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The Complexity of Optimal Job Co-Scheduling
on Chip Multiprocessors and Heuristics-Based

Solutions
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Abstract—In Chip Multiprocessors (CMP) architecture, it is common that multiple cores share some on-chip cache. The sharing may
cause cache thrashing and contention among co-running jobs. Job co-scheduling is an approach to tackling the problem by assigning
jobs to cores appropriately so that the contention and consequent performance degradations are minimized. Job co-scheduling includes
two tasks: the estimation of co-run performance, and the determination of suitable co-schedules. Most existing studies in job co-
scheduling have concentrated on the first task but relies on simple techniques (e.g., trying different schedules) for the second.
This paper presents a systematic exploration to the second task. The paper uncovers the computational complexity of the determination
of optimal job co-schedules, proving its NP-completeness. It introduces a set of algorithms, based on graph theory and Integer/Linear
Programming, for computing optimal co-schedules or their lower bounds in scenarios with or without job migrations. For complex cases,
it empirically demonstrates the feasibility for approximating the optimal effectively by proposing several heuristics-based algorithms.
These discoveries may facilitate the assessment of job co-schedulers by providing necessary baselines, as well as shed insights to the
development of co-scheduling algorithms in practical systems.
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1 INTRODUCTION

In modern Chip Multiprocessors (CMP) architecture, it
is common that multiple cores share certain levels of on-
chip cache and off-chip bandwidth. As many studies
have shown [3], [9], [10], [15], [26], [30], the sharing
causes resource contention among co-running jobs, re-
sulting in considerable and sometimes significant degra-
dations to program performance and system fairness.
Job co-scheduling is one of the approaches to addressing
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and 2009 ACM Computing Frontiers [31] conferences with three im-
provements. First, it presents the challenges and solutions of optimal job
co-scheduling in a systematic way, unifying the proofs and algorithms
published in the two previous papers into a single theoretical framework.
Second, it introduces an Integer Programming formulation of the optimal
co-scheduling problem and the use of the Linear Programming relaxed form
for efficiently computing the co-scheduling lower bounds (Section 4.2).
Third, it adds a set of new experimental results, including the empirical
confirmation of the optimality of the polynomial-time optimal co-scheduling
algorithm (Section 6.2.1), the validation of the IP/LP models in determin-
ing optimal schedules or lower bounds (Section 6.2.2), and the results of the
co-scheduling algorithms on a new set of real jobs when job migrations are
allowed (Section 6.3). Finally, it reveals some insights for the development
of practical co-scheduling systems by examining the results in a holistic
manner (Section 7).

the contention problem. Its strategy is to assign jobs to
computing units in a way that the overall influence from
resource contention is minimized.

Job co-scheduling consists of two tasks. The first is
to estimate the influence of cache sharing on the per-
formance of a job when it co-runs with other jobs. The
second is to determine the suitable co-schedules based
on the estimation. Most existing studies [2], [3], [6], [10],
[29] in job co-scheduling have concentrated on the first
task but relies on simple techniques—for instance, try-
ing a number of different co-schedules during runtime
and choosing the best one—for the second. The use
of these techniques, although having shown interesting
results, has left a comprehensive understanding of the
determination of optimal co-schedules yet to achieve.
This lack impairs the assessment of a co-scheduler—
it is hard to tell how far the co-scheduling results de-
part from the optimum and whether further improve-
ment would enhance the co-scheduler significantly—and
hinders the development of co-scheduling algorithms.
Moreover, finding optimal co-schedules is critical for
understanding how the various factors of CMP resource
sharing affect program executions, as shown in a recent
study [35].

This paper presents a systematic exploration for the
second task. With its focus on optimal co-scheduling
of independent jobs (i.e., jobs with no data sharing
among one another), this work aims at answering three
questions:

• How difficult is it to find optimal co-schedules?
• What algorithms can determine optimal co-

schedules or reasonable lower bounds efficiently?
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• When the optimal are too hard to find, can
heuristics-based algorithms approximate them effec-
tively?

Our exploration consists of three components. The
first component (Sections 3 and 4) is focused on the
complexity of co-scheduling in a basic setting where
no job length variance or job migrations are consid-
ered. The discoveries fall in four aspects. The first is
a polynomial-time algorithm for finding optimal co-
schedules on dual-core CMPs. The algorithm constructs
a degradation graph, models the optimal scheduling
problem as a minimum-weight perfect matching prob-
lem, and solves it using the Blossom algorithm [8]. The
second is a proof that optimal co-scheduling on u-core
processors is an NP-complete problem when u is greater
than 2, with or without job migrations allowed.1 The
third is an Integer Programming (IP) formulation of
the optimal co-scheduling problem for u-core systems
(u > 2). The formulation offers a clean way for formal
analysis; its Linear Programming (LP) form offers an
efficient approach to computing lower bounds for job co-
scheduling. The final is a series of heuristics-based algo-
rithms for approximating the optimal schedules in u-core
CMP systems (u > 2). The first algorithm, named the
hierarchical matching algorithm, generalizes the dual-
core algorithm to partition jobs in a hierarchical way.
The second algorithm, named the greedy algorithm,
schedules jobs in order of their sensitivities to cache
contention. To further enhance the scheduling quality,
we develop an efficient local optimization scheme that is
applicable to the schedules produced by both algorithms.

The second component of this research (Section 5)
expands the scope of the study with explorations on the
complexities brought by job migrations that are incurred
by job length variance. It shows the exponential increase
of the search space and investigates the use of A*-search
for accelerating the search for optimal schedules. For
large problems, it offers two approximation algorithms,
A*-cluster and local-matching algorithms, to effectively
approximate optimal schedules with good accuracy and
scalability.

The third component (Section 6) is a series of evalua-
tions on the proposed co-scheduling algorithms. The re-
sults on 16 programs running on two kinds of commod-
ity CMP machines validate the optimality of the optimal
co-scheduling algorithms, and empirically demonstrate
that the heuristics-based algorithms may achieve good
estimation of the optimal co-schedules: Compared to
sharing-oblivious scheduling, they reduce co-run degra-
dation by 5–20% on average, 1.4% away from the opti-
mum.

There has been a large body of research on optimal
job scheduling. But to our surprise, despite an extensive
survey [5], [22], we have found no previous work that

1. For ease of explanation, the following description assumes a
platform that contains multiple u-core single-threaded processors, with
all cores on a chip sharing a cache.

tackles an optimal co-scheduling problem containing
performance interplay among jobs as what the current
co-scheduling problem involves. This work, although
uncovering some interesting facts, is by no means to an-
swer all questions on optimal job co-scheduling. Instead,
it hopefully may serve as a trigger to stimulate further
studies towards a comprehensive understanding to this
intricate problem.

2 DEFINITION OF THE BASIC CO-
SCHEDULING PROBLEM

This section defines the basic co-scheduling problem,
which concentrates on the primary challenges in as-
signing jobs to cores without the considerations of the
complexities caused by job migrations. Section 5 will
describe the treatment of those complexities.

