
k=1

(
1 +

1

k2

)
=

sinhπ

π

∞∏
k=1

(
1 +

1

k3

)
=

1

π
cosh

√
3

2
π

∞∏
k=1

(
1 +

1

k4

)
=

1

2π2

(
cosh

√
2π − cos

√
2π
)

∞∏
k=1

(
1 +

1

k6

)
=

sinhπ

2π3

(
coshπ − cos

√
3π
)

· · ·

∞∏
k=m

(
1 +

zn

kn

)
= Γn(m)

n−1∏
k=0

1

Γ(m− ze(2k+1)πi/n)
, m > 0, n > 1

∞∏
k=2

(
1− 1

k2

)
=

1

2

∞∏
k=2

(
1− 1

k3

)
=

1

3π
cosh

√
3

2
π, Link

∞∏
k=2

(
1− 1

k4

)
=

sinhπ

4π

∞∏
k=2

(
1− 1

k6

)
=

1

12π2

(
1 + cosh

√
3π
)

· · ·

∞∏
k=m

(
1− zn

kn

)
= Γn(m)

n−1∏
k=0

1

Γ(m− ze2kπi/n)
, m > 0, n > 1

1.4 Integrals in Zhihu

1.4.1 Indefinite Integrals

1. Link:
ˆ

cosx

a sinx+ b cosx
dx =

b

a2 + b2
x+

a

a2 + b2
ln |a sinx+ b cosx|+ C

ˆ
sinx

a sinx+ b cosx
dx =

a

a2 + b2
x− b

a2 + b2
ln |a sinx+ b cosx|+ C

2. Link:
ˆ

sinx

1 + sinx cosx
dx =

1√
3
arctanh

(
sinx− cosx√

3

)
− arctan(sinx+ cosx) + C

ˆ
cosx

1 + sinx cosx
dx =

1√
3
arctanh

(
sinx− cosx√

3

)
+ arctan(sinx+ cosx) + C
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3. Link:
ˆ

1

(1 + x2)2
dx =

arctanx

2
+

x

2(1 + x2)
+ C

ˆ
x2

(1 + x2)2
dx =

arctanx

2
− x

2(1 + x2)
+ C

4. Link:
ˆ

1

(cos2 x+ k2 sin2 x)2
dx =

k2 + 1

2k3
arctan(k tanx) +

k2 − 1

2k2
tanx

k2 tan2 x+ 1
+ C

ˆ
cosx

(cos2 x+ k2 sin2 x)2
dx =

1

2
√
k2 − 1

arctan
(√

k2 − 1 sinx
)
+

sinx

2 cos2 x+ 2k2 sin2 x
+ C

ˆ
cos2 x

(cos2 x+ k2 sin2 x)2
dx =

1

2k
arctan(k tanx) +

1

2

tanx

k2 tan2 x+ 1
+ C

5. Link:
ˆ

2n! sinx+ xn

ex + sinx+ cosx+
n∑

k=0

xk

k!

dx = n! x− n! ln

∣∣∣∣∣ex + sinx+ cosx+
n∑

k=0

xk

k!

∣∣∣∣∣+ C

ˆ √
cscx− cotx

cscx+ cotx

secx√
1 + 2 secx

dx = ± arcsec(1 + cosx) + C

1.4.2 Algebraic functions and Ratio Functions

1. Link:
ˆ a

0

√
xn(2a− x)n dx = an+1

√
π

2

Γ(n/2 + 1)

Γ(n/2 + 3/2)
, n ∈ N+, a ∈ R+

2. Link: Link:
ˆ b

a

1√
(b− x)(x− a)

dx = π

3. Link:
ˆ b

a

√
(x− a)(b− x) dx =

π(b− a)2

8

ˆ b

a

√
b− x

x− a
dx =

π

2
(b− a)

ˆ b

a

√
x− a

b− x
dx =

π

2
(b− a)

ˆ b

a

x

√
b− x

x− a
dx =

π

8
(b− a)(3a+ b)

