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Introduction

[DISCLAIMER]
These notes are meant to provide intuition on the basic mechanisms of VARs

As such, most of the material covered here is treated in a very informal way

If you crave a formal treatment of these topics, you should stop here and buy a
copy of Hamilton’s “Time Series Analysis”

The Matlab codes accompanying the notes are available at:
https://github.com/ambropo/VAR-Toolbox


https://github.com/ambropo/VAR-Toolbox

The job of macro-econometricians

> In their 2001 Journal of Economic Perspectives’ article “Vector Autoregressions” Stock and

Watson (2001) describe the job of macroeconometricians as consisting of the following tasks

* Describe and summarize macroeconomic time series

* Make forecasts

* Recover the structure of the macroeconomy from the data
Advise macroeconomic policy-makers

*

> Vector autoregressive models (VARs) are a statistical tool to perform these tasks
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What can we do with VARs?

» Consider an (over-simplistic) bivariate VAR with the following variables:

* Real GDP growth (y,)
* Policy rate (r)

> A VAR can help us answer the following questions
[1] What is the dynamic behavior of these variables? How do these variables interact?
[2] What is the most likely path of GDP in the next few quarters?
[3] What is the effect of a monetary policy shock on GDP?

[4z] What has been the historical contribution of monetary policy shocks to GDP fluctuations?
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(S)VARSs Basics
The Reduced-Form VAR




The reduced-form VAR

» A VAR with k endogenous variables and p lags describes the evolution of the k x 1 vector x; as
a function of its own lags, a constant, and a serially uncorrelated error term

Xp =CH+ DXy g+ o+ PpX_,+ Uy

> where
* cisak x 1vector of intercepts
* &,,..., &, are kx k matrices of autoregressive coefficients

* U, is a kR x 1vector of serially uncorrelated reduced-form residuals with zero mean and
time-invariant covariance matrix V(u;) = £, (homoskedasticity)
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A bivariate running example

» The running example in this primer is a bivariate VAR(1) in x, = (v, rt)/, where
* y, is the log difference of US real GDP
* r,is the 1-year US Treasury bill yield

Warning: Do not try this at home!

The bivariate VAR(1) used throughout is a purely pedagogical device. With only two variables
and one lag, the algebra is tractable and the toolbox mechanics are easy to follow. But this
is not a credible empirical model: no referee, advisor, or editor would accept it as serious

applied work. Use it to understand how the toolbox works; do not use it as a template for
research.

» The reduced-form representation of this simple VAR(1) is

Vel _ Cy] [4’11 %MVH} |:uyti|
[rt] |:Cr - P2 Pl " Upe
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The reduced-form VAR

» This formulation of the VAR is called the reduced-form VAR representation

Xp = C+ PX,_, + Uy

Vi — Cy] |:¢11 ¢12:||:yt—1:| |:uytj|
[rt] |:Cr " ¢21 ¢22 rt—1 " urt

> Or as a system of linear equations

> |n matrix form

{ Ye=¢ + DY+ Pl + Uyt
e =Crt Pplea+ Pooleq + Uy
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The reduced-form covariance matrix
> A key object of interest in VARs is the covariance matrix of the reduced-form residuals

2
T E[E[utug][ % oy{}

> ¥, is symmetric (same off-diagonal elements oy,) and positive definite
> Typically, the reduced-form residuals are correlated among each other (Uyr #0)

» This is because the elements of u, inherit all the contemporaneous relations among the
endogenous variables x;

» Thus, we can't use u, to make causal statements about structural shocks hitting the economy

* e.g. what are the effects of a monetary policy ‘shock’ on output
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(S)VARs Basics
The Structural VAR Representation

Introduction #10



The structural VAR representation

> Let the only two structural shocks be a demand and a monetary policy shock

» The reduced-form VAR(1) above can be written in its structural form as:
Demand
|:yt:| _ |:Cy:| + |:¢11 ¢12] [yt—1] + |:b11 b12] |:£tl\:m¢;n[:|
I ¢y (OB 2o | b,, b,, & onre

» The structural shocks ¢, have a well-defined economic interpretation

* Serially uncorrelated, mutually uncorrelated, with zero mean and unit variance: E[g;] = 0,
[E[Et“:;] = ’2

> The structural impact matrix B maps structural shocks into the variables
* The (i, j) element of B is the impact response of variable i to shock j

» The structural and reduced-form VAR are linked by u, = Bg,, so that

¥, =E[uu]]=E[Be, (Be,) | = BE(¢,£))B = BL B' = BB’
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Three different ways of writing the same thing

» There are different ways to write the same structural VAR(1)

X, = C+ &x,_, + Bg;

> For example, we can write it in matrix form

D d
|:ytj| = |:Cyj| + |:¢11 ¢12:| [yt—1] + |:b11 b12] |:£tl\:m(;nl
Iy c, Prr Pl iy b,, b, el onPo

> Or as a system of linear equations

Demand

{ Ye=¢+ P11Y1q + Prales + 1&g

Demand
Iy =Cr+ @pYiq+ Pooliq + Dy&;
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Why reduced-form residuals are correlated

» Now that we have introduced the structural shocks &;, we can explain why ¥, typically has
non-zero off-diagonal elements

» The reduced-form residuals u; are mixtures of structural shocks: u; = Bg;, so

Demand MonPol
{ Uy = b11£t + b12£t

Demand MonPol
Up = b21£t + bzzgt

> Although structural shocks are orthogonal (E[g,&;] = I,), the reduced-form residuals are
correlated because they share the same underlying shocks
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Why is it called ‘structural’ VAR?

> Go back to our bivariate structural VAR(1)
D d
)[o] [ o] 2] {}
rt Cr ¢21 ¢22 rt_1 b21 b22 Et onPo

> The structural VAR can be thought of as a description of the true structure of the economy

* e.g. an approximation of the solution of a DSGE model

» The structural shocks are shocks with a well-defined economic interpretation

* e.g. TFP shocks or monetary policy shocks

* Since the structural shocks are mutually uncorrelated, we can move one shock keeping the other
shocks fixed

* That is: we can focus on the causal effect of one shock at the time
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Structural VARs can answer many interesting questions...

> Go back to our bivariate structural VAR(1), and assume for the moment that ® and B are known

d
|:ytj| _ |:Cyj| + |:¢11 ¢12:| |:yt_1:| N |:b11 b12] |:£1l;:'?m(;nl:|
re o b Gy llls b,, b,, et onPo

> What is the effect of monetary policy shocks on output?

> |In matrix form:

* The coefficient b,, captures the ‘impact effect’ of a monetary policy shock on output growth
* The ® matrix allows us to trace the ‘dynamic effect’ of the monetary policy shock over time

* (We can add additional variables and look at other shocks: aggregate supply, oil price,...)
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... but the estimation of structural VARs is tricky

> Problem The structural shocks &, are unobserved. So, how can we estimate B?
Demand
|:yt:| _ |:Cy:| + |:¢11 ¢12] [Yt—1] n |:b11 b12] |:£tM ) l:|
It Cr P P llrs by by ] &

> Best we can do is to ‘bundle’ the &, into a single object:

U b11 b12 g?emand Uy = bﬂt_?emand + bﬁsﬁﬂonPol
u,=Be,. = | | = v
t t u b b gMonpol > _ p_ gPemand | MonPol
rt 21 22 t U, = Dy & + 2ot

> Why is this useful? The VAR becomes

Xp = C+ OX,_, + Uy

> Now we can estimate ¢ and u, with OLS (where u; will be OLS residuals)
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(S)VARs Basics
Wold Representations & Stability




The Wold representation

> Let's introduce another representation of the VAR that will be useful later

> Start from the structural VAR representation
X, = C+ &x,_, + Bg;
> The Wold representation can be obtained by substituting the VAR recursively
Xy = C+x._, + B

¢+ &[c+ dx,_, + Be,_, )+ Be, = (I + ®)c + d°x,_, + PBe,_, + Be,

t— . t—1 .
= O+ X P+ Y B

j=0 j=0
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The Wold representation

> The Wold representation shows that each observation (x,) can be re-written as a combination
of three terms

t—1 t—1 .
t
X =X 2 Vet X ¥Bey;
j=0 j=0
* An initial condition

* The cumulative contribution of the constant

* The sum of current and past structural shocks

> Now let t — oo to get
(o) oo
X = 0% oo+ > Vet > OBe_
j=0 j=0

> Matrix ® plays a crucial role — Determines whether a shock from the infinitely distant past
still has an effect on x; today
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VAR stability