This work concentrates on independent jobs—no jobs
have data shared with each other. Co-running programs
hence typically run slower than their single runs (i.e.
the runs with no co-runners) due to resource contention.
This kind of performance degradation is called co-run
degradation. Formally, the co-run degradation of a job i
when it co-runs with all the jobs in set S is defined as

di,S = (cCPIi,S − sCPIi)/sCPIi,
where cCPIi,S and sCPIi are the average numbers of
cycles per instruction (CPI) respectively when the job i
co-runs with the job set S or when it runs alone 2. (“c”
for “co-run”; “s” for “single run”.) The definition uses
CPI because it is a commonly used metric for computing
efficiency [14]. Immediately following the definition, di,S

must be non-negative, and di,S′ ≤ di,S if S′ ⊆ S.
The basic optimal co-scheduling problem is as follows:

Given a set of n independent jobs, J1, J2, . . . ,
Jn, and m identical chips with each equipped
with u identical computing units that share
certain on-chip resource uniformly, the goal is
to find a schedule that maps each job to a com-
puting unit so that the total co-run degradation,
∑n

i=1 di,S , is minimized, where, S is the set
of jobs that are mapped to the chip that Ji is
mapped to under the schedule.

We use the sum of co-run degradations as the goal
function for the following reasons. A key object of co-
scheduling is to maximize the computing efficiency of
a CMP system, which suggests the use of the sum of
CPIs of all jobs. However, the simple sum may cause
an unfair schedule that favors high-CPI jobs to appear
as effective. For instance, suppose two schedules for two
jobs A and B produce (CPIA=2, CPIB=1) and (CPIA’=1.4,
CPIB ’=1.5) respectively. The second schedule appears to
produce a smaller sum of CPIs than the first, but it
degrades job B performance by 50% while improving
job A performance by only 43%. Replacing the absolute
CPI values with co-run degradations in the sum helps

2. Jobs are allowed to have different lengths. If a job finishes after
its sharers do in a co-run, the cCPI of the job is computed as the total
cycles it takes to finish divided by its total number of instructions.
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avoid the bias as degradation reflects the normalized
computing efficiency.

The problem of co-scheduling includes two parts. The
first is to predict the degradation of every possible co-
run. The second is to find the optimal schedules so that
the total degradation is minimized given the predicted
co-run degradations. Much research has explored the
first part of the problem (e.g., [10], [21], [29]). This
work specially focuses on the second part, in which,
we assume that the degradations of all possible co-runs
are known beforehand (although some algorithms to be
presented do not require the full knowledge).

This assumption does not prevent practical uses of
the co-scheduling algorithms produced in this work.
The first main use is to remove the obstacles for the
evaluation of various co-scheduling algorithms. Most
current evaluations of a co-scheduling system compares
only to random schedulers. But in practical design of
a co-scheduler, it is important to know the room for
improvement—that is, the distance from the optimum—
for determining the efforts needed for further enhance-
ment and the tradeoff between scheduling efficiency
and quality. That is exactly what the algorithms in this
work provide or approximate. For such assessment, it is
usually acceptable to collect the co-run performance of
some jobs offline even if that takes some amount of time.

The second use of the algorithms is for proactive co-
scheduling. Proactive co-scheduling decides the sched-
ule of jobs before the jobs start running. They typically
use predicted co-run performance of jobs [2], [3], [16].
The co-scheduling algorithms proposed in this work
may help to determine the suitable schedules based on
the predicted performance. We note that errors in perfor-
mance prediction, although possibly hurting the quality
of the resulting schedules, are tolerable to a certain
degree in co-scheduling—even if the errors mislead a
co-scheduling algorithm to consider an optimal schedule
to be 10% (rather than 20% in truth) better (in terms of
performance degradations) than other schedules, they do
not prevent the algorithm from picking the optimal one.

In this basic co-scheduling problem, the co-schedule
to be found is static, meaning that there are no job
migrations during the execution of a job. (The influence
on the performance of a job imposed by the assignments
of jobs on other chips is typically small and neglected in
job co-scheduling.)

In the following description, we use an assignment to
refer to a group of u jobs that are to run on the same
chip. We use a schedule to refer to a set of assignments
that cover all the jobs and have no overlap with each
other—that is, a schedule is a solution to a co-scheduling
problem.

3 BASIC OPTIMAL CO-SCHEDULING IN DUAL-
CORE SYSTEMS (u = 2)
In this section, we present an efficient algorithm for
finding optimal schedules in a special case where the
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Fig. 1. An example of a degradation graph for 6 jobs on
3 dual-cores. Each partition contains a job group sharing
the same cache. Bold edges compose a perfect matching.

target systems have dual cores on each chip. It prepares
for the explorations on more complex cases.

We model optimal co-scheduling problems in this
case as a graph problem. The graph is a fully con-
nected graph, named degradation graph. As illustrated in
Figure 1, every vertex in the graph represents a job,
and the weight on each edge equals the sum of the
degradations of the jobs represented by the two vertices
when they run on the same chip. With this modeling,
the optimal co-scheduling problem becomes a minimum-
weight perfect matching problem. A perfect matching in a
graph is a subset of edges that cover all vertices, but no
two edges share a common vertex. A minimum-weight
perfect matching problem is to find a perfect matching
that has the minimum sum of edge weights in a graph.

It is easy to prove that a minimum-weight perfect
matching in a degradation graph corresponds to an
optimal co-schedule of the job set represented by the
graph vertices. First, a valid job schedule must be a
perfect matching in the graph. Each resulting job group
corresponds to an edge in the graph, and the groups
should cover all jobs and no two groups can share the
same job, which exactly match the conditions of a perfect
matching. On the other hand, a minimum-weight perfect
matching minimizes the sum of edge weights, which is
equivalent to minimizing the objective function of the
co-schedule defined in Section 2.

One of the fundamental discoveries in combinational
optimization is the polynomial-time blossom algorithm
for finding minimum-weight perfect matchings pro-
posed by Edmonds [8]. It offers the polynomial-time
solution to optimal co-scheduling on dual-cores. The
time complexity of the algorithm is O(n2m), where n
and m are respectively the numbers of nodes and the
number of edges in the graph. Later, Gabow and Tarjan
develop an O(nm + n2 log n) algorithm [11]. Cook and
Rohe provide an efficient implementation of the blossom
algorithm [4], which is used in this work.
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4 BASIC OPTIMAL CO-SCHEDULING IN u-
CORE SYSTEMS (u ≥ 3)
When u ≥ 3, the optimal co-scheduling problem be-
comes substantially more complex than on dual-core
systems. This section first analyzes the complexity of the
problem, and then describes an IP/LP formulation of the
problem for efficient lower-bound computation.

4.1 Proof of the NP-Completeness

This section proves that when u ≥ 3, optimal co-
scheduling becomes NP-complete. The proof is via
a reduction of Multidimensional Assignment Problem
(MAP) [12], a known NP-complete problem, to the co-
scheduling problem.

First, we formulate the co-scheduling problem as fol-
lows. There is a set S containing n elements. (Each ele-
ment corresponds to a job in the co-scheduling problem.)
Let Su represent the set of all u-cardinality subsets of S.
Each of those u-cardinality subsets, represented by Gi,
has a weight wi, where i = 1, 2, · · · ,

(

n
u

)

. (Gi corresponds
to a group of jobs scheduled to the same chip, and its
weight corresponds to the sum of the degradation of all
the jobs in the group.) The objective is to find n/u such
subsets, Gp1

, Gp2
, · · · , Gpn/u

to form a partition of S that
satisfies the following conditions:

•
⋃n/u

i=1 Gpi = S. (Every job belongs to a subset.)

•
∑n/u

i=1 wpi
is minimized. (Total weight is minimum.)

The first condition ensures that every job belongs to a
single subset and no job can belong to two subsets (as
all the subsets together contain only (n/u) ∗ u = n jobs).
The second condition ensures that the total weight of the
subsets is minimum.

We prove that this problem is NP-hard via a reduc-
tion from the MAP problem. The objective of the MAP
problem is to match tuples of objects in more than 2 sets
with minimum total cost. The formal definition of MAP
is as follows:

• Input: u (u ≥ 3) sets Q1,Q2,· · · ,Qu, each containing
m elements, a cost function C: Q1×Q2×· · ·×Qu →
R, and a given value O.