ˆ b

a

x

√
x− a

b− x
dx =

π

8
(b− a)(a+ 3b)

ˆ b

a

x√
(x− a)(b− x)

dx =
π

2
(a+ b)

4. Link:
ˆ ∞

0

1

8 + 4x+ x2
dx =

π

8

5. Link:
ˆ ∞

0

1

(1 + x+ x2)2 + 1
dx =

3π

20
− ln 2

5
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6. Link:
ˆ 1

0

(
xp−1

1− x
− xq−1

1− x

)
dx = −ψ(p) + ψ(q), Re(p),Re(q) > 0

7. Link:
ˆ ∞

0

xm

1 + xn
dx =

π

n
csc

(
π(m+ 1)

n

)
, (Re(m) > −1,Re(m− n) < −1)

8. Link:
ˆ 1

0

x

(1 + x2)
√
1− x2

dx =
1√
2
ln
(
1 +

√
2
)

9. Link:
ˆ 1

0

xx dx = −
∞∑

n=1

(−)n

nn

ˆ 1

0

1

xx
dx =

∞∑
n=1

1

nn

1.4.3 Trigonometric Functions and Inverse Trigonometric Functions

1. Link:
ˆ ∞

0

sinx2 dx =

√
π

8

2. Link:
ˆ π

2

0

cos5 x sinx
√
1− sin3 x dx =

6
√
π

7

Γ(2/3)

Γ(1/6)
− 4

√
π

55

Γ(1/3)

Γ(5/6)
+

4

45

3. Link:
ˆ π

−π

sin2 x

5 + 4 cosx
dx =

π

4

ˆ π

−π

sin2 x

a2 − 2ab cosx+ b2
dx =

π

a2
, (a ≥ b > 0)

4. Link:
ˆ 2π

0

1

(1 + cosx+ sinx)2 + 1
dx =

√
2 + 2

√
2

2
π

5. Link:
ˆ 2π

0

1

2 + (
√
2 + sinx+ cosx)2

dx =

√√
5 + 1

10
π

6. Link:
ˆ 2π

0

sinx

(1 + cosx+ sinx)2 + 1
dx = −

√√
2− 1

2
π

ˆ 2π

0

cosx

(1 + cosx+ sinx)2 + 1
dx = −

√√
2− 1

2
π

7. Link:
ˆ π

2

0

sin2 nx

sin2 x
dx =

nπ

2
, (n ∈ N+)

8. Link:
ˆ π

2

0

3
√
tanx

(sinx+ cosx)2
dx =

2π

3
√
3

9. Link:
ˆ π

2

0

1

1 + k2 tan2 x
dx =

π

2(k + 1)
, (k > 0)
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10. Link:
ˆ ∞

0

xp−1 sinx dx = Γ(p) sin
pπ

2
, 0 < |Re(p)| < 1

ˆ ∞

0

xp−1 cosx dx = Γ(p) cos
pπ

2
, 0 < Re(p) < 1

11. Link:
ˆ π

0

x

1 + sin2 x
dx =

ˆ π

0

x

1 + cos2 x
dx =

π2

2
√
2

12. Link:
ˆ π

0

x cosx

1 + sin2 x
dx = ln2(

√
2 + 1)− π2

4

13. Link: Link:
ˆ ∞

0

cos bx

a2 + x2
dx =

π

2a
e−ab

14. Link:
ˆ ∞

0

sinx

x
dx =

π

2

15. Link:
ˆ ∞

0

sinx

x

sin
(x
3

)
x

3

dx =
π

2

ˆ ∞

0

sin ax
x

a

sin bx
x

b

dx =
abπ

4
(|a+ b| − |a− b|), (a, b ∈ R)

16. Link:
ˆ ∞

0

(
1

1 + xn
− cosx

)
dx

x
= γ, Re(n) > 0

17. Link:
ˆ ∞

0

cosx− cosx2

x
dx = −γ

2

ˆ ∞

0

cosxa − cosxb

x
dx =

b− a

ab
γ

18. Link:
ˆ π

2

0

arctan(sinx) dx =
π2

8
− 1

2
ln2(

√
2 + 1)