> VARs are typically designed to study cyclical variations around trends

* The effect of shocks progressively dissipate over time

> Stability is the formal expression of this idea. For this to happen, two conditions must hold:

* The infinite sums Zf'io & must converge to finite values
* The first term % x,_,, must vanish

> Mathematically A VAR is called stable iff all the eigenvalues of ¢ are less than 1in modulus.
More formally:
det(d—AlL) =0 |A| <1

> Implication In the absence of shocks, the VAR will converge to its equilibrium
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> Scalar case
* Suppose x; = ¢ x;_,. After j periods, x; = ¢jx0 — a geometric series
* Converges to zero if || < 1; diverges if [¢| > 1
* The scalar ¢ encodes all persistence in a single number

> VAR case

* The matrix ® has k eigenvalues A, .. ., Ay, (solutions to det(® — Al) = 0)

* Raising to the j-th power: ¢/ = Pdiag()\ﬁ, cee, )\}k) P~" — a geometric series running
independently along each eigenvalue direction

* Converges to zero iff |A;| < 1foralli
> Key insight

* The largest eigenvalue in modulus governs how slowly the system returns to equilibrium
* Eigenvalue close to 1 = highly persistent responses
* Eigenvalue close to 0 = rapid decay
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Equilibrium (the unconditional mean)

> Start from an arbitrary x, (say because a shock pushed the system away from equilibrium)

» Where will x; be in the infinitely distant future? From the h-step-ahead Wold representation

h—1 h—1
E[x, | %] = "X, + >idlc + > oBEE, ]

j=o0 j=0

> Under stability, as h — oo only the constant terms survive:

> The equilibrium the VAR converges to is the unconditional mean u = (I— )™ 'c
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(S)VARs Basics

The Identification Problem




Back to our reduced-form VAR

> We have seen above that with OLS we can only estimate the reduced-form VAR (and not the
structural VAR)

> Assume we already have an OLS estimate of  and 0
e ] ]
rt Cr ¢21 ¢22 rt—1 urt
> Question What is the effect of a monetary policy shock on GDP growth?

» Unfortunately, the reduced-form innovations (uyt or u,) are not going to help us in answering
the question
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Reduced-form VARs do not tell us anything about causality

> To see that, recall we assumed that the ‘true’ (and unobserved) model of the economy is
D d
[ytj| _ |:Cyj| + |:¢11 ¢12] [yt_1:| + |:b11 b12] |:£t;mc;nl:|
Iy c, G Pon |l ey b,, b, el onPo

> Also recall that the reduced-form innovations are a linear combination of the structural shocks

Demand MonPol
Uy = b11£t g + b12£t l

Deman MonPo
Up = b21£t + bzzgt

> Anincrease in u,, is not a monetary policy shock! could be due to

[1] A positive demand shock that increases both output growth and the policy rate
[2] Or a monetary policy shock that decreases output growth and increases the policy rate

> How to know whether it is [1] or [2]? This is the very nature of the identification problem!
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The identification problem

> The identification problem consists in finding a mapping from the reduced-form VAR to its
structural counterpart
u; = Be,

> To do that, we can exploit the relation between reduced-form and structural innovations

y, = B8’

> The identification problem simply boils down to finding a B matrix that satisfies ¥, = BB’

» Unfortunately this is not as easy as it sounds. Why?

* Hint: There are infinite different Bs that give you the same ¥,
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The identification problem (cont'd)

» Think of X, = BB’ as a system of equations
|: 032/ 0)/21‘ :| — |: b11 b12 j| |: b11 b21 i|
oyr O, b21 b22 b12 bzz

o, = b3, + b,

yr — bbby + by by,
Oy = b11b21 + b12b22
07 = b3, + b3,

» Can be rewritten as

Q

> Problem Because of the symmetry of X , the second and the third equation are identical!

> We are left with 4 unknowns (the elements of B) but only 3 equations!
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> Let B, be any matrix with X, = B, B (e.g. the Cholesky factor) For any orthogonal Q
(@@’ 71,?) B,Q is also a valid solution: (B,Q)(B,Q)' =B,QQ'B, =%,

> The set of all solutions to ¥, = BB’ is the orbit {B,Q : QQ" = I} Every identification
scheme is just a rule for selecting one particular Q

> In the bivariate case, Q(0) = [‘;?nsg _Cj'snee] is a plane rotat|on the angle 6 is the single free

parameter left unconstrained by the 3 equations of X, = = BB’

> Geometric intuition The data pin down the shape of the residual covariance ellipse, but
not the directions of the structural axes within it. Identification amounts to anchoring
those directions
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Estimation




Adding the VAR Toolbox path to Matlab

» To avoid clashes with functions from other toolboxes, add and remove the toolbox at the
beginning and end of your scripts

> If you clone or download the toolbox to a folder named VARToolbox, add each subfolder
explicitly to be safer:

% Identify the toolbox root from this file’s location (one up from Primer)
root = fileparts(fileparts (mfilename (' fullpath’)));

% Add each relevant subfolder explicitly
addpath (fullfile(root, ’VAR’));

addpath (fullfile(root, ’Figure’));
addpath (fullfile (root, ’Stats’));
addpath (fullfile (root, ’Utils’));
addpath (fullfile(root, ’Primer’));
addpath (fullfile (root, ’Auxiliary’));
disp (' VAR Toolbox 4.0 path set.’);

% Remove the toolbox from the path at the end of the script
rmpath (genpath (root) )

Estimation



A simple bivariate VAR model

» Our first example will be a simple bivariate VAR as the one considered above

> US quarterly data from 1989:Q1 to 2019:Qz4 on output growth (y;) and the 1-year T-bill (r,)

Real GDP Growth ) 10 1-year Int. Rate 10

8 8

6 6

4 4

2t l/\ 2

- - oL - - - : 0

1989 1994 1999 2004 2009 2014 1989 1994 1999 2004 2009 2014
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A simple bivariate VAR model

» Fit GDP growth and the 1-year rate with a VAR(1) with a constant
|:yt:| _ |:Cy:| + |: ¢11 ¢12 :| |:yt—1:| + |:uyt:|
It ¢ b by L Ut

» This means we will estimate the following parameters

* 2 + 4 coefficients, namely the elements of c and ¢
* 2 variances of the reduced-form residuals, namely aj and o7
* 1 covariance of the reduced-form residuals, namely o,

> We will store these coefficients in two Matlab matrices

2
|: ¢y ¢11 ¢12 :| . |: Uy Uyr :|
F = sigma = 2
Cf' ¢2’I ¢22 r

Estimation
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A simple bivariate VAR model

> |In Matlab we store the data in the matrix x

Vi I,
| Y2 T2 (t-th row: x{ = (v, ;)
yr It

> The VAR can then be easily estimated with a few lines of code

% Align variables to a common sample by removing leading/trailing NaNs
[X, fo, lo] = CommonSample (X);

% Initialise VAR options

VARopt = VARoption;

% Deterministic component: l=constant, 2=constant+trend

detc = 1;
% Lag order
nlags = 1;

% Estimate VAR by OLS (reduced form only)
VAR_redform = VARmodel (X,nlags,detc,VARopt) ;

Estimation
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The VARopt and VAR_redform StrUCtureS

> The varopt structure stores all the options and settings that control estimation and
identification:

* Created by varoption with sensible defaults for every field
* Includes identification scheme ( ident ), number of horizons ( nsteps ), variable names ( vnames )
* Can be reused and modified across multiple calls to varmodel and related functions

» The var_redform Structure stores all the results of the VAR estimation
* Includes reduced-form coefficients ( r ), residuals ( resid ), covariance matrix ( sigma ),
eigenvalues ( maxEig )

* Also includes identification results (once computed, not done here yet): B matrix, impulse
responses ( IR ), variance decomposition ( vp ), etc.

* Contains the input data: the endogenous variables ( Expo ), number of lags ( n1ag ), etc.
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VAR output

» The six estimated parameters (i.e. c and ®) can be printed at screen by simply typing
disp (VAR_redform.F) tO get

>> disp (VAR_redform.F)

0.3630 0.3788 0.0041
-0.0729 0.2607 0.9541

» For the estimated reduced-form covariance matrix X, type disp (VAR _redform.sigma)

>> disp (VAR_redform.sigma)

0.2891 0.0782
0.0782 0.1473

Estimation
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OLS estimation: Typical VAR output (cont’d)

> The off-diagonal elements of ¥ capture the average contemporaneous relation between the
endogenous variables

GDP growth (u,) 1-year T-bill (u,)

GDP growth (u,) 0.2891 0.0782
1-year T-bill (u,) 0.0782 01473

> In our example output growth and interest rates are contemporaneously positively correlated

* |t means that, on average, when GDP growth increases interest rates increase, too

> Does it mean that a shock to interest rates always increases output growth?