• Output: An assignment A that consists of m sub-
sets, each of which contains exactly one element
of every set Qk, 1 ≤ k ≤ u. Every member αi =
(ai1, ai2, . . . , aik) of A has a cost ci = C(αi), where
1 ≤ i ≤ m and aik is the element chosen from the
set Qk.

• Constraints: Every element of Qk, 1 ≤ k ≤ u,
belongs to exactly one subset of assignment A and
∑m

i=1 ci is equal to the given value O.

MAP has been proven to be NP-complete by reduction
from the three-dimensional matching problem [12], a
well-known problem first shown to be NP-complete by
R. Karp [20].

We now reduce MAP to the co-scheduling problem.
Given an instance of MAP, we construct a co-scheduling
problem as follows:

• Let S =
⋃u

k=1 Qk and n = m ∗ u.
• Build all the u-cardinality subsets of S, represented

as Gi, 1 ≤ i ≤
(

n
u

)

. If a subset Gi contains exactly one
element from every set Qk, 1 ≤ k ≤ u, its weight is
set as C(a1, a2, · · · , au), where C is the cost function
in the MAP instance, and ak is an element chosen
from Qk. Otherwise the weight is set to positive
infinity.

For a given value of u, the time complexity of the
construction is O(nu). It is clear that a solution to this
co-scheduling problem is also a solution to the MAP in-
stance and vice versa. This proves that the co-scheduling
problem is NP-hard. Obviously, the co-scheduling prob-
lem is an NP problem. Hence, the co-scheduling problem
is an NP-complete problem when u ≥ 3.

4.2 Integer/Linear Programming for Optimal Co-
Scheduling

The NP-completeness suggests that it is difficult if not
impossible to generalize the algorithm described in Sec-
tion 3 into a polynomial-time algorithm for the cases
when u is greater than two. This section shows that op-
timal co-scheduling can be formulated as an IP problem
in general, and therefore many standard IP solvers may
be used to compute the optimal co-schedules directly.
Furthermore, the LP relaxed form offers an efficient way
to compute the lower bounds of the co-scheduling for
an arbitrary u value.

4.2.1 Integer Programming Model

The IP formulation comes from the observation that opti-
mal job co-scheduling defined in Section 2 is essentially
a partition problem: To find a way to partition the n
jobs into m = n

u sets (corresponding to the m chips),
with each job falling into one set and each set containing
exactly u jobs, so that the total co-run degradation of all
the jobs is minimized. We formulate it as the following
IP problem.

The variables of the IP are:

xSi
, where 1 ≤ i ≤

(

n
u

)

and Si ⊆ {1, 2, ..., n}
with |Si| = u, and Si = Sj if and only if i = j
(1 ≤ i, j ≤

(

n
u

)

.)
Each xSi

is a binary variable, indicating
whether the job set Si is one of the sets in the
final partition result.

The objective function is:

min
∑(n

u)
i=1 d(Si) · xSi

where, d(Si) is the sum of the co-run degradations of
all the jobs contained in Si when they co-run on a single
chip, that is, d(Si) =

∑

j∈Si
dj,Si−{j}.
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The basic form of the constraints is:

xSi
∈ {0, 1}, 1 ≤ i ≤

(

n

u

)

;

∑

k:1∈Sk

xSk
= 1;

∑

k:2∈Sk

xSk
= 1; . . . ;

∑

k:n∈Sk

xSk
= 1.

The first constraint says that xSi can only be either
0 or 1 (1 means that Si is one of the sets in the final
partition result; 0 means otherwise.) The first of the other
n constraints means that there must be one and only one
set in the final partition result that contains job J1. The
other constraints have the same meaning but on other
jobs.

The basic form is intuitive but not amenable for
efficient implementation. A refined form converts the
last n constraints in the basic form into a matrix-vector
multiplication form. In the form, A is an n×

(

n
u

)

matrix,
with each element equaling either 0 or 1: The element of
A at position (i, j) is 1 if and only if i ∈ Sj—that is, job
Ji is in the job set denoted by Sj . Apparently, the matrix-
vector equation is equivalent to the final n constraints in
the basic IP form. We call the matrix A the membership
matrix as it indicates which sets a job belongs to.

A













xS1

xS2

...
xS

(n
u)













=











1
1
...
1











4.2.2 Computing Lower Bounds in Polynomial Time

The IP problem is not polynomial-time solvable. But its
lower bound can be efficiently computed through its LP
form. The LP form is the same as the IP form except that
the first constraint becomes

0 ≤ xSi
≤ 1, 1 ≤ i ≤

(

n

u

)

.

It is easy to see that a feasible solution of the IP
problem must be a feasible solution of the LP problem as
well. The optimal value of the objective function in the
LP, hence, must be no greater than the value in the IP. As
LP problems can be solved efficiently, this relaxed form
offers a fast way to compute lower bounds for optimal
co-scheduling.

In our experiment, we employ the LP and IP solver
in MATLAB to compute optimal co-schedules and the
lower bounds. The LP solver, function linprog, is based
on LIPSOL [34], which is a variant of Mehrotra’s
predictor-corrector algorithm [24], a primal-dual interior-
point method. The IP solver, bintprog, uses a LP-based
branch-and-bound algorithm to solve binary integer pro-
gramming problems.

4.3 Heuristics-Based Approximation

Even though the IP model in the previous section for-
mulates the optimal co-scheduling problem in a clean
manner, solving the model may still be infeasible for a
large problem given the NP-completeness of the job co-
scheduling problem.

We design a set of heuristics-based algorithms to
efficiently approximate the optimal schedules. The first
algorithm is a hierarchical extension to the polynomial-
time algorithm used when u = 2; the second is a greedy
algorithm, which selects the local minimum in every
step. In addition, we introduce a local optimization al-
gorithm to enhance the scheduling results. We acknowl-
edge that the theoretical accuracies of these algorithms
are ideal to have, but yet to develop. Our discussion
instead concentrates on the intuitions of their design and
empirical evaluations.

4.3.1 Hierarchical Perfect Matching Algorithm

The hierarchical perfect matching algorithm is inspired
by the solution on dual-core systems. For the purpose
of clarity, we first describe the way this algorithm works
on quad-core CMPs, and then present the general algo-
rithm.

Finding the optimal co-schedule on quad-core CMPs is
to partition the n jobs into n/4 4-member groups. In this
algorithm, we first treat a quad-core chip with a shared
cache of size L as two virtual chips, with each containing
a dual-core processor and a shared cache of size L/2. On
the virtual dual-core system, we can apply the perfect
matching algorithm to find the optimal schedule, in
which, the job set is partitioned into n/2 pairs of jobs.
Next, we create a new degradation graph, with each
vertex representing one of the job pairs. After applying
the minimum-weight perfect matching algorithm to the
new graph, we will obtain n/4 pairs of job pairs, or in
another word, n/4 4-member job groups. These groups
form an approximation to the optimal co-schedule on
the quad-core system.

Using this hierarchical algorithm, we can approximate
the optimal solution of u-core co-scheduling problem
by applying the minimum perfect matching algorithm
log(u) times, as shown in Figure 2. At each level, say
level-k, the system is viewed as a composition of 2k-core
processors. At each step, the algorithm finds the optimal
coupling of the job groups that are generated in the last
step. Figure 3 shows the pseudo-code of this algorithm.
Notice that, even though this hierarchical matching al-
gorithm invokes the minimum-weight perfect matching
algorithm log(u) times, its time complexity is the same as
that of the basic minimum perfect matching algorithm,
O(n4), because the number of vertices in the degradation
graphs decreases exponentially.