19. Link:
ˆ 1

−1

arccosx

1 + x2
dx =

π2

4

20. Link:
ˆ 1

0

x arctanx

1 + x
dx =

π

4
− π

8
ln 2− ln 2

2

21. Link:
ˆ 1

0

arctanx√
1− x2

dx =
π2

8
− 1

2
ln2(

√
2 + 1)

22. Link:
ˆ 1

0

arctanx

x
√
1− x2

dx =
π

2
ln
(
1 +

√
2
)

23. Link:
ˆ ∞

0

arctan 2x

1 + x2
dx =

π2

8
− ln 2 ln 3

2
− 1

2
Li2(−2)

ˆ ∞

0

arctan kx

1 + x2
dx =

π2

12
− ln k ln(k + 1)

2
− 1

2
(Li2(1− k) + Li2(−k)), (k > 1)
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24. Link:
ˆ 1

0

arcsinx

(1 + x2)2
dx =

π

8
− 1

2
√
2
ln
(
1 +

√
2
)
+

1

4
ln2(1 +

√
2)

1.4.4 Exponential Functions, Logarithmic Functions and Hyperbolic Functions

1. Link:
ˆ ∞

0

e−ax − e−bx

x
dx = ln

b

a
, a, b > 0

2. Link:
ˆ ∞

0

1√
x
e−

(x−1)2

x dx =
√
π

3. Link:
ˆ ∞

0

(
1

1 + xn
− e−x

)
dx

x
= γ, Re(n) > 0

4. Link:
ˆ
Rn

|x|2e−|x|2 dnx =
n

2
π

n
2

5. Link:
ˆ ∞

0

e−xa − e−xb

x
dx =

a− b

ab
γ

6. Link:
ˆ ∞

−∞
ei(x−a2x3)t dx =

2π

(3a2t)
1
3

Ai

[
−
(
t2

3a2

) 1
3

]

7. Link:
ˆ ∞

0

x

(ex − 1)2/3
dx = −π

2

3
+
√
3π ln 3

ˆ ∞

0

x

(ex − 1)1/3
dx =

π2

3
+
√
3π ln 3

ˆ ∞

0

x

(ex − 1)1/4
dx =

π2

√
2
+ 3

√
2π ln 2

ˆ ∞

0

x

(ex − 1)1/5
dx =

π2

√
5
ϕ2 + π

√√
5ϕ(

√
5 ln

√
5 + lnϕ), where ϕ =

√
5 + 1

2

· · ·
ˆ ∞

0

x

(ex − 1)a
dx = − π

sinπa
(γ + ψ(a))

8. Link:
ˆ

d3p

(2π)3
1

p2
eip·r =

1

4πr

ˆ
d3p

(2π)3
pi
p2

eip·r =
iri
4πr3

ˆ
d3p

(2π)3
pipj
p2

eip·r =
1

3
δijδ(r) +

1

4πr3
(δij − 3x̂ix̂j)

ˆ
d3p

(2π)3
pipj
p4

eip·r =
1

8πr
(δij − x̂ix̂j)

ˆ
d3p

(2π)3
ln p eip·r = − 1

4πr3

ˆ
d3p

(2π)3
ln p pipj e

ip·r =
1

4πr4
(15x̂ix̂j − 3δij)
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9. Link:
ˆ 1

0

ln(1 + x)

x
dx =

π2

12

10. Link:
ˆ 1

0

ln(1 + x)

1 + x2
dx =

π ln 2

8

ˆ 1

0

ln
(
1 + x2

)
1 + x

dx =
3

4
(ln 2)2 − π2

48

11. Link:
ˆ ∞

−∞

ln
(
1 + x2

)
(1 + x)2 + 1

dx = π ln 5

12. Link:
ˆ ∞

−∞

ln
(
1 + x2

)
(1 + x+ x2)2 + 1

dx = −2π2

5
+
π

5
ln 20 +

4π

5
arctan 2

13. Link:
ˆ ∞

0

lnx

x2 + a2
dx =

π

2a
ln a, (a > 0)