* No! Recall that reduced-form residuals are not informative about structural shocks
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Model checking & tuning

> These notes do not cover this aspect in detail but...
> ... before interpreting the VAR results you should check a number of assumptions

> Loosely speaking, you need to check that the reduced-form residuals are

* Normally distributed
* Not autocorrelated
* Not heteroskedastic (i.e. have constant variance)

> ... and that the VAR is stable (next slide)

Estimation
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Stability and equilibrium

> We've already seen that a VAR is stable when all eigenvalues of its companion matrix lie inside
the unit circle (for the VAR(1) here, the companion matrix is ®)

* If this condition is not met, the infinite sums in the Wold representation do not converge

> You can check the maximum modulus of the companion matrix’s eigenvalues in the var
structure, by typing disp (VAR redform.maxEig) tO get

>> disp (VAR_redform.maxEig)
0.9559

> You can also check all of the companion matrix’s eigenvalues by executing Matlab’s eig
function on rcomp (which, note, is built excluding the constant ¢ from =)

> In practice:
>> disp(eig (VAR_redform.Fcomp))
0.3769
0.9559
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» Standard VAR theory assumes covariance stationarity — but many macro aggregates (GDP,
consumption, investment) contain stochastic trends in log-levels

> Log-differences Removes the unit root = a model for growth rates. Shocks are transitory
in growth rates, but cumulating the responses leaves a permanent level effect. The
constant is the average growth rate

> Log-levels OLS is still consistent despite unit roots (Sims et al., 1990) (though t/F tests
may be non-standard). Preserves low-frequency comovement. Shocks are transitory in
levels; the constant has no stand-alone interpretation

» This handbook estimates the benchmark VAR in log-differences
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Too few lags — omitted-variable bias and serially correlated residuals; too many —
wasted degrees of freedom and inflated parameter uncertainty

Information criteria: AIC = In|%,| + 2pk® and BIC = In|%,| + ‘2L pk”. BIC penalizes more

heavily = more parsimonious models

Rule of thumb: quarterly VARs use 4-8 lags, monthly 12-24; keep parameters per equation
well below T/10

Use [aIC,BIC,logL] = VARlag (X,maxlag,detc) . Always verify the chosen lag order yields
serially uncorrelated residuals

Estimation
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Identification




How to solve the identification problem?

» Identification problem (recap)
* ldentification — Find a B that satisfies T, = BB’
* There are infinite of such Bs

> In our simple example, we have to solve a system of 3 equations in 4 unknowns. How can we
do it? Add a fourth equation!

> Economic theory can help in providing the ‘missing’ equation

* Make an assumption about the structure of the economy based on your beliefs (e.g. long-run
monetary neutrality)
* Try to map this assumption into an equation that involves the VAR parameters

> The additional equation is known as a restriction

* That is: the additional equation restricts the set of infinite B matrices to a single one (or few ones)
that are consistent with your assumption
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Common identification schemes

> Zero contemporaneous restrictions

» Zero long-run restrictions

> Sign restrictions

> Narrative sign restrictions

> External instruments (proxy SVARS)

> Combining sign restrictions & external instruments

> |dentification with exogenous variables

Identification
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Common Identification Schemes
Zero Short-Run Restrictions




Zero contemporaneous restrictions
> Intuition Identification is achieved by assuming that some shocks have zero
contemporaneous effect on some of the endogenous variables
> References Sims (1980), Christiano et al. (1999)

> For example, assume that monetary policy works with a lag and has no contemporaneous
effects on output

> But how can we impose restrictions on the effect of a structural shock?

Identification
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Zero contemporaneous restrictions

> Solution Impose zero restrictions on the impact matrix B
» The b,, coefficient captures the contemporaneous effect of monetary policy on output growth
Demand
|:yti| _ [Cy} I |:¢‘I1 ¢12] [yt—1] n [bn 0 ]|:EtM . 1}
- onro
I Cr OB 208 L RO b,, by, &

> Implication We now have 3 structural parameters to estimate (instead of 4) and 3 restrictions
implied by ¥,
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Zero contemporaneous restrictions

How to achieve identification?

» The system of equations implied by | = BB’ now becomes

RN
ol’ b2‘l b22 0

NSV

» This yields
2 2
o, = b3,
a%r = bz11b21 5
r = b21 + b22
> And can be easily solved to get:
b, =0,
b21 = ayr/ay
o,
by, = 0? v

Identification
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Zero contemporaneous restrictions
Impact effects

> We can now derive the impact effects of shocks by simply re-writing the structural VAR as
(o} o]
y Demand
[Yt] _ |: 1 Pay j| |:yt—1i| I (0 )2 |:&M ) l:|
It (OS2 It Oy,/Oy Of — OL);, &t onre

int leads to

> A one standard deviation shock to monetary policy (e}°""°! = 1)

> A one standard deviation shock to aggregate demand (24" — 1) in t leads to

ry = 0,/0,
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Zero contemporaneous restrictions

Cholesky implementation

» This identification scheme is normally implemented via a Cholesky decomposition of X,

» A Cholesky decomposition allows us to decompose ¥, into the product of a lower triangular
matrix P times its transpose

> |In matrix form we have
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» The Cholesky decomposition is (roughly speaking) the square root of a matrix

* As for a square root, you can’t compute a Cholesky decomposition for a non positive-definite
matrix

> A symmetric and positive-definite matrix A can be decomposed as:
A=PP

where P is the unique lower triangular matrix with positive diagonal entries (and therefore
P is upper triangular)

» The formula for the decomposition of a 2 x 2 matrix is

a b va 0
P

b bofe-E
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Zero contemporaneous restrictions

Cholesky implementation

> To see why the zero contemporaneous restrictions identification can be implemented with a
Cholesky decomposition, first note that X, is a positive semi-definite matrix

» Then we can use the Cholesky decomposition to write

¥, =PP

> But remember that we assumed that B is also lower triangular (b,, = 0) and that

y,=BB
> As both P and B are lower triangular, it must follow that P =B
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Zero short-run restrictions: In Matlab

> Set vaRopt.ident = ’short’ and call varmode1l again, now saving the results in var_short :

% Select zero short-run identification

S

VARopt.ident = ’short’;

% Compute impulse responses and plot the MP shock (pick=2)
VAR_short = VARmodel (X,nlags, detc, VARopt) ;

VARopt.pick = 2;

VARirplot (VAR_short.IR, VARopt) ;

> var_short.p contains the impact matrix consistent with zero short-run restrictions

> vaR_short.IR contains the impulse responses

» The in-built function varirpiot can be used to plot the impulse responses

Identification
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Zero short-run restrictions: Impulse responses

> Monetary policy shock (shock 2) raises the interest rate and lowers output growth

Real GDP Growth to Mool

125

12

Identification
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1-year Int. Rate to ¢
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t

0.4
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» The ’short’ option assumes B is lower triangular = the ordering of the variables in x
matters

» The shock in the first equation affects all variables on impact; the shock in the second has
zero contemporaneous effect on the first variable but affects all later ones; and so on

» The ordering encodes an economic assumption: the variable placed first is treated as
causally prior to all others at the same point in time

> Choose the ordering to be consistent with economic theory and prior intuition
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Common Identification Schemes
Zero Long-Run Restrictions




Zero long-run restrictions
> Intuition Identification is achieved by assuming that some shocks have zero cumulative effect
on some of the endogenous variables in the long run
> References Blanchard and Quah (1989), Gali (1999)

> For example, assume that monetary policy shocks have no long-run effect on the level of
output, while supply shocks do

> But how can we impose restrictions on the long-run cumulative effect of a structural shock?
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Zero long-run restrictions

How to compute the cumulative long-run effects of shocks?