4.3.2 Greedy Algorithm

The second heuristics-based algorithm is a greedy algo-
rithm. Our initial design is as follows. We first sort all of
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m*u/4

m*u/2
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        2

        log(u)

. . .

Fig. 2. The hierarchical view of a CMP system used
in the hierarchical perfect matching algorithm. Each box
represents a virtual chip except the chips on the last level,
which are real chips. Each circle represents a core. (u: the
number of cores per real chip; m: the total number of real
chips in the system.)

/∗ n jobs; u cores per chip; L: cache size ∗/
/∗ jobGroups contains the final schedule ∗/
jobGroups ← {j1, j2, · · · , jn}
k ← 1
while (k < u) {
cachePerV irtualChip ← k ∗ 2 ∗ L/u;
BuildGraph(jobGroups, cachePerV irtualChip, V , E);
/∗ compute min-weight perfect matching and ∗/
/∗ store the matching pairs ∗/
R ← MinWeightPerfMatching(V , E);
/∗ update jobGroups ∗/
reset jobGroups;
i← 0;
for each node pair (vk, vl) in R {
s ← vk.jobs ∪ vl.jobs;
jobGroups[i + +]← s;}

k ← k ∗ 2;}
/∗ Procedure to build a degradation graph ∗/
BuildGraph(jobGroups, cachePerV irtualChip, V , E) {
reset V and E;
for each element g in jobGroups; {
node ← NewNode(g);
V .insert(node);}

for each pair of nodes (vi, vj) in V {
s ← vi.jobs ∪ vj.jobs;
w ← GetCorunDegradation(s, cachePerV irtualChip);
InsertEdgeWeight(E, vi, vj, w); }}

Fig. 3. Hierarchical minimum-weight perfect matching.

the u-cardinality sets of jobs in the ascending order of the
total degradation of the jobs in a set when they co-run
together. Let S represent the final schedule, whose initial
content is empty. We repeatedly pick the top set from
the sorted order, none of whose members is covered
by S yet, and put it into S until S covers all the jobs.
This design is intuitive—every time, the co-run group
with minimum degradation is selected. However, the
result is surprisingly inferior—the produced schedules
are among the worst possible schedules. We call this
algorithm the naive greedy algorithm.

After revisiting the algorithm, we recognize the prob-
lem. Compared to other jobs, a job that uses little shared
cache tends to be both “polite”—causing less degra-
dation to its co-runners, and “robust”—suffering less
from its co-runners. We call such a job a “friendly” job.

/∗ J: job set; G: co-run groups ∗/
/∗ S: schedule to compute ∗/
CalPoliteness (J, G);
I ← politenessSort (J);
S ← ∅;
for i← 1 to |J | {
if job J [I[i]] not in S {

s← the group in G with the least degr. and
containing J [I[i]] but not any jobs in S
S ← S ∪ s;

}}
/∗ Procedure to compute politeness ∗/
CalPoliteness (J, G){
for i← 1 to |J | {

w ← 0;
for each g in G that contains J [i] {
w ← w + g.degradation;}

J [i].politeness← 1/w;}}

Fig. 4. Greedy Algorithm

Because of this property, the top sets in the sorted order
are likely to contain only those “friendly” jobs. After
picking the first several sets, the naive greedy algorithm
runs out of friendly jobs, and has to pick those sets
whose members are, unfortunately, all “unfriendly” jobs,
causing the large degradation in the final schedule.

We observe that if we assign “unfriendly” jobs with
“friendly” ones, the “friendly” jobs won’t degrade much
more than they do in the naive greedy schedule,
whereas, the “unfriendly” programs will degrade much
less.

This observation leads to the following improved al-
gorithm. We first compute the politeness of a job, which is
defined as the reciprocal of the sum of the degradations
of all co-run groups that include that job. During the
construction of the schedule S, each time, we add a co-
run group that satisfies the following two conditions: 1)
It contains the job whose politeness is the smallest in the
unassigned job list; 2) its total degradation is minimum.
Figure 4 shows the pseudo-code of this algorithm. This
politeness-based greedy algorithm manages to assign
“unfriendly” jobs with “friendly” ones and proves to be
much better than the naive greedy algorithm.

The major overhead in this greedy algorithm includes
the calculation of politeness and the construction of the
final schedule. Both have O(n

(

n
u

)

) time complexity, so
the greedy algorithm’s time complexity is O(n

(

n
u

)

).

4.3.3 Local Optimization

Local optimization is a post-processing step for refining
the schedules generated by both heuristics-based algo-
rithms. For a given schedule, the algorithm optimizes
each pair of assignments in the schedule. For each pair,
the algorithm enumerates all possible ways to evenly
partition the jobs contained in them into two parts.
Each partition corresponds to one assignment for those
jobs, and the one that minimizes the sum of co-run
degradations of those jobs is taken as the final schedule
for that pair. Figure 5 shows the pseudo-code.
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/∗ S: a given schedule ∗/
LocalOpt (S) {
m← |S|;
for i← 1 to m− 1 {

a1 = S[i];
for j ← i + 1 to m {
a2 ← S[j];
(a′

1, a
′

2)← Opt2Assignments(a1, a2);
a1 = a′

1;
S[j] = a′

2;}
S[i] = a1;}}

Fig. 5. Local Optimization

The optimization on two assignments needs to check
(

2u
u

)

/2 assignments. The algorithm in Figure 5 requires
(n

u )2/2 iterations. Therefore, the time complexity for this
local optimization is O((n

u )2
(

2u
u

)

).

5 OPTIMAL CO-SCHEDULING WITH MIGRA-
TIONS

With the understanding of the basic optimal co-
scheduling problem, this section expands the scope of
the problem to include job migrations into account.
In this case, jobs may finish at different times, and
rescheduling of the unfinished jobs may be necessary
when some job terminates and vacates a core. We call
each scheduling or rescheduling a scheduling stage. This
work concentrates on the settings where rescheduling
happens only when a job finishes; there are at most n
scheduling stages for n jobs.

Some terminology needs to be redefined in this setting.
An assignment still refers to a group of K jobs that are to
run on the same chip. We use a sub-schedule to refer to a
set of assignments that cover all the unfinished jobs and
have no overlap with one another. A schedule still refers
to a solution to the co-scheduling problem. However,
in this new setting, a schedule becomes a set of sub-
schedules that have been used from the start of the jobs
to the finish of the final job.

Considering job length variances, we redefine the goal
of the co-scheduling as to find a schedule that minimizes
the total execution time of all jobs 3, expressed as

arg min
S

n
∑

i=1

cTi
(S),

where, cTi
(S) is the time job i takes to finish in a co-

schedule S. Other settings of the problem remain the
same as those described in Section 2.

Next, we first examine the increased co-schedule space
of the extended problem, and then present the use of A*-
search–based approaches for pruning the space to help
find or estimate optimal co-schedules efficiently.

3. It is assumed that the clock starts at time 0 for all jobs no matter
whether they are actually running.

. . .

. . . . . . . . .

. . . . . .. . .. . .

.

.

.

stage 1:   co-sched. N jobs

stage 2:   co-sched. N-1 jobs

stage N:  co-sched. 1 job

.

.

.

start

Fig. 6. The search tree of optimal job co-scheduling
with rescheduling allowed at the end of a job. Each node
in the tree, except the starting node, represents a sub-
schedule of the remaining jobs. Each edge represents
one schedule of the unfinished jobs.