14. Link:
ˆ ∞

0

lnx

(1 + x+ x2)2 + 1
dx = −3π2

80
+

1

40
π ln 2− ln2 2

20

15. Link:
ˆ 1

0

⌊nx⌋ lnx+ ln(1− x)√
x(1− x)

dx = −2(n− 1)π ln 2

16. Link:
ˆ 1

0

ln
(
1− 2x cos a+ x2

)
x

dx = πa− a2

2
− π2

3

17. Link:
ˆ 1

0

lnn−1 x

1− x
dx = (−)n−1Γ(n)ζ(n), n > 1

ˆ 1

0

lnx

1− x
dx = −π

2

6
ˆ 1

0

ln2 x

1− x
dx = 2ζ(3)

ˆ 1

0

ln3 x

1− x
dx = −π

4

15
ˆ 1

0

ln4 x

1− x
dx = 24ζ(5)

ˆ 1

0

ln5 x

1− x
dx = −8π6

63

18. Link:
ˆ 1

0

x− 1

lnx
dx = ln 2

ˆ ∞

0

xa − xb

lnx
dx = ln

1 + a

1 + b
, a, b > −1
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19. Link:
ˆ ∞

0

e−x lnxdx = Γ′(1) = −γ

ˆ ∞

0

e−x ln2 x dx = Γ′′(1) =
π2

6
+ γ2

20. Link:
1

2π

ˆ 2π

0

ln |f(reiθ)|dθ = ln |f(0)| −
n∑

k=1

ln

(
|ak|
r

)
, Jensen’s formula

1

2π

ˆ 2π

0

ln |eiθ − a|dθ =


ln |a|, if |a| > 1

0, otherwise

21. Link:
ˆ ∞

0

xk

coshx+ 1
dx = 2Γ(k + 1)η(k)

ˆ ∞

0

xk

coshx− 1
dx = 2Γ(k + 1)ζ(k)

ˆ ∞

0

xk

(coshx+ 1)2
dx =

2

3
Γ(k + 1)[η(k)− η(k − 2)]

ˆ ∞

0

xk

(coshx− 1)2
dx =

2

3
Γ(k + 1)[ζ(k − 2)− ζ(k)]

22. Link:
ˆ ∞

−∞

cosh ax

cosh bx
dx =

π

b
sec

πa

2b
, |Re(a)| < |Re(b)|

ˆ ∞

−∞

sinh ax

sinh bx
dx =

π

b
tan

πa

2b
, |Re(a)| < |Re(b)|

1.4.5 Combinations of Elementary Functions

1. Link:
ˆ π

4

−π
4

cosx

1 + e−x
dx =

√
2

2

2. Link:
ˆ ∞

0

| cosx|
ex

dx =
1

2
+

1

2
csch

π

2

3. Link:
ˆ π

0

ecos θ cos(sin θ) dθ = π

4. Link:
ˆ ∞

0

ecos x sin(sinx)

dx
=
π

2
(e− 1)

5. Link:
ˆ 2π

0

esin θ cos2 θ dθ = 2πI1(1)

6. Link:
ˆ 2π

0

esinnϕ cos(ϕ− cosnϕ) dϕ = 0, n ∈ Z

ˆ 2π

0

esinnϕ sin(ϕ− cosnϕ) dϕ =


0, if n ∈ Z\{−1}

−2π, if n = −1
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7. Link:
ˆ 2π

0

er cosϕ cos(r sinϕ− nϕ) dϕ =
2πrn

n!
, r > 0, n ∈ N

ˆ 2π

0

er cosϕ sin(r sinϕ− nϕ) dϕ = 0, r > 0, n ∈ N

8. Link:
ˆ ∞

0

cosx− e−x

x
dx = 0

9. Link:
ˆ ∞

0

e−ax sin bx xs−1 dx =
Γ(s)