> Start from our standard structural VAR representation:

X; = ®x;_, + BE;

> If a shock &, hits in t, its cumulative impact on x; in the long run is given by

Xt t 100 =|BEHH PBEH ®*Be ... + T B,

> Note: for output growth, y, .., o, is the effect of €, on the level of output

Identification
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Zero long-run restrictions

How to compute the cumulative long-run effects of shocks?
> Re-write the VAR as
X, = &x,_, + Bg;
> If a shock &, hits in t, its cumulative impact on x; in the long run is given by

Xt t 0o =|BEHH PBEH ®*Be ... + 9T B,

> |f the VAR is stable, we can rewrite
w .
Xitio0 = O ¥'BE = (I— &) 7" Bg, = Cg
j=0
where C = (I— &)™ B captures the cumulative effect of &, on x, from t to co
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Zero long-run restrictions

How to compute the cumulative long-run effects of shocks?

» What is the intuition for C?

> Go back to our output growth / policy rate example. Now assume that the only two shocks
driving the economy are a supply and a monetary policy shock:

Supply
|:yt,t+00} _ [ Cir G2 :| &t |
o MonPo
Mt,t+o00 G Cn || &
H Suppl
> Take the first equation: y, ,, o = C;,&; PPY Cﬁgg"onl’ol

* C,, captures the impact of a monetary policy shock (hitting in t) on the level of GDP in the long run

* |f you believe in long-run monetary neutrality (no long-run effect from monetary policy shocks) you
would expect ¢,, =0
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Zero long-run restrictions

How to achieve identification?

» Remember that C = (/— ®)" B is unobserved as we don’t know B. So, how does this help with
the identification of B?

» To achieve identification define Q = cC’ and note that

1. Qis known!

Q= (-8 (1—=0)") = (1=0) )5, (1=

2. Qs a positive-definite symmetric matrix — It admits a unique Cholesky decomposition

Q = PoPg,
3. Because of our assumption that C is lower triangular, it follows that C = P

» We achieved identification: B = (I— ®) P
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Zero long-run restrictions

How to achieve identification?

> As before, we can rewrite the structural VAR with the B matrix implied by the zero long-run
restriction

B = (I,— ®)Pq = (I,— ) x chol (1= &)™), ((1—®)™")")
where chol denotes the Cholesky factor

> Note that the B matrix is not triangular

* This is different from what we had in the zero contemporaneous restrictions identification

> The impact effects are left unrestricted, the restrictions are on the C matrix

* We'll check later that the restrictions are satisfied in a simple example with true data

Identification



» The same Cholesky logic as for zero short-run restrictions applies here, with the long-run
matrix Q in place of ©,

> Define Q= (I— )", ((I—#)™")" — a known, positive-definite, symmetric matrix

> Q admits a unique Cholesky factor Pg; the lower-triangular structure of C = (I— ¢)™'B
then identifies the system

> As with short-run restrictions, the number of zero restrictions needed grows faster than
the number of variables — Cholesky is especially useful as the VAR dimension increases

Identification




Zero long-run restrictions: In Matlab

» Set vaRopt.ident = ’long’ and call varmode1l again, saving the resultsin var_1ong:

% Select zero long-run (Blanchard-Quah) identification

3

VARopt.ident = "long’;

% Compute impulse responses; plot the MP shock (pick=2)
VAR_long = VARmodel (X, nlags,detc, VARopt) ;

VARopt.pick = 2;

VARirplot (VAR_long. IR, VARopt) ;

> var_long.B contains the impact matrix consistent with the zero long-run restrictions

» vaR_long.IR contains the impulse responses

> Long-run multiplier matrix C = (I— ®)™'B can be verified by typing:
(eye (2) -VAR_long.Fcomp) \VAR_long.B
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Zero long-run restrictions: Impulse responses

> Monetary policy shock (shock 2) has a zero long-run effect on the output level by construction

Real GDP Growth to Mool 1-year Int. Rate to €
! t
- 0.4 4 0.4
0 0
0.3 103
0.01} {-0.01

0.2 10.2

-0.02 1-0.02 )
0.1 10.1

-0.034 | | | i003 0

5 10 15 20 5 10 15 20
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Zero long-run restrictions: Impulse responses

» Can also be verified by plotting the cumulative impulse responses over a long-enough horizon

Real GDP level to ¢)erPol Cumulative 1-year rate to )Pl
0 - - 0 8 r —_ 8
-0.01 4 1-0.01 6l . 16
-0.02 - {-0.02
ir 4 4
0.03} / 1-0.03
-0.04 {1/ 1-0.04 21/ 2
-0.05 L . -0.05 0 L L 0
50 100 150 50 100 150
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Common Identification Schemes
Sign Restrictions




Sign restrictions

> Intuition Exploit prior beliefs (typically informed by theoretical models) about the sign that
certain shocks should have on certain endogenous variables

> Reference Faust (1998), Canova and Nicolo (2002), Uhlig (2005)

> For example

* Demand shocks should lead to an increase in output and interest rates
* Monetary policy shocks should lead to a fall in output and an increase in interest rates

Demand  Monetary Policy

(EtDemand) (EQ/IOHPOI)
Output growth (y,) + -
Short-rate Int. Rate (r,) + +

> But how can we impose restrictions on the signs of the effect of a structural shock?
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Sign restrictions

How to achieve identification?

> The key intuition is based on the following three steps

1. Consider a random orthonormal matrix Q such that

QQ’ =1,

2. Consider the lower triangular B matrix corresponding to the Cholesky factor of X,
y,=BB =PP
3. The following equality holds
¥, = PP =PQQ’P’ = (PQ)(PQ)’

S~
B B’

> The matrix B = PQ is a valid ‘candidate’ impact matrix that solves the identification problem!

* Differently from P, the matrix PQ is not lower triangular anymore
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> An orthogonal matrix Q is a real square matrix whose columns form an orthonormal set

> What does it mean? Take for example two 2 x 1 vectors g, and g,, then the matrix
Q= (q,, g,) is orthogonal if

* The vectors have unit norm: || g; [|=1
* The vectors are mutually orthogonal: q1Tq2 =0

» |t follows that
QQ'=1 and Q' =Q7"

> Note You can draw infinite matrices that satisfy the above conditions (we'll see how to do
it in Matlab below)
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Sign restrictions

How to achieve identification?

> But Q is a random matrix... How can we check that B = PQ represents a plausible solution?

» Solution Check that the effects of shocks implied by B = PQ satisfy a set of a priori sign
restrictions. That is:

[1] Consider the structural representation of our VAR
D d
|: yt :|: |:¢11 ¢12:||: yt—1 ]+|: b’l’l b12 :||:Etl:m(;nl:|
I b b le—q by, by, & enre

[2] Then check that the elements of B satisfy

Demand  Monetary Policy
(EDemand) (EMonPol)
t t

Output growth (y,) b,, > o7 b,, <0?
Short-rate Int. Rate (r;) by, > 0? b,, > 0?
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Sign restriction in steps

» Perform N replications of the following steps
[1] Draw a random orthonormal matrix Q
[2] Compute B = PQ where P is the Cholesky decomposition of the reduced-form residuals &,

[3] Compute the impact effects of shocks associated with B
[#] Are the sign restrictions satisfied?

[4] Yes. Store B and go back to [1]
[4.2] No. Discard B and go back to [1]

> All matrices in the set B (fori=1,2, ..., N) represent admissible solutions to the
identification problem

> In this sense, sign-restricted VARs are only set identified

Identification
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» Point-identified (Cholesky, long-run) A unique B satisfies the restrictions. The only source
of uncertainty is sampling variability

> Set-identified (sign restrictions) Many B; are consistent with the data and the restrictions
— genuinely different structural models, even in an infinite sample

> Consequence 1: the median IRF across draws need not converge to a unique value as
T — co — it summarizes the set, not a point estimate

» Consequence 2: credible bands reflect both sampling uncertainty and the width of the
identified set; the two cannot be disentangled without further restrictions
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Sign restrictions: In Matlab

> Encode restrictions in = (+1 positive, —1 negative, o unrestricted)

» Set varopt.ident = ’sign’ ,and call varmodel again, saving the results in var_sr

ign restriction matrix: positive 1, negative -1, unrestricted 0
[ i, =g % Real GDP
i, 1]; % l-year rate

([

R

% Number of random draws and restriction horizon
VARopt .ndraws = 1000;
VARopt.sr_hor = 1;

% Identify with sign restrictions; print acceptance rate as a diagnostic
VARopt.ident = ’sign’;

VARoOpt.R = R;

VAR_sr = VARmodel (X,nlags, detc, VARopt) ;

> All accepted draws of the impact matrix stored in var_sr.za11 (dimension 2 x 2 x 1000)
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Sign restrictions: Impulse responses

> All accepted rotations

Real GDP growth to oo 1-year rate to eMorPol

0 0.4 0.4
-0.2 1-0.2
-0.4 1-0.4
-0.6 . . . -0.6
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------- (BO™] Element-wise median vs. Fry-Pagan median-target rotation -

> Element-wise median ( var_sr.Irmed ) Coordinate-by-coordinate median across accepted
draws. Convenient, but the implied impact matrix var_sr.smed matches no accepted draw
and need not satisfy ¥, = B,,.4Breq — a ‘Frankenstein’ object = VD shares need not sum

to one, HD need not reproduce the data

> Fry-Pagan median-target ( var_sr.1rfp ) The single accepted draw whose responses are
closest (least squares) to the element-wise median. A genuine structural model: it
satisfies the sign restrictions and *, = Bj* B’. = VD sums to one, HD reproduces the data;
cost: it selects one draw from the set

> Why they differ Admissible impact matrices lie on a curved set (orthonormal rotations of
a Cholesky factor of ¥); the coordinate-wise median generally lies off it. Present even
with inference = 0, and grows with the VAR dimension and the width of the identified set
— hence tiny here (next slide)
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Sign restrictions: Impulse responses

> Median rotation vs. Fry-Pagan median-target rotation

Real GDP Growth to eMono!