5.1 Co-Schedule Space

We model the optimal co-scheduling problem as a tree-
search problem as shown in Figure 6. For n jobs, there
are at most n scheduling stages; each corresponds to
a time point when one job finishes since the previous
stage. Every node in the tree, except the starting node,
represents a sub-schedule of the remaining jobs. The
nodes at a stage, say stage i, correspond to all possible
sub-schedules for n−i+1 remaining jobs. There is a cost
associated with each edge, equal to the total execution
time spent by all jobs between the two stages connected
by the edge. Let node2 represent a child of the node
node1. Given the state at node1, we assign the unfinished
jobs to cores according to the sub-schedule contained in
node2; let t be the time required for the first remaining
job to finish; the cost on the edge from node1 to node2

is t ∗ m, where m is the number of jobs that are alive
during that period of time.

The goal of the optimal co-scheduling is to find a
path from the starting node to any leaf node (called
a goal node) so that the sum of the costs of all the
edges on the path is minimum. The search space in
this extended problem involves O(nn) nodes. In contrast,
the scheduling space in the basic problem tackled in
previous sections contains only the starting node and the
first stage in the tree (without rescheduling); the total
number of nodes is exponentially smaller than that in
this extended problem.

5.2 Finding the Optimal through A*-Search and Lin-
ear Programming

To address the increased complexity, we investigate the
use of A*-search, along with a linear programming
model for cost estimation.

5.2.1 A*-Search Algorithm

A*-search is an algorithm stemming from artificial intel-
ligence [27] for fast graph search. It has been used for
many search problems, but not for job co-scheduling.
This section presents the basic algorithm of A*-search,
and the next section will describe the special challenges
in applying A*-search to job co-scheduling.

A*-search is appealing in several aspects. It guarantees
the optimality of its search results, and meanwhile,
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effectively avoids visiting certain portion of the search
space that contain no optimal solutions. In fact, it has
been proved that A*-search is optimally efficient for any
given heuristic function. That is, for a given heuristic
function, no other optimal algorithm is guaranteed to ex-
pand fewer nodes than A*-search [27]. Its completeness,
optimality, and optimal efficiency trigger our exploration
of using it for job co-scheduling.

We use Figure 6 to explain the basic algorithm of A*-
search. In the graph, there is a cost associated with every
edge. The objective is to find the cheapest route in terms
of the total cost from the starting node to a goal node.
In A*-search, each node, say node d, has two functions,
denoted as g(d) and h(d). Function g(d) is the cost to
reach node d from the starting node. Function h(d) is
the estimated cost of the cheapest path from d to a goal
node. So, the sum of g(d) and h(d), denoted as f(d), is
the estimated cost of the cheapest route that goes from
the start to the goal and passes through node d.

Often, the graph to be searched through is conceptual
and does not exist at the beginning of the search. During
the search process, the A*-search algorithm incremen-
tally creates the portion of the graph that possibly con-
tains optimal paths. Specifically, A*-search uses a priority
list to decide the next node to expand (i.e., to create
its children nodes). Initially, the priority list contains
only the starting node. Each time, A*-search removes
the node with the highest priority from the top of the
priority list and expands that node. After an expansion,
it computes the f(d) values of all the newly generated
nodes, and inserts them into the priority list according
to their priority values, which are computed as 1/f(d).
Such expansions continue until the top of the priority
list is a goal node, a sign indicating that an optimal
path has been found. The algorithm terminates. The use
of the f(d)-based priority list is the key for A*-search
to avoid unnecessary expansions without sacrificing the
optimality of the search result.

Recall that f(d) is the sum of g(d) and h(d). The
function g(d) is trivial to define—just the cost from
the starting node to node d. The definition of h(d) is
problem-specific and critical. The following two proper-
ties of A*-search reflect the importance of h(d):

• The result of A*-search is optimal if h(d) is an
admissible heuristic—that is, h(d) must never over-
estimate the cost to reach the goal4.

• The closer h(d) is from the real lowest cost, the more
effective A*-search is in pruning the search space.

Determining a good definition of h(d) is the core of
applying A*-search.

5.2.2 A*-Search–Based Job Co-Scheduling

Using A*-search for job co-scheduling is simply to apply
the search algorithm in the co-scheduling space. The

4. We assume that the search is a tree search. There are some subtle
complexities for other types of search [27].

main complexity exists in the definition of the function
h(d).

Recall that h(d) is the estimated cost of the cheapest
path from the node d to a goal node. When all co-run
degradations are non-negative, a simple definition is the
sum of the single-run times of all the unfinished parts
of the remaining jobs. This definition is legal— h(d)
does not exceed the actual costs—but may lead to large
departure between the values of h(d) and the actual costs
because it does not consider co-run degradations.

In this work, we resort to Linear Programming for
defining h(d). Suppose at node d there are U unfinished
jobs. We define h(d) = Ts + Tdeg , where Ts is the time
the U jobs need to finish their remaining parts if they
each run alone, and Tdeg is the estimated minimum of
the total degradation of the U jobs during their execution
from the node d to any child of d.

We concentrate on the common case when all degra-
dation rates are non-negative. In this case, when U is
not greater than the number of chips I , Tdeg is clearly 0
as there is at most one job on each chip. Our following
discussion is focused on the scenario where U > I .

Consider a sub-schedule represented by one of the
children nodes of n. The total degradation of all U jobs
in the sub-schedule equals the sum of the degradations
on all chips. The minimum degradation on one chip with
b jobs can be estimated as follows. Let Tmin(d) represent
the minimum of the single-run times of the unfinished
part of all the remaining U jobs. Notice that the time
lasting from d to any of its children must be no less
than Tmin(d) because of co-run degradations. Let rbmin

be the minimum of the degradation rates of all jobs
when a job co-runs with b − 1 other jobs. It is clear
that the degradation on the chip must be no less than
b ∗ rbmin ∗ Tmin(d), which is taken as the estimation of
the minimum degradation of the chip. Therefore, the
lower bound of the degradation of a sub-schedule j is

dj =
∑I

i=1 bi ∗ rbimin
∗Tmin(d), where, bi is the number of

jobs assigned to chip i in the sub-schedule.
The value of Tdeg should be the minimum of dj of

all sub-schedules of the node d. To determine the sub-
schedule that has the smallest dj , we need to find the

values of bi so that
∑I

i=1 bi ∗rbimin
∗Tmin(d) is minimized

under the constraint
∑

bi = U . This analysis leads to an
Integer Linear Programming problem shown in Figure 7.
By relaxing the constraint on xi to 0 ≤ xi ≤ 1, the
problem becomes a Linear Programming problem, which
can be solved efficiently using existing tools [1].

As a special case, when K = 2, the solution to
the Integer Linear Programming is equivalent to the
following simple formula:

Tdeg = 2 ∗ (U − I) ∗ r2min
∗ Tmin(d). (1)

The intuition for the formula is that in any sub-
schedule of this scenario, there must be at least (U − I)
chips that have a pair of the unfinished jobs assigned.
Otherwise, some chips must have more than two jobs
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Definitions:
U: number of unfinished jobs,
I: number of chips,
K: cores per chip, I < U ≤ I ∗K,
rxmin: minimum degradation rate,
Tmin(d): minimum single run time.

xi =



1 : the ith core has a job assigned
0 : otherwise

The number of jobs on the c-th
chip:

m(c) =
c∗K
X

i=(c−1)∗K+1

xi

Objective function:

min
I

X

c=1

m(c) ∗ rm(c)min
∗ Tmin(d).