(a2 + b2)
s
2
sin
(
s arctan

a

b

)
, Re(s) > −1,Re(a) > | Im(b)|

ˆ ∞

0

e−ax sin bx lnx dx =
1

a2 + b2

(
a arctan

b

a
− bγ − b

2
ln
(
a2 + b2

))
ˆ ∞

0

e−ax sin bx x lnx dx =
x2 − b2

(x2 + b2)2
arctan

(
b

a

)
− ab

(a2 + b2)2
[
−2 + 2γ + ln

(
a2 + b2

)]
10. Link:

ˆ ∞

0

e−ax cos bx xs−1 dx =
Γ(s)

(a2 + b2)
s
2
cos

(
s arctan

b

a

)
, Re(µ) > 0,Re(a) > | Im(b)|

11. Link:
ˆ ∞

0

sin
√
x

x+ λ
e−xt dx =

π

2
eλt
[
2e−

√
λ − e

√
λerfc

(
1

2
√
t
+
√
λt

)
− e−

√
λerfc

(
1

2
√
t
−
√
λt

)]
λ > 0, t > 0

12. Link:
ˆ π

0

sinx ln

(
k + sinx

k − sinx

)
dx = 2π(k −

√
k2 − 1), (k > 1)

13. Link:
ˆ ∞

0

cos lnx

(1 + x)2
dx =

π

sinhπ

14. Link:
ˆ π

2

0

ln sinx dx = −π
2
ln 2

ˆ π
2

0

ln2 sinx dx =
π ln2 2

2
+
π3

24
ˆ π

2

0

ln sinx ln cosx dx =
π

2
ln2 2− π3

48

15. Link:
ˆ π

4

0

ln cosx dx = −π
4
ln 2 +

1

2
G

ˆ π
4

0

ln sinx dx = −π
4
ln 2− 1

2
G

ˆ π
4

0

ln cotx dx = G

16. Link:
ˆ π

4

0

ln(1 + tanx) dx =
π ln 2

8

ˆ π
4

0

ln(1 + tanx)

tanx
dx =

7π2

96
− ln2 2

8
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ˆ π
2

0

ln(1 + tanx)

tanx
dx =

5π2

48

17. Link:
ˆ π

0

ln
(
1− 2a cosx+ a2

)
dx =


2π ln |a|, if |a| > 1

0, otherwise

18. Link:
ˆ π

0

cos2 x ln
(
1 + 2e cosx+ e2

)
dx = π − π

4e2

ˆ π

0

cos2 x ln
(
1 + 2a cosx+ a2

)
dx =


π ln a− π

4a2
, |a| > 1

− π

4a2
, |a| < 1

19. Link:
ˆ ∞

0

arctanx ln
(
1 + x2

)
x(1 + x2)

dx =
π

2
ln2 2

20. Link:
ˆ 1

0

arctanx ln(1 + x) dx =
ln 2

2
− (ln 2)

2

8
− π

4
− π2

96
+

3π ln 2

8

21. Link:
ˆ π

−π

x sinx arctan ex

1 + cos2 x
dx =

π3

8

22. Link:
ˆ ∞

0

sinαx

sinhβx
dx =

π

2β
tanh

απ

2β
, (Re(β) > 0, a > 0)

ˆ ∞

0

cosαx

coshβx
dx =

π

2β
sech

(
απ

2β

)
, (Re(β) > 0, all real α)

23. Link:
ˆ ∞

−∞

cos γx

x
tanhαx = 2 ln coth

πγ

4α
, γ ∈ R\{0}

ˆ ∞

−∞

cos γx

x

sinhαx

coshβx
dx = ln

(
cosh πγ

2β + sin πα
2β

cosh πγ
2β − sin πα

2β

)
, |Re(α)|+ | Im(γ)| ≤ |Re(β)|

1.4.6 Multiple Integrals

1. Link:
ˆ π

2

0

dϕ

ˆ π
2

0

dθ cos(2z sinϕ sin θ) =

(ˆ π
2

0

cos(z sin ξ) dξ

)2

2. Link:
¨

x2+y2≤1

sinx2 sin y2 dx dy =
π

2
J0(1) +

π2

4
[J1(1)H0(1)− J0(1)H1(1)]−

π

2
sin 1

3. Link:
˚

B(0,1)

cos(x+ y + z) dx dy dz =
4π

3
√
3
(sin

√
3−

√
3 cos

√
3)