Identification
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Common Identification Schemes
Narrative Sign Restrictions




Narrative sign restrictions

> Intuition Sign restrictions may leave a wide identified set. Narrative restrictions exploit
well-documented historical episodes to sharpen identification by screening out rotations that
are sign-consistent but historically implausible

> References Antolin-Diaz and Rubio-Ramirez (2018)

> Historical records about specific events carry two types of information

* The sign of a shock at a particular date (e.g. the Volcker tightening was a positive MP shock)
* Which shock was the dominant driver of a particular variable at a particular date
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Narrative restrictions: Two types

> Applied as additional acceptance criteria after the sign restrictions are satisfied

> Type 1-sign at a date: At date t*, the m-th structural shock must have a specified sign

S+ Em¢* >0, se {+1,—1}

> Type 2 - dominance at a date: At date t*, shock m must account for more of the unexpected
movement in variable i than all other shocks combined

= Z |bik E,t*

kR#£Em

|bim Em,t*

where b;, is the (i, k) element of B
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Narrative sign restrictions in steps

» Perform N replications of the following steps

[1] Draw a random orthonormal matrix Q
[2] Compute B = PQ and check sign restrictions

[3] Also check that the implied structural shocks €; = B~ 'u, satisfy the narrative restrictions at each
specified date t*

[31] All restrictions satisfied: retain B. Go back to [1]
[3.2] Any restriction violated: discard B. Go back to [1]

> The accepted draws form a smaller, differently located set than sign restrictions alone

> Alarge decrease in acceptance rate signals that the narrative evidence is genuinely
informative
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Narrative sign restrictions: In Matlab

» Build the r (now a StI’UCtUI’E) with R.sign, R.narr_sign, and R.narr_dom

> Keep varopt.ident='sign’ , Call varmodel again, saving the results in var_nsr

% Sign restrictions
R.sign = [ 1, -1; % Real GDP

1, 1]; % l-year rate
% Sign of MP shock for both episodes
R.narr_sign.shock = [2; 2 18
R.narr_sign.period = {"1994qgl’; ’2001qgl’};
R.narr_sign.sign = [1; =il 18
% MP shock is the dominant driver of ilyr only in 1994ql
R.narr_dom.shock = [2; 18
R.narr_dom.period = {’1994ql’; };
R.narr_dom.var = [2; g
% Identify with sign + narrative restrictions; print acceptance rate as a diagnostic
VARopt.R = R;
VAR_nsr = VARmodel (X, nlags, detc, VARopt);
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Narrative vs. Sign-only impulse responses

> Narrative restrictions shrink the identified set and shift the median

1-year Int. Rate to e}MonFo!

0.4 0.4

1-0.2

1-0.4
—Q— Sign only \
—{— Sign + Narrative N e
. . . -0.6 -0.2 = . . 0.2
5 10 15 20 5 10 15 20
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Narrative vs. Sign-only impulse responses

> The additional constraints screen out sign-consistent but historically implausible rotations

Count

100

80 |

60

40

20 t

0

1994q1 (Feb 1994 hike)

[ Sign only
[ Sign + Narrative

Identification

l"pm

100

80

60

40

120

Count

60 -

{
|

2001ql (Jan 2001 cut)

m
1,"!. ‘

60

140



Common Identification Schemes

External Instruments (aka Proxy SVARSs)




External instruments
> Intuition Exploit information from a variable that is external to the VAR, but that is correlated
with a particular shock of interest and uncorrelated with other shocks (the instrument)
> References Stock and Watson (2012), Mertens and Ravn (2013)

> For example, assume that you have some ‘narrative’ series of policy surprises (i.e. that are not
just a response of the central bank to some development in the economy)

» But how can this help in finding the B matrix?
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External instruments

> Key element Presence of an instrument that is correlated with a shock of interest and
uncorrelated with all other shocks

> For example, assume that such an instrument exists (z,) and satisfies the following properties:

X2 = o,
[E[Ei\/lonPolZ{ - qa,

» Then, we can identify one column (in this example, the second one) of the B matrix:
Oth
|: Yi ]:|:¢11 ¢12:|[ Vi i|_~_|: - b12 i||:£’Vt' :rl:|
I (OJ 2% [ — b, & onro
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External instruments identification: How does it work?

» Recall that the reduced-form residuals are a linear combination of the two structural shocks

Other MonPol
{ Uy = b11£t ) + b12£t |
Other MonPo

Up = b21£t + bzz‘st

» The OLS estimate of (8 in the ‘first stage’ regression identifies b, up to a scaling factor
U =Bz, + &

> To see that, recall that the OLS 8 can be written as 8 = Cov(u,,, z;)/Var(z,). Focus on the Cov
term and plug in the definition of u,; to get

Cov(uy, 2,) = Cov(bz1£?ther + bzzgltwonPOlf z;) = bzzcov(gltwonPOl' z;) = bya B=

» As a is an unknown constant, b,, = BVar(z,)/a is only identified to a scaling factor
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External instruments identification: How does it work?
» The OLS estimate of 7y in the following ‘second stage’ regression identifies the ratio b,,/b,,

b,,a
Var(z;)

> To see that, and recalling again that v = Cov(uy,, 0,)/Var(i,)

“yt:70n+ct:7( )Zt+ct

* Focus on the Cov term and plug in the definition of u,, and i, to get

~ Other
Cov(uy, Uyy) = Cov(bﬂet

2
MonPol b220{ b12b220{
+ b12£t ’ Zt | =

Var(z;) Var(z;)

* Then focus on the Var term to get

b,,a ) b2, o’

z | =
Var(z;)

Var(b,) = Var( = Var ()

* |t follows that ¥ = %
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External instruments: Partial identification

> In sum, we can normalize the effect of £]'°"" on r, to 1
by, =1

> And quantify the effect of £'"™' on y, as
b,=v

> In other words, we have identified the column of the B matrix of the structural VAR
representation up to a scaling factor

Ve | _ ¢11 ¢12 Y + - Y S?ther
I B Gy P 4 - 1 5Itwonpo‘

* Note It is actually possible to work out the true values of the second column of B (footnote 4 of
Gertler and Karadi (2015))
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External instruments: In Matlab

» Pass the instrument via varopt.Iv and set vaRropt.ident = ’iv’

> Call varmodel again, saving the resultsin var_iv:

% Set identification to ‘iv’, attach instrument, and compute impulse responses
VARopt .ident = ’iv’;

VARopt . IV = mps;

VARopt .snames = {bfeps(’'MonPol’), bfeps(’Other’)};

VAR_iv = VARmodel (X,nlags,detc, VARopt) ;

> |V-identified column: var_iv.B(:,1) ; first-stage output in var_iv.FirstStage

Identification
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> The instrument mps used in this example is fictitious and must never be used
in-applied work

» Avalid instrument needs relevance (correlated with the target shock) and exogeneity
(orthogonal to all other shocks). A canonical example: the high-frequency MP surprises of
Gertler and Karadi (2015)

> Here mps = sign-restriction MP shock + random noise: it makes no economic sense, but
works mechanically

> The bivariate VAR(1) is too parsimonious for any real-world instrument — the example
illustrates the mechanics of proxy SVARs only
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External instruments: Impulse responses

> Impact responses (stars) from the first/second-stage regressions; dynamic responses from the
estimated VAR

Real GDP Growth to Mon! 1-year Int. Rate to P!