Linear constraint:
n

X

i=1

xi = U ;

Fig. 7. Integer Linear Programming for computing Tdeg,
the lower bound of degradation.

assigned, which is not allowed in the problem setting
(Section 2). The application of the definition of Tdeg to
such a sub-schedule leads to Equation 1.

5.3 Heuristics-Based Estimation

A limitation of A*-search–based algorithms is its high
requirement for memory space: It keeps all open nodes
(i.e. the nodes that have unexpanded children nodes) in
the priority list, while the number of open nodes grows
in exponential to the problem size in job co-scheduling.

In this section, we describe two heuristics-based al-
gorithms for solving the optimal co-scheduling prob-
lem in a scalable manner. One algorithm, the A*-
cluster algorithm, integrates clustering into the A*-
search-based algorithm; the other algorithm, the local-
matching algorithm, is a generalized version of the
graph-matching-based co-scheduling algorithms men-
tioned in Section 4.3.1.

5.3.1 A*-Cluster Algorithm
A*-cluster combines A*-search with clustering tech-
niques. Through clustering, the algorithm controls the
number of rescheduling stages by rescheduling only
when a cluster of jobs finish. Also through clustering,
the algorithm avoids the generation of sub-schedules
that are similar to one another. Together the two features
reduce the time complexity of the problem significantly.

An option for job clustering is to group them based on
their single-run times. However, jobs with similar single-
run times may need very different times to finish in co-
run scenarios. Our solution is an online adaptive strat-
egy. At the beginning, jobs are clustered based on their
single-run times. During the expansion of the search tree,
at each node, the algorithm computes the state of the job
set when the first cluster of the unfinished jobs complete

under the current sub-schedule (to reduce the number
of scheduling stages), and then regroups the other jobs
into certain clusters based on the time needed for each of
them to finish under the current sub-schedule. Based on
the clustering results, during the generation of children
nodes, the algorithm selects the sub-schedules that are
substantially different from the already generated sub-
schedules (to reduce the number of nodes at a stage).
A sub-schedule is substantially different from another
if they are not equivalent when we consider all jobs
in a cluster equivalent. For example, four jobs fall into
two clusters as {{1 2}, {3 4}}. The sub-schedule (1
3) (2 4) is considered equivalent to (1 4) (2 3), but
different from (1 2) (3 4) (each parenthesis pair contain a
co-run group). Finding those novel sub-schedules only
needs to solve a first-order linear equation system, in
which, each unknown is the number of the instances of
a cluster mixture pattern5 included in a sub-schedule.
Each equation corresponds to one job cluster: On the
left side is the sum of the number of the jobs falling into
that cluster in a sub-schedule, and on the right side is
the total number of jobs belonging to that cluster. Every
solution to the equation system corresponds to a novel
sub-schedule.

The first strategy reduces the height of the search
tree, while the second reduces the width. Together, they
reduce the number of nodes at a stage significantly.

Although there are many clustering methods (e.g., K-
means, hierarchical clustering [13]), we use a simple
distance-based clustering approach because the data to
be clustered—the job lengths—are one-dimensional and
the number of clusters is unknown beforehand. Given
a sequence of data, the distance-based clustering first
sorts the data in ascending order. It then computes the
differences between every two adjacent data items in
the sorted sequence. Large differences indicate cluster
boundaries. A difference is considered large enough if its
value is greater than m + δ, where, m is the mean value
of the differences in the sequence and δ is the standard
deviation of the differences. An example is as follows.

times to finish : 10   15  18          32  35         51  53   56 

     differences :      5    3       14       3      16      2     3

mean difference = 6.5;        std. = 5.9

x x x x x x x xjob clusters :

The time complexity of the clustering algorithm is O(J),
where J is the number of remaining jobs.

5.3.2 Local-Matching Algorithm
For even higher efficiency, we design a second approxi-
mation algorithm, which explores only one path from the
root to the goal in Figure 6. At each scheduling point,
it selects the schedule that minimizes the total running
time of the remaining part of the unfinished jobs under
the assumption that no reschedules would happen. The

5. An example of cluster mixture patterns for quad-core chips is an
assignment that contains one job from cluster 1, two jobs from cluster
2, and one job from cluster 3.
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assumption leads to local optimum at each scheduling
stage.

The key component of the algorithm is the proce-
dure to compute the local optimum. This step is the
same as the basic job co-scheduling problem discussed
in Section 2, except that the number of jobs may be
smaller than the number of cores as some jobs may have
terminated. We take a simple strategy to handle this case:
treating the jobs that have finished as pseudo-jobs, which
exist but consume no computing resource. Therefore, if
the co-runners of a job are all pseudo-jobs, that job has
no performance degradation at all. As the pseudo-jobs
have to be scheduled every time, this strategy introduces
some redundant computation. However, it provides an
easy way to generalize the perfect matching algorithm
described in Section 3 and 4. Apparaently, the time
complexity of the local-matching algorithm is O(n5): The
co-scheduling algorithm on a stage has complexity of
O(n4), and there are n stages.

6 EVALUATION

In this section, we concentrate on the verification of the
optimality of the results produced by the optimal co-
scheduling algorithms, the departure of the results by
the heuristics-based algorithms from the optimal, along
with the efficiency and scalability of those algorithms.

6.1 Methodology

The machines we use include both dual-core and u-core
(u > 2) systems. For dual-core cases, we use a quad-
core Dell PowerEdge 1850 server, which although named
quad-core, includes two Intel Xeon 5150 2.66 GHz dual-
core processors, each having a 4MB shared L2 cache.
Every core has a 32KB dedicated L1 data cache. For the
cases of u ≥ 3, we use machines each equipped with
two quad-core AMD Opteron processors running at 1.9
GHz. Each core has 512KB dedicated L2 cache and shares
a 2MB L3 cache with the other three cores.

Table 1 lists the 16 programs used in the experiments,
along with the ranges of their performance degradations
when they co-run on the AMD machine. The programs
are chosen to cover both integer and floating-point
benchmarks and span a wide range of the application
areas. Their executions exhibit various patterns in mem-
ory and cache accesses—from having few data reuses
(e.g., gzip) to having many (e.g., swim). All programs
come from SPEC CPU2000 except stream coming from a
streaming benchmark [23]6. Most of them have no degra-
dation in their best co-runs, whereas, in the worst co-
runs, all the programs show more than 50% slowdown.
The large degradation ranges suggest the potential for
co-scheduling. In addition, we employ some synthetic
problems for large coverage and the test of extreme
scenarios. In those problems, the job lengths and co-run
degradation rates are some random values.

6. To focus on cache performance evaluation, we increased the size
of a data element to the width of a cache line.

TABLE 1
Performance degradation ranges on AMD Opteron

without job migrations

Programs min % max % mean % median %

ammp 0 79.97 5.12 2.93
applu 0 165.76 10.30 7.07
art 0 174.65 19.44 15.09
bzip 0 55.90 15.17 13.35
crafty 0 149.90 5.11 3.18
equake 0.32 191.77 27.08 18.35
facerec 0 192.20 23.30 17.98
gap 0 198.41 11.31 7.40
gzip 0 57.76 0.79 0.00
mcf 0 191.49 60.41 56.83
mesa 0 51.77 0.22 0.00
parser 0 87.14 8.46 5.88
stream 0 93.23 28.55 24.43
swim 0.84 176.32 18.85 15.23
twolf 0 182.89 57.05 54.44
vpr 0 83.42 24.78 21.66
average 0.07 133.29 19.75 16.49

In the collection of co-run degradations, we follow
Tuck and Tullsen’s practice [32], wrapping each program
to make it run 10 times consecutively, and only collecting
the behavior of co-runs, which are the runs overlapping
with other programs. The hierarchical perfect matching
algorithm requires the co-run performance on smaller
virtual chips. In this experiment, we collect such infor-
mation by running 2 instances of 2 programs (totally 4
jobs) on a quad-core processor. The degradation is used
as the estimation of that on a virtual dual-core chip for
some algorithms applied to quad-core machines.