˚
B(0,1)

cos(kxx+ kyy + kzz) dx dy dz =
4π

k3
(sin k − k cos k)

4. Link:
ˆ ∞

0

pdp

ˆ π

0

dθ
cosnθ

(p2 + k2 − 2pk cos θ)1/2
=

n

n2 − 1
πk
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1.5 Special Functions

1. Link: Jν(z) =
1

2πi

ˆ (0+)

−∞
e

z
2 (t−t−1)t−ν−1 dt , | arg z| < π

2
, | arg t| < π

∞∑
n=−∞

Jn(z)t
n = exp

[z
2

(
t− t−1

)]

2. Link:
ˆ ∞

0

J2
ν (x)

x
dx =

1

2ν
, Re(ν) > 0

ˆ ∞

0

Jµ(ax)Jν(ax)

x
dx =

2

π

sin[π(µ− ν)/2]

µ2 − ν2
, Re(µ+ ν) > 0

3. Link:
ˆ ∞

0

Jν(k1r)Jν(k2r)r dr =
δ(k1 − k2)

k1
, (ν ≥ −1, k1, k2 > 0)

4. Link:
ˆ ∞

0

Jn(x)e
−px dx = L{Jn(x)} =

(
√
p2 + 1− p)n√
p2 + 1

ˆ ∞

0

tnJn(x)e
−px dx = L{tnJn(x)} =

2n√
π

Γ
(
n+ 1

2

)
(p2 + 1)n+

1
2

ˆ ∞

0

Jn(x)

x
e−px dx = L

{
Jn(x)

x

}
=

(
√
p2 + 1− p)n

nˆ ∞

0

J0(2
√
x)e−px dx = L{J0(2

√
x)} =

1

p
e−

1
p

5. Link: Ai(x) =
1

π

ˆ ∞

0

cos

(
1

3
t3 + xt

)
dt , Bi(x) =

1

π

ˆ ∞

0

[
exp

(
− t

3

3
+ xt

)
+ sin

(
t3

3
+ xt

)]
dt

Ai(x) =



√
x

3

[
I− 1

3

(
2

3
x3/2

)
− I 1

3

(
2

3
x3/2

)]
=

1

π

√
x

3
K 1

3

(
2

3
x3/2

)
, (x > 0)

√
|x|
3

[
J− 1

3

(
2

3
|x|3/2

)
+ J 1

3

(
2

3
|x|3/2

)]
, (x < 0)

Bi(x) =



√
x

3

[
I− 1

3

(
2

3
x3/2

)
+ I 1

3

(
2

3
x3/2

)]
, (x > 0)

√
|x|
3

[
J− 1

3

(
2

3
|x|3/2

)
− J 1

3

(
2

3
|x|3/2

)]
, (x < 0)

6. Link: Hn(x) = (−1)nex
2 dn

dxn

(
e−x2

)
= n!

⌊n
2 ⌋∑

m=0

(−1)m

m!(n− 2m)!
(2x)n−2m

7. Link: Pn(cos θ) =
n∑

k=0

(2k − 1)!!

(2k)!!

(2n− 2k − 1)!!

(2n− 2k)!!
cos[(n− 2k)θ]

8. Link:
ˆ 1

−1

Pℓ(x)e
ikrx dx = 2iℓjℓ(kr)
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9. Link:
ˆ π

0

Pℓ(cos θ) cosnθ dθ = π
(ℓ− n− 1)!!

(ℓ− n)!!

(ℓ+ n− 1)!!

(ℓ+ n)!!