0.15
0.1}

0.05 }
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> The first-stage F-statistic tests whether the instrument is sufficiently correlated with the
reduced-form residual it is meant to instrument

> A weak instrument — low partial correlation with the target — produces biased and
imprecise IV estimates, regardless of whether exogeneity holds

» Rule of thumb (Stock and Yogo, 2002): the first-stage F should exceed 10 (one instrument,
one regressor, 5% size-distortion tolerance)

> In the toolbox: var_iv.rirststage.r . Gertler and Karadi (2015) report F well above 10

Identification
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Common Identification Schemes
Combining Sign Restrictions & External Instruments




Combining sign restrictions & external instruments

> Intuition Identifies one (or more) columns of B with external instruments and conditional on
that the remaining columns with sign restrictions

> References Cesa-Bianchi and Sokol (2021)

» For example, assume that there are two shocks that imply similar signs (so that sign
restrictions are not enough to identify the shocks), but you have an instrument for one of the
two shocks

» How can we find the B matrix?
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Combining sign restrictions & external instruments

> Consider a k-variable version of our simple structural VAR(1)

Xit ¢11 ¢12 tee ¢1k Xit—1 b‘l‘l b_12 eee b1k
Xt | | Pn Gm t Ba || Xar . by, b,, -+ by
Xkt Pri Pra -+ Pre Xpt—1 bp, bp, <+ b

» Assume that

* The first structural shock (£1t) can be identified with an external instrument
* The remaining structural shocks (&, ..., €,) can be identified with sign restrictions
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Combining sign restrictions & external instruments

» Partition the structural matrix B as [b B]

b11 b12 U b1k
b21 b22 bzh
B= : oo
bk1 bkz e bkk
~_—— —
L b B |

» Column vector b captures the impact of the first shock, matrix B captures the impact of the
remaining shocks

> We have seen above how to identify b with external instruments

> Question Once b is known, how can we find a B matrix that satisfies a set of sign restrictions?
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Combining sign restrictions & external instruments

> Let P be the Cholesky decomposition of X . Find a normal vector g of dimension k x 1 that
rotates the first column of P into the vector b, so that

Pg=0>b

> Given g, build a (k x (kR—1)) matrix Q such that Q = [g Q] is orthonormal
9 Qllg Q= Q" =1,

> As Qis an orthonormal matrix we have

¥, = PP =PQQ’P’ = (PQ) (PQ)’

> So B = PQis a valid candidate matrix that solves the identification problem as

* ¥, = (PQ)(PQ)’ holds
* The first column of PQis b

Identification

#98



Combining sign restrictions & external instruments: Steps

[1] Identify b, the first column of B = [b B], with the external instrument
[2] Compute the Cholesky decomposition P of the reduced-form residuals’ covariance matrix &,

[3] Find a normal vector g that rotates the first column of P into the vector b, namely Pq = b

[3.i] Given g, build the remaining k— 1 columns of an orthonormal matrix Q = [q Q]
[3.ii] The matrix PQ then represents a candidate identification scheme because:

(PQ)(PQ)' =%, and P[qQ]=[bB]

[3.iii] If B satisfies the sign restrictions, retain it. Otherwise, go back to [3.i]

[4] Go back to [1] and repeat N times
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Combining sign restrictions & external instruments: In Matlab

> Single varmodel call with ident=’sign+iv’ : IV stage pins column 1 of B, sign restrictions
rotate the orthogonal complement

Sign restriction for the demand shock (conditional on the IV-identified MP column)
Positive 1, Negative -1, Unrestricted O:

= [ 1; % Real GDP: positive

]; % l-year rate: positive

a0 oo

= X

% Figure path and shock names
VARopt.figname = ’graphics/iv_sign’;
VARopt .snames = {bfeps('MonPol’), bfeps(’'Demand’)};

% Run hybrid identification: ident=’sign+iv’ handles IV stage and sign rotation
% in a single call. VARopt.IV = mps is already set from section 8.

VARopt.ident = ’sign+iv’;

VARopt .R = R;

VAR_ivsr = VARmodel (X, nlags, detc, VARopt);

» |V column fixed at var_ivsr.Bmed(:,1) across all draws; median demand-shock responses in

VAR_ivsr.IRmed
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Combining sign restrictions & external instruments: Impulse
responses

» Demand shock responses; MP column is fixed at the IV estimate for every draw

Real GDP Growth to ePomand 1-year Int. Rate to ePomand
4 t
=105 0.5 -05

10.4 041

10.3 0.3‘-

10.2 0.2}

10.1 0.1p 10.1

0 0 . . . 0
20 5 10 15 20
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Common Identification Schemes
Identification with Exogenous Variables




Identification with exogenous variables

> Intuition Suppose you have at your disposal an exogenous shock s;

* |t is contemporaneously exogenous to the VAR system
* Rather than using it as an instrument in a second-stage projection ...
* _..include it directly as a contemporaneous regressor in the VAR

» The model becomes

p
Xp =C+ Z PiX;_j+ 65 + Uy
j=1

where § is a k x 1 vector of impact coefficients

> The OLS estimate &, scaled by the sample standard deviation of sy, gives the first column of B:
the contemporaneous response to a one-standard-deviation shock
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Exogenous variables vs. Proxy SVAR

> Both approaches exploit external variation in the same observed series to identify one
structural shock

> The key distinction

* Proxy SVAR: z, enters as an instrument in a second-stage IV regression on the reduced-form
residuals

* Exogenous variable: s, enters as a contemporaneous regressor directly in each VAR equation

» Under the same identification assumptions and a common lag structure, the two estimators
are asymptotically equivalent Plagborg-Mgller and Wolf (2021)

» Any divergence in finite samples is informative about potential VAR misspecification
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Identification with exogenous variables: In Matlab

> Pass the exogenous shock via varopt.exoshock and set varopt.ident = ’exog’

VARopt_exog = VARoption;

VARopt_exog.vnames = Xvnames;
VARopt_exog.nsteps = 20;
VARopt_exog.ident = 'exog’;
VARopt_exog.exoshock = mps;
VARopt_exog.snames = {bfeps ('MonPol’) };

VAR_exog = VARmodel (X, nlags, detc, VARopt_exog);

> First column of var_exog.B equals 365; remaining columns are zero
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Identification with exogenous variables: Impulse responses

> Responses virtually identical to the proxy SVAR at all horizons (asymptotic equivalence)

Real GDP Growth to eMonro! 1-year Int. Rate to e°"Po!
0 0.15 r -0.15

-0.1 1-0.1 0.1p 410.1
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Inference



Quantifying uncertainty

> Impulse responses, variance decompositions, and historical decompositions are functions of
estimated parameters (®, > ,) — they inherit sampling uncertainty

> Two distinct situations require different inferential approaches

* Point-identified models (Cholesky, long-run, IV, exogenous): unique B; only source of uncertainty is
parameter uncertainty = bootstrap

* Set-identified models (sign restrictions, narrative): B is set-identified; uncertainty has two
components: parameter uncertainty + identification uncertainty = Bayesian draws
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Bootstrap for point-identified models

> Activate with varopt.inference = 1

» Two variants, selected via varopt.method
* bs’ (residual bootstrap): resample residuals with replacement; preserves autocorrelation
structure but assumes homoskedastic residuals

* wild’ : multiply each residual by an independent +£1 Rademacher draw; robust to conditional
heteroskedasticity; default for proxy SVARs

VARopt.inference = 1; activate bootstrap

o0 o

VARopt .method = "bs’; "bs’ = residual bootstrap (default)
VARopt .ndraws = 1000; % number of bootstrap draws (default)
VARopt.pctg = 90; % confidence level in percent

VAR_id = VARmodel (X, nlags, detc, VARopt);
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Bayesian inference for sign-restricted models

> For sign-restricted models, the accepted draws {Bj} carry both sources of uncertainty: the
rotation draws capture identification uncertainty; an independent draw of VAR parameters
from a Normal-inverse-Wishart posterior captures parameter uncertainty

» Control parameter uncertainty via varopt.inference

* inference = 1 (default): both sources of uncertainty
* inference = 0 :identification uncertainty only (OLS parameters fixed)

> Credible bands stored in var_sr.Irinf and var_sr.Irsup ; pointwise median in varR_sr.IRmed
(element-wise median across draws — not a valid structural model)
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> vaRopt.inference = 1 (default) Draws jointly from the posterior over (&, ¥,) and over
admissible rotations = both parameter and identification uncertainty

> vaRopt.inference = 0 Fixes (®, X,) at their OLS estimates and randomises only over
rotations = identification uncertainty alone

> The second setting is useful for isolating the width of the identified set from sampling
variability in the reduced-form estimates
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Dynamic Analysis




Structural dynamic analysis

> Assume for the moment that we know how to ‘identify’ structural shocks — B matrix is known

» What can we do with our structural VAR?