6.2 Basic Optimal Co-Scheduling

In this section, we examine the capability of the per-
fect matching-based algorithm for finding optimal co-
schedules in dual-core systems, the lower bounds com-
puted by the Linear Programming model for u-core
(u > 2) systems, and the quality of the co-schedules
produced by the heuristics-based algorithms.

6.2.1 Optimal Co-Scheduling by Perfect Matching

On the Intel machine, we conduct an exhaustive search
for the best schedule among all possible ones; the result-
ing schedule is the same as the schedule found by the
minimum-weight perfect matching algorithm, confirm-
ing the optimality of the scheduling results. (Twelve of
the 16 programs are used because of the high cost of the
exhaustive search.)

Figure 8 shows the comparison among 3 different
scheduling results. We use optimal to represent the sched-
ule found by the minimum-weight perfect matching
algorithm. The random bars show the average scheduling
results produced by 1000 random schedules, correspond-
ing to most current CMP scheduling systems, which are
oblivious to shared cache. The worst bars are the results
from the worst among all schedules, demonstrating the
possible consequence of careless scheduling. The co-run
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groups in the optimal co-schedule are {ammp+parser,
art+crafty, bzip+gap, equake+mesa, gzip+mcf, twolf+vpr}.

The results show that the optimal schedule may re-
duce performance degradations significantly, from over
15% of random scheduling to 7% on average. For some
programs, the cut is up to a factor of 5. The performance
results match with the L2 miss rates shown in the bottom
graph, although not proportionally due to the different
sensitivity of the programs to L2 miss rates. On average,
the optimal schedule reduces 20% L2 cache miss rates
relative to the random schedule and 28% relative to the
worst schedule.

worst random optimal
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Fig. 8. Performance degradations (top graph) and L2
cache miss rates (bottom graph) in different co-schedules
in Intel Xeon 5150 (no migrations).

It is worth noting that random scheduling may group
some programs in the way the worst scheduling does;
the consequence is severe: 67% degradation for art,
73% for mcf, and 22.8% on average. The optimal co-
scheduling avoids those traps, making co-runs signifi-
cantly faster than the worst schedule on average. (Note
that our goal is to minimize the overall rather than each
individual program’s degradation. So, it is normal for
certain programs to run worse in the optimal schedule
than in other schedules.)

6.2.2 Lower Bounds by Linear Programming

This section reports the results for validating the op-
timality of the solution produced by the IP model,
and assessing the lower bounds by the LP relaxation.
We use a sequence of synthetic problems (u is 4) to
cover various cases. Table 2 reports the degradations
of the resulting co-schedules, along with the time the
scheduling algorithms take. The co-schedules produced

TABLE 2
Co-Run degradations and scheduling times on synthetic
problems, with three instances for each problem size (no

migrations).

Num of Jobs average degradation scheduling time (s)
brute-force/IP LP brute-force IP LP

8 0.35 0.32 0.01 0.09 0.03
8 0.29 0.29 0.01 0.04 0.05
8 0.26 0.26 0.01 0.04 0.03
12 0.28 0.27 0.31 2.07 0.05
12 0.28 0.27 0.84 1.28 0.06
12 0.27 0.26 0.56 2.06 0.05
16 0.26 0.26 14.07 12.11 0.16
16 0.26 0.26 11.77 8.25 0.15
16 0.26 0.25 11.72 16.48 0.12
20 0.26 0.25 13095 82.6 0.41
20 0.25 0.25 12728 48.82 0.4
20 0.25 0.25 12768 33.37 0.4

by the IP algorithm always have the same degradations
as the co-schedules found by the brute-force search.
The IP algorithm takes much less times than the brute-
force search does. The LP algorithm exhibits even better
appeal: The degradations from it show minor difference
(less than 10%) from the optimal, but can be obtained in
less than 1% of the IP time for large problems.

More experiments show that the LP model can be
solved in less than 200 seconds for problems with less
than 80 jobs, exhibiting good scalability. In the next
section, the LP model shows the usefulness in the assess-
ment of the quality of the scheduling results produced
by heuristics-based algorithms.

6.2.3 Estimation by Heuristics-Based Algorithms
This section examines the quality of the co-schedules
produced by the heuristics-based algorithms and their
scalability. We compare four types of schedules: the
optimal, the random, the hierarchical perfect matching,
and the greedy schedules. The metric we use is the
average performance degradation of all programs.

We obtain the optimal schedule by solving the corre-
sponding IP model; the result matches with the exhaus-
tive search result. The total number of possible schedules
is 2, 627, 625. We obtain the random scheduling result by
applying 1000 random schedules to the jobs and getting
the average performance.

Figure 9 shows the co-run degradations of each pro-
gram in different schedules (some bars have 0 height and
are thus invisible). The random schedules degrade the
overall average performance by 19.81%. The hierarchical
perfect matching algorithm reduces the degradation to
5.21%, whereas the greedy algorithm reduces it to 4.51%.
The schedules produced by the two approximation algo-
rithms have 1.4% and 0.7% more degradations than the
optimal schedule on average.

We use a set of synthetic problems to evaluate the
quality of the heuristics-based algorithms more com-
prehensively. Given that the greedy algorithm shows
the better performance than other approximation algo-
rithms, we concentrate on this algorithm. We use LP
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Fig. 9. Performance degradations in different co-
schedules in AMD Opteron (no migrations).

TABLE 3
Assessment of the greedy algorithm by comparing with

the random scheduling results and the lower bound from
the LP algorithm (no migrations).

Num of Jobs 16 32 48 64 80
Deg of random sch. 0.62 0.63 0.62 0.63 0.63
Deg of LP sch. 0.26 0.25 0.25 0.25 0.25
Deg of Greedy sch. 0.29 0.27 0.26 0.25 0.26
Reduct. over random (%) 117.5 128.2 139.9 145.9 142.3
Distance from LP (%) 10.9 8.5 3.9 1.6 3.1

model to compute the lower bounds. Table 3 shows the
evaluation results. The co-schedules produced by the
Greedy algorithm exhibit less than 11% distance from
the lower bound, indicating the high quality of the co-
scheduler.

Co-Scheduling Scalability

As mentioned in previous sections, the time complex-
ities of the heuristics-based algorithms are as follows:
O(nx

(

n
u

)

) + (n
u )2

(

2u
u

)

) for the greedy algorithm, and
O(n4) + (n

u )2
(

2u
u

)

) for the hierarchical perfect matching
(the (n

u )2
(

2u
u

)

) part is for the local optimization step),
where, n for job numbers, u for the number of cores per
chip, and n

u for the number of chips.

The greedy algorithm has the same complexity as the
hierarchical perfect matching algorithm when u is 4.
However, as u increases, the overhead of the greedy
algorithm increases much faster than the hierarchical
method, which shows that the hierarchical method is
more scalable. Given that n is typically much larger than
u, the overhead of local optimization is often a small
portion of the total time.

We use synthetic problems including 16 to 144 jobs to
measure the running times of the two approximation al-
gorithms with and without local optimization. Figure 10
depicts the running times of the four algorithms when
u is 4. The greedy algorithms consume more time than
hierarchical methods do. The result is consistent with the
time complexity analysis presented earlier in this section.
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Fig. 10. Scalability of different scheduling algorithms (no
migrations).