10. Link:
ˆ ∞

0

xµe−xLµ
n(x)L

µ
n′(x) dx =

Γ(µ+ n+ 1)

n!
δnn′

∞∑
n=0

xn

Γ(n+ µ+ 1)
Lµ
n(z) = Jµ(2

√
xz)ex(xz)−µ/2

ˆ ∞

0

xµ/2e−xLµ
n(x)Jµ(2

√
xz) dx =

1

n!
zn+µ/2e−z

11. Link: eik·r = 4π
∞∑
ℓ=0

ℓ∑
m=−ℓ

iℓjℓ(kr)Y
∗
ℓm(k̂)Yℓm(r̂)

eikr cos θ =
∞∑
ℓ=0

iℓ(2ℓ+ 1)jℓ(kr)Pℓ(cos θ)

1.6 Other Questions in Zhihu

1.6.1 Inequality

1. Link:
∑

1≤i,j≤n

aiaj
1 + |i− j|

≥ 0, ∀ai ∈ R

2. Link: (x+ y + z)

(
1√

y2 + z2 + yz
+

1√
z2 + x2 + zx

+
1√

x2 + y2 + xy

)
≥ 4 +

2√
3
, x, y, z ≥ 0

3. Link: (a+ b)(b+ c)(c+ a) ≥ 4(a+ b+ c− 1), abc = 1, a, b, c ∈ R+

4. Link:
1

2
<

ˆ 1

0

1√
4− x2 + x3

dx <
π

6

5. Link:
ˆ 1

0

f(g(x)) dx ≤
ˆ 1

0

f(x) dx+

ˆ 1

0

g(x) dx , where f(x), g(x) ∈ [0, 1] → C[0, 1] and f(x) ↑

6. Link:
ˆ 1

0

xf3(x) dx
/ˆ 1

0

xf2(x) dx ≥
ˆ 1

0

f3(x) dx
/ˆ 1

0

f2(x) dx , where f(x) ∈ C[0, 1] and ↑

ˆ b

a

p(x) dx

ˆ b

a

p(x)f(x)g(x) dx ≥
ˆ b

a

p(x)f(x) dx

ˆ b

a

p(x)g(x) dx

where p(x), f(x), g(x) ∈ C[a, b] , p(x) > 0 and f(x), g(x) ↑ (↓)

1.6.2 Integral Transformation

1. Link: F

{
x

x2 + λ

}
(k) = i

√
π

2
e−

√
λ|k|sign k, λ > 0

F
{
sinx e−x2λ

}
(k) =

i

2
√
2λ

[
exp

(
−(k − 1)2

4λ

)
− exp

(
−(k + 1)2

4λ

)]
, λ > 0
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2. Link: L−1

{
p

p2 + π2
e−

p
2 +

π

p2 + π2
e−p

}
(t) =

[
θ

(
t− 1

2

)
− θ(t− 1)

]
sinπt

3. Link: L−1

{
1

p2

}
(t) = t

4. Link: L−1

{
1
√
p

}
(t) =

1√
πt

5. Link: L−1

{
e−

√
p

p− λ

}
=

eλt

2

[
e
√
λerfc

(
1

2
√
t
+
√
λt

)
+ e−

√
λerfc

(
1

2
√
t
−

√
λt

)]
, λ > 0

1.6.3 Others

1. Link:
ˆ π

0

xf(sinx) dx =
π

2

ˆ π

0

f(sinx) dx = π

ˆ π
2

0

f(sinx) dx

2. Link: PV
ˆ ∞

−∞
f

(
x− 1

x

)
dx = PV

ˆ ∞

−∞
f(x) dx , Cauchy–Schlömilch transformation

3. Link:
ˆ 1

0

dt√
1− t4

=
√
2

ˆ 1

0

dt√
1 + t4

ˆ u

0

dt√
1− t4

=
√
2

ˆ v

0

dt√
1 + t4

, where u =

√
2v√

1 + v4ˆ u

0

dt√
1− t4

= 2

ˆ v

0

dt√
1− t4

, whereu =
2v

√
1− v4

1 + v4

ˆ u

0

dt√
1− t4

+

ˆ v

0

dt√
1− t4

=

ˆ T (u,v)

0

dt√
1− t4

, where T (u, v) =
u
√
1− v4 + v

√
1− u4

1 + u2v2
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