* Quantify the dynamic effect of a shock over time = Impulse responses

* Quantify how important a shock is in explaining the variation in the endogenous variables (on
average) = Forecast error variance decomposition

* Quantify how important a shock was in driving the behavior of the endogenous variables in a
specific time period in the past = Historical decompositions

» This is what is called structural dynamic analysis
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Dynamic Analysis

Impulse Responses




Impulse response functions

» Impulse response functions (IR) answer the following question:

What is the response over time of the VAR's endogenous variables to an
innovation in the structural shocks, assuming that the other structural
shocks are kept to zero?

» IR allow us to single out the effect of a shock (e.g. its impact and persistence on all variables
in the system) keeping all else equal

> Example What is the impact of a monetary policy shock to GDP?
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How to compute impulse response functions

» Consider our simple bivariate VAR
Demand
[ytj| — |:CYj| + |:¢11 ¢12] [yt—1] + |:b11 b12] |:£t;m‘;nl:|
It ¢ G2 P Ll by, by, & onre
> Define a 2 x 1impulse selection vector (s) that takes value of one for the structural shock that

we want to consider.

> For example, to compute the IR to the demand shock, define s as:

(5]

> The impulse responses to £¢™*" can be easily computed with the following equation

Xp = ®X;_, +Bs
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How to compute impulse response functions (cont'd)

» The IR can be computed recursively as follows

IR, = Bs forh=o0

> Note that the impact response is simply given by the elements of the impact matrix B selected

by s...
e L e ] ]
’Rg b21 b22 0 b21

> ... while the responses at longer horizons are given the transition matrix
\ y
IRt ¢21 ¢22 IRt—1
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....................................... (BOM] The companion MAFIX oo
> Every VAR(p) can be written as a VAR(1) using the companion representation

* For example, take a VAR(2)
D d
AR LR R 2 PR e
I Cr 4’21 ¢22 i1 4’21 ¢22 i b21 b22 & onre

* Re-write the VAR(2) as

1 1 2 2 Demand
Vi ¢11 ‘p}z ¢;1 ‘P;z Vi b11 b12 o O & l
MonPo
It _ ¢21 ¢22 ¢21 ¢22 lt— + b21 b22 o o &t
Viq 1 (0] (0} (0} Yis (0} o O O 0
re_q (e] 1 (0] (0] re—» (0} o O O 0

* Which is a VAR(1) where & is the companion matrix

%, = ®X,_, + Be,
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Impulse responses: In Matlab

> With identification set, varmodel computes IRFs; varirplot plotsthem
> Use as an example the sign-restricted VAR from before

> Plot responses to monetary policy shock (shock 2) with confidence bands from the Bayesian
posterior

VARopt .inference = 1; % enable Bayesian credible bands
VAR_sr = VARmodel (X,nlags, detc, VARopt) ;

VARopt.figname = ’graphics/sign_IR’;

VARirplot (VAR_sr.IRmed, VARopt, VAR _sr.IRinf, VAR_sr.IRsup);

> Growth-rate vs. level IRFs: cumulating output growth responses gives the output level
response (relevant for long-run neutrality checks)
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Impulse responses: Sign-restricted bivariate VAR

> Shaded area = 95% credible bands; solid line = element-wise median

Real GDP Growth to ePemand 06 06 1-year Int. Rate to ePemand
—0— Point-wise median - —
—{— Median-target 4 T —
104 0.4F
C
T - —
10.2 02} / — — —
0 0 | | |
20 5 10 15
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> The toolbox computes IRFs for the variables as they enter the VAR — here, the growth rate
of GDP. IR% is the deviation of the growth rate from baseline at horizon h

> For the level of output, the relevant object is the cumulative IRF:
h
7 v
CIRy = > IR,
1=0

» The long-run (monetary neutrality) restriction is CIR{,o = 0 — a restriction on the
cumulative sum, not on any individual growth-rate response

> Growth-rate responses need not return to zero; cumulative (level) responses converge to
zero by construction under neutrality
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Forecast error variance decompositions

> Forecast error variance decompositions (VD) answer the following question:

What portion of the variance of the VAR’s forecast errors (at a given hori-
zon h) is due to each structural shock?

> VD provide information about the relative importance of each structural shock in affecting the
forecast error variance of the VAR's endogenous variables

> Example What is the (average) importance of demand shocks in driving GDP forecast errors?
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How to compute forecast error variance decompositions

> The forecast error of a variable at horizon t + h is the change in the variable that couldn’t have
been forecast between t—1and t + h due to the realization of the structural shocks.

> For example, at h = 0 we can compute the forecast error as

Xp— Br_q[X¢] = &, + Bg, — dX;_, = Be,

> At h =1, we have

Xepr— EalXepa] = OXp+ By — °xp_, =
®(dx,_, + Bg,) + By, , — ¥*x,_, = OBe, + B,

> So, in general we have
h
h—i
FEith =Xern — Ea[Xepn] = Z ¢ BEy;
i=0
> What is the variance of FE, ,?
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» If X is a random variable x and a is a constant
* Var(x + a) = Var (x)
* Var (ax) = a’var (x)
» If Y is a random variable and b is a constant
* Var (aX + bY) = a®Var (x) + b*Var (Y) 4+ 2abCov (X, Y)

> Since the structural errors are independent, it follows that COV (e?ﬁ"“”d, giv'ffp"’) =0
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How to compute forecast error variance decompositions (cont’d)

> For simplicity consider h = 0, namely
var (FE,) = Var (x, — E,_,[x,]) = Var (Bg,)

> Recalling that Var (&) = I, and that the structural shocks are orthogonal to each other, the

variance of the forecast error can be computed as
var(y,—E,_,ly)]) = b7, Vargefema"dg + b2, var Eef"onp"lg = b? + b,

var (r,— E,_,[r]) b2 var (€P™9) 1 b2 var (el°"l) = b2, 4 b2,

» What portion of the variance of the forecast error at h = 0 is due to each structural shock?

Demand b2 Demand b2
VD; = 1 VD;‘:' = 2

o b3, +b3, o b3, +b3,
VDEMO"POl B bfz VDEMonPol - b§2

Yo B b$1+b$2 To n b§1+b§2

This sums up to 1 This sums up to 1
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Forecast error variance decomposition: Formula

> The VD of variable i at horizon h attributable to shock j is
h
Ye—o(65)°
h k
ZSZO Zm:1(97m)2

where ij is the (i, j) element of ©, = ®°B (the impulse response matrix at horizon s)

&

> Three properties

* Adding-up: VD shares sum to 1 across shocks at each horizon
* Long-run: as h — oo, VD converges to the long-run contribution
* ldentification: FEVD inherits whatever is recovered by the identification scheme
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FEVD: In Matlab

> VD is computed and stored automatically by varmode1 , plotted by varvdplot with two
‘modes’

» Stacked area chart

VARopt . figname = ’graphics/sign_VD’;
VARvdplot (VAR_sr.VDmed, VARopt);

» Line with confidence intervals

VARopt.figname = ’graphics/sign_VD_bands’;

VARopt .pick = 2;

VARopt.color = pantone (' Tomato’);

VARvdplot (VAR_sr.VDmed, VARopt, VAR_sr.vDinf, VAR _sr.VDsup);
VARopt .pick = 0;

VARopt .color = [1;
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FEVD: Sign-restricted bivariate VAR

> Stacked area: contribution of each shock to forecast error variance share at every horizon

Real GDP Growth 1-year Int. Rate
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FEVD: Uncertainty bands

> Bands: MP shock contribution with Bayesian credible bands across accepted sign-restriction

draws
Real GDP Growth to eMonPol 1-year Int. Rate to e)lonPe!
100 4100 100 - 100
80'_—________—___:80 80 F {80
\
~
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> Adding-up For any variable and horizon, the shares across all k shocks sum to one:
Z;; VD;,, =1 (under full identification; under partial identification they need not)

> Long-run limit For a covariance-stationary VAR, as h — oo the FEVD converges to the
unconditional variance shares (depending on both ¢ and B)

> Inherits identification Shares are computed from ©; = d>iB, so they depend on the full B
matrix. Unlike IRFs — where one column of B suffices — the FEVD share of shock j requires
the full B, since the denominator aggregates variance across all k shocks
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Historical decompositions

» Historical decompositions (HD) answer the following question:

What is the historical contribution of each structural shock in driving devi-
ations of the VAR’s endogenous variables away from their equilibrium?