TABLE 4
Comparison of co-scheduling algorithms on 8 jobs when

job migrations are considered

algorithm visited scheduling total exec deg.
nodes time (s) time (s) rate (%)

brute-force 16 M 470 80.3 1.3
A* 7760 0.3 80.3 1.3
random - - 85.9–89.2 8.4–12.5

6.3 Optimal Co-Scheduling with Migrations

This section evaluates the use of A*-search and the
heuristics-based algorithms for co-scheduling jobs when
job migrations are allowed.

6.3.1 Optimal Co-Scheduling by A*-Search

We generate 100 co-scheduling problems, and apply
brute-force search, A*-search, and random scheduling to
them. Because of the rapidly increasing search time in
the brute-force algorithm, we limit the number of jobs in
each problem to eight. Table 4 reports the average result.
The A*-search–based co-scheduler produces the same
schedules as the brute-force search does, confirming the
optimality of the A*-search results. On the other hand,
the A*-search–based scheduler finds the optimal sched-
ules by visiting only 0.05% of the nodes that brute-force
search visits. It cuts the search time from 470 seconds
to 0.3 seconds. The significant reduction demonstrates
its effectiveness in space pruning. Compared to random
schedules, the optimal schedules reduce performance
degradation rates from up to 12.5% to 1.3%.

6.3.2 Estimation by Heuristics-Based Algorithms

For 16 jobs, the brute-force algorithm would take years.
Our implementation of the A*-search algorithm (in Java)
is subject to memory shortage when scheduling more
than 12 jobs. (A memory-bounded version [27] may
help.) In this section, we concentrate on the evaluation
of the two heuristics-based approximation algorithms.

Figure 11 shows the degradation rates of 16 real jobs
on Intel Xeon 5150 processors. The random schedules
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Fig. 11. Performance degradation rates of 16 jobs co-
running on Intel Xeon 5150 processors.
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Fig. 12. Scalability of A*-cluster and local-matching algo-
rithms (with job migrations).

cause 18% (up to 66%) degradation to the total running
time. The A*-cluster algorithm reduces the degradation
to 10.2% by visiting 721 nodes in the search tree, while
the local-matching algorithm cuts the degradation fur-
ther to 5% by visiting only 8 nodes in the search tree.
The inaccuracy introduced by the clustering process in
the A*-cluster algorithm appears to have considerable
effects on the scheduling results. The times for the
two algorithms to finish scheduling are 109 and 0.63
seconds respectively. This result indicates that despite
the sophistication of the A*-cluster algorithm, it is not
as attractive as the local-matching algorithm in terms of
both efficiency and scheduling quality.

We use 32 to 128 synthetic jobs to further measure
the running times of the two approximation algorithms
(K = 2). As shown in Figure 12, the local-matching
algorithm exhibits better scalability than the A*-cluster
algorithm does: It takes only about 10 seconds to sched-
ule 128 jobs, whereas, while the A*-cluster algorithm
needs more than 2000 seconds.

7 INSIGHTS FOR THE DEVELOPMENT OF
PRACTICAL CO-SCHEDULING SYSTEMS

The algorithms proposed in this work have two main
uses. The first is to help determine the potential for co-
scheduling a set of jobs and to facilitate the assessment of
practical co-scheduling systems, as exemplified by some
recent work [35]. The second is to inspire the develop-
ment of co-scheduling mechanisms that are ready to be
deployed in realistic settings. This section presents some
lessons and insights for the second use.

Our first observation is that simple algorithms are
capable of producing close-to-optimal results, as shown
by the comparison between the simple greedy algorithm
and the sophisticated hierarchical perfect matching al-
gorithm (Section 6.2.3), and the comparison between the
simple local matching algorithm and the A* algorithms
(Section 6.3.2).

Second, in the design of greedy algorithms, it is im-
portant to distinguish “friendly” jobs from “unfriendly”
ones, and couple them together (Section 4.3.2) in the
produced schedule.

Third, large potential (e.g., 73% for mcf) exists for
using co-scheduling to improve the performance of some
applications running on CMP systems. Co-scheduling
for those applications is critical. On the other hand, some
applications are less sensitive to co-scheduling than oth-
ers. A mixture of them often means opportunities for
effective co-scheduling results.

Finally, the local optimization is a cheap but effec-
tive way to refine co-scheduling results. The results in
Section 6.2.3 are obtained after local optimizations cut
degradations by 41.2% and 30.7% for the hierarchical
perfect matching algorithm and the greedy algorithm
respectively. Local optimizations may serve as a post-
processing step for various co-scheduling algorithms.

8 RELATED WORK

At the beginning of this project, we conduct an exten-
sive survey, trying to find some existing explorations
on similar problems in the large body of scheduling
research. However, surprisingly, no previous work in
traditional scheduling has been found tackling an op-
timal co-scheduling problem that contains performance
interplay among jobs as what the current co-scheduling
problem involves. As Leung summarizes in the Hand-
book of Scheduling [22], previous studies on optimal job
scheduling have covered 4 types of machine environ-
ments: dedicated, identical parallel, uniform parallel, and
unrelated parallel machines. On all of them, the running
time of a job is fixed on a machine, independent of
how other jobs are assigned, a clear contrast to the
performance interplay in the co-scheduling problem
tackled in this current work. Even though traditional
Symmetric Multiprocessing (SMP) systems or NUMA
platforms have certain off-chip resource sharing (e.g.,
on the main memory), the influence of the sharing
on program performance has been inconsiderable for
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scheduling and has not been the primary concern in
previous scheduling studies. Some scheduling work [22]
does have considered dependencies among jobs. But the
dependencies differ from the performance interplay in
co-scheduling in that the dependencies affect the order
rather than performance of the execution of the jobs.

Recent studies on multi-core job co-scheduling fall
into two categories. The first class of research aims at
constructing practical on-line job scheduling systems.
As the main effect of cache sharing is the contention
among co-running jobs, many studies try to schedule
jobs in a balanced way. They employ different program
features, including estimated cache miss ratios, hardware
performance counters, and so on [10], [18], [29]. All
these studies aim at directly improving current runtime
schedulers, rather than uncovering the complexity and
solutions of optimal co-scheduling.

The second class of research is more relevant to op-
timal co-scheduling. A number of studies [2], [3] have
proposed statistical models for the prediction of co-
run performance. The models may ease the process for
getting the data needed for optimal scheduling.

Beside co-scheduling, researchers have explored some
other approaches to exploiting shared resource in multi-
core architectures. In a recent study, Zhang and oth-
ers [33] have found that the effects of thread co-
scheduling become prominent for many multithread-
ing applications only after some cache-sharing–aware
transformations are applied. Several other studies [19],
[28] have explored the effects of program-level trans-
formations for enhancing the usage of shared cache. In
addition, some other studies have tried to alleviate cache
contention through cache partitioning [7], [25], cache
quota management [26], and so forth.

9 CONCLUSIONS

This paper describes a study on the analysis of the
complexity and the design of efficient algorithms for
determining the optimal co-schedules for jobs running
on CMP. It presents a set of discoveries, including the
polynomial-time optimal co-scheduling algorithm for
dual-core systems, the proof of the NP-completeness of
the co-scheduling problem for systems with more than
two cores per chip, the IP/LP formulation of the optimal
co-scheduling problem, and a spectrum of heuristics-
based algorithms for complex problems. Experiments on
both real and synthetic problems validate the optimum
of the results by the optimal co-scheduling algorithms,
and demonstrate the effectiveness of the heuristics-based
algorithms in producing near-optimal schedules with
good efficiency and scalability.
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