> HD allow us to track, at each point in time, the role of structural shocks in driving the VAR's
endogenous variables away from their steady state

> Example What was the contribution of oil shocks in driving the fall in GDP growth in 1973:Q4?
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How to compute historical decompositions

> As an example, let's compute the HD of the endogenous variables for t = 2 in our simple
bivariate VAR

> Historical decompositions can be easily understood from the Wold representation of the VAR
=1 t=1
X, = 0%+ > et > dBe,_
j=0 j=0

» Using the Wold representation, we can write x, as a function of present and past structural
shocks, the initial condition, and the constant

X, = &%, + (I +d)c+ ®Be, + B g,
init const 1 o
> Re-write x, in matrix form
y, ] [init, _[consty] ol ol [ePemand N 6% 62 7[gbemand
r,] Linit,] " [const,] "6}, 6,]] eMomPel | |65, 65,]| ehonPel
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How to compute historical decompositions (cont'd)

> Then x, can be expressed as

.. 1 _Demand 1 ~MonPol o .Demand 0 ~MonPol
Yy, = init, + const, + 6,,&, +0.,¢, + 6.8, +0.,¢,

. . 1 .Demand 1 ~MonPol o _Demand 0 _MonPol
r, = init, + const, + 6,,¢, +0,,¢, + 6,8, +6,,¢,

» The historical decomposition is given by

Demand Demand
£ 1 _Demand o _Demand £ 1 .Demand o _Demand
HDy2 - 91151 + 611‘52 HDr2 - 62151 + 92152
MonPol MonPol
£ 1 ~MonPol 0 ~MonPol £ 1 ~MonPol 0 _MonPol
{ HDy2 = 91251 + 612“52 < HDr2 = 622“:1 + 92252
init . - init . -
HDy = = Init, HD, ™ = init,
HDE®™ = const HD°"™' — const
A y r r
This sums up to y, Thissumsuptor,
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Historical decomposition: In Matlab

> HD is computed and stored automatically by varmode1 ; plot with varndplot

VARopt .figname = ’graphics/sign_HD’;
VARhdplot (VAR_sr.HDmed, VARopt) ;

VARopt.figname = ’graphics/sign_HD_bands’;

VARopt .pick = 2;

VARopt.color = pantone (' Tomato’);

VARhdplot (VAR_sr.HDmed, VARopt, VAR_sr.HDinf, VAR _sr.HDsup);
VARopt .pick = 0;

VARopt.color = [1;

» VAR sr.HD is a struct with fields shock , init, const, trend, endo
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Historical decomposition: Sign-restricted bivariate VAR

> Stacked-area: contribution of each shock to the deviation of each variable from its
unconditional mean

Real GDP Growth 1-year Int. Rate
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Historical decomposition: Uncertainty bands

> MP shock contribution with Bayesian credible bands; width reflects identification uncertainty
across accepted draws

Real GDP Growth to eMonPol 1-year Int. Rate to eMonro!

1989 1995 2001 2007 2013 _ 1989 1995 2001 2007 2013
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> The economic content of the init and const components depends on the data
transformation

> Log-differences VAR The constant converges to the average growth rate (meaningful,
stable across samples); the initial condition is the deviation from the long-run average at
the sample start, and decays toward zero as the VAR is stable

> Log-levels VAR Neither has a stand-alone interpretation: the constant converges to the
sample mean of log GDP (grows with the trend, sample-dependent); the initial condition is
the first-period log-level, which for a growing economy lies below the mean
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Local projections: Background

> Intuition Estimate the IRF at each horizon directly

* No fitted VAR to iterate forward
* Regress the h-step-ahead outcome on the shock and lagged controls

> Reference Jorda (2005)

> One regression per horizon h=0,1,..., H:

/
Xitrh = Op + BpSe + YW + €y

* {ﬁh}ﬁzo traces the response of x; ,, , to s,
* Std. errors: Newey-West HAC, bandwidth L = h—1
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LP vs. VAR: Trade-offs

> Robustness Robust to VAR misspecification

* Each horizon estimated independently, no cross-horizon restrictions

> Efficiency VAR IRFs more efficient when the VAR is correct

* LP fits a separate regression at each horizon
> Equivalence Same population IRFs as the lag order grows Plagborg-Mgller and Wolf (2021)

> Complements, not substitutes

* Divergence at long horizons signals VAR misspecification
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LP-OLS: Estimation in the VAR Toolbox

> Pass the full expo matrix, remodel loops over its columns (same shock, controls, lags)

> Controls always enter cTrn contemporaneously in Lpmodel
* LPmodel lagsthem internally by the pre-specified n1ags, contemporaneous values never used

> mps (shocks,)and qetc (deterministic component) carry over from the earlier examples

% Set up LP-OLS options

LPopt = LPoption;

LPopt .nsteps = VARopt.nsteps; % match VAR horizon

LPopt.pctg = 90; % 90% confidence bands
LPopt.impact = 0; % l-std-dev shock

LPopt .mnem = Xmnem; % mnemonics names

LPopt .vnames = Xvnames; % labels for plots

% Run LP-OLS for all endogenous variables in a single matrix call

ENDO = X; % outcomes x_{i,t+h}
CTRL = X; % controls w_t (lags constructed internally)
LP = LPmodel (ENDO, mps, CTRL, nlags, detc, LPopt);
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LP-IV: Instrumented treatment

> When the treatment is endogenous, instrument it via Lropt.1v;

* Treatment ENDO(:,2) enters as the second argumentin LPmodel
* Lpopt.IV holds the external instrument

> First-stage F-statistic per horizon in 1p_1v.dlngdp.nN.Fstat_£s ; check > 10 (Stock-Yogo

threshold)
% Set up and run LP-IV
LPopt_IV = LPoption;
LPopt_IV.nsteps = VARopt.nsteps;
LPopt_IV.pctg = 90;
LPopt_IV.impact = 0;
LPopt_IV.IV = mps; % external instrument
LPopt_IV.mnem = Xmnem; % name per-variable sub-structs
LP_IV = LPmodel (ENDO, ENDO(:,2), CTRL, nlags, detc, LPopt_1IV);
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The LP struct

> Lpmodel returns a single struct rp

Per-variable sub-structs 1p.dlngdp, LP.ilyr (full univariate output)
Top-level 1R, INF, sup (H x N): IRFs + Newey-West bands

*
*
* Input echo: ENDO, TREAT, CTRL, EXOG, nlag, const
%

Per-horizon ni,..., nH;joint-test fields jtest_chi2/df/pval
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> LPerrore, , =the h-step-ahead forecast error
» Under a correct VAR(p), it is an MA(h — 1):

Cih = Etih T Yi€eiha T+ Pp1Epyq

* Serial correlation up to order h— 1, even with white-noise &,

> Fix Newey-West HAC, bandwidth L = h—1

* Bands INF, SUP uUSe bstd_NwW
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LP-OLS vs. LP-IV: Bivariate example

> Both normalized to a 25 bps rise in the 1-year rate on impact

* LP-OLS reduced-form effect of an mps surprise
* LP-IV causal effect of the rate change instrumented by mps

Real GDP Growth to eonPol 1-year Int. Rate to ¢}Monre!
= 0.5

—0— LP-OLS (NW)
——LPIV(NW) [

5 10 15 20
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LP vs. Exogenous-variable SVAR: Two routes to the same object

> Recall that LP and the exogenous-variable SVAR are the same object on impact

> Exog-variable SVAR s, enters each equation contemporaneously
* Impact identified with the VAR dynamics, then iterated forward

> Local projections project the outcome on s, at each horizon

* No dynamic model fitted

> Asymptotically equivalent as the lag order grows Plagborg-Mgller and Wolf (2021)

* Divergence at h > 0 signals VAR misspecification
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LP vs. Exogenous-variable SVAR: Bivariate example

» Same external instrument, two routes

* LP each horizon estimated directly
* Exog-SVAR |V-identified impact iterated through the VAR dynamics

Real GDP Growth to e}onPel 1-year Int. Rate to e}MonFo!
0.2 0.2 0.4 0.4
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